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Stochastic Approximation Beyond Gradient for
Signal Processing and Machine Learning

Aymeric Dieuleveut, Gersende Fort, Eric Moulines, Hoi-To Wai

Abstract—Stochastic approximation (SA) is a classical algo-
rithm that has had since the early days a huge impact on
signal processing, and nowadays on machine learning, due to the
necessity to deal with a large amount of data observed with uncer-
tainties. An exemplar special case of SA pertains to the popular
stochastic (sub)gradient algorithm which is the working horse
behind many important applications. A lesser-known fact is that
the SA scheme also extends to non-stochastic-gradient algorithms
such as compressed stochastic gradient, stochastic expectation-
maximization, and a number of reinforcement learning algo-
rithms. The aim of this article is to overview and introduce the
non-stochastic-gradient perspectives of SA to the signal process-
ing and machine learning audiences through presenting a design
guideline of SA algorithms backed by theories. Our central theme
is to propose a general framework that unifies existing theories
of SA, including its non-asymptotic and asymptotic convergence
results, and demonstrate their applications on popular non-
stochastic-gradient algorithms. We build our analysis framework
based on classes of Lyapunov functions that satisfy a variety of
mild conditions. We draw connections between non-stochastic-
gradient algorithms and scenarios when the Lyapunov function
is smooth, convex, or strongly convex. Using the said framework,
we illustrate the convergence properties of the non-stochastic-
gradient algorithms using concrete examples. Extensions to the
emerging variance reduction techniques for improved sample
complexity will also be discussed.

Index Terms—stochastic approximation, convergence analysis,
compressed stochastic gradient, expectation maximization

I. INTRODUCTION

Stochastic Approximation (SA) is a classical iterative al-
gorithm that has a long history of over 70 years [1], [2]. The
goal of the SA scheme is to determine the roots of a nonlinear
system when the mean field cannot be explicitly computed but
a random oracle exists. The SA scheme has had since the early
days a huge impact in signal processing and automatic control:
the first applications focused on the adaptive identification of
systems [3]-[6]. Recently, the spectrum of use of SA schemes
has widened considerably with the applications to statistical
machine learning; see [7]-[9].

An extensive literature on stochastic optimization is devoted
to the stochastic (sub)gradient (SG) algorithm, which is by far
the most popular application of the SA scheme, see e.g., [10]-
[12] and the references therein. The stochastic gradient al-
gorithms are characterized by having an update recursion
featuring an unbiased mean field which is the gradient of a
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loss function to be minimized. However, a lesser known fact
is that SA scheme also includes non-stochastic-gradient (non-
SG) algorithms whose expected oracles are not the gradients
of any function and whose oracles are possibly biased even in
the asymptotic sense. Recently, these non-SG algorithms have
gained attention in many scenarios of signal processing and
machine learning. Classical examples include pre-conditioned
least mean square for linear system identification [13]; other
more subtle examples include natural gradient methods [14],
[15], online blind source separation [16]-[19], straight-through
compressed gradient estimator [20], [21] and randomized
coordinate descent algorithm [22].

The SA schemes that are non-stochastic-gradient algorithms
appear quite naturally in modern statistical learning. An ex-
ample is the determination of stationary points appearing in
the stochastic versions of the Majorize-Minimization (MM)
methods [23], [24] such as the SA versions of Expectation-
Maximization (EM) algorithm [25]-[27]. Another example is
the algorithms used in reinforcement learning, such as TD-
learning and -learning, in which the iterative mapping is
deduced from the Bellman operator [27]-[30].

To illustrate the application of the SA scheme as non-
stochastic-gradient algorithms, we may take a closer look at
the family of stochastic EM algorithms introduced in [25].
While EM can be derived by the majorization-minimization
method, a powerful perspective presented in [25] is to view the
expectation step (CE-step’) as fixed-point iterations in sufficient
statistics space (the s-space). This perspective allows us to
build highly efficient stochastic EM algorithms for streaming
data and big data [26], [27], [31]-[33]. The challenge in
their analysis is that this fixed point map in s-space is not
the stochastic gradient map of any function. Therefore, the
stochastic EM algorithms are in fact not an SG algorithm.
The convergence analysis of these algorithms to cope with the
maximum likelihood estimation will be analyzed using the SA
scheme, which includes the non-SG algorithms.

There are many excellent overview articles or books on SA
scheme. We note that classical books such as [5], [13], [34]
focused on asymptotic convergence for unbiased SA under a
set of restrictive stepsize conditions. Along the line of applica-
tions on adaptive filtering, [35] presents finite-time analysis on
the family of adaptive filtering algorithms such as least mean
squares, recursive least squares, etc. The recent articles [10]-
[12] are devoted to the gradient-based SA schemes. While
they provide a modern treatment on the convergence of SA
schemes, the discussions are limited to stochastic gradient
algorithms. The recent book [36] includes results that are
applicable to non-SG algorithms, but is otherwise focused on
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Fig. 1: Guide for navigating through the content in this
overview article. Section II introduces the basic knowledge
and examples of SA. Readers may choose to read the respec-
tive theories in Section III and/or Section IV, or to explore
the emerging applications in Section V.

SA schemes matched to find the roots of the gradient of a
strongly convex objective function.

Most of the existing overviews on the convergence for SA
schemes are not comprehensive when it comes to discussing
the results for non-stochastic-gradient algorithms, or they
are limited to asymptotic convergence for algorithms with
decreasing steps sometimes accompanied by limit distributions
(in favorable cases). A possible reason behind this is the
lack of a proper Lyapunov function to set the convergence
analysis framework and the potential bias may destabilize the
SA recursion. To this end, there are no convergence results (or
only in certain cases) for the beyond-gradient-SA scheme in
the literature at the level of generality of SG algorithms such
as [12]. Also missing is a principled guide to designing or
improving algorithms for signal processing (SP) and machine
learning (ML) that do not originate from stochastic gradient.

This article fills a gap in the literature by proposing a general
framework that summarizes recent advances in the theories
of the SA scheme, with emphasis on the recent applications
to signal processing and machine learning. Our aim is to
provide an up-to-date overview of the classical SA scheme for
junior researchers working in the fields of signal processing
and/or machine learning. We shall cover results from the
basic insights behind the SA scheme, to standard analysis
on convergence in expectation, to the advanced analysis with
almost-sure convergence. Our results will handle the challeng-
ing settings of generic non-SG (possibly biased) algorithms.

In the first part of this paper, the SA scheme is introduced
as a root-finding algorithm using a stochastic oracle designed
through Euler discretization of an ordinary differential equa-
tion flow. Then, in Section II-A, examples of SA schemes
will be presented with a focus on non-SG algorithms such as
compressed SG algorithms, stochastic expectation maximiza-
tion, and policy evaluation via temporal difference learning.
Section II-B discusses the general assumptions required for the
convergence of the SA scheme, where we formalize a set of
conditions for a proper Lyapunov function design with respect
to the SA scheme that can be potentially biased. Section II-C
shows how these conditions are satisfied in the applications
listed. Readers are recommended to read this part first to get
themselves familiar with the basics of SA scheme.

