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LOCAL CONTROLLABILITY OF THE KORTEWEG-DE VRIES EQUATION
WITH THE RIGHT DIRICHLET CONTROL

HOAI-MINH NGUYEN

ABSTRACT. The Korteweg-de Vries (KdV) equation with the right Dirichlet control was initially
investigated by Glass and Guerrero. They showed that this system is small time locally exactly
controllable for all non critical lengths and its linearized system is not controllable for all critical
lengths. Even the controllability of the KdV system has been studied extensively in the last two
decades, the local controllability of this system for critical lengths remains an open question. In
this paper, we give a definitive answer to this question. More precisely, we show that the KdV
equation with the right Dirichlet control is finite time locally exactly controllable but not small
time locally null controllable for all critical lengths.

Key words: Controllability, KdV equations, critical lengths, unreachable space, power series
expansion, Hilbert uniqueness method

AMS subject classification: 35C20, 35Q53, 93B05, 93B07, 93C20.
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1. INTRODUCTION AND THE STATEMENT OF THE MAIN RESULTS

This paper is devoted to the local controllability of the Korteweg-de Vries (KdV) system using
the right Dirichlet control. More precisely, we consider the following control problem, for T" > 0,

Yt + Yz + Yzzw T Yy =0 in (0,T) x (0, L),
y(,0) =y (-,L)=0  in (0,7),
y(,L)=u in (0,7),
y(0,-) = wo in (0,L).

Here y is the state, yo € L?(0,L) is an initial datum, and u is a control, which belongs to an
appropriate functional space. The KdV equation has been introduced by Boussinesq [I1] and
Korteweg and de Vries [27] as a model for propagation of surface water waves along a channel. This
equation also furnishes a very useful nonlinear approximation model including a balance between
a weak nonlinearity and weak dispersive effects, see e.g. [45] 33], 25]. The KdV equation has been
investigated from various aspects of mathematics, including the well-posedness, the existence and
stability of solitary waves, the integrability, the long-time behavior, etc., see e.g. [45] B3] 25| 43}, 29].

(1.1)

1.1. State of the art. The local controllability for the KdV equation has been studied extensively
in the literature, see, e.g., the surveys [40} [14] and the references therein. We briefly review here
some results concerning boundary controls. When the controls are y(-,0), y(-, L), y.(-, L), Russell
and Zhang [42] proved that the KdV equation is small time locally controllable. The case of left
boundary control (y(-,L) = y;(-,L) = 0) was investigated by Rosier [39] (see also [22]). The
local null controllability holds for small time in this case. The exact controllability does not holds
for initial and final data in the L?(0, L) due to the regularizing effect but holds for a subclass of
infinitely smooth initial and final data [31].

A very close setting with the one considered here is the setting in which one controls the right
Neumann boundary, i.e., y(-,0) = y(-, L) = 0 and y,(-, L) is a control. For initial and final data in
L?(0, L), and controls in L2(0, T'), Rosier [38] proved that the KdV system with the right Neumann
control is small time locally exactly controllable provided that the length L is not critical, i.e.,

L ¢ Ny [] where[]

[k2 + ki + 12
(1.2) Ny = {277 +3+;/~c,leN*}.

To this end, Rosier studied the controllability of the corresponding linearized system and showed
that the linearized system is exactly controllable if L ¢ Ny. He as well established that when
L € Ny, the linearized system is not controllable. More precisely, Rosier showed that there exists a
non-trivial finite-dimensional subspace My of L?(0, L) such that its orthogonal space is reachable
from 0 for small time whereas My is not for any time. To tackle the control problem for a critical
length L € Ny with initial and final data in L?(0, L) and controls in L?(0,T), Coron and Crépeau
introduced the power series expansion method [19]. The idea is to take into account the effect of
the nonlinear term yy, absent in the corresponding linearized system. Using this method, Coron
and Crépeau showed [19] (see also [I8, section 8.2]) that the KdV system is small-time locally
exactly controllable when dim My = 1. Cerpa [13] developed the analysis in [19] to prove that the
KdV system is finite time locally exactly controllable in the case dim My = 2. Later, Crépeau and
Cerpa [15] succeeded to extend the ideas in [I3] to obtain the local exact controllability in finite time
for all other critical lengths. Recently, with Coron and Koenig [2I], we prove that such a system
is not small time locally controllable for a class of critical lengths. This fact is surprising when

IThe letter N stands for the Neumann boundary control.
N, = N\ {0}.
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compared with known results on internal controls for the KdV system. It is known, see [12} 32} [37],
that the KdV system with © = 0 is small time locally controllable using internal controls
whenever the control region contains an arbitrary open subset of (0,L). The power expansion
method is also a starting point of the analysis in [2I]. Part of the of the analysis there is to
characterize all controls which brings 0 at 0 to 0 at time T for the corresponding linearized system.
This idea is then used in the study of water tank problem [20]. It is interesting to note that there
are other types of boundary controls for the KdV equation for which there is no critical length,
see [38, 39, 23], 14]. There are also results on internal controllability for the KdV equation, see
[42, 28], 12] and the references therein. A minimal time of the null-controllability is also required
for some linear partial differential equations. This is obviously the case for equations with a finite
speed of propagation, such as the transport equation, the wave equation, or hyperbolic systems,
see, e.g., [18] and the references therein. But this can also happen for equations with infinite
speed of propagation, such as some parabolic systems [7], Grushin-type equations [2, [6 206, [3],
Kolmogorov-type equations [4], and the references therein.

We now turn back to the control problem . This control problem was first investigated
by Glass and Guerrero [23]. To this end, in the spirit of Rosier’s work mentioned above, they
introduced the corresponding set of critical lengths E|

(1.3) Np = {L € Ry: 321,20 € C : (T4) holds},
where
(1.4) 216 = 296 = —(21 + 20)e” 172 and L% = —(22 + 2120 + 22).

They proved that the set A/p is infinite and has no accumulation point. Concerning , Glass and
Guerrero proved that the corresponding linearized KdV system is small time exactly controllable
with initial and final data in H~1(0, L) using controls in L?(0,T) if L ¢ Np. Developing this
result, they also established that the KdV system is small time locally controllable for initial
and final data in L?(0, L) and controls in H/6- for non-critical lengths, i.e., L & Np.

Even the local controllability of the KdV system using boundary controls has been investigated
extensively in the last two decades, to our knowledge, there is no result on the local controllability
of the system for critical lengths. In particular, the answer to the question whether or not
the KdV system is locally controllable for a critical length L € Np raised from the work of
Glass and Guerrero is open (see, e.g., [14, Open question 4]). In comparison with the set of critical
lengths Ay, the set Np is less explicit. Moreover, the unreachable space for the linearized system
related to has not been determined due to the lack of an appropriate observability inequality
for the linearized system in a suitable functional setting.

1.2. Statement of the main results. The main goal of this paper is to give a rather complete
picture of the local controllability of the control KdV system ({1.1)).
Set

(1.5) Xp = C([0,T); L*(0, L)) N L*((0,T); H' ([0, L]))
equipped with the corresponding norm:
HyHXT - ”yuc([QT};LQ(O,L)) + HyHLQ((O,T);Hl([O,L])) :
The first main result is on the finite time local controllability property of (|L.1)).

3The letter D stands for the Dirichlet boundary control.
4Controls in H'/%~ means controls in H'/®~¢ for all & > 0
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Theorem 1.1. Let L € Np. There exist two constants Ty, > 0 and Cp > 0 depending only
on L such that for every T > Tr, there exists ¢g = eo(L,T) > 0 such that for all yo,y1 €
L2(0, L) with ||lyoll 20,1y < €0 and ||y1l| 20,1y < €0, there exists u € HY3(0,T) with lull sy <
Crr(lvollzz(o,) + lly1llz2(o,z)) such that
y(T7 ) =Y,

where y € Xp is the unique solution of (L.1).

Recall that NVp is defined in (1.3).

The second main result is on the local controllability property of (1.1)) in small time.

Theorem 1.2. Let L € Np. There exist T, > 0, 9 > 0, and v € H}(0,L) N C>([0, L]) such that
for all 0 <T < Ty and for all solutions y € X7 of

Yt + Yz + Yzaz Yy =0 in (07 T) X (07 L)>
(1.6) N
y(wL)=u in (0,7),
y(oa ) = Yo = 51/} in (0’ L)v
with 0 < e <eo and |[ull g3 o 1) < €0, we have

Remark 1.1. Taking controls in H'/3(0,T) is very natural for the control system (1.1)) with initial
and final data in L2(0,L). In fact, this is the right functional space if one considers the solutions
in the (energy) space Xrp.

As a consequence of Theorem and Theorem the KdV system is finite time locally
exactly controllable but not small time locally controllable for initial and final data in L?(0, L)
using controls in H'/3(0,T) for all critical lengths. We thus give a complete answer to [14, Open
question 4]. These results are surprising when compared with known results on internal controls
for the KAV system. The system with «w = 0 is locally controllable using internal controls
whenever the control region contains an arbitrary open subset of (0, L) as mentioned previously.
These results are also distinct with the control properties of the KdV system with the Neumann
control on the right for which the system is small time locally controllable when dim My =1, see
[19]. Nevertheless, these facts are consistent in the sense that the dimension of the unreachable
space for the linearized system of is always even (a fact proved later in this paper, see )

In comparison the results given in this paper with the ones in [21I], both works deal with the
local controllability of the KdV equation using boundary controls. The right Dirichlet boundary
control is considered in this paper. We prove here that the local null controllability in small time
does not hold for solutions with small norms in the functional energy space Xt and for all critical
lengths. In [21I], with Coron and Koenig, we considered the right Neumann boundary control.
We established there that the small time local null controllability does not hold in a more regular
space than X7 and for a class of critical lengths whose unreachable space is of dimension 2. The
local controllability in finite time with the right Neumann control holds for small solutions in X
for all critical lengths [19] [13, [15]. Nevertheless, whether or not the small time local controllability
of the KdV system with the right Neumann control hold either for small solutions in Xz or (and)
for all corresponding critical lengths whose dimension of the unreachable space is strictly greater
than 1 is still open (see the list of open questions in [21]).

Finally, in the case L ¢ Np, we can prove the following result, which sharpens the results in
[23] mentioned previously.
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Theorem 1.3. Let L ¢ Np and T > 0. There exist C > 0 and g9 > 0 depending only on L
and T such that for all yo, y1 € L*(0,L) with ||yoll12(0,2) < €0 and ||y1]|12(0,1) < €0, there exists

we H'30,T) with |[u]l /s 0.1y < Clllvoll L20,0) + 91l 2(0,1)) such that

y(T',-) =y,
where y € X is the unique solution of (1.1)).

1.3. Ideas of the proofs. Our approach is inspired by the power series expansion method intro-
duced by Coron and Crépeau [19]. The idea of this method is to search/understand a control u of
the form

u:5u1+52u2+--~
The corresponding solution then formally has the form

y=eyi+eypt---,
and the non-linear term yy, can be written as

Yo = EYyia + -
One then obtains the following systems for y; and ys:

Yi,t + Yl,x + Yxzx = 0 in (07 T) X (07 L),
(1.7) y1(50) =y12(, L) =0 in(0,7),
y1(, L) = uq in (0,7),

Yot + Y22 + Y2200 + Y1Y1,2 = 0 in (07 T) X (07 L),
(1.8) y2(-,0) = y2.(-,L) =0 in (0,7),
ya(+, L) = ug in (0,7).

The idea is then to find the corresponding controls u; and wup such that, if y1(0) = y2(0) = 0,
then y;(T) = 0 and the L2-orthogonal projection of yo(T") on Mp is a given (non-zero) element
in Mp. To this end, in [19, [I3] [15], the authors used delicate contradiction arguments to capture
the structure of the KdV systems.

We here follow and extend the analysis in [2I]. The starting point of the analysis is also the
power series expansion method. The strategy is to characterize all possible w; which steers 0 at
time 0 to 0 at time 7" (see Proposition . This is done by taking the Fourier transform with
respect to time of the solution y; and applying Paley-Wiener’s theorem. We then investigate the
projection of yo into the unreachable space Mp (in Section . As a result, for all critical lengths
L € Np, if the control time is sufficiently large, then one can reach all directions in M p via yo and
if the control time is sufficiently small, then there are directions in M p which cannot be reached
via y9. Using these facts, we then implement arguments to prove the local exact controllability in
finite time and disprove the local exact controllability in small time.

Here are some other comments on the analysis. First, the arguments used to establish the fact
that one can reach all directions in M p via ys for time large enough is as in [I3] when dim Mp = 2
using the rotation idea. When dim M p > 2, the arguments are more involved and different since
the phases might be complex. Second, the arguments used in this paper to disprove the small
time local controllability improve the ones in [21I] and yield the result in the energy space Xr.
The proof also relies on the positivity of a scalar product which comes naturally in the study of
the controllability of the KAV system for small time. The positivity of a scalar product for small
time was also the crucial point of several lack of small time local controllability results for systems
with infinite propagation speed, nevertheless the previous ways to derive it are different, see, e.g.,
[17, B0, [5]. Finally, the analysis for the well-posedness of is in the spirit of the work of Coron,
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Koenig, and Nguyen [2I]. This partly involves a connection between the linear KdV equation and
the linear KdV-Burgers equation as previously used by Bona et al. [9] and inspired by the work of
Bourgain [10], and Molinet and Ribaud [34]. Nevertheless, new estimates requiring new insights
are derived in order to allow us to get the observability inequality for the critical lengths, which
are useful in determining the unreachable space for the linearized KdV system (see Remark [2.3)).

