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Rates of convergence in the central limit theorem for the

elephant random walk with random step sizes

Jérome Dedecker* Xiequan Fan! Haijuan Hut Florence Merlevede$

Abstract

In this paper, we consider a generalization of the elephant random walk model. Com-
pared to the usual elephant random walk, an interesting feature of this model is that
the step sizes form a sequence of positive independent and identically distributed random
variables instead of a fixed constant. For this model, we establish the law of the iterated
logarithm, the central limit theorem, and we obtain rates of convergence in the central
limit theorem with respect to the Kologmorov, Zolotarev and Wasserstein distances. We
emphasize that, even in case of the usual elephant random walk, our results concerning

the rates of convergence in the central limit theorem are new.

Keywords. Elephant random walk, law of the iterated logarithm, normal approxima-

tions, Wassertein’s distance, Berry-Esseen bounds, central limit theorem

Mathematics Subject Classification (2010): 60G42, 60F05, 60E15, 82C41

1 Introduction

The elephant random walk (ERW) is a type of one-dimensional random walk on integers,
which has a complete memory of its whole history. The ERW was introduced in 2004 by
Schiitz and Trimper [24] in order to study the memory effects of a non-Markovian random
walk. The model has a link to a famous saying that elephants can always remember where
they have been.

The ERW can be defined as follows. It starts at time n = 0, with position T = 0.
At time n = 1, the elephant moves to 1 with probability ¢ and to —1 with probability
1— g, where g € (0,1]. So the position of the elephant at time n = 1 is given by T} = X,
with X; a Rademacher R(gq) random variable. At time n + 1, n > 1, the step X, 41 is
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determined stochastically by the following rule. Let n’ be an integer which is chosen from
the set {1,2,...,n} uniformly at random. If X,, =1, then

X )1 with probability p
") 1 with probability 1 — p.

If X, = —1, then
1 with probability 1 —p
Xn+1 = . ..
—1 with probability p.

Equivalently, X, 11 is determined stochastically by the following rule:

X ) X with probability p
m —X,» with probability 1 — p.

The last equality suggests that at time n 4+ 1, we reinforce X, with probability p and
reduce X, with probability 1 — p. Thus, for n > 2, the position of the elephant at time

n is

T, = Xi, where X, = a,Xp,, (1.1)
i=1
with a;, has a Rademacher distribution R(p), p € (0,1], and 3, is uniformly distributed
over the integers {1,2,...,n — 1}. Moreover, «,, is independent of (X;)1<i<n, and the
random variables (53;);>1 are independent. Here p is called the memory parameter. The
ERW is respectively called diffusive, critical and superdiffusive according to p € (0,3/4),
p=3/4 and p € (3/4,1].

The description of the asymptotic behavior of the ERW has motivated many inter-
esting works. By showing the connection of the ERW model with Polya-type urns, Baur
and Bertoin obtained the functional form of the central limit theorem. Coletti, Gava and
Schiitz [9, 10] proved the central limit theorem (CLT) and a strong invariance principle
for p € (0,3/4] and a law of large numbers for p € (0, 1). Moreover, they also showed that
if p € (3/4,1], then the ERW converges to a non-degenerate random variable which is not
normal. Vézquez Guevara [26] gave the almost sure CLT. Bercu [2] recovered the CLT
via a martingale method. Bertoin [5] studied how memory impacts passages at the origin
for the ERW. Recently, a number of variations for the ERW has been introduced. For
instance, Bercu and Lucile [4] introduced a multi-dimensional type ERW, and established
the multivariate CLT. Gut and Stadtmiiller [18] investigated the case when the elephant
remembers only a finite part of the first or last steps. Laulin [21] studied the asymptotic
analysis for the reinforced ERW model. Recently, Bercu [3] considered the ERW with
stops playing hide and seek with the Mittag-Leffler distribution.

In this paper, we consider a generalization of ERW, called ERW with random step
sizes, such that the step sizes are random and varying in time. The ERW with random
step sizes was introduced by Fan and Shao [16]. Let (Z;);>1 be a sequence of positive

independent and identically distribution (i.i.d.) random variables, with finite mean v =



EZ; and variance Var(Z;) = 0% > 0. Moreover, (Z;);>1 is independent of (X;);>1. An
ERW with random step sizes may be described as follows. At time n = 1, the elephant
moves to Z; with probability ¢ and to —Z; with probability 1 — ¢g. So the position Y7 of
the elephant at time n =1 is given by the following rule:

v — Z1 with probability ¢
b -7 with probability 1 — q.

For n > 2, instead of (1.1), the position of the elephant with random step sizes at time n

1S
n

Su =YY, where Y, = 0, X5, Zn.
i=1
Notice that |Y,| = Z, for all n > 1. Thus at time n, the step size is Z, which is a
random variable. Without loss of generality, we may assume that v = 1 (otherwise, we
may consider the case S, /v instead of S,,). Clearly, when 0% = 0, we have Z,, = 1 a.s.
and then the ERW with random step sizes reduces to the usual ERW.

In this paper, we are interested in establishing the law of the iterated logarithm and
convergence rates for normal approximations of \S,, in terms of Kolmogorov distances and
Zolotarev or Wasserstein distances. As we shall see, even in case of the usual ERW, our
results concerning the rates of convergence in the central limit theorem are new.

Throughout the paper, C' will denote a finite and positive constant that is allowed to
depend on some fixed parameters such as p, ¢, 7, p, 7, EZ12+‘) and so on, but not on n.
This constant may vary from line to line. For two sequences of positive numbers (ay)n>1
and (by,)n>1, write a,, < by, if there exists a constant C' > 0 such that a,/C < b, < Ca,
for all sufficiently large n. We shall also use the notation a,, < b, to mean that there
exists a positive constant C' not depending on n such that a, < Cb,. We also write
a, ~ b, if lim, o a,/b, = 1. We denote by A(0,0?) the normal distribution with
mean 0 and variance o2. N will designate a standard normal random variable, and we
will denote by ®(:) the cumulative distribution function of a standard normal random
variable. We shall use the notations ¢ to denote the density of a A/(0, 1) distribution and
¢o2 to denote the density of a N'(0,0?) distribution.

2 Law of iterated logarithm

The almost sure convergence for the ERW has been established by Bercu [2] and Bercu
and Lucile [4] via a martingale method. In the next theorem, we give the corresponding
results for the ERW with random step sizes.

Theorem 2.1. Assume that p € (0,1] and EZ} < oco.
li] If p € (0,3/4), then

. S| 2
1 < 2 .S. 2.1
lﬁsolip nloglogn = V 3 —4p V20 e (2.1)




[ii] If p=3/4, then

: |l
1 =2 .S. 2.2
e vnlognlogloglogn VZooas (22)

[iii] If p € (3/4,1], then
lim Sn

n—o00 n2p—1

=L oas, (2.3)

where L is a non-degenerate and non Gaussian random variable.

We immediately deduce from Theorem 2.1 that the law of large numbers holds. If

p € (0,1), then

lim & =0 as.

n—oo N
Hence, we find again the Kolmogorov strong law of large numbers given by Coletti, Gava
and Schiitz [9]. See also Bercu [2] and Bercu and Lucile [4] for closely related results. In
particular, Bercu [3] gave the law of the iterated logarithm for ERW with stops playing

hide and seek with the Mittag-Leffler distribution.