We next present the general convergence theories for SA
in two different favors. The second part is devoted to non-
asymptotic convergence bounds of the SA scheme that focuses

on the expected convergence towards the root(s) of a nonlinear
system in a finite number of iterations. Section III-A describes
a unified result on finite-time bounds and sample complexity.
One of the features of our study is to investigate the effects of
the presence of bias in the stochastic oracle, a situation that of-
ten arises in applications, e.g., when the stochastic oracle uses
compression or quantization, or uses Monte Carlo methods -
importance sampling or Markov chain Monte Carlo that are
inherently biased - see [27], [37], [38]. In Section III-B, we
illustrate the application of these results using the examples
introduced in Section II-A and we discuss the obtained results
with the state of the art.

The third part is devoted to the almost-sure convergence of
the sequence of iterates generated by the SA scheme towards
the root(s) of a nonlinear system when the number of iterations
goes to infinity. Section IV-A gives a brief overview of the
theory of stochastic approximation with decreasing step size.
In Section I'V-B we consider the case where the approximation
bias vanishes asymptotically. We use the Ordinary Differential
Equation (ODE) method, which relates the almost sure limit
sets of the stochastic approximation process to the limit sets of
the flow of an ODE. We also establish almost-sure convergence
results under the same assumptions as for the non-asymptotic
approaches. In Section IV-C, we extend these results to the
case where the bias in the approximation does not vanish
asymptotically. This is a case that has been much less studied
in the literature. While we use [39], [40], which deals with
stochastic-gradient-type SA schemes, the results presented in
this section are original.

Finally, in the fourth part we review a recent advance in
SA: we discuss in particular the Stochastic Path-Integrated
Differential EstimatoR method (SPIDER) originally intro-
duced for stochastic gradient algorithms [41], [42] and then
extended to EM [33], [43]. We provide here an algorithmic
description and a non-asymptotic convergence analysis for a
general SA scheme (see also [38]). We refer the readers to
Fig. 1 for a guide to navigate through this overview article.

Notations. N is the set of the non-negative integers, R is the
set of the real numbers, R, is the set of the non-negative
real numbers, and R, = R, U {+oco} is its completed
version. When necessary, we use the convention 0-! =
and oo x 0 = 0. The set of the minimizers and maximizers
of a function F' is denoted by arg min (resp. argmax) when
it is a singleton, and Argmin (resp. Argmax) otherwise. For
two real numbers x and y, x Ay (resp. x V y) denotes the
minimum (resp. maximum) of x and y. |x| is the floor of z.

For a vector or matrix D, DT is the transpose of D.
Vectors are column-vectors. For two vectors w,w’ in R4,
(w|w') = w'w' is the dot product of w and w’. We
set ||w|| := y/{(w |w). For a positive-definite matrix D, we
denote by ||lw|lp := VwTDw the norm associated to the
scalar product induced by D.

For a differentiable function h, its gradient is denoted by
Vh. When H is a function of two variables (w,x) —
H(w,x), we will write D; ; H(w,x) for the i-th derivative
w.r.t. the variable w and the j-th derivative w.r.z. the variable
x of the function H, evaluated at (w), x).



All the random variables are defined on a probability space
(Q, A,P). E is the expectation associated to the probability
P. When F is a filtration, EZ [X } is the expectation of the
random variable X conditionally to F. When F is equal
to o(U), the o-field generated by the random variable U,
we will writt EY[X |. The forward orbit of y € R? is
the set Orb™(y) = {®,(y):t>0} and the orbit of y is
Orb(y) = {®,(y) : t € R}. The limit set of a sequence is
denoted by Lim({wg, k € N}): w, € Lim({wy, k € N}) if
limg_y00 Wy, = W, for some subsequence {ny, k € N} such
that limy,_, o g = +00.

II. STOCHASTIC APPROXIMATION SCHEME

Stochastic Approximation (SA) is a class of stochastic
algorithms aiming at a solution to the root-finding problem:

find w* € R? such that h(w*) =0, (1)

where h : RY — R9, d € N, is known as the mean field
function. Problem (1) is motivated by many tasks in SP
and ML, such as convex or non-convex optimization [12],
statistical estimation [31], policy evaluation [29], etc., some
of them will be described later in Section II-A.

Solving (1) is challenging when only stochastic estimates of
the map h(-) are available. We follow the ordinary differential
equation (ODE) approach introduced in [3], [4]. This approach
consists in identifying the limit points of the SA sequence with
a sub-class of invariant sets of the ODE flow (see Section IV
for precise definitions)

dw/dt = h(w(t)) . (2)

In particular, the equilibrium points of the ODE (i.e., the points
w, satisfying h(w,) = 0) are the solutions of (1).

To obtain a discrete-time algorithm, the common trick is
to discretize the continuous time algorithm (2) through the
Euler’s scheme. Further replacing h(w) by a stochastic oracle
leads to the stochastic approximation recursion below.

s a

SA Recursion: let wy € R? be the initialization,
Wit1 = Wi + Yep1 H (Wi, Xgy1),k €N, (3)

where v,+1 > 0 is the step size, Xy41 is a X-valued
random variable, and H : R% x X — R? is a vector field
that describes stochastic oracles of h(-).

To give some insights about the behavior of (3), it is useful
to write the oracle as H (wy, Xx+1) = h(wg) + ug41 where
Uiy is a perturbation vector that distorts the mean field
update direction h(wy). In the simplest setting, the conditional
expectation given the past history of the algorithm evaluates
to EF« [H(wk, Xk+1)] = h(wy,) for any wy € RY; the past
history Fy, is the filtration o(wg, X, ¢ < k) up to the k-
th iteration. For this case, {ux4+1, £+ 1 € N} is a martin-
gale difference sequence with respect to (w.r.t.) the filtration
{Fk, k € N}. Then, (3) is a Cauchy-Euler approximation for
solving (2) with the stepsize sequence {~x, k € N}.

Eq. (3) gives a prototype stochastic algorithm for tackling
many ML and SP problems. A general algorithm design

procedure is to find a desired h(-) and embed the problem
at hand into (1). Subsequently, we design the stochastic field
H(-) to approximate h(-) and apply the SA recursion (3).
Note that the design of the stochastic field shall also respect
practical constraints such as limited computation complexity,
hardware limitation on arithmetic, and the availability of
stochastic samples, to list a few.

For example, in the stochastic optimization problem
ming,cre f(w) where f(w) = E[F(w,X)], we can set
the mean field h(w) := —Vf(w) as the gradient. Under
regularity conditions, the stochastic oracle H (wg, Xkt1)
satisfying EZ* [H (wg, Xj11) ] = h(wg) is a stochastic
gradient defined by H (wy, Xg41) := —D1oF (wi, Xk41) at
the (k + 1)th iteration, and X4 is an i.i.d. random sample
following the same law of X in E [F(w, X)]. In this case, the
SA recursion (3) yields the popular stochastic gradient (SG)
algorithm [12]. However, the SA recursion (3) is not limited
to the SG algorithms: it can cover more general scenarios,
e.g., the function h(w) is not necessarily taken as the gradient
for any objective function in an optimization problem, or the
expectation E7* [ H (wy, Xj41) | is not a gradient map.

