LOCAL CONTROLLABILITY OF THE KORTEWEG-DE VRIES EQUATION

WITH THE RIGHT DIRICHLET CONTROL

HOAI-MINH NGUYEN

ABSTRACT. The Korteweg-de Vries (KdV) equation with the right Dirichlet control was initially
investigated more than twenty years ago. It was shown that this system is small time, locally,
exactly controllable for all non-critical lengths and its linearized system is not controllable for all
critical lengths. Even though the controllability of the KdV system has been studied extensively
in the last two decades, the local controllability of this system for critical lengths remains an open
question. In this paper, we give a definitive answer to this question. First, we characterize all
critical lengths and the corresponding unreachable space for the linearized system. In particular,
we show that the unreachable space is always of dimension 1. Second, we prove that the KdV
system with the right Dirichlet control is not locally null controllable in small time. Third, we
give a criterion to determine whether the system is locally exactly controllable in finite time or not
locally null controllable in any positive time for all critical lengths. Consequently, we show that
there exist critical lengths such that the system is not locally null controllable in small time but
is locally exactly controllable in finite time. These facts are surprising and distinct in comparison
with related known results. First, it is known that the corresponding KdV system with the
right zero Dirichlet is locally exactly controllable in small time using internal controls. Second,
the unreachable space of the linearized system of the corresponding KdV system with the right
Neumann control might be of arbitrary dimension. Third, the KdV system with the right Neumann
control is locally exactly controllable in small time if the corresponding unreachable space is of
dimension 1.

Key words: Controllability, KdV equations, critical lengths, unreachable space, power series
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1. INTRODUCTION AND THE STATEMENT OF THE MAIN RESULTS

This paper is devoted to the local controllability of the Korteweg-de Vries (KdV) equation using
the right Dirichlet control. More precisely, we consider the following control problem, for T" > 0,

Yt + Yo + Yazz +yyz =0 in (0,7) x (0, L),
y(,0) =y (-,L) =0 in (0,7),
y(,L)=u in (0,7),
y(0,-) = yo in (0, L).

Here y is the state, yo € L?(0,L) is an initial datum, and u is a control, belonging to an appro-
priate functional space. The KdV equation has been introduced by Boussinesq [I1] and Korteweg
and de Vries [27] as a model for the propagation of surface water waves along a channel. This
equation also furnishes a very useful nonlinear approximation model including a balance between
weak nonlinearity and weak dispersive effects, see e.g. [45, B3, 25]. The KdV equation has been
investigated from various aspects of mathematics, including the well-posedness, the existence, and
stability of solitary waves, the integrability, the long-time behavior, etc., see e.g. [45], 33| 25] 43| 29].

(1.1)

1.1. State of the art. The local controllability for the KAV equation has been studied extensively
in the literature, see, e.g., the surveys [40, [14] and the references therein. We briefly review here
some results concerning boundary controls. When the controls are y(+,0), y(-, L), y.(-, L), Russell
and Zhang [42] proved that the KdV equation is small time, locally exactly controllable. The case
of left boundary control (y(-, L) = y»(-, L) = 0) was investigated by Rosier [39] (see also [22]). The
small-time local, null controllability holds in this case. The exact controllability does not hold for
initial and final data in the L?(0, L) due to the regularisation effect but holds for a subclass of
infinitely smooth initial and final data [31].

A very close setting to the one considered here is the setting in which one controls the right
Neumann boundary, i.e., y(-,0) = y(-, L) = 0 and y,(-, L) is a control. For initial and final data in
L?(0, L), and controls in L2(0, T'), Rosier [38] proved that the KdV system with the right Neumann
control is small time, locally, exactly controllable provided that the length L is not critical, i.e.,
L¢ Ny [, where

2 2
(12 = {am B R e .

To this end, Rosier studied the controllability of the corresponding linearized system and showed
that the linearized system is exactly controllable if L ¢ Ny. He as well established that when
L € Ny, the linearized system is not controllable. More precisely, Rosier showed that there exists a

IThe letter N stands for the Neumann boundary control.

2N, = N\ {0}.
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non trivial, finite dimensional subspace My of L?(0, L) such that its orthogonal space is reachable
from 0 for small time whereas My is not for any time. To tackle the control problem for a critical
length L € Ny with initial and final data in L?(0, L) and controls in L?(0,T), Coron and Crépeau
introduced the power series expansion method [19]. The idea is to take into account the effect of
the nonlinear term yy, absent in the corresponding linearized system. Using this method, Coron
and Crépeau showed [19] (see also [I8| section 8.2]) that the KAV system is small time, locally,
exactly controllable when dim My = 1. Cerpa [13] developed the analysis in [19] to prove that the
KdV system is finite time, locally, exactly controllable in the case dim My = 2. Later, Crépeau
and Cerpa [15] succeeded to extend the ideas in [I3] to obtain the local, exact controllability in
finite time for all other critical lengths. Recently, with Coron and Koenig [20], we prove that such
a system is not small time, locally, null controllable for a class of critical lengths. This fact is
surprising when compared with known results on internal controls for the KdV equation. It is
known, see [12, B2, B7], that the KdV system ([LI)) with w = 0 is small time, locally controllable
using internal controls whenever the control region contains an arbitrary, open subset of (0, L).
The power expansion method is also a starting point of the analysis in [20]. Part of the analysis
is to characterize all controls that bring 0 at 0 to 0 at time T for the corresponding linearized
system. This idea is then used in the study of the water tank problem [2I]. It is interesting
to note that there are other types of boundary controls for the KdV equation for which there
is no critical length, see [38] 39, 23| 14]. There are also results on the internal controllability
for the KdV equation, see [42 28 12] and the references therein. A minimal time of the null
controllability is also required for some linear partial differential equations. This is the case for
equations with a finite speed of propagation, such as the transport equation, the wave equation,
or the hyperbolic system, see, e.g., [I§] and the references therein. But this can also happen for
equations with the infinite speed of propagation, such as some parabolic systems [7], Grushin-type
equations [2, [6l 26], 3], Kolmogorov-type equations [4], and the references therein.

We now turn back to the control problem (IIl). This control problem was first investigated
by Glass and Guerrero [23]. To this end, in the spirit of Rosier’s work mentioned above, they
introduced the corresponding set of critical lengthsﬁ

(1.3) Np = {L €Ry; Jz,20 € C: (TL4) holds},
where
(1.4) 21671 = 29 = —(2z1 + zQ)e_(zlJrzz) and L% = —(z% + 2129 + zg)

They proved that the set Np is infinite and has no accumulation point. Concerning (I.1]), Glass and
Guerrero proved that the corresponding linearized KdV system is small time, exactly controllable
with initial and final data in H~'(0, L) using controls in L?(0,T) if L ¢ Np. Developing this
result, they also established that the KAV system (IIJ) is small-time locally controllable for initial
and final data in L?(0, L) and controls in HY6- [ for non-critical lengths, i.e., L &€ Np.

Even the local controllability of the KdV system using boundary controls has been investigated
extensively in the last two decades, to our knowledge, there is no result on the local controllability
of system (L)) for critical lengths. In comparison with the set of critical lengths Ny, the set Np
is less explicit. Moreover, the unreachable space for the linearized system related to (I.I]) has not
been determined due to the lack of an appropriate observability inequality for the linearized system
in a suitable functional setting. As revealed later in this paper, the control properties related to
the unreachable space for the right Dirichlet control are quite distinct from the one for the right
Neumann control.

3The letter D stands for the Dirichlet boundary control.
4Controls in H'/%~ means controls in H/%< for all € > 0.
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1.2. Statement of the main results. The main goal of this paper is to give a rather complete
picture of the local controllability of the control KdV system (LI). We first characterize all
the critical lengths and describe the corresponding unreachable space Mp for the corresponding
linearized system. The first result in this direction is.

Theorem 1.1. Let L € Np. There exists a unique pair (a,b) € R? such that a < 0, b > 0,

(1.5) (a+ib)e?™™ = (a — ib)e® ® = —2ae72,
and
(1.6) L* = b* — 3d°.
Set
(1.7) ¢= —72““2; ) 2o,
(1.8) p(x) = —Be™ cos(Bx) + fe 2" 4 3ae™ sin(Bz) for x € [0, L],
with
(1.9) a=—-a/L and [=-b/L,
and
(1.10) d(t,x) = e'p(x) for (t,x) € R x [0, L].
Then ® is a solution of the system

S+ P, + Py =0 in R x (0,L),
(1.11)

{ D(-,0) = By(0) = D(-, L) = Do L) =0 iR,

and the unreachable space Mp of the linearized system of (L)) is given by
(1.12) Mp = span {(;5}
Consequently,
(1.13) dim Mp = 1.

Remark 1.1. The main part of Theorem [LT] is to show that the complex numbers z1, z5 from
the definition of Np in (L3)) can be chosen as

z1=a+1ib and zo=a — b,
for some a < 0 and b > 0. This is non-trivial, see Section Ml

Remark 1.2. Implicit information given in Theorem [Tl is that the function ¢, defined in (L)),
satisfies the following boundary condition:

¢(0) = ¢x(0) = ¢(L) = ¢xx(L) =0.
Using Theorem [T, we can precisely describe the set N in the following result.

Proposition 1.1. Let L > 0. Then L € Np if and only if L = L,, for some n € N where L, is
given by
L2 =402 (e b — 1),
with a, < 0 being uniquely determined by
by, cos b, + a,, sinb,, = 0,
where b, satisfies
T 42w <b, <37/2+2nm  and b =4a? (e —1/4).

n n
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After presenting the results on the unreachable space of the linearized system and the charac-
terization of the critical lengths, we next discuss the local controllability of (I.I). Set, for 7' > 0,

(1.14) Xp = C([0,T); L*(0,L)) N L*((0,T); H'(0, L))
equipped with the corresponding norm:
||y||XT = Hy”c([O,T};LQ(O,L)) + ||y||L2 ((O,T);Hl(O,L)) :
We are ready to state the local controllability property of (L)) in small time.

Theorem 1.2. Let L € Np. There exist T = Ty > 0 and eg > 0 such that for all solutions y € Xr
of the system

Yo+ Yo + Yoaw + Yy =0 in (0,T) x (0, L),
y(-,0) =y(-,L) =0 wn (0,71,
(19 | ;<-,L>(= u) in Eo,T;,
y(0,-) = ¢ in (0, L),
with 0 < & <eo and |[ullg1/2(97) < €0, we have
y(T,-) #0.

Recall that ¢ is defined in (L8]).

We next present a criterion on the local controllability property of (L)) in finite time. Set
2

Ll 3
(1.16) Qz) = /0 ()\je)‘jL — Nt edietl g (1) da,
j=1

where A\; = \;j(z) with j =1,2,3 are the three solutions of the equation
N4 Atiz=0

and the convention A\j13 = \; for j > 1 is used. It is clear that {2 is continuous with respect to z.
One can show that, for ¢ € R,

lim  Q(z +ic) = +oo.

|z]—00,z€R

The criterion on the local controllability property of (II]) in finite time is stated in the following
result.

Theorem 1.3. Let L € Np and let ¢ > 0 be defined by (LT). Set
w = min Qz+1iq/2),
where  is defined by (ILIQ). The following two facts hold.

i) If w > 0, then system (1)) is not locally null controllable in any positive time with controls
in HY/2. More precisely, given T > 0 arbitrary, there exists e > 0 such that for all solution of
y € X7 of [LI5) with 0 <e <er and |[ul[g1/29 1y < €T, we have

y(T, ) 7£ 0.

1) If w < 0, then system (L)) is locally exactly controllable in finite time with controls in H/3
and initial and final data in L*(0,L). More precisely, there exist Ty > 0 and g9 > 0 such that for
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all yo,y1 € L*(0,L) with vollz2(0,2) < €0 and [ly1llr2(0,1) < €0, there exists u € HY3(0,Tp) with
[l g1/ 0.7y < Clllvoll 2o,y + 191l L2(0,0))? such that

y(T07 ) = Y1,

where y € X, is the unique solution of (LI). Here C' denotes a positive constant independent of
Yo and yi.

Remark 1.3. Using Scilab, the program is given in Appendix[D] one can show that

e if n = 0, then L = 4.5183604, a = —0.5065520, b = 4.6027563, ¢ = 0.2354919, and
Q(ig/2) = —0.0140641.

eif n = 1, then L = 10.866906, a = —0.6903700, b = 10.932497, ¢ = 0.1291104, and
Q(ig/2) = —0.0061256.

e if n = 2, then L = 17.177525, a = —0.7947960, b = 17.232599, ¢ = 0.0933315, and
Q(ig/2) = —0.0036196.

e if n = 3, then L = 23.476776, a = —0.8687610, b
Q(ig/2) = —0.0024525.

Parameters of the program (k, j, j0) are given for n = 0. The parameters for n = 1,2, 3 are also
given there.

23.524949, q = 0.0744156, and

As a consequence of Theorem and Theorem [[.3] (see also Remark [[3]), there exist critical
lengths for which system () is not locally null controllable in small time but locally exactly
controllable in finite time even the unreachable space of the corresponding linearized system is
of dimension 1. This result is surprising and distinct when compared with known related results
on the local controllability of the KdV equation. First, it is known that the corresponding KdV
system with the right zero Dirichlet is locally exactly controllable in small time using internal
controls. Second, the unreachable space of the linearized system of the corresponding KdV system
with the right Neumann control might be of arbitrary dimension. Third, the KdV system with the
right Neumann control is locally exactly controllable in small time if the corresponding unreachable
space is of dimension 1.

Finally, in the case L ¢ Np, we can prove the following result, which sharpens the results in
[23] mentioned previously.

Theorem 1.4. Let L ¢ Np and T > 0. There exist C > 0 and g9 > 0 depending only on L
and T such that for all yo, y1 € L*(0,L) with lyollz2(0,)y < €0 and |ly1llr2(0,0) < €0, there ewists

we HY30,T) with |[u]l g/s o) < Clllvollz2o,0) + 91l L2(0,)) such that

y(T7 ) =Y,
where y € Xp is the unique solution of (LIJ).

1.3. Ideas of the proofs. The characterization of the critical lengths and the unreachable space
is based on the study of system (L4]). In comparison with the characterization of the set Ay, the
study of Np is more complex. The main goal and the difficulty in this direction, see Section [,
are to obtain/characterize all solutions of (I4). The existence of a class of solutions is easier as
observed previously in [23]. As a consequence, we derive that dim Mp = 1 which is completely
different from what is known for the right Neumann control.

Our approaches to Theorem and Theorem [[.3] are inspired by the power series expansion
method introduced by Coron and Crépeau [19]. The idea of this method is to search for /understand
a control u of the form

’LL:<€U1+€2’LL2—|-"-.
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The corresponding solution then formally has the form
y=cyi+eyp+o,
and the non-linear term yy, can be written as

Yy = EYy1a + -
One then obtains the following systems for y; and yo:
Yt + Yo + Yreex =0 in (0,7) x (0, L),
(1.17) y1(-0) =y1.(,L) =0 in (0,7),
y1(, L) = uy in (0,7),

Yot + Y2,z + Y2, xxx + Y1tz = 0 in (07 T) X (07 L),
(1.18) y2(-,0) = y2.(-,L) =0 in (0,7),
ya(+, L) = ug in (0,7).

The idea is then to find the corresponding controls u; and ug such that, if y1(0,-) = y2(0,:) = 0,
then y1(T,-) = 0 and the L2-orthogonal projection of y2(T,-) on Mp is a given (non-zero) element
in Mp. To this end, in [19] [13] 15], the authors used delicate contradiction arguments to capture
the structure of their studied KdV system.

We here use the ideas in the spirit of the joint work with Coron and Koenig [20]. The starting
point of the analysis is also the power series expansion method. The strategy is to characterize all
possible u; which steers 0 at time 0 to 0 at time 7' (Proposition [6.1]). This is done by taking the
Fourier transform with respect to time of the solution y; and applying Paley-Wiener’s theorem.
We then investigate the projection of y, into the unreachable space Mp (in Section [B]). This is
where our analysis deviates from [20] to take the advantage of the fact that ¢ is real and to use
the characterization via Paley-Wiener’s theorem to construct w; for which the projection of yo
into Mp has a desired direction (see the proof of Assertion i) of Theorem [[3]). Concerning the
projection of gy into Mp, we use the information of |a(z + ig/2)|? instead of (2)u(z +iq) as
suggested in [20]. This new proposal has two advantages. First, the way to obtain the projection
of ys into the unreachable space Mp is less complex. More importantly, it allows us to obtain
the criterion on the local controllability of (L)) in finite time given in Theorem [L[3 by taking
into account the fact that |a(z + ig/2)|*> > 0. Another important part in the proof of the local
controllability in Theorem and Theorem [[3] is to obtain the observability for the linearized
system with initial/final data in Mﬁ. To this end, one needs to establish the optimal results on
the stability and the well-posedness of the linearized system of (LI)) and related ones in which
the boundary conditions are in fractional Sobolev spaces, see Section Bl The proof of the local
controllability in finite time given in Assertion ii) of Theorem [[.3]is based on a new strategy to
handle the lack of symmetry in our control system in comparison with the one using the right
Neumann control. Concerning the KdV system using the right Neumann control, one can bring a
state forward or backward easily thanks to the symmetry of the boundary conditions. This is not
the case for (LLT]) since the Dirichlet condition on the right is controlled and the Dirichlet condition
on the left is imposed to be 0. To overcome this, we introduce a new approach that involves a KAV
system with a new type boundary condition, investigated in Section [B], in a backward way. Our
analysis uses the Banach fixed point arguments while the Brouwer fixed point theorem is usually
applied to related contexts. It is worth noting that the analysis in this paper is based on the
expansion up to the second order even if the unreachable space is of dimension 1. This explains
the cost of the control given in Assertion iz) of Theorem [[L3l This way is different from what has
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been done for the KdV system with the right Neumann control where the expansion up to the
third order is required.

