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COVARIANCE INEQUALITIES FOR CONVEX AND LOG-CONCAVE
FUNCTIONS

MICHEL BONNEFONT, ERWAN HILLION, AND ADRIEN SAUMARD

ABSTRACT. Extending results of Hargé and Hu for the Gaussian measure, we prove
inequalities for the covariance Cov,(f,g) where u is a general product probability
measure on R? and f, g : R? — R satisfy some convexity or log-concavity assumptions,
with possibly some symmetries.

1. INTRODUCTION

If 4 is a probability measure on R? and if f,g € L?(dp) are two square integrable
functions with respect to pu, their covariance is defined by

Cov,.(f,9) :/(f—/fdu) (g—/gdu) dp

and is a measure of the joint variability of the two functions. Here and in all the
sequel, we make the assumptions that f and g have enough integrability and regularity
conditions, so that all the written quantities are well defined.

Lying at the intersection of probability, analysis and geometry, covariance identities
and inequalities provide a variety of tools. Without trying to be exhaustive, let us
cite some of them: FKG inequalities ([FKGT1]), (asymmetric) Brascamp-Lieb inequal-
ities ([MO13l [CCEL13, [ABJ18§]), Stein kernels ([Cha07, NV09, LNP15| [CEP19| [Fat19]
Saul9]), concentration inequalities ([BGHO1), [HP02], [Led01al, Section 5.5)).

The proof techniques of these covariance identities and inequalities vary from semi-
group techniques, other types of integration by parts, measure transportation or stochas-
tic calculus. Gaussian measures offer a particularly fruitful framework in this perspective
and in Theorem [Tl below, we recall famous covariance inequalities known for the stan-
dard Gaussian measure. The main point of this work is to discuss and extend partially
these results beyond the Gaussian assumption, to the case of general product measures.

Theorem 1.1. Let vy be the standard Gaussian distribution on RY.
(1) [Hu97, [Har04] Let f and g be two convex functions on RY, then

Cov,(f,g) > Covy(f,z) - Covy(g,x) (1.1)

where - denotes the standard scalar product on RY.

MB is partially supported by the French ANR-18-CE40-0012 RAGE project and the French ANR-
19-CE40-0010-01 QuAMProcs project.
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(2) [Har04] Let f be a log-concave function and g be a convexr function. Assume
moreover that f is orthogonal to the linear functions — that is Cov,(f,x) =0 -,

then
Cov,(f,g9) <0. (1.2)
(3) [Royl4] Let f and g be some quasi-concave functions that are both even, then
Cov,(f,g) > 0. (1.3)

The first point of Theorem [L.Tlis due to Hu [Hu97] and was recovered by Hargé [Har04].
Hu’s proof is based on some It6-Wiener chaos decomposition. This decomposition is
based on the interpolation of the covariance by the standard heat semi-group. Hargé’s
proof of the second point is based on optimal transport theory and Caffarelli’s contraction
theorem. Hargé obtained in fact an inequality when f is not necessarily orthogonal to
the linear functions, which by a limiting argument recovers (1).

Point (3) was proven by Royen [Royl14]. It is known as the Gaussian correlation in-
equality and was an open question during decades. We refer to [LaM17] and [Barl9]
for history of this result. Royen proved his result in its geometric form, for symmetric
convex bodies, by approximation with finite intersections of symmetric slabs. The main
ingredients are then an interpolation of some dependent and independent Gaussian mea-
sures through their covariance matrix and clever computations of the Laplace transform
of multivariate Gamma distributions. Royen thus proves its result for some family of
multivariate Gamma distributions. Subsequently, Eskenazis, Nayar and Tkocz [ENT1S]
noticed that Theorem [LTI(3) still holds for product measures whose marginals are mix-
tures of centered Gaussian measures. In the Appendix, we also show that Theorem
[LI(2) is true in the latter situation.

The first main new results of this paper are devoted to dimension one. In dimension
one, the covariance inequalities of Theorem [[LT] are not limited to the Gaussian context
but actually hold for any probability measure on R having a finite variance.

Theorem 1.2. Let u be any probability measure on R admitting a second moment.
(1) For any convex functions f and g, one has

Var(u) Covy(f,g) > Cov,(f,x) Cov,(g, x). (1.4)

(2) Let f be a log-concave function and g be a convex function. Assume moreover
that f is orthogonal to the linear function x, then

Cov,(f,g) <0. (1.5)
(3) Let f and g be some quasi-concave functions that are both even, then
Cov,(f,g) > 0. (1.6)

The fact that Theorem holds for any probability measure whereas Theorem [L]
seems limited to the Gaussian setting is striking and rises the following natural question:
what about general product measures? Before trying to answer this question, we shall
introduce some notations and the hypotheses.

Notations and hypotheses: In all the sequel of the paper, we consider u = p ®
.-+ ® g to be a product measure on R%. Moreover for each 1 < k < d, we denote by
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ag(x) a positive function on R and by Ay its primitive, centered with respect to py and
we assume that A € L%(uz). When we apply the results with a, = 1, we thus implicitly
assume that the measure y; admits a second moment. We assume that f,g € L?(u).
In order to apply the tensorization method and to exchange derivative and integral, we
also assume that all the first and second partial derivatives of f and ¢ are integrable
with respect to p.

Remark 1.3. It is actually possible to weaken the reqularity assumptions on the second
order partial derivatives. It is indeed sufficient to assume that the first derivatives are
monotonic on R?, at the price of standard approzimation arqguments. This is particularly
transparent with the pure determinantal approach. But for clarity and simplicity, we
prove the theorems by using the second order partial derivatives.

Arguably, the first basic idea to investigate general product measures is to use a
tensorization argument. This allows us to obtain the following extension of Theorem
[L2((1) to the higher dimensional case.

Theorem 1.4. Let p be a product measure on RY.
Let f and g be two functions on R? such that for each pair 1 < i,j < d, the signs of

) (@f(x)) and 0, <0ig(w)> (1.7)

a,(xl) al(xl)
are constant on R? and equal. Then
d
1
> - - oy ().
Covu(f,9) = 2:21 Var,, (Ay) Cov,(f(z), Ai(xi)) Covp(g(w), Ai(w;))

Taking the functions a; = 1 gives the following corollary.

Corollary 1.5. Let pu be a product measure on R®. Let f and g be two functions on RY
such that for each couple 1 < 1,5 < d, the signs of

0, f(x) and 0; jg(x) (1.8)
are constant and equal. Then
d

Cov >
M(fa g) e 1:21 Var(,ul)
A striking point is that Corollary is not limited to the Gaussian setting, but holds
for any product measure with marginals having a finite second moment. Particularizing
to the Gaussian case, where u = -, the conclusion of Corollary is the same as in
Theorem [LT[(1), but under different assumptions on the functions f and g. Even if they
coincide in dimension one, the two assumptions are different in higher dimensions and
are not included one into another. The assumption of Corollary seems less classical
from a geometric point of view than the classical convexity assumption. Actually, such
assumption on the sign of the second partial derivatives also appears in the context
of Gaussian comparison theorems, see for instance [LT11, Theorem 3.11], that implies
Slepian’s lemma and Gordon’s min-max theorem. Note finally that in the Gaussian
setting, even if the statement of Corollary seems to be new, its proof could be also
deduced from the arguments developed in the proof of Hu [Hu97].

Cov,(f(x),27) Cov(g(w), z,).
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Remark 1.6. The conditions stated in (L) can also be written as the conjunction of
Conditions (L9) and (LI0) below: for each 1 < i < d, the signs of

al(xl) al(m,)
are constant and equal and for each couple 1 < i # j < d, the signs of

0ii f(x) and O;j9(x) (1.10)
are constant and equal. The condition described by Equation (L9) can be interpreted as
follows: let B; : R — R? be the inverse bijection of

(1‘1, - ,.%'d) — (1‘1, . ,Ai(.%'i), - ,J}d),
then Condition (L9)) means that the functions
XTi —r (f o] Bi)(ml, R ,a:d) , Tj = (g o Bi)(ml, R ,xd)

are both convexr or both concave. In the case where a; = 1 for all i = 1,...,d, and
if moreover, all the signs in (L9) are the same, then the functions f and g are both
coordinatewise convex or both coordinatewise concave.

We now want to investigate what happens when the functions are assumed to satisfy
some symmetries. As we shall see, the good notion that fits with the tensorization
argument is quite strong and is the unconditionality of (at least) one function.

We recall that a function f : RY — R is said to be unconditional if it is symmetric
with respect to each hyperplan of coordinates : for all (x1,...,24) € R,

@y aa) = fErm, . caza).
holds for each choice of signs (e1,...,e4) € {—1,1}%.

Theorem [L7] below is a multi-dimensional extension of Theorem [[2[(1) with a sym-
metry assumption.

Theorem 1.7. Let p =y @ --- @ g be a product measure on RY and assume that for
each 1 < i < d, the measure p; is even. Let f and g be two functions on R? such that
for each 1 < i <d and all x € R, the signs of

0; 0;

ai( f(x)) and ai( g(x)) (1.11)
al(xl) al(xl)

are constant and equal. Assume moreover that one of the functions is unconditional.

Then

Cov,(f,g) > 0.

The following corollary is directly obtained by setting again the functions a; to be
identically equal to 1.

Corollary 1.8. Let = 11 @ - - - @ juq be a product measure on R% and assume that for
1 < i <d, the measures y; are even. Let f and g be two functions on R? such that for
each 1 < i < d, the signs of

0;if(x) and 0;,;9(x) (1.12)
are constant and equal. Assume moreover that one of the functions is unconditional.
Then

Cov,(f,g) > 0.
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With these symmetries, the tensorization method also leads to the following extension

of Theorem [[L2(2) and (3).

Theorem 1.9. Let i =y & -+ ® pg be a product measure on R,

(1) Assume that for 1 <i < d, the marginals p; are even and log-concave. Let f =
e~? be an unconditional positive log-concave function and g be a coordinatewise
convez function on R?, then

Cov,(f,g9) <O0.

(2) Assume that f and g are both unconditional and coordinatewise quasi-concave.
Then

Cov,(f,g) > 0.

