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A NOTE ON GENERALIZED TRAVELING WAVE SOLUTIONS

FOR MEAN CURVATURE FLOWS WITH MERELY L∞

FORCING IN THE PLANE

NATHAEL ALIBAUD AND GAWTUM NAMAH

Abstract. In this note, we announce some results without proofs. The com-
plete version with proofs is the object of a forthcoming article. We consider
traveling wave solutions of curvature flows with periodic forcing R. The fixed
front’s profile is the supergraph of a function ψ. The latter satisfies a PDE
for which the existence of bounded solutions typically holds when minR > 0.
This theory extends to generalized traveling wave solutions for R ∈W 1,∞ with
positive mean value. The front’s profile may then be unbounded and the new
formulation is variational. Equivalently ψ solves a boundary value problem
with infinite Dirichlet condition, on a certain domain to be determined. Our
analysis concerns merely L∞ forcing. In that case, the front’s profile can have
vertical lines. This amounts to consider discontinuous ψ with interface-like
conditions at singularities. We then compute all possible fronts’ profiles for
a prototypical fibered medium, identifying necessary and sufficient conditions
for their boundedness. We also shed light on the possible failure of a certain
uniqueness property, which was typical of the W 1,∞ theory.

1. Introduction

In this note, we are interested in traveling fronts of a periodic forced curvature
flow equation,

(1) Vn = −R+ κ,

in the x-y plane. Here Vn is the normal velocity of a moving interface

t ∈ R 7→ Γt

with mean curvature κ, and R is a given forcing term having as much periodicity
as is allowed by the medium. Throughout we assume that

(2) R = R(x) ∈ L∞(T) and

∫

T

R > 0,

where T is the flat torus R/Z. A prototype example is a flame front propagating
through a fibered medium composed of a periodic superposition of materials, where
the combustion rate R is a step function; see e.g. [4] and the references therein.

We restrict our analysis to interfaces which can be represented as the graph of
a function u = u(x, t), i.e.

Γt = {(x, y) ∈ T× R s.t. y = u(x, t)} .
Considering that normals are oriented towards the negative y-direction, (1) becomes

(3) ut +R
√

1 + u2x =
uxx

1 + u2x
, t ∈ R, x ∈ T.
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Now a traveling front is a particular solution of the form

u(x, t) = −ct+ ψ(x),

for some speed c > 0 and stationary profile ψ. In that case (3) reduces further to

(4) −c+R
√

1 + ψ2
x =

ψxx
1 + ψ2

x

, x ∈ T,

and the pair (c, ψ) is called a traveling wave solution (TWS). The above frame is
standard. For example if minR > 0, then TWS of (3) exist, the speed is unique,
the profile is unique up to an additive constant, and most importantly ψ is a global
solution of (4) which is moreover bounded (cf. [4]). For other boundedness results
on ψ, see [7, 2, 3].

Otherwise, the profile may be unbounded if R changes sign or just vanishes, and
ψ may not even be globally defined. The correct notion of TWS of (3) is then the
one of generalized TWS introduced in [3]. It is inspired from the variational theory
of minimizing surfaces (cf. e.g. [5, 6]). The idea is to formally interpret (4) as the
Euler-Lagrange equation of the functional

(5) Fc(ψ) :=

∫

T

e−cψ
(

√

1 + |ψx|2 −
R

c

)

,

and define the front’s profile as a nontrivial minimizer of Fc. This is rigorously
done for the relaxed version of Fc, notably in the space

{

ψ : T → R ∪ {+∞} s.t. e−cψ ∈ BV (T)
}

.

We refer to [3] for details, cf. also some reminders in Section 2. Let us roughly
speaking recall here that the front’s speed is the unique c for which there are
nontrivial minimizers, and if moreover R ∈ W 1,∞, then any minimizer is C2,1 and
solves (4) in the open set E := {ψ < +∞}, while satisfying the Dirichlet boundary
condition

(6) ψ(x) → +∞ as dist(x, ∂E) → 0.

The maximal such possible set E is also uniquely determined. It may be dis-
connected, but ψ remains unique up to an additive constant on each connected
component of E.