Remark 2.1. In [10] a strong invariance principle is proved for the usual ERW, from
which the compact law of the iterated logarithm can be easily deduced. We would like to
mention that the rate of approximation in this strong invariance principle can be improved
by using Theorem 2.1 of Shao [25]. More precisely, letting v, = > -, a? and applying

1=1""1

Shao’s results, one can prove that

[i] If p < 5/8, there exists a standard Wiener process W (t) such that, for any § > 0,
an T —W(v,) =0 (ann1/4(log n)**(loglog n)5+1/4) a.s.
[ii] If5/8 < p < 3/4, then there exists a standard Wiener process W (t) such that
anTy — W(v,) =0 (un(log n)l/Q) a.s., where u, s any sequence increasing to oo.
[iii] If p = 3/4, then there exists a standard Wiener process W (t) such that

anTr—W(v,) =0 (un(log log n)l/z) a.s., where u, s any sequence increasing to oo.

3 Normal approximations

In this section, we consider the normal approximation for S,,. For p € (0,3/4] and n > 2,

denote
I'(n)l'(2p) S 2
=1 . = — d " = g c,
ay , a (12 0 an v a;

i=1
Here I'(s) = fooo ts~le~tdt, s > 0, is the Gamma function. Notice that a,, and v,, are both

positive. Moreover, by taking into account the relations (4.2) and (4.3) of Section 4, it is

known that v,, — oo as n — oco.



3.1 Central limit theorem

Theorem 3.1. Assume that EZ? < co. Then, for p € (0,3/4],

Sn

vV Un + na2o?

where Sy, = an Sy — (2¢—1) and D, stands for convergence in distribution.

DN, (3.1)

When p € (0,3/4] and 02 = 0, the central limit theorem for the usual ERW has been
established by Coletti, Gava and Schiitz [9, 10] and Bercu [2]. Theorem 3.1 then extends
the CLT to the case o2 > 0.

Note also that since v,, — 00 as n — 00, (3.1) also holds if we replace S’n by a, S,
(indeed the term (2 — 1)//v, + naZa? goes to 0 as n — oc). However, it is convenient
to consider random variables which are centered as S,. Indeed if we consider a,S,
rather than S, then the corresponding rates of convergence in the CLT are slower (see
for instance Remark 3.1 concerning the Kolmogorov distance).

Concerning the normalizing sequence, note that when p € (0,3/4), then (4.1) com-
bined with (4.2) entails that

by = a; 'V + naZo? ~ /n(o? +1/(3 — 4p)),

whereas when p = 3/4, (4.1) combined with (4.2) implies that b,, ~ v/nlogn.

Finally, notice that when p € (3/4,1], v, + na2o? is bounded and a,, is in order of
n'=?" (see (4.1)). Thus, by (2.3), Sn/\/vn + na20? converges to a non-degenerate and
non Gaussian random random variable, and (3.1) does not hold. Hence, we shall only
consider the case p € (0,3/4] in the remaining of the paper.

3.2 Convergence rates in terms of Kologmorov’s distance
For a real-valued random variable X, denote
K(X) = sup [P(X <u) — (I)(u)‘
u€ER
the Kologmorov’s distance between the law of X and the standard normal distribution.

We start by giving the rates of convergence in the central limit theorem for the
Kolmogorov distance and the usual ERW.

Theorem 3.2. Let p € (0,3/4]. Then the following inequality holds:

anTy — (2g — 1) 1 1
(enn) 1
Taking into account (4.2) and (4.3) of the next section, it follows that when p < 5/8,
the rate in Theorem 3.2 is 1/4/n and when p > 5/8, the rate is 1/v,. Note also that
Theorem 3.2 improves on the previous results obtained by Fan et al. [15] who obtained
the rate (logn)/y/n when p < 1/2, (logn)/\/v, when p € (1/2,3/4) and (loglogn)/\/vn
when p = 3/4.



Remark 3.1. Using Lemma 7.1, we then derive that for the mon centered quantity
an Ty //Un we have the following rate of convergence in the CLT

@Dy oL, 1
/Un N

The following theorem gives a Berry-Esseen type bound for the ERW with random

step sizes. Theorem 3.2 can be viewed as a consequence of it (taking p =1 and 0 = 0.)

Theorem 3.3. Assume that M(p) = EZ™ < oo for a constant p € (0,1]. The following

inequality holds:
K (a (24 )> < + —.

\/Un + na2o? ne/? " wy

3.3 Convergence rates in terms of Zolotarev’s distances

Zolotarev’s distance of order r can be described as follows: for two probability measures
w and v, and any r > 0,

Q(uw)zsup{/fdu—/fdv: feAr},

where A, is defined as follows: denoting by [ the natural integer satisfying I <r <1+ 1,
A, is the class of real functions f which are [-times continuous differentiable and such
that

fO@) = D) < |z —y["™"  for any (z,y) € R*.
For two random variables X and Y, let ux and vy be respectively the probability laws
of X and Y. We denote (.(X,Y) = (. (ux,vy) to soothe the notations.

We start by giving the rates of convergence in the central limit theorem in terms of
Zolotarev distances for the usual ERW.

Theorem 3.4. Let r € (0,2]. Then the following inequality holds:
Cr a—(q)’ N < — 4+ —.
/Un, nr/2 o,

Note that ¢; = Wi, where W is the Wasserstein distance of order 1 (see the next
section for the definition). Hence, for » = 1, Theorem 3.4 improves on the previous results
obtained by Ma et al. [22].

The following theorem gives some bounds for the ERW with random step sizes.

Theorem 3.5. Assume that EZ}™” < co for a constant p € (0,1]. Let v € (0,2]. The
following inequality holds:

@(“"S”_@q‘” N> < s

)
\/ U + naZo? TAR)2 Ty,



3.4 Convergence rates in terms of Wasserstein’s distances

We first recall the definitions of Wasserstein’s distances. Let £(u, ) be a set of probability
laws on R? with marginals ;1 and v. The Wassertein distance of order r > 0 is defined as
follows:

) 1/ max(1,r)

Wi (1, v) :inf{(/|x—y|TP(dx,dy) . P ec(,w)}.

For two random variables X and Y with respective laws px and vy , denote W,.(X,Y) =
W, (px,vy) to soothe the notation.

For r € (0,1], using Kantorovich-Rubinstein’s theorem with the metric d(z,y) =
| —y|", we have W, (u,v) = {,(u, v). Hence, for r € (0, 1], the inequality of Theorem 3.5
holds for the distance W,.

Next, for r € [1,2], from [23], we know that there exists a positive constant ¢, such
that

Wi (1 v) < e (Grl(pv) T (3-2)

Therefore, starting from Theorem 3.4, we derive for the usual ERW that for any r € [1, 2],

W, | ———————, — .
( VUn N) < \/ﬁ—’—v}l/r

Combining this last estimate with some precise upper bounds for independent random

variables given by Bobkov [7], we get the following result for the ERW with random step

sizes.

Theorem 3.6. Letr € [1,2], and assume that EZ12+p < oo for a constant p € (0,7]. The

following inequalities hold:

WS — (2¢—1 1 1
W, a—(Q), N)< ——+—.
/O, np/QT UrlL/T

Note that when p € (0,1], Theorem 3.6 is a direct consequence of Theorem 3.5 com-
bined with inequality (3.2).