A drawback of this tensorization approach is arguably that in Theorem [[L71and Corol-
lary [[L8 we assume a strong symmetry property: the unconditionality of at least one
function.

In order to require less symmetry assumptions, it is natural to try to use, instead of
the tensorization argument, a more global approach. A first attempt would be to use the
interpolation with the associated Markov semi-group and the covariance representation
given in (84]). Actually, we shall provide a slightly different covariance representation,
based on an argument of “duplication” of random variables (Lemma [7.1]). The main
reason for this choice is that the latter approach is much simpler than the semi-group
approach and is also more effective. See more comments in Section Bl As expected, this
approach allows us to reduce drastically the symmetries required on the functions, but
at prize of considering some convexity type assumptions that are less common. Theorem
[L.TI0 below provides an extension of Theorem [[.2(2) and (3).

Theorem 1.10. Let u be a product measure on RY.
(1) Let f =e=® and g be two functions on R? such that all x € RY,

0; (al(ﬁ(x)) <0 and 0; (8,9(35)) >0 foralll <i<d, (1.13)
a,(xl) al(m,)
and
0;j¢(x) <0 and 0; jg(x) > 0 for all 1 <i#j <d. (1.14)
Assume moreover that f is orthogonal to the functions A;(x;) for all 1 <1 <d,
then

COVM(f7 g) Z 0
(2) Let f =e~® and g = e™¥ be two functions on R? such that for all x € R?,

0; (&gb(x)) <0 and 0; (8@(3:)) <0 forall1 <i<d, (1.15)

a; (.%'Z) a; (1‘2)

and

0;,j¢(x) <0 and 0; j1(x) <0 for all 1 <i# j <d. (1.16)
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Assume moreover that the product measure p is symmetric and the functions a;
are even for 1 <1 <d and that also both f and g are even, then

COVﬂ(f, g) Z 0
As before, the choice a; = 1 is worth looking at and gives the following corollary.

Corollary 1.11. Let u be a product measure on RY.
(1) Let f = e~ and g be two functions on R? such that for all1 < i,j < d and all

z € RY,

9i,j¢(x) <0 and 9; jg(x) > 0. (1.17)
Assume moreover that f is orthogonal to the coordinate functions x; for all 1 <
1 <d, then

Cov,(f,9) = 0.
(2) Let f = e~ and g = e=¥ be two functions on R? such that for all 1 < i,j < d
and all x € RY,
9i,j¢(z) <0 and 0; j3(x) < 0. (1.18)

Assume moreover that the product measure 1 is symmetric and that both f and
g are even, then

Cov,(f,g) > 0.

Outline. The paper is organized as follows. The case of the dimension one is inves-
tigated in Sections 2 Bl and [ In Sections 2] and Bl we produce two different proofs of
Theorem The first one, given in Section 2], is based on the use of determinants and
the so-called Andreev’s formula. The second one, detailed in Section [3], is based on a
covariance identity due to Hoeffding and the use on R? of the classical FKG inequality.
In Section Ml we notice that more structure is actually present in dimension one: the
kernel k in Hoeffding’s covariance identity is indeed totally positive in the sense of Kar-
lin [Kar68|]. Consequently, determinantal covariance inequalities for general Chebyshev
systems follow (see Theorem for the precise statement). The latter inequalities are
also recovered without using Hoeffding’s covariance identity, through a direct approach
with determinants and Andreev’s formula.

The tensorization method and the proofs of Theorems [[.4], [['7] and [L9] are given in
Section [B], except for the proofs of Theorem [[2(3) and Theorem [[LY(2), that pertain to
the hypothesis of quasi-concavity and are detailed in Section Bl Indeed, the method for
proving Theorem [[L2((3) in dimension one is very specific and independent from the rest
of the paper. Theorem [[L9(2) is then obtained by tensorization.

In addition, a generalization of Hoeffding’s covariance identity for product measures,
obtained by a duplication argument, is provided in Section[ll A second proof of Theorem
[C4] and the proof of Theorem [[LT0] are then given. As explained above, another natural
generalization of Hoeffding’s covariance identity would be given through the standard
semi-group interpolation. Comments on the difficulty of using this covariance represen-
tation are provided in Section [§l Some possible examples of applications are given in
Section [@ Finally, in the Appendix, we also prove that that Theorem [[T[2) is true for
product measures whose marginals are mixtures of centered Gaussian measures.
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2. A DETERMINANTAL APPROACH IN DIMENSION ONE

This section is devoted to a first proof of Theorem [[L2(1) and (2). The proof is based
on properties of determinants, in particular on the intertwining between determinants
and the integral operator, a property known as Andreev’s formula. Similar arguments
will be used in Section M in the more general framework of Chebyshev systems.

2.1. Convexity and determinants.

Definition 2.1. A pair of real-valued functions (u,U) is said to satisfy Assumption (C)
if for any triple (x1, 2, x3) € R® with 1 < x3 < x3, one has

1 1 1
D(x1,29,23) = | u(x1) wu(ze) wu(xs) | >0.
U(.%'l) U(m'g) U(.%'g)

In other terms, the couple (u,U) satisfies Assumption (C) if and only if the triple
(1,u,U) forms a Chebyshev system (see Definition F.1)). From elementary properties of
determinants, it follows that:

Proposition 2.2. Let (u,U) be satisfying Assumption (C) and D : R® — R be as
defined above. Let (x1,x9,23) € R3. Let o € S3 be a permutation of {1,2,3} such that
xa(l) S xU(Q) S 230(3). Then

e(o)D(x1,x9,23) >0

Proposition 2.3. A function f : R — R is convex if and only if, for any x € R, the
pair (x, f(x)) satisfies (C).

Proof. Take (x1, 22, r3) € R3 with z; < 25 < 23. Expanding the determinant D(x1, 2o, z3)
gives:

D(a1, w2, w3) = (w2 — 21)(f (23) — f(22)) — (23 — 22)(f (22) — f(21)).

Dividing by the positive quantity (z3—xz2)(x2—z1) > 0, we obtain that D(xy, z2,z3) > 0

if and only if
flas) — f(x2) > flx2) — f(=1)

Tr3 — T2 X9 — I ’
which is the slope inequality equivalent to convexity of f. O

Corollary 2.4. If U is an increasing bijection between R and some interval I, then
(1,u,U) satisfies (C) if and only if uo U1 is concave on I.

Proof. We notice that, for 1 < x2 < x3 we have
D(z1,29,23) = DU (y1), U~ (92), U (y3))
for some triple y; < yo < y3 € I. Elementary properties of determinants then give:

1 1 1

1 Yo Ys
(—uoU N (y1) (muoU N(y2) (—uoU")(y3)

and we conclude by applying Proposition 23] O

D($1,5E2,5E3) =
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Let us now consider some positive function f. Let F' be a primitive of f. It is known
(see [Boh96]) that f is log-concave if and only if fo F~! is concave. From the above, we
deduce the following proposition.

Proposition 2.5. A positive function f is log-concave if and only if the pair (f,F)
satisfies (C).

2.2. An Andreev-type formula. A key point in this approach is the following Andreev-
type formula which exchanges expectation and determinants.

Proposition 2.6. Let (fi)i1<i<n and (gi)1<i<n be two n-uples of functions in L?(p). We
have:

et (B [f:(X)5 (X)) = By oy [det (£:(X;) det (6:(X;)].

Proof. An elementary formula for determinant asserts that:

nldet (B, [f(X)g; (0N = Y ¢ HIE [ oty (X)gor (5 ()] -

o,0'€Sy

Fubini’s theorem allows us to write:

nldet (EM [fZ(X)gj(X)]) = Z E( ) ( M® ‘Qu [H fa(z gO'/(Z)( )‘| :

o,0'€Sy,
We thus have:

n!det(Eu[fi(X)gj(X)]) = Euo-ou Z e(o)e(o )fo (X’) (X)]

Lo,0'€Sn

= EM®"'®M (Z ( fa(z )( 5 go/(z)( ))]
o€Snh o'eSn
i (X5)

= Eu@--- [det(fj( l)]
— Euoen [det (fi(X >> <<X]>>]

0

Note that with the particular choice n =2, f1 =1, fo = f, g1 = 1, go = g, Proposi-
tion [2.6] gives the so-called ”Chebyshev’s other 1nequahty”.

Proposition 2.7 (Chebyshev). If f,g € L?(i) are both non-increasing or both non-
decreasing, then Cov,(f,g) > 0.

2.3. A first proof of Theorem The first proof of Theorem will be deduced
from the following more general result.

Theorem 2.8. Let (u,U) and (v, V') be two pairs of functions satisfying Assumption
(C). Then

Cov, (U, V)Cov,(u,v) > Cov,(u, V)Cov,(U,v).
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Proof. We want to show that D > 0, where

D_ Covy(u,v)  Covy(u, V) }
Cov,(U,v) Cov,(U,V)
But we also have:
L Eufo]  E,[V]
D=| Euu] E,u] E,uV]

Eu U] E.[Uv] ELUV]
The latter equality can be proven by simply expanding the determinant. We now apply
Proposition 26l with fi =1, fo =u, f3 =U and g1 = 1,92 = v,g3 = V. This gives

1 1 1 1 1
p- |
R3

1
u(z1) u(zz) wu(xs) || v(z1) v(@2) v(ws)
Uz1) Ulzz) Ulws) [| V(z1) V(zz) V()
Let (21,72, 23) € R? and o € S3 be such that To(1) < To(2) < T(3)- As both pairs (u, U)
and (v, V') satisfy (C), we apply Proposition as follows,
u(zy)  u(wz) u(ws)

= (6(0) ) (s(o)
U(z1) Ulze) Ul(xs)

from which we deduce D > 0, as wanted. ]

dp(zr)dp(w2)dp(ws).

1 1 1

As we prove now, points (1) and (2) of Theorem are particular cases of Theo-
rem [Z8] for a suitable choice for the pairs (u,U) and (v, V).

Proof of Theorem [L.2(1) and (2). The first item is a direct consequence of Theorem 2.8
and Proposition 23] for the particular choice u(z) = z, U(z) = f(x), v(z) = x and
V(z) = g(=).

