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LOCAL CONTROLLABILITY OF THE KORTEWEG-DE VRIES EQUATION

WITH THE RIGHT DIRICHLET CONTROL

HOAI-MINH NGUYEN

ABSTRACT. The Korteweg-de Vries (KdV) equation with the right Dirichlet control is small time,
locally, exactly controllable for all non-critical lengths and its linearized system is not controllable for
all critical lengths. In this paper, we give a definitive picture of the local controllability properties of
this control problem for all critical lengths. In particular, we show that the unreachable space of the
linearized system is always of dimension 1 and the KdV system with the right Dirichlet control is not
locally null controllable in small time for any critical length. We also give a criterion to determine
whether the system is locally exactly controllable in finite time or mot locally null controllable in
any positive time for all critical lengths. Consequently, we show that there exist critical lengths
such that the system is not locally null controllable in small time but is locally exactly controllable
in finite time.

Key words: Controllability, KdV equations, critical lengths, unreachable space, power series ex-
pansion, Hilbert uniqueness method
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1. INTRODUCTION AND THE STATEMENT OF THE MAIN RESULTS

This paper is devoted to the local controllability of the Korteweg-de Vries (KdV) equation using
the right Dirichlet control. More precisely, we consider the following control problem, for T" > 0,

yt+y$+yw$$+yy$ =0 in (07T) X (OuL)v
y(',O) :yﬂﬂ('aL) =0 m (0 T)?
y(vL) =u in (07T)a

y(0,+) = yo in (0, L).

Here 3 is the state, yo € L?(0, L) is an initial datum, and u is a control, belonging to an appropriate
functional space. The KdV equation has been introduced by Boussinesq [14] and Korteweg and de
Vries [31] as a model for the propagation of surface water waves along a channel. This equation
also furnishes a very useful nonlinear approximation model including a balance between weak non-
linearity and weak dispersive effects, see e.g. [50, 37, 29]. The KdV equation has been investigated

from various aspects of mathematics, including the well-posedness, the existence, and stability of
solitary waves, the integrability, the long-time behavior, etc., see e.g. [50, 37, 29, [48|, [33].

(1.1)

1.1. State of the art. The local controllability for the KdV equation has been studied extensively
in the literature, see, e.g., the surveys [44] [I7] and the references therein. We briefly review here
some results concerning boundary controls. When the controls are y(-,0), y(-, L), y»(-, L), Russell
and Zhang [46] proved that the KdV equation is small time, locally exactly controllable. The case
of left boundary control (y(-, L) = y.(-, L) = 0) was investigated by Rosier [43] (see also [26]). The
small-time local, null controllability holds in this case. The exact controllability does not hold for
initial and final data in the L?(0, L) due to the regularisation effect but holds for a subclass of
infinitely smooth initial and final data [35].

A very close setting to the one considered here is the setting in which one controls the right
Neumann boundary, i.e., y(-,0) = y(-, L) = 0 and y,(+, L) is a control. For initial and final data in
L?(0, L), and controls in L?(0,T'), Rosier [42] proved that the KdV system with the right Neumann
control is small time, locally, exactly controllable provided that the length L is not critical, i.e.,

L ¢ Ny [, where[]

[k2 + kI + 12
(1.2) Ny = {27r Jrng;k,leN*}.

To this end, Rosier studied the controllability of the corresponding linearized system and showed
that the linearized system is exactly controllable if L & Ny. He as well established that when
L € Ny, the linearized system is not controllable. More precisely, Rosier showed that there exists a
non trivial, finite dimensional subspace My of L?(0, L) such that its orthogonal space is reachable
from 0 for small time whereas My is not for any time. To tackle the control problem for a critical
length L € Ny with initial and final data in L?(0, L) and controls in L?(0,T'), Coron and Crépeau
introduced the power series expansion method [23]. The idea is to take into account the effect of
the nonlinear term yy, absent in the corresponding linearized system. Using this method, Coron

IThe letter N stands for the Neumann boundary control.

2N, = N\ {0}.
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and Crépeau showed [23] (see also [22], section 8.2]) that the KdV system is small time, locally,
exactly controllable when dim My = 1. Cerpa [16] developed the analysis in [23] to prove that the
KdV system is finite time, locally, exactly controllable in the case dim My = 2. Later, Crépeau
and Cerpa [18] succeeded to extend the ideas in [16] to obtain the local, exact controllability in
finite time for all other critical lengths. Recently, with Coron and Koenig [24], we prove that such
a system is not small time, locally, null controllable for a class of critical lengths. This fact is
surprising when compared with known results on internal controls for the KdV equation. It is
known, see [15] [36, [41], that the KdV system with w = 0 is small time, locally controllable
using internal controls whenever the control region contains an arbitrary, open subset of (0, L).
The power expansion method is also a starting point of the analysis in [24]. Part of the analysis
is to characterize all controls that bring 0 at 0 to 0 at time T for the corresponding linearized
system. This idea is then used in the study of the water tank problem [25]. It is interesting to
note that there are other types of boundary controls for the KdV equation for which there is no
critical length, see [42] [43], 27, [I7]. There are also results on the internal controllability for the KdV
equation, see [46, 32, 5] and the references therein. A minimal time of the null controllability is also
required for some linear partial differential equations. This is the case for equations with a finite
speed of propagation, such as the transport equation, the wave equation, or the hyperbolic system,
see, e.g., [22] and the references therein. But this can also happen for equations with the infinite
speed of propagation, such as some parabolic systems [9], Grushin-type equations [2l [7, B0, 3],
Kolmogorov-type equations [4], and the references therein.

We now turn back to the control problem . This control problem was first investigated by
Glass and Guerrero [27]. To this end, in the spirit of Rosier’s work mentioned above, they introduced
the corresponding set of critical lengthslﬂ

(1.3) Np = {L €Ry; 321,20 € C: (T4) holds},
where
(1.4) 2167 = 29e™ = — (21 4 29)e” B2 and L% = — (2 + 2129 + 22).

They proved that the set Np is infinite and has no accumulation point. Concerning , Glass and
Guerrero proved that the corresponding linearized KdV system is small time, exactly controllable
with initial and final data in H~1(0, L) using controls in L?(0,T) if L ¢ Np. Developing this result,
they also established that the KAV system ([1.1)) is small-time locally controllable for initial and
final data in L?(0, L) and controls in H/6~ ! for non-critical lengths, i.e., L & Np.

The KdV equation describes the waves moving to the right. Consequently, the control problem
using boundary controls on the right is more interesting and more difficult than the one using
boundary controls on the left in general. It is known that the KdV equation is locally controllable
in small time using left Dirichlet controls for any length since the corresponding linearized system
is always controllable; there is no critical length for the left Dirichlet controls [43] 26]. This is in
contrast with the right Dirichlet controls considered in the paper.

Even the local controllability of the KdV system using boundary controls has been investigated
extensively in the last two decades, to our knowledge, there is no result on the local controllability
of system for critical lengths. In comparison with the set of critical lengths Ny, the set Np
is less explicit. Moreover, the unreachable space for the linearized system related to has not
been determined due to the lack of an appropriate observability inequality for the linearized system
in a suitable functional setting. As revealed later in this paper, the control properties related to
the unreachable space for the right Dirichlet control are quite distinct from the one for the right
Neumann control.

3The letter D stands for the Dirichlet boundary control.
4Controls in H'/5~ means controls in H/®~¢ for all £ > 0.
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1.2. Statement of the main results. The main goal of this paper is to give a rather complete
picture of the local controllability of the control KdV system . The first main result of this
paper is the characterization of all the critical lengths and the corresponding unreachable space
Mp for the corresponding linearized system. The first result in this direction is.

Theorem 1.1. Let L € Np. There exists a unique pair (a,b) € R? such that a < 0, b > 0,

(1.5) (a +ib)e™™ = (a — ib)e® ® = —2ae2,
and
(1.6) L = V* — 3d°.
Set
(1.7) q= —QQ(Ci: al > 0,
(1.8) d(x) = —Be?® cos(Bz) + Be 2T 4 3ae™ sin(Bx) for x € [0, L),
with
(1.9) a=—-a/L and p=-b/L,
and
(1.10) d(t,x) = el¢p(x) for (t,z) € R x [0, L].
Then ® is a solution of the system
o+, + Py, =0 in R x (0, L),

(1.11)

{ D(-,0) = By(0) = B(-, L) = Do L) =0 inR,
and the unreachable space Mp of the linearized system of s given by
(1.12) Mp = span {qb}
Consequently,
(1.13) dim Mp = 1.

Remark 1.1. The main part of Theorem is to show that the complex numbers z1, zo from the
definition of AVp in ((1.3]) can be chosen as

z1=a+1tb and 2z =a — b,
for some a < 0 and b > 0. This is non-trivial, see Section [4]

Remark 1.2. Implicit information given in Theorem is that the function ¢, defined in (|1.8)),
satisfies the following boundary condition:

¢(0> = ¢2(0) = ¢(L) = ¢m(L) = 0.
Using Theorem we can precisely describe the set Np in the following result.

Proposition 1.1. Let L > 0. Then L € Np if and only if L = L,, for some n € N where L,, is
given by
L2 = 4a2 (e % — 1),
with a, < 0 being uniquely determined by
by, cos b, + a,, sinb,, = 0,
where b, satisfies
T+ 20w < b, < 37/2+ 20w and b2 = 4a?(e % —1/4).
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After presenting the results on the unreachable space of the linearized system and the character-
ization of the critical lengths, we next discuss the local controllability of (1.1). Set, for T" > 0,

(1.14) Xr == C([0,T); L*(0,L)) N L*((0,T); H'(0, L))

equipped with the corresponding norm:

HyHXT = Hyuc([ojT];LQ(oyL)) + HyHLQ((O,T);Hl(O,L)).

We later show that System (3.4) is well-posed in Xr if [|yo[|£2(0,z) and ||ul| g1/s( ) are sufficiently
small, see Proposition

Before presenting our result on the local controllability properties of (|1.1)), we recall several
definitions related to these properties.

Definition 1.1. Let T > 0, and let H C L?(0,L) and H, C H'/3(0,T) be Hilbert spaces with the
corresponding norm || - ||z and || - ||z,. System is locally exactly controllable in time T for
initial and final data in H and controls in H, if for any 7 > 0 (small), there exists 6 > 0 (small)
such that for all yo,yr € H with ||yo||a, ||yr|lz < 0, there exists u € H, with |lu||g, < n such that
y(T,-) = yr where y € X is the unique solution of .

Definition 1.2. If for all 7" > 0, System (|1.1)) is locally exactly controllable in time T for initial
and final data in H and controls in H,, then System (1.1)) is said to be small-time locally exactly
controllable for initial and final data in H and controls in H..

Definition 1.3. If System (|1.1)) is locally exactly controllable in some time 7' > 0 for initial and
final data in H and controls in H,, then System (/1.1 is said to be locally exactly controllable in
finite time for initial and final data in H and controls in H,.

Similar properties are associated with the local null-controllability of System ([1.1]) for which yp
is taken to be 0 in the previous definitions.

The second main result of this paper is that System ({1.1)) is not locally null controllable in small
time for controls in H'/2(0,T) for all critical lengths.

Theorem 1.2. Let L € Np. There exist T =Ty > 0 and g9 > 0 such that for all solutions y € X
of the system

Yt + Yo + Yoax + Yy =0 in (0,7) x (0, L),
(1.15) y(,0) =y (L) =0 in (0,T),
y(,L)=u in (0,7T),
y(0,) = ¢ in (0, L),
with 0 < & <eo and |l g1/2(9.1) < €0, we have
y(T',-) #0.

Recall that ¢ is defined in (1.8]).

Remark 1.3. The function ¢ defined in (1.8) belongs to C*°([0, L]) and satisfies ¢(0) = ¢o(L) =0
(see Remark [1.2).

We next present a criterion on the local controllability property of (1.1)) in finite time. Set
2

Ll 3
(1.16) Qz) = / Z ()\jeAJ’L — /\j+1e>‘j+1L)€)‘j+2x ¢z () du,
0 |4
7=1
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where A\; = \;(z) with j = 1,2, 3 are the three solutions of the equation
A+ A +iz=0

and the convention \;y3 = A; for j > 1 is used. It is clear that ) is continuous with respect to z.
One can show that, see Remark

lim  Q(z+1iq/2) = +o0,

|z|]—00,z€R

where ¢ is defined by ((1.7)).
The third main result of this paper is the criterion on the local controllability property of (|1.1))

in finite time for initial and final data in L?(0, L) when L € Np.
Theorem 1.3. Let L € Np and let ¢ > 0 be defined by (1.7). Set
= min {2 iq/2
w = minQ(z + iq/2),

where Q is defined by (1.16). The following two facts hold.

i) If w > 0, then system (1.1) is not locally null controllable in any positive time with controls
in H'Y/2. More precisely, given T > 0 arbitrary, there exists ey > 0 such that for all solution of

y € Xt of (L15) with 0 <e <er and |lull 1729 1) < €7, we have

1) If w < 0, then system (1.1)) is locally exactly controllable in finite time with controls in H/3,
and initial and final data in L*(0,L). More precisely, there exist To > 0 and g9 > 0 such that for
all yo,y1 € L*(0,L) with lyollz2(0,) < €0 and |[y1llz2(0,) < €0, there exists u € HY3(0,Ty) with

lull /s 0.1y < Clllvoll 2o,y + il r2go,n))/? such that

y(T07 ) =Y,
where y € Xr, is the unique solution of (1.1). Here C' denotes a positive constant independent of
Yo and y1.

Remark 1.4. Using Scilab, the program is given in Appendix [D] one can show that

e if n =0, then L = 4.5183604, a = —0.5065520, b = 4.6027563, ¢ = 0.2354919.

e if n.= 1, then L = 10.866906, a = —0.6903700, b = 10.932497, ¢ = 0.1291104.

o if n = 2, then L = 17.177525, a = —0.7947960, b = 17.232599, ¢ = 0.0933315, and
Q(iq/2 + 0.2668750) = —0.4687287.

o if n = 3, then L = 23.476776, a = —0.8687610, b = 23.524949, ¢ = 0.0744156, and
Q(ig/2 + 0.1419531) = —2.3917110.

Parameters of the program (k, j, j0) are given for n = 2. The parameters for n = 0,1, 3 are also
given there.

As a consequence of Theorem and Theorem (see also Remark , there exist critical
lengths for which system is not locally null controllable in small time but locally exactly
controllable in finite time even the unreachable space of the corresponding linearized system is of
dimension 1. This result is surprising and distinct when compared with known related results on
the local controllability of the KAV equation. First, it is known that the corresponding KdV system
with the right zero Dirichlet is locally exactly controllable in small time using internal controls.
Second, the unreachable space of the linearized system of the corresponding KdV system with
the right Neumann control might be of arbitrary dimension. Third, the KdV system with the right
Neumann control is locally exactly controllable in small time if the corresponding unreachable space
is of dimension 1.
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Finally, in the case L &€ Np, we can prove the following result, which sharpens the results in [27]
mentioned previously.

Theorem 1.4. Let L ¢ Np and T > 0. There exist C > 0 and g9 > 0 depending only on L
and T such that for all yo, y1 € L*(0,L) with yollz2(0,0) < €0 and |ly1llz2(0,) < €0, there exists

we HY3(0,T) with ||ull 130,y < Clllyollz2co,L) + [91ll2(0,1)) such that

y(T’ ) =Y,
where y € Xp is the unique solution of (1.1).

1.3. Ideas of the proofs. The characterization of the critical lengths and the unreachable space
is based on the study of system . In comparison with the characterization of the set Ny, the
study of Np is more complex. The main goal and the difficulty in this direction, see Section [4], are
to obtain/characterize all solutions of . The existence of a smaller class of solutions is easier as
observed previously in [27] (see also Remark [4.2)). As a consequence, we derive that dim Mp =1
which is completely different from what is known for the right Neumann control.

Our approaches to Theorem and Theorem are inspired by the power series expansion
method introduced by Coron and Crépeau [23]. This method has also been applied to other contexts
such as local, bilinear control of Schrédinger’s equations [5], [8, [13], decay of the solutions of the KdV
equations [19, 47, [39], local controllability of Burgers’ equations [34], local controllability of water
tank [25], and the references therein.

The strategy is to use the nonlinear effect to move the solution in the direction prohibited by the
linearized system. The idea of this method is to search for/understand a control u of the form

u:su1+52u2+--~
The corresponding solution then formally has the form
y=cyi+eyp+or,
and the non-linear term yy, can be written as
YYo= Y11 + -
One then obtains the following systems for y; and yo:
Yit+ Y1z + Ylaee =0  in (0,7) x (0, L),
(1.17) y1(-,0) =y12(,L) =0 in (0,T),
yi( L) =uy in (0,7,
and
Yot + Y20 T Y200x + Y1Y1. =0 in (0,T) x (0, L),
(1.18) y2(+,0) = y22(-,L) =0 in (0,7),
y2(+, L) = ug in (0,7).

The aim is then to find the corresponding controls u; and wug such that if y;(0,-) = y2(0,-) = 0,
then y1(T,-) = 0 and the L?-orthogonal projection of (T, -) on Mp is a given (non-zero) element
in Mp (the space of the directions prohibited by the linearized system, see Proposition [5.1). To
this end, in [23], 16}, (18], the authors used delicate contradiction arguments to capture the structure
of their studied KdV system.