4 Preliminary considerations and lemmas

By the well-known Stirling formula
1 1 1
log(x) = z-3 logxfx+§log27r+0 — as T — 00,
x
we deduce that for p € (0,1],
lim a,n*~' =T(2p). (4.1)
n—oo
Moreover, for p € (0,3/4), we have

. Un, _ F(2p)2
A T 34 (42)

7



and, for p = 3/4,

Up, 0
li =-. 4.
n=+00 logn 4 (43)

See also Bercu [2] for the equalities (4.1)-(4.3). Denote

2p—1
’yn:1—|—p , n > 1.
n

It is easy to see that a; = 1 and for n > 2,
n—1
1
a =~
=1 Vi
Notice that ap+1 = an/vn. Thus, a, is increasing in n if 0 < p < 1/2, and decreasing in

n if 1/2 < p < 1. Hence, we have

an, if0<p<1/2
max a; = (4.4)
2<i<n

(2p)~t if1/2<p<1.

Define the filtration Fo = {0, Q}, F, = o{a, X1,8:, Z; : 1 <i <n}, n>1, and denote

anSn— (20— 1) =an »_ ;i Xp,(Zi — 1)+ an T, — (20 — 1). (4.5)
i=1

Let
My=0, M,=a,T,—(2¢—-1), n>1.

As noticed in [2], (M, f")n>0 is a martingale. Indeed, we have
E[M1|]:0] = E[a1T1 — (2q - 1)] = O,
and for n > 1,

E[Mn—i-1|-7:n] = E[an+1T7L+1 - (2q - 1)‘fn}
= ap+1Th + an-&-lE[am&-l]E[Xﬁnﬂ |]:n] —(2¢-1)

T,
= Qan+41 (Tn + (2]7 - 1)7’L> - (2(] - 1)
= a,Tn—(2¢—1)=M, a.s.

Moreover, we can rewrite (M, F,,)n>1 in the following additive form

Mn = i:aiei = i:AMi, (46)
i=1 i=1

where ¢; = T; — ;_1T;—1 with the convention v9Tp = 2¢ — 1. Note that (AMj, Fi)r>o0 is

a sequence of martingale differences such that

n n—1
Var(M,) = _a? — (2p — 1)’E¢,, where G, =Y aiﬂ(%)Q
i=1 k=1



(see (A.7) in [2]). In particular
Var(M,) <v, and |la T3 < 2(1 +vy). (4.7
The following lemma shows that AMj}, is bounded.
Lemma 4.1. For k > 1 and p € (0,1], it holds |AMy| < 2ay.
Proof. We have
|[AM;| = |aa Ty — (2 — 1) < [Xa| + |2 — 1] £ 2 = 2a4,

and, for k > 2,

Ty 1

AMy = apTy — ap—1Tp—1 = ap Xy — ki

(2p—1).
Since | Xj| < 1, we have |Ty| < k. Hence, for k > 2,
|AMg| < ak|Xk| + ax[2p — 1] < 2ay.

This completes the proof of the lemma. O

Next lemma gives estimates of the conditional moments of order 3 and 4 of the se-

quence of martingale differences (AMy, Fr)r>1-

Lemma 4.2. For k > 1, the following equalities hold:

Ty— T3
E[AM}|Fr_1] =2(2p — l)ai< - k‘k—ll +(2p— 1)2(/{511)3>

and

T2 T4
y oy A 9 1 2 k—1
BIAM|Fia] = ab + ab(2p - 1) (Q(k_l)z —3Gp 1) (k—l)) ’

with the convention Ty/0 = 1. In particular,
Ty
(k—1)*

Ty—1
k-1

E[AM,§|}‘;€,1]‘ < 4dd

and ’E[AM@]—}C,J—@%‘ < b5a}

Proof. The equality for the conditional moment of order 4 comes from [2, (A.5)]. It

remains to prove the equality for the conditional moment of order 3. Note first that
E[AM|Fi—1] = GRE[(Th — Y—1Th—1)*|Fr—1]

— 0} (BITE|Fi1] = 371 Te BITE Fi] + 397y T BTk Foa] = 9 TE ).

For E[T}|Fx_1], we have the following estimation
E[T};|Fi] = El(Ti-1 + 0rXp, )’ Fii]
= T + 30 BlawXp, | Fri]

+3T—1E[(0x X5, )* | Fre1] + El(ax X, )? | Fr—1]

77, Th—1
3T 2p —1
k:71+ -1+ (2p )kfl

= -1 —2)T5 1 + (=1 + 2)Te—1.

= Ty ,+3(2p—1)




Notice that E[T?|Fr-1] = (2yk—1 — 1)T7_; + 1 and E[T}|Fr—1] = vk—1Tk—1 (see the
relations (A.3) and (2.3) in [2]). Hence, we get

E[AM}|F—1] = 24} (kal(l = Yo-1) + Ty (Ve—1 — 1)3)~

The first equality follows from the fact that v, = 1 + % To get the inequalities, it

suffices to notice that |Tj| < k. O

5 Proof of Theorem 2.1

We first give a proof of item [i]. For any n > 1, let
n
H, =Y o Xp,(Z; - 1). (5.1)
i=1

By (4.5), recall that S, = H, + T,,. Let G, = o(a, i, X1,Z;,1 < i < n). Note that
(Hp, Gn)n>1 is a zero-mean, square integrable martingale such that Var(a; Xg,(Z; — 1)) =
0% and |a; X,(Z; — 1)| = |Z; — 1|. Then, by [20, Corollary 4.2],

. [ Ha|
limsup ————= = V2 .8. 5.2
17131_>501ip nloglogn Vio as (52)

On another hand, by Theorem 3.2 of Bercu [2],

: || 2
lims = .8.
13;;1)p vnloglogn 3—4p -
Therefore
lim sup L < limsup @ + lim sup &
n—oo Vnloglogn =  poe y/nloglogn n—oo V/nloglogn
2
< V2o + 5_4p a.s.,

which gives (2.1).
We turn to the proof of item [ii]. By Theorem 3.5 of Bercu [2], we have

T,
lim sup i =v2 a.s.
n—oo v/nlognlogloglogn
Since S,, = H,, + T,,, we get from (5.2) that
Sn - Tn . Hn
lim sup [l = ITo] < lim sup | Ao =0 a.s.,

n—oo | v/nlognlogloglogn n—oo v/nlognlogloglogn

and (2.2) follows.

We complete the proof by proving item [iii] that is when 3/4 < p < 1. Since in this
case n??~1/\/n — 0, (5.2) entails that lim, o —#2r = 0. Hence the result follows from
Theorems 3.7 and 3.8 in Bercu [2] and the fact that S,, = H,, + T,,.

10



6 Proof of Theorem 3.1

By (5.1), we have

anSn - (2q - 1) _ aan + Mn
\Vvn +na2o? Von +na2o? /v, +nao?

= U, +Vp, (6.1)

where H,, is defined in (5.1). Denote F = o (o, Bi, X1,7 > 1). For s,t € R, write
fa(s,t) = Eexp{(itU, + isV,)} = E|[E[exp{itU,}|F | exp{isV,}],

the joint characteristic function of (U,,V,,). Since (Z;);>1 is a sequence of i.i.d. r.v.’s,

2 2
. . - 2 9. na;o
nhﬁ\rr;o Elexp{itU,}|F] = ¢(o1t) a.s., where o7 = nl;ngo o na2o?

and o(t) = exp{—t?/2}. Now
fu(s,t) = E [(E[exp{z’tUnH}"} — p(o1t)) exp{isV,,L}} + ¢(o1t)Elexp{isVy,}].