For the second item, we set u(z) = f(z), U(x) = [ f(t)dt, v(z) = z, V(z) = g(x).
Propositions 2.5 and 23] show that the pairs (u,U) and (v, V') both satisfy Assumption
(C). By Theorem [Z8] we thus have:

Cov,(f,x)Cov,(U,g) > Cov,(f,g)Cov,(U,x).

The orthogonality assumption gives Cov,(f,x) = 0. Moreover, as f is non-negative, the
function U is non-decreasing. Proposition 7 then gives Cov,(U,z) > 0, so that the
inequlity Cov,(f,g) < 0 holds, as desired.

O

3. THE HOEFFDING COVARIANCE IDENTITY APPROACH IN DIMENSION ONE

This section is devoted to a second proof of Theorem [[2[(1) and (2). The proof will
follow from the Hoeffding covariance identity and the use of the FKG inequality for a new
probability measure on R?. A key point is that the kernel of the Hoeffding representation
is totally positive.
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3.1. Hoeffding’s covariance identity. We start by recalling the following represen-
tation formula for the covariance, which is a consequence of a slightly more general
covariance identity due to Hoeffding. See [SW18] for more details about Hoeffding’s
covariance identity.

Theorem 3.1. Let p1 be a probability measure on R and denote by F), its cumulative
distribution function, then for all functions f and g in L*(u) and absolutely continuous,
one has

Cov,(f,9) //f Vg (y)dzdy, (3.1)
with
ku(z,y) = Fu(z ANy) — Fu(x)Fu(y)
and x Ay = min(x,y).
For simplicity, when it is clear from context, we shall write k = k, in the sequel. We

now recall some properties of the kernel & : R? — [0, +00). Taking f(-) = (3 00((+) and
g(+) = 1y o0((), ome sees that the kernel k is necessarily unique and can also be written

k(iﬁ,y) = COVu (1{X§x}’ 1{X§y}) .

This kernel is non-negative, bounded, continuous if p is assumed to be a continuous
measure, but it is not differentiable on the line y = x. Let us emphasize the fact that the
kernel k is totally positive in the sense of Karlin [Kar68|. This result should be classical
but we could not find a reference of it in the literature.

Theorem 3.2. Foralln>2,s1<---<s,€Randt; <---<t, eR,
det (k(si,t5)) > 0.

1<i,j<n
Proof. The proof follows from Theorem 3.1 in Karlin [Kar68], or Theorem 4.2 in Pinkus
[Pin10], by showing that the matrix (k(si ?;));<; j<, is a Green matrix. One can also
directly use Corollary 3.1 in Karlin [Kar68] by writing

o(x)Y(y) if © >
ko) ={ D) it =y

with ¢(z) = F(z) non-decreasing and v (y) = 1 — F(y) non-increasing. O

In the case n = 2, Theorem provides the following inequality.
Corollary 3.3. For all s1 < so and t1 < tg,
k’(sl,tl)k‘(SQ,tQ) Z ]C(Sl,tQ)k(SQ,tl). (32)

The conclusion of Corollary B.3]is well known in the literature under different names.
Inequality (32, here in the case of R?, is sometimes referred to as the Holley condition
or the strong FKG condition. The kernel k is also called log-supermodular or multivariate
totally positive of order 2. We shall also the need the following extension:

Corollary 3.4. Let a and b be two positive functions on R and define the kernel k,; on
R? by

ka,b(xa y) = a(x)k(xa y)b(y)
Then the kernel is totally positive and thus satisfies inequality (3.2).
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We recall now the classical result, due to Fortuin, Kasteleyn and Ginibre [FKGT1],
which asserts that the Holley condition implies the FKG inequality. We first state the
definition of the FKG inequality in R?.

Definition 3.5. Let d > 1. A function f : R? — R is said to be coordinate increasing
if it is non-decreasing along each coordinate, that is if:

for all z,y € R, satisfying x; < y;,1 < i < d one has f(x) < f(y). (3.3)

A probability measure v on R? is said to satisfy the FKG inequality if for all functions
f and g coordinate increasing, one has:

Cov,(f,g) > 0. (3.4)

Theorem 3.6. Let v be a probability measure R? with density k with respect to the
Lebesque measure. Assume that for all z,y € R?,

k(z Ay)k(z v y) > k(2)k(y), (3.5)

where x Ay = (min(x1,y1),...,min(zq,yq)) and xVy = (max(x1,y1),. .., max(xq, yq))-
Then v satisfies the FKG inequality.

Remark 3.7. Writing k = e, the condition ([B3.3)) writes:
H(xANy)+ H(xVy) > H(z)+ H(y). (3.6)

In the case where k is smooth - more precisely when H is of class C? here -, inequality
B8)) is equivalent to the following condition on the second order cross-derivatives of H :

82
31‘2‘313‘
In this case, Bakry and Michel [BM92|] proved the slightly stronger result that the asso-
ciated semi-group (see Section[8) preserves the class of coordinate increasing functions.

Finally note that the kernel k,, given in Theorem[3.1 above, is not smooth on the diagonal
of R? and that (9%@ Ink,(x,y) =0 forallx #y € R2.

Remark 3.8. Condition ([B.5]) is not equivalent to the FKG inequality. In the Gaussian
setting, for a Gaussian vector with non-singular matriz covariance T' on R?, the Holley
condition ([BH) is equivalent to ([71);; < 0 for 1 <i # j < d. But as proven by Pitt
[Pit82] in the Gaussian setting, the FKG inequality is equivalent to I'; ; > 0 (see also
Tong [Ton90] ). The condition on the coefficient of T~ implies the one for I'. But the
converse does not hold. The example 4.5.2 in Tong [Ton90] provides a covariance matriz
ford >3 such that T';; > 0 for all1 <4,5 <d but not ("1);; <0 foralll <i+#j<d.

H(z) >0 for1<i#j<d.

3.2. Hoeffding’s formula as a relation between covariances. The main result of
this section is Lemma [3.9] where we express the quantities appearing in Theorem [[2as a
covariance of the derivatives of the functions with respect to a new probability measure
on R2. Let p1 be a probability measure on R admitting a second moment. We recall that
k is the non-negative kernel:

k(z,y) = Fu(r Ay) — Fu(z)Fu(y).
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and that from Theorem B.1] it satisfies
/ k(z,y)dzdy = Var,(x) = Var(u). (3.7)

By assumption, this last quantity is finite and we denote by p(*) the following probability
measure on R?:

k(z,y)
WOy = T vy

In the case where f and g are some positive functions, we also denote,

W) (4 f(@)k(z,y) .
Wi ) = TRkl ) dardy

dxdy

and

f@k(@.y)gly)
I f@)k(!,y')da' dy’
The main result here is the following relation between the covariances of p and pV. It

consists essentially in a rewriting of Hoeffding’s covariance identity (8.I]) and to highlight
the slight difference, we call it “Hoeffding’s covariance relation”.

dpl) (x,y) =

Lemma 3.9 (Hoeffding’s covariance relation). Let u be a probability measure on R
admitting a second moment, with Var(u) > 0. Let f,g : R — R be some absolutely
continuous functions that belong to L*(u).

(1) Then,

Covu(f(x),9(@))  Cov,(f(x),2) Cov,(g(x),)
Var(11) Var(n)  Var(u)

= Cov,m (f'(2), 4 (y))- (3.8)

(2) If moreover, f = e~? is positive:

CRLRIEL  Conu(1 (@) 2) ConulF(2), 1) = Cov, g0 (=60 1) 69)

(3) If moreover g = e~V is positive:

Covyu(f(z),9(z)) 1
Zfg ZJQﬂg

Covu(f (@), G(z)) Covy(F(x), g(x)) = Cov o) (¢'(2), ¢ (y))-
(3.10)
Here F' and G are primitives of f and g and

Zf—//f k(x,y)dxdy = Cov(F(z),z) > 0,
and

//f 9(y)dzdy = Cov(F(z),G(x)) > 0.
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Note that this approach is also linked to determinants in the sense that the left hand
sides of the equalities (3.8]), (39) (BI0) can be written as determinants. For example,
formula ([B8) can be written as

Var(y0) oo (2. 9/ () = det (g (ol Coatn D) - g

Proof. Using several times the covariance representation of Theorem B one has:

Cov, (f( Y)
HVar //f ffki ',y dac’dy 9 w)dedy
=Cov (1)(f( ),g (y)

(//f ffk: (« y )dx’dy ) (// ffk: (« myg)/zlx/dy dxdy)

:Covum(f'(x),g'(y)) n Cov\,;;f((z)),m) COV\,;;f((lgj)),ﬂU).
Similarly, if f = e_¢

COVM( // fcx ,Y) § (v)dady

:Covugcl)( gb( ), g Z2 <//f k(z,y dxdy) <//f )dxdy)

—Cov, 0 (~¢'(2).9(4)) + 75 Covuf(2). ) Cov,(Fl).g(z)

Z2

and if moreover g =e Y,

Cov,, (f( k(@ 9)gly) ,
AP0 - [ o PER 0 )ty

YRR poneos)
=Cov ) (¢ (2),4'(y)) +

Bfg Z2

:COV“(l) (¢'(2),¢"(y)) +
fi9

0

3.3. A second proof of Theorem We are now ready to turn to the second proof
of Theorem [[L2(1) and (2) pertaining to dimension one. The last ingredient will be the
use of the FKG inequality.

Proofs of Theorem [L.2(1) and (2). Let u be any probability measure R admitting a sec-
ond moment and let f and g be two convex functions on R. Using the first covariance
relation of Lemma [3.9] it is equivalent to prove that:

Cov,m (f'(2),9'(y)) > 0.

By Corollary B3 and Theorem 6] the probability measure u(!) on R? satisfies the FKG
inequality. Since f and g are convex, the functions (z,y) — f'(z) and (z,y) — ¢'(y)
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on R? are in particular increasing along coordinates in R?, which implies the desired
inequality.

