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Two polarization comb dynamics in VCSELs
subject to optical injection
Yaya DOUMBIA, Delphine WOLFERSBERGER, Krassimir PANAJOTOV and Marc SCIA-
MANNA

February 10, 2023

The optical frequency comb technologies have received intense attention due to their numerous promising
applications ranging from optical communications to optical comb spectroscopy. In this work, we experimentally
demonstrate a new approach of broadband comb generation based on the polarization mode competition in
single-mode VCSELs. More specifically, we analyze the nonlinear dynamics and polarization properties in VCSELs
when subject of optical injection from a frequency comb. When varying injection parameters (injection strength
and detuning frequency) and comb properties (comb spacing), we unveil several bifurcation sequences enabling
the excitation of free-running depressed polarization mode. Interestingly, for some injection parameters,
the polarization mode competition induces a single or a two polarization comb with controllable properties
(repetition rate and power per line). We also show that the performance of the two polarization combs depends
crucially on the injection current and on the injected comb spacing. We explain our experimental findings by
utilizing the spin-flip VCSEL model (SFM) supplemented with terms for parallel optical injection of frequency
comb. We provide a comparison between parallel and orthogonal optical injection in the VCSEL when varying
the injection parameters and the SFM parameters. We show that the orthogonal comb dynamics can be observed
in a wide range of parameters, as for example dichroism linear dichroism (γa = −0.1 ns−1 to γa = −0.8 ns−1),
injection current (µ = 2.29 to µ = 5.29), and spin-flip relaxation rate (γs = 50 ns−1 to γs = 2300 ns−1).

Keywords: Optical frequency comb; Polarization switching; Optical injection; Nonlinear dynamics; VCSEL.

The nonlinear dynamics of externally driven semicon-
ductor laser have been extensively studied last decades [1–
3]. The polarization dynamics in Vertical-Cavity Surface-
Emitting Lasers (VCSELs) have particularly attracted much
attention due to their compactness, low cost, low energy
consumption and possibility of mass production. These
properties have enabled several applications such as optical
communications, sensing and computing [4]. The polar-
ization properties of the VCSEL are directly linked to their
cavity and active region geometrical properties. The cylin-
drical geometry of the VCSEL cavity combined with the
symmetry of the gain in the plane of the quantum wells
yields a weak polarization anisotropy giving rise to light
emission of two linear orthogonally polarized fundamental
modes. In addition, polarization mode instability including
polarization switching (PS), polarization bistability and
polarization mode hopping can be observed in the VCSELs
between the two polarization modes [5–7]. Polarization
switching has been firstly observed in the free-running
operation when varying the injection current [8]. More
recently, the optical injection have been demonstrated as
a powerful tool to induce the PS in VCSELs [6,9,10]. De-
pending on the injected power and detuning frequency, the
PS has been found to bifurcate to more complex dynam-
ics including periodic dynamics, complex dynamics and
chaos [6]. Interestingly, very recent study has shown that
VCSEL output can exhibit complex chaotic dynamics even

in free-running [11]. These rich nonlinear polarization
dynamics in VCSELs have found several applications such
as optical frequency comb generation [12].
Optical frequency combs have been in recent years the

focus of intense scientific research from the fundamen-
tal viewpoint, as well as from the technological perspec-
tives [13–15]. These works have unveiled several physical
systems generating optical frequency combs such as mode-
locked lasers [14,16], electro-optic modulator, and optically
pumped nonlinear microresonators [17]. The development
of semiconductor laser based frequency combs has been
widely motivated by their numerous properties such as
low energy consumption, low size, and possibility of mass
production and on-chip integration. The semiconductor
lasers employed for optical comb generation by mode lock-
ing include multisection lasers, Vertical Extended-Cavity
Surface-Emitting Lasers (VECSELs) [16,18], quantum cas-
cade lasers [19,20] and quantum dot lasers [21,22]. Un-
fortunately, the repetition rate of the combs based on these
systems depend intrinsically of their cavity properties in-
cluding cavity length and temperature inside the cavity.
Frequency combs with large comb spacing have been pro-
posed using the above systems but achieving a low and
stable comb spacing remains a challenge because of the
change in the cavity due to the temperature variation. For
example, 6-mm-long devices, corresponds to a comb spac-
ing of ≈ 7.5 GHz [23] and requires an active stabilization
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by acting on the cavity temperature for practical imple-
mentations such as dual comb spectroscopy. The comb
generation system based on the electro-optic modulators
has been adopted to overcome the limitations of the mode-
locked lasers-based frequency combs. The optical comb
generation using electro-optic modulators is relatively sim-
ple because the comb is obtained by directly modulating
the output of a single-frequency CW laser. The physical
phenomena underlying these comb generation systems is
linked to the electro-optic effect. The electro-optic mod-
ulator based-optical comb have shown several limitations
including fluctuation in the amplitude of the comb lines
and low bandwidth. Insertion of the electro-optic modu-
lator inside an optical resonator and cascade electro-optic
modulator have been adopted as alternative to improve
the comb bandwidth and flatness. Recent works have con-
trolled the comb properties by injecting a narrow comb into
semiconductor lasers [24–27]. Optical injection of comb is
used: first as a way to select and amplify a desired line in an
optical frequency comb, but more recently as a technique to
induce a rich nonlinear laser dynamics such as, relaxation
oscillation frequency locking [24], harmonics frequency
locking [24] and Devil’s staircase resonance [25]. Yet to
date, the full potential of this technique for broadband op-
tical comb generation has only recently been addressed,
with an in-depth analysis and mapping of nonlinear comb
dynamics [26,27]. In addition, in a very recent work, we
have experimentally taken advantage of the polarization
dynamics in a VCSEL to extend the comb bandwidth and
improve the power per comb lines referred to as Carrier to
noise ratio (CNR) [28]. It is shown that polarization switch-
ing induced by orthogonal optical injection plays a key role
in the control of the comb properties (bandwidth and CNR)
through generation of two combs with orthogonal polariza-
tion. This work was restricted to a single-mode VCSEL with
birefringence of ∼ 18 GHz and does not consider the full
potential of the VCSEL parameters. The literature provides
a lot of research on the optical injection dynamics in VCSEL
with orthogonal polarized light [7,10,29–35]. The parallel
(orthogonal) injection is injection of light with linear po-
larisation parallel (orthogonal) to the free-running VCSEL
linear polarisation direction. Although parallel optical in-
jection in VCSELs shows similarities to the optical injection
in the conventional single-polarization edge-emitting laser,
very interesting additional polarization dynamics have been
reported recently [36–40]. Excitation of the polarization
modes have been found to bifurcate to periodic, complex
or chaotic dynamics with orthogonal polarization. The
question of how parallel optical frequency comb injection
in VCSELs induces additional nonlinear polarization dy-
namics is of great interest and has not been addressed so
far.