From the CLT for the usual ERW (see Theorems 3.3 and 3.4 in Bercu [2]), we know that

. , B 5 Un
nh%rr;o Elexp{isV,}] = p(025), where o35 = nlgrgo el

Consequently, it holds
m fu(s,t) = @(o1t)p(025).

n—00
In particular, since 07 + 03 = 1, we get lim, oo fn(t,t) = ©(t), which implies that

(U, + Vi )n>1 converges in distribution to a standard normal random variable.

7 Proof of Theorem 3.2

The proof of Theorem 3.2 is a refinement on the argument of Lemma 3.3 of Grama
and Haeusler [17], where the authors obtained the best possible Berry-Esseen bound
for martingales with bounded differences. Compared to [17], the main challenge of our
proof comes from the fact that the conditional variance of martingales does not converge
to a constant in L°°-norm. Our proof will be based on Lindeberg’s telescoping sums
argument, see Bolthausen [8]. The following two technical lemmas due to Bolthausen [§]
will be needed.

Lemma 7.1. /8, Lemma 1] Let X and Y be random variables. Then

1/2

oo

sup P(Xgu)—¢(u)‘ < ¢1 sup P(X+Ygu)—¢>(u)’+CQ||E[Y2|X} I
ueR ueER

where ¢; = 2 and co = 5/+/2m.

11



Lemma 7.2. [8, Lemma 2] Let G be an integrable function on R of bounded variation

IG|lv, X be a random wvariable and a, b # 0 be real numbers. Then

X+
Bl (51| <lelvew [P ox <w - o]+ 16l bl

where |G|y is the L1(R) norm of G.

We shall divide the proof in two steps according to the values of p.
1) Case p € (0,3/4). Let us introduce some notations that will be used all along the
proof. Let 8 be a constant greater than one that will be specified later. Denote

2 2 2 2
= m . 6 = " 71
H‘n [n/2] g)fgn al ? n /BH’I'L//U ( )

and for 0 < k <n,

n

ton = (B2 + 0 —0)72, Ap = 80 fon s un = B+ BT (14 B) S a2/i2. (T2)
1=k+1

Note that Ay is non-increasing in k, and satisfies Ag = 62 + 1 and A,, = §2. Moreover,

for u,z € R and y > 0, set, for brevity,

O, (z,y) = @(“\;;) (7.3)

Let N be a standard normal random variable, which is also independent of T},. For
1 < k < n, denote

R . 1 . . a?
Ko=0, K= m(aka—@q—l)), ¢ = Ky — Ky and U,%:v—:’.
Then we have N
anTh — (2g—1) -
Wi “EIZ D k=36
Next, we estimate the upper bound of K(K’n) By Lemma 7.1, we get
K(K’n) < ¢1 sup P(Kn+5nN1 < u) —®(u)|+c2d, = ¢1 sup E[@U(IA(n,An)]ffI)(u) +co 0p,.
ueR ueR
Hence
. . . U
K(K,) < ¢ sup |E[®y, (K, A))]|—E[@, (Ko, A)]| + 1 su @(7)—@4 ey 6.
(o) 1 sup [BI0 (o, 4] B Ko, A 41 sup [0 ) =000 e
There exist positive constants c3 and ¢4 such that for any n > 1,
U 1
@()@u‘gc 1‘§c5,§. 7.4
) )| o e 1 < (74)
Therefore, since 62 < 3,
K(K,) < ¢ sup |B[®y(Kn, An)] —E[@u(KO,AO)]‘ + ¢50n. (7.5)

ueER

12



Next, we give an estimation for E[®, (K, A,)] — E[(bu(f(o, Ap)]. Write first
E[®,(K,, Ay)] — E[@y (Ko, Ao)] = > B[®y(Ky, Ag) — Pu(Ki1, Ax1)].
k=1

Using the fact that
2 0
2—o
axQ ( y) ay u(l‘vy)a
and that E[§;|Fx_1] = 0, we obtain

E[®,(K,, A,)] — E[®, (Ko, Ag)| = L + I — I,

where
I, = ZE[q)u(Kk,Ak)—¢u(kk1,Ak)
=1
0 S 1 02 .
- y@u(Kk—l,Ak)fk - QW‘I’u(Kk—17Ak)§i],
1 & 0?
I, = 22_:1«3{3 0, (K 1,Ak)(E[§,§|fk1]—o,%>},

o .
I; = @u(Kk_l,Ak)a,%].

oy

M%

{‘I) (K1, Ap_1) — O (Kp_1, Ap) —

k=1

From (7.5), we deduce that
K(K,) < C (|11| F L] + [ Is] + 5n). (7.6)

In the sequel, we give some estimates for I7, Is and I3. The notation ¥; stands for some

values or random variables satisfying 0 < 4; < 1.

. — Ky
a) Control of I;. To shorten notations, denote Hy_1(u) = it W | <k<n,
VA
we have
1 0?

0 . .
—®, (Ky_1, Ag)&x — B, (Ky_1, Ap)E}

Ry := CDu(Kk,Ak) — (I)u(f(k—l,Ak) - O

2 0a?

_a(h S ) e 0 Sk
= (Hi1(u) \/AT) @(Hi-1(w)) + @' (s (1)
Lo g §k \?
— —®"(Hj,_ — ) .
3@ (s ) ()
By Taylor expansion at order 4, we deduce that
> ERi1+ Y ERpo, (7.7)
k=1 k=1
where
_ 71 " (1 Sk \3 _ i @) ( £ o &k §k \*
Ry = 6(1) (Hk_l(U))(\//Tk) and Rpo= 24<I> (Hk_1(u) ﬂk\/ka)(\/le)

13



Next, we handle the term |ERy 1|. As ﬁk_l(u) is Fr_1-measurable, we have

E|E[£}] Fr—1]]-

|ERk 1| < . EH@/”(H/C 1( “Egku:k 1]” <C 3/2
Ay

By Lemma 4.2, we have |E&}| < da3/v3/?, and for 2 < k < n,

g (Blag—1Ty— 1\2 1/2

ap_1v2 2 (k — 1)

BlBlet|]| < (<) B oL

Taking into account (4.7), it follows that for 2 < k <n,

ay(1+ \/Ur-1)
EE F
’ [57@’ k— 1” < k_lvzm(k—l)

Hence, we get

n 1 n 1 3 —
Z |ER’€71| < 3/2 + Z 3/2 %3/;% . : (7.8)
k=1 Un i AT ak—avn (k= 1)

Next we give an estimation for the last bound. By (4.1) and (4.2), and since p € (0,3/4),
AL S O(i)
ak-1(k —1) VE/

maxj<k<[n/2| t,;i = t[f/Q]’n < v; 1. Therefore, we get

k — oo. Note also that Agv, = tl%,n and, since p € (0,3/4),

n

1 az\/vk 1 —3/2 ai -3 2

E < E —=+ —= E t. " aj. (7.9)
3/2 32 n kO

k=2 Ak/ a0y (k—1) ke[1,n/2] vk \/ﬁ ke(n/2,n]