1.4. Organisation of the paper. The paper is organized as follows. In Section 2 we establish
several properties for the linearized KdV equations equipped with various boundary conditions.
The main results there are Proposition and Proposition In Section [3], we present the
unreachable space and establish the corresponding observability inequality (Lemma . The
main result of this section is Proposition In Section |4l we study properties of the controls
which steer 0 at time 0 to 0 at time T. Using results in Section [4] we study attainable directions for
small time in Section[5] The main result of this section is Proposition 5.1} which is one of the most
important ingredients of the proof of Theorem and Theorem Theorem Theorem
and Theorem are given in Section [6 Section [7] and Section [8 respectively. Several technical
results are given and proved in the appendix.

2. ON THE LINEARIZED KDV EQUATIONS

In this section, we establish two well-posedness results (Proposition and Proposition
for the linearized KdV equation equipped with two different types of boundary conditions in the
energy space X7 defined in . These results are the starting point of our analysis and play a
role in deriving the unreachable space and establishing the corresponding observability inequality

in Section [3| (Proposition [3.1).
Here is the first main result of this section.

Proposition 2.1. LetT > 0, (h1, ha, hg) € H/3(0,T)xH'Y3(0,T)xL*(0,T), f € L*((0,T); L*(0, L)),
and yo € L?(0, L). There exists a unique solution y € Xt of the system

Yt + Yz + Yexx = f mn (O7T) X (O)L)a
(21) y(70) = h17 y(aL) = h?a y:v(7L) = h3 mn (07T)7
y(0,) =wo in (0, L).

Moreover, for x € [0, L],
(22) llyllxy + lyC @) sy + 19 @) L20.1) + 1Yoz ()| g1/ 0,17y

< Cr(lwoll 200y + 1l (ayzco.y) + 10 B2 linssioiry + Ihsllzzcoir).
where Cr,1, denotes a positive constant independent of x, yo, f, and hy, ha, h3.
Remark 2.1. In Proposition [2.1] we implicitly admit that
y € C([0, L HY*(0,7)), yo € C(0,L;L°(0,7)),  and  yae € C([0, LI H3(0,T)).

These facts are derived from the proof. Results and their analysis which are related to Proposi-
tionwill be discussed in Remark The estimates for [y (-, )|l L2(0,7) and [|Yaa (-, 2) | g1/3 0,7+
are used in establishing the observability inequality.

The next result is on the well-posedness of the linearized KdV system for which the Dirichlet
condition and the second derivative in x on the right are described.
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Proposition 2.2. Let T > 0, (h1, he, h3) € HY3(0,T) x HY/3(0,T) x [H/3(0,T)]*,
felLl ((O,T);LQ(O, L)), and yo € L*(0,L). Then there exists a unique solution y € Xt of the
system

Yt + Yz + Ygaz = f in (OaT) X (Oa L)a
(23) y(ao) = hla y(aL) = h2a yx:t(vL) = h3 n (O’T)v
y(O, ) =Y in (07 L)'

Moreover, for 0 <z < L,
24) Mylixz + G o)l grsory + 192 20,m) + 1Yea (5 2) 175 0,0+
< CT,L<Hy0”L2(O,T) + HfHLl((QT);Lg(QL)) + [[(h1s h2) | /s o,y + Hh3H[H1/3(O,T)]*)7

for some positive constant Cr, 1, independent of x, yo, f, and (hy, ha, h3).
As a consequence of Proposition we obtain the following well-posedness result for (|1.1)).

Proposition 2.3. Let L > 0 and T > 0. There exists ¢9 > 0 such that for yo € L?*(0,L), u €
H1/3(O,T), and f el ((O,T)7L2(07L)) with HyOHLQ(O,L) + HfHLl((O,T);LQ(O,L)) + HUHH1/3(O,T) < €0,

there exists a unique solution y € X of the system

Yt + Yo + Yogz + YYz = f m (O7T) X (07 L)a
y(,L)=u in (0,7),
y(O, ) =Y in (O7L)'

Moreover, we have
(2.6) lyllxr + Hy('7x)||H1/3(O,T) + ”ym('ax)”LQ(O,T) + ”yrx('vx)”[H1/3(0,T)}*

< CT,L<||Z/0||L2(0,L) + 1 fllr o,r);L2(0,1)) + HU||H1/3(0,T)>-

The rest of this section consisting of four subsections is organized as follows. In the first sub-
section, we present several results on the KdV-Burgers equations, which are used in the proof of
Proposition [2.1] and Proposition The proof of Proposition Proposition and Proposi-
tion are given in the last three subsections, respectively.

2.1. On the linear KdV-Burgers equations. This section is devoted to the study of the linear
KdV-Burgers equations with the periodic boundary condition. Here is the main result of this
section.

Proposition 2.4. Let g € L! (R+;L2(0,L)) with fOL g(t,x)de = 0 for a.e. t >0, and let yo €
L?(0,L) be such that fOL yo(z)dx = 0. There exists a unique solution y € C([O, +oo);L2(O,L)) N
L?([0,+00); H'([0, L])) which is periodic in space of the system

(2 7) { Yt + 4y5t? + Yozz — 3yxa: =4 n RJr X (O’ L)v

y(07 ) = %Yo mn (07 L)‘
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Moreover, fort € Ry and x € [0, L],

(28) vt Mze.) + G2 msmsy + v 2)l2@y) + Y2 218wy

< C(lwllzzo.) + 1911 (5, ro017) )
for some positive constant C depending only on L.

Proof. We only derive the estimates. The uniqueness follows from the estimates and the existence
follows the proof of these estimates as well.
Multiplying the equation by y and integrating by parts, we have

1d [ ) L ) L
57 | ()] da:+3/ ya(t, )] dx:/ R
0 0 0
This yields
1d [ )
24 ), ly(t, 2)” dx < [|g(t, ) r20,0) 1y (E; ) £2(0,1)-

Applying the Gronwall lemma, we obtain the desired estimate for ||y(t,-)||2(0,1)-

We next establish the estimates for [|y(-,z)[| g3, ), [19=(, @)l z2® ). and [[yza (- )| g1/s Ry
For notational ease, we assume that L = 2. It suffices to consider the case ¢ = 0 and the case
yo = 0 separately.

We first consider the case g = 0. Write the solution under the form
y(t,x) =) an(t)e™ in Ry x (0,L) =Ry x (0,27).
nez
We then derive that

yo(x) = Z an(0)e™ for x € [0, 27]
nez
and

an(t) = (- 3n? —i(4n — n3))an(t) for t € Ry.
We thus have

an(t) = 6(73"2%(4”7"3))%”(0) for t € Ry,n € Z.
Since fOL yo = 0, it follows that ap = 0. This in turn implies that ag(t) = 0 for ¢ € R;. We thus
obtain

y(t,x) = Z ei”xe(_3”2_i(4”_"3))tan(0) in Ry x (0,27).
nez\{0}
Extend y(t, z) for t < 0 by
(2.9) yltoo)= 3 emre(Bitnm)ig ) in R (0,27),
n€Z\{0}

and still denote this extension by y(t,z). We have, for z € R,

(210) / y(t,:z‘)eiitz di = / 6(73n27i(4n—n3))t671t2 dt +/
R 0

—00

0
e (3n2 7i(4n7n3)) tefitz dt

_ 1 N 1 _ 6n
C3n24i(dn—nd+2) 3?2 —i(dn—nd+2)  Int + (4n —nd + 2)2
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This implies

@) e, <€ [ @Y nJa, (0)]
. ) HY3(Ry) = 2R v nt + (z + 4n — n3)2

Applying Lemma [2.T] below with s = 1, we obtain

(2.12) ly G @)y < Clivol7z(0,2m)-

Similarly, we have

2
*lan(0)]

| e nflan
213) bt <€ [ | 3 oo
and

2
4
‘ 9 —2/3 n*|an(0)|

(2.14) [ yza ( vw)"H71/3(R+) < C/ZG]R(l +|2[) Z (z+4n —n3)2 + nt

n€Z\{0}
Applying Lemma [2.T] below with s = 0 and s = —1, we get

(2.15) 9 (s )1 22,y < CllyollZ2(0,20)-
and
(216) ||yxw('7x)”§{—1/3(R+) < CHyOH%Q(O,ZW)'

The proof in the case g = 0 is complete.
We next deal with the case 19 = 0. The proof in this case can be derived from the previous case
as follows. For t > 0, let W (t) be the mapping which maps yg to y(t,-) with ¢ = 0. We then have

t
(2.17) y(t,x) = / W(t—s)g(s,z)ds.
0
This implies

(2.18) yu(t, ) = /Ot 0, (W(t —5)g(s, x)) ds = /000 1(0,)(8) 0% (W(t —5)g(s, x)) ds.

Hence

“+o0o
Iy (- 2) | 2,y < /0 120,y (8) (W (¢ = $)g(5,2)) [ 2w, d

= [T o207 - sigts.0) "

_ /Om (/OO 10, (W (¢ s)g(s,x))\zdt> 7

By the previous case, we have
1/2

( | 007 = s)gts.)) dt) < Cllg(s. 9z 0.0

We thus obtain

+o0
(2.19) Iy 2|2 g < C / lg(s, 2)]l 2 ds.



10 H.-M. NGUYEN

By the same arguments, we have
+o0o
(220) Hyzm('ax)HHt—l/S(R+) < /0 H]I(O,t)(s)amm(w(t - 8)9(£7£))HH;1/3(R+) ds

400 +oo
= [ 10 (W = sy 5 <€ [ otz s

Similarly, we obtain
+oo
(221) Hy(am)HHtl/3(R+) < /0 H]I(O,t)(S)W(t_ S)g(s7$)HHt1/3(R+) ds

+00 +oo
= [ W= gl gy ds < [ a0 ds

The conclusion in the case yp = 0 now follows from ([2.19)), (2.20]), and (2.21)).

The proof is complete. O
Remark 2.2. The proof gives as well that

y € C(10, LI H'?(0,+00)), yx € C([0, L]; L*(0,+00)), and g € C(0, L]; H1/3(0, +00)).

In the proof of Proposition 2.4 we used the following result in the spirit of Bourgain’s.

Lemma 2.1. Let (an)nez\{o; C R be such that 3, .7 oy a2 < +oo. For —5/2 < s < 3, there
exists a positive constant C' = Cy such that

|an|n[** 2
(222) JICERS DY | <0 Y e
2€R €7\ {0} (z+dn—n?)*+n neZ\{0}
Proof. For s > —5/2 and for —1 < z < 1, one has
1/2
Z | <C Z o2
— 32 4 = n
nez\{0} (z+4dn—n?)* +n nez\{0}
It hence suffices to prove that, for —5/2 < s < 3,
, 2
|an|[n]** 2
(2.23) / CERENAE DY 5 | dz<C > al
2€R;|z|>1 nez\{0} (Z +dn—n ) +n neZ\{0}
We have
2
3—s
224 1 28/3 ’aan‘ d
(2249 /z>1( Il Z (z +4n —n3)2 + nt ‘

nez\{0}

(m+1)3

3—s
_ . I N
—CZ/S m Z (z + 4n — n3)2 + nf “

meN, ¥ neZ\{0}
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For m3 < z < (m +1)3, one gets

|an||n|*~*
(2.25) > (

032 1+ h
neZiio} z+4n —n3)?2 +n

- ¥ m + k> |am i

— 3)2 4
s mAeT\ (0} (z+4(m+ k) — (m+k)3)2+ (m+k)

|m+k|3_s|am+k| |k|3_8|am+k‘
<C > 1 2 +C D> e
wibmem T URIHD) PR (L)

m+keZ\{0} m+keZ\{0}

Combining (2.24) and (2.25) yields

2

11

|an|In]**
220) [ el > M R
2>1 e (0} (z4+4n —n3)2+n
2
|+ k>~ amil m|"**am |
SCY | X D DR =i
N =5 +s 2
meEN. k;|k|<2m m (‘k| + 1) ks |k|>2m+1 ’k‘ (|k| + 1)
m+keZ\{0} m-+keZ\{0}
|am k] Im + k625 m2+2s
<CX | X @manee > + >
- + 6—2s 3— 2+2s 3=
meN, k (|k‘ + 1) : k;|k|<2m m (|k| T 1) : k;lk|>2m+1 |k| (|k| T 1) :
m+keZ\{0} m+keZ\{0} m+keZ\{0}

Here 0 < € < 1 is fixed such that s > (¢—5)/2. We have, for m € Ny, |k| < 2m, and m+k € Z\ {0},

|m + k|6=2¢

62 < C for s < 3,

and, for m € Ny,

Z e e : < ¢ < C for s > (¢ —5)/2
=m _ .
2+42s 3—¢ 242s 3—e — 2—e —
s (R ) WZZW R 1 S m
m+keZ\{0} m+keZ\{0}

Using the fact, for m € N,
E 71 < 400
2 9
k; m+keZ\{0} (‘k| T 1)

we derive from (2.26)) that

2

|an|n]*
(2.27) / CEREN DY 5 | dz
z>1 neZ (0} (z+4n —n3)2 +n

|Clm+k\2 1 2
< C Z Z 4(|k3| +1)2 < CZ (|k‘| +1)2 Z |am+k| y

meN. k; m+keZ\{0} kEZ m; m+keZ\{0}
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which yields
2

|an|’n’3_s 2
@) [ a2 mrr | <0 % lal
z>1 e (0} (z4+4n—n3)2 +n

Similarly, we have
2

3—s
(2.29) / (1+ |2[)2/3 Z( [anlin] dz<C Y agl
z<—1

_ m3\2 4
nezv{oy +dn —nd)* +n nez\{0}

Estimate (2.23)) now follows from (2.28) and (2.29). The proof is complete. O

2.2. Proof of Proposition The uniqueness is standard. The existence follows from the
construction of a solution given below.

We next deal with the estimates. Extend f and hy, he, and hg by 0 for ¢ > T and still denote
y the corresponding solution. The proof of is given into two steps.