We here use the ideas in the spirit of the joint work with Coron and Koenig [24]. The starting
point of the analysis is also the power series expansion method. The strategy is to characterize all
possible u; which steers 0 at time 0 to 0 at time T' (Proposition . This is done by taking the
Fourier transform with respect to time of the solution y; and applying Paley-Wiener’s theorem.
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We then investigate the projection of ys into the unreachable space Mp (in Section @ This is
where our analysis deviates from [24] to take advantage of the fact that ¢ is real and to use the
characterization via Paley-Wiener’s theorem to construct u; for which the projection of yo into Mp
has a desired direction (see the proof of Assertion ii) of Theorem [.3). Concerning the projection
of yo into Mp, we use the information of |i(z + iq/2)|? instead of @(z)u(z + iq) as considered in
[24]. This new proposal has two advantages. First, the way to obtain the projection of y, into the
unreachable space M p is less complex. More importantly, it allows us to obtain the criterion on the
local controllability of in finite time given in Theorem by taking into account the fact that
[4(z +iq/2)|?> > 0. Another important part in the proof of the local controllability in Theorem
and Theorem is to obtain the observability for the linearized system with initial/final data in
Mf). To this end, one needs to establish the optimal results on the stability and the well-posedness
of the linearized system of and related ones in which the boundary conditions are in fractional
Sobolev spaces, see Section [3] The proof of the local controllability in finite time given in Assertion
i1) of Theorem is based on a new strategy to handle the lack of symmetry in our control system
in comparison with the one using the right Neumann control. Concerning the KdV system using the
right Neumann control, one can bring a state forward or backward easily thanks to the symmetry
of the boundary conditions. This is not the case for (|1.1)) since the Dirichlet condition on the
right is controlled and the Dirichlet condition on the left is imposed to be 0. To overcome this,
we introduce a new approach that involves a KdV system with a new type boundary condition,
investigated in Section [3] in a backward way. Our analysis uses the Banach fixed point arguments
while the Brouwer fixed point theorem is usually applied to related contexts. It is worth noting that
the analysis in this paper is based on the expansion up to the second order even if the unreachable
space is of dimension 1. This explains the cost of the control given in Assertion i) of Theorem [1.3
This way is different from what has been done for the KdV system with the right Neumann control
where the expansion up to the third order is required.

Here are other comments on the analysis.

i) Various interpolation inequalities involving fractional Sobolev spaces and their dual spaces are
established and used in the proof of Theorem and Theorem [I.3]

1) The analysis for the well-posedness of the KdV equation with various boundary conditions
is in the spirit of the joint work with Coron and Koenig [24]. This partly involves a connection
between the linear KdV equation and the linear KdV-Burgers equation as previously used by Bona
et al. [II] and inspired by the work of Bourgain [12], and Molinet and Ribaud [38]. In this work, to
deal with the boundary conditions containing the information of y,, and derive optimal estimates
on ¥y, Y., and Y., in fractional Sobolev spaces and their dual spaces, new ideas and technique are
implemented (see Remark . It is worth noting that similar estimates for y,, are not known
for the KdV equation in the real line setting and it is not clear whether such estimates hold for
that setting. Our estimates particularly allow us to get the observability inequality for the critical
lengths, which plays a role in determining the unreachable space for the linearized KdV system
(see Section . The unreachable space is not known previously and this determination is also a
contribution of the paper.

i7i) The arguments used in this paper to disprove the small time, local controllability improve the
ones in [24]. One of the key steps in the proof is to establish new (optimal) estimates for solutions
of the KdV equations with various boundary conditions (see Section . The proof also relies on the
positivity of a scalar product which comes naturally in the study of the controllability of the KdV
system for small time. The positivity of a scalar product for small time was also a crucial point of
several lacks of small time, local controllability results for systems with infinite propagation speed.
Nevertheless, the previous ways used to derive the positivity are different, see, e.g., [21], [8, 34, [6] [13].
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1.4. Organisation of the paper. The paper is organized as follows. Section [2| is devoted to
the study of the linear KdV-Burgers equation with the periodic boundary condition. Section 3| is
devoted to the study of the (linear and nonlinear) KdV equations with various boundary conditions.
Section [4] is devoted to the study of critical lengths and some properties of the unreachable space

Mp. We there prove (|1.5)), , and (|1.11)), and establish Proposition In Section |5, we
prove (1.12) and establish the corresponding observability inequality (Lemma [5.2)). The proof of

Theorem is given at the end of this section. In Section [6] we study properties of the controls
which steer 0 at time 0 to 0 at time T. Using results in Section [0, we study attainable directions
for small time in Section [7} The proofs of Theorem [I.2] and Theorem [I.3]are given in Section [§] and
Section [9 respectively. Several technical results are stated and proved in the appendix. The Scilab
program is also given there.

2. LINEAR KDV-BURGERS EQUATIONS

This section is devoted to the study of the linear KdV-Burgers equations with the periodic
boundary condition. Here is the main result of this section, which plays an essential role in the
study of the linearized KdV equation with various boundary conditions investigated in Section [3]

Proposition 2.1. Let g € L*(Ry; L*(0,L)) with fOL g(t,x)dr = 0 for a.e. t >0, and let yy €
L?(0,L) be such that fOL yo(z) dz = 0. There exists a unique solution y € C([0,+00); L*(0,L)) N
LZ([O, +00); HY([0, L])) which is periodic in space of the system

(2 1) yt+4y:c+yxacz_3y:cm =g mn ]R-i— X (OaL)7
Moreover, fort € Ry and z € [0, L],
(2.2) My )2,y + lyC @) @,y + 142 )l 2wy ) + 1Y 0 s @, )

< C(lollzz0. + 901 1, 1201 )
and
(2.3) (s @)l L2ry) + 192 )| vs@, e < C(HyOHH*l(O,L) + HQHU(R%HA(O’L)))
for some positive constant C depending only on L.

The rest of this section consisting of two subsections is organized as follows. In the first subsection,
we present and prove a useful lemma in the spirit of Bourgain’s. The second subsection is devoted
to the proof of Proposition 2.1}

2.1. A useful lemma. The following result in the spirit of Bourgain’s is used in the proof of
Proposition 2.1}

Lemma 2.1. Let (an)nez\{oy C R be such that 3=, s (o) a2 < +o0o. For —2 < s < 3, there exists
a positive constant C = Cy such that

|3—s

2

2s/3 |an||n 2

24 /(I—HZD / Z (z+4n —n3)2 +nt z< 0 Z -
R nez\{0} neZ\{0}
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Proof. For s > —5/2 and for —1 < z < 1, one has

1/2
|an||n|*~* 2
> ol v
—3\2 44 = n
n€Z\{0} (2 +4n —n%)% 4 n nez\{0}
It hence suffices to prove that, for —2 < s < 3,
2
|an||n|*—* 2
(2.5) / A+ [ 30 A
2€R;|z|>1 nez\{0} (Z +dn—n ) +n neZ\{0}
We have
2
|an||n ]~
(2.6) / (EREIEI Iy | @
2>1 neZV (0} (z+4n —n3)2 4+n
(m+1)? ’
1) gl
D I I e B S e e el I
meN, ¥ m? n€Z\{0} (z+dn—n?)*+n
For m3 < z < (m +1)3, one gets
|an||n|*~
(2.7) Z 3\2 | 4
neZilo} (z+4n—n3)2 4+n
_ Z m 4+ kP~ am k]

— 3)2 4
pmirem oy & T Am k) — (m 4+ k)*)2 + (m + k)

Im + k|3_s|am+k‘| |k‘]3_5]am+k|
<C E +C E —_—
— 4 2 4 2

klk<om (1% +1) k; |k|>2m+1 KA(Ikl + 1)

m+keZ\{0} m+k€eZ\{0}

Combining (2.6 and (2.7)) yields

2

3—s
2. 1 2s/3 |an‘|n| d
ey [ asr | S et )

neZ\{0}
2
[m 4+ k> am k] I8 ||
=C e, Al lam k|
m%* k‘kz<2m mg_S(‘k‘ + 1)2 k- k>22m+1 ’k‘H—S(‘k’ + 1)2
m~+keZ\{0} m+keZ\{0}
[ |m + k|62 m2+2s
x| T gkl 2 oy
B +e 6—2s 3—¢ 2425 3 ¢
el o R+ wam ™R+ D) kibiommer FET (R 4 1)

m+keZ\{0} m-+keZ\{0} m+keZ\{0}
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Here 0 < & < 1 is fixed such that s > (¢ —4)/2 (the fact s > —2 is used). We have, for m € N,,
|k| <2m, and m + k € Z\ {0},

k 6—2s
]771—#67_28 < (C for s <3,
m
and, for m € N,
m?* 2+42s 1 C
N < < Cfor s > (e —4)/2.
Z |k|2+2s(|k| + 1)3—< m Z K22k + 1)3F — m2 e = ors> (e —4)/

k;|k|>2m4-1 k|21
m+keZ\{0} s ke [0)

Using the fact, for m € Ny,
1
Z e <40 for0<e<1
3—¢ ’
kmirezyoy (F D)
we derive from (2.8) that
2

apn n3—s
(2_9) />1(1+‘Z|)23/3 Z ( ‘ H | dz

|am+k’2 1 2
< — < _—
<C Z Z (k| + 1)1+ _CZ(|]€’+1)1+6 Z |am ],

meN, k; m+keZ\{0} keZ m; m+keZ\{0}

which yields
2

|anln*~* 2
(2.10) / A+ [ 30 | de<e 3
z>1 nez\{0} (2 +4dn —n%)*+n nez\ {0}
Similarly, we have
, 2
|anl[n]""* >
(2.11) / A+1pze [ 3 | e 3
z<-1 nez\{0} (2 +4n —n)% 4 n nez\ {0}
Estimate ([2.5)) now follows from (2.10) and (2.11)). The proof is complete. O

2.2. Proof of Proposition We only derive the estimates. The uniqueness follows from the
estimates and the existence follows from the proof of these estimates as well.
Multiplying the equation of y by y and integrating by parts, we have

1d [F 9 L ) L
0 0 0
This yields
1d [ )
sar ), WO e < gt ez ly ..

Applying the Grénwall lemma, we obtain the desired estimate for ||y(t,-)||z2(0,7)-

We next establish the estimates for [|y(,z)|| g1/3®, ), 1¥=(, 2)z2@® ), and [[y2a (s 2) | j1/s @, )+
For notational ease, we assume that L = 27. It suffices to consider the case ¢ = 0 and the case
yo = 0 separately.

We first consider the case g = 0. Write the solution under the form

y(t,z) = an(t)e™ in Ry x (0,L) =Ry x (0,2m),
nez
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We then derive that
yo(z) = Z an(0)e™ for x € [0, 27]
neL
and
an(t) = (- 3n% —i(4n — n3))an(t) for t € Ry.
We thus have
an(t) = e(_3”2_i(4n_"3))tan(0) for t e Ry,n € Z.
Since fOL yo dz = 0, it follows that ap = 0. This in turn implies that ag(t) = 0 for ¢ € R.. We hence
obtain

yltoo)y= 3 emee(-mntiin=md)ig o) in R, x (0,27).
nezZ\{0}
Extend y(t,z) for t < 0 by

(2.12) y(t,z) = Z em”e(3"2_i(4n_”3))tan(0) in R_ x (0,27),
neZ\{0}

and still denote this extension by y(t,z). We have, for z € R and n € Z \ {0},
(213) /Oo e(_3n2_i(4”_”3))te—it2’ dt + /0 6(3n2—i(4n—n3))te—itz dt
0 —00

B 1 N 1 _ 6n
32+ i(dn—nd3+2) 32 —i(dn—nd+2z)  9nt+ (4n —nd + 2)2

This implies
2

nzfan(())’
@14)  yCa)? <c / (14 |23 dz.
H/3(Ry) ~CR nezz\{o} n4 + (Z +4n — n3)2

Applying Lemma [2.1] with s = 1, we obtain
(2.15) ||y('7'1")|‘§{1/3(R+) = CHZ/OH%Q(O,%)-

Similarly, we have
2

?|an(0)]
516 ()2 <C/ n]*[an(
(2.16) lye )2 <C [ ng\j{o} (o dn — 32 1l
and
\ 2
_ n*|an(0)|
Q1) ey <C [+
[H/3(R4)] 2R ne;\;{o} (z 4+ 4n —n3)2 + nt
Applying Lemma 2.1 with s = 0 and s = —1, we get
(2.18) ||Z/a:('737)||%2(11g+) < CHZUOH%Z(O,%)‘
and
(2.19) ||ym('a95)”[2H1/3(R+)]* S CHyO”%Q(OJﬂ)'

The proof of (2.2]) in the case g = 0 is complete.
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We next deal with . From and (| , we have

2
nl3 an n
ey < / ( e ) o

nez\fo}

and

n|*(|ay, n
(220) e ) Bynn, e <c/ RS (! [4(an(0)I/In])

32 4
neZ (0} z4+4n—n3)2+n

Applying Lemma 2.1 with s = 0 and s = —1, we obtain

an
(2:21) e, <€ 3 O < ol
neZ\{0}
and
an
(2.22) 190 (- 2) 11/, e < € > lan (O <CHy0HH 1(0,27)"
neZ\{0}

This yields ({2.3]).
We next deal with the case yg = 0. The proof, in this case, can be derived from the previous case
as follows. For ¢t > 0, let W (t) be the mapping which maps yo to y(t,-) with ¢ = 0. We then havelﬂ

(2.23) y(t,x) = /Ot W(t—s)g(s,z)ds.
This implies
(2.24) Yo (t,z) = /Ot Oy (W(t —5)g(s, x)) ds = /000 10,)(8) 0% (W(t —5)g(s, ac)) ds.

Hence

+o0o
Iz < [ 000 (W = 95,0 e ds

= /;OO (/OOO 10,6 (8)0 (W (¢ — 8)9(8’$))\2dt) v ds

_ /0+°° (/OO 10, (Wt — 3)g(5,x))|2dt> 7

By applying the results in the previous case, we have

1/2

( | 0w = gt )P dt) < Cllgls D20,

We thus obtain

—+00
(2.25) 192 (5 o)l L2 ) < C/O lg(s, x|l 12 ds.

5This identity can be derived from ([2.28]) and (2.29) in Remark
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By the same arguments, we have

+oo
226) o) oy < [ L0005 (W (= 5)a(0.2) | i, . s

—+00 +o0
~ /0 192 (W (2 = $)g(5,)) 172, 4 e 45 < C /0 lg(s,2) 20,1, ds-

Similarly, we obtain
+oo
22 oDy, < [ Mon@WiE =gl o, ds

+o0 +o0
= [ W= a0l gyt < [ N0 ds

Assertion ([2.2)) in the case yp = 0 now follows from ([2.25)), (2.26]), and (2.27)).

Assertion (2.3 in the case yo = 0 follows similarly and the details are omitted.
The proof is complete. O

Remark 2.1. The proof gives as well that
y € C([0,L]; HY3(0,400)), yz € C([0,L]); L*(0,400)), and yue € C([0,L]; [HY3(0, +00)]*).

Remark 2.2. Assume that ¢ =0 in R4 x (0, L) and yo € C*([0, L]) is such that fo yo(x) dx =0,
yo —c € C°((0, L)) for some constant c. Using (2.12), one can show that y € C*([0, +oo) 0, L]).
Moreover, using the equation of ¥, one can show that OFy(0,0) = OFy(0,L) =0 for all k > 1.

Remark 2.3. Assume that yo = 0 in (0,L) and g € C((0,+00) x [0,L]) being such that

fo (t,z)dr = 0 for t > 0. One can prove that the solution is then smooth and is 0 around
the time 0. Indeed, for notational ease, assume that L = 2w. One then can show that

(228) t ZL‘ Z / —3n’—i(4n—n ))(t s) ( )d
n€Z\0

where

(2.29) glt,x) =D gnlt)e™.

neZ\{0}
The properties of y follow.

Remark 2.4. There is no term |[yzz|;g2/3(r, )« in (2.3) since we applied Lemma which requires
5> —2.

Remark 2.5. In [24, Lemma 4.1], we proved that, when yo = 0,
(2.30) Iy Dreie) < Clals (g, o)

Estimate (2.3]) improves this.
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3. LINEARIZED KDV EQUATIONS

In this section, we establish several well-posedness results (Proposition Proposition and
Proposition for the linearized KdV equation equipped with various boundary conditions in
the energy space Xp defined in (1.14) and present some of their consequences. Proposition
implies the local well-posedness in X7 (Proposition . Proposition and Proposi-
tion are the starting points of our analysis in deriving the unreachable space and establishing
the corresponding observability inequality in Section |5| (Proposition [5.1)). Proposition and its
consequence (Proposition will be used in the proof of Theorem

Here is the first main result of this section.

Proposition 3.1. Let L > 0, T > 0, (h1,ho,h3) € HY3(0,T) x HY3(0,T) x L*(0,T), f €
Lt ((0, T); L*(0, L)), and yo € L*(0,L). There exists a unique solution y € Xt of the system

Yt + Yz + Yzxx = f mn (07T) X (07 L))
(31) y(ao) = h17 y(vL) = hg, ya:(7L) = h3 mn (OvT)v
y(0,-) = wo in (0,L).

Moreover, for x € [0, L],
(3:2) Myllxr + lyC ) mrssor + 19 2)lezo,r) + 1Y2e (s ) lims o,

S CT7L<”yOHL2(OvL) + ||f||L1 ((O,T);LQ(O,L)) + H(h‘17 h2)HH1/3(O,T) + ||h3||L2(0,T))7

and
(3.3) My 2)r20) + Y2 @) s 0,1y

< CT,L(H?JOH[Hl(O,L)]* + ||f||L1 ((O,T);[HI(O,L)}*) + ||(h17 h2)||L2(0,T) + ||h3H[H1/3(0,T)}*)’
where Cr,1, denotes a positive constant independent of x, yo, f, and hy, ha, h3.