In this paper, we analyze in details the nonlinear dynam-
ics and polarization properties in VCSELs subject to optical
frequency comb injection. More specifically, we provide an
in-depth experimental and theoretical description of the bi-
furcation scenarios when the polarization of injection comb

is parallel to that of the VCSELs. We show that a variation
of the injection parameters together with the bias current
allows enabling the excitation of the normally depressed
polarization mode accompanied by the generation of two
combs with orthogonal polarization directions. The appear-
ance of the two polarization combs is directly linked to the
evolution of the injection current. Indeed, for a fixed injec-
tion current, the comb generation performance is limited
by the increase of the injected comb spacing, but the in-
crease in the bias current allows overcoming this limitation.
Experimental and numerical simulations highlight that the
injection current is an addition parameter to control the
comb properties. Beyond, the injection parameters used
to tailor the comb properties in a VCSEL in our previous
work [28], here, we take advantage of linear dichroism
and birefringence to improve the comb properties in the
VCSEL. We also contrast experimentally and theoretically
the comb dynamics in the cases of parallel and orthogonal
optical injection when varying the injection parameters, i.e.
the comb spacing and injection strength and most impor-
tantly the injection current in the VCSEL. More specifically,
we provide an in-depth bifurcation analysis of polarization
comb dynamics when varying the VCSEL parameters. The
bifurcation diagrams show that VCSEL parameters can be
used to suppress the comb in the normally depressed po-
larization mode or to tailor the power in each polarization
comb.

1 Experimental polarization dynam-
ics

1.1 Experimental setup

Figure 1 (a) shows the experimental setup for parallel op-
tical injection in a single-mode VCSEL. The tunable laser
(TL) output is first amplified by an Erbium-Doped Fiber
Amplifier (EDFA). The output of the EDFA is then sent to
the RF port of the Mach-Zehnder Modulator (MZM), which
is driven with an electrical signal modulation generated
by an Arbitrary Waveform Generator (AWG) (Tektronix
AWG 700002A). Three optical frequency lines are created
at the output of the MZM. The polarization controller at
the input of the MZM is used to align its polarization with
the tunable laser. A fiber circulator is arranged to provide
isolation for the comb injection in the VCSEL. The total
power of the injected comb is controlled using a Variable
Optical Attenuator (VOA). The VCSEL output is amplified
before being sent to a 50/50 coupler to analyze the optical
spectra and the corresponding time series separately. The
optical spectra are analyzed with a high-resolution optical
spectrum analyzer, BOSA 400, which allows monitoring
optical spectra with a resolution of about a minimum of
0.1 pm (12 MHz) at the operating wavelength of 1550
nm. Figure 1 (b), (c), and (d) present the optical spectra
of the injected comb for a fixed comb spacing of Ω = 1
GHz, Ω = 2 GHz, and Ω = 4 GHz, respectively. The ratio

2



Yaya DOUMBIA et al. Two polarization comb dynamics in VCSELs subject to optical injection

TL EDFA MZM

AWG

VOA

1 3

VCSEL

50:50

P.C

50%

50
%

PBS
X-P
M

Y-PM

P.C

BOSA

BOSA

P.C

P.C

BOSA

2

EDFA

50
:50

ESAPD

Frequency (GHz)

-70

-65

-60

-55

-50

-45

-70

-65

-60

-55

-50

-45

-70

-65

-60

-55

-50

-45

0 8-8 0-8 8 80-8 0-20-40 20

-60

-40

-20

0

Frequency (GHz)Frequency (GHz)Frequency (GHz)