For the first term on the right-hand side of (7.9), we infer that

3
_ a _ _ _
Up 3/2 § -+ < Up 3/21p>7/12 + v, 8/2 (log n)lp:7/12 +n 11p<7/12~ (7.10)

kel,n/2]
To deal with the second term on the right-hand side of (7.9), we first notice that for any
integer k such that [n/2] < k <n,

ai “iukfl,n 2 2
o < log (uk,l’n/ukm) and 5 S thn < Kplkn (7.11)
k.n

(see inequalities (5.2) and (5.4) in [12]). Therefore, for any a > 0,

n ai n a2 Uk—1,n 1
Tola) = Yt <kl Y uph / —dx
k=[n/2]+1 b k=inj241 w7
Uk—1,n
< Ky Z / 2% g
k=[n/2]+1 " Yk
and, for any a < 0,
n 9 Uk —1,n Uk—1,n
Tl(@) < k23772 Z uz/l n/ fdx < K23T/2 Z / /2 Vg,
k=[n/2]+ Uk, k=[n/2]+1 " Wk.n

14



So, overall, for any real «, using the fact that p € (0,3/4), we get

n ai ) Uln/2],n o 1
Tal@)= > gmtT < K21 +37 )/B /2 Lz

k=[n/2]+1 kin

< KEBY 1 e + (logn)La—o 4+ v %1 450. (7.12)

Therefore, by (7.12) applied with o = —1, we get
% Z t,;flai <n 12 (7.13)
ke(n/2,n]

So, overall, starting from (7.8) and taking into account (7.9), (7.10), (7.13) and that
(log n)vﬁg/le:ng < n~tlogn, we derive that, for p € (0,3/4),

1 1
ER; 1| K + —. (7.14)
; | | 3/2 \f
. . 2ay,
Next, we give an estimate of |[ERy 2|. By Lemma 4.1, note that ‘\/7 < ——. Hence,
k n

it k> [n/2] + 1, < [n/2] and p € [0,1/2], we still have

€k
n/2] and p > 1/2, wehave‘—‘ <
< [n/2 / e
min (2/\/@-{%, 2/\/Vn — Vpn/2 ) So, in each case, we can select 3 large enough in such a

way that ’ ‘ < 1. From now on, § is selected this way. Thus we have

i‘éw(ﬁk—l(u)_ﬂk\/gjﬂ)‘(%)
4
< G(I:—rkl(u))( - ) ’

| R 2|

IN

VAL
where G(z) = supj,_.|<1 |®4)(¢)|. By Lemma 4.1, & < 2%a}v,,%. Therefore,

Z|ERk2|<<Z H’H ”(\j%)“l_

By the definition of ﬁk_l(u) and Lemma 7.2, it follows that there exists a positive

constant C' such that for any £ > 1 and any u € R,
E[G(Hy—1(v))] < CK(Ki_1) + C\/Ap.
Now, by Lemma 7.1,
K(Kj-1) < CK(Ky) + C|E[(K, — Ki—1)*[Ky-1][| 27,

and, by the martingale property of (M, F,)n>1 and Lemma 4.1,

E[(Kn - Kk,1)2|Kk,1] = ’U;l ZE[(AM1)2|K]€,1] < 4’1};1(’Un - U}cfl).
i=k

15



Therefore, it holds

E[G(Hy—1(u))]) < K(K,) + /Ap_1. (7.15)
So, overall, we have
zn:|ERk,2| <<zn:;2(a’“) +Zn: o < >4. (7.16)
k=1 k=1""k Vin —1 A Vo

Next, we give some ebtimations for the right—hand side of the last inequality. Recall that

max; <p<fn/2) (Axvn) " = [n/2] < v !, Therefore

"1 ( ay )4 /2 - a;

E — <<— g ay + K> E 2k
2 k k,mn 42

k=1 A \Von i k=1 =[n/2]+1 b

Now > p_, af < 1,558 + (logn)1l,—5/5 + aivn1p<5/8. On another hand, by taking into
account (7.12) with o = —2, we get

n

oy af 9 e
Z tkit < K, 27t

k=[n/2]+ k,n

It follows that

n

4
1 ( ag ) -1 -1 -2
— LB +n"" +v, " logn.
2w\ v

k=1

Using similar arguments, we infer that

n

1 - —
ZA:‘/Z(f) < vy Za + v 2, < 02 (1pss)s + (logn)1,—s/8) +n~1/2

k=1 1k
It follows that, for n large enough,
D |BRko| < BTK(K,) + 0, 1,058 + 172, (7.17)
k=1

Starting from (7.7) and taking into account (7.14) and (7.17), we derive that

. 1 1
I “K(K, T 7.18
L] < B ( )+vi/2+\/ﬁ ( )

b) Control of I,. We have

|I5| <

Z;k [ (Hjo—1(u ))(E[ﬁilfkfﬂ—ai)}

k=1

n

- 1 2 2
< 1;1 A—kE‘E[gkm,l] — o2

Clearly, we have E[¢?|Fy] = o7. On another hand, by relation (A.4) in [2], we get, for
2 <k <n,

(7.19)

T, 2
E[AME|Fia] = af — af(2p - 1) (1),

k—1

16



so that

a2 /T 1\2
|E[&R]Fr] — o §(2p71)2£(kk_11) '

Thus, by (4.7),

2
a
I ——F _E(ap_1Tk_1)?
|2|<<2Akvnak ((k—1)2 (ax-1Tk-1)
1 a? 1 a? Vi1
<Y td_ o,y Lld_ o
ke[2,n/2] Ak Un A 1 k_ ke(n/2,n] Ag vn ak 1(k_1)

Vg—1

By (4.1) and (4.2), we have for p € (0,3/4), a2 (k-1 zlc
2

k — oo, and
A —1 —1
1§§cn§a[5/2]( kn) <
Hence

Z ! azL <ot Z oi <n ' +u b+ n " logn)l
Ayt (12 < z : B L2
ke2,n/2] ke2,n/2]

On another hand, by (7.12) with a = 0, we get

2

1 a2 Vk—1 1 Ay 1
Tk T T —— K n " logn.
Z Ap v, a2 (k—1)2 Z £2

ke(n/2,m] kE(n/2,n] ko
So, overall,
lo 1
L < 252 4 - (7.20)

¢) Control of I. Note first that

2 2% 0 2% 2 19° 2% 2\ 4
Dy (K-1, Ag—1) — Pu(Ki—1, Ar) — qu)u(qu,Ak)Uk = §aiy2q)u(Kk:717Ak + Vk0%) 0y,
for some 9, € [0,1]. Now,

82 3u—x ,u—= 1(u—2)? ,u—=x

82 (mz)—f 25/2 (\/g)""i 23 90(\5)

and, for any 9 € [0,1], Ay_1/5 < A +907 < Ax_1. The right-hand side of this inequality
is trivial. To prove the left hand side, we note that a; < 2ax41 which entails that ai <
43 )1 0z Therefore, v, Ap_1 < BREH5D )01 a7 < 5vpAg. Let g(t) = (Jt|+[t*)o(t).
For t = (u — I%k_l)/\/m and Hy_1(u) = (u — I%k_l)/\/m, we then get

9(t) < (VB Hoa(w)| + 52 Hia ()] ) (i () 1= G(Hios (u).