Here and in what follows, [H*]* denotes the dual space of H® for s > 0 and it is equipped with
the standard corresponding norm.

Remark 3.1. In Proposition [3.1], we implicitly admit that
y € C(0,L; H'(0.7)), yo € C([0,L;L*(0,T)),  and g € C([0, L [HY(0,T)]).

These facts are derived from the proof. Results and analysis which are related to Proposition (3.1
will be discussed in Remark [3.6]

The next result is on the well-posedness of the linearized KdV system for which the Dirichlet
condition and the second derivative in z on the right are described.

Proposition 3.2. Let L >0, T > 0, (hy, ho, h3) € H/3(0,T) x H/3(0,T) x [H'/3(0,T)]*,
fe Ll((O,T); L?(0, L)), and yo € L*(0, L). There exists a unique solution y € Xt of the system
Yt + Yo + Yoax = [ in (0,T) x (0, L),
(3.4) y(-,0) = h1, y(-, L) = ha, Yuu(-, L) = h3 in (0,T),
y(0,-) = vo in (0, L).
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Moreover, for 0 <z < L,
(3:5) Myllxr + lyCs o)l s oy + 192 2) 20,y + Y2 @) g8 0,7y
< CT,L(lIyOHm(o,T) + HfHLl((()’T);LQ(O’L)) + 1(has h2)l s o) + ||h3H[H1/3(O,T)}*)7
and
(3:6) Ny(, 2)llr20m) + 192, )l p1rs 0,7y

< CT7L<”3/0H[H1(0,L)]* + HfHL1((OyT);[HI(QL)}*) + [[(h1, h2)ll 2207y + ”h?)H[HQ/S(O,T)}*)?
for some positive constant Cr 1, independent of x, yo, f, and (hi, h, h3).

Here is the third main result of this section.

Proposition 3.3. Let L > 0, T > 0, (h1,ho,h3) € L*(0,T) x HY3(0,T) x L*>(0,T), f €
L'((0,T); L*(0, L)), and yo € L*(0, L). There exists a unique solution y € Xr of the system

Yt + Yz + Yraxx = f m (OuT) X (07 L)7
(37) yar(vo) = h17 y(aL> = h27 y:v(aL) = h3 in (OvT)a
y(ov ) = %o imn (07 L)

Moreover, for 0 <z < L,
(3.8) yllxy +lyCs @) msso.r) + 19 2) M L20,1) + 1Yea (5 )| (173 0,7+

< CT7L<||yOHL2(O7T) + HfHLl((O,T);LQ(O,L)) + ||h2”H1/3(O,T) + H(hl? hS)HL2(0,T))

and
3.9) v, o)z, + Y2 @)l mss o,y

< CT,L<H?J0H[H1(0,L)]* + HfHLl((OyT);[HI(QL)]*) + [[(h1, h2)ll 2207y + Hh3H[H1/3(o,T)}*)7
for some positive constant Cr,1, independent of x, yo, f, and (hy, ha, h3).

As a consequence of Proposition [3.1] we obtain the following well-posedness result, which partic-
ularly yields the well-posedness for system (|1.1)).

Proposition 3.4. Let L > 0 and T > 0. There exists eg > 0 such that for (hi, he, hs) € HY/3(0,T)x
HY3(0,T) x L*(0,T), f € L*((0,T); L*(0, L)), and yo € L?(0, L) with

HyOHLQ(O,L) + ”fHLl ((O,T);LQ(O,L)) + H(h17h2)HH1/3(O,T) + ||h‘3HL2(O,T) < €o,
there exists a unique solution y € Xt of the system

Yt + Yz + Yz + YYz = f mn (O,T) X (07 L)?
(310) y(ao) = h17 y(vL) = h?; ya?<7L) = h3 in (OvT)7
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Moreover, we have
(311) Mllxs + Ny 2) s,y + 19 @) L20,1) + 1Yee (5 )| 178 0,y
< CT,L(”ZlOHL?(o,L) + ||f||L1((0’T);L2(O,L)) + [[(hxs h2) | 173 0,7y + ||h3||L2(0,T))7

for some positive constant Cr,1, independent of x, yo, f, and (hy, ha, h3).

As a consequence of Proposition we obtain the following well-posedness result which will be
used in the proof of Assertion i) of Theorem

Proposition 3.5. Let L > 0 and T > 0. There exists €9 > 0 such that for (hy, ha, hs) € L*(0,T) x
HY3(0,T) x L*(0,T), f € L*((0,T); L*(0, L)), and yo € L*(0, L) with

lyollz2(0.) + ”f”Ll((O’T);LQ(QL)) + lh2ll s o) + 1 (R1s hs) [l p20,m) < €0,

there exists a unique solution y € Xt of the system

Yt + Yo + Yozo T YYo= f in (0,T) x (0, L),
(312) y$<70) = h17 y(aL) = h27 y93(7L) = h’37 n (O7T)7

Moreover, for 0 <z < L,
(3.13) wllxy + lyC @) s,y + e (@) L20,1) + 1Yew ()| (178 0,1y
=< CT,L(HyOHL?(O,L) + HfHLl ((0,T);L2(O,L)) + Hh2||H1/3(O,T) + ||(h1a hB)HLQ(O,T))v

for some positive constant Cr,1, independent of x, yo, f, and u.

Remark 3.2. The meaning of the solutions considered in Proposition (3.1} Proposition and
Proposition are given in Definition Definition Definition respectively. These are
motivated by the integration by parts arguments. The meaning of the solutions in Proposition
and Proposition [3.5] are understood in the same manner where the nonlinear term yy, plays as a
part of the source f.

Proposition [3.4] and Proposition follows from Proposition 3.1 and Proposition by standard
arguments. We just mention here that

T L , 3
<

<o ' < / P + Iyx(t,:v)|2>é ( / ’ |yx<t,:c>|2)% < Cllyll%,

The details of the proof are left to the reader. A sharper estimate can be derived from Lemma (8.1

The rest of this section is organized as follows. The proof of Proposition [3.1] Proposition
and Proposition [3.3] are given in Section Section and Section [3.3] respectively.
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3.1. Proof of Proposition We first give the meaning of the solutions considered in Proposi-
tion [3.11

Definition 3.1. Let L > 0, T > 0, (h1,he,h3) € HY3(0,T) x HY/3(0,T) x L*(0,T), f €

0,
L' ((O,T);LZ(O,L)), and yo € L?(0,L). A solution y € Xt of the system (3.1) is a function
y € Xp such that

T (L L T
(3.14) /O/Of(t,x)ap(t,x)dscdt—i—/o yo(a:)go(O,x)da:—i—/ hs(t)ps(t, L) dt

0
T T T rL
— /0 hg(t)gom;(t, L) dt + /0 hl (t)(pgm(t, 0) dt = — /0 /0 y(got + Pz + (,Oxg;x) dx dt
for all o € C3([0,T] x [0, L]) with o(T,-) =0 and ¢(-,0) = o(-, L) = p.(-,0) = 0.

Remark 3.3. One can check that if y is a smooth solution of (3.1)) then y is a solution of (3.1
in the sense of Definition by standard integration by parts arguments. In fact, Definition [3.1]is
motivated by such arguments.

The proof of Proposition [3.1]is divided into two parts given in the following two subsections. The
first part is on the existence and the estimates for a constructed solution. The second part is on
the uniqueness.

3.1.1. Existence and estimates. The proof of (3.2]) for a solution constructed below is given in two
steps.

Step 1: We first consider the case where yg = 0 and f = 0. By the linearity, it suffices to consider the
three cases (hi, ha, h3) = (0,0, h3), (hi,he,hs) = (h1,0,0), and (hy, he, hg) = (0, ha,0) separately.
In what follows, we extend hi, ha, hs by 0 for ¢ > T and still denote y the corresponding solution
and these extensions by h1, ha, hs.

In what follows in this proof, for an appropriate function v defined on R x (0, L), we denote by
¥ its Fourier transform with respect to ¢, i.e., for z € C,

1 oo ,
O(z,x) = \/ﬂ/o v(t, x)e " dt.

Extend y and hq, ha, hs by 0 for ¢ < 0 and still denote these extensions by y, and hi, ko, hs. Then

(315) Yt + Yo + Yzzz = 0 In R X (07 L)
Taking the Fourier transform with respect to ¢, we obtain, for z € R,
(3.16) 12 + Yz + Yzze = 0 in (0, L).

For z € C, let \; = \j(z) with j = 1,2,3 be the three solutions of the equation A3 + \ + iz = 0.
Set

1 1 1
Q(z) = e}qL e)\QL e)\gL ,
/\16)‘1L )\26)\2L )\36)‘3L
and
1 1 1
== E(Z) =det | A1 Ay Az |,
AN

with the convention A;y3 = A; for j > 1. It is useful to note that
(3.17) H(z) :=det Q(z)=(z) in C.
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is an analytic function, see, e.g., [24, Lemma A1]. Moreover, H only has a finite number of zeros
on the real line since H(z) # 0 for z € R with large |z|.

We first consider the case (hi,he,hg) = (0,0, h3). Taking into account the equation of g, we
search for the solution of the form

3
(3.18) iz,) = 3 ajehe,
J=1

where a; = a;(z) for j = 1,2,3. Taking the boundary condition, we then have
3
Zj:l aj =0,
2?21 aje’it =0,

3 o N.NL
2 j=1 ajAje T = hg,

This implies, with the convention A3 = A;,
Aj+2l _ pAjnl

€ hs for j =1,2,3.

e
det

To estimate the solution, we proceed as follows. By Lemma in the appendix, there exists
g3 € C*(R) with suppgs C [T, 3T] such that if z is a real solution of the equation H(z) = 0 of
order m then z is also a real solution of order m of hz(z) — g3(z), and, for k > 1,

(319) aj =

(3.20) g3l ) < Crllhsll 175 w)-

We now establish (3.2)). Let y3 be the solution of (3.1) where (hq, he, hg) are (0,0, hs — g3), and
f =0, and yp = 0. We have, by applying (3.19) to ys,

_hs(2) - 3) §
) =

(3.21) 3(z, ) deté G

(e)‘i+2L — e)‘j“L)e)‘jm for a.e. z € (0, L).
1

j
We derive that, by the choice of g3, for z € R and |z| < v,

hs(2) — g3(2)
H(z)

3

(2) Z (e>‘j+2L _ e/\j+1L)e)‘jx < C'Tﬁ”hg — ggHH—l/B(R)7
j=1

(3.22)

(1]

and, by Lemma below on the behaviors of A;(z) for large z (the case large negative z can be
obtained by considering the conjugate), we obtain, for z € R, |z| > ~ with sufficiently large =,

3
1 C
3.23 vl byl <
Combining (3.22) and (3.23) yields
ly3 (s )| sy < Crzlihs = gsll 2wy

and

||y3('7x)||L2(]R) < C1T,L |h3 - 93”]_]71/3(]1{).

Similarly, we have
”y&x(‘vw)HL?(R) + Hy37$$('7x)||H*1/3(]R) < CT7L”h3 - 93HL2(R)
and
HySJ(‘vx)HH*?/l"(R) < Crpllhs — QSHHfl/S(R)-
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The estimates for [|y(, z)|| g1/30.1): [1¥2(, @) L20,7)> a0d (Y2 (-, )|l (g1/5(0, 1))+ and the estimate for

ly( @) 20,7 e (@)l gr1ss o )+ follow by moting that y = ys in (0,T) x (0, L) ﬂ
We also have, by integration by parts, for 0 < 7 < 70 < T,

20 3 [ wimoPar =3 [Cwenara sy [ (e DR - o) a

1

+ / " (el (0, ) — s (1,0)(1,0) ) dit — ;/

T1 T1

T2

(It DI = (8, 0)) dt = 0.

Using the estimates for [|y(-, z)|| g1/307)s [|Y2( @) L2(0,7), and [|yza (-, @) || (zr1/3(0,1y)+» We obtain the
one for ||y x,.-

The proof in the case (h1, h2, hg) = (h1,0,0) or in the case (h1, ha, h3) = (0, h2,0) is similar after
noting Lemma [AT]in the appendix. We mention here that the solution corresponding to the triple
(h1,0,0) is given by

o 3
h
§(z, ) = dééz ]EZl(AjJ,_Qe_)\jL — Ajp1e M) eNT for ae. x € (0, L),

and the solution corresponding to the triple (0, ho,0) is given by

J(z, @ d tQ Z Ml a2 )N T for ae. 2 € (0,1).
e

The details are left to the reader.
Remark 3.4. If hy, ha, hs € C°(R), the constructed solution is also smooth.
Step 2: We now deal with the general case. The starting point of the proof is a connection between

the linearized KAV equation and the linear KdV-Burgers equation. Set v(t,z) = e~ 2+7y(t, z),
which is equivalent to y(t,7) = e2*~%v(t,z). One can check that if y satisfies the equation

Yt + Yo + Yoz = fin Ry x (0, L),
if and only if
Ut + AUz + Voag — BVgz = fe 2T in Ry x (0, L).
Set, in R4 x (0, L),

L
(3.25) Y(t,z) =¢Y((t) = i/ f(t,f)e*ZtJré d¢ and g(t,z) = f(t, x)e—2t+x — ().
0
Then
L
/ g(t,z)dx =0 for t > 0.
0

Let 4y € C([O, +00); L2(0, L)) NnL? ([O, +00); HY(0, L)) be the unique solution periodic in space of

the system o

(3.26) Y1t +4Y1e + Ylzee — Y100 = g in (0,+00) x (0, L),
and

(3.27) y1(0,-) = yoe” in (0, L).

6More precisely, one can take y = ys in (0,T) x (0, L).
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Set

1 L
a:L/O y1(0, ) dz.

By Proposition we have, for z € [0, L],
(3.28) lya( @) — allgism,y + ly1a( o)l 2wy + 11,0205 2) | ms@, -
< C<|’fHL1(R+;L2(O,L)) + HyoHL2(o,L)>
and

(329) ni(2) — allzwy) + 1y 2)lse,y < C(HyOH[Hl(O,L)}* + HfHLl(R+;[H1(o,L)]*))-

Let yo € X7 be the unique solution of

( Y2t + Y22 + Y2220 =0 in (0,7) x (0,L),
Yo (t,0) = hy(t) — €2 (yl(t, 0) + Ji ¥(s) ds in (0,7),
(3.30) yo(t, L) = ha(t) — 21 (yl(t, L)+ [l a(s) ds) in (0,7),
Yo (t, L) = ha(t) = (2~ (nn(t,-) + [y ¥(s) ds)) (¢, L) in (0,T),
y2(t=10,-) =0 in (0,L).

Applying the results of Step 1 to y2, and using (3.28)) and (3.28)), we derive that, for = € [0, L],

ly2llxr + 2 o) sy + 122 (5 2)z201) + Y222 (5 ) 1173 0,1+

< CT(H(hla ho)llgrirsm,y + 1hall L2y + ||f”L1([0,T};L2(0,L))>

and
ly2(, ) z20.1) + 1Y2,2C5 @) 1173 0,17y
< CT(H(hlv ho)ll 2wy + I1Psll s g, - + ||f||L1([OT};[HI(O,LM*))-

The conclusion follows by noting that y = €2/~ (y1 + fg P(s) ds) +y2 in (0,7) x (0,L).

The proof of the existence of one solution and its estimates is complete if one can show that
using this process, one can construct a solution which verifies Definition 3.1} To this end, one first
notes that if hy, ha, hs3, yo, g are smooth and supp hq,supp hg,supp hg € (0,7T), suppyo € (0, L)
and suppg € (0,7") x (0, L) then one can construct a solution with the desired estimates. Indeed,
the solution y; given by (3.26)) is smooth and has the property that y;(¢,0) and y;(¢, L) are 0 for ¢
close to 0 (see Remark % Remark . One can then construct a smooth solution yo of
in the interval (0,27") where the the expression of y»(t,0), y2(t, L), and y2 (¢, L) are replaced by
the expressions given in multiplied by a cutoff function y, which is 1 in (0,7") and is 0 for

t > 3T /2. The solution ys is also smooth (see Remark . Then e~ <y1 + fgw(s) ds) + 1y is

still a solution in the time interval (0,7) with the desired estimates. Using this observation, by
standard approximation arguments, one can construct a solution in the sense of Definition [3.1] with
the required estimates. O

In the proof of Proposition [3.1}, we used the following elementary result.
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Lemma 3.1. Forp € C and z in a sufficiently small conic neighborhood of Ry, let \; with j =1, 2, 3
be the three solutions of the equation \> + X\ + iz = 0. Consider the convention R(\1) < R(A\2) <
R(A3). We have, in the limit |z| — oo,

1 . y
(3.31) A= ptld - 3—,271/3 + O3 with pj = e /67HT/3
Hj

Here 2'/3 denotes the cube root of z with the real part positive.

Here and in what follows, for s € R, O(2®) denotes a quantity bounded by Cz* for large positive
z. Similar convention is used for O(|z|®) for z € C.

FIGURE 1. The roots A; of M+ A+iz=0
1/3

satisfy, when z > 0 is large, \; ~ p;z
11 13 where u? = —1.

The same proof as in Step 1 of the proof of Proposition [3.1] gives the following result.