O
pt

ic
al

 p
ow

er
 (

dB
m

)

(a)

(b) (c) (d) (e)

Y-PM

X-PM

12 dB Ω 

Figure 1: (a) Setup for frequency comb injection into a single-mode VCSEL. TL: Tunable Laser, EDFA: amplifier, P.C: Polarization Controller,
AWG: Arbitrary Waveform Generator, MZM: Mach-Zehnder Modulator, VOA: Variable Optical Attenuator, OSA: Optical Spectrum Analyser,
PD: photodiode, ESA: Electrical spectrum analyzer. (b), (c) and (d) correspond to the optical spectra of the injected comb for comb spacing
of Ω = 1 GHz, Ω = 2 GHz and Ω = 4 GHz, respectively. (d) shows the optical spectrum of the VCSEL in free running.

between the power of the central comb line and the side
comb lines is around 12 dB. The VCSEL (Raycan) used is a
single-mode device with a threshold current equal to I=3
mA. In free-running conditions, the dominant polarization
mode (normally depressed polarization mode) emits along
the X (Y) axis as shown in Fig. 1 (e). The ratio between the
power of the linear polarization modes (X-PM and Y-PM) is
around 43 dB. Figure 1 (e) is obtained for a bias current at
I=6 mA, which corresponds to 2 times the threshold cur-
rent. At that current, the total output power of the VCSEL
has been measured to be Pinj = 330 µW. The dominant
polarization mode (X-PM) emits at 1553.8 nm at I=6 mA.
The difference in frequency between the linear polarization
modes (VCSEL birefringence) is around 17.71 GHz at 23◦
C. The x-axes of the optical spectra will show the relative
frequency with respect to the X-Polarization mode (X-PM),
i.e. the zero value will correspond to the frequency position
of the dominant X-Polarization mode (X-PM ). In the follow-
ing, the frequency detuning ∆ν will be defined from the
frequency of the central injected comb line to the frequency
of dominant polarization mode of the VCSEL (X-PM) i.e.,
∆ν = ν0 − νx, where ν0 and νx are the frequencies of the
central injected comb line and the X-polarization mode of
VCSEL (X-PM), respectively

1.2 Impact of the injected comb spacing

We first analyze the nonlinear polarization dynamics of a
VCSEL under a narrow optical comb injection. To this end,
we fix the bias current at I=6 mA and then scan the plane
of injection parameters, namely the detuning frequency
and injected power that leads to various polarization mode

competition. That bias current corresponds to a relaxation
oscillation frequency of ωRO = 4.2 GHz. Figure 2 describes
the sequence of bifurcations leading to the excitation of
the normally depressed polarization mode (Y-PM) accom-
panied by unlocked time-periodic dynamics, which extends
the injected comb to a much broader optical spectrum. Fig-
ure 2 is obtained for a small injected comb spacing, Ω = 1
GHz and fixed detuning frequency ∆ν = 1.6 GHz when
varying the injected power, Pinj . The VCSEL output shows
stable free-running operation at a very low injected power
[see Fig. 2 (a)]. A small increase in the injected power desta-
bilizes the VCSEL output to modulated signal as a result of
nonlinear wave-mixing in the dominant polarization mode
(X-PM) [Fig. 2 (b)]. In agreement with our previous publi-
cations [26,27], this nonlinear wave mixing takes place at
the detuning frequency and a new frequency that depends
on the injected comb spacing. The number of frequency
lines involved in the nonlinear wave-mixing decreases with
the injected power as shown in Fig. 2 (c). The VCSEL
output is then an unstable comb with a high noise pedestal
in X-PM at the injected comb repetition rate. By fine-tuning
the injected power, instead of stabilizing the comb in a
single polarization mode, a new bifurcation scenario leads
to the excitation of the free-running normally depressed
polarization mode of the VCSEL. Interestingly, this polar-
ization mode competition induces in the VCSEL two optical
frequency combs with orthogonal polarization directions as
seen in Fig. 2 (d). The two polarization combs have com-
parable power and the same repetition rate as the injected
one with 9 frequency lines in the X-PM comb and 8 in the
Y-PM comb at -30 dB from the maximum. The strongest
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comb line in the optical spectrum of Y-PM appears at the
frequency position of the free-running Y-PM, i.e., its fre-
quency position is ruled by the VCSEL linear birefringence.
When we keep increasing the injected power, harmonic
frequency comb dynamics takes place simultaneously in
the two polarization combs as shown in Fig. 2 (e) and
(f). The harmonic comb dynamics result in the reduction
of the comb repetition rate. Sub-harmonic bifurcations are
well studied, and understood phenomena that occur natu-
rally in periodically forced oscillators [41]. Sub-harmonics
dynamics have been expected to be a kind of frequency
locking different from the Adler type in diode laser optically
injected with optical comb [24,25]. They appear when the
detuning frequency is close to the rational fraction of the in-
jected comb spacing. When we increase the injected power,
the harmonic polarization comb destabilizes to complex
polarization dynamics in X-PM and Y-PM, Fig. 2 (g). It is
worth noticing that the X-PM still shows some remarkable
comb lines at the repetition rate of the injected comb. A
further increase in the injected power leads to a progressive
suppression of all the power in the depressed polarization
mode Y-PM accompanied by the stabilization of the comb
dynamics in the dominant polarization mode X-PM as seen
in Fig. 2 (h) and (i). Such single-polarization comb has
the same repetition rate as the injected one.