As for the second item, let f = e~? be a log-concave function and g be a convex
function on R and such that f is orthogonal to the linear function z. By the second
covariance formula of Lemma 3.9 and since Cov,(f(x),z) =0,

Cov,(f,g) = —COV“?) (¢'(x),9' ().

The second point follows similarly as above, since by Corollary B.4] the kernel of the

probability measure ,ugcl) is also totally positive. O

4. MORE COVARIANCE INEQUALITIES IN DIMENSION ONE FOR CHEBYSHEV SYSTEMS

In this section, we consider some generalizations in dimension one of Theorem [[.2]
involving formulations through determinants for Chebyshev systems. As for Theorem
[[2, we provide two proofs, one based only through determinantal identities and the
other taking advantage of the strong fact that the kernel k, is totally positive.

4.1. Covariance inequalities for Chebyshev systems. Let us first define Chebyshev
Systems.

Definition 4.1. A r-uple of functions (f1,...,fr) with f; : R — R is said to form a
Chebyshev system (of order r) if for all t; < --- <t, € R,

det(fi(t;))1<ij<r = 0. (4.1)
The main result of this section is the following;:

Theorem 4.2. Letn > 1 and fi,...,fn : R = R and g1,...,9n» : R = R be some
functions such that both the (n + 1)-uples (1, f1,...,fn) and (1,q1,...,9,) form two

fi(=) 91()
Chebyshev systems. Denote F(x) = | ... and G(x) = ... |, then:
fn(@) gn(@)
det(Cov(F,G)) > 0. (4.2)
4.2. A first proof using the determinantal approach. We produce here a proof of

Theorem which is based on the methods introduced in Section [21
We first claim that

det (Cov,(F,G)),<; s, = det (Bp [figiloe; j<n) (4.3)

where we set fo(z) =1 and go(z) = 1. Indeed, let A be the matrix (E, [fig;])o<; j<,- Let
Co,...,C, denote the columns of the matrix A. Let us consider the matrix B obtained
by replacing, for every 1 < j < n, the column C; by C; — E[g;]Cy. As B is obtained
from A only by elementary operations, they have the same determinant. Moreover, B
can be written in block form:

s (1 0
- \Eu(F) Cov(F,G))"
This proves that det(A) = det (Cov(F, G)) and (£3) follows.
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Proof of Theorem [{.2 By the equality (£3]) and the Andreev-type formula of Proposi-
tion [Z6] one has

det (Cov(F, G)) = ;l /]R"“ det (fi(xj))ogi,jgn det (gi(xj))ogi,jgn dp(wo) - - - dp(zn).

Let us fix (zg,...,z,) € R™*1. There exists a permutation o € S, such that To) <
- < Zo(n)- As (fo,-.., fn) and (go, ..., gn) are Chebyshev systems, one has

e(o) det (f’i(xj))0<z j<n 205 £(o) det (gi(xj))0§i7j§n > 0.
One then has det (fi(z;))<; j<, det (gi(xj))0<”<n >0, so
det (Cov(F,Q)) >
and the result follows. O
4.3. A second proof with the Hoeffding covariance identity. We turn now to the
proof of the covariance inequality of Theorem using Hoeffding’s covariance identity
(31). The main point will be the use of a bivariate Andreev-type formula for bilinear

integral operators. Another key point is to transfer the assumption on the functions to
an assumption on their derivatives.

Proposition 4.3. Letn > 1 and f1,..., fn, : R = R be some C' functions. The following
assertions are equivalent:

(1) The (n+ 1)-uple (1, f1,..., fn) forms a Chebyshev system.
(2) The n-uple (f1,...,[f),) forms a Chebyshev system.

Proof. Assume (1), let 29 < 1 < -+ < x,, and set fo = 1. Then, replacing the i-th
column C; by C; — C;j_4 for 1 < i < n, yields

0 < det(fi(x;))o<ij<n = det(fi(z;) — filzj—1))1<ij<n
= ﬁ(.%'] — xj—l)det <fl($J) — fz($]1)> .
= 1<4,5<n

Tj—Tj-1

Letting successively z; tend to x;_1 for j =1,...,n gives
det(fi(zj—1))1<iji<n = 0

and (2) follows.
Now assume (2), for g < 1 < --- < z,. Since one has fy = 1, replacing the i-th
column C; by C; — C;_1 for 1 < i <n, one gets

det(fi(z))o<i,j<n = det(fi(z;) — fi(zj—1))1<ij<n

= det (/ fi(u; du]>
1<4,5<n
—/ / / det uj 1<ij<n duidus . . . du,

where the last line follows from an Andreev-type formula. Since w1 < ug < --- < uy,, we

have det(f](u;)) > 0 by (2), and (1) follows. O
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The second key point is the following bivariate Andreev-type formula for bilinear
kernel integral operators on R?". It is stated here without a proof.

Proposition 4.4. With the same notation as in Theorem [{.2,
det(Cov(F.G) = det ([[  fiah(e. ) wdu(o)dnty) )
Y

1<i,j<n
= //D det (f/(z;)) det (k(xi,y;)) det (g;(y;)) dzy . .. dzadys - . . dyg
where D is the domain of R®" defined by
D= {(xl,...,xn,yl,...,yn) ER™ i< <ay, Y1 < - <yn}.
A second proof of Theorem is then immediate.

Second proof of Theorem [{.Z. By hypothesis and since the kernel k is totally positive,
the three determinants in the integral on the second line in the equality of Proposition
44 are non-negative and the result follows. O

4.4. Some applications. We shall use Theorem[Z2]under the following particular form.
Corollary 4.5. Letn>1 and ¢1,...,¢0, : R =R and f,g: R — R be some functions

¢1(z) ¢1(z)
and denote F(x) = ¢n($) and G(z) = gbn(x) . Assume that (1,¢1,...,¢n, f) and
f(=) g(x)
(L, ¢1,...,bn,9) form two Chebyshev systems, then:
det(Cov(F,G)) > 0. (4.4)

It is well known that, if f is smooth and if we choose more precisely ¢;(z) =
Zy...,¢n(x) = 2z, the condition that (1,¢1,...,¢,, f) forms a Chebyshev system is
equivalent to f(**1)(x) > 0, for all # € R. This is a well known generalization of Propo-
sition 23] see [Kar68, Chapter 6 Example 4].

In the case where we consider n = 1, we recover Theorem[[.2(1). Indeed, in dimension
one, by Proposition 2.3] the convexity assumptions on f and g are equivalent to the fact
that (1,z, f) and (1,z,g) both form a Chebyshev system.

We now describe the result for n = 2 and ¢;(z) = z, po(x) = 2%

Corollary 4.6. Let p be probability measure on R admitting a fourth moment. Assume
that f®)(z) >0 and ¢ (z) > 0 for all x € R, then

Cov,(f,9) (Varu(xQ)Varﬂ(x) - Covu(x,xQ)z)

ar,, (22 —Cov,(z, 22 oV
> (Covu(z, f) Covp(a?, f)) <—govzgl“,332) Cvari((;) )> <CCOV:((952”99))) .

If moreover [p xdp = [ x3dp = 0, the latter inequality writes

Cov(f,g) >

1 1
Varu(x) COV('I’ f) ’ COV(,I,g) + WCOV(an f) ’ COV(,IQ,Q).
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5. THE TENSORIZATION METHOD FOR PRODUCT MEASURES

We investigate here product measures on R? with d > 2, through the use of the
tensorization argument. This method consists in decomposing the covariance for the
product measure by the one-dimensional covariances of the marginals and then applying
the covariance inequalities previously obtained in dimension one.

5.1. The tensorization decomposition of the covariance.

Lemma 5.1. Let = i1 @ --- @ pg be a product measure. For a function f : R — R,
set

fo(@r, .. zp) = //f(5'31,-~1’d)d,uk+1($k+1)---dﬂd(xd),
for 1 <k <d, and set fo = [ fdu. Then it holds,

d
Covyu(f,9) = Z/ Covyy (frs gr)dpr (1) - - dpuge—1 (xg—1)- (5.1)
k=1

In the above lemma, the function f; is the conditional expectation of f knowing
(x1,...,2x) and Cov, (fr,gr) is the covariance with respect to the one-dimensional
marginal pg of fr and g ; that is the function depending on (x1,...,z,_1) given by:

Covy, (z = fr(x1,..., 261, 2),2 = gp(z1,. .., Tp-1,2)).

This decomposition of the covariance is well known and implies the famous tensoriza-
tion property of the Poincaré inequality; see e.g. [BGL14]. To be complete, ([B.I)) is
stated for the variance in [Led01b], but it also applies to the covariance due to the
following polarization identity:

4Cov(f,g) = Var(f +g) — Var(f — g).

5.2. A weighted Hoeffding’s covariance relation in dimension one. For the se-
quel, we shall need a slight generalization of the covariance relation of Lemma [3.9] in
dimension one, that we describe now.

Let u be a probability measure on R. Let a be a positive function on R and let A be the
(centered) primitive of a, A = [ adx 4 c. We assume that a is such that Var,(A) < +oo.
With these notations and with also the same notations as in Section [3.2] we define

kaa(2,y) := a(z)k(z,y)a(y)
and we set Zg q = [[ ka,a(®,y)dxdy. By Theorem B.I], one gets Z, , = Var,(A). We will

also consider the measure uE},BL, defined by

ka a x?
(e, y) = a(@,9)

[ kau(2,y)da'dy’
Since the kernel k is totally positive, by Corollary [3.3], one gets that the kernels &, , are
also totally positive.

The following lemma provides a generalization of Lemma [3.9], which corresponds to
the case a = 1.

xdy.
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Lemma 5.2. Let f,g : R — R be some absolutely continuous functions that belong to
L2 ().
(1) Then,
Covy(f(x), 9(x))

—Zaa [COV ((11()1 ('};/((xx)) a((y))) + Covﬂ(fz(fia A(x)) COVﬂ(LC]Z(z?i,A(x))‘| . (52)

(2) If moreover f = e~?, then
Covyu(f(x), 9(x))

L Toe o (=0@) gW)Y, Covu(f(),A) Cov,(Fale), o(a)
=Zaf,a lC o ( (@) ’a(y)) + . Zara = Zara ] (5.3)

)

Hofoa
(3) If moreover g =¥, then
Covyu(f(x), 9())

=Zaf,ag lCovM(l)

af,ag

(£, $0)) , Conf).Gole) ConBule)gl@)] (5
a(x) ’ a(y) Zaf,ag Zaf,ag
Here F, and G, denotes respectively the primitives of af and ag and the constants Z,z

and Zq a9 are defined as in Lemma [3.9.

