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F-69364 Lyon Cédex 07, France
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Abstract. Theoretical Stark profiles of Balmer and Lyman se-

ries of H-like ions of carbon, nitrogen, and oxygen are presented

for a range of plasma conditions where these ions are dominant

within their species. A convenient parametric formula is derived

to fit the theoretical profiles, depending only on electronic den-

sity and the principal quantum number of the upper level of the

transition. This analytic expression makes it easy to introduce

these new profiles in many astrophysical applications.

The effect of including these profiles in the calculation of

radiative acceleration (grad) following the method developed in

an earlier paper is presented. The contributions of bound-bound

(b-b) transitions of H-like ions to grad is found to be smaller

than previously computed, giving more importance to bound-

free (b-f) and free-free (f-f) contributions.

Key words: atomic processes – diffusion – line: profiles – ra-

diative transfer – stars: atmospheres

1. Introduction

The hydrogen-like ions, having one electron bound to a nucleus

of charge Z, are affected by the linear Stark effect. Their lines

are strongly broadened by interaction with charged particles of

a surrounding plasma, as for example in stellar atmospheres and

envelopes.

The tables of Vidal et al. (1973) provide line profiles in

various plasma conditions for hydrogen lines of the Balmer and

Lyman series. New theoretical calculations have been published

by Stehlé (1994a). Recent results are also available for helium

(He+) by Schöning & Butler (1989) and Schöning (1994), and

by Stehlé (1994b).

For others ions (Z > 2) a scaling of hydrogen profiles is

generally done as a first estimate. However the range of plasma

conditions should be extended for H-like ions and systematic

Send offprint requests to: M.-C. Artru
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Santiago 19, Chile

Table 1. Plasma conditions used for the theoretical calculations.

Case 1 Case 2 Case 3 Case 4

T (K) 4.1 × 105 6.3 × 105 1.0 × 106 1.6 × 106

Ne (cm−3) 6.7 × 1019 3.3 × 1020 1.8 × 1021 7.3 × 1021

detailed calculations are necessary to take correctly into account

the effects of ion dynamics, which depend onZ. New theoretical

results are provided by Stehlé (1996) who has given analytical

profiles with tabulated parameters for a large number of n → n′

transitions of any H-like ions.

The purpose of this paper is to introduce the new theoretical

results in a stellar application. Our example is the calculation

of radiative accelerations on the abundant elements C, N and O

in a wide range of plasma conditions, including those of stellar

envelopes of A to F-type stars, according to the method devel-

opped by Gonzalez et al. (1995b; 1995a, hereafter GLAM and

GAM).

When the concentration of a given species increases, its ab-

sorption efficiency saturates progressively and, simultaneously

its contribution to the average radiative force decreases. This

saturation effect is expected to be important for the ions of C, N

and O, which are efficient absorbers. Line broadening is an im-

portant parameter to calculate their contribution to the radiative

accelerations in the deep layers of stellar envelopes (temperature

ranging from 105 to 107 K).

A parametrized formula is first elaborated to fit the theoret-

ical line profiles of the ions C5+, N6+ and O7+. It is the easiest

way to allow a repetitive computation of many line profiles, a

large number of times, with different plasma conditions: first

for iteration on stellar depth, and secondly when considering

inhomogeneous or time varying chemical mixtures.

Then the broadening of the lines of the H-like ions C5+,

N6+ and O7+ will be compared with previous results, namely

those using rough approximations for the Stark profiles. Our

parametrized profiles are then convoluted to a Doppler profile

for a direct use in the computation of the radiative acceleration.
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Fig. 1. Plasma conditions of the theoretical line profile calculations

(diamonds). The shaded areas show the regions where the H-like ions

of C, N, and O represent more than 50% of their species. The curves

are models of stellar envelopes of Teff = 6 700, 8 000, and 10 000 K.

The grid points used in the calculation of GLAM are indicated by the

dots.

2. Theoretical Stark profiles

The plasma conditions were chosen in view of our stellar appli-

cation. Three standard models of stellar envelopes are displayed

in Fig. 1. It also shows the range of temperatureT and electronic

density Ne where the elements C, N and O are mainly in the

hydrogen-like ionization stage is shown. We have calculated,

for solar chemical composition, the detailed Stark profiles in

four plasma conditions, located in this figure and given in Ta-

ble 1. Hydrogen and helium are fully ionized. We computed line

profiles for transitions in C5+, N6+ and O7+ between levels of

principal quantum numbern = 1 (Lyman series),n = 2 (Balmer

series) and a maximum value n′ = 14 for the upper level.