A. Motivating Examples

1) Stochastic Gradient Descent: We begin our exposition
on SA schemes with stochastic gradient (SG) algorithms, the
simplest yet most popular setting in SP and ML. Stochastic
gradient algorithms are the workhorse of modern machine
learning and data-driven optimization [7], [10], [44]. Much of
the success is due to their broad applicability — the stochastic
gradient algorithm generally works for any problem for which
there is an unbiased gradient estimator. For convex problems, a
long line of work [11], [45]-[51] sheds lights on convergence
properties of SG, and they are by now well-understood; while
non-convex problems are discussed in [10], [52].

To describe the general setting, the mean field h(w) of
stochastic gradient algorithm as an SA scheme corresponds
to the gradient of an objective function that we aim at
minimizing. We consider a differentiable objective function
F : R — R. A necessary condition on a model w to be
a minimizer of F is to satisfy VF(w) = 0. We consider
h(w) := —VF(w) and look for points w such that h(w) = 0.

We highlight two fundamental situations in the case of
discriminative learning.

a) Expected Risk Minimization (ERM) for streaming data.
The function F' is the expected loss £ on an observation X
(with distribution p) of a model w: F'(w) := E[¢(w, X)].
At iteration k£ + 1, a new observation X1 ~ p, indepen-
dent from the past, is revealed. The random field is

H(wg, Xp41) := —Diol(wpr, Xpi1). 4)

b) ERM for Batch Data. The function F' is the empirical loss
¢ over a set of observations (Z1,. .., Z,) for a model w:
F(w):=n"'Y"  l(w,Z;). At iteration k+1, a random
index Xj41 € {1,...,n}, independent from the past and
with uniform distribution on {1,--- ,n}, is sampled by
the learner. The random field is defined as

H(wk,XkJrl) e —Dloé(wk,ZXk+l). (5)



Remark 1. Extension to mini-batch SG [53]: at itera-
tion k + 1, the learner may receive (resp. sample) a num-
ber b (called mini-batch size) of observations (resp. in-
dices). For the streaming case, the random field H is
then H(wy, Xp11) = b1 Z';Zl Diol(wk, Zbk+i) where
{Zk, k € N} is a sequence of i.id. observations and
Xiv1 = (Zoks1s-- - Zokt1)). For the batch case, it is
H(wk,XkJrl) = b1 ZieXk+1 Dloé(wk,Zi), with Xp41
is a subset of size b sampled at random with or without
replacement in {1,... ,n}.

In the case of batch data, it is possible to use a non-
uniform distribution to sample indices - see, for example, [54].
Moreover, the objective function has a finite-sum structure, and
the problem is often rewritten as follows for simplicity:

Flw) = £33, filw), (6)

where for all i € {1,...,n}, f; : R?* = R, and f;(w) :=
¢(w, Z;). The random field in (5) can then be written as

H(w, X)=-3", X'Vfi(w), )

where X = (X',...,X") € {0,1}" is an n-dimensional
binary sampling vector with Y., X* = 1. If the law of
the sampling vector X is such that E[X?] = 1/n for any i,
then E[H (w, X )] = —VF(w). We observe that SA scheme
using the above H (-) yields the classical stochastic gradient
algorithm for the finite-sum problem (6):

W1 = Wk — Vet 2iq Xfq Vi(wy) . ()

We note that the computational complexity of (8) is indepen-
dentof n, since ) ; X}, = 1 and the learner must compute
V fi(wy) for the only indices 7 satisfying X;  , = 1.

2) Compressed Stochastic Approximation: We study com-
pressed SA methods where a compression operator is used in
the update scheme. The goal is either to reduce transmission,
storage, or computational costs. We focus here on instantiating
methods for the SG case. As a first example, we consider
the Gauss-Southwell coordinate descent estimator. For high-
dimensional problems (d > 1), coordinate descent methods
reduce computational complexity by restricting the update to a
subset of the coordinates. We consider the same optimization
conditions as for (6). Let jry1 € {1,...,d} is the chosen
coordinate in the k-th iteration, we have

il cRrd F(w) )

Wg41 = WE — 7]€+1vjk+1F(wk) ejk+1 9 (9)
where {e1,...,eq} is the canonical basis of R? and V;F
is the j-th coordinate of the gradient. The Gauss-Southwell
selection rule [22] uses:

Jkt1 = Argmax |V, F (wy)]| .
Jefl,....d}

(10)

This corresponds to a greedy selection procedure, since at
each iteration we select the coordinate with the largest di-
rectional derivative. The Gauss-Southwell rule, on the other
hand, corresponds to a deterministic algorithm: H (wy, ~
) ==V, F(w)ej,, with jpiq1 in (10), a straightforward
extension to SG is possible by replacing the V; F'(wy) in (10)
with 37" | X/ | V; fi(wy,) and construct the stochastic oracle
as H(wg, Xp41) = Z?:l Xli-i—lvjkﬂ fi (wr) €lpya-

The coordinate descent algorithm (9) is a special case of
the general compressed SG methods that aim to reduce the
storage and/or transmission cost of SG. To formally discuss
the general methods, we introduce the concept of compres-
sion operators. A compression operator on R? is a mapping
C:R? x U — RY, where U is a general state space equipped
with a sigma field and distribution py. The operator C is
called (random) compression if, for any x inR?, the cost of
storing/transmitting C(x, U), with U ~ py, is almost-surely
(or on average) less than the cost of storing/transmitting x
itself. Two prevailing strategies have been used and combined
to create such compression schemes [55], [56]:

1) (random) projection: x € R? is projected onto a smaller
dimensional subspace. E.g., the Randyx operator projects
x onto a random space generated by k canonical vectors;
and Top, operator projects x onto a deterministic space
generated by the k canonical vectors corresponding to the
largest values of x. For example, (10) corresponds to using
Top, compressor;

2) (random) quantization, that (randomly) maps each coordi-
nate of x onto a scalar codebook and transmits the index of
the corresponding codeword [57]. E.g., assuming a uniform
quantizer converts a floating point value z € R to the
closest quantized value as:

Qua~)=sim)a [ S+ 3] ap

A2
where A denotes the quantization resolution. On the other
hand, the quantization function for stochastic rounding is
defined as:

N 1
Qs(x,U) := A x {LQJ +
[%)
where U is uniformly distributed on [0, 1). These scalar

quantizers can be extended to the vector case by applying
the quantization operation on each coordinate.
Let H(w,X) denotes the SA random field. We introduce
three classes of compressed SA methods as follows. The first
class corresponds to compressing the random field:

ifU< £

otherwise,

W1 = Wk + Vi+1 C(H('wka Xit1), Uk+l) . (13)

It includes (9) as a special case. In the literature, these
methods have attracted a lot of attention with the increas-
ing interest in distributed optimization, e.g., inexact gradient
descent methods [58], [59], low-precision coordinate descent
methods [60], compressed SG methods [55], [56], [61]-[65],
quantized algorithms for wireless sensor networks [66]—[69]
and the references therein.