Step 1: We first consider the case where yg = 0 and f = 0. By the linearity and the uniqueness of
the system, it suffices to consider the three cases (hq, ho, h3) = (0,0, h3), (h1, ho, h3) = (h1,0,0),
and (hi, he, hs) = (0, he, 0) separately.

In what follows, for an appropriate function v defined on Ry x (0, L), we extend v by 0 on
R_ x (0, L) and we denote by v its Fourier transform with respect to ¢, i.e., for z € C,

1 [t :
0(z,x) = \/%/0 v(t, x)e " dt.

Extend y and f by 0 for ¢ < 0 and still denote these extension by y and f. Then

(2.30) Yt + Yz + Yzze = 0 in R x (0, L).
Taking the Fourier transform with respect to ¢, we obtain, for z € R,
(2.31) i3 + §z + Jaze = 0 in (0, L).
For z € C, let A1, A2, A3 be the three solutions of the equation A3 + A 4+ iz = 0. Set
1 1 1
P=P(z) = 3 \(ehet Moy = det@p(2), where Qp(2) = | ME eBE k)|
j=1 At A A3
and
1 1 1
(2.32) == E(Z) = —(>\2 - /\1)()\3 — )\2)(/\1 — )\3) =det [ A1 A2 A3 |,
A2A2 N2
1 A2 A3

with the convention \j;3 = A; for j > 1. It is useful to note that P(2)Z(z) is an analytic function
in z. Denote

(2.33) H(z) =

Then H is an analytic function and H only has a finite number of zeros on the real line, see [21],
Lemma B1].

We first consider the case (hi,he,hs) = (0,0,h3). We extend hs by 0 for t > T and still
denote this extension by hs. By Lemma in the appendix, there exists g3 € C*°(R) with



KDV 13

supp g3 C [T, 3T] such that if z is a real solution of the equation H(z) = 0 of order m then z is
also a real solution of order m of h3(z) — gs(2), and, for k > 1,

(2.34) 193] v () < Ck||h3||L2(R

We now establish (2.2)). Let y3 be the solution of where (hy, ha, h3) are (0,0, hs — g3),
and f =0, and yg = 0. We have, by taking into account the boundary conditions,

N - 93 L L\ Az
2.35 z,x) = il _ Aitil) AT for a6 1€ (0,L).
(2:35) in(z.a) = ")) ;£ ) (0,1)

We have, by the choice of g3, for z € R and |z| < 7,

hs(2) — §a(2)
H(z)

3

1 , ) .
=(2) > (Mt — )Nt < O lhs — gsl o),
=) &

(2.36)

and, by Lemma below, for z € R, |z| > 7 with sufficiently large ~,
1< c

2.37 e P [ —

( ) detQD;( ) — (1—!—’,2‘)1/3

Combining ([2.36]) and (2.37) yields

Y3 (s )l /sy < Cronllhs — g3l L2(w)

Similarly, we have
193, (s )l L2() + Y320 (-, 2) | 173y < CrLllhs — g3l L2(R)-
The estimates for [|y(-, )| g1/30.1), [1¥3.0(, ) 2207, and y3.02 (s @)l g1/50,ry« follow by noting

that y = y3 in (0,7") x (0, L).
We also have, by an integration by parts, for 0 < 7 < 170 < T,

L[ apar = [Cwesapars ) [ (v nr - weop)a
20y7'2a$ $20 71, 1‘2T Y, Yy,

1

+ /TTZ (9 (1, LYy(t, L) = o (8, 0)3(8,0) ) dt ;/72 (Ivelt, D [t 0)) d = 0

1 T1
Using the estimates for [|y(-, z)|| g1/307): |Y3,2( @)l 20,7), and [[ys,22 (- @)[[gr1/3 (01> We obtain
the one for ||y x;.-
The proof in the case (h1, ho,hs) = (h1,0,0) or in the case (hy,ha, hs) = (0,he,0) is similar
after noting Lemma in the appendix. We mention here that the solution corresponding to the
triple (h1,0,0) is given by

X ~ la(z)
y(Z,IE) - det QD

3
Z()\j+2 — )\]Jrl) i(@—L) for a.e. x € (0 L)
j=1

and the solution corresponding to the triple (0, ha,0) is given by

s 3
R h2 z . . x
§(z,2) = det(QL g 1()\j+1e’\ﬂ“L — Njyoe+2l)eN for ae. x € (0, L).

The details are left to the reader.



14 H.-M. NGUYEN

Step 2: We now deal with the general case. The starting point of the proof is a connection between
the linearized KAV equation and the linear KdV-Burgers equation. Set v(t,z) = e 2T %y(t, z),
which is equivalent to y(t, z) = e*~%v(t,2). One can check that if y satisfies the equation

Yt + Yo + Yoaw = [ 0 Ry x (0, L),
then it holds
Vg 4 A0y + Vg — Vg = fe 2% in Ry x (0, L).
Set, in Ry x (0, L),

L
(238) w(tv .%') = ¢(t) = % / f(t7 6)6_2t+€ d§¢ and g(ta .%') = f(tv x)6_2t+x - w(ta l’)
0
Then
L
/ g(t,z)dr = 0.
0

Let y1 € C([0,400); L*(0, L)) N L ([0, +00); H'(0, L)) be the unique solution which is periodic

loc
in space of the system

(2.39) Y1t +4Y1z + Y1aze — 3Y1e = g in (0, +00) x (0, L),
and

(2.40) y1(0,-) = yoe” in (0, L).

Set

1 L
a:L/O y1(0, ) dz
By Proposition we have, for z € [0, L],

(241) (@) —ellgrsm,) + 19120, 2) @) + Y102 (@) | g-1/s @) < ClF LRy 22(0,0)-
Let y2 € X7 be the unique solution of

Y2t + Y2, + Y2,002 = 0 in (0,7) x (0, L),
Yo, 0) = hy(t) — 2 <y1(t, 0) + Ji ¥(s) ds in (0,7),
yo(t, L) = ha(t) — e2t’L<y1(t, L)+ [l a(s) ds) in (0,7),
y20(t, L) = hy(t) = (¢~ (u(t, ) + [y vo(s) ds)) (L) in (0,T),

and
ya(t =0,-) =0 in (0, L).
Applying the results of Step 1 to yo, and using (2.41)), we derive that, for x € [0, L],

12llxr + lly2( )l g/so.r) + 1y22 (2 L200,7) + Y220 (5 2) | (11173 0,1
< Cr (Il ho)ll gy + sl ezgey + 1 s, n20.00) )
The conclusion follows by noting that y = €2/~ (yl + fg P(s) ds) +yo in (0,7) x (0, L).

The proof is complete. O
In the proof of Proposition we used the following elementary result, see, e.g., [21].
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Lemma 2.2. For p € C and z in a sufficiently small conic neighborhood of R, let \; and Xj
with 7 = 1, 2, 3 be the three solutions of the equation \> + X +iz =0 and X3+ X\ +i(p — 2z) = 0,
respectively. Consider the convention (A1) < R(A2) < R(A3) and similarly for Xj. We have, in
the limit |z| — oo,

1 A g
(2.42) \j = szl/3 _ ﬁz—l/z’, L OE"23Y with [ = ¢~ im/6=25im/3
J
N ~ 1 ~ . g
(2.43) \j = MjZl/g _ ﬁz_l/?) L O3 with lij = i /6+2i57 /3
J

Here 23 denotes the cube root of z with the real part positive.

Here and in what follows, for s € R, O(2*) denotes a quantity bounded by C'z* for large positive
z. Similar convention is used for O(|z|®) for z € C.

ﬂk\\ﬁg) FIGURE 1. The roots A; of N4+ A+iz=0
satisfy, when z > 0 is large, A\; ~ ,ujzl/3

where u;’ = —i. When z < 0 and |z| is large,

w1 U3 then the corresponding roots j\j satisfy 5\]' ~
= 1i;]2|Y/3 with 1i; = 7i;. We also have Xj ~ A

The same proof as in Step 1 of the proof of Proposition [2.1] gives the following result.

Lemma 2.3. Let T > 0 and (hy, ho, h3) € H/3(0,T) x H'/3(0,T) x L*>(0,T). Then the unique
solution y € X of the system

Yt + Yz + Yoz = 0 in (0,T) x (0,L),
(244) y(,O) = hi, y(vL) = ha, y:v(7L) = h3 in (OvT)v
y(0,-) =0 in (0, L).
satisfy, for x € [0, L],
(2.45) Hy('aw)HHﬂ/?s(o,T) < C'T,L<||(hl7 h2)||H*2/3(0,T) + ”h3HH*1(O,T))a

where Cr,1, denotes a positive constant independent of x, yo, and h1, ha, hs.

Remark 2.3. We end this section with some comments on Proposition [2.1] and its proof.

i) The well-posedness of (2.44)) in X7 is proved in [8, Theorem 2.10 and Proposition 2.16] for
L =1 when (0,T) = R4 and the estimate for ||y, (-, 2)|/12(0,r) in this case is a consequence
of their results. For L = 1, their results imply that, when (hq, ha, h3) = (0,0,0),

(2.46) Yz (- )| L2, ) < CllvollL2(0,1) for = € [0, 1].

Note that L = 1 is smaller than the smallest critical length in Ny which is 2. The
estimate as (2.46)) cannot hold for arbitrary L. In fact, such an estimate is not valid for
any critical length by considering a non-zero initial datum in My .
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ii) Similar estimates for [|y(-,2)[| g3y and [|yz(-,2)||L2(0,r) as in in the real line
space setting can be found in [16l 24]. To our knowledge, variants of the estimate for
|Yaa (-, )1 0,y 0 are not known even in the real line space setting. Our proof
of Proposition is in the spirit of [21I], which involves the Fourier transform with re-
spect to time of the solution, as in [§], and a connection between the linearized KdV and
the linear KdV-Burger equations. However, in the study of the the linear KdV-Burger
equation with periodic boundary conditions, the singularity of the kernel is appropriately
compensated (see the proof of Proposition , which is the novelty of the analysis. The
proof given here is self-contained and is different from the ones in [16, 24] which are based
on the Riemann-Liouville fractional integrals and the theory of Airy functions.

2.3. Proof of Proposition Using Proposition [2.1, without loss of generality, one might
assume that yg =0, hy =0, ho =0, and f = 0. This will be assumed from later on.

Extend hz by 0 for ¢ ¢ [0, 7] and still denote this extension by hs. Then hy € H~/3(R). Denote
y be the corresponding solution for ¢ > 0 and extend y by 0 for ¢ < 0. Still denote this extension
by y. One then has

(2.47)
y(,0)=0, y(-,L) =0, yzz(-,L) = hs inR.
Taking the Fourier transform with respect to t, from the system of y, we have
129(2, ) + U2(2, ) + Yaza(2,2) =0 in R x (0, L),
(2.48) 9(2,0) =9(2,L) =0 in R,
Jui(2, L) = h3(2) in R.

Taking into account the equation of ¢, we search the solution of the form

{ yt+yx+yxxxzo iHRX(O,L),

3
(2.49) 9(z,) = Zaje)‘jx,
j=1

where \j = \j(z) with j = 1,2, 3 are defined in Definition and a; = a;j(z) for j =1,2,3.
We then have X
Zj:l aj =0,

3 ML _
Zj:l aje 7= 07
3 2,00 7

2 j—1 A€ = hs,

This implies, with the convention A3 = A;,

eNi+2l AL

RS

Ykor €N = Af)
Modifying the value of hj3 in the interval (T, 27) if necessary, as in the proof Proposition one
can assume that if z is a real solution of the equation (A; —Ag) (A2 — )\3)()\3A— A1) Zi’::l e_’\kL()\iJrQ -
A7 .1) = 0 of order m then z is also a real solution of order at least m of h(z). Using the behavior
of \; for large real z, see e.g. Lemma one obtains, for m > 1 and z € R with |z| < m,

(2.51) |aj| < Cllhsll -1y,

(2.50) a; hs for j =1,2,3.

and, for z € R with large |z|,

C .
(2.52) la;| < ’Z’T/g‘hiﬂ(z)‘
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The conclusions now follows from ([2.49)-(2.52]). O

2.4. Proof of Proposition We only derive the estimates. We have, by Proposition we
have

1yl xp < CTL(”Z/OHL?(O,L) + HU”Hl/S(o,T) + HgHLl((o,T);B(o,L)))a
where
g(t,z) = f(t,x) — y(t, 2)Oy(t, x).
On the other hand, one has
Hyy:p\lLl((QT);LQ(O’L)) < Cllyllx,-

By choosing ¢( sufficiently small, the conclusion follows. ]

3. PROPERTIES OF THE UNREACHABLE SPACE
In this section, we first describe the unreachable space for the linearized KdV system:
Yt + Yz + Yzzz =0 in (0,7) x (0, L),
(3.1) y(,0) = 42(-,L) =0 in (0,T),
y(-,L)=u in (0,7).
This reveals more structures behind . The main result of this section is Proposition which
is based on an observability on the controllability with initial data in /\/lf). In comparison with the

right Neumann boundary control system, this part for the Neumann setting is much simpler. The
proof of Proposition involves the well-posedness and the estimates for solutions in X7 given in

Proposition and Proposition [2.2]
As in [35] (see also [14] 21]), we first describe the unreachable space Mp. Let L € Np be

defined by (|1.3). Denote
(3.2) Pp="Prp:= {i2122Z3/L3; 21, 22,23 € C: (L4) holds, 23 = —(21 + 22), S(212223) < 0}-

Here and in what follows, for z € C, ®z and 3z denote the real part and the imaginary part of z,
respectively.
One can rewrite the definition of Pp under the form

(3.3) Pp = {p € C;R(p) > 0 and (3.4) holds},
where, with 21, 2o, 23 being three solutions of the equation 23 4+ L?z + ipL? = 0,
(3.4) 21671 = z9€™ = z3€™3.
Thus Pp is bounded in C since for large p the three solutions of the equations 22 4+ L?z +ipL? = 0
are close to the three solutions of the equation 2% + ipL?® = 0, and one can show that (3.4) does
not hold then. Condition (3.4]) also implies that
x(p) =0,

where, with 21, 2o, 23 being three solutions of the equation 23 4+ L?z + ipL? = 0,

X(p) = (21 — 22)(21 — 23)(22 — 23) (21" — 22€*2) (216" — 23€7%) (20" — 23€™2).