Lemma 3.2. Let T > 0 and (hy, ha, h3) € HY3(0,T) x HY3(0,T) x L*>(0,T). Then the unique
solution y € Xp of the system (3.1)) with yo =0 and f = 0 satisfy, for x € [0, L],

(3.32) y(Cs @) 23 0,0y < CT,L(H(hhh2)\|[H2/3(o,T)]* + Hh?)”[Hl(O,T)]*)a
where Ct,1, denotes a positive constant independent of x, yo, and hy, ha, hs.

3.1.2. Uniqueness. In this section, we establish the uniqueness of the solutions given in Proposi-
tion [3.I] The uniqueness is somehow known for a close definition of the solution which requires ¢
less regular. The definition considered here is somehow more advantageous, see Remark We
shall highlight the analysis in such a way that one can extend it to other settings considered in this
paper; thus we do not need to repeat the arguments as much as possible. Let y € X7 be a solution
with the zero data, i.e., f = 0, yo = 0, and (hy, ho, h3) = (0,0,0). Fix ¢ € C>((0,T) x (0,L))
(arbitrarily). Let y € Xp be a solution of the backward system

gt'i_gx"i_yccmx :w in (OaT) X (OvL)7
§<70) = 07 gx(ao) = 07 g(aL) =0 in (OaT)a
y(T,-)=0 in (0,L).

Using the construction given in Section one can assume that y is smooth (see the last part of
Step 2 of Section [3.1.1]). Taking ¢ = y in the definition, we derive that

T L
/ / Y(t,x)y(t,x) dt de = 0.
o Jo
Since 1 € C°((0,T) x (0, L)) is arbitrary, we deduce that
y=01in (0,7) x (0, L).

The uniqueness is proved. O
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Remark 3.5. The proof of the uniqueness also gives the uniqueness of the solutions in L' ((O, T) x
(0, L)), i.e., one requires y € Ll((O,T) X ((),L)) instead of y € X7 in Deﬁnition

Remark 3.6. We end this section with some comments on Proposition and its proof.

i) The well-posedness of in X7 is proved in [10, Theorem 2.10 and Proposition 2.16] for
L =1 when (0,T) = R4 and the estimate for ||y, (-, 2)|[z2(0,7) in this case is a consequence of their
results. For L = 1, their results imply that, when (hy, he, hg) = (0,0,0),

(3.33) y2(, o)l 22wy ) < Cllvollz2(o,1) for @ € [0,1].

Note that L = 1 is smaller than the smallest critical length in Ay which is 2w. The estimate
as cannot hold for arbitrary L. Such an estimate is not valid for any critical length by
considering a non-zero initial datum in My.

ii) Similar estimates for |[y(-, @) g1/50, ) and [|y=(-, )| L2(0,7) as in in the real line space
setting can be found in [20, 28]. To our knowledge, variants of the estimate for ||y (-, @)l (f11/3 (0 7+
in are not known even in the real line space setting. Our proof of Proposition is in the
spirit of [24], which involves the Fourier transform with respect to time of the solution, as in [10],
and a connection between the linearized KdV and the linear KdV-Burger equations. However, in
the study of the linear KdV-Burger equation with periodic boundary conditions, the singularity
of the kernel is appropriately compensated (see the proof of Proposition , which is one of the
novelties of the analysis. The proof given here is self-contained and is different from the ones in
[20, 28] for the whole line setting, which are based on the Riemann-Liouville fractional integrals
and the theory of Airy functions.

3.2. Proof of Proposition We first give the definition of the solutions considered in Propo-
sition

Definition 3.2. Let L > 0, T > 0, (hy,ho,h3) € H'Y3(0,T) x H'/3(0,T) x [HY3(0,T)]*, f €
Lt ((O,T)7L2(O,L)), and yo € L*(0,L). A solution y € X1 of the system (3.4) is a function y € Xp
such that

T L L T
(3.34) /0 /0 £t 2t x) + /0 bo(2)(0, z) diz — /0 hs(t)p(t, L) di

T T
0 0

Jor all o € C3([0,T] x [0, L]) with ¢(T,-) =0, ¢(-,0) = @a(-,0) = @x( ,L) =0.

The proof of Proposition is similar to the one of Proposition The details are left to the
reader. We just present here the formula of the solution of the system when yg =0, hy =0, ho =0,
and f = 0 and discuss the uniqueness.

Extend h3 by 0 for ¢ ¢ [0, 7] and still denote this extension by hz. Then hy € H~'/3(R). Denote
y be the corresponding solution for ¢ > 0 and extend y by 0 for ¢ < 0. Still denote this extension
by y. One then has

(3.35) { Yt + Yz + Yoze = 0 in R x (0, L),
y(,0) =0, y(-,L) =0, yze(-,L) =h3 inR.
Taking the Fourier transform with respect to ¢, from the system of y, we have
129(2,2) + U2 (2, ) + Yz (2,2) =0 in R x (0, L),
(3.36) 9(2,0) =9(z,L) =0 in R,

Jua(z, L) = h3(z) in R.
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Taking into account the equation of g, we search for the solution of the form

3
(3.37) gz) = 3 aze,
j=1
where \; = \j(z) with j = 1,2,3 are the three solutions of the equation A4+ X+iz =0, and
a; = a;(z) for j =1,2,3. We then have
3
Zj:l aj =0,
Z?:l aje’t =0,

Z?:l aj)\?e’\jL = ]Alg,

This implies, with the convention A\;jy3 = A;,
eNi+2l Al
3 _ 2 2

> hm1 €M (A = Afy)
We now deal with the uniqueness. Let y € X7 be a solution with the zero data, i.e., f = 0,

yo = 0, and (hq, he, hg) = (0,0,0). Let ¢ € CSO((O,T) X (O,L)). Let ¥ € X7 be a solution of the
backward system

(3.38) a; = hs for j =1,2,3.

gt + gx + gmmm = 77/) in (OaT) X (OaL)7
g('70) = 07 gx('ao) = Oa gx('vL) =0 in (O,T),
y(T,)=0 in (0,L).

One can show that ¥ is smooth (see the construction of the solutions given in Proposition and
the last part of Step 2 of Section in fact, the arguments are simpler since the data on the
boundary are 0 and the initial datum is 0). Taking ¢ = ¥ in Definition we derive that

/OT /OLd’(ta x)y(t,x) dtdx = 0.

Since ¢ € C2°((0,T) x (0, L)) is arbitrary, we deduce that
y=01in (0,7) x (0, L).
The uniqueness is proved. O

Remark 3.7. The proof of the uniqueness also gives the uniqueness of the solutions in L* ((O, T) x
(0,L)), i.e., one requires y € L'((0,T) x (0, L)) instead of y € X7 in Definition

3.3. Proof of Proposition We first introduce the notion of the solutions considered in Propo-
sition B3

Definition 3.3. Let L >0, T > 0, (hy, ho, h3) € L*(0,T) x H'/3(0,T) x L?(0,T),
f € L*(0,7); L*(0,L)), and yo € L*(0,L). A solution y € Xt of the system (3.7) is a function
y € Xr such that

T L L T
(3.39) / / F(t 2)p(t,z) + / yo(2)p(0, ) d + / hs(t)pu(t, L) dt

T
- / hy (t)(px(t, 0) dt — )(Pmc t L / / C,Ot + Yz + (,Oxmg) dx dt
0

T
ot
0
for all o € C3(10,T) x [0, L)) with o(T,) = 0, 9(-,0) = p(-, L) = py(-,0) = 0.
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The proof of Proposition is similar to the one of Proposition We only give here the
formula of the solutions in the case f =0, yo = 0, and (h1, ha, h3) = (0,0, h3). Taking the Fourier
transform with respect to ¢, from the system of y, we have

120(2,2) + 92 (2, ) + Yzza(z,2) =0  in R x (0, L),
(3.40) u(2,0) = §(2,L) =0 in R,
Jo(z, L) = hs(z) in R.

Taking into account the equation of ¢, we search for the solution of the form
3
(3.41) iz,) = 3 aze,
j=1

where \; = Xj(z) with j = 1,2,3 are the three solutions of the equation A4+ X+iz =0, and
a; = a;(z) for j =1,2,3. We then have

3 _
> =1 Ajaj =0,
3 NL
>j—1ae" =0,

3 o N.NL
2 j=1 ajAje” = hg,

This implies, with the convention A3 = A;,
@ = Njr1etit2t — Xy petinnh
=
Sohor MM (A prederzl — Ap el

The rest of the proof is almost the same as the one of Proposition and is left to the reader. [

(3.42) hs for j =1,2,3.

4. THE SET OF THE CRITICAL LENGTHS

The main goal of this section is to establish Theorem except for (1.12) and its consequence
(1.13]), and Proposition The results in this section, in particular in (4.1)) will be complemented
with the analysis in the next section (Section [5|) to derive ((1.12)) and (1.13)). We begin with

Proposition 4.1. Assume that L € Np. There exists a < 0 and b > 0 such that

(4.1) (a +ib)el@) = (¢ — ib)el®™®) = —2qe2¢

and

(4.2) (a+ib)? + (a — ib)* + (a + ib)(a — ib) = —L?.
These conditions are equivalent to

(4.3) b2 =L%+3a% a®+1b%=4a%"% bceosb+asinb =0,
(4.4) acosb—bsinb > 0.

Moreover,

(4.5) a and b are uniquely determined by L.

Proof. The proof is divided into two steps.

Step 1: We prove (4.1]) - (4.4).

Let z1 = a + ib and z9 = ¢+ id where a,b,c,d € R. Set
z3=—(21+22) =—(a+c)—i(b+d).
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Note that, if z1 + 20 + 23 = 0, then

(4.6) 22 4 22 4 2120 = —(2120 + 2223 + 2321).

Condition can be then written as

(4.7) 2420423 =0, z1€"' = 29® = 23¢®, and 2129 + 2923 + 2321 = L.

In the three numbers a, ¢, and —(a + ¢), there are two numbers of the same sign. Note also that
if (21, 22, z3) is a solution of (4.7)), then (1, Z2, Z3) is also a solution. Without loss of generality, one
might assume from now on that

(4.8) ac>0, |d > |a,
and
(4.9) b>0.

From , we have
(a+1ib)* + (c+1id)* + (a + ib)(c + id) = — L.
This yields
a? —b? + % — d® + ac — bd + i(2ab + 2cd + ad + be) = — L2,
We thus obtain

(4.10) a’+ac+c®+ L? =b* +bd + d°
and
(4.11) 2ab + 2cd + ad + be = 0.
From , we have
(4.12) (a+ib)e™ ™ = (c+ id)e = —(a+ ¢ + i(b + d) ) e~ (@I —ibtd),
Considering the modulus in , we get
(4.13) (@® +b*)e* = (2 +d*)e* = ((a+c)” + (b+ d)2)e_2(“+c).

Considering the imaginary parts in , we obtain
(4.14) (bcosb+asinb)e® = (dcosd + csind)e® = (— (b+d)cos(b+d) + (a+ c)sin(b+ d))e_((”'c).
This implies that ¢ # 0 since otherwise a is also 0 (since |a| < |c|) and one reaches, by ([4.13)),
[b] = |d] = [b+d],

which yields b = d = 0 and L = 0. This is impossible since L > 0.
Using (4.11) and the facts ac > 0 and ¢ # 0, we have

2a + ¢

4.1 d= b.
(4.15) 2c+a
This implies

c—a
4.16 b+d= b.
( ) + 2c+a
Combining (4.9) and (4.15)) yields that
(4.17) b>0

since b% + bd + d? > L2

The proof now is divided into four cases.
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e Case 1: a > 0. Thus ¢ > a > 0. Since (a + 0)26*2(““) < e~ 2 for a+c >0, it follows that

b+ d)?+e 2> (b+d)?+ (a+ c)2e2ate)

> ((a+c)2 + <b+ d)2)672(a+c) (a2 + b2)62a > b2€2a > b2.

In summary, one reaches

(4.18) (b+d)?*+e 2>

One has, for ¢ > a > 0,

2

4.1 by a0 (70N 2 g2y
(1.19) O+ap® (=0 ) 2 <y
Combining (4.18]) and (4.19) yields
(4.20) e 2> Zb2; thus, by ([@.17), 0 < b < 0.425.
Since a > 0, it follows from (4.20]) that
(4.21) bcosb+ asinb > 0.

We have

a+c< (2824232 +2a0) 2 < (2002 + d® +bd)) P = (B2 + d* + (b+ d)2) "

). ET)
S (202 b2/4) P = (902/4)1/2 T (3e72)Y/2 < 0,638,

Since 0 < b+d < b/2 < 0.225 by (4.16)), (4.19), and (4.20)), it follows that
(4.22) —(b+d)cos(b+d)+ (a+c)sin(b+d) < —(b+ d)cos(0.225) + (a + ¢)(b+ d)

< —0.97(b+ d) + 0.638(b + d) < 0.

Combining (4.14), (4.21)), and (4.22]), we derive that the case a > 0 does not happen.

e Case 2: a < 0 and a # c¢. Thus ¢ < a < 0 since |c| > |al.

x Case 2.1: a < 0 and ¢ < 2a. We have
02 (2‘”0>2b2 < (4/5)22.
2c+a
It follows that
b < (a® +07) = 2P+ d?) < Pef + (4/5)°.
This yields, since ¢ < 0,
(9/25)b% < ?e¢ < 2272,

We obtain
100
(4.23) b < 76_2 < 1.51, which yields, by ([@.17), 0 < b < 1.23.
We have
4.24 a2+62 a+c)?+ (b+d)?)e 472 > (q + ¢)2e 2072
(

since a < 0. It follows from (4.23]) that

1
151> b2 > (a+c)%e 272 — a2 > (a +c)? (efzafzc B §>

27
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Since fi1(t) = t2(e?' — 1/9) is an strictly increasing function for ¢ > 0 and
£1(0.66) > 1.55,
it follows that

(4.25) 0.66 > |a + ¢| = |c| + |a| > 3]al.
Using (4.23)) and ( -, we obtain
(4.26) becosb+asinb > bcos1.23 + ab > 0.33b + ab > 0.

and, since 0 < b+ d < b/2 <0.64 by (4.16)) and (4.23),

(4.27) —(b+d)cos(b+d) + (a+ c)sin(b + d)
{@29)
—(b+d)cos0.64 + (a + ¢)(b+ d) cos 0.64 0.
Here we used the fact sinz > zcosfy for 0 < x < 0y < 1.
Combining (4.14), (4.26)), and (4.27)), we derive that Case 2.1 does not happen.

* Case 2.2: a <0, 2a < ¢ < a with |a| < 1. We have
4 p? -( + d2)ee a)’(c +1?)ele),
This implies, with s = ¢ —a < 0,
(1 — e2) = b2(1 — 2D} < Re2lema) _ 2

= (a+ 5)%e* — a® = a%e® + 2ase® + s%e* — a® < (2as + 5°)e**

We derive that
|2as + 52| o2

4.28 P2 < T 12
( ) — |1 _ e2s|

Set

g(t) =2te™® — 14+ e % for t > 0.
Then
/ —2t —2t
g{t)=(2—-4t—2)e * = —4te ** <0 fort >0,
which yields ¢(t) < g(0) =0 for ¢ > 0. This implies
1

(4.29) |s|e?s < 5(1 —e*).
Combining (4.28]) and - 4.29)) yields
1
(4.30 7 < 2 (@lal + Is]) = 3 (al +1el) < 3/2.
where in the last inequality we used the fact |c¢| < 2|a| and |a] < 1.
We have
(4.31) a? + b ((a+c)? + (b+d)?)e 172 > (a + c)?e 2072
It follows from (4.30)) that
1 1
glal +e) 2 b° > (a+ )72 —a® > (a + o) (e 7% = ),
1 1
(4.32) s> latele 7~ ),
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Since fa(t) = t(e?' — 1/4) is an increasing function for ¢ > 0 and
£2(0.32) > 0.52,
it follows from (4.32)) that

(4.33) la| + |c| <0.32, which yields |a| < 0.16.
Using (4.30) and (4.32), we obtain
(4.34) bcosb+ asinb > bcos/3/2 + ab > 0.33b + ab > 0,

and, since 0 < b+d < b/2 < /3/2/2 < 0.62 by (4.16|) and (4.30),

(4.35) — (b+d)cos(b+d)+ (a+ c)sin(b+ d)

(@33
< —(b+d)c0s0.62 + (a+¢)(b+d) cos0.62 < 0.

Here we used the fact sinz > zcosfy for 0 < x < 0y < 1.

Combining (4.14), (4.34), and (4.35]), we derive that Case 2.2 does not happen.
* Case 2.3: a < 0 and 2a < ¢ < a with |a| > 1. We have, by (4.13)),

(a® +b*)e** = (¢* + d*)e**

Since |c| > |a| > 1 and d? < b? by (4.15), and the function f3(t) = t2¢~2! is strictly decreasing in
[1,+00), we derive that

(a® + %) > (¢ + d?)e*.
Thus Case 2.3 does not happen.
e Case 3: a < 0 and a = c¢. We derive from that
b+d=0.
Assertion — then follow from , and the fact that
R(a + ib)e@) = e%(acosb — bsinb) > 0.

e Case 4: a =0 and ¢ < 0. It follows that
d=—-b/2.
This case does not happen by .
Step 2: We prove . Since
L? = b? — 3a® = 4a®(e75 — 1)
and the function h(t) = 4t2(e% — 1) is strictly increasing in (0, +00), it follows that
a is uniquely determined by L.

This in turn implies that
b is uniquely determined by L

since L2 = b2 — 3a? and b > 0.