5.3. Proofs of Theorems [1.4], 1.7 and We first consider the proof of Theorem
[[4l We then state a similar result in Theorem [5.3] but with slightly different assump-
tions.

Proof of Theorem [1.4] First, we assume that f and g are such that all the quantities in
(L9) and (ILI0) are non-negative. By the tensorization of the covariance (5.I)) and the
first covariance relation of Lemma [5.2] one has

COVﬂ(f, g)

d
- Z Zk: QL ,AL

Ok fr(xr) Orgr(yr)
+ZZk ak,ak/ Cov k1zak " ( @) ar(ur) >d,u1(ﬂ:1)...d,uk_1(xk_1), (5.6)

/Covﬂk T, Ag(xx))Covy, (gk, Ak (zk))dp (1) - .. dpg—1(zp—1)  (5.5)

Where more precisely

O fr(ar) = Ok fiu(@r, .o wp—r, 2x) and Opgr(Yr) = Okgr (21, - 1, Yk)-
We first prove that the sum in display (5.6) is non-negative. The assumption (L9)

implies that both (xg, yx) — acf,f(—%k)) and (zg,yr) — kg((yk)) are coordinatewise increasing
on R? for every fixed z1, ..., z5_1. Since by Corollary B4, the measure ,u,g 2% ax) satisfies

the FKG criterion on R?, the term (5.6) is non-negative. We now turn to the sum in
display (5.5). With a similar notation for g, we set

Fk,ak (.%'1, . xkfl) = COVWc (fk, Ak(xk))
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Since the hypotheses allow to exchange derivation and integrals, one has for 1 < i <
(k - 1)7

0; Covy, (fir Ar(xr))

:// (// 3i,kf($)dﬂk+1($k+1) ... de(ﬂUd)> kuk (xkayk)ak(yk)dﬁkdyk.
Tk Yk Tht1s-Td

In particular, the assumptions (LI0) give that the above integrands are non-negative.
This implies that the functions Fy ,, and Gy ,, are both coordinate increasing on R,
By the standard FKG inequality for product measures, one gets that

/ Fiap Grapdpi(zr) ... dpg—1(xp—1)

Z/ Fk,akdﬂl(xl)--'dﬂk—l(xk—l)‘/ Gradpr (1) - . . dpg—1(z—1)
= Covy(f(x), Ax(zr)) - Covp(g(x), A ().

Summing over the index k ends the proof in the case of non-negative signs in assump-
tions (L9) and (LI0). Finally, analyzing the above proof, one sees that it is still valid

for general signs. Indeed, under the general case of assumption (L), the functions
(Tk, Yk) — %(f:)) and (zg,yg) — %f(—(;/k’“)) are either both coordinatewise increasing or
both coordinatewise decreasing on R? and thus have a non-negative covariance with re-
(1)

k“?(akvak)‘
for product measures. In this case, the FKG inequality is in fact also valid if the func-
tions Fy, 4, and Gy, 4, are monotone along coordinates, with the same monotonicity along
each coordinate. This is the case under the general assumption (LI0) and the result

follows.

spect to the measure p Secondly, the last argument relies on the FKG inequality

0

As announced in the beginning of this section, we also obtain with this tensorization
approach, a similar result under slightly different conditions.

Theorem 5.3. Let p be a product measure on R%. Assume that the marginals py, are
absolutely continuous with respect to the Lebesque measure, with positive densities e vk,
for smooth potentials V.. Let f,g : R — R and assume that for each 1 < k < d, the

signs of
B <5kf(90)> and 9 (3129(96)) (5.7)

ar(zk) ak(zk)
are constant and equal and that for each (j, k) with 1 < j < k < d, the signs of

, A\ e A(@r)

are also constant and equal. Assume furthermore the following technical assumption:

Aw(2h) vi(er) _ 0, (5.9)

lim fk(xl, e ,xk) Vl(xk)
k

T —Foo
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where fy, is defined in Lemma 21l Then, it holds
d
1
> _ . .
COVM(f, g) s ];1 Varuk (Ak:) COVM(f(x)7 Ak(xk)) COVM(g(.%'), Ak(xk))

Note that since each Ay vanishes exactly in one point, the hypothesis in (5.8]) forces
each Vi to be unimodal (in the sense that Vi has only one zero). In particular, if each
potential Vj, is strictly convex, one can specialize the result to the case Ay = V| or
equivalently ay = V}”. With this specific choice, Theorems [£.3] and [[4] coincide.

Proof of Theorem [5.3. The proof is similar to the one of Theorem [[L4l The only differ-
ence is that we use integration by parts to get a different representation of Fj,, . We
obtain
A () A (k)
Fk Tlyeo  Th—1 = Cov k,V’ T :/Bk k d E\Tk ).
Notice that the bracket terms in the integration by parts are zero due to Assump-
tion (@9). Furthermore, by Assumption (58], the two functions Fj ., and Gy, are

coordinatewise monotone with the same kind of monotony along each coordinate. The
result follows. O

We now add the symmetry assumptions and turn to the proofs of Theorem [[L7l and
.9

Proof of Theorem [IL.7]. We start by the same covariance formulae, given in (5.5, (5.6,
as in the proof of Theorem [[L4l As previously, in view of assumption (LII]), all terms
in (.6) are non-negative. Now, we show that under the symmetry assumptions, all the
terms in (5.5]) vanish. Indeed, since the product measure y is symmetric, the function f
is unconditional and the function a; are even, we have that, for any 1 < k < d, and any
x1,...Tp_1, the functions
Tk fk(xl, . xk_l,xk)
are even and that the primitive functions Ay are odd. Hence, it holds that

Covy, (fr, Ag(xx)) = 0 for each 1 < k < d and all z € R?

and all the terms in (&.5]) vanish. The result follows. O
Proof of Theorem [.9(1). With the same notations as above, writing ¢, = —In f and
using the second point of Lemma 5.2 one has

COVM(f7 g)

d
1
=y // ———Covy, (fr k) (/ fr(xr)ku, (xk,yk)akgk(yk)dwkdyk) dpy ... dpg—1
k=1 Zkvfkvl

d
+Z// Zr i Cov ) (=Okk(k), Okgr(yr)) dpn - . dprg 1.
k=1

k,(fr,1)
Since f is unconditional, for each fixed (x1,...,zk_1), the function f is even, and thus

Covy, (fr, o) =0
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and the terms of the sum in the right-hand side of the above equality vanish. Fur-
thermore, as f and the p; are log-concave, by stability through marginalization of log-
concavity (Prékopa’s theorem), the functions f; are log-concave, meaning that the func-

tions ¢ are convex. Since by Corollary B4 the measures ,ugz o) satisfy the FKG

inequality on R?, one has for each fixed (X1,...,Tk_1) € RF,
Cov ) (=Okdr(z1, s @1, 2k), Opgr (21, - ko1, 98)) <0
ky(fr»1)
and the proof is complete. O

The proof of Theorem [[.9(2) is given in the next section. One can note that we do not
state a version of Theorem [[.9 with the function a; or Aj. The reason is that we do not
know a natural hypothesis on f that would induce a sign for the quantities O (%)

6. THE QUASI-CONCAVE CASE

This section is devoted to the proof of Theorem [[.2(3) and Theorem [[.9(2), related
to the quasi-concave case. This assumption indeed requires different techniques than
in the rest of the paper. The result in dimension one is obtained through the so-called
layer-cake representation of the functions (see (G.II)) and the result in dimension d > 2
is then obtained by tensorisation. A similar result already appears in [SSZ98], but as
far as we know, the statement of Theorem [[.9)(2) is new.

Recall that a quasi-concave function f on R? is a real-valued function that satisfies,
for any z,y € R and any X € [0, 1],

SOz + (1= Ny) >min{f(z), f(y)}.

An equivalent formulation of quasi-concavity consists in requiring that the upper level
sets of the function are convex. In the following, we make use of a weaker notion than
quasi-concavity, that we term “coordinatewise quasi-concavity”:

Definition 6.1. A function f : R — R is said to be coordinatewise quasi-concave if
for all (X1, .., Tim1, Tig1y .y Tg) € R, the functions
v € R f(w1, .., %1, 24, Tig1, ..., Tq) €R
are quasi-concave.
Another characterization is thus that for any A € [0,1], any (21, ..., Zi—1, Tit1, -, Tq) €

RY! and any z,y € R,

fl@r, e zim, Az + (1= N)yi, @i, -5 Ta)

> min {f(l‘l, ey Lj—13 Ljy L1y eeey J}d), f(.%'l, ey Li—15Yiy Lid1y o0y xd)} .

The above definition and its characterization directly imply that quasi-concave func-
tions are coordinatewise quasi-concave, but the converse is not true.

Note that the interpretation in terms of convex upper level sets does not hold anymore
for the notion of coordinatewise quasi-concavity. But still, the upper level sets of a
coordinatewise quasi-concave function are connected sets.

We now turn to the proof of Theorem (3) in dimension one.
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Theorem .2 (3). Let f and g be two non-negative quasi-concave even function on R.
We write, for z € R,

f(zx) :/0 14,(z)dt and g(x) :/0 1p,(z)dt (6.1)
where A; and By for ¢ > 0 are the the level sets of f and g defined by
Ay :={z eR, f(x) >t} and B; := {zx € R, f(x) > t}.

The key point is here that since f and g are quasi-concave and even, the sets A, and
B, are symmetric intervals on R and therefore, for each s,t > 0, A; C By or B; C As.
Therefore by Fubini-Tonelli, one has

[ t@g@data) = [ [* [ 14 @)1 @) dsdtd(o)
/sO/tO (As N By)dsdt

/ mln(,u(A ), 1u(By))dsdt

/s 0 /t n(AL)u(By)dsdr
:/f(g;)d,u(x) /g(:ﬂ)d#(fﬂ);

which is precisely the desired inequality. O

We now prove Theorem [[L9)(2) by the tenzorisation method. The main argument is en-
sured by the following lemma, which states the stability of unconditional coordinatewise
quasi-concavity by marginalization. Its proof can be found below.