Here are other comments on the analysis.

i) Various interpolation inequalities involving fractional Sobolev spaces and their dual spaces
are established and used in the proof of Theorem and Theorem [T.3]

1) The analysis for the well-posedness of the KAV equation with various boundary conditions
is in the spirit of the joint work with Coron and Koenig [20]. This partly involves a connection
between the linear KdV equation and the linear KdV-Burgers equation as previously used by Bona
et al. [9] and inspired by the work of Bourgain [10], and Molinet and Ribaud [34]. In this work, to
deal with the boundary conditions containing the information of y,, and derive optimal estimates
on ¥y, Yz, and Y., in fractional Sobolev spaces and their dual spaces, new ideas and technique are
implemented (see Remark B.6]). It is worth noting that similar estimates for y,, are not known
for the KAV equation in the real line setting and it is not clear whether such estimates hold for
that setting. Our estimates particularly allow us to get the observability inequality for the critical
lengths, which plays a role in determining the unreachable space for the linearized KdV system
(see Section B]). The unreachable space is not known previously and this determination is also a
contribution of the paper.

ii1) The arguments used in this paper to disprove the small time, local controllability improve
the ones in [20]. One of the key steps in the proof is to establish new (optimal) estimates for
solutions of the KdV equations with various boundary conditions (see Section B]). The proof also
relies on the positivity of a scalar product which comes naturally in the study of the controllability
of the KdV system for small time. The positivity of a scalar product for small time was also a
crucial point of several lacks of small time, local controllability results for systems with infinite
propagation speed. Nevertheless, the previous ways used to derive the positivity are different, see,
e.g., [17, 30} 5].

1.4. Organisation of the paper. The paper is organized as follows. Section 2] is devoted to
the study of the linear KdV-Burgers equation with the periodic boundary condition. Section [3]is
devoted to the study of the (linear and nonlinear) KdV equations with various boundary conditions.
Section [l is devoted to the study of critical lengths and some properties of the unreachable space
Mp. We there prove (LH), (6], and (III]), and establish Proposition [LT1 In Section [B, we
prove (LI2]) and establish the corresponding observability inequality (Lemma [5.2]). The proof of
Theorem [I[.4] is given at the end of this section. In Section [6] we study properties of the controls
which steer 0 at time 0 to 0 at time T. Using results in Section [0l we study attainable directions
for small time in Section [l The proofs of Theorem and Theorem [[.3] are given in Section [§]
and Section [0 respectively. Several technical results are stated and proved in the appendix. The
Scilab program is also given there.

2. LINEAR KDV-BURGERS EQUATIONS

This section is devoted to the study of the linear KdV-Burgers equations with the periodic
boundary condition. Here is the main result of this section, which plays an essential role in the
study of the linearized KdV equation with various boundary conditions investigated in Section [3l

Proposition 2.1. Let g € L! (R+;L2(O,L)) with fOL g(t,z)dx = 0 for a.e. t >0, and let yo €
L%*(0,L) be such that fOL yo(x)dx = 0. There exists a unique solution y € C([0,+00); L*(0,L)) N
L*([0, +00); H([0, L])) which is periodic in space of the system

{ Yt +4Yz + Yzazx — 3Yze = g9 1 Ry X (OaL)7

1) §(0.2) = vo in (0, L)
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Moreover, fort € Ry and x € [0, L],
(22) My )2,y + 1yC o) g @,y + 115G o)l 2@y + Wzl ) [gs @, -
< C(lwollzz0) + 190, 1200)) )
and
@3) Gl + e Co)limssge < C (Il + 19 o, 10,

for some positive constant C depending only on L.

The rest of this section consisting of two subsections is organized as follows. In the first subsec-
tion, we present and prove a useful lemma in the spirit of Bourgain’s. The second subsection is
devoted to the proof of Proposition 211

2.1. A useful lemma. The following result in the spirit of Bourgain’s is used in the proof of
Proposition 211

Lemma 2.1. Let (an)nez\(oy C R be such that 3,7\ 0y a2 < +oo. For —2 < s < 3, there exists
a positive constant C = Cy such that

2
|an|[n>~* 2
(24 JERIEEE IS mrrar| <0 Y A
R neZ\{0} (z+4n—n?)*+n nez\{0}
Proof. For s > —5/2 and for —1 < z < 1, one has
1/2
3 |an||n|*~* <ol ¥ o
—_ n3)2 4 — n
nez\{0} (z+dn—n?)*+n nezZ\{0}
It hence suffices to prove that, for —2 < s < 3,
2
|an|[n?~* 2
(2.5) / A+ p>e [ 3 | e<c ¥ &
2€R;|2|>1 e (0} (z+4n —n3)2+n nezto}
We have
2
(2.6) / (L+1D>P > an|inl” > dz
' a1 (2 + 4n — n3)2 + nt

nez\{0}

(m4+1)3 |3—s

< . auln N
=0 Z/ " Z (z+4n —n3)2 +nt :

3
meN, /™ neZ\{0}
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For m3 < 2z < (m + 1)3, one gets

|an|[n>~
@7 > P
neZv(0} (z+4n —n3)2+n

- ¥ m + kP lapm ]

— 3)2 4
pmivenoy & T 4m k) — (m 4+ k)%)2 + (m + k)

m 4 k[P |a gk K[> ~%am]

<C E +C E — e
— 4 2 4 2
g ™ (Ik| +1) b oo Er(|k|+ 1)

m+keZ\{0} m~+keZ\{0}

Combining (2.6]) and (2.7)) yields

2

anni’)—s
(2.8) />1(1+\zy)2s/3 > [@nlin] iz

32 1 h
neZ (0} z+4n —n3)?2 +n

2

|m + k> @kl |m| 15| sk
< + Lt S b L L
= Cm%;] Z m3— (k| + 1)2 ¢ Z k[TF5 (k[ + 1)2

kil k| <2m s [k|>2m+1
m+keZ\{0} m~+keZ\{0}
‘am+k’2 ‘m-i- k‘6_2s m2+2s
SC> | X e > + D
— 1+e 6—2s 3—¢ 242s 3—¢
meEN, k (’k‘ T 1) k;|k|<2m m (’k‘ T 1) k;|k|>2m+1 ’k‘ (’k‘ T 1)
m+keZ\{0} m+keZ\{0} m+keZ\{0}

Here 0 < € < 1 is fixed such that s > (¢ — 4)/2 (the fact s > —2 is used). We have, for m € N,
|k| < 2m, and m + k € Z\ {0},

6—2s
% < C for s < 3,
m —48
and, for m € Ny,
24-2s
m 242 1 < ¢ Cf
= > (e —4)/2.

i TP e Y s S e SO e 6
m+keZ\{0} m+keZ\{0}

Using the fact, for m € N,

1
E — <+ for0<e<1
3—¢ ?
k; m+kez\ {0} (1% +1)
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we derive from (2.8) that

anni’)—s
(2.9) />1(1+\zy)2s/3 > [anlin] d

_ 132 4 A
nezlo} z4+4n—n3)2+n

<y X (;“T‘i’“l‘ CZ !k\+ o S amsl,

meN. k; m+keZ\{0} ke m; m+keZ\{0}

which yields
2

3—s
(2.10) / (L+l)>3 Y ( an ] dz<C Y anl
z>1 n

€Z\{0} nez\{0}
Similarly, we have
3—s 2
(2.11) / RIS Y ’“"”"‘3 | =<0 Y Jal
z<-1 nezZ\{0} (2 +4n —n7)% 4 n nez\{0}
Estimate (Z.5]) now follows from (ZI0) and (2I1]). The proof is complete. O

2.2. Proof of Proposition 2.3l We only derive the estimates. The uniqueness follows from the
estimates and the existence follows from the proof of these estimates as well.
Multiplying the equation of y by y and integrating by parts, we have

1d L L L
53 [ WP dees [P = [ gt oite) de.
This yields
1d [ 5
oW ly(t, )" dz < |lg(t, )l z20,)|¥(E: )l L2(0,1)-
0

Applying the Gronwall lemma, we obtain the desired estimate for ||y(t,-)[/12(0,1)-

We next establish the estimates for [ly(-, z)| g1/3®, ), 192( )2, ), and [|[Yoa (5 2) [ g1/ m e
For notational ease, we assume that L = 2. It suffices to consider the case ¢ = 0 and the case
1o = 0 separately.

We first consider the case g = 0. Write the solution under the form
z) =) ap(t)e™ in Ry x (0,L) =Ry x (0,2m).
nez
We then derive that
= Z an(0)e™ for x € [0, 27
nez
and
an(t) = (- 3n% —i(4n — n?’))an(t) for t € Ry.
We thus have
an(t) = e(_3n2_i(4"_"3))tan(0) fort e Ry,n € Z.
Since fOL yodz = 0, it follows that ag = 0. This in turn implies that ag(t) = 0 for t € R;. We
hence obtain
y(t,x) = Z ei"xe(_3"2_i(4"_"3))tan(0) in Ry x (0,27).
nez\{0}
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Extend y(t,z) for t < 0 by

(2.12) yta)= > eine o (302 =itn=n")) g0V in R_ x (0, 27),
neZ\{0}
and still denote this extension by y(t,z). We have, for z € R and n € Z \ {0},

o 0
(2.13) / o(—3n2—ilan—n®))t itz dt+/ o (3r2—itan—n®))t itz gy
0

—00

1 1 _ 6n?

- 3n? +i(4n —n3 + 2) T3 —i(4n —nd3+2)  9Int 4 (4n —n3 + 2)2’
This implies

2
2
. 72/, (0)
(2.14) mﬂaémw<clﬂu+m”(:Ziﬁ+@+Mﬁy dz.

neZ\{0}

Applying Lemma 21l with s = 1, we obtain

(2.15) G )7/ e,y < CllvollTz(o,2m)-
Similarly, we have
, 2
[n|°|an(0)]

(2.16) [ya(s 2 ||L2 ®Ry) S c 3)2 4

c eZ\{O} (z+4n —n3)2+n
and

, 2
- n*|an (0)]
@1 sl e,y <C [0S T |
+ 2R o) (z4+4n —n?)? +n

Applying Lemma I with s = 0 and s = —1, we get
(2.18) ny(-,x)H%z(R” < CHyO”%Q(OQTI)'
and
(219) ”y:c:c( ) )H[H1/3 R = CHyOHL2 0,2m)*

The proof of (2.2)) in the case g = 0 is complete.
We next deal with (2.3). From ([2.12]) and (2.I3]), we have

2
n[*(lan(0)|/In]))
b2l <C/ (neZ\{O} +(Z+4nn3)2) v
and
n|*(lax(0)|/In]) 2
(2.20) e (s )5 g, e < C/ZeR(l + |2)7/° (n%:{o} (z|+|4nfn3)2 +n4) :

Applying Lemma 2.1 with s = 0 and s = —1, we obtain

2
(2%
2.21) e By <0 Y POE <ol
neZ\{0}
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and

(2.22) e (-, )10 @, e < © Z

neZ\{0}

< CliyollF-1(0.20)-

This yields (2.3).

We next deal with the case yg = 0. The proof, in this case, can be derived from the previous
case %S follows. For t > 0, let W (t) be the mapping which maps yo to y(¢,-) with g = 0. We then
have

t

(2.23) y(t,x) = / W(t—s)g(s,z)ds.
0

This implies

(2.24) yo(t, ) = /Ot O, (W(t —5)g(s, x)) ds = /000 L0, ()0 (W(t —3)g(s, :17)) ds.

Hence

+o0
ly2(, @) L2 (ry) < /o L0, (5)0: (W (t = 5)g(s,2)) | L2r, ) d5

_ /O+°° </0°O 10 0.0 (5)0 (W (t — s)g(s,:n))|2dt> 7 s

— /O+OO </Oo 10, (W (t — s)g(s,x))Pdt) v ds.

By applying the results in the previous case, we have

00 1/2
( | 0w = gt )P dt) < Cllg(s, )2 0.1
We thus obtain

+oo
(2.25) Iz <O [ otz ds

By the same arguments, we have

+o0
(2:26)  [yzal, 2)ll 15 g, </O 1 0.6) ()0 (Wt = $)g(5,2)) | 225, - B

+00 +oo
= [T 10— sy oy 5 € /0 (s, )13 0. ds.

Similarly, we obtain

+o00
20 Iy, < [ oo W= sals.)l o, ds

+o0 +oo
= [ W= gl g s <€ [ s lzi00, 0
Assertion (2.2]) in the case yo = 0 now follows from (2.25]), ([2:26]), and (227)).

Assertion (2.3]) in the case yo = 0 follows similarly and the details are omitted.
The proof is complete. U

5This identity can be derived from ([Z28) and (2:29) in Remark 23]
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Remark 2.1. The proof gives as well that
y € C([0, L]; H'/3(0,+00)), ya € C([0,L]; L*(0,+00)), and yae € C([0, L); [H'3(0, +00)]").

Remark 2.2. Assume that ¢ =0 in R x (0, L) and yo € C°°([0, L]) is such that fOL yo(z) dx = 0,
yo—c € C°((0, L)) for some constant c. Using (2.12)), one can show that y € C*°([0, +o0) x [0, L]).
Moreover, using the equation of y, one can show that 8fy(0, x) =0 for all k£ > 1.

Remark 2.3. Assume that yo = 0 in (0,L) and g € C°((0,400) x [0,L]) being such that

fo (t,z)dzr = 0 for ¢ > 0. One can prove that the solution is then smooth and is 0 around the
time 0. Indeed, for notational ease, assume that L = 27. One then can show that

(228) t x Z / —3n2—i(4n—n ))(t s) ( )d 7

neZ\0
where
(2:29) gt,z) = > gal(t)e™.
neZ\{0}

The properties of y follow.

Remark 2.4. There is no term ||yzs||(g2/3(r,, yj+ in (2.3) since we applied Lemma[2.T}, which requires
5> —2.

Remark 2.5. In [20, Lemma 4.1], we proved that, when yo = 0,
(2:30 Iy < Cloll g o)

Estimate (2.3]) improves this.

3. LINEARIZED KDV EQUATIONS

In this section, we establish several well-posedness results (Proposition B, Proposition 3.2 and
Proposition [3.3]) for the linearized KdV equation equipped with various boundary conditions in the
energy space X defined in (II4]) and present some of their consequences. Proposition 3] implies
the local well-posedness of (LI)) in X7 (Proposition B.4]). Proposition B.I] and Proposition
are the starting points of our analysis in deriving the unreachable space and establishing the
corresponding observability inequality in Section [ (Proposition B.1J). Proposition B3] and its
consequence (Proposition B.5]) will be used in the proof of Theorem [LL3]

Here is the first main result of this section.

Proposition 3.1. Let L > 0, T > 0, (hy,ho,h3) € HY3(0,T) x HY/3(0,T) x L*(0,T), f €

Ll(( L2 0,L) ), and yg € L2 (0,L). There exists a unique solution y € Xp of the system
Yt + Yo + Yooz = | in (0,T) x (0, L),
(3.1) { =h1, y(-,L) = ha, y2(-,L) =hg in (0,T),
y(0,) =wo in (0,L).

Moreover, for x € [0, L],

(3:2) Nylxr +lyC o)l + lveC @)z + 19z ) s o,r)-

< CT,L<||Z/0||L2(0,L) + ||f||L1((07T);L2(O,L)) + | (h1s h2) | s 0.1y + ||h3||L2(0,T))7
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and

(3.3) NyC2)e20,1) + 1y 2 pss 0,
< CT,L(”yO”[Hl(O,L)]* + HfHLl((O,T);[Hl(O,L)}*) + ”(h17 hQ)HLQ(O,T) + Hh3”[H1/3(O,T)}*)7
where Cr,1, denotes a positive constant independent of x, yo, f, and hy, ha, h3.

Here and in what follows, [H*]* denotes the dual space of H® for s > 0 and it is equipped with
the standard corresponding norm.

Remark 3.1. In Proposition B.1], we implicitly admit that
y € C([0, L H'P(0,7)),  yo € CI0, L L2(0,T)),  and  yuy € C([0, L]; [H*(0,T)]").

These facts are derived from the proof. Results and analysis which are related to Proposition B.1]
will be discussed in Remark

The next result is on the well-posedness of the linearized KdV system for which the Dirichlet
condition and the second derivative in x on the right are described.