Line shapes are calculated on the basis of Model Microfield

Method (Brissaud & Frisch 1971) with the dipolar contribution

for the electrostatic interaction between the perturbers (ions and

free electrons) and the radiating ion. Spontaneous decay is in-

cluded in the calculations. The ionic contribution dominates the

line centers whereas the electronic one dominates the wings.

The electronic contribution to the line shape is included

through a damping operator γe(ω), where ω = 2πν is the angu-

lar frequency, together with the radiative damping γR. The ionic

contribution is included in the same way as explained in Stehlé

(1994b), allowing for the total damping operator γe(ω) +γR and

for the exact plasma composition. The ionic field distribution

function is estimated with the help of the Baranger & Mozer

(1959, 1960) theory, which is justified for the present low cor-

related plasma conditions (Demura et al. 1995). This quantity

depends on the charge of the perturbing ions which are mostly

protons. We checked that we can assume that all perturbing

ions have a charge equal to unity. The electronic damping op-

erator γe(ω) is obtained by a spline interpolation between the

two known near-impact and static limits, in the line centers and

wings respectively. The expressions for these limits are given in

Eqs. (17)–(29) of Stehlé (1996) for the line centers, and (32)–

(43) for the far wings. The near-impact limit is justified for

detunings ∆ω satisfying

∆ω <
< ve >

max(bc, a(kT ))
, (1)

where

< ve >=

√

2kT

me

(2)

is the thermal electron velocity, bc is the strong collision cutoff

impact parameter defined in Eqs. (19) and (20) of Stehlé (1996)

and

a(kT ) =
(Z − 1) e2

kT
(3)

is a measure of the range of the Coulombic interaction between

the free electrons and the radiating H-like ion. The static limit

is reached at large detunings, when

∆ω >
1

ts

, (4)

where the typical interaction time ts is the ratio rs/vs with















r2
s =

3

2

(n′2 − n2) e2a0

Zh̄∆ω

1

2
mv2

s = kT +
(Z − 1) e2

rs

(5)

(Greene & Cooper 1975). As in the case of hydrogen (Stehlé

1994a) we included the electronic contribution either with

anisotropic electronic broadening for the lowest transitions

(n′ ≤ 7) or with isotropic electronic broadening for the oth-

ers (n′ > 7). Balmer lines with n′ ≥ 11 were calculated with

no lower state contribution. Taking into account our approxi-

mations we estimate that the pure Stark line shapes are correct

within less than 20%. This accuracy is sufficient for most stellar

applications.

Fine-structure effects modify the shapes of the lowest lines

in Lyman and Balmer series (n′ ≤ 4). The corresponding line

shapes have been calculated with the energy levels and dipolar

strengths taken from the SUPERSTRUCTURE package (Eiss-

ner et al. 1974). Fig. 2 gives an example for lines 1 → 2 and

1 → 4 of C5+ for case 1. The influence of fine structure for

the Lyman lines, and a fortiori for the Balmer lines, on radiative

diffusion is not significant in the present conditions, we thus ne-

glect it in this paper. The proposed parametrization is therefore

based on theoretical profiles computed without fine structure.
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Fig. 2. Effect of the fine structure on the profiles of transitions 1 → 2

and 1 → 4 of C5+ in case 1. The frequency ν0 refers to the unperturbed
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2
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2
transition. The labels − and + denote respectively the red

and blue wings of the lines.

3. Parametrization of the profiles

We propose a simple parametric expression of the line profiles

to fit the theoretical results presented in Sect. 2. The purpose is

to compute easily the line profiles for every transitionn → n′ of

H-like ions (of nuclear charge Z) in a large domain of plasmas

conditions (temperature T , electronic density Ne), achieving a

compromise between a reasonable accuracy and a straightfor-

ward usefulness.

Our approach is a generalization of the parametrization pro-

posed by Clausset et al. (1994) for the hydrogen lines of the

Lyman and Balmer series. This new formulation makes the for-

mulae much simpler. It is applied here to one-electron ions of

carbon, nitrogen and oxygen.

The present parametrization concerns only the Stark pro-

file and does not include the thermal Doppler effect. Therefore,

convolution by a gaussian profile must be done afterwards (see

Sect. 5). This choice allows a more regular behaviour of the

parameters introduced in the analytic formula.