Lemma 6.2. Consider an integer d > 2 and take k € {1,...,d —1}. Assume that a

function f on R? is unconditional and coordinatewise quasi-concave. Then the function

fr(zi,...x /f (w1, .. za)dpp1(Trer) - - - dpa(za)

is coordinatewise quasi-concave and unconditional.

Proof of Theorem [1.9(2). Let f and g be unconditional and coordinatewise quasi-concave
functions. Let us first recall the standard tensorization formula:

Cov,(f.9) Z / CoVyuy (fis gr)dpin - - dp_s.

By Lemma above, for any (x1,..,z5_1) € R*~! the functions fre(x1, oy l—1,-)
and gg(z1,...,xx—1,) are even and quasi-concave on R. By Theorem (3), one has
Cov, (fx» gr) > 0 and the result follows. O

Proof of Lemma[6.2. Unconditionality of f; directly follows from unconditionality of
f. As for the coordinatewise quasi-concavity, we will make the reasoning for the first
coordinate z1 and the arguments readily extend to the other coordinates. Take a pair
(x1,y1) such that |z1]| < |y1|. Assume without loss of generality that y; > 0 (otherwise
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replace it by —yj). As f is unconditional and coordinatewise quasi-concave, for any
y € [—y1, 1] and for any (2o, ...,24) € R4"!, we have

fly,za,...,xq) > min{f(—y1,z2,...,2q), f(y1, T2, ..., 2q)}
= f(yl,xg,...,xd),

where the latter equality follows from unconditionality of f. In particular, as z; €
[—y1,y1], we have for any (z2,...,z4) € Rd—1’

(w1, 20, ..,2q) > f(y1, 22, ..., Ta).
This gives, for any A € [0, 1],

feQAz1 + (1 = Ny, z2,. .. x%) = /f()\acl + (1= Ny1,zo,...2q)duk11 - - - disg

Z/f(y1,$2,---35d)dﬂk+1---d,ud

= min { fg(z1, 22, ... ¥k), fr(y1, 22, ... k) }
By symmetry, the case |yi| < |z1| follows, which finishes the proof. O

7. A GLOBAL APPROACH FOR PRODUCT MEASURES

We provide in this section another proof of Theorem [[.4l and we provide the proof
of Theorem [LI0l The first main ingredient that will be used is a generalization of
Hoeffding’s covariance identity (B.I]) for product measures. The two other ingredients are

a generalization to product measures of the Hoeffding’s covariance relations of Lemmas
and and the use of FKG inequalities.

7.1. Duplication and a generalization of Hoeffding’s covariance identity. We
first present in Lemma [T.T]a duplication argument for the covariance of a product mea-
sure. Similar duplication representations are well known, see e.g. [Cha07]. We then
deduce in Proposition a generalization of Hoeffding’s covariance identity for product
measures.

Lemma 7.1. Let p = 11 @ --- ® pg be a product measure on R Under suitable
integrable conditions one has

l\')IH

d
Cov,(f.9) Z E[A; f(X, XV Aig(X, X")], (7.1)

where X and X' are two mdependent mndom variables of law p,
NF(X XD = F( Xy, Xy, Xa) — f( X, XD X)
and
Aig(X, X)) = g(X1,. ., Xiy, Xy o, X0) — (X1, XD XD, XD).

Proof of Lemma[Z1. Let X’ be an independent copy of X with law p. By symmetriza-
tion and then the use of a telescopic sum, one has

Covu(f.g) = E[f(X)(9(X) —g(X"))]
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E[f(X)Aig(X, X')]

Il
,M&

~
I
_.

I
.M&

Il
—_

E [U;(X,X")],

(2

where we define U;(X, X’) = f(X)Aig(X,X’). Let us denote (X,X’)¥} to be the

random vector given by

(X, X"} = ((Xl,...,Xj_l,X;,Xj+1,...,Xd),(Xl,...,Xj_l,X X’+1,...,Xc’l))

We also write (X, X’)U} = (X{j},X’{j}) with the slight abuse of notation that X1/}

depends on (X, X’). Since u is a product measure, for each 7, (X, X'){i} is also of law
© ® p and thus

E[Ui(X,X)] = E[U;((X,x)1)]
= —E[f(XAg(X, X)]

since Ajg ((X, X’){i}) = —A;g(X,X’) and thus

E [U(X, X)) = 5B [U:(X, X)] + 2B [0 (X, X)19)] = JEIAF(X, X)Ag(X, X')
and the result follows. O

From the duplication argument, one obtains the following generalization to product
measures of Hoeffding’s covariance identity.

Proposition 7.2. Let i = 11 ® - - @ pug be a product measure on R?. Let f g: R? - R
be some coordinatewise absolutely continuous functions in L?(u), then

Cov,(f,9) z // e O @R (2,200 iy, )il () (72

where for z;,x; € R, ky, is the standard Hoeffding kernel for the marginal ju;:

K, (@i, x;) = Fy, (i A x;) - Fy (xZ)FMz (x;)
and forz,z' € R, (z;_1,2;) = (@1, i1, @ xh), oo = (@1, T, T, - - Tg)
and dp(z—;) = d#l(ﬂfl) dpi—1(wi-1)dpip 1 (Tig1) - - - dpa(Tq)-

Proof of Proposition[7.2. We consider one term in the sum of the covariance formula of

Lemma [.I] We have
E[A;f(X, X")Aig(X, X")]

Lg— 1,.%'1,1'1_}_1) ) g(zifhxlﬁyi-i-l) d /
— z)du(x
e i 00 <—g<gi1,mg,xq+1> ule)du(@)

= / // Oif (Zi1, 8, Tir1)0ig(zi_1, i, 2/ i41)
z,x' eR? si,ti ER
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(1{86961'} - 1{82612}) (l{tiél‘i} - 1{ti§$/i}) ds;dtidp(x)dp(z').

Furthermore,

//ac,'@;eR (1{Si§$i} - 1{82612}) (l{tiéﬂﬁi} - 1{%3):2}) dui(xi)dlu'i(x;)
= 2 (P(XZ Z max(si,ti)) — P(Xl Z SZ)P(XZ Z tz))
= 2(Fu,(si Ati) — F(si) Fp, (L)
Zkui(shti)

and the proof follows by Fubini theorem and by a change in the name of the letters in
the integral. O

We now study some symmetry properties of this covariance representation.

Lemma 7.3. Assume p; is a symmetric one dimensional measure, then the kernel k,
is even, that is

kﬂi(_si? ti) = ky. (56, 17).
Proof. Without loss of generality assume that s < ¢, then —t < —s, and
ku,(=s,—t) = Fyu,(=t) = Fy,(=s)F,(=1)
(1= Fy, () = (1= Fy,(s))(1 = Fp, ()
= Fu(s) = Fu(s)Fy,(t)
= ky,(s,t).

As a consequence, one obtains the following result.

Lemma 7.4. Assume that pu is a symmetric product measure on R%. Let f,g: R™ — R
be two even functions. Then, for any 1 <1i < d,

O f (), (i, 27) g2y, /s)dasdaidp(z—i)du(a’_;) = 0.
z,x'€R 4
Proof. The result follows from using the change of variables (a,b) = (—x, —z') on R*?
and the fact that 0;f is odd, g is even and that the kernel k,; is even. O
We also derive the following formulas, that will be instrumental in our proofs.

Lemma 7.5. Assume p is a product measure on R, For each 1 < k < d, let ak(x)
be a positive function on R and let Ay be a primitive, centered with respect to uy. Let
f:R™ = R be a coordinatewise absolutely continuous function. Then for any 1 < i <d,
one has

//$$ 'eR i Nz (m,,xl)a,( ;)dw,dm;d,u(x_z)d,u(xLZ) = COVM(f, Az(xz))
In particular,

//:m JeRd Oi f () ky, (24, ) dwsdaidp(z—; ) dp(x’_;) = Cov,(f, i),
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where, by a slight abuse of notation, x; stands for the ith-coordinate function. It also

holds

eni Ky, (i, 2f)dzidxidp(x—; ) du(z’ ;) = Var,(z;) = Var(w;).
Proof. The proof is a direct application of Proposition with g(z) = A;(z;), noticing
that only one term in the sum is different from zero. O

7.2. Hoeffding’s covariance relation for product measures. The main result here
is Lemma where a similar relation as in Lemma [3.9]is given for product measures.
Let = p1 ® - -+ ® pg be a product measure and write I' = I, its covariance matrix.
Since p is a product measure, it is diagonal with I'; ; = Var,(z;) = Cov, (x4, ;).
Since the kernels k,,, are non-negative, one can introduce the probability measures on
R??, defined for 1 < i < d by

1
du(y) (z,y) = T Fous (i ya) didyidpa(x— ) dp(y—s)-

)

If f and g are positive and integrable, we also introduce the following probability mea-
sures,

1
Al (,2") = (@) (1, o)) didedp(o)dp(el),

i, f
with
// F (@), (s, ) et dp( ) dpa(a)
and
dpl) o (@, a') = —— F(@)ky, (20, yi)g (g, 25 devgdaidp () dp(a,),
(@),f.9 Z%f,g
with

Zigg = [[ 1@kl a1, T duidaidule—)dp(a,).

The quantity Z; ¢ can still be written as a covariance with respect to u: Z; y = Cov, (Fj(x), x;)
where Fj is a function such that 0;F;(x) = f(x). This is not anymore the case for Z; s 4.
In the case of a product measure u, Lemma generalizes as follows.

Lemma 7.6. Let f,g: R — R be in L?(p) and coordinatewise absolutely continuous.
(1) Then,

COVM f g ZF’LZCOV (U(af( ) ( Lj— 17_))
+Z Covu (x),x;)Covy(g(x), ;).