The second class of compressed SA refers to recursion
where H is observed at a point (slightly) different from wy
called the perturbed iterate:

Wit1 = Wk + Yet1 H (C(wr, Upg1), Xp41) - (14)

In the SG for deep learning, the above setup is known
as a Straight-Through Estimator (STE) introduced by [20],
which quantizes the model w before computing the gradient
oracle; then the SG update is performed using a full precision



buffer. In the convex optimization literature, recursion has
been studied as perturbed iterations by [70], and also in the
randomized- smoothing approach, where the observation point
is intentionally perturbed (e.g., by a Gaussian noise) to achieve
better regularity [71], [72]. The same approach includes the
study of SG with asynchrony (i.e., the field can be measured
on an ’old’ iterated model) [73], [74] or in distributed systems
where the gradient is observed on a local model held only by
the local workers [63], [75].

The third class of compressed SA method is the recursion:
W1 = C(wy + Y1 H(wp, , Xppt1), Upgr) . (15)

Note that (15) is a special case of (3) with the random field
H(wk, Uk-i—l s Xk+1) given by

(C(wy + Vi1 H(wp, , Xpg1), Upg1) —wi) . (16)

V41
In the SG case, the above setup is known as the low-precision
SG, introduced in [76]-[79], which quantizes the model w
after computing the gradient oracle.

The use of low-precision arithmetic plays an essential role
in SP and ML, where frugal algorithms are often mandatory.
To train models with a low-precision representation of the
parameters, we can apply the quantization function C(-, U)
to convert entries of the parameter vector w into a quan-
tized/rounded version @ = C(w, U). The first application of
the STE rule was in the BinaryConnect algorithm of [20] for
training neural networks with Boolean weights; in this case,
the weights are binary {—A, A}. STE has been applied to
many different settings and improved; see [80]-[82].

3) Stochastic EM  algorithms: ~ The  Expectation-
Maximisation algorithm (EM) proposed by the popular
work [83] was used to solve the optimization problem
arg mingera F(@) when F is defined by an (possibly
intractable) integral F'(0) := —log [ p(z;0)fi(dz), where
p(z;0) is a positive function and i is a sigma-finite measure
on a measurable set Z; see [84], [85] and references therein.
There are numerous applications of EM, including inference
of mixture distributions [86], robust inference in the presence
of heavy tail noise [87], Hidden Markov Models [88], [89],
factor analysis [90], graphical models with missing data. In
the subsequent discussions, we consider the case where both
the function p(z;0) = [];_,pi(z:;0) and the dominating
measure i = u®" have a product form that yields

F(8) := -+ 3" log gi(0), (17)

where
9i(0) == [z pi(zi;0) pu(dz),

and p;(2;;0) is positive for all i € N and (2;,0) € Z x R<,
Such an optimization problem is motivated by minimizing
the Kullback-Leibler divergence computed along the exam-
ples indexed by ¢ € N. As expressed by (18), in EM the
divergence/loss is not explicit and is given by an integral over
a latent variable z = (z1,- -+ , zp).

A popular application of EM is the computation of Max-
imum Likelihood estimator. In this case, g;(€) is the log-
likelihood function of an observation Y; in a latent variable

(18)

model (see, e.g., [83]-[85], [91]-[93]). The positive quantity
pi(zi;0) is the joint probability of the observation Y; and
the latent variable z; for a given value of the parameter 6;
it is a shorthand notation for py;,(z;;8). Subsequently, F'(0)
corresponds to the case where the observations are independent
and the statistical analysis is based on a given set of n
examples that are not necessarily identically distributed.

EM is a Majorize-Minimization algorithm (see, e.g., [23,
chapter 8]) that handles the minimization of (17) by iterating
between an Expectation step (E-step) and a Minimization step
(M-step). Given the current iterate 6y, the E-step defines a
surrogate function Qgiw(O) such that: F(8y) = Qgiv[(Ok) and
F(0) < QgM(0) for all & € R%. The M-step updates the
parameter by selecting a minimizer of:

641 = argmingpa Qg (6) (19)

which is assumed to be unique for simplicity. Under regularity
conditions, since Qg™ (6) majorizes F'(0), 6.1 is a station-
ary point of the difference Qg™ (0) — F'(6). This yields

VF(0:) = V5N (0)

As the surrogate Qg™ (-) is an upper bound on the objective,
an improvement on the surrogate translates to an improvement
on the objective. This descent property lends EM algorithm
with remarkable numerical stability. Since each iteration is
defined as a minimization of a function, EM algorithm is
invariant under changes of parametrization, which is a sig-
nificant advantage over first-order (gradient) method. The EM
surrogate used by [83] is given up to an additive constant
(which depends on 6’) as

1 n
05M(0) 1=~ 3 [ towp(:0) m(zs8) n(dz). 20)
=1

where z — ;(2; ) is the probability density function (p.d.f.)
on Z defined by

mi(2;0) == pi(2;0)/9:(0).

In many applications, 7;(z;; @) is the posterior distribution of
the latent variable z; given the observation #: when the value
of the parameter is 8. A useful decomposition of this surrogate,
which is the key discovery of [83], is given by

3y

1 n
Q5 (6) = — Z log gi(0) + He' (0) (22)
=1

where Hg/(0) is the cross-entropy of the distribution
m(2];0) := [[;—, mi(z:; 0) relative to the distribution (-; 6”):

Hor () = _%Z /Z log(s(25: 0)) mi(25: 6) p(dlzs)
=1

The cross-entropy @ — Hg/(0) is minimized at 6’ such that
He: (0") is the entropy of 7(-; 8”). Under appropriate regularity
conditions, this in particular implies that, for all 8 € R4,

VHe(0) =0.

Moreover, the surrogate decomposition (22) and the inequality
Heo,, (Or+1) > He, (01) imply

(23)



— I3 1108 gi(Oks1) + = D1 log gi(Or)
< Qg (Or41) — 96, (61) <0,

where we used the definition of ., in the RHS. Hence,
any update of the EM algorithm leads to an increase of the
function @ — 1 3" log g;(0).

The limiting point of the EM algorithms are the fixed point
of the EM mapping, i.e., the parameters 8, which satisfy

6, = argmaxgcga Qg (0).

Under appropriate regularity condition (see e.g., [94]), we have
from (19) and (22) that

VHo, (Or+1) = 5 >oim, Viog gi(Oxt1).
If 6, is a fixed point of (19), together with (23), we have
0=VHe,(0.) =5 X  Vieggi(6), (29

showing that the fixed points of the EM coincide with the
roots of the gradient of the objective function (see (17)).

We restrict our attention to the case where p; belongs to the
curved exponential family (see, e.g., [95]). Exponential family
models are important special cases as the E-step amounts only
to computing a conditional expectation. In particular,

EM 1. There exist measurable functions ¢ : R — R? ap -
RY — R, and for all i € {1,--- ,n}, S; : Z — R? such that

log pi(2i;0) == (Si(2:) | 6(0)) — ¥(0).