In this note, we focus on the case where R is no more regular than merely
bounded. The front’s profile can actually still be defined as a theoretical nontrivial
minimizer of Fc, but ψ can now be discontinuous and the sense in which it satisfies
(4) needs to be clarified. Notably, the definition of the front as the graph of ψ should
be corrected as well. The most natural is to consider a geometric reformulation of
the previous minimization problem, used also in [3]. The idea is just to see the
front, not as a graph but, as the boundary of a supergraph. Its profile is then ∂Σψ
where

Σψ := {(x, y) ∈ T× R s.t. y > ψ(x)},
whose boundary makes sense without ambiguity even for discontinuous ψ. More-
over Fc(ψ) can be rewritten as a new functional Fc(Σψ) with a certain weighted
perimeter (cf. [3] or Proposition 5). It is then natural to define the speed and
profile of the front as before when R ∈ L∞, especially since this extends the notion
of generalized mean curvature when c = 0 (cf. Remark 3).

In [3], the geometric approach was used for the regularity of minimizers via
arguments from minimizing surfaces [6], adapted to weighted perimeters. But ψ
was not discontinuous at the end, whereas it is in our setting. We then need to
identify the correct PDE problem at such singularities. Roughly speaking, we show
that ψ is again regular and solves (4) on some open set E, but with two types of
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boundary conditions: either a Neuman-type condition or an interface-like condition.
This formulation moreover implies (6) if R ∈ W 1,∞. For a precise statement, see
Theorem 1. To achieve this, we interestingly do not rely on sophisticated ideas from
minimizing surfaces, but have instead a very simple, short and selfcontained proof
(which will be given in the forthcoming complete article). It only uses a rewritting
of Fc where the Cantor and jump parts of Dψ are, roughly speaking, separated
from the square root in (5) (cf. Lemma 2). This is specific to dimension one.

In a second part, we illustrate the L∞ theory on the most prototype example of
R taking just two values (a fibered medium made of two materials). We explicitely
compute all possible fronts’ profiles, exhibiting exact thresholds for having only
bounded classical TWS or pure GTWS, etc. We notably shed light on examples
where ψ is unbounded and discontinuous, or where the previous uniqueness on
connected components is lost. Details are given in Proposition 8, Corollary 1 and
Remark 6.

In the rest of this note, we precisely state the results we claim. Let us recall that
the proofs will be given in the forthcoming complete article.

2. Reminders and main results

2.1. Reminders on the W 1,∞ theory. Let us briefly recall results from [3] in
this subsection. First recall that (4) is the Euler-Lagrange equation associated to
the functional Fc in (5), i.e.

ψ ∈ C2(T) solves (4) ⇐⇒ Fc(ψ) = min
ψ∈C1(T)

Fc(ψ),

in for example the smooth case where R is continuous. Now the use of the following
change of variables

φ :=
e−cψ

c
,

for c > 0 fixed, allows to rewrite Fc as follows:

Fc(ψ) = Gc(φ) :=

∫

T

(

√

c2φ2 + |φx|2 −Rφ
)

.

The relaxed version of Gc is given below (cf. e.g. [1]).

Lemma 1. Assume R ∈ L∞(T) and c > 0. Then

inf Gc := inf
{

Gc(φ) : 0 ≤ φ ∈ C1(T)
}

= inf {Gc(φ) : 0 ≤ φ ∈ BV (T)} ,
where Gc is extended to the Banach space BV (T) by

(7) Gc(φ) :=

sup

{∫

T

φ (cϕ1 + (ϕ2)x) : (ϕ1, ϕ2) ∈ C1(T;R2), ϕ2
1 + ϕ2

2 ≤ 1

}

−
∫

T

Rφ.

Note that c 7→ inf Gc is nondecreasing while inf Gc can be only either 0 or −∞,
because Gc is positively 1-homogeneous. This allows to define the front’s speed as
below.

Proposition 1 (Existence of a unique speed). Under (2) there is a unique c > 0
such that

• if 0 < c < c, then inf Gc = −∞,
• if c ≥ c, then inf Gc = 0.

Moreover c is such that
∫

R ≤ c ≤ maxR.

Here are now first properties of minimizers.
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Proposition 2 (Existence of minimizers). Under (2), all minimizers of Gc are
trivial (identically equal to 0) for any c > c, whereas Gc admits a non trivial

minimizer φ.

This motivates the definition of generalized solutions as below.