Figure 3 shows the polarization resolved optical spectra
for the comb dynamics in Fig. 2 (d)-(f). Figure 3 confirms
that the total VCSEL output comb shown in Fig. 2 (d)-(f)
are formed by two combs with orthogonal polarization. In
the optical spectrum of X-PM (Y-PM) we observed some
comb lines at the frequency position of Y-PM (X-PM). This
is due to the extension ratio of the polarization controllers.

We have shown in Fig. 2 the possibility of two orthogonal
combs generation from polarization mode competition in
a single-mode VCSEL. As discussed early in the introduc-
tion, the tunability of the optical frequency comb is a key
property for many applications. To demonstrate the tuning
capability, we show in Fig. 4 bifurcation scenarios giving
rise to the two polarization comb dynamics for the same
detuning∆ν = 1.6 GHz when increasing the injected comb
spacing to Ω = 2 GHz. Like for Ω = 1 GHz comb injection,
the VCSEL output at low injected power shows the free-
running operation, which bifurcates to a nonlinear wave-
mixing due to a modulation involving the detuning and the
injected comb spacing. In agreement again with Fig. 2, the
wave-mixing leads to a two polarization combs generation.
Most importantly, despite the comparable power of the two
polarization combs, the numbers of lines in X-PM and Y-PM
have significantly decreased compared to Ω = 1 GHz comb
injection case. Indeed, the number of frequency lines in
each polarization mode has decreased to achieve 3 at -30
dB from the maximum. It is important to notice that the
two polarization comb dynamics are observed in a very
small area of injection parameters for Ω = 2 GHz comb
injection. We have checked through polarization resolved
optical spectra that these total combs are formed by two
micro-comb with orthogonal polarization in single-mode

VCSEL as shown in Fig. 5. A small increase in the injected
power destabilizes the VCSEL to more complex dynamics
in each polarization mode, as shown in Fig. 4 (d). We have
checked that the size of the two polarization comb region
shrinks when increasing the injected comb spacing until
it disappears at Ω = 4 GHz. Figure 6 shows how to over-
come this limitation. Similar to Ω = 1 GHz comb injection,
the complex polarization dynamics bifurcates to the single-
polarization comb in X-PM. This polarized comb has an
important noise pedestal, therefore, deteriorating the comb
performances. Interestingly, we have also checked that the
two polarization comb dynamics in the single-mode VC-
SEL under parallel optical injection are not observed when
the bias current is below I = 6mA. In contrast, when the
polarization of the injected comb is orthogonal to that of
the VCSEL, the two polarization comb dynamics is always
observed, whatever is the bias current.

1.3 Influence of the injection current

We next increase the injected comb spacing to Ω = 4 GHz
and the bias current to I = 8 mA, which is 2.67 times
the threshold current. Such bias currents have been used
in VCSELs to observe various nonlinear dynamics in the
presence of single-mode injection with parallel polariza-
tion [37, 39]. Compared to the I = 6 mA bias current
injection where the nonlinear wave-mixing is accompanied
by two polarization comb as a result of excitation of the
normally depressed polarization mode, the VCSEL output
bifurcates to selective amplification of the central injected
lines in X-PM as shown in Fig. 6 (a)-(c). As seen in Fig. 6
(c) and (d), the selective amplification smoothly gives rise
to a broad optical comb characterized by the appearance of
new frequency lines. When we increase the injected power,
the polarization mode competition leads to the extension
of the polarized comb to a much broader optical spectrum
as shown in Fig. 6 (e). We checked through polarization
resolved-optical spectra in Fig. 7 that this overall comb
corresponds to two combs based on the linear orthogonal
polarization of the VCSEL. It is also possible to control the
power in each polarization mode by fine-tuning the detun-
ing. The two polarization combs and the polarized comb
have the same repetition rate as the injected comb. By
fine-tuning the injected power, the noise pedestal smoothly
increases accompanied by harmonics comb line generation
simultaneously in the two polarization combs as shown in
Fig. 6 (e). The harmonics comb significantly increases the
number of resulting output lines and gives rise to a new
comb with a low repetition rate ( Ω = 2 GHz in Fig. 6 (e)).
Most importantly, Fig. 6 (e) highlight a new possibility of
broadband Ω = 2 GHz comb generation using the same
injection technique as in Fig. 4 (c) and (d). When we keep
increasing the injected power, the harmonics comb desta-
bilizes to complex dynamics with remarkable frequency
comb lines mainly around the dominant polarization mode
(X-PM) as seen in Fig. 6 (g). Interestingly, when further in-
creasing the injected power, the VCSEL bifurcates again to
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Figure 2: Bifurcation scenarios leading to the excitation of the depressed polarization mode. These optical spectra are obtained for
detuning ∆ν = 1.6 GHz and injected comb spacing Ω = 1 GHz when increasing the injected power, Pinj . (a) stable output at Pinj = 3
µW, (b) and (c) wave mixing at Pinj = 16 µW and Pinj = 32 µW, respectively, (d) two polarization comb at Pinj = 48 µW, (e) and (f)
two polarization harmonics comb, at Pinj = 80 µW and Pinj = 96 µW,respectively, (g) two polarization complex dynamics at Pinj = 128
µW, and (h) and (i) X-polarization comb at Pinj = 144 µW, and Pinj = 240 µW, respectively.