Proposition 3.2. Let L >0, T > 0, (hy, he,h3) € HY/3(0,T) x HY/3(0,T) x [H'/3(0,T))*,
fe Ll((O,T); L2(0,L)), and yo € L?(0,L). There exists a unique solution y € X1 of the system

Yt + Yz + Yzzz = f n (OaT) X (OaL)7
(34) y(70) = h17 y(7L) = h27 yww(aL) = h3 n (OvT)7

Moreover, for 0 <z < L,

(3:5)  Myllxz + Yol s omy + v @) 200y + 1922 )l #1750y

S CT,L<||1/0||L2(07T) + ||f||L1((07T);L2(07L)) + [[(ha, h2)l g1 0.1y + ||h3||[H1/3(0,T)}*)7

and

(3:6) My(,2)llL207) + 192 (s ) rrs 0,7y
< CT7L<||3/0||[H1(0,L)]* + ||f||L1((O,T);[Hl(uﬂ*) + 1(h1s ha)ll L2 0,m) + ||h3||[H2/3(0,T)}*)7
for some positive constant Cr,1, independent of x, yo, f, and (h1, hg, hs3).
Here is the third main result of this section.

Proposition 3.3. Let L > 0, T > 0, (hy,hg,h3) € L?(0,T) x HY/3(0,T) x L*(0,T), f €
Ll((O,T); L2(0,L)), and yo € L?(0,L). There exists a unique solution y € Xt of the system

Yt + Yz + Yzzz = f n (OyT) X (OaL)7
(37) y:v(70) = hla y(7L) = h27 yw(vL) = h3 n (07T)7

Moreover, for 0 <z < L,

(3-8) Myllxr + 1y )i o) + lveC2)l20,0) + 19aa () s o,r)-

< CT7L<||3/0||L2(07T) + ||f||L1((0,T);L2(O7L)) + hall s o,y + ||(h17h3)||L2(0,T))
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and
(3.9) My 2)ez01) + lye (s ) ms o)

< CT,L(”yO”[Hl(O,L)]* + HfHLl((O,T);[Hl(O,L)}*) + ”(h17h2)”L2(0,T) + Hh3”[H1/3(O,T)}*)7

for some positive constant Cr,1, independent of x, yo, f, and (h1, ha, hs3).

As a consequence of Proposition 3], we obtain the following well-posedness result, which par-
ticularly yields the well-posedness for system (LTJ).

Proposition 3.4. Let L > 0 and T > 0. There exists eg > 0 such that for (hy,ha, hs) €
HY3(0,T) x HY3(0,T) x L*(0,T), f € L*((0,T); L?(0, L)), and yo € L*(0, L) with

lyollz2(0,) + |’f”L1((O,T);L2(07L)) + 1(has )l s o,y + 1103l L2007y < €0,

there exists a unique solution y € Xp of the system

Yt + Yz + Yozz + YYo = f in (0,T) x (0,L),
(3.10) y(+,0) = hy, y(-,L) = ha, yz(-,L) =hs in (0,7T),

Moreover, we have
(B311) Mlyllxy + lyC o)l grsory + N1y @) z20.1) + 1Wae (@) 15 0,7y

< CT,L<||Z/0||L2(0,L) + ||f||L1((07T);L2(O,L)) + | (h1s ho) | s 0.1y + ||h3||L2(0,T))7

for some positive constant Cr,1, independent of x, yo, f, and (h1, ha, hs3).

As a consequence of Proposition B3] we obtain the following well-posedness result which will
be used in the proof of Assertion i) of Theorem L3l

Proposition 3.5. Let L > 0 and T > 0. There exists ¢g > 0 such that for (hi,hg,hs) €
L%(0,T) x HY3(0,T) x L*(0,T), f € L*((0,T); L2(0, L)), and yo € L*(0, L) with

Iyollz2(0,2) + Hf|’L1((O’T);L2(07L)) + 12l /s oy + 11(ha, hs) | 220,y < €0,

there exists a unique solution y € Xt of the system

Yt + Yz + Yozz +YYz = in (0,7) x (0, L),
(3.12) Yz(+,0) = hy, y(-,L) = ha, y.(-,L) = hs, in (0,7,
y(0,) =wo in (0,L).

Moreover, for 0 <z < L,
(313) Myllxr + lyC @) s o,y + lve (5 2)20,m) + 1Yea (5 )18 0,7y

< CT,L(HZ/OHL?(QL) + ||f||L1 ((O,T);LQ(O,L)) + ||h2||H1/3(0,T) + ||(h17h3)||L2(0,T))7

for some positive constant Cr,1, independent of x, yo, f, and u.
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Remark 3.2. The meaning of the solutions considered in Proposition B Proposition B.2] and
Proposition B3] are given in Definition B.1], Definition B.2] Definition B.3] respectively. These are
motivated by the integration by parts arguments. The meaning of the solutions in Proposition [3.4]
and Proposition are understood in the same manner where the nonlinear term yy, plays as a
part of the source f.

Proposition [3.4land Proposition 3.5 follows from Proposition [3.Iland Proposition 3.3/ by standard
arguments. We just mention here that

T L , 3
<

<c / ( / (1,22 + e, a:>\2)é (/ " \y@«t,x)P)é < Clyl,.

The details of the proof are left to the reader. A sharper estimate can be derived from Lemma [8.1]

The rest of this section is organized as follows. The proof of Proposition Bl Proposition B.2],
and Proposition B.3] are given in Section B.1] Section B.2] and Section B.3] respectively.

3.1. Proof of Proposition B.Il We first give the meaning of the solutions considered in Propo-
sition 311

Definition 3.1. Let L > 0, T > 0, (hy,ha,h3) € HY3(0,T) x H'/3(0,T) x L*(0,T), f €
Ll((O,T),LQ(O,L)), and yo € L?(0,L). A solution y € Xt of the system (B0 is a function
y € X7 such that

0

T L L
(3.14) /O/Of(t,x)go(t,x)datdt—l-/ yo(z)p (O:de—l—/ hs(t)p.(t, L) dt
T

_/ h2( )mem(t L dt +/ hl Somc t 0 / / ‘;Dt + ¥z +90mmm) dx dt

0
for all o € C3([0,T] x [0, L]) with o(T,-) =0 and ¢(-,0) = (-, L) = p.(-,0) = 0.

Remark 3.3. One can check that if y is a smooth solution of ([B.]) then y is a solution of (3.1))
in the sense of Definition [3.1] by standard integration by parts arguments. In fact, Definition [B.1]
is motivated by such arguments.

The proof of Proposition [3.1]is divided into two parts given in the following two subsections.
The first part is on the existence and the estimates for a constructed solution. The second part is
on the uniqueness.

3.1.1. Existence and estimates. The proof of (3.2]) for a solution constructed below is given in two
steps.

Step 1: We first consider the case where yp = 0 and f = 0. By the linearity, it suffices to
consider the three cases (hy, ha, hs) = (0,0, h3), (h1, he, hg) = (h1,0,0), and (hy, he, hg) = (0, ha,0)
separately. In what follows, we extend hq, hs, hg by 0 for ¢t > T and still denote y the corresponding
solution and these extensions by hi, ho, hs.

In what follows in this proof, for an appropriate function v defined on R x (0, L), we denote by
v its Fourier transform with respect to t, i.e., for z € C,

1 too :
0(z,x) = E/O v(t, z)e " dt.
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Extend y and hq, hs, hg by 0 for £ < 0 and still denote these extensions by y, and hq, ho, hg. Then

Taking the Fourier transform with respect to ¢, we obtain, for z € R,
(3.16) 129 + Uz + Yzaz = 0 in (0, L).

For z € C, let A\; = \j(2) with j = 1,2,3 be the three solutions of the equation A\® + A + iz = 0.
Set

1 1 1
Q(Z) = e)\lL e)\zL e)\gL ,
)\16)‘1L )\QEAZL )\36)‘31’
and
1 1 1
== E(Z) = det )\1 )\2 )\3 s
ANOAA
with the convention A\;y3 = A; for j > 1. It is useful to note that
(3.17) H(z) :=det Q(2)E(2) in C.

is an analytic function, see, e.g., [20, Lemma A1l]. Moreover, H only has a finite number of zeros
on the real line since H(z) # 0 for z € R with large |z|.

We first consider the case (hi,ha,hs) = (0,0, hs). Taking into account the equation of g, we
search for the solution of the form

3
(3.18) §(z,) =Y a;eM”,
j=1

where a; = a;(z) for j = 1,2,3. Taking the boundary condition, we then have
3
j=10; =0,
Z?:l ajelit =0,

3 oML T
2 j=1 ajAje” = ha,

This implies, with the convention Aj 3 = A;,
Aj+2l Al

¢ hy for j =1,2,3.

e
det

To estimate the solution, we proceed as follows. By Lemma in the appendix, there exists
g3 € C°(R) with suppgs C [T,3T] such that if z is a real solution of the equation H(z) = 0 of
order m then z is also a real solution of order m of h3(z) — g3(z), and, for k > 1,

(3.19) aj; =

(3.20) 931l ey < Crllhall g-1/3m)-
We now establish ([3.2)). Let y3 be the solution of ([B.I]) where (hy, he, hg) are (0,0, hg — g3), and
f =0, and yp = 0. We have, by applying (B.19) to ys,

5 . 3
(3.21) J3(z,z) = %&sz) Z (e)‘j“L - e)‘j“L)e)‘jx for a.e. x € (0,L).

We derive that, by the choice of g3, for z € R and |z| < 7,

j=1

(3.22)

[1]

M-

(2)

(erreet — e B)eNT| < Oyl = gsll 15 ),

1

J
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and, by Lemma [B.1] below on the behaviors of A;(z) for large z (the case large negative z can be
obtained by considering the conjugate), we obtain, for z € R, |z| > v with sufficiently large -,

3
1 PYTEY AP VIRY AR VP c
3.23 ety — et etit < —————
(3.23) T 2 ) S T
Combining (3:22]) and (3:23]) yields
lys(s ) sy < Orellhs — gsllL2w)
and

lys(s @)l L2y < CrLllhs — g3l g-1/3 ()
Similarly, we have
Y3, (@)l 2m) + 193,22, 2) | g-1/3®) < Cr,illhs — g3l L2 (R)
and
||y3,:v("x)||H*2/3(]R) < Cr,rllhs — g3||H*1/3(]R)-
The estimates for [ly(-, @)l g3 o1)> Y20, @)l 220.7), a0d [|Yoz (-, )| {r1/3(0, )« and the estimate for

1y ) 2 0.7y 192 (> @)l pr1/3 (0,7 follow by noting that y = y3 in (0,7") x (0, L) A
We also have, by integration by parts, for 0 < <71 < T,

1 L 2 1 L 2 1 TQ 2 2
G20 5 [aPde =g [ClumaPdes g [T (lu DE - 07 de
0 0 T

1

! / (seet 2100 ) = gt 02,00t~ 5 | " (I8 L) ~ (a1 0)) di = 0.

1 T1
Using the estimates for (@)l 73 a.zys 1922019, and e )73 07> we obtain the
one for ||y||x;-
The proof in the case (hy, ho,hg) = (h1,0,0) or in the case (hy,ha,hs) = (0,he,0) is similar
after noting Lemma [A.1lin the appendix. We mention here that the solution corresponding to the
triple (h1,0,0) is given by

3
g(z,x) = Z(AjJrge_)‘jL — N\jp1e V)N for ae. x € (0, L),

and the solution corresponding to the triple (0, hg,0) is given by

s 3
h
J(z,x) = 2(2) E (Ajpredietl — N getit2l)edi® for ae. o € (0, L).

The details are left to the reader.
Remark 3.4. If hy, ho, hs € C2°(R), the constructed solution is also smooth.
Step 2: We now deal with the general case. The starting point of the proof is a connection between

the linearized KdV equation and the linear KdV-Burgers equation. Set v(t,z) = e 2+ %y(¢, x),
which is equivalent to y(t,z) = €2*~%v(t, ). One can check that if y satisfies the equation

Yt + Yo + Yooz = f in R+ X (O,L),

if and only if
U+ 4y + Vgpgw — J0gp = fe 2T in Ry x (0,L).

6More precisely, one can take y = ys in (0,7) x (0, L).
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Set, in R4 x (0, L),
L
(3.25)  W(t,x) =4(t) = % / [, e de  and  g(t,x) = f(t,x)e > —(t, ).
0

Then .
/ g(t,z)dx =0 for t > 0.
0

Let yp € C’([O, +00); LQ(O,L)) N L%OC([O, +00); Hl(O,L)) be the unique solution periodic in space
of the system

(3.26) Y1t +4Y1,2 + Yl zee — Y122 = g in (0,+00) x (0, L),
and

(3.27) y1(0,-) = yoe” in (0, L).

Set

1 L
azf/o y1(0, x) dx.

By Proposition 21 we have, for z € [0, L],
(3.28) yi(- @) —allgsw,y + v12( @)l 2wy + 191,22(, @) || g1/s ) -
< C<||f||L1(R+;L2(O,L)) + ||y0||L2(O,L))
and

(3:29) (-, 2) — O4HL2(1R+) + Hyl,x('vx)”[H1/3(R+)]* < C(”yoﬂ[Hl(o,L)}* + ”f|’L1(R+;[H1(O,L)}*))'
Let yo € X7 be the unique solution of

Y2t T+ Y2,0 + Y2,2000 =0 in (0,7) x (0, L),
ya(t,0) = ha(t) = € (1 (8, 0) + [y v(s) ds in (0,7),
(3.30) ya(t, L) = h(t) — €L (ya(t, L) + f w(s) ds) in (0,7),
y20(t, L) = ha(t) — (€~ (y(t,) + Jy v(s) ds)) (£, L) in (0,T),
ya(t=10,-) =0 in (0,L).

Applying the results of Step 1 to yo, and using (B:28)) and ([B.28]), we derive that, for x € [0, L],
lv2llxr + lly2( ) s,y + V2,2 (@) 20,1y + 1Y2,00 (5 2) | pr1ss 0,1y
< CT<||(h17h2)||H1/3(R+) + [[hsll2m,) + ||f||L1([O,T];L2(O,L)))
and

ly2(s )M 220,y + 92,2 (5 @) |18 0,1y

< CT(H(hlah2)HL2(R+) + 1halli/s @, - + HfHLl([OT];[Hl(O,L)}*))'

The conclusion follows by noting that y = e?~* <y1 + fg P(s) ds) +y9 in (0,7) x (0, L).

The proof of the existence of one solution and its estimates is complete if one can show that
using this process, one can construct a solution which verifies Definition 3.1l To this end, one first
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notes that if hy, ha, hs, yo, g are smooth and supp hq,supp ha,supp hg € (0,7, suppyo € (0, L)
and suppg € (0,7) x (0, L) then one can construct a solution with the desired estimates. Indeed,
the solution y; given by (3.20]) is smooth and has the property that y;(¢,0) and y; (¢, L) are 0 for ¢
close to 0 (see Remark 2.2]and Remark 2.3). One can then construct a smooth solution ys of (B.30)
in the interval (0,27") where the the expression of y»(t,0), y2(t, L), and ya (¢, L) are replaced by
the expressions given in (B.30]) multiplied by a cutoff function y, which is 1 in (0,7") and is 0 for

t > 37/2. The solution ys is also smooth (see Remark [3.4). Then e?~* <y1 + fg P(s) ds) + yo

is still a solution in the time interval (0,7") with the desired estimates. Using this observation,
by standard approximation arguments, one can construct a solution in the sense of Definition [3.1]
with the required estimates. O

In the proof of Proposition B1], we used the following elementary result.

Lemma 3.1. For p € C and z in a sufficiently small conic neighborhood of R, let \; with
J = 1,2, 3 be the three solutions of the equation X+ X +iz = 0. Consider the convention
R(A1) < R(A2) < R(A3) and similarly for Nj. We have, in the limit |z| — oo,

1 ) ,
(3:31) A= e = o O) it g = eSS
J

Here z'/3 denotes the cube root of z with the real part positive.

Here and in what follows, for s € R, O(z*) denotes a quantity bounded by C'z* for large positive
z. Similar convention is used for O(|z|*) for z € C.

p [L2

\ FIGURE 1. The roots Aj of A3 + X +iz =0
/ satisfy, when z > 0 is large, A\; ~ ,ujzl/?’

/ 3 where ,ug? = —1i.

resl
=

The same proof as in Step 1 of the proof of Proposition Bl gives the following result.

Lemma 3.2. Let T > 0 and (h1, ha, hs) € HY/3(0,T) x H'/3(0,T) x L*(0,T). Then the unique
solution y € Xp of the system BI]) with yo =0 and f = 0 satisfy, for x € [0, L],

(3.32) ly(Cs @) (pr2rs 0,0y < CT,L<H(h17h2)H[H2/3(0,T)]* + Hh3H[H1(0,T)}*>a
where Cr,1, denotes a positive constant independent of x, yo, and h1, ha, h3.

3.1.2. Uniqueness. In this section, we establish the uniqueness of the solutions given in Proposi-
tion Bl The uniqueness is somehow known for a close definition of the solution which requires ¢
less regular. The definition considered here is somehow more advantageous, see Remark We
shall highlight the analysis in such a way that one can extend it to other settings considered in this
paper; thus we do not need to repeat the arguments as much as possible. Let y € X7 be a solution
with the zero data, i.e., f = 0, yo = 0, and (hqy, ha, h3) = (0,0,0). Fix ¢ € 030((0,T) X (O,L))
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(arbitrarily). Let y € Xp be a solution of the backward system

gt + :'jzv + Yazz = 7;[) in (OyT) X (OyL)a
g(ao) =0, gm(70) =0, 37(714) =0 in (OyT)a
y(T,)=0 in (0,L).

Using the construction given in Section Bl one can assume that y is smooth (see the last part
of Step 2 of Section B.I.T]). Taking ¢ = ¥ in the definition, we derive that

/OT /OL W(t, x)y(t, x) dt dz = 0.