So, overall,
n

|13 SZALE[G(Hk 1(w))] 0.

k=1""k

17



Proceeding as to get (7.15), we infer that E[G(Hy_1(u))] < K(K,L) ++/Ak_1. Therefore

n

"1 . 1
k=1 k=1

Hence the right-hand side of the above inequality is the same as the one of inequality
(7.16). Therefore, according to (7.17), we get, for n large enough, that
I3 < BK(K,) + v, 21,558 + 012 (7.21)

Starting from (7.6) and taking into account the estimates (7.18), (7.20), (7.21) and the
fact that 6,, < v, 1 +n~!, it follows that there exists a positive constant C' (not depending

on n) such that, for n large enough,

(1-CBHK(K,) <n V2 4,1,
and Theorem 3.2 (for p € (0,3/4)) follows by taking 3 large enough so that 1 — C3~1 >
1/2.

2) Case p = 3/4. Recall that in this case, v, /(logn) — m/4. Compared to the previous
case, the differences are as follows. First we fix a v € (0,1) and we define

K2 = [n%lgazxgn a? = &[271”]' (7.22)

Next, 02, tgn, Ax and uy, are still defined as in (7.1) and (7.2). It follows that

-1 _ -2 _ -2 -1

B (Aeon) = e B = fa g €0

On another hand, for any real «,
n ag tinv],n
Ta)= Y gt <mars ) [T e
k=[n7]4+1 kn B

< ’izﬁa/21(x<0 + (IOg IOg n)la:O + US/21Q>O- (723)

/Uk— Vdog k
Moreover we shall use in case p = 3/4 that Vel O( o8 ),k — o0o. Taking

ak,l(k — ].) \/E

into account all the differences pointed above, separating the sums from 1 to n into a sum
from 1 to [n?] plus a sum from [n?] 4+ 1 to n, and proceeding as for the case p € (0,3/4)
we infer that

1]+ |12+ [s] < 5K (K + 0,7,

which completes the proof of Theorem 3.2 in case p = 3/4.

8 Proof of Theorem 3.3

Now we are in the position to prove Theorem 3.3. Set any integer k in [1,n], set 77 =
naiaz + vg. For 1 < k <n, denote

k
- ~ 1
H.o=—S 0, X5 (Z —1 dK:—( T — (2 —1).
k Tnia 5 ( ) and K = —(apTk — (2¢ — 1)

i=1 n

18



Then we have
anSp — (2¢—1) ~ ~

— = a, H, + K,.
\/ Un + nazo

By the triangle inequality, we get

K(G”S’lml)> < P+ P, (8.1)

\VUn +na2o?

where

P = sup
u€ER

P(anﬁn—i—f(n <u) —P(Nl\/w—i—f(n <u>
Tn

and

bl

P, = sup ‘P(Nl Vnang + K, < u> — ®(u)
ueR Tn

where N is a standard normal random variable independent of (ag, Bk, X, Zx, k > 0).
We first give an upper bound of P;. Let F = o{ax, Sk, X1,k > 0}. By the classical

Berry-Esseen bound for independent random variables (see [14]), we have for p € (0, 1],

}') —P(Nl‘/i“"" +K, <u f)’

H,m, (u— Kp)m (u— Kp)m C
= P < —-P < - < —
' (U\/ﬁ - oyna, F) (Nl - ovna, )= ne/2’

where C is a positive constant depending on o2 and Eleer. Hence, for p € (0, 1],

’P (anﬁn + I~(n <u

P <

<— (8.2)

On another hand, since A is independent of I?n, we have

~ UTy, I?n’i'n 1 1
PlK,<u|—-® =K -, )
( “) (W)‘ ( vn)<<w’z+vn (8:3)

where the last inequality comes from Theorem 3.2. Starting from (8.1) and considering

P, = sup
uER

the upper bounds (8.2) and (8.3), we obtain the desired estimate.

9 Proof of Theorem 3.4

Let (N;)1<i<n be a sequence of N (0,a?)-distributed independent random variables. As-
sume moreover that (N;)i1<;<y, is independent of (AM;)1<;<n (recall (4.6) for the defini-
tion of AM;). For n > 3, set U = Z?Zl N;,1<k<n.

As in the proof of Theorem 3.2, we shall divide the proof in two cases according to
the values of p.
1) Case p € (0,3/4). We shall use the same notations as those defined in (7.1) and (7.2),
selecting = 1. So

n
1/2
”ii = [n/g]l?fgn af, ten = (/@% + v, — vk) s Ukp =1+ 21-;1 af/lii, 0<k<mn. (9.1)
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For any r > 0 and any p € [0, 1], let also

1 1

B, (r,p) = /2 + E

Let N be a (0, 2 )-distributed random variable independent of (AM;)1<;<n and (N;)1<i<n.
Using Lemma 5.1 in Dedecker et al. [11], for any r € (0, 2], we first write

¢(Par,, Pu,) <26 (Pas, +n, Pu, 4n) + 4V25],. (9.2)

Note that k), < a;, < on/? /n"/2. Tt remains to give an estimation for

G (P4~ Pu,+n) = J:Su/{) E[f(M, + N) — f(Un + N)].
€A,

With this aim, we shall use the Lindeberg method and denote
Fun(z) = E[f(a: YU, — U+ N)] 1<k<n.

By independence of the sequences,
E[f(Mn—i—N)—f(ZNJA—N)} -3 Dy, (9.3)
j=1 k=1

where
Dy, = E[fn,k(Mkﬂ + AMy) — fop(Mi—1 + Nk)]

Using twice a Taylor’s expansion at order 5, we get
Dy =1Ip1+Ixo+ Iz + Ipa+ I 5, (9.4)

where, for any integer i € [1,4],

1 i i 2 i
I = B[ £ (M) AM} — £, (M) N

and

1 5
- mE[fﬁ,i(Mk_l +OIAM)AMS — £7) (My—1 + 192N,€)N,g}’

with 91,95 some random variables with values in [0,1]. In the sequel, we give some
estimations for Y| I, 0 =1,2,--- 5.
Since (My, F) is a martingale, Iy, 1 = E[f’7k(Mk,1)E[AMk — Nk|]-"k,1ﬂ = 0. There-

n

Iy 5

fore,
> Li=0. (9.5)
k=1

We handle now the sum of the |I; 2|’s. By Lemma 6.1 in [11], for any positive integer i
such that ¢ > r, there exists a positive positive constant C; such that for any integer
n > 1 and any k € [1,n],

15 Oloe < Criti (9.6)
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For k = 1, we have

he = B[ i 0m) (BIAMIE] - &f)] =0
On another hand, by taking into account (7.19), (9.6) and (4.7), we get for 2 < k < n,
Hro| = ‘E{ %fﬁ,k(MkA)(E[AMz?U:kA] - a%)”
Gl L (G =)
< (2p— 1)%2’”2621(1(’:%1);)‘ (9.7)

Clearly, when p = 1/2, |I 2| = 0 for any positive integer k. In what follows we han-
dle >3 [Ix2| when p € (0,3/4)\{1/2}. In this case, by (4.1) and (4.2), we have

Vk—-1
—————— =< — k — 0o. Theref
a%_l(k— 1)2 = 00 erefore

n 2 2
a 1 a
E 1 tr—2 E k4 = E [ —

LRI 153231(/2 k. k + n k’"t%
k=1 kell,n/2] ke(n/2,n] °:T

Clearly maxi<p<n/2 t;f < Cvﬁfﬁ)ﬂ. Moreover, by (4.1),

Z kilai < 1 + (lOg n)lp:1/2 + ailp<1/2.
ke[l,n]