The Stark profile of the line n → n′ of central frequency ν0

for a one-electron ion (of nuclear chargeZ = 6, 7 or 8) perturbed

by protons is approximated by the following formula:























































S(ν) =
S(ν0)

(

1 +

( |ν − ν0|
∆νS

)b
)c

∆νS = ∆νN n
′2.3

b = 0.5n′

c =
5

2b

(6)

Among the four parameters appearing here: S(ν0), ∆νS, b and

c, only two (∆νS and b) are adjusted independently to fit the

theoretical profiles.

Our choice of this parametrization is motivated by four con-

siderations:

i) Choice of an appropriate frequency unit. We have intro-

duced the particular value

∆νN =
e a0 FN

hZ
, (7)

which corresponds to a classical Stark shift due to the mean

electric field FN of the surrounding electrons (a0 is the Bohr

radius), the “normal” field FN being defined as

FN = e

(

4

3
πNe

)2/3

. (8)

We obtain numerically, in cgs units,

∆νN = 0.48N 2/3
e /Z. (9)

Using the ratio |ν − ν0|/∆νN allows one to parametrize the

profile without any explicit dependence on the electronic density

(plasma conditions enter only through ∆νN). Such a scaling

was already introduced by Stehlé (1996). In the particular case

of hydrogen lines, it can be verified that the formula given by

Clausset et al. (1994) included a factor where the fitted exponent

of Ne is 0.688 and 0.690, therefore very close to the exponent

2/3 of ∆νN.

ii) S(ν) must correctly reproduce the width of the line pro-

file. The parameter ∆νS is caracteristic of this width and a simple

fit to the theoretical profiles leads to a value of ∆νS/∆νN de-

pending mainly on the upper level n′ of the transition, as given

in Eq. (6).

Independently, Clausset et al. (1994) have obtained similar

values (2.257 and 2.377) of the n′ exponent to fit the Lyman

and Balmer lines of hydrogen. This exponent value of about

2.3 for n′ has a reasonnable physical meaning considering that

the linear Stark effect on the state n′ of a one-electron atom

produces a mean energy splitting of the level proportional to

n′2 (Griem 1974).

The exponent b gives the shape of the profile S(ν) in the

limited intermediate range where |ν − ν0| is of the same order

as ∆νS (see Fig. 3). The fits to a number of different theoret-

ical profiles give values of b ranging from about 1 to 6. The

approximate estimate b = 0.5n′ can be adopted to account for

the general trend. However the parameter b was undefined for

a number of profiles that show a central dip, which is obtained

when the unshifted Stark components are missing (for exam-

ple the transitions 1 → 3 or 2 → 4). We did not attempt to

reproduce correctly the line core in these cases.

iii) S(ν) must correctly reproduce the far wings of the line

profile. The expected asymptotic Holstmark behaviour of the

line profile in the far wings is S(ν) ∼ |ν − ν0|−5/2 (Griem

1974). The exponent c is then fixed by bc = 5/2.
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Fig. 3. Effect of b on the parametrized profile. In the line core, the value

of S(ν) decreases as b increases from 1 to 6 with a step of 0.5.

iv) S(ν) must be normalized to unity. The last parameter

S(ν0) is then determined by this requirement and can be ex-

pressed in terms of the following integral:

Ωb,c ≡
∫

∞

−∞

dx
(

|x|b + 1
)c =

2

b

Γ( 1
b ) Γ(c− 1

b )

Γ(c)
, (10)

for b > 0, c > 0, and bc > 1, and where Γ is the Euler gamma

function (see e.g. Gradshteyn & Ryzhik 1994). A simple calcu-

lation gives

S(ν0) =
1

∆νS Ωb,c
. (11)

For practical purposes, a simple fit of Ωb, 5
2b

for values of b > 1

can be used, which yields

S(ν0) '
(

0.3 +
0.46

b2

)

× 1

∆νS

. (12)

4. Comparison with previous approximations

Before the recent detailed calculations (Stehlé 1994a,b, 1996),

astrophysicists have generally introduced linear Stark effect on

H-like ions by using the hydrogen available data, the profiles

being scaled according to the nucleus charge Z. The tables cur-

rently used are those of Underhill & Waddell (1959) and those

of Vidal et al. (1973).