Since x is analytic in C, the set of the solutions of the equation x(p) = 0 has no accumulation
point. We thus derive that Pp is a finite set.
Set

(3.5) np = #Pp.
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Denote
(3.6) PD:{ngC;lgﬁgn}.

Thus, by (3.3),
Rpe > 0.

For 1 </ < np, let 214,29, and 23, be three solutions of the equation 23 4+ L%z +ipeL3 = 0.
Denote

Nje = —2¢/L and  njp3e=mn;, for j > 1.
Then
(3.7) me+n2e+030=0, nuemae+mense+neemse =1, and 01 m2ms.e = ipe.
It follows that
(3.8) M1.0, 2,0, and 73 ¢ are the three solutions of the equation 7)3 +n—1ipy = 0.
From , one derives that
(3.9) mee” M = g el = g geE

Define, for 1 </ < np,

3

(3.10) po(r) =Y (Mjzae — Njs1,0)e" " for € [0, L],

j=1
and
(3.11) Uy(t, ) = e Plpy(x) for t € R, x € [0, L].
Using , , and , one can check that
(3.12) Wy(t,0) = Wy ,(t,0) = Vy(t, L) = Vyp(t,L) =0for t € R
and
(3.13) Vot +Vor+ Vopee =0 inR x (0, L).

Remark 3.1. We later prove that Spy > 0 for 1 < ¢ < np (see Corollary in the appendix).

We are ready to state the main result of this section on the unreachable space for the linearized

KdV system (3.1).
Proposition 3.1. Let L € Np be defined in (1.3)) and set

(3.14) Mp = span{%w, Spe; e is given in (3.10) with 1 < £ < nD}.

We have

i) for o € Mp\ {0} and T > 0, there does not exist u € HY3(0,T) such that y(T,-) = ¢ where
y € X is the unique solution of the linearized KdV equation with y(0,-) = 0.

ii) there exists a linear continuous operator L : M3 — HY3(0,T) such that y(T,-) = ¢ where
y € Xr is the unique solution of with y(0,-) =0 and u = L(p).

iii) There exists a linear continuous operator L : M3 — HY3(0,T) such that y(T,-) = 0 where
y € X7 is the unique solution of with y(0,) = ¢ and u = ﬁ(gp)
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Proof. The proof of i) is standard as in [23]. For the convenience of the reader, we give the proof.
Let ¢ € Mp \ {0}. By the definition of Mp (see also and (3.13)), there exists a smooth
(real) solution ¥ of the system
U, + W, +¥,, =0 for (t,z) € R x (0, L),
and
U(t,0) =W, (t,0) =V(t,L) = Vup(t,L) =0 for ¢t € R,
with ¥(0,-) = ¢ in (0, L).
Multiplying the equation of y by ¥ and integrating by parts, after using the boundary conditions
of y and V¥, one has
1d [* v
sdt ), y(t,z)V(t,x)de = 0.
This yields assertion 7).
We next deal with assertion ii) and iii). Let ¢ € Mﬁ. Let y* € X7 be the unique solution of
the backward linear KdV system

Yt + Y+ Yrgw =0 in (0,T) x (0, L),

(3.15) y(,0) =z (- 0) =y* (L) =0 in (0,T),
y*(T,-) = in (0,L).

Applying the observability inequality in Lemma below to y*(T — -, L — -), we obtain
(3.16) AUl < el Dl < Ml
for some constant A > 1. Fix a continuous linear mapping
(3.17) Ly [HY30,T)]* — HY3(0,T)
such that
(3.18) (La(h), 1) s o ymvssomys = ClPllgs .y for all k€ [HY3(0,T)]",

for some positive constant C'. This can be done using the Fourier series or the Fourier transform
appropriately.
We first prove assertion ii). Equipped Mﬁ with the L?(0, L)-scalar product. Define
A: Mp = M5
by
A(d}) = y(Ta ')7
where y € Xr is the unique solution of the following system

yt+y$+y$$I:O 11’1( ) X(O7L)7

0,7)

(3.19) y(,0) =4u(,L) =0 in (0,T),
0,7)

0,L)

i

y(wL)=h in (0,
y(O,'):O in( )

with h = £1(y%,(-, L)) where y* is determined by (3.15) (y(T,:) € M3 since y(0,-) = 0). An
integration by part yields

L T
(3.20) /0 y(T,x)2* (T, x) dx = —/0 y(t, L)z, (t, L) dt,

for all solutions 2* € X of (3.15) with 2*(T\,-) € M3.

)
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Using and applying the Lax-Milgram theory, we derive that A is linear continuous and
its inverse is also linear continuous. The conclusion of i) follows by taking L£(¢) = Lq(h) with
h = L1(yi,(-, L)) and y* is the solution of with v being replaced by A~1(1).

We now deal with assertion #ii). Set

H= {y;x(-,L) e [H'Y3(0,T)]*; where y* is determined by (3.15) with ¢ € MJB}

It follows from (3.16|) that H is a closed subspace of [H 1/ 3(0,7)]* so is a Hilbert space. We next
consider the following bilinear form on H:
a(u, v) = (L1(u), U>H1/3(0 T);[HY/3(0,T)]*"

Using ((3.16} , we derive from the Lax-Milgram theorem that there exists a continous linear appli-
cation A /\/lL — H such that

L

(3.21) | et 0.2)dz = i)
for all solution y* € X7 of (3.15) with v € M.

Set

L= £1 o} ./4
The conclusion of #44) then follows after noting that if y(0,-) € M3 then y(T,-) € M3, and
L L T

62 [ ey o [y 0= [y DD

The proof is complete. U

Here is the observability inequality used in the proof of Proposition

Lemma 3.1. Let L € Np and y € Xp be a solution of the linearized KdV equation with y(0,-) €
M3 with y(-,0) = y(-, L) = y,(-, L) = 0. Then there exists A > 1 depending only on L and T such
that

(3.23) A7y, )l z20,2) < 19aw (5 Ol gras o e < Ally (05 )2 (0,1)-
Proof. By Proposition we have
(3.24) Y2z (-, Ol 173 0.y« < Clly(0, )l £2(0,1)-

We next prove
(3.25) [l%(0, ')HL2(0,L) < CHZ/M(',0)”[1{1/3(0,7“)]*
by contradiction. Assume that there exists a sequence () C M3 such that

1

(3.26) 1Y, (-5 Ol /3 0,7y Hyn( ez =

where y, € Xp is the solution of the linearized KdV system with y,(0,-) = ¢, and y,(-,0) =
Yn(, L) = Yna(-, L) = 0. Set
yu(t,x) = yo (T —t, L — x).

Then y, € Xr is a solution of the equation y,+ + ynz + Ynazee = 0 in (0,7°) x (0,L). By the
regularizing effect of the linearized KdV equation, without loss of generality, one might assume
that y,,(0,-) = yn(T, L —-) converges in L?(0, L). Applying Proposition to yn, one derives that
yn(0, L — ) = y,(T,-) is a Cauchy sequence in L?(0,L). In other words, ¢, = y,(0,-) is a Cauchy
sequence in L?(0, L). Let ¢ be the limit of ¢, in L?(0, L) and denote y € X7 be the corresponding
solution of the linearized KdV system. Then [|¢|[z2¢0,z) = 1.
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Set y(t,z) =y(T —t,L —x). Then y € Xr is a solution of the system

(3.27) Yt + Yz + Yaze =0 in (07 T) X (07 L)7
(3.28) v(,0)=y.(-,0) =y(-,L) = yz(-,L) =0 in (0, 7).
and
Proposition @
y(0,-) € Mp  and 1y (0, )l z2(0,1) > Cllellzzo,n) =C.

Moreover, y(0,-) € C*([0, L]).
Set

v ={pe MbnC™(0, 1) 3y € Xr satistying (820, B2F), and y(0,") = ¢} € L(0, L).

Then V # {0}. Using the same argument as above, one can show that any bounded sequence in V
(equipped L2(0, L)-norm) has a subsequence converging in V. Thus V is of finite dimension.

We can now involve the arguments via spectral theory in the spirit of [23] or even simpler (see
also [1, 138]) to show that there exists ¢ € V' \ {0} and A € C such that

(3.30) 0(-,0) = ¢(-,0) = (-, L) = ¢az(-, L) = 0.
Indeed, this can be done by considering

A:V — %

and taking A € C and ¢ € V \ {0} such that Ap = Ap. The only point required to check is the
fact that 1y + Vgee € V for ¢ € V. To this end, one just notes that — (1, + ¥zzz) = y¢(0, -) where
y € Xr is the corresponding solution (thus y(0,-) = 1). One now can involve the same arguments
in [23] (or apply [23, Propositions 1 and 2]), to derive that ¢ € Mp. Hence ¢ = 0 since p € M3.
We obtain a contradiction. The proof is complete. O

(3.31)

By the same arguments used in the proof of Lemma|3.1] we also have the following observability
inequality in the case L ¢ Np, which is the key point of the proof of Theorem [1.3]

Lemma 3.2. Let L ¢ Np and let y € Xr be a solution of the linearized KdV equation with
y(t=0,) € L*(0,L) and y(-,0) = y(-, L) = y4(-,0) = 0. Then, for some A > 1,

(3.32) A0, ) z20,.0) < MY (5 Oz 0my- < Ally(0, )]l L20,1)-
Here is a variant of Proposition [3.1]in the case L & Np.

Proposition 3.2. Let L & Np. Then
a) There exists a linear continuous operator £ : L?(0, L) — HY3(0,T
where y € X7 is the unique solution of with y(0,-) =0 and u = L(p
b) There exists a linear continuous operator L: L*(0,L) — HY3(0,T
where y € X7 1s the unique solution of with y(0,-) g

such that y(T,-) = ¢

such that y(T,-) = 0
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4. PROPERTIES OF CONTROLS WHICH STEER 0 AT TIME 0 TO 0 AT TIME T

In this section, we study controls which steer 0 at time 0 to 0 at time T for the linearized KdV
system of (1.1)). To this end, it is convenient to introduce

Definition 4.1. For z € C, let (\j)1<j<s = (X;(2)) be the three solutions of

1<5<3
(4.1) A+ A +iz =0.
Set

1 1 1
(4.2) Q=0Q(z):= | eML eA2L el
)\le/\lL AQe)\QL A3€)\3L
3
(4.3) Pp = Pp(z) := Z)\?(Aﬁlexﬁw — Ajiaedital),
j=1

and
(4.4) == E(z = ()\2 — )\1)(/\3 — )\2)()\1 - )\3),

)
with the convention \jy3 = \j for j > 1.

Given u € H'Y3(0,+00), let y € C([0, +00); L*(0, L)) N L2 ([0, +00); H'(0, L)) be the unique
solution of the system
Yt + Yz + Yz =0 in (0,+00) x (0, L),

(4.5) y(-,0) =y,(-,L) =0 in (0, +00),

y(,L)=u in (0, +00),
and

y(t=10,-)=01in (0, L).

In what follows in this section, we extend y and u by 0 for ¢t < 0 and still denote these extensions

by y and w, respectively. For an appropriate function v defined on R x (0, L), let © denote its
Fourier transform with respect to ¢, i.e.,

1 .
(z,z) = —— [ v(t,x)e " dt.

V2T Jr
i29(z, %) + Uz (2, @) + Yoz (z,2) =0 in R x (0, L),
(4.6) 9(2,0) = 9z(2,L) =0 in R,
)

=u(z) in R.

This system has a unique solution outside a discrete set of z in C, see [2I, Lemma 2.1].
Taking into account the equation of g, we search the solution of the form

3
:g(2;7 ) — Z aje)\j2?7
j=1

where A1, Ao, A\3 are the solutions of the equation

(4.7) M4 A+iz=0.
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Using the boundary conditions for ¢, we require that
Z?:1 aj =0,
Z;’:l erila; =,
Z?Zl Nedita; = 0.
This implies
Q(a1,as,a3)" = (0,4,0)7,
where @ = Q(z) is given in Definition

We have
3

3
(4.8) det Q =Y (Ajp1 — Ag)eM Tttt = 3 "3 = Aj)e it
j=1 j=1

since Z?Zl Aj = 0. We then obtain

“= dethQ(/\ el = et
This yields
.3
U
(4.9) J(z,x) = ()\j+1eAJ’+1L — )\j+26>\j+2L)6)\jx.
det Q =
From (4.9), we derive that
X i(z)Pp(2)
410 Opaif(2,0) = —L-DE)
(4.10) (2.0 = S
where Pp(z) is given in Definition
Set
(4.11) G(z) = Pp(2)/=2(2) and H(z)=detQ(z)/=(2),
where =(z) is given in Definition It is convenient to consider 0;;9(z,0) under the form
- u(2)G(2)
4.12 Oz ,0) = ———,
(4.12) i(0) = 1%

By [21, Lemmas Al and B1], 0,,%(,0) is a meromorphic function, and
(4.13) G(z) and H(z) are entire functions.

We thus have just established the following result.

Lemma 4.1. Let u € HY/3(Ry) and let y € C([0,+00); L*(0, L)) N L2
unique solution of

Yt + Yo + Yzzz =0 in (0,+00) x (0, L),
(4.14) y(-0) = yu(-,L) =0 in (0, +00),
y(L)=u in (0, +00),
with
(4.15) y(0,-) =0 in (0,L).