Hence, by taking in addition into account (4.4), we derive that, when p # 1/2,

n
_ 1 a?
Z Tk ol <0022 (14 a2 1pc12) + -~ Z t};nﬂ—k
k=1 ke(n/2,n] k,n

Hence, taking into account (7.12) with o = r, we derive that, for any p in (0,1/2) U

(1/2,3/4),

n

_ — — 2
Z ‘Ik,2| < 'U:L/Q('Unl +n 1) +n 1K”’7’Lu7[nfr{/2],n'
k=1

But nﬁufﬁm < vi/?. So, overall, when p € (0,3/4) and r € (0,2],

D k| < vy Bu(r,p). (9.8)
k=1
We handle now the sum of the |Ij 3|’s. By (9.6), Lemma 4.2 and (4.7), we have

n$

1
Ip3] < 6‘E[fmk(MkA)E[AM/aka]—fg,/k(MkA)E[Ni?\}-kA]H

- _ Th—
<t JE|E[AM|Fe]| < t;7n3azE‘ - 11
3
_ a B Uh 1
< tr 3 Tk E(aw_1T:._ 2<<t7“ 30437
N A A S
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with the convention \/vg/0ag = 1. By (4.1) and (4.2), and since p € (0,3/4), we have

_ VUL O(i) k — oo. Hence

(k—1Dag—1 VE/ '
Zn: T3] < Ay + LB, (9.9)
part v

where

r—3
Z tf and B, = Z t;:fa%.

ke[l,n/2) ke(n/2,n]

By (4.1), it holds

p(r=3)/2 if p>7/12
L

A, < olr=3)/2 Z U o372 logn iftp="1/12
pt VE S

oI a3 it p < 7/12.

By (4.1) and (4.2), when p € (0, 3/4), UES/Z\/ﬁaf’L < n' and v, % logn < v, !. There-
fore, for any p € (0,3/4),
Ap, < 0" 2By(r,p). (9.10)

We handle now the term B,, in (9.9). By taking into account (7.12), we derive
By < knTn(r — 1) < K, 1(0,1)(r) + kn(logn)l,—1 + /invgfl)ﬂl(l,g] (r).

When, p in (0,3/4), we have k], < on/?nr/2, kvl ™% < o/ *n=1/2 and kn(logn) <

v,l/2n_1/2(10g n). Therefore, for any p in (0, 3/4)7

B,
N v/ B, (r,p) . (9.11)

So, starting from (9.9) and taking into account (9.10) and (9.11), we derive that, for any
rin (0,2] and any p in (0,3/4),

D ksl < vy/*Bu(r,p). (9.12)
k=1

Before dealing with the sum of the |Ij 4|’s, let us give an upper bound for >_;_, |1 5|.
By (9.6) and Lemma 4.1 again, we have

I 5| <t BIE[|AM[*|Fr1] + E|INL°] < £, i

Thus, by taking into account (7.12), we have for p € (0,3/4) and r € (0, 2],

n [n/2] n [n/2]
Z|I’€’5| < /2 Z P Z -5 < p(r=5)/2 Z &+ KT
k=1 k=1 k=[n/2]+ k=1
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Hence, by simple computations,

D ksl < v/ Bu(r,p). (9.13)
k=1

We handle now the term Y, _; |I;4|. By (9.6) and Lemma 4.1, we have

Tl = 5 [B[ A0 BIAM For] = £ (M) EIN]| < £t

E|f
24’
Thus, by taking into account (7.12), we have for p € (0,3/4] and r € (0, 2],

[n/2] n
Z|Ik4|<<v(r 4)/22a + K2 Z t’”4i
k=[n/2]+1
[n/2]
<ol Z aj, + k7, (Lreo,2) + (logn)1,=s) .
k=1
Thus, for p € (0,3/4) and r € (0, 2], we infer that
n
Z [T 4] < 022 B, (r,p) 1o + K2 (logn)1,—o. (9.14)

k=1

Therefore, starting from (9.3) and taking into account (9.4), (9.5) and the upper bounds
(9.8), (9.12), (9.13) and (9.14), the result is proved for r € (0,2). It remains to prove
it when r = 2. With this aim, it is enough to prove that when r = 2, >0 | [Tz 4] <
Cv,Bn(2,p). This means to delete the additional logarithmic term logn in the right-
hand side of (9.14). From now on, we assume that » = 2. Note first that the previous
computations proved that ),/ "/2] |I.4] < v,Bn(2,p). So it remains only to prove that

n

D kal < vaBa(2,p). (9.15)
k=[n/2]+1

With this aim, we first write the following decomposition: Since E[N}] = 3aj,

= SB[ M F ] - BN |
< nh+1,
where
10 = o [B[A 0 (BAM F )~ )] and 12 = % \E[ 7 s )|

Since r = 2, by using (9.6) and Lemma 4.2, we get that

- - JE(TE) - ar  vp_
(1) k—1 _o Oy k—1
Z ]k,4 < Z tk n k (k’ 1)2 < Z tk,n a2 (k _ 1)2 :
k=[n/2]+1 k=[n/2]+ k=[n/2]+1 k-1
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_ 1
As k — oo, recall that, when p # 3/4, m = Therefore
n n 2
a
o< S t;i?’“<<n WY B
k=[n/2]+1 k=[n/2]+1 k€[n/2,n] ko

Hence, taking into account (7.12), we derive that
n
Z I,Si < n k2 (logn) < K2
k=[n/2]+1
Note that when p € (0,3/4), k2 < v,/n < v,B,(2,p). We then infer that for r = 2 and
any p € (0,3/4),

1
,ﬁi < vpBn(2,p).

>

=[n

k=[n/2]+
Therefore to end the proof of (9.15) and then of the theorem, we need to prove that

S I <vnBa(2p). (9.16)
k=[n/2]+1

To achieve this, we need to have a better control of the term E[|f7(l4,)~C (Mj,—1)|] and we
write

B[ (Mi-1)] = B[fi (Mi)] — B[f1(Gr-)] + BIA (G,
where Gj_1 is a normal random variable with variance a% + e+ ak71- By definition of

fn,k, we have
‘ [f(4) Nkfl)]’ _

4
9 (0]
where

gmk(x):E[f(x—i— i: Ni—i-Z)}.

i=1,ik
Since, for any integer k such that [n/2] +1 < k < n, k2 + D itk a? > v, it follows
from (9.6) that \gfﬁﬁ(Oﬂ < v, 1. Therefore,

’ [f(4) (Gk—l)] ’ < v;l

Hence, since p € (0,3/4),

n

Z ’ [f(4) (qu)]‘ < Ui Z ap < a2 < n o, (9.17)

k=[n/2]+1 " k=[n/2]+1

‘We now deal with the term

E[f%) (Mi-1)] - E[f{)(Gr-1)]



Hence, we have

’ [ (My—1)] = B (G- 1)]‘

< e sup [Bf/(Mio1 — ] - B[f/(Gra — ]| |

uER

<pt2 )’du.

n,k

Recall that we have proved Theorem 3.4 for any r € (0,2). Hence applying it for r = 1,
we have, for any integer k such that [n/2] 4+ 1<k < n,

sup [E[f' (My—1 —u)] —E[f'(Gr—1 fu)]’ <24 \/L

ueER

On another hand,
3 _
/ ‘apii)k (u)’du < tki
Consequently, by taking into account (7.12),

n 2
> alfslon] -Blileo )| < (2 ) Y gk

k=[n/2]+1 Vn k=[n/2]+1 bin

< ( Un 1 ) < (1 + L )
Kn — Up | — .
n /o, n o vp/n

Hence, for any p € (0,3/4),

n

> at|B )] ~ B[f(Gh)] | € vaBa(2,p). (9.18)

k=[n/2]+1

Combining the inequalities (9.17) and (9.18) together (9.16) follows. This completes
the proof of the theorem when p € (0,3/4).