In the terminology used for exponential families, the func-
tions S;’s are called the sufficient statistics. In the applications,
S; depends on 7 through the observation Y;. Moreover,

(24)

EM 2. There exists a measurable function T : R? — R such
that for any s € R?

T(s) := argmingera{1(6) — (s| #(0)) }.

In most cases, the optimization problem defined for T is
strongly convex, and in some cases, it can be solved in closed
form. Under EM 1, the QE,M function writes

Q5" (0) == (0) — (5(6")| 9(0)),

where 5(0’) is the mean value of the expectations of the S;
functions under the p.d.f. 7;’s:
(26)

50') i= 50,

i—1
where 5,(0") ::/ Si(zi) mi(2;0 ) u(dz).  (27)
z

At each iteration of the EM algorithm, the computation of
the surrogate function 6 — Qgiv[(O) boils down to the
computation of the expectation 5(0y). EM1 and 2 imply that
a step of the EM algorithm is expressed as

0k+1 =To g(ek)v

thus showing that the fixed points of the EM mapping are the
roots of @ — T o5(0) — 6.

Note that 5(0)) might be seen as a double expectation: the
inner expectation amounts to evaluating 5;(0’), and the outer

integral is an average over the n examples. In large-scale
learning, the outer integral is intractable or has prohibitive
computational cost; it may also be the case that the inner
integrals are not explicit, e.g., when 7; is known except for
a normalizing constant, and its expression or the geometry
of Z is complicated. The Stochastic EM algorithms were
developed to avoid a full scan of the m examples at each
iteration and to allow a stochastic approximation of the inner
integrals by Monte Carlo sampling. The stochastic EM algo-
rithms described in [25], [96]-[98] address the intractability
of inner expectation; the algorithms in [26], [31]-[33], [99]-
[101] address the intractability of the outer expectation; [38]
addresses both intractabilities.

Many, if not all, stochastic EM are instances of SA. The
key ingredient is the following result (see, for example, [25,
section 7]): if O is a root of @ +— T 05(8) — @ on RY, then
Wy 1= 5(0) is a root of w +— 50 T(w) — w on RY; (ii) if
W, is aroot of w — 50T (w)—w on RY, then O, 1= T(weoo)
is a root of @ — To5(0) — 8 on RY. Consequently, EM can be
executed in the s-space by running a SA algorithm to solve
the root-finding problem

weRY, 50T (w)—w=0. (28)
Stochastic EM defines a sequence {wy, k € N} by the itera-
tion w41 = wg + Y41 H (wi, Xiy1) where H (wi, Xgy1)
is a random oracle of h(wy,) := SoT (wy,) —wy, the mean field
h evaluated at the current iterate wy; and {vx, k € N} is a
deterministic stepsize sequence. The close links between these
versions of EM in the s-space and mirror descent algorithms
are highlighted in the recent work [102].

To develop a stochastic EM algorithm from (3), we note the
randomness X1 defines a stochastic approximation of the
inner and/or outer expectations in the map s, see (26). Given
a SA sequence {wy, k € N} converging to a solution wy
of the fixed point problem (28), the sequence 0y := T(wy)
converges to 8, which is, thanks to (25), a stationary point of
the function F, i.e., VF(0,) = 0. Of course, formulating
precisely this technical result requires assumptions on the
regularity of the model. Among the many stochastic versions
of EM in the literature (see references above), let us make the
stochastic mean field H explicit for two of them.

a) Mini-batch EM: This algorithm is an adaptation to the
finite-sum context of the Online EM [31], which is designed
to process a data stream. Mini-batch EM avoids computing
the exact outer expectation in (26) at each iteration of EM; it
replaces the sum over n terms with a sum over a mini-batch
chosen at random. The stochastic oracle is given by

1

H('LUk7 XkJrl) = m

Ziexm 5 (T(wy)) — wg, (29)
where X1 is a set of size bgys, collecting indices picked at
random with or without replacement in {1,--- ,n}. See e.g.
[103]-[105] for an application.

b) Stochastic Approximation EM (SAEM): This algo-
rithm, proposed by [25], deals with the case the inner expec-
tations in (26) are intractable and must be approximated by
Monte Carlo, while the outer expectations in (26) can be com-



puted with reasonable computational effort; see e.g., [106]-
[122] for applications. The stochastic oracle is given by

H(wg, Xi41) - Z sz wy,) 7 k+1) —wy, (30)
=1 j=1
where X 1 1= (Zijk_H, 1<i<n,1<j<m)collect the

output of n Monte Carlo samplers designed to approximate
the distributions 7;(z;; T(wg)), fori=1,...,n.

If i.i.d. sampling is possible from the p.d.f. 7;(z;; T(ws)),
then p! (wy,) := 1/m. If sampling according to the conditional
distribution 7;(z;; T(wyg))) is not possible, more sophisticated
sampling techniques must be used. For illustration, we con-
sider below the importance sampling procedure, a method
of using independent samples from a proposal distribution
7i(2; 0T (wy)) to approximate the expectation with respect
to the target distribution 7;(z; T(wy))). The importance
sampling estimator approximates the target distribution by
a random probability measure using weighted samples that
are generated from the proposal; (see e.g. [123, Chapter V]
and [124]). More precisely, the self-normalized Importance
Sampling estimator works as follows. We first sample inde-
pendently Z}, ,..., Z"., from the proposal 7; (z; T (wy))
and define the normalized importance weights

Pl (wy) =

ik+17 (=1 1 zk-l-l’

€19
Instead of IS, another option is to use Markov Chain Monte
Carlo (MCMC) samplers targeting the p.d.f. m;(z; T(wg));
see for example [25], [26], [98], [101], [106].

4) TD Learning: Many tasks in reinforcement learning
such as policy evaluation, Q-learning [29], etc., can be formu-
lated as root finding problems whose effective solutions are
often given as non-stochastic-gradient SA recursions. Below,
we select the temporal difference (TD) learning algorithm [28]
for policy evaluation to illustrate another aspect of general
principle of stochastic algorithm design.

We follow the derivations of [125] in this example. Consider
the problem of evaluating the value function of applying a
policy 7 in a Markov Decision Process. The policy 7 specifies
the conditional probability of choosing an action given a
certain state, It induces a Markov Reward Process (MRP)
given by the tuple (S,P,R,\): S = {s1,...,8,} is the state-
space (assumed for simplicity to be finite); P is the n X n state
transition matrix of the probability of transition from a given
state to another; R is the reward function such that R(s, s)
associates a reward with each state transition; A € (0, 1) is the
discount factor. With a slight abuse of notation, we define the
expected instantaneous reward from state s, for s € S,

Dwes P(s,s")R(s,8);

As a standing assumption, we concentrate on ergodic MRPs:

R(s) :==

TD 1. The non-negative matrix P is irreducible and has a
unique stationary distribution w, i.e., wP = w.