23

([0, +00); H'(0, L)) be the
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Outside a discrete set z € R, we have
. 3
(4.16) Gz, ) = ﬁ Z ()\j+1€)\j+lL — )\j+2€)\j+2L)e>\jx for a.e. x € (0,L).
e
j=1

Remark 4.1. Assume that (z,-) is well-defined for z € C (e.g. when u has a compact support).
Then the conclusions of Lemma hold outside of a discrete set z € C.

We end this section with the following result, which is the starting point of our approach.

Proposition 4.1. Let L > 0, T > 0, and v € H'/3(R,). Assume that v has a compact support
in [0,T], and u steers O at the time 0 to O at the time T, i.e., the unique solution y of and
(4.15) satisfies y(T,-) =0 in (0,L). Then @ and uG/H satisfy the assumption of Paley- Wiener’s
theorem concerning the support in [=T,T], i.e.,

(4.17) U and UG/H are entire functions,
and
X uG(z) Tl2|
. — <
(4.18) |u(z)| + H2) ’ < Ce ",

for some positive constant C.

Remark 4.2. The computations in this section are similar to the ones [2I]. Nevertheless, in the
conclusions of Proposition we have/require that

9(z, L) and 0,,3(z,0) are entire functions satisfying (4.18)).
This is different with the one used in [2I, Proposition 3.1] where one obtains that
0.9(z, L) and 0,9(z,0) are entire functions satisfying a variant of (4.18)).

These differences are important to take into account different boundary conditions.

5. ATTAINABLE DIRECTIONS IN M p IN SMALL TIME

In this section, we investigate directions in M p, defined in (3.14)), which can be reached in small
time. The starting point comes from the power series expansion approach. Let y; and ys be the
solutions of

Y1t + YLz + Yleee =0 in (0,7) x (0, L),
(5.1) y1(-,0) =y1.(,L) =0 in (0,T),
y1(, L) = uq in (0,7),
y1(0,) =0 in (0, L),
Yot + Y20 + Y2000 + Y191 =0 in (0,7) x (0, L),
(5.2) y2(-,0) =y2.(-,L) =0 in (0,7),

y2(-, L) =0 in (0,7).

for some control u;. The key point of this approach is to first understand how one can choose u;
so that

n (Ta ) =0

)

and then analyse what the behavior of proj,y2 (T, ) is. To this end, we compute the quantity

L
(5.3) /0 y2 (T, )V (t, x) dx
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where Wy is defined in (3.11). Multiplying the equation of y» by W,, integrating by parts in
[0,T] x [0, L], we obtain, after using the boundary conditions and the initial conditions,

(5.4) /OLyg(Tm)\Ilgtx / / V2 (t,2) Wy (t, 2) d.

The goal is then to understand the Value of RHS of ( .
We will study the value of RHS of (| in a more general setting. Motivated by the definition
of y1, we consider the unique solution Y 6 XT of the system, for u € H1/3(07 T),

Yt + Yz + Yrxx = 0 n (0, T) X (0, L),
y(0) = (L) =0 in (0,7),
y(wL)=u in (0,7)
y(0,") =y(T,-) =0 in (0,L).
Guided by the definition of ¢y, which appears in the definition of ¥, (see (3.10) and (3.11))), for
ni, n2, N3 € C\ {0}, we set

(5.5)

)

3

(5.6) p(x) =Y _(njs1 — )" for x € [0, L],
7=1

with the convention 7,43 = n; for j > 1. The following assumptions on 7; are used repeatedly
throughout this section:

(5.7) m+n2+n3=0, mn2+mns+mnm3 =1,
and
(5.8) me M = el = pgemr.

Extend y and u by 0 for ¢ > T" and still denote these extensions by y and u, respectively. Then,
by Lemma [A1]in the appendix,

[ull s,y < Cllullgser

)
Assume that y(T,-) = 0. Then the extension y € C([0,+o00); L%(0,L)) N L2((0,+o00); H(0, L))
is also a solution of the linearized KdV system in [0,400) x (0, L) using the control which is the
extension of u (by 0 outside (0,7)), i.e

Yt + Yz + Yzzz =0 n (0, +00) x (0, L),
(5.9) y(,0) = yo(-,L) =0 in (0, +00),
y(L)=u n (0, 400),
y(ov ) =0 ( )

In what follows in this section, we study this quantity:

(5.10) /0 ! /0 ’ y2(t, ) e (x)e Pt dt da (: /0 o /0 ’ V2 (t, ) u (x)e Pt dtdx).

We have, by Lemma (see also Remark [4.1] - for z € C outside a discrete set,
Z; 1 ()\ Nl — )\ +16’\J+1L) Ajta®

S (g = Aj)e Aol
Recall that A\; = Aj(z) for j = 1, 2, 3 are the three solutions of the equation
(5.12) 2+ 2x+iz=0forzeC.

(5.11) J(z,x) = 0(z)
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We begin with

Lemma 5.1. Let p € C, 1y, n2, n3 € C\ {0}, and let ¢ be defined by (5.6)). Set, for (x,z) €
(0,L) x R,

Zj'zl ()\je b — )\ +1€ ]+1L) Aj42T ‘ Z?:l(j‘je GL )\ L€ ]+1L) )\]+2z
3 ) = ’
2oy = Ag)e vzt Y (N — \j)e A+l

where \1 = M\(2), A2 = Xa(2), A3 = A\3(2) are three solutions of \> + X\ +iz = 0, and Xj = X](z)
denotes the conjugate of the roots corresponding to z — p. Let u € H1/3(0,—|—oo) with compact
support in [0, +00) and let y € C ([0, 4+00); L?(0, L))NLE ([0, +00); H'(0, L)) be the unique solution
of (5.9). Assume that y(t,-) =0 for large t. We have

L +o00 . L

(5.13) / / (1, 2) [P (2)e P dt da = / W)z =p) / B(z, 2) v dz.
0 0 R 0

Proof. We have

L - L R
/ / y(t, 2)Ppo(x)e ™ dt dz = /0 (@) [y Pe(p, 2) do = /0 eo(@)i * §(p, ) da

- /0 ¥ oela) /R 9205 (p — #,7) dz da

L
= [ eula) [ it 2)ic o) dedo.
0
Using Fubini’s theorem, we derive from (5.11]) that

/ / y(t, ) 2o )_iptdtdq::/dzu (z—p / Bp(x,z)d
R

which is (5.13)). O
We next investigate the behavior of
L
/ Bp(z,z)dx
0
for z € R with large |z|. We have

Lemma 5.2. Let p € C and ny,m2,m3 € C\ {0}. Assume (5.8). We have

Bp(x,z) = (),

L
(5.14) / Bp(z,z)dz = Ep|z| /3 + O(|2|7%/?) for z € R with large |2|,
0
where Ep is defined by
13
(5.15) Ep=—=—> n 20041 — 1)),
where ]

A= A(n1)7727773) = njeinjL'

Here and in what follows, for s € R, O(2*) denotes a quantity bounded by C'z* for large positive
z. Similar convention is used for O(|z|®) for z € C.

5A does not depend on 7 by (5.8).
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Proof. We first consider the case where z is positive and large. We use the following convention
R(A1) < R(A2) < R(A3) and similarly for A; for large positive z.
We first look at the denominator of Bp(z,z). We have, by Lemma

1 1
(5.16) —3 _ _

Do (N — Ajde At 578 (N - Xj)e~AitL

ML AL
_ e e~1 _ (1 n O(eicml/‘%)).
(Az — A2)(Az — A2)
We next deal with the numerator of Bp(z, z). Set, for (z,2) € R x (0, L),
3 3 - _ ~ -
(5.17)  f(z,z) = Z(Aje’\jL — N\jprehrbyediee g gy = Z(Xje)‘jL — Njpetiribyehivee,
j=1 j=1

and [
fm (27 (L') — )\36)\3L€)\2x_)\26)\2L€)\3$_)\36)\3L€)\1z’ gm(27 l’) _ )\36)\3L€)\2x—)\26)\2L€)\3x—)\3€>\3L6)\1x.

We have

L L L
/ f(z,2)g(2, @) g (2) do = / fn (2, 2)gm (2, @) pu () da + / (f = ) (2, 2)gm (2, 2) u () daz
0 0 0

L L
+ / Fon(22)(g — gm) (22 2) () ez + / (F = ) (25 2)(g = gm) (2 20 ()
0 0
By Lemma we have

L L
(5.18) /0 [(f = fm)(2,2)gm (2, ) pz ()| dz +/0 I(f = fm) (2, 2)(g — gm) (2, 2)pa(x)| da
- 5y 1/3
+/ | fin(2,2) (g — gim) (2, ) p(z)| da < C|ePatA)L|g=Cl2l,
0

We next estimate
3

L L
(5'19) /0 fm(wv z)gm(x, Z)pr(w) = /0 fm(x, Z)gm(x, Z) Z 77j+2(77j+1 — nj)enj'”x dx.
7=1

We first have, by Lemma [2.2]

L - - - ~ ~ ~
(5‘20) / ( - )\36)\3L6)\2x>\2e>\2Le>\3$ _ )\26/\2Le>\3z>\36>\3Le)\2m + )\26>\2Le>\3m)\26)\2L6>\3w)
0

3 ~ ~
x Z Nj2(nje1 — )€V +27 | do =" Aot Asthatia)l (51(2) + O(e_c|z\1/3))7
=1

where

3
(5:21)  S1(2) =Y _niamjt1 —m))

( Ao Aoz A3 kg )
j=1

A3 + A3 + Nji+2 A3+ Xo + Nji+2 A2+ X3+ Nj+2

6The index m stands the main part.
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We next obtain, by Lemma [2.2

L ~ ~ ~ ~ ~ ~
(5.22) / ()\36A3L6A1I)\36A3L€)\1x - )\36>\3L6)\1x/\3€)\3L6)\2x - )\36)\3L€)\2x/\36/\3Le/\1x>
0

3 ~
xS mira(min = m)en e | do = eQEE (5 (2) 4+ O,

j=1
where
3 - - -
)\3)\3 )\3)\3 >\3)\3
(5.23)  Sa(2) =D mjra(njr —my) (- S + S + S -
= MAM A2 M F A+ A2+ AL+ 040
We have
L o~ 3 -
(5.24) / Agersler2m ygehsbphan Z Nj+2(Nj+1 — n;)e 2 | de = ePata)lgy(z),
0 ,
7j=1
where
3 . . . 5y >\2L+X2L+77'+2L _
Ni+2(Mj+1 — 1j)A3A3 (6 i 1)
(5.25) S3(z) =)

= A2+ Az + 112

We finally get, by Lemma, [2.2

L - . - . 3
(5.26) /0 <)\3€’\3L€’\lm>\26)‘2L6)‘3$ + )\26)‘2Le)‘3x>\36)‘3Le)‘1x> (Z Nj+2(Mj+1 — nj)eﬁj+2ff> dx
j=1

_ ‘e(A3+X3)L’O(e—Cz1/3).
By Lemma [2.2] we have
M A+ A2+ g+ A+ Az = O(271/3),
(5.27) M4 A+ As A = O(z71/3),
(A3 — Aa)(hs — Aa) = 322/3(1 + O(271/3)).
We claim that
(5.28) 12| 73181 (2)| + |S2(2)] + |S5(2)| = O(1) for large positive z.

Admitting this, by combining (5.16), (5.20)), (5.22)), (5.24)), (5.26)), and (5.27)), and using (5.28)), we
obtain

L A7LS
(5.29) /() Bp(z,z)dx = 322;3(2/) +0(|2|7?).

We first derive the the asymptotic behavior of Si(z). We have, by Lemma

(5.30) Xodo = 223 4 0(1), Xadg = 2233 L O(1), Ashy = 223773 + 0(1),
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and
(5.31) 1 _ 14013 1 1+0(z7Y3)
. s+ Ag + 142 V3BT Mt Ag e (€64 0)21/8
1 1+ O(z_1/3)

A3+ XQ + Njgn - (efiw/ﬁ _ i)zl/gv
It follows that

6i7r/3

3
1
(5.32) Si(z) = ( +2§Rm.> § M2 (i1 —my)|2[/? + 0(1)
V3 ei/6 44 st J

3
= V3 nFia(njrr —nj)l=* + O(1).

j=1
We next deal with S2(z). Since
3
> njre(njs —n;) =0,
j=1
it follows that
: - ~
A3A3 A3A3
S2(z) = ) _mjv2(nj+1 —mj) | — N + N
jgl ’ ’ ’ )‘1+)\1+77j+2 AL+ A1
’ A3 A3z
+ D mj+2(nj+1 — 1)) = - =
;j ’ ’ At A2+ mipe A1t A2
2 AsAs AsAs
+ D mi+2(njt1 —nj) = - ~ |-
;J ! ! A2+ A +njp2 A+ XN

Using Lemma [2.2] we derive that
(5.33) Sa(z) = O(1).

We next derive the asymptotic behavior of S3(z). From Lemma we have
(5.34) A2 + Ao = O(272/3).

Using (3.9), we derive from (5.25)) that

3
53(2) — )\3)\3 Z (77]+1 77.7)77.7"!‘2 <A7177j+2 o 1) + O(l)

= Mj+2

3
= A3A3 Z(Wj—i—l = 1) (A71Uj+2 - 1) +0(1).
=1

Since 23:1(77j+1 —1n;) =0 and 23-’:1(77]-+1 —n;)nj+2 = 0, it follows from ([5.34) that
J j
(5.35) S5 = O(1).
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Combing ((5.29) and (5.32)) yields

L
/ Bp(z,z)dz = Ep|z|'/* + 0(z"%%),
0

where
1 3
(5.36) Ep=—— > n72(njs1 — ).
V3A H

The conclusion in the case where z is large and negative can be derived from the case where z
is positive and large as follows. Define, for (z,2) € R x (0, L), with large |z/,

Z?:l ()\jeAjL _ )\j+1e/\j+1L)e>\j+2£L‘

Soio1(Ajn = Ag)ehwek

Mp(z,x) =

Then
BD(Zv l‘) = MD(Za ‘/E)MD(Z - D ‘T)SDCE(‘T)
It is clear from the definition of Mp that

Mp(—z,x) = Mp(z,x).
We then have
Bp(—z,x2) = Mp(—z,2)Mp(—z — p,x)p.(x) = Mp(z,2)Mp(z + p, x) @z(x).