Definition 1. Under (2), a generalized traveling wave solution (GTWS) of (3) is
a pair (c, ψ) satisfying Propositions 1 and 2 with

ψ = −1

c
ln(cφ).

In particular ψ : T → R ∪ {+∞} is measurable and e−cψ ∈ BV (T) (with usual
convenient rules e−∞ = 0, etc.) To say more, the authors of [3] assumed that

(8) R ∈ W 1,∞(T) and

∫

T

R > 0.

Proposition 3 (Regularity of minima and PDE formulation). Assume (8) and

let (c, ψ) be a GTWS of (3). Then there exists an open set E ⊆ T such that
ψ ∈ C2,1(E) and solves the Dirichlet problem:

(9)



















−c+R

√

1 + ψ
2

x =
ψxx

1 + ψ
2

x

, x ∈ E,

ψ(x) → +∞, as dist(x, ∂E) → 0,

ψ(x) = +∞, x ∈ T\E.

Remark 1. Conversely any ψ solving (9), for some open E, is such that e−cψ

c

minimizes Gc. This is easily verified by testing the equation with e−cψ
√

1+ψ
2

x

, since the

boundary terms cancel during integration by parts because of the infinite Dirichlet
condition.

All possible such sets E and solutions ψ are in fact related to each others.

Proposition 4 (Uniqueness up to additive constants). Assume (8) and consider
two GTWS of (3) with respective minimizers ψi and associated Ei as above. Then
two arbitrary respective connected components of E1 and E2 are either the same or
disjoint. Moreover ψ1 − ψ2 is constant on each common connected component.

Remark 2 (Maximal PDE’s domain). In particular there is a maximal set E such

as above, whose associated front’s profile {y = ψ(x)} is unique up to translating
its connected components in the y-direction. More can be said on E, for example
that it is a finite union of intervals.

The preceding regularity of GTWS was established in [3] via a geometric inter-
pretation in terms of supergraphs Σψ = {y > ψ(x)}. Let us recall it now since it will
serve us later to define the front. Given c > 0 and a measurable ψ : T → R∪{+∞}
such that e−cψ ∈ BV (T), ψ is bounded from below and its indicator function

1Σψ (x, y) :=

{

1 if (x, y) ∈ Σψ ,

0 otherwise,

belongs to BVloc(T× R). Define then the new functional

Fc(Σψ) := Perc(Σψ)−
∫

T×R

e−cyR(x)1Σψ (x, y) dxdy,
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with the weighted perimeter

Perc(Σψ) :=

∫

T×R

e−cy d|D1Σψ |(x, y)

and the total variation measure |D1Σψ |, where D stands for the distribution gra-
dient. We give below a reformulation of the previous minimization problem.

Proposition 5 (Geometric interpretation). We have

Gc(φ) = Fc(Σψ) ∀c > 0, ∀0 ≤ φ ∈ BV (T),

where ψ = − 1
c
ln(cφ). Moreover Gc(φ) = minGc if and only if

(10) Fc(Σψ) = min
{

Fc(B) : Borel B ⊆ T× R s.t. Σψ△B is bounded
}

(with A△B := (A\B) ∪ (B\A)).
Remark 3. The minimization property (10) is local, i.e. taken wrt compact per-
turbations B of Σψ. If c = 0, we recover the usual definition of generalized mean
curvature (cf. e.g. [8, 5]). Let us indeed recall that ∂Σψ is said to have a mean
curvature equal to R ∈ L∞ when (10) holds with the standard perimeter Perc=0.

2.2. Main results: General L∞ theory. We are ready to state our results when
R is merely bounded. Recall that Propositions 1 and 2 remain valid. In particular
we continue to study GTWS (c, ψ) from Definition 1, which exist with a unique
possible speed by the aforementioned propositions.

Remark 4 (The front’s profile at singularities). Since R /∈ W 1,∞ as in [3], we

only know at this stage that e−cψ ∈ BV (T). We will moreover see that ψ can
be discontinuous. Proposition 5 then suggests to define the front’s profile, not
anymore as the graph but, as the boundary of the supergraph of ψ. In particular
it will contain vertical lines at singularities of ψ.