Note that w(s) > 0 for any s € S under TDI.

pi(Zg,k-i—l? = pil zk-i—l’ (w)) -
(2] T(w <Z T(um))) '

The value function V of the above MRP is the expected
cumulative discounted reward for a given state s € S, i.e.,

s):=E [i NR(Sk) | So = S] Z NPER
k=0

where the expectation is over the distribution of the Markov
chain {Sy, k € N}, started at Sy = s, with Markov kernel
P. Note that P¥R(s) = >, c5P*(s,s')R(s'). This value
function obeys the Bellman equation B V =V where, for any
function V: S - R, forall s € S

[BV](s) :=R(s) + A X ves

As the reward function is bounded (see TD 2), the value
function V(s) is well defined and is the only solution to
(33) [29], [126]. In most applications, the cardinality n of
the state space S is large. It is often advocated in such case
to resort to parametric approximations, for example by using
a linear function approximation and nowadays deep neural
networks [127], [128]. For simplicity, we focus on linear
function approximation, where V(s) = Vi (s) = ¢(s) w;
¢(s) € R? is called the feature vector for the state s € S, and
w € RY is a parameter vector to be estimated.

Since the state space is finite, the value function V,, can
be represented as a vector in R", whose i-th coordinate is
Vw(si). This vector can be written compactly as

b = [¢(81), ceey ¢(Sn)]—r )

such that ® is the n x d feature matrix.

The linear function approximation restricts the set of admis-
sible value function V,, to span(®), the subset of R" spanned
by the columns of ®. As a result, the Bellman equation
BV =V may no longer be satisfied by V,, for any w € R%.
Without loss of generality we assume that

, 32)

P(s, s V(). (33)

Vw = Pw, (34)

R(s,s")| <1, maxses [[@(s)]] < 1.

Among the many TD learning algorithms (see e.g. [129,
Section B]), we consider in this paper the so-called TD(0)-
learning algorithm. TD(0) is an SA scheme: under the on-
policy setting where the data is generated from the MRP
induced by 7, the algorithm starts with an initial estimate
wo and at iteration (k + 1), it gets a new observation
Xiy1 = (Sky1,5,41), and computes the next iterate by
= wy + Yp+1H (Wi, Xi11) where

)+ A (s) "w — p(s)"

W41

H(w,(s,s")) = (R(s, s w) ¢(s)
(35)
is an estimator of h(w). We make a simplifying assumption

about the distribution of X 1:

TD 3. The sequence {Si, k € N} is sampled independently
from the stationary distribution w and, for each k, S, is
sampled from P(Sy, ).

This assumption is classical in reinforcement learning and is
suitable for algorithms that use a replay buffer [130].

Note that under mild conditions, the expected value of
Si,1 conditionally to {Sky1 = s} of R(Sks1,5,1) +
AD(S) 1) T w — d(Sks1) Tw evaluate to [B Vy(s) — Vi(s)



which gives the temporal difference error for the Bellman
equation with the estimate w.
For any function g : S x § — R, denote

Ex [9(507 S(l))] = ZS,S/GS w(S)P(Sv s’)g(s, SI) .
The mean field function of the TD(0) algorithm is given by
h(w) := Ex[¢(S0)R (S0, S)]
+Ex[p(90) {Ab(S)) — ¢(5)} Tw

(36)

=& 'D,(Bdw— dw) (37)
where we have set the diagonal matrix
D, = diag(w(s1),...,@(sn)). (38)
If w, is a root of h(w) = 0, then for all w’ € RY,
(dw' | B dw, — Pw,)p_ =0 (39)

showing that the Bellman error B ®w, — ®w, is orthogonal
to the linear subspace spanned by the column of the feature
matrix ® in the scalar product (- |-)p_. In light of (39), we
may now characterize the root w, to h(w) = 0 using the
projected Bellman equation

Vw = Prj; BV ; (40)

Prj,, is the projection operator onto span(®) w.rt. || |p_.
In Section II-C4, we will show that the equation h(w) = 0
has a unique root, w,, which is the fixed point to (40).

B. Assumptions

Assume that the root-finding problem (1) is to be solved
by the SA algorithm (3) which acquire the mean-field h(w)
via subsequent calls to a stochastic oracle. At iteration (k +
1), we denote wy, as the current value of the model and the
stochastic oracle outputs H (wg, Xx+1), where { Xy, k € N}
are random variables taking values in X C RY. We denote by
Fi = o(wo, Xy, 1 < ¢ < k) the sigma-algebra generated by
the random variables {X,}5_, and the initial model wy.

We shall consider a set of assumptions for the Borel
functions H : R? x X — R? and h : R? — R? in relation
to the SA recursion. This gives rise to the first ingredient of
our analysis framework that considers a non-negative Borel
function W : R¢ — R, which will control the growth to
infinity of the variance of the stochastic oracle and its bias.
We will use the same function in H 2, where it measures the
coercivity of the mean field.

H1. a) Forall k>0, E[|H(wk, Xi+1)|%] < cc.
b) There exist cp o,cn,1 € Ry such that for all w € R4

[R(w)[|* < cho + e W(w).
c) For any k > 0, there exist o1, 71,1 € Ry such that, a.s.,

HE}-k [H(wk, Xk;Jrl)} — h(wk)||2 < 70,k + Tl_’kW(’wk).
41
d) There exist 03, 0% € Ry such that for any k > 0, a.s.,

E7* [ H (wr, Xy11) — E7* [H (wg, Xp41) ][]

< o2+ oW (wy). (42)

Under these assumptions, the random oracle H (wg, X k1)
may be a biased estimator of the mean-field h(wy), with
E* [H (wg, Xi41) | — h(wy) being a possibly time-varying
conditional bias. A special case often considered in the liter-
ature pertains to unbiased SA where E7* [H (wy,, Xj41) | =
h(wy). In this case, 7o, = 71,5 := 0 for all k € N in H 1-¢).

Definition 1 (Unbiased stochastic oracle (USQO)). The stochas-
tic oracle in SA scheme is said to be unbiased if 79 ), = 71, =

0 for any k € N.

In USO, the sequence {up, k € N} where up41 =
H (wy, Xj11) — h(wy), is a martingale increment sequence:
EF* [ug41] =0, P-ass.

An example of USO is the case where the mean field h has
a finite sum structure: h = n=* Y. | h;. If X is a uniform
random variable on {1,...,n}, then H(w, X) := hx(w)
is an unbiased stochastic oracle. A generalization of this
example is the case where h is defined as an expectation
h(w) := [S(z,w)n(dz;w) with respect to a distribution
m that may depend on the current value of the parameter
w; then H(w,X) := N7! Zivzl S(Z;,w), where X :=
(Zy,...,Zy) ares i.i.d. samples from 7(-;w), induces an
unbiased stochastic oracle. If instead a self-normalized im-
portance sampling is used (see e.g., (31)), then the oracle
is biased. In this case, the bias is inversely proportional to
the number of Monte Carlo samples used in the importance
sampling estimate; see e.g., [124].