the new broadband comb encompassing the two polariza-
tion modes with a significant increase in the noise pedestal
as shown in Fig. 6 (h) and (i). Like Fig. 6 (e), this overall
comb is formed by two combs with the orthogonal polar-
ization direction. The noise pedestal increases again with
the injected power to deteriorate the comb performance,
such as the CNR and the comb bandwidth. We have shown
that the properties (bandwidth and CNR) of the two po-
larization combs induced by parallel optical injection are
limited by increasing the injected comb spacing for fixed
bias current. However, the increase of the bias current is
therefore an alternative to improve the polarization combs
properties.

1.4 Tailoring comb properties

Figure 8 provides further insight in the comb dynamics
when varying the injection parameters, the injection cur-

rent in the VCSEL, and the polarization of the injected light.
Figure 8 (a) and (b) analyze the comb properties for an
injected comb spacing of Ω = 2 GHz and fixed detuning,
∆ν = 1.6 GHz. For the measurement of comb bandwidth,
we consider an output comb line when its amplitude lies
above -30 dB from the maximum amplitude in the optical
spectrum. When the spectrum total optical comb shows a
big dip, the total comb bandwidth is estimated from the
separate bandwidth of X-PM and Y-PM spectra. The po-
larization of the injected comb is parallel to that of the
free-running VCSEL. When increasing the injected power,
the comb bandwidth for I = 6 mA, and I = 8 mA cur-
rent reaches a maximum of around Pinj = 100 µW and
Pinj = 200 µW, respectively as shown Fig. 8 (a). The de-
crease in the comb bandwidth is due to the bifurcation of
the two polarization comb to a single polarization comb
generation in X-PM as shown in Fig. 2 (i) and Fig. 4 (f). Fig-
ure 8 (b) shows that the best CNR is found for low injected
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Figure 3: Polarization resolved-optical spectra corresponding to an example of two polarization comb dynamics similar to Fig. 2 (d)-(f)
for detuning ∆ν = 1.6 GHz and injected power Pinj = 20 µW. (a), (b) and (c) correspond to the optical spectra of Y-PM, X-PM and the
superposition of Y-PM and X-PM, respectively.

power Pinj . The CNR decreases with the injected power
due to the increase in the noise pedestal, which destabi-
lizes the comb properties. Figure 8 (a) and (b) also show
that the comb bandwidth and the CNR increase with the
injection current for the same injected comb properties. We
next highlight the impact of the polarization of the injected
comb lines on the VCSEL output comb dynamics in Fig. 8 (c)
and (d). In Fig. 8 (c) and (d), the blue and red correspond
to the parallel and orthogonal optical injection cases, re-
spectively. As discussed in [28], the two polarization comb
dynamics are mainly observed when the VCSEL is injected
between the two linear polarizations. But, for parallel op-
tical injection, the two polarizations comb are observed
only when the central injected comb lines are close to the
dominant polarization mode of the VCSEL (detuning close
to zero) at low injection current as shown in Fig. 8 (a) and
(b). When the injection current is increased, the two comb
dynamics are observed in a large portion of the plane of
the injection parameters. Figure 8 (c) shows that the comb
bandwidth increases with the injected power in the parallel
and orthogonal optical injection case, which is in agree-
ment with our previous publication [26–28]. Interestingly,
the comb bandwidth for parallel optical injection is better
than orthogonal optical injection at high injection current,
as shown in Fig. 8 (c). When comparing Fig. 8 (a) to [28],
we can observe that the comb bandwidth at low injection
current is better for orthogonal than parallel optical injec-
tion. We also check that the optical comb performances
do not change with the increase in the injection current.
In the case of parallel optical injection, the improvement
in the comb performance with the increase in the injec-
tion current is due to the polarization mode instability, i.e.,
the excitation of the depressed polarization mode in the
VCSEL at a large injection current. The excitation of the
free-running depressed polarization mode in the VCSEL
has been recently analyzed in several studied [37,39,40].
In these works, the VCSEL was injected with a single fre-
quency line master laser, and the injection current was
higher than two times the threshold current of the VCSEL.
The influence of the polarization of the injected comb is
more impactful when we consider the CNR. Figure 8 (d)

shows the CNR of the comb dynamics induced by parallel
(blue) and orthogonal (red) optical injection. We observe
that for parallel optical injection, whatever is the injected
comb spacing and the injection current, the best CNR is
found at low injected power and then decreases due to the
increase in the noise pedestal as shown in Fig. 6 (d)-(f).
As shown in Fig. 8 (b) and (d), the best value of CNR are
found at low injected for orthogonal and parallel optical
injection, which is in agreement with [28].