The proof is complete. O

We are ready to give
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Proof of Proposition[1.1 By and , we have
L% = 4a?(e7 % — 1),
where a < 0 is determined by, with b = 4a?(e =% — 1/4), b > 0,
bcosb+asinb=0 and acosb—bsinb > 0.
Since b > 0 and a < 0, it follows that
cosb< 0 and sinb<O0.

Hence b = b,, for some 7+ 2nm < b, < 37/2+n2r with n € N. Since b, > 7 and 4a? (e~ %4 —1/4) =
b2, it follows that
lan| > 0.43.
This yields
1

< 0.045.
[anl (el = 1/4) =

(4.36) | cot by| = |an /bn| = 1

We thus derive that
|bp, — 37/2| < 0.045.

Set
t, = b, — ™ — n2mw.
Since
|bp, cos by, | = |ay, sin by, |,
it follows that
(4.37) (tn + T+ n2m) cost, = |ay|sint,.

For t, € (w/4,7/2), the LHS of is a strictly decreasing function of ¢,, and the RHS of
is a strictly increasing function of ¢, since |a,| is a increasing function of t,,. Hence there exists
a unique t, € (7/4,7/2) such that the identity holds. Omne can check that the corresponding a,
fulfills all the requirements. O

Remark 4.1. It is clear, as n — +o0, that a, /b, — 0 so b, —37/2 — 27n — 0 as n — +o0.

We end this section with the following result, which yields ([1.8)) and (1.11)). Recall that « and
are defined by (|1.9) and ¢ is defined by (|1.7]).

Lemma 4.1. Let L € Np. Set

(4.38) m=a+if, m=a—1if, and n3=—2aq,
(4.39) p(x) = (3 —n2)e™™ 4 (1 — n3)e™* + (n2 — m)e™" in [0, L],
and

U(t,z) = ety(z) in R x [0, L].
Then @(x) = —2i¢ and ¥ satisfies (1.11). Consequently, (1.8)) and (1.11)) hold.

Proof. Since
7716—771L — 7726—772L — 7736—773L
m+m+n3=0, mnz+mnens+nym =1 and mmnan3 = —q,
it follows that
{ Paze T 0z +qp =0 in (O’L)v

©(0) = ¢x(0) = @(L) = @zz(L) =0 in [0, L.
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We derive that ¥ is a solution of (1.11)). A computation gives
o(z) =(=3a +i8)el P L (3a 4 iB)el*P)2 _ 2jge202

= — 6iae™ sin(Bx) + 2ife™” cos(Bx) — 2ife 2"

=21 (56” cos(Bx) — fe 2% — 3ae™® sin(ﬁx)) = —2i¢.
The proof is complete. O

Remark 4.2. In this section, we characterize all solutions of and obtain the corresponding
unreachable space M p for the corresponding linearized system. Previously, a subclass of solutions
of , which corresponding to even and large n in our notations, are given in [27, The proof of
proposition 4]. Our analysis is different from and much more involved than the one given in [27].

5. THE UNREACHABLE SPACE OF THE LINEARIZED SYSTEM FOR A CRITICAL LENGTH

In this section, we prove that the unreachable space is given by ((1.12]) and study its controllability
properties of the linearized KdV system:

Yt + Yz + Yoz =0 in (0,7) x (0, L),
(5.1) y(,0) =y (-, L) =0 in (0,T),
y(,L)=u in (0,7),

for a critical length. The main result of this section is Proposition [5.I] which is based on an
observability inequality with initial data and final data in Mf), where Mp is defined by .
In comparison with the right Neumann boundary control system, this part in the Dirichlet setting
is more complex and technical. The proof of Proposition involves the well-posedness and the
estimates for solutions in X7 given in Proposition [3.1] and Proposition [3.2

We begin with the following simple but useful result.

Lemma 5.1. Let L € Np and T > 0. For yy € L*(0,L) and u € H'/3(0,T), let y € X1 be the
unique solution of the system

Yt + Yz + Yoz =0 in (0,7) x (0, L),
y(-,0) =yz( L) =0 in (0,7),
y(,L)=u in (0,7),
y(0,-) = wo in (0,L).

Then .
/ y(t,z)®(t, z) dx is constant on [0,T].
0

Recall that ® is defined by ([1.10]).
Proof. Using the fact, by integration by parts,
d L

dt Jo

the conclusion follows. O

y(t7 ZL’)‘I)(t, I‘) dr =0,

We are ready to state the main result of this section on the unreachable space for the linearized

KdV system (5.1)).
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Proposition 5.1. Let L € Np and T > 0. We have

i) for ¢ € Mp \ {0}, there does not exist u € H'/3(0,T) such that y(T,-) = ¢ where y € X is
the unique solution of (5.1] . with y(0,-) = 0.

ii) there exists a linear continuous operator £ : M3 — H'Y3(0,T) such that y(T,-) = ¢ where
y € Xr is the unique solution of (5.1)) with y(0, ) =0 and u=L(p).
(0
£(

iii) There exists a linear continuous operator L : M5 — HY3(0,T) such that y(T,-) = 0 where
y € X is the unique solution of (5.1 . with y(0,) = ¢ and u = L(p).

Proof. Assertion 1) is just a consequence of Lemma
We next deal with assertions i) and iii). Let ¢ € M$. Let y* € Xr be the unique solution of
the backward linear KdV system

Yi + Yz T Ypgz = 0 in (0,T) > (0, L),

(5.2) ¥ (0) =y:(0) =y (L) =0 in (0,7),
y*(T,-) = in (0,L).

Applying the observability inequality in Lemma below to y*(T — -, L — -), we obtain
(5.3) A MYl z20,0) < 19aa s Dl sy < Alllz2,n)
for some constant A > 1. Fix a continuous linear mapping
(5.4) Ly [HY30,T)]* — HY3(0,T)
such that
(5.5) (L1(h), >H1/3(0 THHY3(0,T))* = CHhH[Hl/s (0,7)]* for all h € [H1/3(07T)]*7

for some positive constant C'. This can be done using the Fourier series or the Fourier transform
appropriately.
We first prove assertion 7). Equipped M]Jj with the L?(0, L)-scalar product. Define

A Mp — M5
by

A(d}) = y(Ta ')7
where y € X is the unique solution of the following system

yt+yx+ymc:c:0 ( )X( )
y(+,0) =y(-,L) =0 in ,

(5.:6) (- 0) = (-, L) ( )
with h = Li(yi,(-, L)) where y* is determined by ( . ) (y(T,-) € M3 since y(0,-) = 0 by

Lemma . An integration by part yields

L T
(5.7) /0 y(T,x)z*(T,x)da::—/O y(t, L)z, (t, L) dt,

for all solutions z* € Xp of with 2*(T, ) € M5.

Using and applying the Lax-Milgram theory, we derive that A is linear continuous and its
inverse is also linear continuous. The conclusion of i) follows by taking £(v) = £1(yk,(-, L)) and
y* is the solution of with ¢ being replaced by A~ (1)).
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We now deal with assertion ii). Set
H= {y;x(-,L) € [H1/3(0,T)]*; where y* is determined by (5.2) with ¢ € ./\/lfj}

It follows from (5.3) that H is a closed subspace of [H/3(0,T)]* so is a Hilbert space. We next
consider the following bilinear form on H:
d(u, ’U) = <£1(u), U>H1/3(0,T);[H1/3(O,T)}* .

Using (5 , we derive from the Lax-Milgram theorem that there exists a continuous linear applica-
tion A : ./\/lL — H such that

L
(58) | et 0.0 dr = a(Ap. szl 1)
for all solution y* € X7 of (5.2) with ¢ € M3.
Set
ﬁ = £1 e} A

The conclusion of 4ii) then follows after noting that if y(0,-) € Mg then y(T,:) € M$ by
Lemma [5.1] and the fact

L L T
/0 y(T, 2)y" (T, z) dzx — /0 y(0,2)y* (0, ) d = — /O y(t, LYo (t, L) db.

The proof is complete. O
Here is the observability inequality used in the proof of Proposition

Lemma 5.2. Let L € Np, T > 0, and let y € Xt be a solution of the linearized KdV equation in
(0,T) x (0, L) with y(0,L —-) € M$ and with y(-,0) = y(-, L) = yz(-,L) = 0. Then there exists
A > 1 depending only on L and T such that

(5.9) A7y, ) z20,0) < Nww (Ol gasorye < Ally(0: )l p2(0,1)-
Proof. By Proposition we have
(5.10) 1Yz (- Ol a3 0.y < CllY(0, )l £2(0,1)-
We next prove
(5.11) 190, M z20,0) < Cllya (- )l (g1/30.1))-
by contradiction. Assume that there exists a sequence (y,) such that ¢, (L —-) € M3 and
(512) e Ol grssiop < (0, 20y =

where y, € X7 is the unique solution of the linearized KdV equation in (0,7") x (0, L) with y,(0,-) =
¢ and yn(+,0) = yn(-, L) = yn (-, L) = 0. Set
(5.13) ya(t,z) =yn(T —t, L — x).
Then y, € Xr is a solution of the equation y,; + ynz + Ynazee = 0 in (0,7) x (0,L). By the
regularizing effect of the linearized KdV equation, without loss of generality, one might assume
that y,(0,-) = y,(T, L — -) converges in L?(0, L). Applying Proposition to y,, one derives that
Yn(0, L — ) = y,(T,-) is a Cauchy sequence in L%(0, L). In other words, ¢, = y,(0,-) is a Cauchy
sequence in L%(0, L). Let ¢ be the limit of ¢, in L?(0, L) and denote y € X7 be the corresponding
solution of the linearized KAV system. Then [|¢||2¢,r) =1 and ¢(L —-) € M.

Set y(t,x) =y(T —t,L —x). Then y € X is a solution of the system

(514) Yt + Yo+ Yezz =0 In (OvT) X (07 L)>
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(5'15) y('70> - Ym('70) - y(-,L) = yﬂcx('7L) =01in (O,T),
and

Proposition @
¥(0,-) € Mp (by Lemma[5.1)  and 1y (0, )l 220, > Cliellrzo,n) = C-

By Lemma below, y(0,) = ¢¢ in (0,L) for some ¢ € R where ¢ is defined by (1.8). Since
y(0,-) € Mg, it follows that ¢ = 0 and hence y(0,-) = 0 in (0, L) We obtain a contradiction. Thus

(5.11)) is proved.
The conclusion now follows from ([5.10]) and ([5.11]). O

In Lemma we used the following result, which is also helpful in the proof of Assertion ii) of
Theorem [L.3

Lemma 5.3. Let L € Np and T > 0. Assume that y € Xr is a solution of the system

(5.16) { Yt + Yz + Yaze =0 in (0,T) x (0, L),
Y(+0) =42(-,0) = y(-, L) = yau(-, L) = 0 in (0, 7).

There exists some ¢ € R such that

(5.17) y=c® in (0,7) x (0,L).

Proof. Set

(5.18) V= {g& € LZ(O,T) N Mf);ﬂy € X satisfying and y(0,-) = <p} - LZ(O,L).
We claim that

(5.19) VY = {0}.

Admitting the claim, the conclusion now follows from the claim as follows. Set

¢ = proja, (0, ).
Then
p = c¢ for some ¢ € R.
Set
y=y—c®in (0,7) x (0, L),
where ® is defined by . Then y € X7 is a solution of and 3(0,-) € M$. By , one

has
y(0,-) =0.
It follows that
y=c®in (0,7) x (0, L),
which is the conclusion.
It remains to prove (5.19)). We will prove that V = {0} by contradiction. Assume that V # {0}.
Using the regularity theory for the linear KdV equation and Proposition one can show that
Y c C*([0, L]).

For the same reason, one can show that any bounded sequence in V (equipped L?(0, L)-norm) has
a subsequence converging in V. Thus V is of finite dimension and is not {0}.

We can now involve the arguments via spectral theory in the spirit of [27] or even simpler (see
also [I, 42]) to show that there exists ¢ € V \ {0} and X € C such that

(5.20) Ao + @z + Paze = 0in (0, L),

(5'21) 30('70) = 90('70) = cpm('aL) = Soxac('7L) =0.
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Indeed, this can be done by considering

AV — V

and taking A € C and ¢ € V\ {0} such that .Ap = Ap. The only point required to be checked is the
fact that ¥, + 1y € V for p € V. To this end, one just notes that — (1, + ¥zrz) = y4(0, -) where
y € X is the corresponding solution (thus y(0,-) = v).

Let n; with j = 1,2,3 be the three solutions of the equations

n*+n+A=0.

(5.22)

Then ¢ has the form
© = y1€MT + 72T 4 ~v3e™* in [0, L].
Using the boundary conditions of ¢, we obtain
7+ +73=0,
Y1 + Y2m2 + y3nz = 0,
yieME 4 ypeml 4 qgenisl =,
et + yanjet + yzngent = 0.
As in [27, (30)], we then derive that
,,716—71111 — 7726_772L — 7736_773L.
Without loss of generality, one can assume that
-mL=z and —mnL =2,
(here 21 and 29 are the complex numbers in the definition of Np) which yields
@ =co
for some constant ¢ € C. In other words,
(NS M D-
We have a contradiction since ¢ # 0 and ¢ € MJD-.
The proof is complete. O

By the same arguments used in the proof of Lemma we also have the following observability
inequality in the case L ¢ Np, which is the key point of the proof of Theorem [I.4]

Lemma 5.4. Let L & Np, T > 0, and let y € X7 be a solution of the linearized KdV equation with
y(0,-) € L?(0,L) and y(-,0) = y(-, L) = y.(-,0) = 0. Then, for some A > 1,
(5.23) A7y (0, )220, < 192w (O s o,y < Ally(0,)llz2(0,1)-

Here is a variant of Proposition [5.1] in the case L & Np.
Proposition 5.2. Let L € Np and T > 0. Then

a) There exists a linear continuous operator £ : L*(0,L) — HY3(0,T) such that y(T,-) = ¢
where y € X is the unique solution of (5.1) with y(0,-) =0 and v = L(yp).

b) There exists a linear continuous operator £ : L*>(0, L) — HY3(0,T) such that y(T,-) = 0 where
y € Xr is the unique solution of (.1) with y(0,-) = ¢ and u= L(p).

We are ready to give

Proof of Theorem [1.7. Theorem follows from Proposition and Lemma as usual. The
details are omitted. O



36 H.-M. NGUYEN

6. PROPERTIES OF CONTROLS WHICH STEER 0 AT TIME 0 TO 0 AT TIME 1T

In this section, we study controls that steer 0 at time 0 to 0 at time 7" for the linearized KdV
system of (1.1]). To this end, it is convenient to introduce the following quantities.

Definition 6.1. For z € C, let (A\j)1<j<3 = (X;(2)) be the three solutions of

1<5<3
(6.1) N4+ A+iz=0.
Set
1 1 1
(6.2) Q=0Q(2):=[ eMt er2l etk |
)\16/\1L A2€)\2L A3€)‘3L
3
(6.3) Pp = Pp(z Z el petivel)
=1
and
1 1 1
(6.4) == E(Z) =det | A1 Ay Az |,
AN A

with the convention \jy3 = \; for j > 1.

Remark 6.1. The matrix ) and the quantities Pp and = are antisymmetric with respect to A;
(7 = 1,2,3), and their definitions depend on a choice of the order of (A1, A2, A3). Nevertheless, we
later consider a product of either Pp, Z, or det Q with another antisymmetric function of (\; ) or
deal with |det @], and these quantities therefore make sense. The definitions of P, =, and @Q are
only understood in these contexts.

Given u € HY3(0,400), let y € C([0,+00); L*(0, L)) N L% ([0, +00); H'(0, L)) be the unique
solution of the system

Yt + Yo + Yzex =0 in (0, 400) x (0, L),
y(-,0) = yz(-, L) =0 n( , +00),
y(,L)=u n (0, +00),
y(0,-) =0 in (O,L).

(6.5)

In what follows in this section, we extend y and u by 0 for ¢ < 0 and still denote these extensions by
y and u, respectively. For an appropriate function v defined on R x (0, L), let © denote its Fourier
transform with respect to t, i.e.,

0(z, x) e Fdt.

1
=— [ v(t,x
V2T /R (
From the system of y, we have

i29(z, %) + Uz(2, ) + Yzzz(z,2) =0 in R x (0, L),
(6.6) 9(2,0) = 9.(2,L) =0 in R,
9(z, L) = u(z) in R.

This system has a unique solution outside a discrete set of z in C, see [24, Lemma 2.1].
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Taking into account the equation of g, we search for the solution of the form

3
Q(Z7 ) p— Z aje)\jx7
i=1

where \j = \j(z) with j = 1,2,3 determined by (6.1]).
Using the boundary conditions for g, we require that
3
Zj:l aj =0,
Z?Zl eMila; = a,
Z?:l )\je)‘jLaj =0.
This implies
Q(a17 az, a3)T == (07 ?l, 0)T7

where Q = Q(2) is given in Definition We thus obtain

aj = 7de1tLQ (A1t =y ppetiet).
This yields
.03
0
(6.7) U(z,7) = Z ()\j+le>\j+1L _ )\j+2e>\j+2L)e>\jm'
det Q =
From ([6.7)), we derive that
. a(z)Pp(2)
6.8 a:ms 70 = T AT
(6.9 (2.0 = T
where Pp(z) is given in Definition
Set
(6.9) G(z) = Pp(2)/E(z) and H(z)=detQ(z)/=(2),
where =(z) is given in Definition It is convenient to consider 0;;9(%,0) under the form
. u(2)G(2)
1 TT ) = TN
(6.10) 022 (2,0) H2)

By [24, Lemmas Al and B1], 0;,9(%,0) is a meromorphic function, and
(6.11) G(z) and H(z) are entire functions.