It is worth noting that in the Robbins-Monro setting - in
reference to [1] - the sequence { X}, k € N} is assumed to be
i.i.d.. In comparison, H 1-c¢) and H 1-d) used here are slightly
weaker since we do not assume { X}, k € N} are independent
nor that they have the same distribution. However, this ex-
cludes more subtle dependency structures and time-dependent
distributions: in some situations { Xy, k € N} is a Markov
chain (possibly) controlled by {wy, k € N}; considering
such dependency structures requires the use of sophisticated
probabilistic methods, that go beyond the scope of this survey;
see [5], [27], [37], [131]-[135] and the references therein.

H 1-d) implies the conditional variance of the random oracle
H (wy, X11) is either bounded (07 = 0) or does not grow
faster than W(wy). The case o = 0 is called the bounded
variance case; considered in the analysis of SG by [52].

Our analysis for SA follows that of the Lyapunov function
approach. In this setup, we introduce the second ingredient of
our analysis framework which considers a smooth Lyapunov
function V for the flow of the nonlinear ODE dw/d¢ = h(w).
Formally, we have the following set of assumptions:

H 2. There exists a function V : R — R such that,

a) V, :=inf,,cpe V(w) > —oc.

b) V is continuously differentiable and L~-smooth,
i.e., there exists Ly € Ry such that for all w,w’ € R?,
[VV(w) = VV(w')|| < Ly|lw —w'|.

c) There exists o > 0 such that, for all w € R%
(VV () | h(w)) < —oW(w).

It may seem a bit complicated to have many different
constants that may seem redundant: For example, we could
have fixed W(w) := —(VV(w)|h(w)) and choose ¢ = 1,



then change the constants cp. 1, 71k, a%, and cy accordingly.
The motivation behind H 2-¢) is to add an additional degree of
flexibility that will later facilitate analysis and allow covering
settings associated with different choices for W.

We will often use the constant ¢y > 0 which satisfies:

IVV(w)| < evy/W(w), weR?. (43)

Note that ¢y might be +00 (see e.g. Section II-C1 for some
examples). On the set

Ay = {w € R, (VV(w) | h(w)) =0}, (44)

the function W is identically zero by H 2-¢): for all w € Ay,
W(w) = 0. However the condition W (w) = 0 is not sufficient
yet to be able to derive useful information for solving the root
finding problem h(w) = 0. The set of equilibrium points of
the vector field h is the set

EQ(h) := {w € RY h(w) =0} = {h =0} . (45)

Obviously, one has EQ(h) C Ay, but the converse may not
hold. As we are trying to approach the equilibrium points, it
is sensible to assume that V is a strict Lyapunov function, i.e.,

EQ(h) = Av . (46)

If this is the case, the function W on EQ(h) is zero. In the
case of SG, the Lyapunov function V is the objective function
to be minimized F'. The mean field h is the negated gradient of
the objective h = —VF. In this case, (VV |h) = —||VF|?
and thus V is automatically a strict Lyapunov function. For
the function W, we typically choose W(w) := | VF (w)|? =
||h(w)]||?, so that {W = 0} = EQ(h). See Section II-C.

To obtain meaningful results, the function W should be
lower bounded outside any open neighborhood of EQ(h): for
any ¢ > 0, it is typically required that

W(w) =: ew(d) >0,

min

47
d(w,{R=0})>5 “7)

where d(w, A) is the Euclidean distance of w to the set A.
We have chosen not to include this condition in H 2 because
it is not involved in the proofs of the results presented below,
but only in their interpretation. Under (47), if for any € > 0,
there exists a stopping time IR., possibly random, such that
E[W(wpg,)] < e, then for any 6 > 0, we have

P(d(wg.,{h =0}) 2 6) <P(W(wg.) = ew(6))
<E[W(wr.)]/ew(d) <e/ew(d).
This upper bound can be set arbitrarily small with a convenient
choice of . We will prove in Section III that under H 1 and H
2, given a total number of iterations 7', there exists a stopping
rule strategy Rp such that E[W(wg, )] goes to zero when

T — oo. To understand why, we analyze the deterministic
sequence W1 = Wy, + Yi+1h(wy). Note that, by H 2-b),

V(wii1) < V(wg) +ve41(VV(wy) | h(wg))
+ (Lv/2)7% R (Wi [

Using that (VV(w) | h(w)) < —pW(w) and assuming for
simplicity ||h(wk41)||? < ch,0, we immediately get that

oV 1W(Wi) < V(wg) = V(Wii1) + (Lv/2)7i ¢ -
For any T" > 0, setting v, = ﬁ for k€ {1,...,T}, we get

T-1
1 2{V(wg) — V.} + Lvcno
— W(wg) < =
T kz:;) (wg) < 2oV

If Ry is a uniform random variable on {1,...,7}, then
- 2{V(wq) — V. } + Lvychn,o
- 20T '

The RHS goes to zero if " — oco. This discussion is essentially
an anticipation of the results to be obtained in Section III,
which introduce the bias and variance of the random oracle.

E[W(WRT)]

C. Verifying Assumptions for the Examples

1) Stochastic Gradient Descent: We recall from Sec-
tion II-Al the stochastic gradient algorithm (8). Here, the
mean field h(w) = —VF(w) is the negated gradient of the
objective function. For simplicity, we consider the algorithm
for the batch case (5), but results and assumption could easily
be extended to include the streaming data framework (4). We
concentrate on the case where the sampling of the index X
in (5) is uniform over {1,...,n}. The oracle H (w, X) of
the mean field h(w) is then unbiased, satisfying H 1-¢) with
To,k = 71,k = 0. Next, we describe conditions under which H
1, 2 are valid and derive the required constants.

Smooth (possibly non-convex) objective functions. We in-
stantiate the assumptions by setting the Lyapunov function as
V(w) := F(w) and choosing W(w) := ||VF(w)|?. With
these choices, H 1-b) is satisfied with (cn,0,ch,1) = (0,1),
H 2-¢) is satisfied with o := 1 since (VV(w)|h(w)) =
—||VF(w)||%. Finally, we have cy := 1 in (43). To establish
the other conditions, namely H 1-d) and H 2-a), b), we add
the following assumption.

SG1. a) Foranyi € {1,...,n}, the function f; is differ-
entiable and its gradient is Lvy,-Lipschitz, i.e., for all
w,w' €RY, |V fi(w) — Vfi(w')|| < Loy, |w —w'||.

b) For any i € {1,...,n}, M =
Max;e(1,...,n} SUPyera ||V fi(w) — VF(w)| < oo.

Thus H 1-d) holds with 02 := M?/n and o7 := 0. Under

the above condition, H 2-a) holds with V, := inf ,cga F(w).
H 2-b) holds with Ly :=n"1 2", Lyy..

Smooth convex objective functions. When F' is convex, we
can choose other functions V, W and obtain different constants
in H 1-2. We consider

CVX 1. The function F' is convex with an optimal solution
ie., Argmin,cg.F(w) # 0.