To perform extensive calculations of stellar opacities and

radiative accelerations an analytical form is wanted. A simple

procedure introduced by Cox (1965) and adopted by subse-

quent works (Michaud et al. 1976, GLAM) consisted in keep-

ing Lorentz profiles as for the quadratic Stark effect, but using a

Stark width proportional to n′5, instead of the power n′4 given

by the usual semi-empirical formula. This artificially broadens
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Fig. 4. Comparison of our theoretical profile, our parametrized profile,

the Lorentz profile used in GLAM, and the profile of Underhill &

Waddell (1959) for line 2 → 7 of C5+, in the plasma conditions of

case 1.

the profiles as expected for linear Stark effect, compared with

the quadratic case, but the dependance in n′5 is not correct.

An example of profile obtained by the present parametriza-

tion is displayed in Fig. 4 for one C5+ line (transition 2 → 7).

For comparison the graph shows the corresponding original the-

oretical results (Stehlé 1994a, 1996). It also shows the profile of

the same line as derived from the tables of Underhill & Waddell

(1959) and the Lorentz function which was previously used as

approximation (e.g. GLAM). It appears that the parametrized

profile insures a reasonable agreement with the theoretical one

from the center to the wings. The data of Underhill & Waddell

(1959) show an unreal dip in the line center and because they

neglect the electron contribution in the wings, their profile is

smaller in the wings by a factor of two. The Lorentz profile

cannot reproduce the line wings, even if its width is correctly

adjusted in this case.

5. The Doppler effect and convoluted profiles

Assuming LTE, the absorbers velocity distribution is Maxwell-

ian and the superposition of the Doppler-shifted line profiles is

a convolution of the Stark profile S(ν) by a Gauss profile of

width

∆νD =
ν0

c

√

2kT

m
. (13)

Similarly to the definition of the Voigt function, we define

Hb,c(a, v) =
abc−1

√
πΩb,c

∫

∞

−∞

e−y2

dy
(

|v − y|b + ab
)c , (14)

where

a =
∆νS

∆νD

and v =
ν − ν0

∆νD

. (15)
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The function Hb,c(a, v) is normalized in v. The relation with

the Voigt function is

H(a, v) =
√
π H2,1(a, v) (16)

(note that Ω2,1 = π).

The normalized line profile in ν is then given by:

φ(ν) =
1

∆νD

Hb,c(a, v). (17)

Fig. 5 shows examples of some convoluted profiles for sev-

eral values of a, the ratio of Stark width to Doppler width, as

well as a pure Doppler profile, for b = 3 and c = 5
6
. The cor-

responding Stark profiles (with the same values of b and c) are

also shown, the only influence of varying a on the latter is to

change the line width and the normalization when using the

variable v. It can be clearly seen that for values of a < 1, the

line core is dominated by the Doppler profile, whereas in the

far line wings, the Stark component is the most important one.

On the other hand, for larger values of a, the Stark component

dominates the whole profile, and is even indistinguishable from

the convoluted profile for a ≥ 5.

Regions of the (logT, logNe) diagram where Doppler or

Stark contributions dominate are indicated in Fig. 6 for some

lines of C5+. The “contour lines” for a given value of a (straight

lines in this case) are obtained by the equation:

logNe(cm−3) =
3

4
logT (K) +

3

2
log

(

n′2 − n2

n2n′4.3

)

+

15

4
logZ +

3

2
log a + 13.98.

(18)
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Fig. 6. Regions of dominant Doppler or Stark effect for some transitions

of C5+. The thick lines show, for transition 1 → 2, the a = 1 line (solid),

the a = 0.2 line (short-dashed), and the a = 5 line (long-dashed). The

thin lines display, from top to bottom, the a = 1 lines for transitions

1 → 3, 1 → 4, 1 → 5, 2 → 3, and 13 → 14.

In the plasma conditions of interest to us, most line profiles

shown in Fig. 6 are dominated by the Stark broadening. This is

also true for other transitions, as thea = 1 line is lower and lower

on the graph as n and n′ increase. For nitrogen, and oxygen, the

same pattern is observed with a slight vertical shift. For direct

comparison, the a = 1 line for transition 1 → 3 of O7+ falls

almost exactly on the one for transition 1 → 2 of C5+.

It can also be noticed that a will be larger than 5 for a large

number of transitions in cases 1 to 4, the convolution will there-

fore not be necessary for them.