Since ¢ € C2°((0,T) x (0, L)) is arbitrary, we deduce that
y=01in (0,7) x (0, L).
The uniqueness is proved. ]

Remark 3.5. The proof of the uniqueness also gives the uniqueness of the solutions in L' ((0, T) x
(0, L)), i.e., one requires y € L! ((O,T) X (O,L)) instead of y € Xp in Definition 311

Remark 3.6. We end this section with some comments on Proposition B.1] and its proof.

i) The well-posedness of ([BI]) in X7 is proved in [8, Theorem 2.10 and Proposition 2.16] for
L =1 when (0,7) = R and the estimate for ||y, (-, ) 12(o,7) in this case is a consequence of their
results. For L = 1, their results imply that, when (hy, he, hg) = (0,0,0),

(3.33) 192, 2)l 2y < Cllyollz2(0,) for @ € [0, 1].

Note that L = 1 is smaller than the smallest critical length in Ny which is 2r. The estimate
as (333) cannot hold for arbitrary L. Such an estimate is not valid for any critical length by
considering a non-zero initial datum in My.

i) Similar estimates for [|y(-, z)|| g1/3(o 7 and [|yz(, )| z2(0,r) as in B.2) in the real line space
setting can be found in [16] 24]. To our knowledge, variants of the estimate for [|yza (-, )l g1/5 (0, 1))~
in (3:2)) are not known even in the real line space setting. Our proof of Proposition 3] is in the
spirit of [20], which involves the Fourier transform with respect to time of the solution, as in [§],
and a connection between the linearized KdV and the linear KdV-Burger equations. However, in
the study of the linear KdV-Burger equation with periodic boundary conditions, the singularity
of the kernel is appropriately compensated (see the proof of Proposition 2.1]), which is one of the
novelties of the analysis. The proof given here is self-contained and is different from the ones in
[16, 24] for the whole line setting, which are based on the Riemann-Liouville fractional integrals
and the theory of Airy functions.

3.2. Proof of Proposition We first give the definition of the solutions considered in Propo-
sition

Definition 3.2. Let L > 0, T > 0, (hy, ho,h3) € HY3(0,T) x HY3(0,T) x [HY3(0,T)]*, f €
Ll((O,T); L2(0,L)), and yo € L?(0,L). A solution y € X1 of the system ([3.4)) is a functiony € Xt
such that

T L L T
(3.34) /0 /O £t 2)lt, 2) + /0 o) (0, ) e — /O ha(t)p(t, L) di

T T
— /0 hg(t)(pxx(t, L) dt + /0 hl( )(pxx t 0 / / (Pt + Yz + (,0;,;;,;5,;) dx dt
for all ¢ € C3([0,T] x [0, L]) with ¢(T,-) = 0, ¢(-,0) = ¢x(-,0) = @u(-, L) = 0.
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The proof of Proposition B.1] is similar to the one of Proposition B.Il The details are left to
the reader. We just present here the formula of the solution of the system when yg = 0, hy = 0,
ho =0, and f = 0 and discuss the uniqueness.

Extend hz by 0 for ¢ ¢ [0,T] and still denote this extension by hz. Then hy € H~'/3(R). Denote
y be the corresponding solution for ¢ > 0 and extend y by 0 for ¢ < 0. Still denote this extension
by y. One then has

Yt + Yz + Yzaz =0 inRx(O,L),
(3.35)

=0, y(-,L) =0, yzz(-,L) =hg inR.
Taking the Fourier transform with respect to ¢, from the system of y, we have
i29(z,2) + Gz (2, ) + za(z,2) =0  in R x (0, L),
(3.36) 9(2,0) =g(2,L) =0 in R,
Jua(2, L) = hs(2) in R.

Taking into account the equation of g, we search for the solution of the form
3
(3.37) iz) =) _aze™”,
j=1

where \; = \j(z) with j = 1,2,3 are the three solutions of the equation A+ X +iz =0, and
a; = aj(z) for j =1,2,3. We then have

This implies, with the convention Aj 3 = A;,

Aj+2L AL

e e
- <3 __

Dhor €M (N — AR)
We now deal with the uniqueness. Let y € Xp be a solution with the zero data, i.e., f = 0,

yo = 0, and (hq, ha, hg) = (0,0,0). Let ¢ € Cé’o((O,T) X (O,L)). Let 7 € X7 be a solution of the
backward system

(3.38) a; hs for j =1,2,3.

th + gx + gxww = 7;[) in (OaT) X (OyL)a
g(ao) = 07 gx(70) = 07 gx(7L) =0 in (OaT)v
HT,) =0 in (0,L).

One can show that y is smooth (see the construction of the solutions given in Proposition 3.3 and
the last part of Step 2 of Section B.I.1t in fact, the arguments are simpler since the data on the
boundary are 0 and the initial datum is 0). Taking ¢ = ¥ in Definition Bl we derive that

[ [ vt aa=o

Since ¢ € C°((0,T) x (0, L)) is arbitrary, we deduce that
y=0in (0,7) x (0, L).

The uniqueness is proved. O
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Remark 3.7. The proof of the uniqueness also gives the uniqueness of the solutions in L' ((O, T) x
(0, L)), i.e., one requires y € L' ((O,T) X (O,L)) instead of y € Xp in Definition

3.3. Proof of Proposition B.3l We first introduce the notion of the solutions considered in
Proposition 3.3l

Definition 3.3. Let L > 0, T > 0, (hy, hg, h3) € L?>(0,T) x H'/3(0,T) x L?*(0,T),
f € LY((0,T); L*(0,L)), and yo € L*(0,L). A solution y € Xp of the system BI) is a function
y € X7 such that

T L L T
(3.39) /0 /O £t 2)elt, 2) + /0 o) (0, ) e + /O ha(t)pa (t, L) di

T T
- / hl(t)cpx(ta 0) dt — / h2( )(Pxx t L / / (Pt + Px + 90:(::(::(:) dx dt
0 0

for all o € C3([0,T] x [0, L]) with o(T,-) =0, o(-,0) = ¢(-,L) = @ze(-,0) = 0.

The proof of Proposition B3] is similar to the one of Proposition Bl We only give here the
formula of the solutions in the case f =0, yg = 0, and (hq, ha, hg) = (0,0, hs). Taking the Fourier
transform with respect to t, from the system of y, we have

i29(z,2) + Gz (2, ) + aza(z,2) =0 in R x (0, L),
(3.40) U2(2,0) =9(2,L) =0 in R,
Jz(z, L) = hs(z) in R.

Taking into account the equation of g, we search for the solution of the form

3
(3.41) 9(z,) =D aze,
j=1
where \; = \j(z) with j = 1,2,3 are the three solutions of the equation A+ A+iz =0, and
aj = aj(z) for j =1,2,3. We then have
Z§:1 Aja; =0,
Z;’ La;eNt =0,
Z?:l aj)\je ik = hg,
This implies, with the convention \;i13 = A;,
Ajt1€ Ajpal Ajt2€e Aj+1L
Ei:l M€ ML (Nppreteral — N peknl)

The rest of the proof is almost the same as the one of Proposition B.I] and is left to the reader. [

(3.42) a; = hs for j =1,2,3.

4. THE SET OF THE CRITICAL LENGTHS

The main goal of this section is to establish Theorem [ILT] except for (ILI2]) and its consequence
(LI3), and Proposition [T} The results in this section, in particular in (&1]) will be complemented
with the analysis in the next section (Section []) to derive (LI2]) and (LI3]). We begin with

Proposition 4.1. Assume that L € Np. There exists a < 0 and b > 0 such that
(4.1) (a +ib)el®) = (¢ — ib)el™™®) = —2qe2¢



KDV 25

and

(4.2) (a+1ib)* + (a — ib)* + (a + ib)(a — ib) = —L*.
These conditions are equivalent to

(4.3) b2 = L% +3a® a®+1b%=4a%"%, bceosb+asinb=0,
(4.4) acosb—bsinb > 0.

Moreover,

(4.5) a and b are uniquely determined by L.

Proof. The proof is divided into two steps.

Step 1: We prove ({1 - (£4).

Let 21 = a+ ib and 22 = ¢ + id where a,b,c,d € R. Set
z3=—(21+22) = —(a+c) —i(b+d).
Note that, if z; 4+ 29 + 23 = 0, then
(4.6) z% + z% + 2129 = — (2122 + 2223 + 2321).

Condition (4] can be then written as

(4.7) 2420+ 23=0, 2z = 2962 = z3e®, and 2129 + 2223 + 2321 = L2,

In the three numbers a, ¢, and —(a+ ¢), there are two numbers of the same sign. Note also that
if (21, 22,23) is a solution of (LT, then (z1, Z2, Z3) is also a solution. Without loss of generality,
one might assume from now on that

(4.8) ac>0, |c >]al,
and
(4.9) b > 0.

From (L4)), we have
(a+ib)? + (c +id)* + (a + ib)(c + id) = — L2,
This yields
a? —b? + * — d® + ac — bd + i(2ab + 2cd + ad + be) = — L2,
We thus obtain

(4.10) a’ +ac+c® + L? = b? + bd + d*
and
(4.11) 2ab + 2cd + ad + bc = 0.
From (L4)), we have
(4.12) (a+ib)e™™ = (c+id)e™ ™ = —(a+ e +i(b+ d))e” (T 7H+D,
Considering the modulus in (£I2]), we get
(4.13) (a2 + b2)e2t = (2 + d2)e? = ((a+ &2+ (b+ d)2)e—2(a+c)‘

Considering the imaginary parts in ([4.12]), we obtain
(4.14) (bcosb+asinb)e® = (dcosd+ csind)e® = (— (b+d) cos(b+d) + (a+c)sin(b+ d))e_(a+c).
This implies that ¢ # 0 since otherwise a is also 0 (since |a| < |c|) and one reaches, by (£I13)),
[b] = |d| = [b +d],



26 H.-M. NGUYEN

which yields b = d = 0 and L = 0. This is impossible since L > 0.
Using (4.I1]) and the facts ac > 0 and ¢ # 0, we have

2a+c
4.15 d=— b.
( ) 2c+a
This implies

c—a

4.16 b+d= b.
( ) * 2c+a
Combining (£9]) and ([4I3) yields that
(4.17) b>0

since b + bd + d? > L2
The proof now is divided into four cases.

e Case 1: @ > 0. Thus ¢ > a > 0. Since (a + c)2e_2(“+c) < e 2 for a+c> 0, it follows that
(b+d)?+e 2> (b+d)?+ (a+c)2e2ato

=

> ((a+c)* + (b+d)?)e 2t a® + %) > be? > b,

In summary, one reaches

(4.18) (b+d)? +e? >

One has, for ¢ > a >0,

2
@1 (c—a 2 12

4.1 2T= < b*/4.
(4.19) (b+d) (20+a> b* <b°/
Combining (£18)) and (£19) yields
(4.20) e 2> ZbQ; thus, by (Z17), 0 < b < 0.425.
Since a > 0, it follows from (€20) that
(4.21) bcosb+ asinb > 0.

We have

EI0)
atc< (204232 +2a0) 2 < 202 +d2+bd) " = (B2 + 2+ (b+d)2)"
EI5), @19 @2
< (22 4+ 62/4) 7 = (92/4) V2 TS (3e72) M2 < 0.638,

Since 0 < b+ d < b/2 < 0.225 by [@I6), (£19), and @20, it follows that
(4.22) —(b+d)cos(b+d)+ (a+c)sin(b+d) < —(b+ d) cos(0.225) + (a + ¢)(b + d)
< —0.97(b + d) + 0.638(b + d) < 0.
Combining (£14]), (4.21)), and ([#22]), we derive that the case a > 0 does not happen.
e Case 2: a < 0 and a # ¢. Thus ¢ < a < 0 since |c| > |al.
x Case 2.1: a < 0 and ¢ < 2a. We have

@&I9) (2a+c 2
Y i— <m> b2 < (4/5)%02.



KDV

It follows that
B < (a2 + b?) (133:33)62(c—a)(

This yields, since ¢ < 0,

&+ d%) < e+ (4/5)%b7.

(9/25)b < c?ef < 2%e72.

We obtain

(4.23) b < 1%06—2 < 1.51, which yields, by @IT), 0 < b < 1.23.
We have

(4.24) a? + 52 &2 ((a+0)2 + (b+ d)?)e 4272 > (q 4 ¢)2e 202

since a < 0. It follows from (£23]) that

1
1.51 > b > (a + c)2e_2“_2c — a2 > (a+ 0)2 (e—2a—2c _ §)
Since fi(t) = t2(e?* — 1/9) is an strictly increasing function for ¢ > 0 and
£1(0.66) > 1.55,

it follows that

(4.25) 0.66 > |a + ¢| = |¢| + |a| > 3|al.
Using (4.23]) and ([@.25]), we obtain
(4.26) bcosb+ asinb > bcos 1.23 4 ab > 0.33b + ab > 0.

and, since 0 < b+ d < b/2 < 0.64 by (£I6) and (£23]),
(4.27) —(b+d)cos(b+d) + (a+ c)sin(b+ d)

< —(b+d)cos0.64+ (a+¢)(b+ d)cos0.64 (]IEE) 0.

Here we used the fact sinx > zcosfpy for 0 <z < 6y < 1.
Combining (4.14]), (£20), and (£.27), we derive that Case 2.1 does not happen.

« Case 2.2: a <0, 2a < ¢ < a with |a| < 1. We have

E&15)
CL2 + b2 @(62 + d2)e2(c—a) < (62 + b2)e2(c—a)‘

This implies, with s =c—a <0,

b2(1 - 628) — b2(1 - e2(c—a)) < 6262(C_a) _ CL2

= (a + s5)%® — a® = ae® + 2ase®® + 5%* — a® < (2as + 5%)e*.

We derive that
5 _ |2as + 8| o

(4.28) e

Set

g(t) =2te™ — 14 e fort > 0.
Then
gt)=(2—4t—2)e? = —4te™? < 0 for t > 0,

which yields ¢(¢) < g(0) = 0 for ¢ > 0. This implies

1
(4.29) |s]e?* < 5(1 — %),

27
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Combining ([4.28)) and (429)) yields
1 1
(4.30) b* < S(2lal + Is]) = 5 (lal + |e) <3/2,
where in the last inequality we used the fact |c¢| < 2|a| and |a| < 1.
We have
2 2 @I 2 2\ —4a—2c 2 —2a—2c
(4.31) o+ = ((a+0)*+ (b+d)°)e > (a+c)’e :
It follows from (Z30) that
1 1
5(‘&’ + ’C’) > b2 > (a+c)2e—2a—2c _ CL2 > (CL +C)2(e—2a—2c _ Z)7
1 1
4.32 > —2a—2c __ —

Since fo(t) = t(e?* — 1/4) is an increasing function for ¢ > 0 and
£2(0.32) > 0.52,
it follows from (4.32)) that

(4.33) la| + |¢| < 0.32, which yields |a| < 0.16.
Using (£.30)) and (£32]), we obtain
(4.34) bcosb+ asinb > bcos \/3/2 + ab > 0.33b + ab > 0,

and, since 0 < b+d <b/2 < +/3/2/2 < 0.62 by (416]) and (4.30]),
(4.35) —(b+d)cos(b+d)+ (a+ c)sin(b+d)

< —(b+d)cos0.62+ (a+ ¢)(b+ d) cos0.62 GE<:{D 0.

Here we used the fact sinx > zcosfy for 0 <z < 0y < 1.
Combining (4.14]), (434), and (435]), we derive that Case 2.2 does not happen.

« Case 2.3: a < 0 and 2a < ¢ < a with |a| > 1. We have, by (4.13]),
(a® 4+ b%)e?* = (? 4 d?)e*
Since |¢| > |a| > 1 and d? < b? by ([@I5), and the function f3(t) = t2e~% is strictly decreasing in
[1,4+00), we derive that
(a? +b%)e®* > (2 + d*)e.
Thus Case 2.3 does not happen.
e Case 3: a < 0 and a = c. We derive from (4.10]) that
b+d=0.
Assertion (@.1])-(.4) then follow from (4I3]), (£14) and the fact that
R(a + ib)el™®) = e%(acosb — bsinb) > 0.
e Case 4: a =0 and ¢ < 0. It follows that
d=—b/2.
This case does not happen by (Z13]).
Step 2: We prove (4.5]). Since
L =1? — 3a® = 4a®(e7 5 — 1)
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and the function h(t) = 4t2(e% — 1) is strictly increasing in (0, 4+00), it follows that
a is uniquely determined by L.

This in turn implies that
b is uniquely determined by L
since L? = b> — 3a? and b > 0.

The proof is complete.

We are ready to give
Proof of Proposition 1. By (£3) and (4.4]), we have

L? = 4a*(e7% — 1),
where a < 0 is determined by, with b = 4a?(e=%¢ — 1/4), b > 0,
bcosb+asinb=0 and acosb—bsinb > 0.
Since b > 0 and a < 0, it follows that
cosb< 0 and sindb<O0.

29

Hence b = b, for some 7+2n7 < b, < 37/2+n27 withn € N. Since b, > 7 and 4a? (e76% —1/4) =

b2, it follows that
lan| > 0.43.
This yields
1

4.36 tbn = |4n bn =
( ) ’CO ’ \a / ’ 4]an‘(€6‘“"‘ _ 1/4)

< 0.045.