2 Theoretical bifurcation analysis

In addition to the experimental results, theoretical studies
have been performed to provide further insight into the
polarization dynamics of comb injected VCSELs. We have
used the Spin-Flip Model (SFM) [42], which is widely used
to describe the polarization dynamics in free-running VC-
SELs and supplemented it with additional term describing
optical comb injection. The SFM parameters are chosen
such that the dominant polarization mode (normally de-
pressed polarization mode) of the VCSEL in free-running
emits along the X-axis ((Y-axis). The model equations are
given in equ. (1)-(4). In these equations, Ex and Ey are
the two linearly polarized slowly varying components of
the complex fields in the X and Y directions, respectively. D
and n are the sum and the difference between the popu-
lation inversions for the spin-up and spin-down radiation
channels. µ, is the normalized current injection.

dEx

dt
= −(κ+γa)Ex−i(κα+γp)Ex+κ(1+iα)(DEx+inEy)+EM ,

(1)
dEy

dt
= −(κ−γa)Ey−i(κα−γp)Ey+κ(1+iα)(DEy−inEx),

(2)
dD

dt
= −γ[D(1 + |Ex|2 + |Ey|2)− µ+ in(EyE

∗
x −ExE

∗
y)],

(3)
dn

dt
= −γsn−γ[n(|Ex|2+|Ey|2)+iD(EyE

∗
x−ExE

∗
y)]. (4)
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Figure 4: Bifurcation scenarios leading to the excitation of the depressed polarization mode. These optical spectra are obtained for
detuning ∆ν = 1.6 GHz and injected comb spacing Ω = 2 GHz. (a) stable output at Pinj = 3 µW, (b) wave mixing at Pinj = 16 µW,
(c) two polarizations comb at Pinj = 48 µW, (d) two polarization harmonics comb at Pinj = 112 µW, (e) two polarization complex
dynamics at Pinj = 208 µW, and (f) X-polarization comb at Pinj = 240 µW.

The meaning of the remaining SFM parameters is the
following: γp and γa, correspond to the linear birefringence
and linear dichroism, respectively, γs is the spin-flip relax-
ation rate, γ is the decay rate of D, κ is the field decay rate,
and α is the linewidth enhancement factor.

The complex electrical field of the injected comb is writ-
ten as:

EM = κinj

∑
j

Ej(t)e
i(2πνjt+φj(t)) (5)

with angular frequency ωj and amplitude Ej correspond-
ing to the jth comb lines, and coupling coefficient κinj . We
consider an optimal coupling between the VCSEL output
and the injected comb, which correspond to κinj = κ. We
consider a comb with three frequency lines and we simplify
the calculations by supposing φj = 0, i.e., the phase of
the individual injected comb lines is zero. The detuning
frequency∆νj is the difference between νj and the interme-
diate frequency between those of the X and Y polarization,
2πνx+2πνy

2 , with 2πνx = αγa−γp and 2πνy = γp−αγa, the
frequency corresponding to the linear polarization mode X
and Y, respectively.
The SFM parameters are taken as κ = 33 ns−1, γa =

−0.1 ns−1, α = 2.8, µ = 2.29, γp = 9 GHz, γ = 2.08
ns−1, γs = 2100 ns−1. These numerical value are taken
from [38]. In the following, we shall use κinj for injection
strength, with κinj =

Einj

E0
, whereEinj andE0 are the total

amplitude of the injected field and the total amplitude of
the VCSEL in free-running mode, respectively. The rate

equation (1-4) are numerically integrated using a fourth-
order Runge-Kutta method. The numerical simulations are
typically performed with a times series of 200 ns and a
time step equal to 1.2 ps. The detuning frequency value is
defined from the central injected comb line and is referred
to as ∆ν. In this section, we model the experiment by
considering that the difference between the amplitude of
the central injected comb line and the side comb lines is
12 dB.

2.1 Y-PM comb dynamics

The experimental results have demonstrated the possibility
of generating two combs with orthogonal polarization in
a VCSEL subject to parallel optical injection. We have also
shown that this polarization comb performance is limited
by the increase in the injected comb spacing. In Fig. 9
we analyze the two polarization comb numerically through
bifurcation diagrams. Figure 9 is obtained for fixed in-
jected comb spacing Ω = 2 GHz and detuning ∆νx = −9
GHz. These bifurcation diagrams are plotted by selecting
the minima and the maxima of the polarization-resolved
intensities, Ix,y = |Ex,y|2 for each injection strength. In
Fig. 9, the left and right panels correspond to the bifur-
cation diagrams of X-PM and Y-PM, respectively. Figure
9 (a1) and (b1) show the bifurcation diagrams for fixed
linear dichroism γa = −0.1 ns−1. When increasing the
injection strength, the VCSEL output first shows a nonlin-
ear wave-mixing involving the detuning and the injected
comb spacing in X-PM. When we keep increasing the in-
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Figure 5: Polarization resolved-optical spectra corresponding to an example of two polarization comb dynamics in Fig. 4 (c). (a), (b) and
(c) are obtained for detuning ∆ν = 1.6 GHz and injected power Pinj = 20 µW. (a), (b) and (c) correspond to the optical spectra of Y-PM,
X-PM and the superposition of Y-PM and X-PM, respectively.