We thus have just established the following result.

Lemma 6.1. Let u € HY/3(R,) and let y € C([0,+00); L2(0,L)) N LE .
unique solution of

Yt + Yz + Yzaz =0 in (0,400) x (0, L),
(6.12) y(,0) = yo(,L) =0 in (0,400),
y(,L) =u in (0,400),
with

(6.13) y(0,-) =0 in (0, L).

37

([0,400); H(0,L)) be the
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Outside a discrete set z € R, we have
. 3
(6.14) §(z, ) = ﬁ Z ()\j+1€)\j+lL - )\j+26)‘j+2L)e’\jm for a.e. x € (0,L).
e
j=1

Remark 6.2. Assume that 4(z,-) is well-defined for z € C (e.g. when u has a compact support).
Then the conclusions of Lemma hold outside of a discrete set z € C.

We end this section with the following result, which is the starting point of our approach, and
follows from Lemma and Paley-Wiener’s theorem, see e.g., [45].

Proposition 6.1. Let L > 0, T > 0, and u € H1/3(R+). Assume that u has a compact support
in [0,T], and u steers 0 at the time O to O at the time T, i.e., the unique solution y of and
(6.13)) satisfies y(T,-) = 0 in (0,L). Then 4 and 4G/H satisfy the assumption of Paley-Wiener’s
theorem concerning the support in [—T,T], i.e.,

(6.15) @ and uG/H are entire functions,
and
N 'lAJ,G(Z) T|z|
1 < o Tl
(6.16) i)+ |t | < cer,

for some positive constant C.

Remark 6.3. The computations in this section are in the spirit of the ones [24]. Nevertheless, in
the conclusions of Proposition we have/require that

9(z, L) and 0z29(#,0) are entire functions satisfying (6.16)).
This is different with the one used in [24, Proposition 3.1] where one obtains that
d:9(z, L) and 8,;9(z,0) are entire functions satisfying a variant of (6.16]).
These differences are important to take into account different boundary conditions, see the proof of
Assertion i7) of Theorem in Section
7. ATTAINABLE DIRECTIONS IN THE UNREACHABLE SPACE IN SMALL TIME

In this section, we investigate whether or not directions in M p, defined in ([1.12]), can be reached
in small time. The starting point comes from the power series expansion approach. Let y; and s
be the solutions of

Yi,t + Yz + Y1, zxx = 0 in (07 T) X (0, L),
yi(+,0 =, »L)=0 1in (0,7),
(1) (-,0) (L) | (0,7)
yi( L) =wuy in (0,7),
yl(O, ) =0 in (O,L),
Yot + Y22 T Y2002 + Y1Y1,c = 0 in (O, T) X (0, L),
(7.2) y2(-,0) = y2(-, L) = y2.(-,L) =0 in (0,7,

y2(0,-) =0 in (0, L),

for some control u;. The key point of this approach is to first understand how one can choose u;
so that

yl(Tv ) =0
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and then analyse what the behavior of proj, Dyg(T, -) is. To this end, we compute the quantity

L
(7.3) /0 y2 (T, 2)®(t, z) dx,

where @ is defined in (1.10). Multiplying the equation of yo by @, integrating by parts in (0,7") x
(0, L), we obtain, after using the boundary conditions and the initial conditions,

(7.4) /OLyg(Tx) //yltx o(t,2) dz.

The goal is then to understand the value of the RHS of ([7.4} .
We will study the value of the RHS of ([7.4) in a more general setting. Motivated by the definition
of y1, we consider the unique solution y € XT of the system, for u € H1/3(0, T),

Yt + Yz + Yzaz = 0 in (07 T) X (0, L)7
y'70 =Yz '7L =0 in O,T7
7.5) (-,0) (L) (0,7)
y(,L)=u in (0,7),
Guided by the definition of ¢, as suggested in [24], 39], for 11, n2, n3 € C\ {0}, we set
3
(7.6) p(x) = Y (nj1 — n;)em+2 for z € [0, L],
j=1

with the convention 7;43 = n; for j > 1. The following assumptions on 7; are used repeatedly
throughout this section:

(7.7) m+nz+n3=0, mn2+mnz+nen =1,
and
(7.8) me ML = poem L = paemml,

Extend y and w by 0 for ¢ > T and still denote these extensions by y and u, respectively. Then,
by Lemma in the appendix,
ull s,y < Cllull s ory-

Assume that
y(T,-)=0.

Then the extension y € C([0,+00); L?(0, L)) N L?((0,+00); H*(0, L)) is also a solution of the lin-
earized KdV system in [0, +00) x (0, L) using the control which is the extension of u (by 0 outside
(0,7)), i.e
Yt + Yz + Yxxx = 0 in (07 +OO) X (07 L)a
y(+,0) =y(-,L) =0 in (0, +00),
(7.9) (0) = 4 (-, L) ( )
y(,L) =u in (0, +00),

In what follows in this section, we study this quantity, for p € R:

(7.10) /OT /OL Y2 (t, ) pe(x)eP! dt da <: /OJFOO /OL Y2 (t, ) e (x) el dt da;) .
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We have, by Lemma (see also Remark , for z € C outside a discrete set,
(711) boro) = i) TG e ) B
> =1 (N1 — Aj)e~ A2l
where \; = \j(z) for j =1, 2, 3 are determined by (6.1)).

We begin with
Lemma 7.1. Letp € R, n1, n2, n3 € C\{0}, and let ¢ be defined by (7.6)). Set, for (z,z) € Rx(0, L),
32, (gedt = dypedink) e

S0 (Vg1 — Aj)e N2k

where \j = \j(z) with j = 1,2,3 are the three solutions of \* + A +iz = 0. Let u € H'Y3(0, +00)
with compact support in [0,+00) and let y € C([0,+00); L?(0,L)) N LE ([0, +00); H(0, L)) be the
unique solution of (7.9). Assume that y(t,-) =0 for large t. We have

L “+00 L
2 pt T = alz+1 2 z4+1 x)dx dz.
(7.12) /0 /0 y(t, 2)Peoa(z)e dt d /R a(z + ip/2) /0 Bp(z + ip/2,2) du d

Proof. The conclusion is a direct consequence of Parseval’s theorem and (7.11]). O

)

BD(va) = Sox(x)v

We next investigate the behavior of

L
/ Bp(z+ip/2,z)dx
0
for z € R with large |z|. We have
Lemma 7.2. Let p € R and n1,m2,m3 € C\ {0}. Assume (7.8). We have

L
(7.13) / Bp(z + ip/2,x) dx = Ep|z|™Y? + O(|2|73) for z € R with large |z|,
0
where Ep = Ep(n,n2,n3) is defined by
1 3
(7.14) Ep=—=—> nalni —n),
with [

A= A(ni,ma,m3) = nje” 1L

Here and in what follows, for s € R, O(2®) denotes a quantity bounded by Cz* for large positive
z. Similar convention is used for O(|z]*) for z € C.

Proof. We first consider the case where z is positive and large. We use the following convention
%()\1) < 3?()\2) < 3?()\3).
We first look at the denominator of Bp(z + ip/2,z). We have, by Lemma at (z +1ip/2,x),
1 1

Z?:1(Aj+1 — \j)e il Z?Zl(j\jﬂ — )j)e i+l

(7.15)

6>‘1L65‘1L 1/3
= (14 0(e M .
(A3 = A2)(A3 — A2) ( (e ))

7A does not depend on j by (7.8).
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We next deal with the numerator of Bp(z + ip/2,x). Set, for (z,x) € R x (0, L),

3
(Ajedt = Njpaednhyed et gz ) = (AeNt = A etirh)etiee,
1 j=1

(7.16)  f(z,2) =

M

J
and
fm(z7 3:') — A3€)\3L€)\2x o )\26)\2Le)\3x o )\36/\3L€)\1I’ gm(zy l’) — 5\36)\3L€)\2x o 5\26)\2L€)\3x o 5\3€A3L€)\1x.

We have

L
/0 F(2 + ip/2,2)g(z + ip/2, ) (x) du
L L
= /0 fm(z + 7:]7/27 x)gm(z + ip/Q, :L’)(px(l') dx + /0 (f - fm)(z + ip/2, x)gm(z + ip/?, ac)gox(a:) dx

L L
+/O fm(z+ip/2’ x) (g_gm)(z+ip/2’ az)cpx(az) dx—'_/(] (f—fm)(2+ip/2, $)(g_gm)(z+ip/2v 55)9096(55) dx.

By Lemma [3.1} we have

L
(7.17) /0 (F = fu) = + D)2, ) g = + /2, 2)ipu ()] e
L
+ /0 (F = Jo) =+ p/2,2)(g — gu) (= + ip/2, 2 pu(a)| i

L _
+ / (2 +0/2,2)(g — gm) (2 + ip/2, B)pu ()| da < ClePstA)L|e=Cll?,
0

We next estimate

L
(7.18) / Fonlz + /2, 2)gm (= + ip)2, 2)pal2)

L 3
= / (2 +p/2,2)gm(2 +ip/2,2) | D mjra(njr —ny)e”+2* | da.
0 N
Jj=1

We first have, by Lemma [3.1] at z + ip/2,

L _ _ _ _ _ _
(7'19) / ( . )\36)\3Lez\2:p)\26)\2L6)\31 _ )\26/\2Le)\3x)\3€>\3L6)\2m + )\26)\2L€)\31/\26)\2L6)\3x)
0

3
% an+2(nj+1 N nj)enj+2x dfole(/\3+)\3+)\2+/\2)L (51(2 + ip/?) + O(e—C\Z|1/3))7
J=1

where

5 ~ _ _
Ao Ao A2 A3 A3A2 )
7.20 Sz::§j2. -—.< C - - — - 2
(7.20) 1(2) ~ Mj+2(Njr1 = 15) A3+ A3+ 42 A3+ Ao+ Ao+ A3+ 1540

8The index m stands the main part.
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We next obtain, by Lemma at z +ip/2,

L _ _ _ _ _ -
(7_21) / ()\36)\3L6)\1ac/\3e)\3L€)\1x _ )\36>\3Le>\1x)\3€/\3Le>\2$ _ )\36)\3Le/\2x>\3€>\3Le>\1x>
0

3 —
xS miranie = m)ene | da = (O (Sy(z 4 ip/2) + O(emH) )
j=1

where

)\3 5\3 )\3 5\3 )\3 5\3 >

3
7.22) Sy(z) = j i+1— ") | — = N 3
(7.22) 5(z) ; 21~ 1) < A+ A N2 At A+ nipe Ao+ A 140

We have, at z +ip/2,

L o 3 -

(7.23) / AgeeFe2 ™ XgeMsledem | N "o (ngn — )2 | do = eMo TGy (2 4 ip/2),
0 ,
Jj=1
where
3 . . — . Y )\2L+5\2L+7]+2L _
Ni+2(Nj+1 — M) A3A3 (6 i 1)

(7.24) Ss(2) =) (2).

o A2 + Ao+ 140

We finally get, by Lemma at z +1ip/2,

L B B o B 3
(7.25) / <)\3€)\3L6)\1x;\26)\2Le/\3x n /\26)\2Le)\3x)\36>\3L6)\1x) <Z77j+2(77j+1 _ T,j)enj+2z> d
0 ;
7j=1

= Qe tAL| (e~ C%).
By Lemma we have, at z +ip/2,
AL+ AL+ A+ Ao+ Ag + Ay = O(271/3),
(7.26) A4 M+ A3+ Ay = O(21/3),
(A3 — A2)(Az — Ao) = 322/3(1+ O(21/3)).
We claim that
(7.27) 12| 7Y3181 (2 4+ ip/2)| + |S2(z + ip/2)| + |S3(z + ip/2)| = O(1) for large positive z.

Admitting this, by combining (7.15)), (7.19)), (7.21), (7.23)), (7.25)), and (7.26)), and using (7.27]), we
obtain

A8 (2 +ip/2)

s O,

L
(7.28) / Bp(z +ip/2,x)dr =
0
We first derive the the asymptotic behavior of S;(z+1ip/2). We have, by Lemma at z+1ip/2,

(7.29) Xodo = 223+ 0(1), Modsz = 2233 L O(1), Ahy = 223773 +0(1),
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and
(7.30) 1 _1+0(E) 1 _ 110G
A3+ A3+ 42 V/321/3 Ao+ A3+ 42 (/6 +4)21/3
1 _1+0(="13)

A3+ Ao + Nj+2 B (eﬂ'”/6 — i)zl/?’.

It follows that

6iTr/3

3
1
(7.31) Si(z +ip/2) = < + 2§Rm_> > ey —mp)lzl? + 0(1)
V3 eim/6 44 = J

3
= V3> niialnia —my)laV +0(1).

j=1
We next deal with Sa(z + ip/2). Since
3

> njre(njs —n;) =0,

j=1
it follows that

3 — —
. A3A3 A3A3 > .
Sa(z +1ip/2) = i i1—ni) | — = — | (z +ip/2
2(2 + ip/2) ;77]+2(77J+1 77;)< O e vl o Rkl
> A As)
3A3 373 .
+ j i1 — 1N = — = z+1ip/2
Sl =) (o ) v
> As) A
3A3 3A3 .
+ ; i1 — N = - = z+1p/2).

jz;n]+2(77]+1 0 (A2+A1+nj+2 A2+A1)( p/2)
Using Lemma 3.1}, we derive that
(7.32) Sa(z+1ip/2) = O(1).

43

We next derive the asymptotic behavior of S3(z + ip/2). From Lemma we have, at z +ip/2,

(7.33) Ao+ Ay = O(z72/3).
Using (|7.8)), we derive from (7.24]) that

3
Sy(z +ipf2) = 233 Vit~ i) (47 nj2 = 1) +0(1)

= Mj+2

3
=223 (nj - nj)(A_lﬂj+2 - 1> + O(1).
j=1

Since Z?zl(nj_i,_l —n;) =0 and E;’:l(njﬂ — nj)nj+2 = 0, it follows that
(7.34) S3(z+ip/2) = O(1).
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Combing ([7.28|) and ([7.31)) yields

L
0

where
1 3
(7.35) Ep=—==> nia(njs1 —mj).
V3A H

The conclusion in the case where z is large and negative can be derived from the case where z is
positive and large as follows. Define, for (z,z) € R x (0, L), with large |z|,
23-_1()\j€>\jL _ )\j+1e/\j+1L)e)\j+2x
MD(Zﬂ SU) = = 3 “NiaoL
D11 = Ajem

Then
Bp(z +ip/2,z) = |Mp(z +ip/2, ) *pu(z).
It is clear from the definition of Mp that
Mp(~z,z) = Mp(z,z).
We then have
Bp(—z+ip/2,x) = |Mp(—z +ip/2,z)|*p.(x) = |Mp(z — ip/2, z)|*0s(z).

We thus obtain the result in the case where z is negative and large by the corresponding expression
for large positive z in which p is replaced by —p. The conclusion follows. O

As a consequence of Lemmas and we obtain

Proposition 7.1. Let L € Np. Let u € H'Y/3(0,400) with compact support in [0, +00), and let
y € C([0,+00); L*(0, L)) N LE ([0, 400); H'(0, L)) be the unique solution of (7.9). Assume that

loc

y(t,-) =0 for large t. We have

+oo pL L
(7.36) / / ly(t, )2 ®,(t, z) do dt = / |a(z + iq/2)|2/ B(z+1iq/2,z)dx dz,
0 0 R 0
where )
i1 (Mgt — Ajpedink)ediee
S i1 (Ajn = Ag)e ek
with \j = \j(2) (j =1,2,3) being the three solutions of \> + X + iz = 0. Moreover,

B(z,z) = bz (),

L
(7.37) / B(z +ig/2,) dz = E|2| 7% + O(|2[7),
0
where
po_ e (b2 + 9a2) > 0
 2y/3al? '

Recall that ¢, a, b, ¢, and ® are defined in Theorem
Remark 7.1. Note that

3 L
(7.38) Q=) = | S Oy — Ag)eds2l)? / Bz, ) da.
— 0

7j=1
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We then derive from ([7.37) and Lemma that

lim  Q(z +iq/2) = +oo.
|z| = +400,z€ER

Proof of Proposition[7.1. We will apply Lemmas [7.1] and [7.2] with p = ¢,
m=a+if, m=a—if, and n3= 20,
where a and § are defined in (1.9)). Thus
2
(7.39) A =m3e Bl = 206t = 22,
We have
VBAEp =nf(n3 — 1) + n3(m — 13) + 03 (n2 —m)
=(a+iB)*(=3a+iB) + (o —iB)*(3a +if) — 8ia?p
= —12ia%8 + 2i(a® — %) — 8ia?p.
This implies

2ib
(7.40) VBAED = —2i(% + 902)8 = — T3 (b? +9a%).
We obtain )
1be=?
b + 942).
b \/gaLz( )
Since, by Lemma
the conclusion now follows from Lemmas [[.1] and [7.2 O

Using Proposition we derive the following result which is the key ingredient for the analysis
of the local controllability of the KdV system (1.1]) in small time.