We thus obtain the result in the case where z is negative and large by taking the conjugate of the
corresponding expression for large positive z in which 7; and p are replaced by 7;, and —p. The
conclusion follows. O

As a consequence of Lemmas and we obtain

Lemma 5.3. Let p € C, n1,m2,n3 € C\ {0}, and let ¢ be defined by (5.6). Assume (5.8). Let u €
HY3(0, +00) with compact support in [0, +00), and lety € C([0, +00); L2(0, L))NLE . ([0, +00); H'(0, L))
be the unique solution of (5.9)). Assume that y(t,-) =0 for large t. We have

+o0 L )
(5.37) /0 /0 ly(t, )| ? o (z)e” P do dt = /Rﬂ(z)ﬁ(z -p) <ED|Z|71/3 + O(|z|72/3)> dz.

Recall that E'p is defined in (5.15)).
In the next lemma, we show that Ep # 0 under the assumptions ([5.7]) and (5.8).

Lemma 5.4. Let n1,m2,m3 € C\ {0} and L > 0. Assume (5.7)) and (5.8)). Then

3
Z 7742‘+2(77j+1 — ;) # 0,
j=1

with the convention njy3 = 1;.

Proof. We prove Lemma by contradiction. Assume that
3
(5.38) > a1 —1;) = 0.
j=1

We have
0= (n3 —m2)ni + (m —n3)m3 + (n2 — m)mz = ns(ni — m3) + mma(n2 — m) + (2 — m)n3.
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Since n3 = —(n1 + n2) by (5.7), it follows that
(5:39) 0 = (o +12) (0 =) +muman = 1) + (2 =) (o +12)% = (12 = 1) (200 )2+ i )

Set
c=ni+mm+n; and d=mn.
Since, by (5.7)
L=mmn+mns +nen3 = mnz — (m +m2)* = —(0f + mnz + n3),
it follows that

(5.40) c=-1
We first consider the case 71 # n2. From ([5.39)), we have
(5.41) 2¢+3d =2(m + 7]2)2 + n1m2 = 0.

Combining (5.40) and (5.41) yields

d=—2c/3=2/3.
This yields
(m + 772)2 =c+d=-1/3 and mne =2/3.
Thus either

23 q 1
= — an = —_——
"= LRV
or
1 and 2i
= —_— 1 = ——.
"= LRV

One can then check that, since L € R,
me Mt £ ppe
We hava a contradiction with ([5.8]) in this case.

We next consider the case 17, = 7. Since ¢ = —1, it follows that 7; = =+i/+/3, which contradicts

the fact that, by (5.8)),

7716_771L — n3e—?73L — —277162771L

since L € R.
The proof is complete. O

Using Lemma [5.4] we derive from Lemma the following result which is the key ingredient
for the analysis of the locally controllability of the KAV system (1.1)).

Proposition 5.1. Let0 < T < 1, p € C, g1,m2,m3 € C\{0}, and let ¢ be defined by (5.6). Assume
and (5.8). Let u € HY/3(0,+00) and let y € C([0,+00); L2(0,L)) N L2 ([0, +00); H'(0, L))
be the unique solution of (5.9). Assume that u# 0, u(t) =0 fort > T, and y(t,-) =0 for large t.
Then, there exists a real number Np(u) > 0 such that

O ull yvsoa,y < No(w) < Cllull oz,

for some constant C > 1 depending only on L, and

oo pL
(5.42) /0 /0 ly(t, z)[*e” P () dxdt = Np(u)(1+ O(l)T1/5).
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Proof of Proposition[5.1 After establishing Lemma and Lemma the proof of Proposi-
tion is quite similar to the one of [2I], Proposition 3.6] after applying several technical lemmas
in the appendix.

By Proposition (A1}

(5.43) uG/H is an entire function

and by (4.13), G and H are entire functions. The same holds for @ since u(t) = 0 for large
t. One can show that the number of common roots of G and H in C is finite, see Lemma
in the appendix. Let zi,...,2; be the distinct common roots of G and H in C. There exist
mi,...,mi € N such that, with

the following two functions are entire

(5.44) 6(2) =75

and G and ‘H have no common roots. Since
uG/H =1uG/H,
it follows from that the function v defined by
(5.45) v(z) =u(z)/H(z) in C

is also an entire function.
Using Lemma [2.2] one can show that

(5.46) lu(2)| < Ce™*+)I2lin C.
Since H is a non-constant entire function, there exists v > 0 such that
(5.47) H'(z+iv) #0 for all z € R.
Fix such an v and denote H~(z) = H(z + i) for z € C. Set
(5.48) w(z) = v(2)H. (2) = ﬂ(z)?-[/v(z)’l-[(z)_l.

Thus  is an entire function and satisfies Paley-Wiener’s conditions for the interval (=T —&,T +
g) for all € > 0, see e.g. [41, Theorem 19.3]. Indeed, this follows from the facts |w(z)| <
C.|v(z)|efl?l for 2 € C by Lemma lv(2)| < CeelT*e) for » € C by (5.46), [H. (2)v(2)] =
M, (2)H () ()| < |a(z)| for real z with large |z[, so that [p]d|* < +oo.

Using Lemma 2.2} we have, for some o € C \ {0}, it holds, with x(z) = z or x(2) =2z —p

(5.49) alim AL () = o
(5.50) lim  H(x()Il 3 /H, (=) = —a.

2ER,z——00
and, for large positive z,
(5.51) [H(x(2) 2|72 = ol (x(2)] < CIH(x(2)]]2]7" < CIH, (x(2)]]2 712,
and, for large negative z,

(5.52) [H(x(2))]2] 72 + aHl, (x(2))| < CIHO())IITH < CIHL (x(2) 121,
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From the definition of w by (5.48), we derive from (5.51)) and (5.52)) and the fact v being an
entire function that

g2 |a(z2)[?
(5.53) /R(l—i-]zmw(z)] dz /Rl+\z|1/3 dz,
and
SN2 |a(2)[?
(5.54) /R|w(z)] i /Rl—i—|z|4/3 dz.
We have

a(z)a(z — p)Bp(z, 96)‘ = |a(@)g(z, 2)§(z = p,2)| < Cli(z,2)[l§(z - p, 2)].
Since suppy C [0,7] x [0, L], applying Lemma [2.3] we have, for (z,z) € R x (0, L),
9(z,2)] < CA+ 2Dl 23 and  [§(z —p, )| < CA+ [2))|ull g-2/5m)-
The real zeros of H(z) and H(z — p) are simple by Lemma in the appendix, it follows from
Lemma [5.3 that

(5.55) < O+ 202 ull 3 —2ys

L
u(z)u(z — p)/o Bp(z,z)dx (0.4+00)°

Combining (5.54) and (5.55) yields

. rL
(5.56) a(z)a(z —p)/o Bp(z,z) de| < C(1+ |2)?[[wlZ2(0 4 00):
Applying Lemmasand@and using (5.51), (5.52), (5.56) and the fact [ dz = [, g\, d2+

szR;\lem dz, we derive that

— L JE—
(5.57) /Rﬁ(z)ﬂ(z - D) /0 Bp(z,z)dzdz — Eplal? /R |z|w(2)w(z — p)dz

< Cm?ulf2aqg + Cm~1/3 / (2l [(2)] [ (= — p)] d.

|z|>m

Using the fact
Il = p) = ()] d= < ol g s lo€) = w0 g
and, by Lemma in the appendix EI,
() = W)™ gy < C(T2wlurs + Tlwll22),
and, since suppw C (=T, T),E|

(5.58) el 2@y < CT?Iwl 12 gy

we derive that

‘/R |z|w(z)w(z — p) —w(z)dz

S CT2||wH§.'Il/2(R)'

"Here we apply with u = w and ¢ = x(1 —e~ ") where y is a cutoff function which is 1 on (=7, T) and 0 outside
(—2T,2T) such that |Vx| < C/T for some universal constant C'.
8The inequality can be proved first for 7' = 1 and then for 0 < T < 1 by scalling.
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It then follows from ([5.57)) that

L
(5.59) /Ra(z)ﬁ(z—p)/o BD(z,x)da:dz—ED]aIQ/R\zHID(z)]ZdZ

< C”’77’31—‘2||waHl/2 +C’m_1/3||w||H1/2 +CT2||wHH1/2

(R)
By choosing m = 1/T3/5 and using again m, from (j5.59)), we obtain

/Rﬁ(z)ﬁ(z—p)/oL Bp(z, ) dxdz:ED\aF/R(H \z|)\w(z)\2dz<1+0(1)T1/5).

The conclusion now follows from ([5.53)). The proof is complete. O

(R)

We present now one of the direct consequences of Proposition Denote &1 (t, 2) = R{p(x)e P}
and & (¢, ) = S{p(z)e”?'}. Then

(5.60) &(t,z) +i&(t,z) = @(x)e_ipt.
Denote Ey p = R(Ep) and Ey p = S(Ep), and set
(561) \Ij(t,CC) = El,Dél(tax) +E2,D€2(ta l‘)

Multiplying (5.42) by Ep and normalizing appropriately, we have

Corollary 5.1. Let p € C, n1,m2,nm3 € C\ {0} and let ¢ be defined by (5.6). Assume and
(5.8). There exists T, > 0 such that, for any (real) u € HY3(Ry) with u(t) = 0 for t > T,
and y(t,-) = 0 for large t where y € C([0,+00); L*(0,L)) N L ([0, +00); H'(0,L)) is the unique
solution of , we have

+oo
(5.62) / / 2(t,2) W, (t, z) dx dt > C||uHH 1/o(R

6. FINITE TIME LOCAL EXACT CONTROLLABILITY OF THE KDV EQUATION FOR ALL CRITICAL
LENGTH - PROOF OF THEOREM [[.1]

This section is devoted to the proof of Theorem [I.I] We begin with
Lemma 6.1. Let L € Np and py € Pp. We have
Rpe >0 for 1 <l <np.
Proof. We prove by contradiction that Rp, < 0. Then
Rpe =0,

since Rpy > 0. It follows that ip, is real.

The equation 7® + 1 — ipy = 0 then has one real solution and two (possibly complex) solutions
which are conjugate each other. Assume that 73 is real. With 1 = a+bi and 1y = a—bi (a,b € R),
we have

)773=*(:n1+772)77% +77§ Fme = (a+ bi)2 +(a— bi)z +a?2 4+ =3a2—p2 = —1.

—(mm2 +mns + m2n3

This implies

(6.1) b =3a% + 1.
We also have

~ Corollary
mpny = —2a(a® +b%)  and  mpmgz=ipe < 0.
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This yields
(6.2) a>0,
since a? + b? # 0 by (6.1)).
On the other hand, since n1em’ = nye™t = nze®L, it follows that

2 2n3L L
nae?sl — pipyem+ml,

We thus obtain
4&26_4aL — (CL2 + b2)€2aL.
This yields
4ae7 09t = 2 4 p? 4a® 4 1.
This contradicts (6.2]). The conclusion follows. O

We introduce, for 1 < ¢ < np,

(6.3) My = span{échg, %apg}.
From Lemma [6.1} we know that dim M, = 2. It follows that
(6.4) dim Mp = 2np.

In what follows, for £ € M, with
f = aéRSOZ + b%%@&
we denote

(6.5) 1€l m, = (a® +b%)Y2,

For ¢ > 0 and ¢ € L?(0, L), let B.(¢) denote the open ball in L?(0, L) centerred at ¢ and with
radius ¢, i.e.,

(6.6) Be(¢) = {6 € (0. L); |9 — ¢l = 1) < -
The following result is important for the proof of Theorem

Lemma 6.2. For L € Np. There exists T = Ty, such that for all 0 < ¢1 < co, there exists
0 < c3 < ¢ such that for ¢ € Mp with c1 < [[proja,ellm, < c2 for all 1 <€ < np, there exist
two mappings Uy : Be,(p) — HY3(0,T) and Uy : Be, () — HY3(0,T) such that for 1) € Be,(p),
the unique solutions y1 € Xp and yo € X7 of the following two systems, with u; = Uy(y)) and
ug = Us (1)),

Y1t Y1z + Yaze = 0 n (07 T) X (Oa L)a
yl('ao) :yl('vL):O in (07T)a
(6.7) |
yl,x('a L) = u1 m (07T)a
y1(0,) =0 in (0, L),
Y2t T Y220 + Y20z T Y1Yl,z = 0 n (07 T) X (07 L)a
92(',0) :y2(7L) =0 in (OvT)a
(6.9) |
y2,x('a L) = U2 m (O,T),
3/2(07 ) =0 in (O’T)v
satisfy

n(T,)=0 and yo(T,-) = .
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Moreover, for 1, IZ € Be,(¥),

(6.9) 10 (%) = s (@)l 17301y < CllY = ¥l r2o,r)
and
(6.10) 1U2(¢) = Ua($)l| 130,y < Cllo = ¥l 20,7

for some positive constant C depending only on L, T, c1, and cs.

Proof. In this proof, for notational ease, we denote np by n. We first claim that for
(6.11) 1<k<nand1<iy,- -, i <n distinct,

there exists T, depending only on L, and u; € HY/3(0,T) such that

(6.12) y1(T,) =0, projy, yg( -) # 0 and proj , yg(T )=0for2<j <k,

where y; € Xp is the unique solution of and yo € X7 is the unique solution of with
ug =01n (0,7).