jection strength, the wave-mixing bifurcates to periodic
dynamics corresponding to the optical frequency comb in
the two linear orthogonal polarization modes. The two
polarization comb region is referred to as "comb" in Fig. 9.
The X-PM shows a larger number of lines than the Y-PM,
but the number of lines in Y-PM can be controlled with
the injection parameters. The two comb dynamics remain
stable with a simultaneous increase in the number of lines
over a large range of injection strengths. Interestingly, by
fine-tuning the injection strength, the VCSEL output shows
harmonic comb dynamics simultaneously in the two or-
thogonal combs at the boundary of the comb regions. A
further increase of the injection strength leads to the com-
plex dynamics in X-PM and Y-PM accompanied by abrupt
suppression of all the power in Y-PM. Cascade comb dynam-
ics leading to a very low comb repetition rate are observed
in between the complex dynamics depending on the in-
jection parameters. The complex polarization dynamics
bifurcate to a single polarization comb in the dominant
polarization mode (X-PM). We next vary the linear dichro-
ism to highlight its impact on the two polarization comb
dynamics. Interestingly, when decreasing the linear dichro-
ism, the size of the two polarization comb region decreases
as seen in Fig. 9 (a2), (a3), (b2), and (b3). The double
horizontal arrows indicate how much the size of the combs
regions decreases with the decrease of the linear dichroism.
It is worth noticing that all the bifurcation sequences are
similar to the case of γa = −0.1 ns−1. When the linear
dichroism reaches γa = −0.8 ns−1, the two polarization
comb disappear and the Y-PM is suppressed as shown in
Fig. 9 (a4), (b4). Therefore, except for the disappearance
of the comb lines in Y-PM, the bifurcation scenarios remain
similar for X-PM. The bifurcation scenarios described in
Fig. 9 are in a very good agreement with the experimental
ones in Fig. 2 and Fig. 4.

Figure 10 shows an example comb and complex dynam-
ics in the two polarization modes. Fig. 10 (a1) and (b1)
show the optical spectra of comb dynamics in X-PM and
Y-PM, respectively. We observe clearly in these spectra
that the bandwidth of the frequency comb in the injected

polarization mode (X-PM) is larger than the comb in the de-
pressed polarization mode, Y-PM. As discussed early in the
experimental section, these X-PM comb and Y-PM comb can
combine to form a broad comb in the total output power
of the VCSEL. Figure 10 (a2) and (b2) show an example of
complex polarization dynamics. Depending on the injection
parameters and injected comb properties, these complex
polarization dynamics can simultaneously bifurcate to a
two polarization harmonic combs or single-polarization
comb.

Figure 9 has shown that the decrease in the linear dichro-
ism leads to the complete suppression of the comb lines
in the normally depressed polarization mode (Y-PM). In
Fig. 11, we provide a further insight on comb generation,
whatever is the linear dichroism. To this end, we keep
all the parameters used to obtain Fig. 9 (a4), (b4), and
then we vary the bias current. When the normalized bias
current reaches 2.9 times the threshold, i.e., µ = 4.2, the
comb dynamics start to take place again in the two po-
larization modes as seen in Fig. 11 (a) and ((b). Most
importantly, the bifurcation scenarios giving rise to the two
polarization comb dynamics remain similar to the case of
µ = 2.29. When we increase the bias current to µ = 5.29
in Fig. 11 (c) and (d), the bifurcation to the two polariza-
tion comb dynamics remain similar to the case of µ = 4.2.
Interestingly, unlike the case of µ = 4.2, where the two
polarization becomes abruptly chaotic, the VCSEL output
bifurcates to cascade harmonic comb dynamics in the two
polarization modes. The two polarization harmonics comb
lead to the suppression of all the power in Y-PM and bifur-
cates, therefore, to the polarized comb generation in the
X-PM. Interestingly, we checked that when the polarization
of the injected comb is orthogonal to that of the VCSEL, the
size of the two polarization combs area increases slightly
when the linear dichroism, γa is decreased.

2.2 Influence of spin-flip relaxation rate

Further insight into the two polarization comb dynamics
is given in Fig. 12, where the bifurcation diagrams are
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Figure 6: Bifurcation scenarios leading to the excitation of the depressed polarization mode. These optical spectra are obtained for detuning
∆ν = −0.9 GHz and injected comb spacing Ω = 4 GHz. (a) and (b) wave mixing at Pinj = 3 µW, and Pinj = 32 µW, respectively, (c) and
(d) single polarization comb at Pinj = 48 µW and Pinj = 228 µW, respectively, (e), (h) and (i) two polarizations comb at Pinj = 304
µW, Pinj = 560 µW and Pinj = 704 µW, respectively, (f) two polarization harmonics comb at Pinj = 376 µW, (g) two polarization
complex dynamics at Pinj = 448 µW.