Proposition 7.2. Let L € Np and T < 1. Let u € H'/3(0,4+00) and let y € C(]0,4+00); L*(0, L)) N
L? ([O, +oo);H1(O,L)) be the unique solution of (7.9). Assume that u(t) = 0 fort > T, and

loc

y(t,-) =0 for large t. Then
oo pL

a7 PRt dede = Bt (1 0T).
Proof. We have, by Proposition [7.1] and Lemma [B.2]

L . _ )

. Cli(z + ig/2)
<

/o Bz +ig/2, ) do| < 1+ |z|Y/3

Applying Proposition again and using the fact fR dz = fzeR-\z|<m dz + fzeR,‘me dz, we derive
that -

[a(z +iq/2)[?

(z +iq/2)|?

2 B |
(7.42) ‘/]uz—i—m/?] / B(z +iq/2,z)dx dz E/ L F22)1/0 dz‘

ia(z +iq/2)]? —1/3/ li(z +iq/2)[?
< C/ — 2 1L COm — L~ dz.
olem (14 [2]2)1/6 lol>m (1 +[2]2)1/6

Applying Lemma below with s = 1/6, we have
(7.43) (2 +iq/2)] < C(|2|T? + T2) ue® || (176 (g 1 ooy
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Combining ([7.42)) and ( - yields

L a(z +1 2
(7.44) ‘/}R!ﬁ(zwqﬂ)P/O B(z +iq/2,z)dvdz — E \(—i—q/2)|dz‘

R (L+[2%)1/6

S C”ueq./2”[2H1/6(07+oo)]* (T8/3m8/3 + T2/3m2/3 + mfi)

By choosing m = T—2/3, we obtain

a( +iq/2)P
(1+ #2178

The conclusion follows. O

2/9
(0,+oo)T / ’

L
/|ﬂ(z+iq/2)\2/ B(z+iq/2,x)dxdz — E
R 0

dz\ < Clluet 2,0

In the proof of Proposition we have used the following lemma.

Lemma 7.3. Let 0 < T <1,0< s < 1/2 and let v € [H*(0,+00)]* with suppv C [0,T]. Extend v
by 0 fort < 0 and still denote this extension by v. There exists a positive constant C' independent
of T and v such that, for z € R,

. 3_g 1
(7.45) [0(2)] < C(12[T27° + T27°) o]l {12 (0,4 00)]*

Proof. Fix xy € C*(R) such that y = 1in [0,7], x =0 for t > 2T, and 0 < x < 1 and X' < C/T in
R. Then

(7.46) 10(2)] < [l zs 0,
We have

AT  p4T 2| ,—izx —izy|2
Cis 12 X (2)[Fle™* — e

4T 4T |X )|2 2T [e'e) 1
/ / |:c— \H?s d“l“/o /4T [y

e — 1|2 = 4sin?(z/2) < 22,
we derive that the RHS of (7.47)) is bounded by
(7.48) C2T37% L OT' 7% 4 OoT' 2.

e X 12 (0,400) -

Using the fact, for x € R,

The conclusion now follows from (7.46|) and (7.48)). O

8. SMALL TIME LOCAL CONTROLLABILITY PROPERTIES OF THE KDV SYSTEM - PROOF OF
THEOREM [1.2]

The main result of this section is the following, which implies, in particular, Theorem after
applying Proposition and Lemma at the end of this section. This result is also the key
ingredient in the proof of Assertion i) of Theorem

Theorem 8.1. Let L€ Np, T >0, and o > 0. Assume that

T L
(8.1) /0 /0 §(t )20t ) da dt > al[v]pn0 1
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for all v € HY3(0,T) such that £(T,-) = 0 in (0,L) where ¢ € X is the unique solution of the
system

&+ 8+ Eaa=0 in(0,T)
§(50) =& L) =0 in (0,T),
&(LL)=w in (0,7)
£0,)=0 in (0,L).

There exists eg > 0 depending only on o, T', and L such that for all 0 < € < g¢, and for all solutions
y € Xr/2 of the system

(8.2)

(8.3) y(-,0) = yu(-, L) =0 (o T/2),
y(» L) = u in (0,7/2),
3/(07 ) =e¢ ( )

with |[ull gr2(0.7/2) < €0, we have
Recall that ¢ is defined in (1.8]).

Proof. Let ¢y be a small positive constant, which depends only on «, T, and L, and is de-
termined later. We prove Theorem [B.1] by contradiction Assume that there exists a solution
y € C([0,+00); L*(0,L)) N L2 ([0, +00); H'(0, L)) of with y(¢,-) = 0 for ¢t > T'/2, for some

loc

0 < & < &g, for some u € HY/3(0,400) with suppu C [O,T/Q] and ||uHH1/2(07T) < €p.
Using the fact y(¢,-) = 0 for ¢t > T'/2, from Proposition we have, for g small,

(84) 902 a1 0.) < © (I0li0) + llinssce )

which in turn implies, by Proposition [3.1] and Lemma [8.1] below,

(85) ”yHLQ(R ><(0 L)) (Hy0||L2 OL) + HUHLQ R+))

Here and in what follows, C' denotes a positive constant depending only on 7" and L (C thus does
not depend on «).
Let y; and yo be the solution of the following systems

Yig+Yie + Ylaee =0 inRy x(0,L),
yi(+,0) =y1.(-,L) =0 in Ry,

(8.6)
vi(wL)=u in R,
y1(0,-) =0 in (0, L),
Yot T Y20 + Y2000 T Y1Y1,0 = 0 in Ry x (07 L),
(8.7) y2(+,0) = y2,0(-, L) = y2(-, L) =0 in Ry,

y2(0,-) =0 in (0,L).
Then, by Proposition

(8.8) [y1llxr < Cllullgirse,)
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and
(89) ||y1||L2( (0,7)% (0, L)) < CHUHL2(R+)7
which in turn imply, by Proposition [3.1] and Lemma [8.1] below,
1/2 3/2
(8.10) loallxr < Cllyiyralloryrzony < Cllull il g, )
and
3/2 1/2
(811) HyQHLQ((O,T)X(O,L)) CHy].HLl OT) LQ(OL < CHUHL/Q ]R+ H ”]’-[/1/3
Set

dy=y—y1—y2in Ry x (0,L).

We have
Oyt + 6Yz + 0Yzaa + YOy + 6Y(Y1 + Y2)z + (Y192)z + Y2y2. =0 in Ry x (0, L),
6y(+,0) = 6yx(-, L) = dy(-,L) =0 in Ry,
59(0,) = <0 in (0,1).

Applying Proposition 3.1 and using Lemma [8.1] below, we derive that

(812) 118yllx, < C (el oryzo.0) + 2yl oy

ED-ETD

((o,T>;L2(o,L>>)

Cllull 2y lull3 s g, ) + Ce,

and

(8.13) H53/HL2( D)% (0.0) = (Hy5yx\|L1 (0.1):22(0,)) T (W1 + ¥2)0yzl L1 ((0,7):22(0, L)))

+ C’(II(yl +92)6yll L1 ((0,7);220,0)) + V192l L1 ((0,7):220,1)) + ||y§||L1((o,T);L2(o,L))>

2
< CllulPatg,y il g, + CllullF o, lull1/ae, ) + Ce
3/2 3/2
SCHU”L/?(R Ju HH/1/3]R+) + Ce.

In (8.12)), we absorbed the contribution in the RHS of

1Y0yzllL10,7);22(0,L)) + ||5Z/(y1 +y2)zll L1 (0,1):22(0,1)) 5
which is bounded by Ceo||0y| x,. Combining (8.11)) and (8.13) yields

1/2
(8.14) ||y - y1||L2((O,T)><(0L ) < CHUHLZ (Ry) H ||I1{1/3(R + Ce.

Since y = 0 for t > T'/2 and u = 0 for t > T'/2, after using the regularizing effect of the linear KdV
equation, and considering the projection into Mﬁ, we derive that

3/2 1/2
(8.15) I (T Mlzz(0.) < Clul Yo, el o s, + Ce.

Since y1(T,-) € M3 by Lemma it follows from Proposition that there exists u; €
H'Y3(0,T) such that

(8.16) lwill /s 0,1y < Cllyr(T, )l z2(0,1)
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and the solution 31 € X7 of the system

Y1t + Uz +Ylgee =0 in (0,7) x (0, L),
y1(-,0) =y1,.(,L) =0 in (0,T),
n(L)=u in (0,7),
y1(0,-) =0 in (0,L),

satisfies
yi(T,") = =y (T, ).
Using (8.15)), we derive from (8.16]) that

ull/2
Wlg/s(r,)

+ Ce.

49

3/2 1/2
(8.17) lurllzrsaory < Cllull3stg, el s g, ) + Ce:
which in turn implies, by Proposition
3/2 1/2
(8.18) 1illxr < Cllullfote, lull s, , + Ce:
Set
y=wy1+wv in (0,7) x (0,L).

Then

gt + gx + gxmz =0 in (OaT) X (O,L)v

?7'70 :{Jx ')L =0 in 07T)
(8.19) (~ ) (L) (0,7)

y( L) =u+uy in (0,7),

y(0,-) =y(T,-) =0 in (0,L).
We have
(820) ”y - y”Lz ((O,T)X(O,L)) < ||y - ylHLQ((O,T)X(O,L)) + Hyl”Lz ((O,T)X(O,L))

EBED o
Cllul¥2s |
Multiplying the equation of y with ®(¢, ), integrating by parts on [0, L], and using (1.11)), we
have
d [* 1 [t

(8.21) A y(t,x)®(t, z) dox — 2/0 Y2 (t,2)®,(t, ) dz = 0.

Integrating (8.21)) from 0 to 7" and using the fact y(7,-) = 0 yield

/0 0(z)®(0,2)dx + - // (t,2)Py(t,x) dxdt = 0.

2 ~2 ~ ~

(8.22)

We have

EDED
< [[ull 7
L2(R4)
Combining (8.22)) and ( - yields
L
(8.24) /0 0(z)®(0,z) dz + = / / 52 (1, ) Dy (t, 2) dadt < Cful| g

]

]

1/2

HY/3(Ry)

1/2
HY3(Ry.)

4+ Cege.

+ Cege.



50 H.-M. NGUYEN

Applying (8.1) to y after noting (8.19), we derive from (8.24]) that, for gy sufficiently small,

5/2 1/2
013200,y + 5ol 1o,y < Clull gl 2, + Ceoe.
Using (8.17)), it follows that, for sufficiently small eq,
5/2 1/2
allullys, - < Clullete, lulys, )

We derive from Lemma [A ] that

04HU||[H1/6(0 T/2)]* < CHUH OT/Q)HuHHl/S 0.7/2)"
Note that

3/4 1/4
lullz202/2) < Clulis o zpm- 1ol gz s

and
3/4
lall a0z /2y < Clalifp oo rmy 1l o 00

This yields

S SOl 1 SR 1 Py
So, for fixed sufficiently small &g,
u = 0.
Hence y(t, ) = eVU(t,-) #Z 0 for all ¢ > 0. We have a contradiction.

The proof is complete. O

In the proof of Theorem we repeatedly used the following useful result.

Lemma 8.1. Let L > 0 and T > 0 and let f € L*((0,T); H'(0,L)) and g € L*((0,T) x (0,L)).
Then

1
(825) ||fg||L1 ((O,T);LQ(O,L)) S C|’f”[2/2((0,T )Hf”2 ( OT Hl(OL )HgHLQ( OT) (0 L))

and

(8.26) ”(fg)wHLl((o,T);[Hl(o,L)]*)

< (Il meory + 1790 on + 109)C Do),

for some positive constant C depending only on L. Consequently, for f,g € L2((O,T); H(0, L)),
2 2

(827) HfgIHLl((O,T);LQ(OL) — Hf” ( (OL)HfH (OT Hl(OL)ngHLQ(OT) (0 L))

Proof. We first establish (8.25]). We have
) Tl 3
829 159, (yrnomy = ([ 17oP(sade) s

T L )
<[ sw |f<s,a:>|(/ |g|2<s,m>dm) ds.
0 z€[0,L] 0

N =
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Using the fact

1

L L 2
(8.29) wpuwwﬂsc(ArﬂaMWM+A\ﬂamwuamﬁm)

z€[0,L]

1 1
< CHf(37 ‘)H[Q/Z(o’L)Hf(& ')”[2{1(07[/)7

we derive from (8.28)) that

6212, (0 a0) _c/|u Mo,y 15 M .1y 1952 V20, s

<o) f)?

1 w11y s .
12 ((OT )Hf” ( 0.T).H1 (0, L)) Hg”LQ ((0 T)%(0, L)) (by Hélder’s inequality),

which is (8.25)).
We next derive ([8.26]). We have, for 0 <t < T,

L L
/O (f9)a(t, x)p(x) dv = —/0 Fo(t,2)px(x) da + (f9)(t, L)p(L) = (fg)(t, 0)¢(0) for ¢ € H'(0, L).
This implies, by the trace theory applied to ¢ € H*(0, L), for 0 <t < T,

1(f9)x(t; )z 0,0y < C(ll(fg)(t, Wez0,) + 10£9) & 0) [ 1o,y + [1(F9) (2, L)llLl(o,ﬂ)-
Estimate (8.26)) follows.

The proof is complete. O

To derive Theorem [I.2] from Theorem [8.I] we also need to use the following simple lemma.
Lemma 8.2. Let T >0,0< s <1, p € C*([0,+00]). Then
lovll sy < Cllvllims @y for v € [H*(Ry)]" with suppv C [0,T],
where C' is a positive constant independent of v.

Proof. Without loss of generality, one might assume that suppy C [0,27]. Using the duality
between [H*(R;)]* and H*(R,), it suffices to prove that

leViaswy) < ClIVIgsw,) for Ve H*(Ry),

for some positive constant C' independent of V. This follows immediately from the Gagliardo-
Nirenberg characterization of the norm of H*(Ry). O

9. LOCAL, EXACT CONTROLLABILITY OF THE KDV EQUATION IN A POSITIVE TIME - PROOF OF
THEOREM [L.3]

This section consists of two subsections. In the first one, we give the proof of Assertion ). The
proof of Assertion i) is given in the second subsection.
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9.1. Proof of Assertion i) of Theorem We first consider the case w = 0. We have

2

3
Z )\ e)\ L 1€>\7+1L) )\]+2$ (Z)
7=1

3
16)\]+1L >\J+2CE) (Z) Z (}\JGAJL . )\j+16)\j+1L6)\j+2$) (72)
]:1 j=1

Mw

and similarly,
I2(2)[* = E(2)E(-2),
where Z is defined in (6.4)). It follows that

1Z(- 4+ iq/2) 2| + ig/2)|? is an analytic function in z € R.
There thus exists a finite set {z;;1 < j < m} C R such that
Qz; +ig/2) =0for 1 <j<m and Q(z+ig/2)#0for z€ R\ {z;;1<j<m}.

For p > 0, set
Jo={z € R;Q(z + iq/2) > p}.

Since Q(- +4g/2) is continuous in R and Q(z + ig/2) — +o0 as |z| — +oo0 by (7.37) of Proposi-
tion and Lemma we derive that

d(p) :=|R\ Js| > 0as p—0.

Let T > 0 be arbitrary and let y be a solution of (7.9)) such that y(¢,-) = 0 for ¢t > T. Applying
Proposition [7.1] and taking into account the fact w > 0, we get

“+o00 L L
2 = u(z +1 2B(z +1 x)dxdz
(9.1) /0 /O y(t, ) %(m)dazdt—/R/o (a(z + iq/2)2B (= + iq/2, z) dz dz,

where we extend u by 0 for ¢t < 0 and ¢ > T'. This implies

+o0o
(9.2) / / (t,x)|*®y(t, x) dx dt

L
:/ / a(z +1iq/2)|?B(z +iq/2,x dacdz+/ / (2 +iq/2)>B(z +iq/2, ) dx dz
Ty R\J, /0

> ol sy~ Cor [ 1tz +ia/2)d
5
Lemma 9
CIPHUH[Hl/G(o,T)]* = Crpd(p )HUH [H1/6(0,T)]*"

By choosing p sufficiently small, we arrive that

[e’e) 400
9.3) /0 /0 [y(t,2) 2@, (t,2) dedt > Collullyu/ao -

Applying Theorem we derive that system is not locally null controllable at time T'/2.
Since T is arbitrary, the conclusion follows.

We next deal with the case w > 0. It is clear that holds with p = w. The conclusion follows
by Theorem as before since T is arbitrary. O
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9.2. Proof of Assertion ii) of Theorem Set

1
(94) O'(t) = 67@]1(_1,1),
where 1(_; 1) denotes the characteristic function of the interval (—~1,1). Then o € C2°(R) and

(9.5) l6(2)] < cle*”m for z € R,
see e.g., [49]. Let m € N be large and denote

() = %a(t/m) for t € R.

Let 29 € R be such that
Q(z0+1iq/2) =w < 0.
Consider u,,, defined by
(9.6) U (2) = €™ 6 (2 — iq/2 — 20) det Q(2)Z(2).
Applying Paley-Wiener’s theorem, see e.g., [45], and using (9.5)), one can check that the function
vm which is defined by 0, (2) = (2 — iq/2 — 20) det Q(2)Z(2) belongs to L*(R) with support in
[—~m,m]. We then derive that u,, € L?(R) with support in [0,2m] since wu,,(t) = vy, (t + m) for
t € R. Using (9.5)), one can also derive that u,, € C*(R).
Let y = y,, be the unique solution of (6.12]) with u = u,,. From the definition of u,,, we deduce
that
suppy C [0,m] x [0, L],
since, by Lemma [6.1
H(z)
is an entire function with modulus is bounded by Ce(™ )%l for all £ > 0, and . (-,0) € L*(R). Tt
follows that

ng(za 0) =

sSupp y:m:('a 0) - [07 m]
Since y(m, z) € Mf), applying Lemma we derive that
y(t,z) =0 for (¢t,z) € [m,+o0) x [0, L].