We thus derive that
|b, — 3m/2| < 0.045.

Set
ty, = b, — ™ — n2m.
Since
|by, cos by, | = |ay, sin by, |,
it follows that
(4.37) (tn + ™+ n2m) cos ty, = |ay|sint,.

For t,, € (7/4,7/2), the LHS of (437 is a strictly decreasing function of ¢,, and the RHS of (£.37)
is a strictly increasing function of ¢, since |a,| is a increasing function of t,,. Hence there exists
a unique t, € (7/4,7/2) such that the identity holds. One can check that the corresponding a,,

fulfills all the requirements.

Remark 4.1. It is clear, as n — +o0, that a, /b, — 0 so b, — 37/2 — 27mn — 0 as n — +o0.

0

We end this section with the following result, which yields (L)) and (ILIT]). Recall that o and

B are defined by (I9) and q is defined by ([L.7]).
Lemma 4.1. Let L € Np. Set

(4.38) m=a+iB, m=a—1iB, and n3=—2aq,
(4.39) p(x) = (n3 —m2)e™™ + (m — n3)e™" + (n2 —m)e™* in [0, L],
and

U(t,z) = e(z) in R x [0, L].
Then p(x) = —2i¢ and ¥ satisfies (LII)). Consequently, (L8) and (LII) hold.
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Proof. Since
me ML = npe Pl =yl

m+mne+n3=0, mne+mnenz+nm =1 and mnen3 = —q,
it follows that
Prrx + P + qp = 0 in (07 L):

©(0) = pz(0) = (L) = @z (L) =0 in [0, L].
We derive that U is a solution of (LII]). A computation gives
() =(=3a +if)e T 4 (3a +if)el* P — 2igem>e

= — 6iae®® sin(Bx) + 2i3e®® cos(Bx) — 2ife” 2T

=21 <66°m cos(Bzx) — fe 2 — 30e® Sin(ﬁa:)) = —2i¢.
The proof is complete. U

5. THE UNREACHABLE SPACE OF THE LINEARIZED SYSTEM FOR A CRITICAL LENGTH

In this section, we prove that the unreachable space is given by (L.12]) and study its controllability
properties of the linearized KdV system:

Yt + Yz + Yzae =0 in (0,7) x (0, L),
(5'1) y(70) = yx('aL) =0 in (OaT)7
y(,L) =u in (0,7),

for a critical length. The main result of this section is Proposition [E.1] which is based on an
observability inequality with initial data and final data in Mf), where Mp is defined by (I12]).
In comparison with the right Neumann boundary control system, this part in the Dirichlet setting
is more complex and technical. The proof of Proposition [5.1] involves the well-posedness and the
estimates for solutions in X7 given in Proposition B.1] and Proposition

We begin with the following simple but useful result.

Lemma 5.1. Let L € Np and T > 0. For yg € L*(0,L) and u € HY/3(0,T), let y € X7 be the
unique solution of the system

Yt + Yo + Yoz =0 in (0,T) x (0, L),
y(,0) =y (-, L) =0 in (0,T),
y(,L)=u in (0,T),
y(0,) =yo in (0, L).

Then I
/ y(t,x)®(t, z) dz is constant on [0,T].
0

Recall that ® is defined by (LI0).

Proof. Using the fact, by integration by parts,
L
a ), y(t,x)®(t,z) dz =0,

the conclusion follows. O
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We are ready to state the main result of this section on the unreachable space for the linearized
KdV system (5.0)).

Proposition 5.1. Let L € Np and T > 0. We have

i) for ¢ € Mp \ {0}, there does not exist u € H'/3(0,T) such that y(T,-) = ¢ where y € X7 is
the unique solution of (B.1l) with y(0,-) = 0.

i) there exists a linear continuous operator L : M7, — H'Y3(0,T) such that y(T,-) = ¢ where
y € X 1s the unique solution of [B.1I) with y(0,-) =0 and u = L(yp).

iii) There exists a linear continuous operator L: M3 — H1/3(0,T) such that y(T',-) = 0 where
y € X is the unique solution of (&.1) with y(0,-) = ¢ and u = L(p).

Proof. Assertion i) is just a consequence of Lemma [5.11
We next deal with assertions i) and iii). Let ¢ € M. Let y* € X7 be the unique solution of
the backward linear KdV system

Y&+ Yzt Yrge = 0 in (0,T) x (0, L),

(5.2) y*(,0) =9z (- 0) =y*(~L) =0 in (0,7),

y*(T,-) = in (0,L).
Applying the observability inequality in Lemma below to y*(T — -, L — -), we obtain
(5.3) ANz 0.) < 1Waa (s D)l s,y < Mll2.n)
for some constant A > 1. Fix a continuous linear mapping
(5.4) L1: [HY30,T)]" — HY3(0,T)
such that
(55 AL mssomy 2 ClRRpsgpy.  for all he [HYV0,T),

for some positive constant C. This can be done using the Fourier series or the Fourier transform
appropriately.
We first prove assertion ii). Equipped Mﬁ with the L2(0, L)-scalar product. Define
A: Mb — M5
by
A@) =y(T',),

where y € Xp is the unique solution of the following system

(0, L),

Yt + Yo + Yoza =0 in (0,T) x
y(-,0) = y2(-,L) =0 in (0,T)
y(L)=h in (0,7,

L)

(

)

(5.6)

y(0,)=0

with h = L£1(y:,(-, L)) where y* is determined by (E.2) (y(T,-) € M3 since y(0,-) = 0 by
Lemma [5.1). An integration by part yields

L T
(5.7) /0 y(T,x)z* (T, x)dx = —/0 y(t, L)z (t, L) dt,

for all solutions 2* € Xr of (5.2) with 2*(T,-) € M.

Using (5.3)) and applying the Lax-Milgram theory, we derive that A is linear continuous and its
inverse is also linear continuous. The conclusion of ii) follows by taking £(v) = £1(y%,(-, L)) and
y* is the solution of (5.2)) with ¢ being replaced by A~ ().

)
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We now deal with assertion 7). Set
H = {y;x(-,L) e [H'3(0,T)]*; where y* is determined by (5.2) with ¥ € ./\/lf)}
It follows from (5.3) that H is a closed subspace of [H'/3(0,T)]* so is a Hilbert space. We next
consider the following bilinear form on H:

au,v) = <£1(U)7U>H1/3(0,T);[H1/3(0,T)}*-
Using (5.3)), we derive from the Lax-Milgram theorem that there exists a continuous linear appli-
cation A : Mﬁ — H such that

L
(5.8) /0 p(@)y"(0,7) dr = a(Ap, yy, (-, L))
for all solution y* € X7 of (B.2) with ¢ € M.
Set R X
L=L1oA

The conclusion of iii) then follows after noting that if y(0,-) € M7 then y(T,-) € Mz by
Lemma 5.1l and the fact

L L T
/0 y(Tv‘T)y (T7x) dx _/0 y(07x)y (Ov‘r) dx = _/0 y(tv L)ymm(t7L) dt.

The proof is complete. O
Here is the observability inequality used in the proof of Proposition [5.11

Lemma 5.2. Let L € Np, T > 0, and let y € X7 be a solution of the linearized KdV equation in
(0,T) x (0,L) with y(0,L — -) € M$ and with y(-,0) = y(-,L) = y(-,L) = 0. Then there exists
A > 1 depending only on L and T such that

(5.9) A Y0, )22 0,0) < 192 (5 Ol prss o,y < Ally(0, )22 0,1

Proof. By Proposition Bl we have

(5.10) 1Y (- O3 0,y < Clly(0, )l 22(0,1)-

We next prove

(5.11) 1900, ) z2(0,2) < Cllyaa (-, Ol z1/5 0,1+

by contradiction. Assume that there exists a sequence (ip,,) such that ¢, (L — ) € M7 and
1 1

(512) [ gz < = Im 0, Ml 1y =

where y,, € Xr is the unique solution of the linearized KdV equation in (0,7") x (0, L) with
yn(O, ) = ©n and yn(’a 0) = yn(’a L) = yn,x('yL) = 0. Set
(5.13) yn(t,x) =yo(T —t,L — x).

Then y, € X7 is a solution of the equation y,+ + Ynz + Ynzee = 0 in (0,7) x (0,L). By the
regularizing effect of the linearized KdV equation, without loss of generality, one might assume
that y,,(0,-) = yn(T, L —-) converges in L?(0,L). Applying Proposition B2lto y,,, one derives that
yn(0, L — ) = y,(T,-) is a Cauchy sequence in L?(0, L). In other words, ¢, = y,(0,) is a Cauchy
sequence in L?(0, L). Let ¢ be the limit of ¢, in L?(0, L) and denote y € X7 be the corresponding
solution of the linearized KdV system. Then [|¢|[z2¢,z) = 1 and p(L —-) € M.

Set y(t,x) =y(T —t,L —x). Then y € Xp is a solution of the system

(514) Yt + Yo+ Yezz = 0 In (OyT) X (07L)7
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and
n Proposition
y(0,-) € Mp (by Lemma5I)  and 1y (0, )22 (0,1 2 Cllell 20,y = C-

By Lemma [5.3] below, y(0,:) = c¢ in (0, L) for some ¢ € R where ¢ is defined by (L8]). Since
y(0,-) € M3, it follows that ¢ = 0 and hence y(0,-) = 0 in (0, L) We obtain a contradiction. Thus

(5I1)) is proved.
The conclusion now follows from (510) and (G.11]). O

In Lemma 5.2 we used the following result, which is also helpful in the proof of Assertion ii) of
Theorem L3

Lemma 5.3. Let L € Np and T > 0. Assume that y € Xt is a solution of the system
Yt + Yo + Yzaz =0 in (0,T) x (0, L),
{ Y(+0) = 42(-,0) = y(, L) = yau(-, L) =0 in (0, 7).
There exists some ¢ € R such that
(5.17) y=c® in (0,7) x (0, L).
Proof. Set
(5.18) V= {go € L*(0,T) N Mp; 3y € Xy satisfying (5.16) and y(0,-) = 90} c L*(0,L).
We claim that
(5.19) VY ={0}.

Admitting the claim, the conclusion now follows from the claim as follows. Set

(5.16)

¢ = proj,y(0, ).
Then
@ = c¢ for some ¢ € R.
Set
y=y—c®in (0,7) x (0, L),

where ® is defined by (LI0). Then § € X7 is a solution of (5.I6) and g(0,-) € Mp. By (5.19),
one has

y(0,-) =0.
It follows that
y=1c®in (0,7) x (0, L),
which is the conclusion.

It remains to prove (5.19). We will prove that V = {0} by contradiction. Assume that V # {0}.
Using the regularity theory for the linear KdV equation and Proposition B.2] one can show that

v c C*([0, L]).

For the same reason, one can show that any bounded sequence in V (equipped L?(0, L)-norm) has
a subsequence converging in V. Thus V is of finite dimension and is not {0}.

We can now involve the arguments via spectral theory in the spirit of [23] or even simpler (see
also [I1, B8]) to show that there exists ¢ € V \ {0} and A € C such that

(5'21) (10('70) = 90("0) = 9090('7[/) = mem('vL) =0.
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Indeed, this can be done by considering

AV — %

and taking A € C and ¢ € V \ {0} such that Ay = Ap. The only point required to be checked is
the fact that 1, + ¥y € V for ¢ € V. To this end, one just notes that — (¢, + V¥zez) = ye(0,-)
where y € X7 is the corresponding solution (thus y(0,-) = 1)).

Let n; with j = 1,2,3 be the three solutions of the equations

n*+n+A=0.

(5.22)

Then ¢ has the form
@ = y1€M" 4 y2e™* 4+ 43e in [0, L].
Using the boundary conditions of ¢, we obtain
7+ +73=0,
yim + y2n2 + v3n3 =0,
nemt 4 qpel 4 qzemt =,
yingemt +yamze™t +ysngemt = 0.
As in [23, (30)], we then derive that
me—mL — 7726—772L — 7736_7731’.
Without loss of generality, one can assume that
-mL=2z and —mL = 2,
(here 21 and zy are the complex numbers in the definition of Np) which yields
©=co
for some constant ¢ € C. In other words,
p € Mp.
. . . J_
We have a contradiction since ¢ # 0 and ¢ € Mp.
The proof is complete. U

By the same arguments used in the proof of Lemma[5.2] we also have the following observability
inequality in the case L € Np, which is the key point of the proof of Theorem [I.4

Lemma 5.4. Let L ¢ Np, T > 0, and let y € X1 be a solution of the linearized KdV equation
with y(0,-) € L*(0,L) and y(-,0) = y(-, L) = y2(-,0) = 0. Then, for some A > 1,
(5.23) AT y(0, )22 0.) < 192 (- Ol gravs oy < Ally(0, )22 (0,1)-
Here is a variant of Proposition [5.1]in the case L € Np.
Proposition 5.2. Let L € Np and T > 0. Then
a) There exists a linear continuous operator £ : L*(0,L) — HY3(0,T
where y € X is the unique solution of (5.1)) with y(0,-) =0 and u = L(p
b) There exists a linear continuous operator L : L*(0,L) — HY3(0,T
where y € X is the unique solution of (5.1) with y(0, -

such that y(T,-) = ¢

such that y(T,-) = 0

[
<

=)

S

S8

g

I
5
©

We are ready to give

Proof of Theorem [1.4, Theorem [L.4] follows from Proposition [3.4] and Lemma [5.4] as usual. The
details are omitted. O
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6. PROPERTIES OF CONTROLS WHICH STEER O AT TIME 0 TO 0 AT TIME T

In this section, we study controls that steer 0 at time 0 to 0 at time T for the linearized KdV
system of (LI)). To this end, it is convenient to introduce the following quantities.

Definition 6.1. For z € C, let (\;)1<j<s = (Aj(2)) be the three solutions of

1<5<3
(6.1) N+ A +iz=0.
Set
1 1 1
(6.2) Q=0Q(2):=[ eMt er2l el |

)\16)\1L )\26)\2L )\36)‘3L

3
(6.3) Pp = Pp(z Z el el
and
1 1 1
(6.4) E:E(z) =det [ A1 Ao A3 |,
LA N

with the convention \jy3 = \; for j > 1.

Remark 6.1. The matrix ) and the quantities Pp and = are antisymmetric with respect to A;
( =1,2,3), and their definitions depend on a choice of the order of (A1, A2, A3). Nevertheless, we
later con81der a product of either Pp, Z, or det  with another antisymmetric function of (\; ) or
deal with |det @], and these quantities therefore make sense. The definitions of P, Z, and @ are
only understood in these contexts.

Given u € H'Y3(0,+00), let y € C([0,+00); L*(0, L)) N L% ([0, +00); H*(0, L)) be the unique
solution of the system
Yi + Yz + Yzze =0 in (0,400) x (0, L),
y(,0) = yo(,L) =0 in (0, +o00),
y(-,L) =u n (0, +00),

y(0,) =0 in (0, L).

(6.5)

In what follows in this section, we extend y and u by 0 for ¢ < 0 and still denote these extensions
by y and wu, respectively. For an appropriate function v defined on R x (0,L), let © denote its
Fourier transform with respect to t, i.e.,

0(z,x) —=t g,

=7 et

From the system of y, we have

129(z,2) + 9z (2, %) + Yzze(z,2) =0  in R x (0, L),
(6.6) 9(2,0) = 9,(2,L) =0 in R,
9(z, L) = u(z) in R.

This system has a unique solution outside a discrete set of z in C, see |20, Lemma 2.1].



36 H.-M. NGUYEN

Taking into account the equation of g, we search for the solution of the form

3
y(27 ) — Z aje)\jw7
7=1

where A\; = \;(z) with j = 1,2,3 determined by (G.1]).
Using the boundary conditions for ¢, we require that
3
Zj:l aj =0,
2]3:1 eNita; =1,
Z?:l )\je)‘fLaj = 0.
This implies
Q(a1,a2,a3)" = (0,@,0)7,
where @ = Q(z) is given in Definition We thus obtain

U _ .
aj; = —det Q ()\j+1e>\3+1L — )\j+2€>\3+2L).
This yields
.3
U
(67) ZQ(Z,$) = Z ()\j+le)\j+1L _ )\j+2€)\j+2L)€)\jx.
det Q =
From (6.7]), we derive that
X a(z)Pp(z)
6.8 Ora 0) = ——~»
(69 i) = S0
where Pp(z) is given in Definition
Set
(6.9) G(z) = Pp(2)/2(z) and H(z) =detQ(z)/Z(2),
where Z(z) is given in Definition It is convenient to consider 0.,9(z,0) under the form
- w(z)G(z)
1 TT ’ = T /N
(6.10) 0ru(0) = "

By [20, Lemmas A1l and B1], 0,,9(z,0) is a meromorphic function, and
(6.11) G(z) and H(z) are entire functions.

We thus have just established the following result.

Lemma 6.1. Let u € HY/3(R,) and let y € C([0,400); L2(0,L)) N LE .
unique solution of

([0, +00); H'(0, L)) be the
Yt + Yz + Yzzz = 0 mn (07 +OO) X (07L)7
y(7L) =u in (07 +OO)7
with

(6.13) y(0,-) =0 in (0, L).
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Outside a discrete set z € R, we have
. 3
(6.14) g(z,2) = ﬁ Z (NjrreM = Aot )eNT for a.e. € (0,L).
e
j=1

Remark 6.2. Assume that 4(z,-) is well-defined for z € C (e.g. when u has a compact support).
Then the conclusions of Lemma [6.1] hold outside of a discrete set z € C.