We first note that Gc can be rewritten in a more convenient way, when treating
discontinuous minimizers as we will have. For any φ ∈ BV (T), the distribution gra-
dient Dφ is a finite measure and can be decomposed by Lebesgue-Radon-Nikodym
Theorem. This reads

Dφ = φxλ+ µC + µJ ,

with the Lebesgue measure λ, the a.e. derivative φx, and the respective Cantor and
jump measures µC and µJ . We also continue to use | · | for total variation measures.
We then claim:

Lemma 2 (Rewriting of Gc). For any c > 0, the functional in (7) satisfies

Gc(φ) =

∫

T

(

√

c2φ2 + φ2x −Rφ
)

+ |µC |(T) + |µJ |(T) ∀φ ∈ BV (T).

We now need some notation for the next result. We will have again an open E,
outside which ψ equals +∞ while satisfying (4) inside. The Dirichlet condition of
(9) will become a Neuman condition. It will be convenient to define the outward
unit normal νE over E itself. Given any connected component (a, b) of E and
x ∈ (a, b), we set

νE(x) :=

{

+1 if b is the closest extremity to x,

−1 if it is a.

Here and throughout, an interval of the torus is defined as
(11)

(a, b) := {x ∈ R/Z s.t. (a, x, b) is ordered following the positive orientation} .
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In the next result, we will also have an interface-like condition at some boundary
points, which we classify in two parts:

∂intfE :=
{

x0 ∈ ∂E s.t. ψ(x−0 ) and ψ(x
+
0 ) are finite

}

and

∂bdryE := ∂E \ ∂intfE.
In the above

ψ(x±0 ) := lim
x
±

0

ψ

are the limits of ψ(x) as x → x0 respectively from the right and the left, also in

the sense of the positive orientation of T. They exist when e−cψ ∈ BV (T), being
eventually +∞. We then claim :

Theorem 1 (New PDE formulation). Assume (2) and let (c, ψ) be a GTWS of
(3). Then there exists an open set E ⊆ T such that ψ ∈ C1,1(E) and solves the
Neuman problem:















−c+R

√

1 + ψ
2

x = ψxx

1+ψ
2

x

, a.e. x ∈ E,

ψx(x)νE(x) → +∞, as dist(x, ∂bdryE) → 0,

ψ(x) = +∞, x ∈ T\E,
together with the interface-like conditions

(12)

{

either ψ(x−0 ) = ψ(x+0 ) and limx
−

0

ψx = limx
+

0

ψx,

or limx0
ψx = sgn(ψ(x+0 )− ψ(x−0 )) · ∞,

∀x0 ∈ ∂intfE.

Remark 5. (1) The reciprocal assertion holds true, as in Remark 1.

(2) If R is W 1,∞ at x0, then limx0
ψ = +∞.

(3) Since the equation also reads as

d

dx





ψx
√

1 + ψ
2

x



 = − c
√

1 + ψ
2

x

+R ∈ L∞(E),

limx
±

0

ψx exist in (12). They can eventually be infinite, and actually they

should be. Indeed if not, then ψ is C1,1 at x0 which can then be included
inside E up to redefining this domain.

(4) At the end, E can always be rewritten as a finite union of open intervals.
But as we shall see in the next section, there is now no canonical front’s
profile, as in Remark 2, precisely due to discontinuities at x = x0.

2.3. Main results: A prototype example. Now we consider a representative
example of merely bounded R taking just two values, an example being a fibered
medium with two materials.1 We thus assume that

(13) R(x) =

{

RM if x ∈ (x0, x1),

Rm if x ∈ (x1, x0),

for some RM > Rm and x0, x1 ∈ R/Z, x0 6= x1. The above intervals are understood
as in (11). Denoting by α, (0 < α < 1), the length of (x0, x1), we assume more
precisely that

(14) αRM + (1 − α)Rm > 0

1The case of a single value is trivial, having then c = R and a straight line as front’s profile.
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in order to fulfill (2). We proceed by defining threshold quantities which will serve
to classify all possible fronts. For any (α,Rm, RM ) such as above, let

(15) Λ1 = Λ1(α,Rm) := 2 + (1 − α)Rm,

and

(16) Λ2 = Λ2(α,Rm, RM ) :=

+∞
∫

0

2 dτ

(1 + τ2)
(

−min {c(α,Rm), RM}+RM
√
1 + τ2

) − α,

where c(α,Rm) ∈ (0,+∞] is defined through the equation

(17)

+∞
∫

0

2 dτ

(1 + τ2)
(

−c+Rm
√
1 + τ2

) + 1− α = 0,

as

c(α,Rm) :=

{

the unique c > 0 solving (17) if Rm ≤ 0,

+∞ if Rm > 0.