(2) If moreover f =e 9, then

Covu(f(x), ZszCOV w (—0i9(z),0ig(z;_ 17_))

i=1 .
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d
+ Z Covu(f(x), xl)
i=1

( = B g, ) il >du<m'i>>-

In particular, if moreover f 18 orthogonal to the linear functions x;, 1 <i <d,

Covu(f(x), ZszCOV El)) (=0ip(x), Oig(; 17_))'

i=1

B)Iff=e?andg=e",

COW(f(ﬂC% 9(x))

_ZZ,L Cov (1)) (8’l¢( ) ﬂ/f( Li_1,T ))
i=1 t.9

+ZZJ7 (/ dif(z ki x“xg)g(:vz 1 a'i) ) daidadp (- )du(w’@-)>

Zit.g
k: 11) (s, )
( [ g )t )du(w'_») .
In particular, if the measure v is symmetric and if both f and g are even, then
d
Cov,(f(x),9(x)) = Zi j4Cov e (0;0(x), 05 (1, 7';)).
i=1 9

In fact, we shall use in the sequel the following slight weighted generalization, similar
to the one of Lemma

Lemma 7.7. Let f,g: R = R be in L?(u) and coordinatewise absolutely continuous.
(1) Then,

d
COVu f g Zvarm COVM(U (8 f( ) ( Ly 17_))

(i),a4,a;
d
+ ; mCOVH(f(CC), Ai(x;))Covy(g(x), Ai(zs)).

(2) If moreover f = e~? and if f is orthogonal to the functions A;(z;), 1 < i < d,
then

COVM(f($)7 Zzzalf,alcov (1) ( 2¢( ) ( L 17_))'

=1 H)aifa;
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(3) If moreover f = e~® and g = eV and if the measure p is symmetric, the function
ar, are even and both f and g are even, then
d

Covu(f(x),g(x)) :ZZi,aif,aigCOVﬂ(l) (0ip(x), 0ip (21, 7 ))

i=1 (i),aif,aig
Since the other points are somehow similar, we only do the proof for the first item of
Lemma
Proof for the first item of Lemma[Z7.8. From Proposition and Lemma [7.5] one has

Cov,(f(x),g(x))

d
- Z //:v ' €RY Oi f () ky, (w5, 27)0ig (2, ) dwsdwidp(z_; ) dp(x' ;)
_ZF“COV (1)((9f( ), 059z 1,75))

D (2, 2
+Y T ( i @f(x)Mczxidw;dum_ndu(m))

2,0

D
x ( i aig@i1,E)deidmzdum_ndu(x;))

0,0

—ZFZZ Cov W (0 f(z )+ Z Covu (x), ;) Covy(g(x), z;).
i=1 (1)

O

7.3. Another proof of Theorem [I.4] and a proof of Theorem Before we
turn to the announced proofs, we highlight with the next statement that under our
assumptions, the new probability measures on R satisfy the Holley condition and thus
the FKG inequality.

Recall that p = p; ® -+ - ® ug is a product measure with marginals ux, k= 1,...,d,
admitting densities, denoted by exp(—V}), with respect to the Lebesgue measure. For
some index 7 € {1,...,d} and for f and g some positive functions on R?, the kernel
ki, is defined on R?? by

kiygg = F @)k (25, 9:)g(@) [ eV TLe V0,
J#i i

The measure ME})) g has a density on R?? equal to

(1) N1 /
d’u(i)vf,g(x’x )= Z; fgk(i),fvgdxdx ’
with

Zira = [[ | F@ syl 7o) dundelduo- ().

Proposition 7.8. Let p = 11 ®- - Q@ ug be a product measure on R? and grant the above
notations. One has
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(1)
(4),a4,a;
@B3). Moreover, for any choice of signs (e1,...,eq) € {+1,-1}¢, the kernels
k@y and k;y o,.q, defined by

(1) For all 1 < i < d, the measures ug)) and L satisfy the Holley condition

l;:(i) (x,2') = k:Eil)) (ex,ex’) and k(i),ai,ai (x,2") = K30 0, (ex,ex’)

with k() a;,a; the density - up to the constant factor Var,, (A;) - of the measure
1)

1(3) i, with respect to the Lebesque measure on R*¢ and

(62?, 6$/) = (612?1, -+, €d%d, 6l'rll’ s agdxél)’

satisfy the Holley condition (B.5]).
(2) Assume that f = e~® and that for all 1 < i,j < d with i # j,

0;jp(x) <0
(1) (1

then for all 1 < i < d, the measures 1), ¢ and M(i))aifai satisfy the Holley

condition (B3.5]).
(3) Assume that f = e~® and g = e™¥ and that for all 1 <i,7 < d with i # j,

8i,j¢(x) < 0 and aw¢(a:) < 0

then for all 1 < i < d, the measures Mg))fg and 'U'Eil))aifaig satisfiy the Holley

condition (3.5]).

Note that in the latter proposition, the signs of the second-order cross derivatives for
¢ and 1 should be both non-positive.

Proof. The logarithm H M of the density of ,u(.l) ~ with respect to the Lebesgue

(3),a4,a; (1),ai,a:

measure on R?? is given by

H((il){%ai(x,x) Inky, (zi,2)) + Ina;(z;) + Ina;(x ZV ;) ZV](%)

J#i JF#i

Since ky, is a totally positive kernel on R?, it follows easily that H ((Zl))a o, Satisfies (B3.6)).

Now for (e1,...,64) € {+1,—1}¢ fixed, the logarithm g of the kernel &Y

is
(4),a4,a; (1),ai,ai

given by:

ﬁ((;))’ai’ai (r,2") =1n ky, (e, gix}) + Ina;(g;m;) + Ina;(e;x Z Vi(ejxj) Z Vj(ajx;)
J#i JF#i

Since the kernel ky, (54, €;25) is still totally positive on R?, the proof of the first point

follows. We turn to the proof of the second point. The logarithm H (( )) aifaai of the density

(1)

(i),s f with respect to the Lebesgue measure on R?? satisfies

of u
1 1
((Z))valfvaz (z, x,) = —¢(z) + H((i)),ai,ai'

From assumption (LI7) and Remark BT, the function 2 — —¢(x) satisfies (B8] on RY
and thus clearly the function (z,2’) — —¢(z) also satisfies (38) on R??. Finally, by
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summation, Inequality (3.8)) is also valid on R* for H ((il))ai f.a;- The proof for the third

point is similar and we omit the details. O
We now provide another proof of Theorem [T4]

Another proof of Theorem [1.4) Let f and g be two functions on RY satisfying (). We
first assume that all the signs of the second derivatives in Assumption [[.7] are non-
negative. By Lemma [Z.7] one has

d
Covy(f,9) = Covy(f(z), Ai(zi))Covy(g(x), Ai(xi))

pt Var,, (A;)
5 —
_ZVMHZ )Cov () (@ ), 921, 2") .
ORIH a;(;) al(xi)
Furthermore, by Proposition [T.8(1), the measure 'U’Eil))ai o for i € {1,...,d}, satisfies
the Holley condition (Bﬂ) By condition (L) both functions (z,z') — 0;f(x)/a;(x;)
and (z,2') — 9;g(x;_q,2";)/a;(x}) are coordinate increasing on R?? and thus, for each
1<i<d,
9 ;
Cov oy (B) Dotz )\
(aay \ (@) a;(x})

Summing these inequalities ends the proof in this specific case. In the general case, for
any € = (£1,...,64) € {+1,—1}%, by the change of variable (%,4') = (cx,ex’), one has

Cov ) <3f( z) Oig(zi1,@ )> :Covﬂg;)) B (5)f(ax) 0ig(ex;_q,ex’; ))

(apa; \ @i(x;)’ a;(z}) a;(giz;)’ a;(g;x})

and for each 1 < i < d, it is possible to find some vector & = (£1,...,24) € {+1,—1}¢

such that a(fe (axx)) and % are both coordinate increasing. More precisely, it
' (1

suffices to take €; = sign 9; (%—f) By Lemma [[.7[(1), the measures /Z(i) a0, also satisfy
the Holley condition and the result follows from the FKG inequality. U

We turn now to the proof of Theorem [[L.TT], where we add some symmetries.

Proof of Theorem [LI1. Let f = =% and g be two functions on R? satisfying (LI3) and
(LI4) and assume that f is orthogonal to the functions A4;, 1 <i < d. By Lemma [.7[(2),
one has

Cov,(f(x),g( ZZza,f,a,COV ) < Oip(x) Oig(z;_y1, ))

= Piya;fraq az(%) az(ﬂfé)

Now for each i, since ¢ satisfies (I.I4]), by Proposition [(.8(2) the measure 'U’Eil))ai fa

satisfies the Holley condition. Moreover adding condition (ILI7)) both functions (x, z') —
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i (T az T, 7?2'
21(1(51&)) and (x,a}') — g(az'(l“i) :

inequality, for each 1 < ¢ < d, one has:

<_8i¢(x) 31'9(%'1’?")> > 0.

ai(z:) " ai(x])

are coordinate increasing on R??, and thus by the FKG

Cov (1)

(),aif.a4
Theorem [LTI(1) thus follows. The proof of Theorem [[LTT](2) is similar, since by Lemma
[7(3), the symmetry assumptions made on f = e~ and g = ¥, give that

<az¢<x> al-w(zi_l,?i)) .

ai(z;) ai(x})

d
COV“(f(CC), g(CC)) = Z Zi,aif,aigCOV“E})) ;
i=1 i),a; f,a;

. . (1) .
Finally, the assumptions (CI3) and (]ml) ensure that. the measure Hitg SE.itISﬁeS .the
Holley condition and that the functions in the covariance are coordinate increasing,

which gives the result. O

8. COMMENTS ON THE STANDARD SEMI-GROUP INTERPOLATION

In this section, we explain what can be done using a standard covariance representation
obtained by interpolation with the associated diffusion semi-group (see (84) below) and
why we did not follow this natural approach, but rather used instead the covariance
representation of Proposition [7.21

We consider here a probability measure ;1 = e~V dx with a smooth potential V. One
can associate to it a diffusion semi-group with generator L defined for f smooth with
compact support by

Lf=Af-VV . .Vf.
This diffusion operator is symmetric with respect to u: for f,g € CSO(Rd),

[ s1gdn= [ Lfgdn=~ [Vf-Vadn.