shown for fixed ∆νx = −9 GHz when varying the injection
strength together with the spin-flip relaxation rate γs. The
blue and red colors in Fig. 12, correspond to the bifurca-
tion diagrams of X-PM and Y-PM, respectively. When γs
is small [Fig. 12 (a)], the two polarization modes are ex-
cited at very low injection strength. Most importantly, the
comb lines start to progressively appear in each polariza-
tion mode as the injection strength increases. Interestingly,
when we keep increasing the spin-flip relaxation rate γs,
the VCSEL output first shows the complex dynamics in the
dominant polarization mode, which bifurcates to the exci-
tation of the depressed polarization mode accompanied by
comb generation, as shown in Fig. 12 (b). The bifurcation
sequence remains quite similar when further increasing
the spin-flip relaxation rate. Still, the size of the complex
dynamics region in X-PM increases leading, therefore, to
the decrease in the size of the two combs region as seen
in Fig. 12 (b), (c), and (d). The size of the comb regions
remains fixed at a high value of γs as seen in Fig. 12 (c)
and (d). Unlike the case of Fig. 12 (a) and (b), where the
two polarization combs take place smoothly, the two comb
appearance is abrupt when the spin-flip relaxation rate is

large in Fig. 12 (c) and (d). The two polarization comb
dynamics bifurcates to a single polarization comb at large
injection strength for each bifurcation diagram. It is worth
noticing that cascade harmonics characterizes the bifurca-
tion to the single polarization comb dynamics at low γs. In
contrast, the two complex polarization dynamics lead to
the single polarization comb at significant γs. Once the sin-
gle polarization mode operation is achieved in the VCSEL,
the bifurcation scenarios remain similar whatever is the
value of the spin-flip relaxation rate. Beside the spin-flip
relaxation rate, we have checked that the two polarization
comb dynamics are observed in a wide range of SFM pa-
rameters including linear dichroism (γa = −0.1 ns−1 to
γa = −0.8 ns−1), injection current (µ = 2.29 to µ = 5.29),
linewidth enhancement factor (α = 1 to α = 5), and linear
birefringence (γp = 1 GHz to several hundred of GHz).

3 Conclusion

We have shown experimentally and theoretically that VC-
SEL can bifurcate to interesting polarization dynamics un-
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Figure 7: Polarization resolved-optical spectra corresponding to an example of two polarization comb dynamics in Fig. 6 (e)-(i). (a), (b)
and (c) are obtained for detuning ∆ν = −0.9 GHz and injected power Pinj = 432.8 µW. (a), (b) and (c) correspond to the optical spectra
of Y-PM, X-PM and the superposition of Y-PM and X-PM, respectively.
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Figure 8: Control of comb properties using the injection parameters
and polarization of the injected light. (a) and (b) are obtained
for fixed detuning and comb spacing ∆ν = 1.6 GHz and Ω = 2
GHz, respectively. (c) and (d) are obtained for fixed comb spacing
(Ω = 4 GHz) and injection current I = 8 mA. The blue and red
curve correspond to the parallel and orthogonal optical injection,
respectively. The comb dynamics in parallel and orthogonal optical
injection are obtained for fixed detuning ∆ν = −0.9 GHz and
∆ν = −11.6 GHz, respectively.

der optical frequency comb injection. Interestingly, we have
demonstrated that when the polarization of the injected
comb is parallel to that of the VCSEL, polarization mode
competition can induce two combs in a single-mode VC-
SEL. These combs are based on the two linear orthogonal
polarizations in the VCSEL. We have also shown that these
polarization combs are limited by the increase in the in-
jected comb spacing, especially the normally depressed
polarization mode, Y-PM. Our results have shown that the
comb performance can be regained when increasing the
bias current in the VCSEL. We have performed numerical
simulations to highlight a strong agreement with experi-
mental results through bifurcation diagrams. We have also
numerically analyzed the influence of linear dichroism and
the spin-flip relaxation rate on the two polarization comb

(a1)

(a2)

(a3)

(a4)

(b1)

(b2)

(b3)

(b4)

Comb Comb

Figure 9: Bifurcation diagrams for fixed injected comb spacing
Ω = 2 GHz and detuning ∆νx = −9 GHz. The left and right panels
correspond to X-polarization mode (X-PM) and Y-polarization mode
(Y-PM). (a1, b1), (a2, b2), (a3, b3) and (a4, b4), are obtained
for γa = −0.1 ns−1, γa = −0.2 ns−1, γa = −0.6 ns−1, and
γa = −0.8 ns−1
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Figure 10: Optical spectra for fixed Ω = 2 GHz, ∆νx = −9 GHz,
and γa = −0.6 ns−1. The left (a) and right (b) panels correspond to
X-PM and Y-PM, respectively. The top figures (a1, b1) are obtained
for κ = 0.525 and the bottom figures (a2, b2) are obtained for
κ = 0.6.

dynamics. Interestingly, the two polarization comb area
becomes narrower when the linear dichroism decreases
until it disappears at γa = −0.8 ns−1. By contrast, the size
of the region of two polarizations comb dynamics increases
with the decrease of the linear dichroism when the VCSEL
is under an orthogonal optical injection. The single or two
polarization combs induced by parallel optical injection are
not as efficient in term of bandwidth and CNR as the case
of orthogonal comb injection investigated in [28] in term
of the number of lines at low bias current. Furthermore,
the two polarization combs are observed only if the bias
current is significantly large, at least twice the threshold
current for the VCSEL considered here. In the case of or-
thogonal optical injection, the single and two polarization
combs dynamics show the same performance (bandwidth
and CNR), whatever is the injection current.
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