We then have the following three possible cases:

either [Λ1 ≥ 0 and Λ2 > 0] or [Λ1 < 0 or Λ2 < 0] or [Λ1 ≥ 0 and Λ2 = 0].

We will decribe ψ in each of these cases. Here is our first claim.

Proposition 6 (Bounded profile, unique up to translation). Assume (13)–(14)
with

Λ1 ≥ 0 and Λ2 > 0,

and let (c, ψ) be a GTWS of (3). Then ψ is necessarily bounded and such that:










ψ ∈ C1,1(T) solves (4) on the whole torus,

ψ is smooth, convex and symmetric on (x0, x1),

as well as smooth, concave and symmetric on (x1, x0).

Moreover ψ is unique up to an arbitrary additive constant.

In the above and below, the symmetry is wrt the centers of the respective intervals.
We proceed with our second claim.

Proposition 7 (Unbounded profile, unique up to translation). Assume (13)–(14)
with

Λ1 < 0 or Λ2 < 0,

and let (c, ψ) be a GTWS of (3). Then ψ is unbounded while satisfying:

(18)































ψ is smooth in (x0, x1) where it solves (4),

ψ is convex and symmetric on (x0, x1),

ψ(x+0 ) = ψ(x−1 ) < +∞,

limx
+

0

ψx = −∞, limx
−

1

ψx = +∞, and

ψ = +∞ on (x1, x0).

Moreover ψ is unique up to an arbitrary additive constant.

Although ψ is bounded on [x0, x1], the front is not because it is represented by

∂{(x, y) ∈ T× R s.t. y > ψ(x)}.
In particular we have infinite vertical lines at x = x0 and x = x1. By the way, the
above result also exhibits an example of a discontinuous ψ, which was never the
case in the W 1,∞ theory. Finally our last claim goes as follows:
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Proposition 8 (Many different profiles, bounded or not). Assume (13)–(14) with

Λ1 ≥ 0 and Λ2 = 0,

and let (c, ψ) be a GTWS of (3). Then either ψ is unbounded and satisfies (18) as
previously, or it may as well be bounded and such that:



















ψ is smooth in (x0, x1) ∪ (x1, x0) where it solves (4),

ψ is convex (resp. concave) and symmetric on (x0, x1) (resp. (x1, x0)),

ψ(x+0 ) = ψ(x−1 ) ≤ ψ(x+1 ) = ψ(x−0 ),

limx0
ψx = −∞ and limx1

ψx = +∞.

Define moreover
hj := ψ(x−0 )− ψ(x+0 ) = ψ(x+1 )− ψ(x−1 )

the common height of the jumps at x = x0 and x = x1. Then any hj ∈ [0,+∞]

corresponds to a possible GTWS. Finally, all admissible ψ are unique up to the
choice of an hj and arbitrary additive constant.

Remark 6 (Lack of uniqueness). These fronts’ profiles ∂{y > ψ(x)} are all con-
nected, but not anymore unique up to translations if considering two different
heights hj . This is a notable difference with the W 1,∞ theory.

As a corollary, we get necessary and sufficient conditions for having classical TWS.

Corollary 1. Assume (13)–(14). Let moreover Λ1 and Λ2 be as in (15) and (16),
respectively. There then exists (c, ψ) such that c > 0 and ψ ∈ C1,1(T) solves (3),
a.e., if and only if Λ1 ≥ 0 and Λ2 > 0.

Remark 7. (1) We refer to [4, 7, 2, 3] for other sufficient conditions which are
however not necessary.

(2) These TWS are bounded but they are not the only ones. Indeed, there
are also bounded GTWS when Λ1 ≥ 0 and Λ2 = 0, by Proposition 8.
However such ψ are not C1,1 at x = x0 and x = x1, thus D

2ψ are singular
distributions, and (4) does not hold in the same sense. The correct PDE
formulation requires instead the interface-like condition (12), even for hj =

0 where ψ is continuous everywhere.
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