We end this section with the following result, which is the starting point of our approach, and
follows from Lemma [6.] and Paley-Wiener’s theorem, see e.g., [41].

Proposition 6.1. Let L > 0, T > 0, and u € Hl/?’(]RJr). Assume that u has a compact support
in [0, T], and u steers 0 at the time 0 to 0 at the time T, i.e., the unique solution y of (612) and
©13) satisfies y(T,-) =0 in (0,L). Then 4 and 0G/H satisfy the assumption of Paley-Wiener’s
theorem concerning the support in [=T,T], i.e.,

(6.15) @ and UG/H are entire functions,
and
X uG(z) 72|
. —= <
(6.16) |au(z)| + H2) ‘ < Ce' P,

for some positive constant C.

Remark 6.3. The computations in this section are in the spirit of the ones [20]. Nevertheless, in
the conclusions of Proposition 6.1l we have/require that

9(z, L) and 04,9(z,0) are entire functions satisfying (6.16]).
This is different with the one used in [20, Proposition 3.1] where one obtains that
0:9(z, L) and 0,7(z,0) are entire functions satisfying a variant of (6.16]).
These differences are important to take into account different boundary conditions, see the proof
of Assertion éi) of Theorem [[3]in Section
7. ATTAINABLE DIRECTIONS IN THE UNREACHABLE SPACE IN SMALL TIME

In this section, we investigate whether or not directions in M p, defined in (I.12]), can be reached
in small time. The starting point comes from the power series expansion approach. Let y; and y9
be the solutions of

Yi,t + Yl,x + Y,xxx = 0 in (07 T) X (07 L),
Y1 '70 :y17:c '7L =0 in O,T,
(7.1) (-,0) (L) | (0,7)
y1(, L) = wy in (0,7),
y1(07 ) =0 in (07 L)7
Y2t + Y2,z + Y2 zax + YY1,z = 0 in (0, T) X (0, L),
(72) y2(70) :yQ(aL) :?42,:0('7[/) =0 in (07T)7

y2(0,-) =0 in (0, L),

for some control u;. The key point of this approach is to first understand how one can choose uy
so that

yl(Tv ) =0
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and then analyse what the behavior of proj,,y2 (T,-) is. To this end, we compute the quantity

L
(7.3) /0 y2 (T, 2)®(t, z) dz,

where ® is defined in (ILI0). Multiplying the equation of yo by ®, integrating by parts in (0,7") X
(0, L), we obtain, after using the boundary conditions and the initial conditions,

(7.4) /OLyg(T x)P( / / yi(t, 2)®,(t, x) dr.

The goal is then to understand the value of the RHS of (7.4]).
We will study the value of the RHS of (7.4)) in a more general setting. Motivated by the definition
of y1, we consider the unique solution y € X7 of the system, for u € HY 3(0,7),

Yt + Yz + Yzze =0 in (0,7) x (0, L),
y'70 =Yz '7L =0 in 07T7
(7.5) (-,0) (L) 0,7)
y(,L) =u in (0,7),
y(0,-) =0 in (0,L)
Guided by the definition of ¢, as suggested in [20] [35], for 1y, 12, n3 € C\ {0}, we set
3
(7.6) pl(x) =Y (41 —nj)e"+>" for € [0, L],
j=1

with the convention 7;43 = n; for j > 1. The following assumptions on 7); are used repeatedly
throughout this section:

(7.7) m+mn+n3=0, mna+mns+mnns =1,
and
(7.8) me M = el = pzemm k.

Extend y and u by 0 for ¢ > T and still denote these extensions by y and u, respectively. Then,
by Lemma [A1lin the appendix,

lull s @,y < Cllullgsor)-
Assume that
y(T,-)=0.
Then the extension y € C([0,+0o0); L2(0,L)) N L3((0,+00); H'(0, L)) is also a solution of the

linearized KdV system in [0,+00) x (0, L) using the control which is the extension of u (by 0
outside (0,7)), i.e

Yt + Yo + Yzze = 0 (0 +OO) (0’ L),
(7.9) y(,0) = yo(-nL) =0 in (0, +00),
y(L)=u n (0, +00),
y(07 ) =0 ( )

In what follows in this section, we study this quantity, for p € R:

(7.10) /OT /OL Y2 (t, ) g (x)ePt dt da <: /0+00 /OL Y2 (t, ) g (x)ePt dt dx> .
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We have, by Lemma (see also Remark [6.2]), for z € C outside a discrete set,
Yo (ANt = A etk
S0 (Njgr — Aj)eAiv2l
where A\; = \;j(2) for j =1, 2, 3 are determined by (&.1]).

We begin with

Lemma 7.1. Let p € R, 11, n2, n3 € C\ {0}, and let ¢ be defined by (TQ)). Set, for (z,z) €
R x (0, L),

(7.11) J(z,2) = a(z)

)

)\jeAjL _ )\j+1e)\j+1L)e>\j+2;p 2
o1 (N = Aj)e Al
where \j = \j(2) with j = 1,2,3 are the three solutions of A3 + X +iz = 0. Let u € H'3(0, +00)
with compact support in [0,400) and let y € C([0,+00); L*(0, L)) N LE ([0, +00); H'(0,L)) be the

loc

unique solution of (T9). Assume that y(t,-) = 0 for large t. We have

L +o00 L
2 pt T = ulz+1 2 z+1 x)dx dz.
(7.12) /0 /0 ly(t, 2)Ppu(x)e? dt d /R (= + ip/2)] /O Bo(z + ip/2,2) dz d

Proof. The conclusion is a direct consequence of Parseval’s theorem and (Z.11). O

o (),

3
Bp(z,z) = ‘zj:lz(

We next investigate the behavior of

L
/ Bp(zn+ip/2,x)dx
0
for z € R with large |z|]. We have
Lemma 7.2. Let p € R and n1,m2,m3 € C\ {0}. Assume (T8). We have

L
(7.13) / Bp(z+ip/2,z) dz = Ep|z|~"3 + O(|2|7*/3) for z € R with large |2|,
0
where Ep = Ep(n1,m2,m3) is defined by
13
(7.14) Ep=—==> (1 — ),
with [1

A= A(771,7727773) = Uje_njL-
Here and in what follows, for s € R, O(z®) denotes a quantity bounded by C'z® for large positive
z. Similar convention is used for O(|z|®) for z € C.

Proof. We first consider the case where z is positive and large. We use the following convention
%()\1) < %()\2) < %()\3).
We first look at the denominator of Bp(z + ip/2,2). We have, by Lemma B1] at (z + ip/2, x),

1 1
(7.15) , ] -
Zi:l()‘jﬂ = Aj)e Nk Z?=1()‘j+l — Aj)ehivel

€>‘1L€5‘1L 1/3
= (14 0(e ¢ .
(A3 = A2)(A3 — A2) ( (e ))

7A does not depend on j by (Z.8).
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We next deal with the numerator of Bp(z + ip/2,z). Set, for (z,2) € R x (0, L),

3 3 B ) ) )

. s = . e i+ i+ j , , — . _ 1 7

(7.16)  flza) =Y (AeNE = e hyedin gz ) = " (Nehh — X etinb)eliver
Jj=1 j=1

and
fm(27 x) — )\36)\3L6)\2x—)\26)\2L€)\3x—)\3€)\3L€)\1x, gm(z7 .’I') — 5\36)\3L6)\2x—5\26)\2L6)\3x—5\3€)\3L6)\1x.

We have

L
/0 f(z +ip/2,2)g (= + ip/2, 2)pu (x) da
L L
- / Pz + D)2, 2)gm (= + 92, 2) 0 () dax + / (F — fu) (= + ip/2.2)gm = + ip/2, 2)pu () da

L L
+/0 fm(2+’ip/2, x)(g—gm)(z—l—ip/Q, x)‘px (l‘) d$+/0 (f_fm)(z"i'ip/Zv :E)(g—gm)(Z—l—ip/Z, ‘/E)me (‘/E) dz.

By Lemma B.I], we have

L
(7.17) /0 \(f = fm)(z +ip/2,2)gm (2 + ip/2, 2)pg (x)| dx
L
4 /O (F = Fo) =+ p/2,2)(g — gu) (= + ip/2, ) pu ()|

L _
* / (2 +0/2,2)(g — gm) (2 + ip/2, 2)ps ()| da < ClePst)L|e=Cll?,
0

We next estimate

L
(7.18) /0 Jm(z +ip/2,2)gm (2 + ip/2, 2) @ ()

L 3
= / fm(z +1ip/2,2)gm (2 + ip/2, ) an+2(77j+1 — ;)2 | da.
0 -
J=1

We first have, by Lemma Bl at z 4 ip/2,

L L o o
(7.19) / ( B WP e e C T B W P A X W CL AR )\26)\2L6)\3m)\26)\2L6)\3x>
0

3
X Z Nj+2(Nj+1 — n;)el+2® | dx 22 A~ leQPatAstratAa)L (Sl(z +ip/2) + O(e_c|z|1/3)),
7j=1

where

5 _ _ _
)\2)\2 )\2)\3 >\3>\2
7.20) Si(z):= E 02, o(nje1 — 1 ( = - = — _ z
(7.20)  Si(2) Pt 2041 = 1) A3+ A3+ mjr2 Azt A2t mire A2+ Az 4154

8The index m stands the main part.
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We next obtain, by Lemma 3] at z + ip/2,

L _ _ _ _ _ _
(7‘21) / ()\36)\3L6)\1x)\3e)\3L6)\1x _ )\36)\3L6)\1x)\3e)\3L6)\2x _ )\36)\3L6)\2x>\3€)\3L6)\1x)
0

3 —
X | D mira(nyer —my)eh 2t | da = LPatAIL <52(Z +ip/2) + O(e—C’|z|1/3))’
i=1

where

5 _ _ -
)\3)\3 )\3)\3 )\3>\3

7.22) Sy(z :zg Ni+2(Ni+1 — Ny <— = + = + — z
(7.22) 55(2) = 2041 = 75) A+ A +n42 0 At At nipe Ao+ A F 140

We have, at z + ip/2,
L I 3 -
(7.23) / Agersbera® \geAslphan Z Niva(njc1 — n;)en+2® | de = eP3TIEGy (2 4 ip/2),
0 :
7=1

where

3 Mj+2(nj+1 — 0j)AsAs (€A2L+5‘2L+77j+2L _ 1>

(7.24) S3(z) = —
’ ]Ez:l A2 + A2+ g2

(2).

We finally get, by Lemma 3] at z + ip/2,

L ~ ~ L ~ 3
(7.25) /0 ()\36/\3L€/\1x5\26)‘2L6)‘3x + )\26’\2Le}‘3x)\36)‘3Le)‘1x) <Z Nj+2(Mj+1 — 77]')6771'+2:c> dz
j=1

_ ‘e(A3+5\3)L’O(e—Cz1/3).

By Lemma B.J], we have, at z + ip/2,
AL+ 5\1 + Ao+ 5\2 + A3+ 5\3 = 0(2_1/3),
(7.26) A+ AL+ As 4 A = 0(z713),
()\3 — )\2)(5\3 — 5\2) = 322/3(1 + 0(2_1/3)).

We claim that

(7.27) 12| 7Y3181 (2 4+ ip/2)| + |Sa(z + ip/2)| + |S3(z +ip/2)| = O(1) for large positive z.
Admitting this, by combining (TI5]), (Z19), (C.21), (723)), (7.25), and (7.26]), and using (Z.27), we
obtain
L A1 in/2
(7.28) / B +ip/2,x) do = ASCE W/ | 1-2m)
0 322/3

We first derive the the asymptotic behavior of S (z+ip/2). We have, by Lemma[B1] at z+ip/2,

(7.29) Aodo = 223 4+ 0O(1), Adz = 2233 1 O(1), A3k = 223773 £ O(1),
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and
(7.30) 1 _1+0(z7Y3) 1 _ 1+0(z7Y3)
' As+As+mi2 VBB T Ao d Azt mipe (€6 +4)21/3
1 14 0(2~1/3)

Az + 5\2 + Nj+2 N (e_m/G — Z')Zl/?"
It follows that
eim/3

ez7r/6 44

3
(7.31) Si(z+ip/2) = (% +2 ) > i amicn — i)zl + 0(1)

3
=V3Y 7oz —m)lal? + 0().

j=1
We next deal with So(z + ip/2). Since
Z nj+2(Mj+1 —n5) =0,
j=1
it follows that
3 —_ -
. A3A3 A3z > .
Sa(z +1ip/2) = - i1 — 1) | — = + — | (z +1ip/2
2(2 +ip/2) ;77]+2(77J+1 ;) ( R el s o AR )
A3 A3hs > .
+ i i1 — M = — = z+1ip/2
;mw(%ﬂ ) <>\1 +A2+mj12 At A2 ( /2
> Ashs Ashs
+ j i+1 — 15 = - = zZ+1ip/2).
> meattyer =) (s o) v
Using Lemma [3.] we derive that
(7.32) Sa(z +1ip/2) = O(1).
We next derive the asymptotic behavior of S3(z +ip/2). From Lemma[31] we have, at z +ip/2,
(7.33) Ao+ dg = O(z72/3),

Using (7.8]), we derive from (7.24]) that

Sa(e +ip/2) = 2210y Ui )y (472 —1) +0()
j=1 77]+2

ﬁ: (1 = m) (A n2 = 1) + O(1).

Since Z‘;)-:l(njﬂ —1n;) =0 and Z]?)-:l(njﬂ —n;)nj+2 = 0, it follows that
(7.34) S3(z +ip/2) = O(1).
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Combing (7.28]) and (7.31]) yields
l/LBD@r%@MZxﬁh::EDVF”3+CXZQB%
where 0
1 <
(7.35) E&>=:;Ei1;§;73+20y+1—-nﬂ-

The conclusion in the case where z is large and negative can be derived from the case where z
is positive and large as follows. Define, for (z,z) € R x (0, L), with large |z|,

Yo i (AgeNt = et b)eriver

S0 (Mg — Aje Aozl

Mp(z,x) =

Then
Bp(z +ip/2,x) = |[Mp(z +ip/2,z) >0 ().
It is clear from the definition of Mp that
MD(_Za ‘T) = MD(57 .Z')
We then have
Bp(—z+ip/2,x) = |[Mp(—z +ip/2,2)|?¢.(x) = |[Mp(z — ip/2, )| ().
We thus obtain the result in the case where z is negative and large by the corresponding expression
for large positive z in which p is replaced by —p. The conclusion follows. O

As a consequence of Lemmas [T.1] and [7.2] we obtain

Proposition 7.1. Let L € Np. Let u € H1/3(0, +00) with compact support in [0,+00), and let
y € C([0,+00); L*(0, L)) N L ([0, +00); H'(0,L)) be the unique solution of ([L9). Assume that

y(t,) =0 for large t. We have

400 pL L
2 = u(z +1 2 z+1 x)dx dz
(7.36) /0 /0 ly(t, 2) 2, (¢, z) da dt = /R iz + iq/2)] /0 B(x + iq/2,x) de dz,

where )
S (et = At

S0 (N1 — Ag)ehawzk
with A\j = X\j(2) (j =1,2,3) being the three solutions of A> + X\ + iz = 0. Moreover,

B(z,x) = bz (),

L
(7.31) | B+iaj2de = B 4 0[],
0
where
E=— “%(ﬁ+%%>o
 2y/3al? i

Recall that ¢, a, b, ¢, and ® are defined in Theorem [[.11
Proof. We will apply Lemmas [Z.T] and with p = ¢,
m=a+if, m=a—i8, and n3=—2¢,
where o and 8 are defined in ([9]). Thus

2
(7.38) A =nge ML = 2029l = fae_%
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We have
VBAED =03 (ns — n2) + n3(n — ns) + 03 (12 — 1)
=(a+iB)*(=3a+iB) + (o — iB)*(3a + if) — Sia?B
= — 12?3 + 2if(a* — 5%) — 8ia?p.

This implies
2ib

(7.39) VBAEp = —2i(8% + 90%)8 = (b2 + 9a?).
We obtain e
1bes?
Ep = b% + 94?).
b V3aL? ( )
Since, by Lemma Z.T]
the conclusion now follows from Lemmas [7.1] and O

Using Proposition [7.T], we derive the following result which is the key ingredient for the analysis
of the local controllability of the KdV system (1)) in small time.

Proposition 7.2. Let L € Np andT < 1. Letu € H'/3(0,+00) and lety € C([0, +o0); L?(0, L))N

L2 ([0, +00); H'(0, L)) be the unique solution of (L9). Assume that u(t) = 0 for t > T, and
y(t,-) =0 for large t. Then
0o L
(740) /0 /0 [y(t, 2)[* @y (¢, 2) dav dt = E”ueq./2”[2H1/6(0,+00)]* <1 T O(T2/9))’
Proof. We have, by Proposition [Z.1] and Lemma, [B.2]
L

Cla(z +iq/2)|”
<
1+ |z|1/3

Applying Proposition [7.I] again and using the fact fR dz = fzeR,|z|<m dz+ fzeR-\z\>m dz, we derive
that -

L
(7.41) ‘/Rya(zﬂq/z)y?/o B(z +iq/2,r)dvdz — E

|a(z +1iq/2)|?