We prove this claim by recurrence in k. We first note that this claim holds for £ = 1 by
Corollary Assume that the claim holds for 1 < k < n—1 and for all 1 < 41,---,ip < n
distinct, we prove it for £+ 1 and for all 1 <4y,--- ,ige1 < n distinct.

Let 1 <41, ,ix+1 < n be distinct. For notational ease, we assume that

ij =7 for j <1<k+1
By the recurrence we know that there exist 7' > 0 and u; € HY/3(0,7) and T > 0 and 4 €
H'/3(0,T) such that the corresponding solutions y; and ys in the time interval (0, T') with y1 4 (-, L) =
u in (0,7) of (6.7) and y2 (-, L) = 0in (0,7") of , and the corresponding solutions ¢ and s
in the time interval (0,7") with ¢1 »(-, L) = 1 in (0,7) and 924 (-, L) = 0 in (0,7") satisfy

(6.13) yi(T,-) =0, projuag,y2(T,) #0, and  projuya(T)-) for 2 < j <k,

(6.14) yl( ) =0, prOJMk+1y2( ) #0, and pI‘OJM yg( )=0for2<j<k.

We still denote y1, y2 the solution of . and , respectively, with t € R, where we extend
uj by 0 for t > T (y1(t,-) =0 for t > T then), and do similarly for g; and go.

Without loss of generality, we can assume that
(6.15) projag,,,y2(7, ) # 0

since the claim is proved in this case otherwise.
For 7 and 75 being two non-negative constants and « being a positive constant all determined
later, we define Uy in (0,7 + T + 71 + 72) by

( (75} (t)
0

),

n (0,
n (1,7 + 1),
(6.16) D)= qint-T-7) in(T+m,T+mn+7),
n (

0 T+T+71,T+T+7+m),

\

Then U; € H'/3(0,T 4+ T + 11 + 72) and

(6.17) WU /3 (0,104 m1 m2)) < C<||U1HH1/3(O,T) + ‘a‘HleHHl/?’(O,T))
by Lemma in the appendix.
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Let Y7 and Y3 be the corresponding solution of and in the ti{ne interval (0,7 + T+
71 + 7o) with Y3 5(-,L) = Uy and Y3 (-, L) = 0. Since y1(T,-) = 0 and ¢1(T',-) = 0, it follows that
YT +T+ 71 +79,-)=0.

Using , by choosing appropriately 71, one has, by Lemma
projuq,,, v2(T + T +71,) = —cprojuy, ,, §2(T, ),

for some ¢ > 0. We now choose o = ¢/2. Then

(6.18) projuy,,, Yo(T + T+,
= pI"Oij+1 y2(T + T +71,0) + azprOij+1 Y2 (Tv )

= fcproijHyg(T, O+ cproijHyg(T, ) =0,
which yields

(6.19) projMHlYg(T +T 47+ 7, ) =0.
We have
(6.20) proj g, Yo(T' + THm,)= proj g, y2 (T + T+ 71,-)+ CPTOJMlﬁz(T, ).

~

If projay, 92(7, ) = 0, we choose 72 = 0. Then

(6.21) projug, Ya(T + T + 71 + 72, ) = projug, y2 (T + T+ 71,7) #0

since proj g, y2(7,-) # 0. The claim for k+ 1 follows with the control U; (with 75 = 0). Otherwise,
projaqg, 92(12) # 0. Then if $p; # Rpr1, one can choose 72 > 0 such that pI‘Oley2<T+T+T1 +72)
and proj 1y2(T +79) are independent. The claim for k+ 1 follows with the control U;. Otherwise,
Sp1 # Spry1 since Rpp = Rpr11 and p; # prr1. Since, after recalling ,

Iproj g, y2(T + T + 71 + 72) ||y = Iprojag, y2(T + T + 71)||mye

—Sp172

and
cllproju, G2(T + T + 71 + 72) |y, = cllprojug, §2(T + T + 71) || agy e~ PE+1™,
It follows from that
proj g, Yo (T + T+ 71+ 7, ) #0
for some 15 > 0.
Therefore the claim is proved.
From the claim with k£ = n+ 1, one can derive that there exist a positive T" and a Lipschitz map
from
Vi : Bey () N Mp — HY3(0,T)
such that
y1i(T,-) =0 and projr,y2 =7,
for ¢ € Be,(¢) N Mp. The conclusion now follows by considering

Ur(¢) = Vioproju, (¥) and U = Lo (y2(T) — proja,¥)

where L7 = L is given by Proposition and ys is the solution corresponding to Uy (1)).
The proof is complete. O

Remark 6.1. When dim Mp = 2, the proof of Lemma [6.2]is similar to the analysis in [13] where
the rotation idea is involved. In the case, dim Mp > 2, we cannot extend the analysis in [I5]. Our
situation is more complicated than the one in [I5] since Jpy might be not zero and therefore, it
might happen that Spy, = Spy, for some ¢ # (5.
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We are ready to give the proof of Theorem

Proof of Theorem[1.1. Fix yo,yr € L*(0, L) with small L?norms. For simplicity of the presenta-
tion (and by Proposition , we will assume that ||yollz2(0,2) < llyrllz2(0,0)- Set p = llyrllz20,1)
and assume that p > 0 otherwise, one just takes the zero control and the conclusion follows.

Let wp be the state at the time T of the solution of the linearized KdV system with the zero
control starting from Puq,yo at the time 0. We first consider the case where

(6.22) [proj s, yrllm, > c1p for 1 <€ <n=np,

for some small constant ¢; independent of p and defined later.
Denote c the constant c3 in Lemma corresponding to two constants ¢; and 1 (= ¢3). Set

G: Belyr) — HY3(0,T)
¢ = pug+pur + pus.

Recall that B.(yr) is defined in and the closure here is considered with the L?(0, L)-norm.
Here we decompose ¢ as

¢ = ProjpL P + Proju, ¢,

ug € H/3 (0,T) is a control for which the corresponding solution yg of the linearized KdV system
starting from PM%, yo/p at 0 and arriving PME ©/p at the time T', and w; and ugy are controls
for which the solutions y; and ys of the system and 1@} with the initial data Pu,y0/p
instead of O) satisfy y1(T,-) = 0 and y2(7,-) = Pmpe/p. Moreover, by Proposition one can
choose ug in such a way that ug = up(y) is a Lipschitz function of ¢ with the Lipschitz constant
bounded by a positive constant independent of p, and by Lemma one can choose u; = uj(p)
and uz = ua(p) as Lipschitz functions of Py, ¢/p with the Lipschitz constants bounded by positive
constants independent of p.
Let ¢ be a small positive constant such that the conclusion of Propositionholds if [Jull gr1/30,m) <

g0 and [|yol|r2(0,z) < €0. Set
P {weH1/3(0,T);Hw||H1/3(07T) Seo} ~ L*0,L)
w = y(Ta '))

where y is the unique solution of the KdV system (|1.1)) with v = w starting from yg at time 0.
Consider the mapﬂ
A: Be(yr) — L?(0,L)

¢ = 9—PoG(p) +yr
We will prove that

(6'23) A(‘P) € Bcp(yT)7
and
(6.24) [A(p) = A z2(0,2) < Ml — Dl 220,15

for some A € (0,1). Assuming this, one derives from the contraction mapping theorem that there

exists a unique @g € B.,(yr) such that A(pg) = ¢o. As a consequence,
yr = Po G((:DO)’

and G(p) is hence a required control.

9We thus implicitly require that p is much smaller than gg.
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We next establish ((6.23]) and (6.24)) using similar ideas as in [2I]. Indeed, assertion (6.23) follows
from the fact 3/2
lo =P o €l 20y < Cllell2, 1, for € Beglyr)-
This can be proved using the approximation via the power series method as follows. Set H
(6.25) u=pug+p"?ur +puz  and  y, = pyo + p"y1 + pya.

Let y be the solution of the KdV system (1.1)) with y(¢ = 0,-) = yo and with u defined above.
Considering the system of y —y,, we derive that, by e.g. Propositionwith (h1,ha,hs) = (0,0,0)
and with the zero initial datum, for small p,

(6.26) Iy = Yallxr < Cll(yye: 0¥ (1920 + Y211.2), P*Y2Y2.0) s (0ryzom) < Cpl2.
Assertion ([6.23)) follows since y(7',-) = P o G(p) and yo(T,-) = ¢.
We next establish (6.24]). To this end, we estimate
(¢=PoGlp) - (§-PG(®).

Denote ug, u1, w2, w and yo, Y1, Y2, Ya, ¥ the functions corresponding to ¢ which are defined in the
same way as the functions ug, u1, ue, u and yo, y1, y2, Y, y defined for .

We have
(6.27) (Y =9t + @ =P+ (Y — Pz + YYz — Yz =0,
(6-28) (ya - Zja)t + (ya - ga)x + (ya - ga)zz:}c + YaYa,x — gaga,:p = g(t, l’),
where

(629) g(t’ ‘T) = P3/2 ((ylyZ)x - (?71?72)96) + p2 (y2y2,x - ?72?72,36) + P2 (YOYO,J: - yoyﬂ,x)

+ p*/? (m(yl + p"%y) — Yo (T + P1/2:U2)) :

xT

By Proposition [2.1] we have

(6.30) ly = Fllxr < Cop 2l = Blir2o.n) < Cp'/2.
By (6.26)) for y — y, and similar fact for y — y,, we obtain
(6.31) 1y — ya, 7 = Fa) | < Cp*2.
Using (/6.25)) for y, and similar one for 7,, and applying Proposition one gets
(6.32) 1y = Fall xr < Cp™ 2|l — Pllzzo,r) < Cp/2.
From the definition of g (6.29), we deduce that
(6.33) 91l (o 1y5220.9) < Cp'?ll = Bll 20,1
Set

Y=9—% —9y+yain (OaT) X (OaL)'
Using (6.27]) and (6.28]), we have
(6.34) WY + 0,Y + Oy = f(t,2z) in (0,T) x (0, L),

where

f(ta .T) = —g(t,x) - <yyz - 37?7:1: - (yaya,x - ga?ja,z))

10The index a stands the approximation.
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From ([6.30) and (6.32)), we obtain
(635) ||yy$ - gﬂ-’b - (yay(l,z - gaga,$)||L1 ((O,T);LZ(O,L)) S C,Ol/QHSO - 6||L2(0,L)'

Using (6.33]) and (6.35)) and applying Proposition to Y, we derive from (6.34)) that
1 = ya = T+ Ja)(Ts M2,y < Cp2lle — Ol r2(0.0)-
Assertion (|6.24])) follows.

We next consider the case || Py, yr(am, < cillyrllr2(o,r) for some 1 < ¢ < np. One can bring
this case to the previous case as follows. Fix € > 0 small. By Lemma and Corollary there
exists v1,vo € H'/3(0,¢) such that if y; € X, (with T = €) is the solution of (6.7) with u; = v,

and yo € X is the solution of with ug = vy then
yi(e,+) =0, projyLyz2 =0, and  [|projay,y2(e, )l L20,0) ~ 1 for all 1 < £ <np.
Let uor, uiT, ugr defined in (0,€) be such that ug 7 is a control for which the corresponding

solution in X, of the linearized KdV system starting from proj M yr(L —-)/p at 0 and arriving 0

at the time e, uy 7 = yv1, ugr = 721)2 for some v > 0 defined later. Let y be the unique solution
of the (nonlinear) KdV system in the time interval [T, T' + €] using the control

puo(- = T) + p"Pur(- = T) + pug(- = T),

with y(T,-) = yr(L — -). By choosing ~ large enough, yo and y(T + ¢, L — ) satisfy the setting of
the previous case for the time interval [0, 7 + ¢] (instead of [0, T]). One now considers the control
(for the nonlinear KdV system) in the time interval [0,7 + 2¢| which is equal to the one which
brings yo at the time 0 to y(7T' 4+ &, L — -) at the time T + ¢ obtained in the previous case in the
time interval [0,7 + €], and is equal to —y,(2(T + &) — ¢,0) for t € [T +¢,T + 2¢]. It is clear
that the solution of the nonlinear KdV system at the time T + 2¢ is yp. The proof is complete by
changing T + 2¢ to T O

7. SMALL TIME LOCAL CONTROLLABILITY PROPERTIES OF THE KDV SYSTEM - PROOF OF
THEOREM

The main result of this section is the following, which implies in particular Theorem

Theorem 7.1. Let L € Np and 1 < ¢ < np. Let ¥ be defined in (5.61) with ¢ = @, given in

(3.10) and Ep is determined by (5.15) with (n1,m2,m3) = (M1,6,M2,0,M3,¢). For all 0 <T < T, /2 EL
there exists g > 0 such that for all 0 < € < g9, and for all solutions y € Xt of

Yt + Yo + Yzzze T YYe =0  in (OaT) X (OaL)>

(7.1) y(0)=y(,L)=0 Zn (0,7,
Yo (-, L) =u in (0,7),
y(ov ) = Yo := 5\1](()’ ) in (Oa L)a

with |l gs o7y < €0, we have
y(T,-) # 0.
Remark 7.1. Recall that, by and (3.13)), the function W(¢,z) satisfies
U+ VU, + W, =0in Ry x (0, L),
(72) { U(-,0) = T¥(-, L) = Uy(-,0) = Uy (-, L) = 0 in Ry.

L7, is the constant in Corollary
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Proof of Theorem[7.1. Fix 0 < T < T./2. Let gy be a small positive constant, which depends
only on L and T and is determined later. We prove Theorem by contradiction. Assume that
there exists a solution y € C ([0, +00); L?(0, L)) N L ([0, +00); H'(0, L)) of with y(¢,-) =0
for t > T, for some u € H'/3(0,400), for some 0 < £ < gy, and for some 0 < T < T,/2 with
[ull /3w,y < €0, and suppu C [0, T].