2) Case p = 3/4. As in the proof of Theorem 3.2 in case p = 3/4, we fix v € (0,1) and
we select 2 as in (7.22). The definitions of 4, and uy_, are as in (9.1). Recall also that
vy /logn — w/4. We start again from the inequality (9.2) and use the decompositions

(9.3) and (9.4). We still have to get upper bounds for the quantities |Ij, ;| for i = 2,--- 5.
Vg—1 _ log k i

For |l 2| compared to the previous case, the difference is that — 5 =<
a1 (k—1) k

oo. Hence starting from (9.7), we get in this case that
logk logn a?
-2 k
Cp y luklun s
k=1 ke[l,n7] ke(nv,n] k.n

We then infer that when r € (0,2] and p = 3/4,

3 ol < o727 4 02 (logn) /m7 < 022,
k=1
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We handle now the term >} _, |Z1 3]. When, p = 3/4, the only difference with the previous
VUk—1 (\/logk‘

_ vl o

(k — l)ak_l \/E

- VI
> ksl < (4, + Y2508, ),

v/2
k=1 n

t3a3/logk
Z % and B}, = 371 c(nn) t,%a3. Since p = 3/4, A, <

case is that )7 k — oo. Hence, (9.9) has to be replaced by

where A] =
, kelLn]
o772 On another hand, when p = 3/4, by using (7.23), we infer that

B < knL(0,1)(r) + kn(loglogn)l,—1 + /fnv,([_l)/21(172] (r),

implying that Y181 B/ <« oA2, Therefore, when p = 3/4, for any r in (0, 2],

nv/2

n

Z |Ik73| < U£LT72)/2 .
k=1

We handle now the term >, _, |Ix,4]. We write this time

n

n (n”]
Yol <0723 ai 4kl > it
k=1 k=1 k=[n"]+1
By using (7.23), it follows that, for any r € (0, 2],
Z [Ta] < 00™H/2 4 k57 4 k2 (loglogn)1,—p < v =2/,
k=1

Finally, let us handle the term Y_}'_, |I; 5|. We write this time

n [n"{] n
Z T 5] < 0 —9)/2 Z ay + K> Z t;;fai.
k=1 k=1 k=[nY]+1

Thus, by taking into account (7.23), we have for 0 < r <2,

n [n/2]
> ksl <ol 02N " R + k<072
k=1 k=1

Considering all these upper bounds, Theorem 3.2 is then proved in case p = 3/4.

10 Proof of Theorem 3.5

We start from the decomposition (6.1) of Section 6. Let also

2 2
na;,o Un,
’ Up + na; o ’ U + na; o
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Let then G, and Gs, be two independent normal random variables with respective

2

variances o7 ,

and o%yn, and independent of (e, 8;, X1, Z;);>1. By the triangle inequality,
Cr(Un + VnaN) S Cr(Un + Vn7 Gl,n + Vn) + Cr(Gl,n + Vna Gl,n + G2,n) . (102)

We first deal with the first term on right hand in (10.2). Let F = o(oy, 8, X1,4 > 1),
and note that

Gr(Un + Vi, Gin+ V) < E[CT(PU,L+VTL|J-‘7 PGl,nJFVnI]:)} : (10.3)

Now, since V;, is F-measurable and G ,, is independent of F, we have

CT(PUn+Vn\F?PG1,n+Vn\]:) = CT(PUTJ}" PGl,n) a.s. (104)

Conditionally to F, U, is a sum of independent random variables with variance a2 o2/ (v,,+

na?o?) and absolute moment of order 2 + p bounded by

E[|Z: - 1)t ]aff”/(vn + nai<72)(2+p)/2 .

Applying Theorem 2.1 in [12] if (r, p) # (1, 1) and the result of Bikelis [6] if (r, p) = (1,1),
we infer that, for any r € (0,2] and p € (0, 1],

\/na2o? T
CT(PUnlj:ﬂ PGl,n) S C (W) n(,,,/\p)/Q a.s. (10'5)

where C' is a constant depending only on r, 02 and EZ; . Hence, by (10.3), (10.4) and
(10.5), we get

n(rAp)/2’
We now deal with the second term on the right hand side of (10.2). Since G, is
independent of (V,,, Ga,), it is easy to see that

CT(Gl,n + Vn, Gl,n + G2,n) S Cr(Vny G2,n) .

Notice that

Vn ' anTn — (2¢ — 1)
Cr(Vn,GQ,n) = (W) (r (m,./\/')

Thus from Theorem 3.4, we get for r € (0, 2],

+ L (10.7)

Cr(Gl,n + Vna Gl,n + GQ,n) < W Uy

Starting from (10.2) and considering the upper bounds (10.6) and (10.7), the result fol-

lows.
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11 Proof of Theorem 3.6

We start again from the decomposition (6.1) of Section 6 and use the notations of Section

10. By the triangle inequality
Wr(Un + Vn;N) S Wr(Un + Vn7 Gl,n + Vn) + Wr(Gl,n + Vn7 Gl,n + G2,n) . (111)

We first deal with the first term on the right hand side of (11.1). By Fact 1.1 in [13],
note that
Wr(Un + Vi, Gl,n + Vn) < E[WT(PUn+Vn|.7:7 PGL”_‘_VM]:)} . (112)

Now, since V;, is F-measurable and G, is independent of F, we get

Wi (Py,+v, 7, Pey v 7) = WelPu, 7, Pe, ) aes. (11.3)

Conditionally on F, U, is a sum of independent random variables with variance a2 o2/ (v, +

na?o?) and absolute moment of order 2 + p bounded by

E[|Zy — 177) a2 /(v + najo®)2T0/2.
Applying Corollary 1.2 in [7], we get for any r € [1,2] and p € (0, 7],

WP pe ) < oo \/maEe? B[z -1\
7‘( Un|F> Gl,n) = W og2tr npP/2r

C

np/z"'

a.s.

where C is a constant depending only on 7, 02 and EZ>*. From (11.2) and (11.3), we
get

Wi (Un + Vi, Gin + Vi) < (11.4)

nP/27‘ ’
We now deal with the second term on the right hand side of (11.1). Since Gi,, is
independent of (V;,, Ga,), it is easy to see that

Wr(Gl,n + Vn7 Gl,n + GQ,n) S Wr(vna GQ,n) .

Now T ) )
WV G = gy, (2= 120 )
/U + na2o? v/ n

By using inequality (3.2), we get that

. . 1/r
Wr(Vn;GZn) S Cr (C’r (W7N)> .

Hence, from Theorem 3.4, it follows that, for any r € [1,2],

1 1
Wi (Grn + Vi, Gin + Gon) < —= + (11.5)

The result follows by considering (11.1) together with (11.4) and (11.5).
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