6. Application to the calculation of radiative accelerations

As an example of astrophysical application, we show how the ra-

diative acceleration grad on carbon is sensitive to the line broad-

ening of the H-like ion C5+ in the deep layers of a stellar enve-

lope. The reference values of grad are those of GLAM, computed

for a model with Teff = 8 000 K and log g = 4.2. Fig. 7 shows

the effects of the new profiles which have been introduced by

means of the parametrization of Sect. 3 in the same calcula-

tion procedure as in GLAM. The atomic data were also taken

from TOPbase (Cunto et al. 1993a,b), the atomic database of the

Opacity Project (Seaton 1987, 1993). As mentioned earlier, the

parametrization is based on theoretical profiles of Balmer and

Lyman series for 4 plasma conditions. Because of the regular

behaviour of the fitting parameters ∆νS and b, we have decided

to use the parametrized profiles for all lines (not only for Balmer

and Lyman series) and for all plasma conditions where the H-

like ions dominate.

Since the new profiles are narrower than those used in

GLAM (see Fig. 4), the saturation increases and the predicted
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The dashed lines show the contribution of the H-like ion C5+ and the

solid lines show the sum of the contributions of all carbon ions. Previ-

ous calculations (GLAM) are displayed with thin lines, while our new

results are presented with thick lines.

values of grad are smaller. For about logT = 5.9, the radiative

acceleration, which is dominated by the C5+ contribution, is de-

creased by a factor of 4.5 compared to the previous result of

GLAM. This amplifies the trend of carbon to sink inside stellar

envelopes.

However, this calculation included the b-b transitions only.

The contribution of b-f transitions was also computed in GLAM,

using photoionization cross-sections from TOPbase, and ap-

peared to be significant at higher temperatures, for logT >∼ 5.6.

Uncertainty on the fion factor (see Sect. 6 of GLAM) affects

the predicted b-f contribution. We obtained preliminary results

using a better approximation for fion (Massacrier 1996) which

show that the b-f contribution to grad does not change signifi-

cantly. A detailed study of the b-f and f-f contributions to the

radiative acceleration on H-like and He-like ions will be given

in a subsequent paper.

7. Conclusion

This paper is a follow-up to a previous work (GLAM) achiev-

ing a detailed calculation of radiative accelerations in stellar

envelopes. The extensive use of the recently available atomic

databases allowed to compute the spectrum of the background

opacity with a good frequency resolution. Concerning the line

profiles which have an important effect on saturation, the qua-

dratic Stark broadening was evaluated in GLAM by means of a

semi-empirical method. The linear Stark effect, which is domi-

nant for one-electron ions, was not yet taken into account. The

purpose of the present paper is to include more realistic lines

profiles for H-like ions, especially for elements C, N, and O

which are major absorbers in stellar plasma.

We have computed theoretical Stark profiles of the Lyman

and Balmer series of the H-like ions C5+, N6+, and O7+ for a

range of stellar plasma conditions where they represent more

than 50% of their species. They have been summarized in a con-

venient analytical formula, whose parameters depend only on

the electronic density (through ∆νN) and on the principal quan-

tum number n′ of the upper level of the transition. Comparisons

with the theoretical profiles as well as with other approximations

show that this formula gives a reasonable accuracy in view of

astrophysical applications. It can also be used for series other

than Lyman and Balmer.

Thanks to the simple analytical formulae fitting these pro-

files, it will become easy to improve the calculation of detailed

monochromatic opacities, as required in a number of astrophys-

ical modelizations. Due to the wavelength coincidences occur-

ring between H-like spectra, the knowledge of an accurate pro-

file is particularly critical to predict saturation effects.

An example of their influence on radiative acceleration is

given. The contribution of b-b transitions to grad in the regions

where the H-like ion is dominant is found to be significantly

reduced compared to previous work. The total radiative accel-

eration will therefore be more sensitive to the contribution of

the b-f and f-f transitions. This latter problem will be addressed

in a subsequent paper.

Richer et al. (1998) have recently developed stellar evolution

models taking simultaneously into account atomic diffusion and

its effects on the stellar structure through the Rosseland mean

opacity. Their application to the sun (Turcotte et al. 1997) and

to F and A-type stars (Turcotte 1997) shows that the variations

of grad through the entire envelope can affect the surface abun-

dances. Additionaly, C, N, and O are so large contributors to

the Rosseland opacity that the stellar structure is sensitive to

local variations of their abundances, even in deep layers of the

envelope. The contributions of H-like ions to the radiative ac-

celeration must therefore be evaluated accurately, and the line

profiles given here should be included in future calculations.
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