Under mild conditions on V', one we can define alternatively the semi-group associated
to L by the spectral theorem and functional calculus, or by a stochastic representation
(see [BGL14] for further details),

P f(z) = e (f)(z) = E[f(X})]

for some Markov diffusion process (X[);>p. We assume moreover that the operator
—L + HessV, with £ = diag(L,..., L) acting on gradients, is invertible. Note that this
holds under some strong convexity of the potential V. In this situation, for f, g : R? — R
satisfying some integrability conditions on f and g, one has

Covu(f,9) = /Rd Vf(x)- (=L 4+ HessV) ' Vg(z)du(z) (8.1)
and thus
Cov(f.9) = [[[,  VI@K@.)Tgly)ddy
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where K is the matricial kernel (with respect to the Lebesgue measure) of the operator
(—L + HessV)~!. Moreover, the matricial kernel K (x,y) admits the following stochastic
Feynman-Kac representation,

+oo
K(z,y) = e_v(””)/o E[Yi.|X: = ylpe(x,y)e”V @dy, (8.2)

where p; stands for the heat kernel associated to P, with respect to the measure p and
Y} » is the matrix satisfying the following ordinary (random) differential equation,
d
dt
In the case of a product measure, we can write V(z) = Vi(x1)+- - -+ Vy(z4), for some real
functions V. This gives the following generalization of Hoeffding’s covariance identity,

Y2 = =Y ;HessV (X)) for t > 0; Yy, = Id. (8.3)

d
Covulfs0) =3 [[  ous(a@)milawy) dhgly)dody, (8.4)
=177

yeR?

where for each 1 <i < d , k; : R?* — R is the kernel defined by

[e'e) t . .
ki(z,y) :/ E [exp (—/0 V{'(Xf"’l)ds) (X[ = yl)] pe(z,y)dte V@ e VW) (8.5)

This kernel also writes as -
Ki(z,y) :/ Kit dt

t=0

with
Vl/ d
’{i,t(x’ y) = ptfi (xia yz) H Pt 5 ('I], yj)e_V(x)e_V(y),
j=Li

where py ; is the kernel of the one dimensional diffusion semi-group with generator given
by Ljf(x;) := f"(x;) = V/(z;) f'(z;) and where pXii is the kernel of the one dimensional
Schrodinger semi-group, with generator given by L:ﬁ f(xs) = Lif (z) + V() f(2;). In
the case of the standard Gaussian measure, one has p;; = e 'pr.

We highlight that we do not know whether, in dimension d > 2, the probability
measure with density proportional to k;(z,y) satisfies the full FKG inequality on R,
But one can also notice, that due to the coincidence formula, diffusion kernels and
Schrodinger kernels in dimension one are totally positive (see Karlin [Kar68]). As a
consequence, the kernels «;; satisfy the Holley condition. And if slightly differently, one
has

k@) = [ raadu)

for some probability measure v on R, one can use the following decomposition of the
covariance,

Covy,, (u,v) :/ Cov,m,t(u,v)du(t) + Cov, (t — /ud,u,@it,t — /vdu,@it) (8.6)
7 0 i, s s

and apply it with u(z,y) := 9;f(z) and v(z,y) := dig(y).
In view of proving Theorem [[L4] we were only able to pursue this approach when the
marginals of y,,, on R? x R? are constant for all ¢ > 0. In this situation, if moreover,
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(z,y) — u(x) and (z,y) — v(y), the term related to Cov, appearing in the right-
hand side of indeed vanishes and one obtains some partial FKG inequalities for the
measure fi,;, on R?¢. Here, the terms “partial” means that it is applied only to coordinate
increasing functions of the form (z,y) — u(x) and (z,y) — v(y).

This property that the marginals p,, are constant, holds for the standard Gaussian
measure and this approach may be pursued, with a second order covariance representa-
tion, to recover Theorem [[I(1) for the standard Gaussian measure. Let us give some
details.

First, the first order representation (84 is well known for the standard Gaussian
measure (see [BGHOI]). The measures v, , are in fact independent of i, they are also

Gaussian measures on R?? and they have fixed marginals on R? x R%. A second order
covariance representation for v thus means a first order covariance of the new measure(s)
Ve, similar to [84]). It can be obtained either by a change of variable since 7, , is still
a Gaussian measure or by solving explicitly the stochastic Feynman-Kac representation.
This method is similar to the one of [Hu97|, except that the latter approach specifically
uses the fact that the Gaussian measure is the density at time 1 of the classical heat
semi-group, whereas instead we use here the Orstein-Uhlenbeck operator.

Finally, for general product measures, the “constant marginal property” also holds for
the modified kernels k,,, (4, 4,), With the choice a;(v;) = % where g; is (if it exists)
the first non-trivial eigenfunction associated to L. This leads to Theorem [[4] but only
for this specific choice. More importantly, this constant marginal property is valid for
product measures under the symmetry assumptions of Theorem [[LT0(2) and this route
may also be taken to provide another proof Theorem [LI0(2).

9. EXAMPLES

In this final section, we provide a couple of examples of possible applications of our
results.

First let 4 be a product measure on R? and for 8 > 0 and consider the free energy,
also known in the optimization community as the “soft max” function,

1 d
Fs(x) = Bln <Z eﬁxi> .
i=1

Bz, . .
€~ it satisfies

Zj e,Bacj ’

By setting p; :=
0iFg = p; > 0,
OiFp(w) = Bpi(1 —pi) 20, 0ijFp(x) = —PBpip; <0, i #j.
Thus, for any «, 8 > 0, Corollary gives

d
Cov,y(Fa, Fy) > ; Var;(ﬂi)Cov(Fa(x), 2;)Cov(Fs (), 21). 9.1)

Note that when oo = 3, inequality (@) turns to the following Bessel inequality,

d
Var,,(Fg) > ; W%WCOV(FL;(JU),%)Q.



34 MICHEL BONNEFONT, ERWAN HILLION, AND ADRIEN SAUMARD

We now turn to a second example. Let p be a symmetric product measure on R
Under some integrability condition, for J > 0, we consider the probability measure:

dpy(x) = ZJ o/ st mmdu(e), 2, —/ TR ().
Let 0 = (0y,...,04) € R? with 6; > 0, 1 < i < d, then by Corollary [.IT], one has
/ (z,0)2dp(z) > / (z,0)%du(z). (9.2)
R4 R4

10. APPENDIX

We consider here some product probability measures on R? whose marginals are mix-
tures of centered Gaussian variables. This class of probability measures was investigated
n [ENTIS], where the authors prove that they satisfy (I3]) and provide interesting
examples. Here we show that those measures also satisfy (L2]).

We consider Gaussian mixtures of the form

= // yr,dv(o), (10.1)
o€(0,00)@

where qr, is the centered Gaussian random vector in R? with covariance matrix I'y =
diag(o?,...,0%) and where v is also a product measure on (0, 00)%.

Theorem 10.1. Let p be a product probability measure on R?, whose marginals are
mizture of centered Gaussian variables. Then (L2) holds.

The proof relies on the following Lemma, the key point of which being that no sym-
metry assumption is required in the convex situation.

Lemma 10.2. The following points hold.

(1) Let g be a convex function on RY, then the function

(01,...,0q) € (0,00)% — /g(y)dm(y)

is coordinatewise increasing on (0,00).

(2) Let f be a quasi-concave and even function on R, then the function

(1, 0) € (0,000 = [ f)dar, )

is coordinatewise decreasing on (0,00)%.

Proof of Theorem [I01l. Let f be a log-concave and even function and let g be a convex
function. Using the decomposition of the covariance (8.6)), one has

Cov,(f.g) = // Covay, (f,9)dv(0)

+ Cov,, <0 € (0,00)% — /fd’)/[‘o,O' € (0,00)% — /gd7p0> .

The rest of the proof consists in showing that the two terms in the right-hand side of
the latter inequality are non-positive. Firstly, Hargé’s result (L2) also applies to any
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(centered) Gaussian distribution (see [Har08]) and thus Cov.._(f,g) < 0. Secondly, we
use Lemma [[0.2], since f is log-concave and even, it is also quasi-concave and even, and
thus the two functions

o€ (0,00)% = /gdwo and o € (0,00)% — /fd’)/l‘a

are respectively coordinatewise increasing and coordinatewise decreasing on (0, 00)?.
The measure v being a product measure, by the FKG inequality for product measure,
the term Cov,(+,-) is non-positive and the result follows. O

We turn now to the proof of Lemma [T0.2]

Proof of Lemma T2 Let g be a convex function on R?. By a change of variable, one
directly has

/g(y)dm(y) = /Rdg(alw17---70dwd)dv(x),

where we recall that v is the standard Gaussian distribution. To prove the desired
property, we compute for 1 <[ < d,

0
E;—L/‘ Q(lel,---,wad)dV(x)::(/a xOg(o11, . .., 0q2q)dy(x)
0‘1 Rd Rd

= COV’Y('II, 819(0'1$1, v ,O'da?d))-

Furthermore, by the covariance representation (84 for the standard Gaussian measure,
one has

Cov, (1, 9(0131, . .., 04%q)) :// iy K(x,y)o10ng(o1y1, - - -, 0aya)dzdy
RIS

and this quantity is non-negative since g is convex and x(x,y) > 0. The result follows.
For f quasi-concave and even, we use the layer cake representation of f:

flz) = /OOO La,(2)dt and A; = {z € R, f(z) > {}.

Here by assumption the A; are convex and even. Since by Fubini,

/ f(o-lxla s ,adxd)d’y(x) = / / ]-At (O'lel, s ’Uda?d)d’}/(,l?)dt.
R4 0 Jr?

the result follows from [ENTI8|] where the authors prove the following property: for each
t>0,

(0'1,...,O'd) S (0,00)d — /]Rd 1At(0'11'17---70'd1'd)d'7(1')

is coordinatewise decreasing. O
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