B(z +1iq/2,x)dx
0

[0( + ia/2)? dz'
5 (11 [2)170

A . 2 A . 2
cof BETWOR ool lCtmor,
|z|<m |z|>m

(14 [2[2)1/6 (14 [2[2)1/6
Applying Lemma [.3] below with s = 1/6, we have
(7.42) iz + iq/2)] < C(12|T + TY3)|ue?"? || 176 (0 1 o0y
Combining (7.41]) and (7.42) yields

Ja(z +iq/2)|?

L
(7.43) ‘/Rlﬁ(z—kiqﬂ)]z/o B(z+iq/2,x)drdz — E TR

2

< Cljue’/ ||H1/60+oo (T8/3m8/3+T2/3m2/3+m_%).

By choosing m = T—2/3

‘/R|ﬁ(2+iQ/2)|2 /OLB(z—I—iq/2,x)d:vdz —E

, we obtain
|a(z +iq/2)|? /212 2/9
e s | S Ol e o T




KDV 45
The conclusion follows. O

In the proof of Proposition [(.2, we have used the following lemma.

Lemma 7.3. Let 0 < T <1,0< s < 1/2 and let v € [H*(0, +00)]* with suppv C [0,T]. Extend v
by 0 fort < 0 and still denote this extension by v. There exists a positive constant C independent
of T and v such that, for z € R,

. 3 1,
(7.44) [0(2)] < C(12[T27° + T27°) |0 (715 0,400+

Proof. Fix x € C1(R) such that x =11in [0,T], x =0 for t > 2T, and 0 < x < 1 and ¥’ < C/T in
R. Then

(7.45) [0(2)] < [Jv]l (£5 (0,400 )+
We have

AT pAT ’ 2| ,—izx _ ,—izy|2
s x(z)[*[e e |
(7.46) Clle X”%{s(o,ﬂo) < /0 /0 2z — g2 dx dy

AT pdT |X )|2 2T roo 1
dx d ————dz dy.
/ / |x— |1+23 y+/0 /4T @ — yfrrzs Y

e — 112 = 4sin?(z/2) < 2,
we derive that the RHS of (7.46) is bounded by

e X s (0,400) -

Using the fact, for x € R,

(7.47) C2T372 4 oT' ™% + CT' 72,
The conclusion now follows from (T.45]) and (7.47)). O

8. SMALL TIME LOCAL CONTROLLABILITY PROPERTIES OF THE KDV SYSTEM - PROOF OF
THEOREM

The main result of this section is the following, which implies, in particular, Theorem after
applying Proposition and Lemma at the end of this section. This result is also the key
ingredient in the proof of Assertion i) of Theorem L3

Theorem 8.1. Let L€ Np, T > 0, and o > 0. Assume that

T L
(8.1) /0 /0 St )PD(t,2) drdt > ool 00y

for all v € HY3(0,T) such that £(T,-) = 0 in (0,L) where £ € X is the unique solution of the
system

gt + gx + Emmm =0 m (O,T) X (O,L),
(8.2) f(',O) = gm('vL) =0 Zn (OvT)7
E(,L)=w in (0,T),
£0,)=0 in (0,L).



46 H.-M. NGUYEN

There exists €9 > 0 depending only on «, T, and L such that for all 0 < € < €y, and for all
solutions y € Xty of the system

Yt + Yo + Yoz + ¥y =0 in (0,7/2) x (0, L),
(8.3) y(-0) =y L) =0 in (0,7/2),
y( L) =u in (0,7/2),
y(o’ ) =e¢ ( )

with |[ull g2 0772 < €0, we have
Recall that ¢ is defined in (LS.

Proof. Let g9 be a small positive constant, which depends only on «, T, and L, and is de-
termined later. We prove Theorem [B1] by contradiction. Assume that there exists a solution
y € C([0,400); L*(0,L)) N L ([0, +00); H'(0,L)) of B3) with y(t,-) = 0 for ¢t > T/2, for some

loc
0 < € < &g, for some u € HY3(0,+00) with suppu C [0,7/2] and [wll 20,y < €0-

Using the fact y(t,-) = 0 for t > T/2, from Proposition 3.4, we have, for £y small,
(84) ”yHLZ (R+;H1(O,L)) S C<HyOHL2(O,L) + |’uHH1/3(R+))7

which in turn implies, by Proposition [3.1] and Lemma Rl below,
(85) ”yHLZ (RJrX(O,L)) < C (HyOHLQ(O,L) + HUHLQ(R+)) .

Here and in what follows, C' denotes a positive constant depending only on 7" and L (C' thus does
not depend on «).
Let y1 and y2 be the solution of the following systems

Y1t + Y1,z + Y1, zxx = 0 in R—I— X (07 L),
yl('v 0) = yl,w('v L) =0 in R—H

(8.6)

yl('vL) =u in Ry,

y1(0,-) =0 in (0,L),

Yat + Y2,z + Y2 xxx + YY1,z = 0 in R—i— X (07 L),

(87) yg(-, 0) = yg,x(',L) = yg(-, L) =0 in R+,

y2(0,-) =0 in (0,L).

Then, by Proposition 3.1
(8.8) lyallxr < CHU|’H1/3(R+)
and
(89) ”yl”L2((O,T)><(O,L)) S C|’uHL2(R+)7
which in turn imply, by Proposition 3.1l and Lemma R below,
1/2 3/2

(8.10) lvallxr < Clyyell i omyzzon) < Cllull g, Il g, )
and

(s.11) 19202 (0 1100.5) < CMErcoman < Cll o, Nl e,
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Set
dy=y—y1—y2in Ry x (0,L).
We have
Oyt + 6Yz + 0Yzza + YOYz + 0Y(Y1 + y2)z + (Y192)z + Y242 =0  in Ry x (0, L),
6y(,0) = dya(-, L) = éy(-, L) =0 in Ry,
0y(0,-) = €¢ in (0,L).

Applying Proposition [3.I] and using Lemma B.1] below, we derive that

(8.12) |Ioyllxy < C<”yly2,xHLl((O,T);LZ(O,L)) + ly2y1,2ll 1 0,1);2(0,1)) + Hy2y2,xHLl((o,T);Lz(o,L)))

< Olullzgyllulisg,, + Ce,

and

(8.13) ||5y||L2((07T)X(O,L)) < C(||Z/5yx||L1((0,T);L2(0,L)) + [[(y1 + y2)5ym||L1((0,T);L2(0,L)))

+ C(”(?Jl +y2)0yll L1 (0,1);2(0,)) + 1Y192ll L1 (0.7):220,1)) + ”ySHLl((O,T);LZ(O,L)))

ED-E3),ER-EID 3/2 5/2
< Cllul Pt Il g, + CllullFae, lull g1/, ) + Ce
3/2 3/2
< Ollull ot lull3ya g, ) + Ce-

In (8I2]), we absorbed the contribution in the RHS of

Y0zl L1 (0,7);22(0,)) + 109 (Y1 + y2)zll L1 (0,1):22(0,L)) 5
which is bounded by Ceg||dy||x,. Combining (81I1]) and (BI3]) yields

(8.14) )<C|yuu3/2 Jlu |1/ 1 Ce.

”y_yl”Lz((O,T)X(OL HY/3(Ry)

47

Since y = 0 for t > T/2 and u = 0 for t > T/2, after using the regularizing effect of the linear

KdV equation, and considering the projection into M7, we derive that

(8.15) l1(T, 22,0 < Cllull Pl el o, , + Ce-

Since y1(T,-) € M7 by Lemma B] it follows from Proposition 5.I] that there exists uy
H'Y3(0,T) such that

(8.16) luillgrarso,ry < Cllya(T, )l rzo,1)
and the solution y; € X7 of the system

Ui+ Yo + Ulaze =0  in (0,7) x (0, L),
v1(+0) =91.(,L)=0 in (0,7),
n(,L)=wu in (0,7),
y1(0,-) =0 in (0, L),

satisfies

€
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Using (8.I5]), we derive from (816 that

3/2 1/2
(8.17) lunllzrvsaory < Cllullyste, lellgera g, ) + Ce:
which in turn implies, by Proposition 3.1
~ 3/2 1/2
(8.18) 1712 < Cllullyefa Il s e, ) + Ce-
Set
y=y1+v in (0,7) x (0,L).
Then
gt+gx+gxxx:0 in (O,T) X (O,L),
g'ao :gx '7L =0 in 07T7
(8.19) (~ ) (L) (0,7)
y( L) =u+wu in (0,7),
:'7(07 ) = :'j(Tv ) =0 in (07 L)
We have

EIDED 4,

1/2
< Clullst, ) lullys g, ) + Ce-

H1/3

Multiplying the equation of y with ®(t,x), integrating by parts on [0, L], and using (EI:III), we
have
L

L
(8.21) y(t,z)®(t,z) dx — % /0 Y2 (t,2)®,(t, ) dz = 0.

dt J,

Integrating (821)) from 0 to T" and using the fact y(7,-) = 0 yield

(8.22) / 0(x)®(0,z) dx + = / / (t,z)®y(t,x) dxdt = 0.
0

We have

2 ~2 ~ ~

< Ollull i lul s, , + Ceoe.
Combining (822) and (8.23) yields
L
(8.24) / o()D(0, ) d + ~ / / P ()0t 2 ddt < Cllal g [l g + Ceoe.
0
Applying (81) to y after noting (8I9]), we derive from ([824]) that, for ey sufficiently small,
1 5 2 1/2
Nl2(o,) + gellu+ wilByrsoge, - < Cllullsie, Il g, + Ceoe.
Using (8.17)), it follows that, for sufficiently small &g,
5/2 1/2
allulltyssoge, e < Cllull ol lullra g, )

We derive from Lemma [A 1] that

< Clull Yoo gy el

allul? (H1/6(0,T/2)]* r2(0,7/2) 1% g3 0,7/2)°
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Note that
3/4

1/4
lull 220,2/2) < Clleell s o 2 /

H'/2(0,T/2)

and
3/4
HY/2(0,T/2)

lull s o,r2) < C”“”[le(o T/2))*
This yields

||u||L2 0T/2 ||U||H1/3 OT/2) < CHUH[Hl/tS(O T/2
So, for fixed sufficiently small &g,

)’

u = 0.
Hence y(t, ) = e¥(t,-) Z 0 for all ¢ > 0. We have a contradiction.
The proof is complete. O

In the proof of Theorem Bl we repeatedly used the following useful result.

Lemma 8.1. Let L > 0 and T > 0 and let f € L*((0,T); H'(0,L)) and g € L*((0,T) x (0,L)).
Then

2 2
(825) ||fg||L1 ((O,T);L2(OL ) — ||f|| ( (OL ) ||f|| ((OT Hl(OL ) HgHLQ( OT)X(O L))

and
(8.26)  1(f9)zllr (o) 1E (0,)]%)

< C<”f9”L1((0,T);L2(0,T)) +1(£9) (-, 0)[| 1 (o,7) + H(fg)('7L)”L1(O,T))a
for some positive constant C depending only on L. Consequently, for f,g € LQ((O, T); H(0, L)),

2 2
(827) HfgSCHLl ((O,T);LZ(O L ) CHfHLZ ((OT )HfH ( OT Hl(O L ) ”gSCHLZ( OT)X(O L))

Proof. We first establish (8.25]). We have

(8.28) |l fgl

T L ) %
L1 ((0,7);L2(0,1)) :/0 (/0 | fal (87$)d33> ds
T . s
< [ s il ( [ loPesoyde)as
0 2€[0,L] 0

1

L L 2
(829)  sup |f<s,w>|sc</0 fsoPas+ | |f<s,:v>||fm<s,:c>|2d:c)

z€[0,L]

=

Using the fact

1 1
< 155, MEaio 1765, Moy
we derive from (B.28) that

1902 (i) € 16 M6 Mol Moz d

< |f?

2 . I .
L2 ((0 T ) ||f|| ( 0, T H1(0 L ) ||g||L2 ((0 T) (0 L)) (by HOlder S lnequahtY)7
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which is (8.25]).
We next derive (8.26). We have, for 0 <t < T,

L L
/0 (f9)a(t,x)p(x) d = —/0 Fo(t, ) () de + (fg)(t, L)p(L) — (f9)(t,0)9(0) for ¢ € H'(0,L).
This implies, by the trace theory applied to ¢ € H*(0,L), for 0 <t < T,

19t M . < C (I 20,0y + 1F9E Oz ) + 1D E L) 2 0m))-
Estimate (8.20]) follows.
The proof is complete. U
To derive Theorem from Theorem B, we also need to use the following simple lemma.
Lemma 8.2. Let T >0,0< s <1, p € C}([0,+00]). Then
lovllizs @,y < Cllollims @,y for v € [H*(Ry)]" with suppv C [0, 7],
where C' is a positive constant independent of v.

Proof. Without loss of generality, one might assume that suppy C [0,27]. Using the duality
between [H*(R)]* and H*(R,), it suffices to prove that
loViasmy) < CIVgsm,) for Ve H*(Ry),

for some positive constant C' independent of V. This follows immediately from the Gagliardo-
Nirenberg characterization of the norm of H*(R.). O

9. LOCAL, EXACT CONTROLLABILITY OF THE KDV EQUATION IN A POSITIVE TIME - PROOF OF
THEOREM [I.3]

This section consists of two subsections. In the first one, we give the proof of Assertion 7). The
proof of Assertion i) is given in the second subsection.
9.1. Proof of Assertion i) of Theorem [I.3l We first consider the case w = 0. We have
2

()\jeAjL - )\j+1e)‘f“L)eAj+2x (2)

3
=1

J

3 3
= 37 (M = ) (2) ) (e - g (-2)
j=1 j=1

and similarly,

E(2)* = E(=)E(~2),
where = is defined in ([6.4). It follows that

|Z(- +iq/2)|?|- + ig/2)|* is an analytic function in z € R.
There thus exists a finite set {z;;1 < j < m} C R such that
Qzj +ig/2) =0for 1 <j<m and Q(z+1ig/2) #0for z€ R\ {z;;1<j<m}.

Since Q(-+iq/2) is continuous in R and Q(z+iq/2) — +oo as |z| — +oo by (Z.37)) of Proposition [7.1]
and Lemma [BI] we derive that for each § > 0 (small), there exists p > 0 (depending on ¢§) such
that

Uz +1iq/2) > pin Js := R\ UL (25 — J,2; +9).
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Let T' > 0 be arbitrary and let y be a solution of (7.9) such that y(¢,-) = 0 for ¢ > 7. Applying
Proposition [Tl and taking into account the fact w > 0, we get

400 pL L
2t x x)dx dt = u(z +1 2B(z+1i x)dx dz
(9.1) /0 /0 V() By (1, ) e dt /R/O Az + iq/2) PB(z + iq/2,2) da dz,

where we extend u by 0 for t < 0 and ¢ > T. This implies

+oo pL
(9.2) /0 /0 Y2 (t, ) D, (t, ) do dt
L L
:// |&(z+iq/2)|2B(z—|—Z'q/2,x)d:17dz—I—/ / [a(z +iq/2)>B(z +iq/2,z) dz dz
Js JO R\Js JO

> ClpHueq'/2H[2Hl/6(07T)]* - 02/) J ’ﬁ(z + ZQ/Q)P dz
&

Lemma [B.2] 2 2
> C’lp||u||[H1/6(07T)]* - CTP(SHUH[Hl/ﬁ(o,T)}*.

By choosing § sufficiently small, we arrive that

[e’e] 400
(9.3) /0 /0 Y2 (t,2) @y (t,x) dx dt > CopllullFy e g 7y

Applying Theorem [B1], we derive that system (L)) is not locally null controllable at time 7'/2.
Since T is arbitrary, the conclusion follows.

We next deal with the case w > 0. It is clear that (9.3) holds with p = w. The conclusion follows
by Theorem [R.1] as before since T is arbitrary. O

9.2. Proof of Assertion ii) of Theorem 1.3l Set

(9.4) o(t) = =71y,

where 1(_; 1) denotes the characteristic function of the interval (—1,1). Then o € C2°(R) and

(9.5) 6(2)] < 016_02\/m for z € R,

see e.g., [44]. Let m € N be large and denote

1
(1) = —o(t/m) for t € R.
om(t) ma(/m) ort e
Let zp € R be such that
Q(zo +1ig/2) =w < 0.

Consider u,, defined by
(9.6) U (2) = €™ 6, (2 — iq/2 — 20) det Q(2)Z(2).
Applying Paley-Wiener’s theorem, see e.g., [41], and using (@.5]), one can check that the function
v which is defined by 9y,(2) = 6 (2 — iq/2 — 20) det Q(2)Z(z) belongs to L?(R) with support in
[~m,m]. We then derive that u,, € L?(R) with support in [0,2m)] since u,,(t) = v, (t +m) for
t € R. Using (@.5]), one can also derive that u,, € C*°(R).

Let y = y,, be the unique solution of ([6.I2]) with u = u,,. From the definition of w,,, we deduce
that

suppy C [0,m] x [0, L],
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since, by Lemma [6.1],
m (2)G(2)
H(z)
is an entire function with modulus is bounded by Ce(™+9)2l for all € > 0, and . (-,0) € L*(R).
It follows that

yxx(zy O) =

Supp Yz (+,0) C [0, m].
Since y(m, x) € M7, applying Lemma [5.3] we derive that
y(t,x) =0 for (t,x) € [m,+00) x [0, L].