We thus can apply Proposition [7.1] to y.
Since, by Proposition

oo [ree |t (2 4 iq/2)]?
y(t, z)|> @y (t, x dmdt:/ - Q(z+1iq/2)dz,
[ weopeca [ + ia)2)
it follows from that

9] “+o00
2 =e ™ 6o (2— 20)22(2 + i 20(z 4+ z.
(9.7) /0 /0 y(t, 2) P () do dt = / 6m(z — 20) PIE(: + iq/2)PQ= + ig/2) d

We have, by (9.5))

(9.8) 6 (2)] < cre= V™A for 2 € R.

(9.9) |6m(2)] > ¢ for z € R with |z] < ¢q4/m,

(9.10) inﬂg |2(z +1iq/2)] >0, |=(z+1iq/2)] < C(|z]+1) for z € R,
ze

(9-11) Q= +iq/2)] < eses

for some positive constants cq, ..., c¢g, independent of m.
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Using (9.8), (9.9), (9.10), (9.11)), and the fact Q(zo + ig/2) = w < 0, it follows from (9.7) that
00 +oo
/ / ly(t, z)|?*®,(t, z) dzdt < 0,
o Jo

for large m. Fix such an m and set
T =2m.

We thus have just proved, after considering the real and/or imaginary parts of w,, and scaling,
that there exists U; € HY/3(0,T) real such that

(9.12) Yi(T,-) =0 and projy, Ya(T,-) = —¢,

where Y7, Yo € X7 are the unique solution of the systems

Yl,t + Yl,x + Yl,a:xw =0 in (0, T) X (O, L),
Yi(,0)=Y1 (L) =0 in (0,7),
(9.13) ‘
Yi(,L) =U in (OvT)7
Y1(0,) = 0 in (0, L),
Y2,t + YQ,z + Y'Q,:c.rx + YIYI,SC =0 in <07 T) X (07 L),
(9.14) Ya(-,0) = You( L) =0 in (0, ),

Ya(-,L) =0 in (0, 7).

We now establish the local controllability for the time T" which is 2m. In what follows, we consider
T = 2m. Fix yo,yr € L*(0, L) with small L?(0, L)-norms. We first consider the case

p = llvollz2(0,z) > 0,

L L
(9.15) /yo¢1d3320w/ ¢* da,
0 0
and
cie?p
(9.16) lyrlizeon < <52

for some fixed constant c; independent of p.

For r > 0 and yo € L?(0, L), denote B, (yo) the open ball centered at 0 and of radius 7 in L?(0, L).
We also denote B, (yo) its closure in L?(0, L).

Let ¢ be a small positive constant determined later. For ¢ € B,(yo), let u; and uz be controls
in H'/3(0,T) for which the solutions y; and 3, in X7 of the systems

Y1t + Y1,z + Y1, zxx = 0 in (07T) X (0) L)a

(9.17) yi(0) = (L) =0 in(0,7),
Y12( L) =w in (0,7),
y1(0,-) =0 in (0, L),
Yot + Y20 + Y2000 + V11,2 =0 in (0,7) x (0, L),
(9.18) y2(50) = y2(, L) =0 in (0,7),
Y2.e(+ L) = ug in (0,7),
y2(0,-) = projp, ¢/p in (0, L),
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satisfy
n(T,-)=0 and yo(T,-) =yr/p.
Moreover, one can choose u; and ug as Lipschitz functions of proj,,¢/p with the Lipschitz con-
stants bounded by positive constants independent of p. For example, using Lemma and ,
one can take
Uy = (equOé() — CVT)Ul,

where ag$ = projn,¢/p and ard = projp,yr/p, and
ug = L(— projMﬁyg(T, )+ projMﬁyT/p) + ﬁ(projMDgo/p),
where y3 € Xp is the unique solution of the system
Y3t +Yse + Ysaze +Y1Y1. =0 in (0,7) x (0, L),
(9.19) y3(0) = y3(-, L) = y3.(-,L) =0 in (0,7),
y3(0,-) = projyL/p in (0, 7).

Here £ and £ are the operators given in Proposition
For ¢ € Bcy(yo), let y € X1 be the unique solution of the backward linear KdV system

Yt + Yo + Yoox T Yy =0 in (0,T) x (0, L),
y(,0) =y (-,L)=0  in(0,T),
Yo (,0) = v in (0,7),
y(T,-) =yr in (0,L).

where v(t) = p'/2y1 4 (t,0) + py2.+(t,0) with y; and yo being defined by (9.17) and (9.18).
Note that y € X7 is well-defined if p is sufficiently small by Proposition We will denote

(9.21) Hy(¢) =y(0,-) in (0,L) and H(¢) =y in (0,7) x (0, L).

Consider the map

(9.20)

A: o Bep(yo) — L*(0, L)

¢ = @—H(e)+yo.
We will prove that

(9.22) A(p) € Bey(yo),
and
(9.23) [A(p) = AM@)z2(0,) < Al — @llz2(0,1)

for some A € (0,1). Assuming this, one derives from the contraction mapping theorem that there
exists a unique @g € Be,(yr) such that A(pg) = ¢o. As a consequence, with y = H (o),

y(07 ) = Yo,

and y(-, L) is hence a required control.

We next establish (9.22)) and (9.23]). Indeed, assertion (9.22)) follows from the fact
3/2 R IPRY
lie = Ho() 20,1y < Cllel 5,1, for @ € Bep(uo):

This can be proved using the approximation via the power series method as follows. Applying
Proposition to y, we derive from (9.20)) that

(9.24) Iyl x, < Cp'2.

9t is useful to note that e Ty — ar > 0 by (9.15) and (9.16) if ¢ is sufficiently small.
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Set [
(9.25) Ya = p"?y1 + py2 in (0,7) x (0, L).
We have
(9.26) (Y= Ya)t + (U = Ya)z + (U — Ya)zze + (U — Ya)Vz + Ya(y — Ya)z = h(t, z),
where

h(t, %) = ~Yalaz + 1910 = =P (W112)0 — PY2y2.-
Applying Proposition t0 y — Yq, for small p, one can ignore (absorb) the contribution from
the last two terms in the LHS of (9.26)), to obtain

_ 3/2
(927) ”y yaHXT S CHhHLl((O,T);LQ(O,L)) S Cp N

Assertion ((9.22)) follows since Hy(¢) = y(0,-) and ¢ = y,(0, ).
We next establish (9.23]). To this end, we estimate

(v - Ho(#)) = (7 - Ho(@)).

For ¢ € B.,(yo), denote w1, u2 and y1, Y2, ¥a, y the corresponding functions which are defined in the
same way as the functions w1, us, and y1, y2, ya, y considered for .

We have
(9'28) (y - g)t + (y - g)x + (y - :'7):1:9096 + Yy — ggx = 07
(9-29) (ya - ga)t + (ya - ga)x + (ya - ga)zz:}c + YaYa,x — gaga,:p = g(t, $>,
where
(9.30) g(t,z) = p*? ((y1y2)a: - (gng)m> +p° <y2y2,:c — 5252,35).

Applying Proposition to y — 7, for p small, one can ignore (absorb) the contribution of the
last two terms in the LHS of (9.28]), to obtain

(9.31) ly = Gl xz < Clla(0) = Fau (Ol 202y < Co 2l = BllL2(0,1)-
Using (9.27)) for y — y, and similar fact for y — y,, we obtain
(9-32) 1y = ¥a: 7 = Ja)l xr < CP*2.

From the definition of ¢ in (9.30), we deduce that
(9.33) 19112+ ((0,1y220,09) < Cp'?|l = @ll12(0,1)-
Applying Proposition to Yo — Yo after ignoring (absorbing) the contribution of Y,¥Yae — YaYa,z
we derive from that
(9-34) 190 = Fallxr < Cp™ 2l = Bllr2o,ry < CpY2.

Set

Y=y —ya—(J—7¥a) in (0,T) x (0,L).
Using and , we have
(9.35) WY + 0,Y + Oz = f(t,2z) in (0,T) x (0, L),
where
F(t,2) = —g(t2) = (yge = e — (Wabhase — FuFlos))-

10The index a stands the approximation.
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From (9.31)), (9.32)), (9.34)), and (9.33]), we obtain

(9.36) lyyz =YYz — (YaYa,e — i/va@va,x)uﬂ ((0,T);L2(0,L)) < C,Ol/2||$0 - [ﬁHL?(o,L)-

Using (9.33) and (9.36)), and applying Proposition to Y, we derive from ((9.35)) that
1y = ya — T+ ) (T, )l 220,2) < CP"2 N0 = Sll 20,1
Assertion (9.23]) follows.

We next consider the general case. One can bring this case to the previous case as follows. Set

p = |lyollz20,) + llyrll2(0,1)-

Without loss of generality, one might assume that p > 0 since otherwise, one just takes zero as a
control.

Fix ¢ > 0 small. By Proposition there exists v; € H'/3(0,¢) such that if y; € X, is the
solution of with y1(-, L) = v and y, € X, is the solution of with y(-, L) = 0 then

L
yi(e,r) =0, and /092(6,‘%2520.

Set
(9.37) u = p"?4 20 in (0,¢).

Then the unique solution y € X, of the KAV system (1.1]) verifies the properties of the previous
case, for large positive 7. We are now in the position to apply the previous case with the initial
datum y(e,-). The proof is complete. O

Remark 9.1. This paper gives a complete picture of the local controllability properties of the KdV
equation with the right Dirichlet controls. The question of whether or not a large control might
suffice for small-time controllability, even in the small data case, is a very interesting open question.
APPENDIX A. HARDY TYPE INEQUALITIES

This section is devoted to the following result related to the Hardy inequality.
Lemma A.1. Let —co <a<b<c <400, and 0 < s < 1/2 and let w € H*(a,b). Set

u in (a,b),

0 in (b,c).

Then v € H*(a,c) and
HUHHS(CL,C) < CHUHHS(a,b)v
for some positive constant C' depending only on a,b,c, and s.

Proof. For notational ease, we assume that a = —1 and b = 0. Without loss of generality, we then
can assume that ¢ = +o00. Let V € H*(R) be an extension of u such that

IV s ®)y < Cllull s (—1,0)-
Applying [40, Theorem 1.1] with v = —s, 7 =2, p = 2 to V, one obtains
2]V L2@®) < ClIV | s (r)-
The condition s < 1/2 is required here. This yields
(A1) 2]~ *ull L2 (—1,0) < Cllull rs(=1,0)-
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Using the equivalent Gagliardo—Nirenberg definition of the semi-norm H?*, we have

o] ”U ’2 o0 9
HUHHS( 1,+00) |l’— |1+23 dx dy+ 1 |U| dx.

00 |U |2 0 ]u |2
dx dy < dx dy + Cs
/ / \m— rms / / |as— |1+2s - /
o) 0
/ ]v\de—/ lu|? dz,
1 —1

[Vl s (~1,400) < Cllullzs(-1,0)-
The proof is complete. O

Since

and

we derive from (A.1]) that

APPENDIX B. ON THE ZEROS OF detg

We begin this section with
Lemma B.1. Let L > 0, z € C, and ¢ € C*([0, L]) be such that
Orax + @u + 120 =0 in [0, L],

and
¢(0) = (L) = ¢z(L) = 0.
Then
I(z) >0
Proof. Set

U(t,x) = %{eiZtgo(:z:)} in Ry x [0, L].
Then V is a solution of the linearized KdV system

Ui+ Wy + Voue =0 in Ry x [0, L],
o { U(-0)=¥(,L) = U,(~L) =0 inR,.

We then derive that .
d
— U(t,z)|>dx <O0.
5| o <

This implies
3(z) > 0.
The proof is complete. O
The following result is useful.
Lemma B.2. Let L € Np. Then det Q(z +1iq/2) # 0 for z € R.

Proof. We prove the assertion by contradiction. Assume that det Q(z + ig/2) = 0 for some z € R.
Then there exists ¢ € C*°|0, L] such that

Poax + 0o +1(2 +1iq/2)p =0 in [0, L],

and

Applying Lemma, we have

We have a contradiction. O
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APPENDIX C. A LEMMA RELATED TO THE MOMENT METHOD

The following lemma from [24] is used in the proof of Proposition

Lemma C.1. Let ¢ be an analytic function in C such that ¢ has a finite number of zeros on the
real line, and

(C.1) lp(2)] < ere®?” in C,

for some 0 < a < 1, and c1,¢o > 0. Let Ty, T > 0, and h € H*(R) for some s < 0 with support in
(0,T1). There exists g € C*°(R) with support in [T1,Th + T3] such that if z is a real solution of order
m of the equation p(z) = 0, then z is a also a real solution of order m of the equation h — g = 0,
and

(C2) lll ey < Crllhll sy for k € N,

for some positive constant Cy depending only on k, T1, Ta, s, and real zeros and their multiplicity
of v.

Proof. The proof of Lemma is as in [24], where a special case is considered. The construc-
tion of g, inspired by the moment method, see e.g. [49], can be done as follows. Set n(t) =

6_1/(t2_(T2/2)2)]1|t|<T2 for t € R. Assume that 21, ..., 2z are real, distinct solutions of the equation
©(z) =0, and my, ..., my are the corresponding orders. Set, for z € C,
k k
) =Y [n1z-=)]]¢-2) (Zczl ) ,
i=1 j=1
J#

where ¢;; € C is chosen such that

C;ill(ei(Tl+T2/2)ZC(z))z:Zi ddllh (z) for 0 <1< my, 1<i<k.
This can be done since 7(0) # 0. Since
()] < CeROI2,
and, by [49, Lemma 4.3],
11(2)] < Cre @Y for 2 € R,

using ((C.1)), and applying Paley-Wiener’s theorem, one can prove that ¢ is the Fourier transform of
a function 1) of class C'; moreover, 1) has the support in [~7%/2,T5/2]. Set, for z € C,

g(t) =Pt +T1 + 13/2).

Using the fact §(z) = (T1+72/2)2¢(2), one can check that § — h has zeros z1, ..., z, with the
corresponding orders m1, ..., mg. One can check that
kE m;
191l £ w) <CTLkZZ ;
=1 [=0

which yields
[l e ry < Cr,L k|2l s (m) -

The required properties of g follow. O
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APPENDIX D. SCILAB PROGRAM FOR COMPUTING L,, AND CHECKING THE LOCAL
CONTROLLABILITY PROPERTY FOR n = 0,1,2,3.

Here is the Scilab program which gives the results in Remark

—_
o

?

H o ® o
Il
o oo

q=0;
alpha=0;
beta=0;
value=0;

function [B] = B(x)
B = (4x2e%%e” (~64x) — x"2)" (1/2);

endfunction

function [F] = F(x)
F = B(x) % cos (B(x)) + xx sin (B(x));

endfunction
function[1] = 1(x)

1 = (B(x)*B(x) — 3%xx72)"(1/2);
endfunction

//k=0; j=—0.44; jO=j;
//Here are the outcomes for n=0;
//value=0.9770641; L=4.5183604; a=—-0.5065520; b=4.6027563; q=0.2354919;

//k=1; j=-0.67; jO=j;
// // Here are the outcomes for n=1:
/] /] value=3.8760737; L=10.866906; a=—-0.6903700; b=10.932497; q=0.1291104;

k=2; j=—-0.78; jO=j;
//// Here are the outcomes for n=2:
//// value=-—-0.4687287; L=17.177525; a=-0.7947960; b=17.232599; q=0.0933315;

//k=3; j=-0.86; jO=j;
//// Here are the outcomes for n=3:
//// value=-0.4687287; L=23.476776; a=—0.8687610; b=23.524949; q=0.0744156;

while j > —2
=i — 107 (—6);
if (B(j)> %pi + 2«xk«%pi) & (B(j)<3«%pi/2+ 2xk«%pi) & (F(j)<0)
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then jO0=jO0—10"(—6);
else
=3

end

a=j0

b=B(a)

I=1(a)

g= — 2xax(a”2 + b"2)/ L"3
alpha=-a/L

beta=-b/L

function [p] = phix(x)
p = —alphaxbetax%e " (alphaxx)*cos(betaxx)
+ beta"2x%e " (alphaxx)xsin (betaxx)..
— 2xalphaxbetax%e " (—2xalphaxx)
+ 3xalpha”2+%e " (alpha*x)*sin (betaxx)..
+ 3xalphaxbetax%e " (alphaxx)xcos(beta*x);
endfunction
function [p] = P(x)
p = inv_coeff([—q/2 + %ixx 1 0 1]);
endfunction

function[g] = G(z,x)
lambda= roots (P(z));
g = (lambda(1)x%e " (lambda(1)xL)

— lambda(2)*%e " (lambda (2)*L))«%e " (lambda (3)*x) ..

+ (lambda(2)*%e "~ (lambda(2)*L)

— lambda(3)«%e " (lambda (3)xL))x%e " (lambda (1)*x)..

+(lambda(3)*%e " (lambda (3)*L)

— lambda(1)x%e " (lambda (1)xL))x%e " (lambda (2)*x);

endfunction
function [h] = H(z,x)
h = abs(G(z,x))*abs(G(z,x))*phix(x);

endfunction

function [omega]=Omega(z)

function [xi] = Xi(x)
xi = abs(G(z,x))*abs(G(z,x))*phix(x);
endfunction

omega = intg (0,L,Xi);
end

value=Omega (0.1897656) //k=2
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//value=Omega(0.1419531) //k=3
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