Using the fact y(t,-) = 0 for t > T, /2, from Proposition we have, for gy small,

(7.3) 19112 (5. rvc0.1y) < C(I0llzoy + i)

and [21, Lemma 4.6]

(7.4) 1902 (5o 29) < C(I0llzziony + Nl g-voge, )

Here and in what follows, C denotes a positive constant depending on T} but not on 7.
Let y; be the solution of the linearized system in the time interval (0,7") with the control u
starting at 0 at time 0, i.e.,

Y1t T Y1z + Yooz = 0 in R-l— X (07 L)a
yl(-,O) :yl(-,L) =0 n R+7

yl,$('7L) =u in Ry,
yl(O,-) = in Ry,
By [2I, Lemma 4.6], we also have
(75) ||y1||L2 ((O,T*)X(O,L)) S C|’uHH71/3(R+)'

Using ([7.2)), we obtain
Y—y1—eV)i+ Y-y —eV)e+ (U —y1 —eV)opa +yye =0 in Ry x (0, L),

(Y= —e¥)(,0)=(y—y1 —e¥)(-,L) =0 in Ry,
(y—y1—e¥),(-,L)=0 in R,
(y ) 5\11)(07 ) =0 in (OaL)¢

Applying |21, Lemma 5.4], we derive that

(7.6) [ly —y1 —e¥llr2(0,1)x(0,L))
< CllyyzllLr o, 0,0)) < Cllyllzzo0,1)x 0,0 192l 20,7y % (0,1))

3.6
< C(lwollz.n + Il ) (1ol 20.0) + Il g1z, )-

Since y = 0 for t > T,/2 and u = 0 for ¢t > T, /2, after considering the projection into M3, we
derive that

1) (T < C (ol + lullma,) ) (lsollzzo.z + el g-va,))-
By Proposition there exists u; € H'/3(0,T,) such that

(7.8) lwill s,z < Cllya(Tes 2 o,n)
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and the solution 31 € X7, of the system

Y1t + Y1z + Ylaze =0 in (0,7%) x (0, L),
91(,0) =m(, L) =0 in (0,T3),
Y12(, L) = w in (0,T%),
y1(0,-) =0 in (0,7%),
satisfies
(s, ) = =Ty, )
Using , we derive from that
79 lwlmsem < C (ol + lelmmg,y ) (sl + e,
Set
G =y +7 in (0,T%) x (0, L).
We have
W=9—cV)+(y—9—eV)et+ U —9—V)awe +yy. =0 in (0,7) x (0, L),
(y—9—e¥)(,0)=(y—9—e¥)(,L)=0 in (0,T%),
(y—9—e¥)a(-, L) = —w in (0,T%),
(y—9—e¥)(0,:)=0 in (0, L).

We then have, by [21, Lemma 4.6] and Proposition

(7.10) [ly =9 —e¥llL2(0m)x(0.0)) < CllyyellLroz)x0,)) + Cllutll gsor,

i N M)
< Ol + el ) (10l 20,0 + el 10z, )

Multiplying the equation of y with W(¢,x), integrating by parts on [0, L], and using (7.2), we
have

L
dt Jo
Integrating (7.11)) from 0 to T} and using the fact y(7%,-) = 0 yield

L
(7.11) y(t,2)U(t, ) dx — ;/0 V2t 2) W (t, 7) da = 0.

L T. L
(7.12) /0 yo(z)W(0,x) dz + ;/0 /0 y2(t, 2) W, (t, z) dr dt = 0.

We have

Ts L
(7.13) / / ly? — (§ + e¥)?| du dt
0 0

T« pL

@ 2
< ol + lulla,) ) (lollzzo o + el g-va.) )
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Ty L
(7.14) / / ly = (§+ 20)|[§ + 0| da dt
0 0

’7 2
2 (Il + el g-ssasy) (ol 0.0 + el g,

and

Ts L Ts L
(7.15) / / (§+ U)W, do dt = / / (y2 42U + 52\112)% dz dt
0 0 0 0

Ty L
_ / / (52 + 2699 ) W, dor
0 0

since ¥(-,0) = ¥(-,L) = 0.
Using the fact

v = (y— (G +e9) —2(y — (§+e0)) (G + D) + (§ + £P)?,

we derive from ((7.12)), (7.13]), (7.14)), and (7.15) that

L 1 Ty L
/ yo(x)¥ (0, x) dx + 5 / / G2 (t, 2) U, (¢, ) do dt
0 o Jo

2
< (et lulmng ) (e + ullrsw) +Celilla(om o)

Applying Corollary [5.1] to 3 yield, for g sufficiently small,

2
e+ Cllut utl? yyog,) < C(E v Hu||H1/3(R+)) (5 v ||uHH_1/3(R+)> .
Using ([7.9), it follows that, for sufficiently small &,

||U”§rl/6(R+) < CHU\|H1/3(R+)||U”?q—1/3(R+)‘
So, for fixed sufficiently small &g,
u = 0.
Hence y(t,-) = e¥(t,-) # 0 for all t > 0. We have a contradiction.
The proof is complete. O

Remark 7.2. The constant &9 can be chosen independently of T if instead of assuming ||ul| g1/3 0 ) <
€0, one requires that

Ul g1/3(m.y < €0,

where U is the extension of u by 0 in (7', +00).

8. PROOF OF THEOREM [L.3]
Theorem [I.3] follows from Proposition [2.3] and Lemma [3.2] as usual. The details are omitted.
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APPENDIX A. HARDY TYPE INEQUALITIES

In this section, we prove two results related to the Hardy inequality. The first one is the
following.

Lemma A.1. Let —co < a <b<c< 400, and 0 < s < 1/2 and let u € H/3(a,b). Set
u in (a,b),
v =
0 in (b,c).

V] 5 (a,e) < Cllull s (a,p)s

Then v € H*(a,c) and

for some positive constant C depending only on a,b,c, and s.

Proof. For notational ease, we assume that a = —1 and b = 0. Without loss of generality, we then
can assume that ¢ = +o0o. Let V € H*(R) be an extension of u such that

1Vl 25wy < Cllull s (1,0
Applying [36, Theorem 1.1] with v = —s, 7 =2, p = 2 to V, one obtains
2™ VliL2®) < CIV s )
The condition s < 1/2 is required here. This yields
(A1) [z ull 2(—1,0) < Cllullgs(=1,0)-

Using the equivalent Gagliardo-Nirenberg definition of the semi-norm H®, we have

* ”U )’2 de d > 2d
||U||HS —1,+00) Ix—y|1+23 Y+ 1|U| €.
* (@) — o) / /0 [u(z) — u(y)? /O Ju(z
dedy < dzdy + Cs
[t was [ [ 25t e [ Bke

0o 0

/ |v|2d:1::/ lu|? dz,

-1 -1

]| s (=1,400) < Cllull s (—1,0)-

Since

and

we derive from (A.1]) that

The proof is complete. O]

We next prove the following result.

Lemma A.2. Let T > 0, u € H/?(R), and ¢ € C'(R) be such that suppu C (=T, T). There
exists a positive constant C, independent of T', u, and ¢, such that

(A.2) ||<PU||Hl/2(R) < C||<P||L°°(—2T,2T)||U||Hl/2(R)

+ (T2l rm) + T2Vl o aramy )l p2gey
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Proof. Using the equivalent Gagliardo-Nirenberg definition of the semi-norm H'/2, we have, since
suppu C [T, T7,

(A3) lpulGoge, / / [p(s)uls) = eu® ;)

\S —t|2

27 2 2T 2
/ / () 902@)“(75)\ det+2/ / |<P(5)u(52)’ ds dt.
|S — r\[—2721] J—oT |5 — 1]

We next estimate the RHS of (A.3] - We first deal with the first term. We have

/ /” lp(s) S_ﬁz(t) u@®pP

2T 2T 2
t
<2 ‘9” s |“ —uOF 4o g1 |“0 PO ¢ g
|s —t|2 |s — |2
This implies

A / /QT o(5) ‘s_soa)u(t)r? et

t?

< CHSOHLOO —2T,27T) HUHHm (R) + CTHVQOH%OO(—QT,QT)HUH%%R)
Concerning the second term of the RHS of (A.3)), we have

oT 2
wy [ [T,
R\[-27,27] J—2T |$ — 1]

T ’ 2 T
p(s)u(s)] 2 1 / 2
= —————dsdt < C (T T\ u(s)|” ds.
/R\[ 2T2T]/T |s —t[? Iellz =TT T —T| (s)

The conclusion now follows from ) and - OJ

APPENDIX B. ON THE ZEROS OF G AND H

In this section, we establish several results concerning the zeros of G and H defined in (4.11)).
We begin with

Lemma B.1. Let L > 0. Assume that G(z) = H(z) = 0 for some z € C\ {+2/(3v/3)}. Then
LeNp and (—z€Pp orzePp).
Recall that Np and Pp are defined in and , respectively.
Proof. Set

izt A L\ Ajz
y(t,x) =e E 1eﬂ+1 —Aj 26J+2) ,

where \j = \j(z) with j =1,2,3 are the solution of the equation A3 + A + iz = 0. Then

ye(t, ) + yu(t, ) + Yz (t,2) =0 in R x (0, L).
Note that Z(z) # 0 for z # £2/(3v/3 (recall that = is defined in Definition . Hence P(z) =
ZJ B (Ajretl — N petit2l) = 0 and det Q(z) = Z?Zl(Aj_A'_l — )\j)e Yi+2L = 0. Using this,
one can check from the definition of y that

y(t,0) =y (¢,0) = y(¢t, L) = y(¢t, L) = 0 for t € R.



46 H.-M. NGUYEN

This implies that L € Np and (—z € Pp or z € Pp). O

Set
D(A) = {v € H30,L),0(0) = v(L) = /(L) = o}

and let A be the unbounded operator on L?(0, L) with domain D(A) and defined by Av = v + v
for v € D(A). It is known from [2I, Lemma 2.1] that the spectrum of A is discrete. In the following
result, we prove that all eigenvalues of A has its real part non-negative.

Lemma B.2. Let L >0, z € C, and ¢ € C*([0, L]) be such that
Vzaz + Pz + 1290 =0 in [0, L],

and
©(0) = (L) = ¢z(L) =0
Then
S(z) >0
Proof. Set

U(t,z) = %{eiZtgo(x)} in Ry x [0, L]
Then ¥ is a solution of the linearized KdV system
Uy + U, + W =0 in Ry x [0, L],
(B.1)
U(-,0)=¥(-,L)=V,(-,L)=0 inRy.

We then derive that ;
d
— U(t,z)|>dx <O0.
G P ds <o
This implies
3(z) > 0.

The proof is complete. U]
As a consequence of Lemma we have the following result.
Corollary B.1. Let Le Np and 1 < ¢ <np. Then
Spe >0 for 1 <0< np.
The following result is useful.

Lemma B.3. Let L € Np and p € C be such that Sp > 0. Then the zero of H(z — p) is simple
for z e R.

Proof. By [21, Lemma B1], we can assume that z — p # £+2/(3/4/3). We now prove the assertion
by contradiction. Assume that H(z — p) = 0 for some z € R with z — p # +2/(3/+/3). Thus
det Q(z — p) = 0. Then there exists ¢ € C*°[0, L] such that
Prze + Pz + i(z - p)90 =0in [07 L]7
and
p(0) = (L) = ¢u(L) = 0.

Applying Lemma we have
Sp < 0.

Since Sp > 0, we derive that Sp = 0, which is equivalent to the fact z — p € R. The conclusion
now follows from [2I, Lemma B1]. O
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APPENDIX C. A LEMMA RELATED TO THE MOMENT METHOD
The following lemma from [21] is used in the proof of Proposition

Lemma C.1. Let ¢ be an analytic function in C such that ¢ has a finite number of zeros on the
real line, and
(C.1) lp(2)] < ere®? in C,

for some 0 < o < 1, and c¢1,¢0 > 0. Let T1, T > 0, and h € H*(R) for some s < 0 with support
in (0,T1). There exists g € C°(R) with support in [T1,Th + Ts] such that if z is a real solution
of order m of the equation ¢(z) = 0, then z is a also a real solution of order m of the equation
h—g=0, and

(C.2) 191l v ry < CrllPll s (w) for k € N,

for some positive constant Cy, depending only on k, T1, Ts, s, and real zeros and their multiplicity
of .

Proof. The proof of Lemma is as in [2I], where a special case is considered. The con-
struction of g, inspired by the moment method, see e.g. [44], can be done as follows. Set

‘ a

n(t) = eil/(tQ*(T2/2)2)]l‘t|<T2 for t € R. Assume that 21, ..., 2z are real, distinct solutions of
the equation ¢(z) = 0, and myq, ..., my are the corresponding orders. Set, for z € C,
@)= |tz =) [T =)™ (DX etz —2)') |
i=1 j=1 1=0
J#i

where ¢;; € C is chosen such that

dl

. l ~
W(e’(TﬁTQ/Q)ZC(z)) = %hg(zi) for0 <l <my;, 1<i<k.
z 2=2z; z

This can be done since 7(0) # 0. Since
[i(2)] < Ce™RI2,
and, by [44, Lemma 4.3],
11(2)] < Cre @Y% for 2 € R,

using (C.1]), and applying Paley-Wiener’s theorem, one can prove that ¢ is the Fourier transform
of a function 1 of class C''; moreover, v has the support in [~T5/2,T5/2]. Set, for z € C,

g(t) =Pt +T1 + 13/2).

Using the fact §(z) = e T1+72/22¢(2), one can check that § — h has zeros zy, ..., z, with the
corresponding orders m1, ..., mg. One can check that
[0l < Crow Y Y | k(=)
i=1 1=0

which yields
[l e ry < C,L k|2l s (m) -
The required properties of g follow. O
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