We thus can apply Proposition [.1] to y.
Since, by Proposition [7.1]

= e G iR
/0 /O Pt (taydedt = [ SHEEURC 00+ ig/2)d,

it follows from (9.6]) that

(9.7) /OOO /O+OO Y2 (t,2) Dy (t, ) dr dt = ™™ /R 16m (2 — 20)|?|2(2 + iq/2)|*Qz + iq/2) dz.

We have, by ([@.5))

(9.8) 6 (2)] < cre™2V™El for 2 € R.

(9.9) |6m (2)] > c3 for z € R with |z] < cq/m,

(9.10) in{g |Z2(z +1iq/2)| >0, |=(z+1iq/2)| < C(|]z|+1) for z € R,
ze

(9.11) Q(z +iq/2)| < esesl”,

for some positive constant cq, ..., c¢g, independent of m.

Using (O.8), (99), (@.10), (9I1), and the fact Q(z¢ + iq/2) = w < 0, it follows from (0.7)) that
[ee) —+oco
/ / Y2 (t, 2)®,(t, ) de dt <0,
o Jo

for large m. Fix such an m and set

T = 2m.
We thus have just proved, after scaling, that there exists U; € HY/ 3(0,T) such that
(9.12) Yi(T,-) =0 and projy, Ya(T,") = —¢,
where Y7, Y5 € Xp are the unique solution of the systems
Vig+Yie+Yigee =0 in (0,7) x (0,L),
(0.13) Yi(-,0) =Y1,(,L) =0 in (0,7),
Yi(L)=Uh in (0,7),
Y1(0,-) =0 in (0,L),

Y2,t + Y2,x + Y2,:c:c:c + Y1Y1,:c =0 in (07 T) X (07 L),
(9.14) Y2(-,0) =Yo,(-,L) =0 in (0,7),
Y3(-,L) =0 in (0,7).
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We now establish the local controllability for the time 7" which is 2m. In what follows, we

consider T' = 2m. Fix yo,yr € L?(0, L) with small L?(0, L)-norms. We first consider the case

P = lyollz2(0,) > 0,

L L
(9.15) | wordezep [ a
0 0
and
cief’p
(9.16) lyrllrzo,0) < 110 :

for some fixed constant ¢ independent of p.

For r > 0 and yo € L%*(0,L), denote B,(yo) the open ball centered at 0 and of radius r in

L?(0,L). We also denote B, (o) its closure in L?(0, L).

Let ¢ be a small positive constant determined later. For ¢ € Be,(yo), let u; and us be controls

in H'/3(0,T) for which the solutions y; and y, in X7 of the systems

Y1t + Y1,z + Y1, zxx = 0 in (07 T) X (07 L),

y1(+,0) =y (-,L) =0 in (0,7T),
0.17) 1(50) =v1( L) | (0,7)
yl,m('yL) = Uu1 mn (OvT)7
y1(0,-) =0 in (0, L),
Yot + Y2,z + Y2, xxx + Y1tz = 0 in (07 T) X (07 L),
Y2 '70 =12 '7L =0 in 07T7
(0.18) (-,0) (L) | (0,7)
y2,m('7L) = U2 m (07T)7
y2(07 ) = pI'OjMDSD/p in (07 L)a
satisfy
n(T,)=0 and y(T,-) =yr/p.

Moreover, one can choose u; and wg as Lipschitz functions of proj MD‘P/ p with the Lipschitz

constants bounded b

(@12, one can take

uy = (e"%ag — ar)Uy,

where ag¢ = proj,¢/p and ard = proj,,yr/p, and

uz = L( = proj vy ys(T, ) + projuuyr/p) + L(proja,e/p),
where y3 € Xr is the unique solution of the system
in (0,7) x (0,L),
in (0,7),
in (0,7).

Y3t + Y3z + Y3, xxx + Y1tz = 0
y3('70) = y3(7L) = y3,m('7L) =0
y3(0,-) = proj L e/p

(9.19)

Here £ and £ are the operators given in Proposition .11

91t is useful to note that e "o — ar > 0 by (@I5) and (@16) if ¢ is sufficiently small.

positive constants independent of p. For example, using Lemma [5.1] and



54 H.-M. NGUYEN

For ¢ € Bep(yo), let y € X7 be the unique solution of the backward linear KAV system
Yo + Yz + Yaze +yy2 =0 in (0,7) x (0, L),
y(,0) =y.(-L)=0  in(0,T),
Ye(+,0) = v in (0,7),
y(T',) =yr in (0,L).

where v(t) = p'/?y1 4(,0) + py2.+(t,0) with y; and yo being defined by (@.I7) and (@I8).
Note that y € Xr is well-defined if p is sufficiently small by Proposition We will denote

(9.21) Ho(p) =y(0,-) in (0,L) and H(p) =y in (0,7) x (0, L).

Consider the map

(9.20)

A: Bcp(yO) — L2(07L)

¢ = @—Ho(e) +yo.
We will prove that

(9'22) A((p) € Bcp(yO),
and
(9.23) [A(p) = A@)lL2(0,) < Al — @llz20,1)>

for some A € (0,1). Assuming this, one derives from the contraction mapping theorem that there
exists a unique ¢g € B,(yr) such that A(pg) = @o. As a consequence, with y = H(¢o),

y(07 ) = Yo,
and y(-, L) is hence a required control.
We next establish ([0.22]) and (@.23]). Indeed, assertion ([@.22]) follows from the fact
3/2 =Ry
le = Ho()ll 20,0y < Cliell 50,1, for ¢ € Bep(wo).

This can be proved using the approximation via the power series method as follows. Applying
Proposition B3 to y, we derive from ([©.20) that

(9.24) lyllxr < CoY2
Set
(9.25) Yo = p%y1 + py2 in (0,T) x (0, L).
We have
(9-26) (y - ya)t + (y - ya)gc + (y - ya)mmm + (y - ya)yac + ya(y - ya)m = h(t, l‘),
where

h(t, ) = —Yalax + PY1Y1e = =0 > (192)0 — PPY202,2-
Applying Proposition B3] to y — y,, for small p, one can ignore (absorb) the contribution from
the last two terms in the LHS of (3.26]), to obtain

— 3/2

Assertion ([©0.22]) follows since Hy(p) = y(0,-) and ¢ = y4(0,-).
We next establish ([©.23]). To this end, we estimate

(CP - Ho(@)) - (5 - Ho((ﬁ))-

10The index a stands the approximation.
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For ¢ € B.,(yo), denote Uy, us and yi, %2, Ya,y the corresponding functions which are defined in
the same way as the functions w1, us, and y1, Yo, ya, y considered for .

We have
(9.28) W=+ Y=Y+ (Y= Paos + YY2 — Yz = 0,
(9:29) (Ya = Ya)t + (Ya = Ya)z + (Ya = Ya)zze + YaVax — YaYau = 9(t, ),
where
(9.30) g(t, ) = p*? ((y1y2)m - (ﬂlgz)m) +p° <y2y2,m - gz@z,x)-

Applying Proposition to y — y, for p small, one can ignore (absorb) the contribution of the
last two terms in the LHS of (@.28), to obtain

(9.31) ly = Fllxr < Cliyas(-,0) = Jaul0)llgs 0y < Co™2lle = BllL2o,1)-
Using (0.27)) for y — y, and similar fact for § — y,, we obtain
(9-32) 1y = ¥ 5 — Ga)llxy < Cp*2.

From the definition of ¢ in (@.30), we deduce that
(933) ”gHLl ((O,T);Lz(O,L)) < C,Ol/2 ”90 - §5HL2(O,L)‘

Applying Proposition Bl to y, — ¥, after ignoring (absorbing) the contribution of Y4Ya.c — Ya¥a,z
we derive from ([0.29)) that
(9.34) 1Ya = Tallxr < Cp™ 2l = Bllr2(0.0) < Cp>.

Set

Y =y—ya— (J—¥a) in (0,T) x (0,L).
Using (0.28)) and ([@.29), we have
(9.35) WY + 0,Y + OppY = f(t,2) in (0,T) x (0, L),
where
F(t,2) = —g(t2) = (yye = e — (Wabiae — Fadlos))-

From (0.31)), (@.32)), (9.34]), and ([@.33)), we obtain
(9.36) s = 9z = Wabaw — Gabow) | 1 (0 ryi12(0,1)) Cp"2lle — Bl r20,1)-

Using ([@.33)) and (9.36)), and applying Proposition B8 to Y, we derive from (O.35)) that

1Y = Ya — ¥+ Ya)(T, )l L20,1) < Cp'?|l — Pllz2(0,1)-
Assertion ([©9.23]) follows.
We next consider the general case. One can bring this case to the previous case as follows. Set

p = llyollz20,0) + llyrllL2(0,1)-
Without loss of generality, one might assume that p > 0 since otherwise, one just takes zero as a
control.
Fix € > 0 small. By Proposition [Z.1} there exists v; € HY3(0,¢) such that if y; € X, is the
solution of (O.I7) with y1(-, L) = v1 and yo € X, is the solution of ([O.I8)) with ya(-, L) = 0 then

L
yi(e,’) =0, and /0 ya(e,-)p > c.

Set

u = p'?4" v, in (0,¢).



56 H.-M. NGUYEN

Then the unique solution y € X, of the KdV system (L1]) verifies the properties of the previous
case, for large positive v. We are now in the position to apply the previous case with the initial
datum y(g,-). The proof is complete. O

APPENDIX A. HARDY TYPE INEQUALITIES
This section is devoted to the following result related to the Hardy inequality.
Lemma A.1. Let —co <a<b<c¢<+o0, and 0 < s < 1/2 and let w € H*(a,b). Set

Y u in (a,b),
1o in (b,c).

[0l s (a,e) < Cllull s (a,):
for some positive constant C depending only on a,b,c, and s.

Then v € H*(a,c) and

Proof. For notational ease, we assume that a = —1 and b = 0. Without loss of generality, we then
can assume that ¢ = +oo. Let V € H*(R) be an extension of u such that

IV s ) < Cllull s —1,0)-
Applying [36, Theorem 1.1] with v = —s, 7 =2, p = 2 to V, one obtains
Iz VlL2@®) < ClIV | s (r)-
The condition s < 1/2 is required here. This yields
(A1) ]~ ullL2(-1,0) < Cllull s (-1,0)-

Using the equivalent Gagliardo—Nirenberg definition of the semi-norm H?, we have

) YO ey [
HUHHé( 1,+00) ’x_ ‘1_,_28 T ay + . ‘U‘ Z.

o0 ‘U ’2 0 ‘u )‘2 0 ’u 2
/ / \x— ’1+2S drdy < \x— ‘1+28 dmdy—l—C’/ ]a;PS dx,
o) 0
/ ]v[zdx:/ lu|? dz,
-1 -1

0l s (=1,400) < Cllullgrs(~1,0)-
The proof is complete. O

Since

and

we derive from (Al that

APPENDIX B. ON THE ZEROS OF detg
We begin this section with
Lemma B.1. Let L >0, z € C, and ¢ € C*([0, L]) be such that
Paze + o + iz =0 in [0, L],

and

Then
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Proof. Set
U(t,x) = %{emcp(a:)} in Ry x [0,L].
Then W is a solution of the linearized KdV system
U+ U, + Wy =0 in Ry x [0, L],
(B.1) ' +x 0. L]
U(,0)=9(-,L)=T,(-,L)=0 inRy.

We then derive that .
d
— U(t,z)|>dx <O0.
[ meora<

This implies
I(z) > 0.
The proof is complete. O

The following result is useful.
Lemma B.2. Let L € Np. Then det Q(z + iq/2) # 0 for z € R.

Proof. We prove the assertion by contradiction. Assume that det Q(z + ig/2) = 0 for some z € R.
Then there exists ¢ € C*°[0, L] such that
Praz T Pz + Z'(z + iQ/Z)QD =01in [07 L]’
and
©(0) = (L) = ¢ (L) = 0.
Applying Lemma [B.I] we have
S(z +1iq/2) = q/2 < 0.
We have a contradiction. ([l

APPENDIX C. A LEMMA RELATED TO THE MOMENT METHOD
The following lemma from [20] is used in the proof of Proposition 311

Lemma C.1. Let ¢ be an analytic function in C such that ¢ has a finite number of zeros on the
real line, and

(C.1) p(2)| < 1™ in C,

for some 0 < a < 1, and ¢1,¢cp > 0. Let T1,T> > 0, and h € H*(R) for some s < 0 with support
in (0,T1). There exists g € C*°(R) with support in [T1,Th + Ta] such that if z is a real solution
of order m of the equation p(z) = 0, then z is a also a real solution of order m of the equation
h—g¢=0, and

(C.2) l9llgx @y < Ckllhllgs®) for k €N,

for some positive constant Cy, dependmg only on k, Tl, Ts, s, and real zeros and their multiplicity
of .

Proof. The proof of Lemma [C.I] is as in [20], where a special case is considered. The con-
struction of g, inspired by the moment method, see e.g. [44], can be done as follows. Set
n(t) = e_l/(tQ_(T2/2)2)]l‘t|<T2 for t € R. Assume that 21, ..., 2z, are real, distinct solutions of
the equation ¢(z) =0, and my, ..., my are the corresponding orders. Set, for z € C,

i=1

k k
:Z T,Z_ZZ HZ_Z_] (Zczl > s

j=1

J#i
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where ¢;; € C is chosen such that
1 l
ddl<Z(T1+T2/2ZC( )) jlh (Zz)f0r0<l<m“1<z<k
This can be done since 7(0) # 0. Since
h(2)| < CeTz\i?(Z)W7
and, by [44, Lemma 4.3],
1(z)] < Cre= @11 for 2 € R,

using (C.1)), and applying Paley-Wiener’s theorem, one can prove that ¢ is the Fourier transform
of a function 1 of class C''; moreover, 1) has the support in [~T5/2,T5/2]. Set, for z € C,

g(t) =v(t + 11 + 12/2).

Using the fact j(z) = ¢(T1+72/22¢ (%), one can check that § — h has zeros z1, ..., z, with the
corresponding orders my, ..., mg. One can check that
kE m;
9/l gz ry < Crnk Y Z
1=1 [=0

which yields
19Nl ey < O, L k1R 25 (R)-
The required properties of g follow. O

APPENDIX D. SCILAB PROGRAM FOR COMPUTING [,, AND CHECKING THE LOCAL
CONTROLLABILITY PROPERTY FOR n = 0,1,2, 3.

Here is the Scilab program which gives the results in Remark [T.3]

H o ® o
=
o o O

q=0;
alpha=0;
beta=0;
value=0;

function [B] = B(x)
B = (4xx"2«%e " (—6xx) — x"2)"(1/2);
endfunction

function [F] = F(x)
F = B(x) % cos (B(x)) 4+ x* sin (B(x));
endfunction

functlon[l] (x)

=1
= (B(x)*B(x) — 3%x72)7(1/2);

endfunctlon
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k=0; j=0.44; jO=j;
//Here are the outcomes for n=0;
//value=-0.0140641; L=4.5183604; a=-—-0.5065520; b=4.6027563; q=0.2354919;

[/k=1; j=—0.67; jO=j;
// // Here are the outcomes for n=1:
// /] value=-0.0061256; L=10.866906; a=-—-0.6903700; b=10.932497; q=0.1291104;

//k=2; j=-0.78; jO=j;
//// Here are the outcomes for n=2:
//// value=-0.0036196; L=17.177525; a=-0.7947960; b=17.232599; q=0.0933315;

//k=3; j=-0.86; jO=];
//// Here are the outcomes for n=3:
//// value=-0.0024525; L=23.476776; a=-—0.8687610; b=23.524949; q=0.0744156;

while j > 2
j=j — 107 (—6);
if (B(j)> %pi + 2xk«%pi) & (B(j)<3*%pi/2+ 2xk«%pi) & (F(j)<0)
then jO=jO0—10"(—6);
else
J=-3;

end

a=j0

b=B(a)

L=1(a)

g= — 2+ax(a’2 + b"2)/ L"3
alpha=—a/L

beta=-b /L

function [p] = phix(x)
p = —alphaxbetas%e " (alphaxx)*cos(beta*x)
+ beta "2+%e " (alphaxx)*sin (beta*x)
— 2xalphaxbetax%e”(—2xalphaxx)
+ 3xalpha”2x%e " (alphaxx)*sin (betaxx)
+ 3xalphaxbetax%e " (alpha*x)xcos (betaxx);
endfunction

function [p] = P(x)
p = inv_coeff([—q/2 + %ixx 1 0 1]);
endfunction
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function [g] = G(z,x)

lambda= roots (P(z));

g = (lambda(1)x%e " (lambda(1)*L) — lambda(2)*%e " (lambda(2)xL))
+x%e " (lambda (3)*x)

+ (lambda(2)*%e " (lambda(2)*L) — lambda(3)x%e " (lambda(3)*L))
+x%e " (lambda (1)#*x)

+(lambda(3)*%e " (lambda (3)*L) — lambda(1)*%e "~ (lambda(1)*L))
x%e " (lambda (2)*x);

endfunction

function [h] = H(z,x)

h = abs(G(z,x))*abs(G(z,x))*phix(x);

endfunction

function [omega]=Omega(z)

end

function [xi] = Xi(x)
xi = abs(G(z,x))*abs(G(z,x))*phix(x);
endfunction

omega = intg (0,L,Xi);

value=Omega (0)
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