Note that a differentiable function is convex on R? if and
only if for all w,w’ € R% x R,

F(w') = F(w) + (VF(w) |w' - w) , (48)
and equivalently, its gradient is monotone
(VF(w) — VF(w')|w—w') >0; (49)



Algorithm V(w) W (w) Vi  (¢h,0:Ch,1) (t0,71) (02,0%) Ly 4 cv
SG-SG1 F(w) IV F(w)|? F, (0,1) (0,0) (M2 /n,0) Lyr 1 1
SG-SGI-CVXI  Lw—w,|? (VF(w)|lw—w,) 0 (0, Ly r) (0,0) (M?2/n,0) 1 1 o
SG-SGI-CVX2  L|w—w,|? (VF(w)|w—w.) 0 (0, Ly r) (0,0) (M2 /n,0) 1 1 1/\/E
SG-SGI-CVX2  Llw—w,|? Ljw—w,.|? 0 (0,2L% ) (0,0) (M2 /n,0) 1 2 V2
Mini-batch EM  F o T(w) (|7 (w)]|? F.  (0,1) (0,0) (33 /nm, 57 /nm) Ly Vmin  Umax
SAEM (i.i.d.) FoT(w) A (w)]|? F. (0,1) (0,0) (35 /bgat, Fi/benm) Ly Vmin  Umax
SAEM (IS) FoT(w) [|h(w)]|? F. (0,1 (63) (64) Ly Vmin  Umax
TD(0) Hw-—w? [®w- Dw.f_ 0 (0,(1+X)2)  (0,0) (67) 1 1-—X  1/\/Ummn

TABLE I: Required constants for H 1 and H 2, for each example detailed in Section II-C.

see e.g., Proposition 17.45 and Proposition 17.7 in [136].
Second, under SG 1 and CVX 1, the mapping VF is co-
coercive i.e., for all w, w’ € R?,

(VF(w) = VF(w') |w — w')
> (1/Lyrp)|IVF(w) = VF(w')[* 5 (50)
see e.g., Proposition 17.45 and Corollary 18.14 in [136].

When F' is strictly convex, then the inequalities in (49) and
(50) are strict (see e.g., Proposition 17.10. in [136]).

Let w, € R? be a root of VF: VF(w,) = 0. We get
from (50) that ||VF(w)||? < Lyr(VF(w)|w — w,) for all
w € R?. This naturally suggests the definitions

V(w) = (1/2)[w —w, ]2, Ww) = (VF(w) |w - w.).

This yields
Ih(w)|[* = [VF(w)||* < LyrW(w) ,

so that H 1-)) is satisfied with (cp 0, chn,1) =
trivially holds with Ly := 1 and from

(VV(w)[h(w)) =

H 2-¢) is satisfied with o = 1. Moreover, we note that the
condition (43) reads ||w — w,| < cv/(VF(w)|w — w,);
then ¢y = oo when F' is convex but ¢y is finite when F' is
strongly convex (see below).

(0, Lyr). H2-D)

—(w —w, [ VF(w)) = -W(w),

Smooth strongly convex objective functions. We now
strengthen the condition on F' to strongly convex functions.

CVX2. The function F' is strongly convex with modulus p > 0.
In other words, there exists 4 > 0 such that for any w, w’ €

R? and X € (0, 1), it holds

AF(w) + (1 = M F(w') > FOw + (1 — \Mw')

+ AL = N)(/2)]|w —w'|%.

Note that a strongly convex function possesses an unique
minimizer (see e.g., Corollary 11.17 in [136]), here denoted

by w,. Under SG1, CVX2 is equivalent to VF' is u-strongly
monotone i.e., for all w,w’ € RY,

(VF(w') = VF(w) |w' —w) > pllw’ —wl|*, (1)

(see e.g., Definition 2.23 and Exercise 17.5 in [136]), which
is stronger that (49). As in the convex case above, we may
again instantiate the assumptions with

V(w) = (1/2)|w —w.? W(w) = (VF(w)|w - w.),

Since CVX2 implies CVX 1, (50) holds and (cp0,cp 1) =
(0, Lyr). Under SG1, (03,0%) := (M?/n,0). We also have
Ly :=1 and g := 1. Finally, ¢y := /2/u in (43).

Moreover, an alternative choice for W is possible, i.e.,

W(w) = V(w) = (1/2)]|w — w.|.
Observe that, from (51),
(VV(w) [ h(w)) = —(w — w, | VF(w)) < =2uW(w) .

From SG 1-a) we get |[VF(w)||? < 2L% W (w). It yields
that H 1-b) is satisfied with (ch0,cn1) = (0,2L%;). In
addition, under SG 1, (02,0%) := (Mz/n 0). We also have
Lv =1 and from (51), H 2-¢) is satisfied with ¢ := 2pu.
Finally, cy := v/2 in (43).

2) Compressed SA: We show that the assumptions are valid
for the methods introduced in Section II-A2. Proofs for this
section can be found in Appendix B. We first focus on the
compressed SA in (13). Consider the following assumption
about the compressor C:

CSA 1. There exists 6¢c € [0,1] such that the compression
operator C satisfies for any x € R%:

E[[C(x,U) = x|*] < (1 - dc)llx||*.

The Gauss-Southwell estimator (see (9)), obtained by using
the projection operator Top,, satisfies CSA 1 with ¢ := 1/a:
note indeed that Z a2 < d(maxZ ?) which implies that
IC(x, U) — x| = x| — max;a? < (1 - 1/d)[}x|%. The
projection operator Top,, satisfies CSA | with (1 =14d¢) =
1 — 1/4. Other compression operators satisfy this assumption
for various constants dc, see e.g., [62], [137], [138, Table 1].

(52)



We now discuss H 1 for the compressed oracles. Since
compression can be a random operator, we need to adjust
the definition of the filtration {Fj, k& € N} as follows:
Fo :=o(wp) and for all k >0

Fry1 =0 (wo, X1, U1, ..., Xit1, Upq1);

Uyj.41 denotes the random variable U sampled at iteration k +
1 when the compression operator C is applied. With these
definitions, wy € Fy for all kK > 0. We assume that the oracle
H satisfies H 1. We show that the oracle C(H (w, X), U)
also satisfies H 1 with different constants.

Lemma 1. Assume that H satisfies H 1, with constants
(ch.osch1), (Tok,Tik) and (03,0%) and that supy(tox +
T1k) < oo. If C satisfies CSA I, then, the compressed SG
in (13) satisfies H 1 with constants in H1 c) and H 1 d) given
for £ € {0,1} and k > 0, by

Terse = (14 G) + 1+ ) A+ G (A = de))mer

+(A+GHA+GHA = de)ene

+(1+¢ (= be)a; (53)
ope = (1- 5c)((1 +¢2) Sl}lp e+ (1+ Gl)ch,e)

+ (1 —d¢)op. (54)

for any (1,(2 € R+. cn,0 and cp1 are unchanged.
An application of Lemma 1 is the Gauss-Southwell update.

Corollary 1. Consider the Gauss-Southwell update (10), with
the corresponding gradient field H (w,~) = Top; (VF(w))
satisfies H 1 with (cn0.¢,cni;e) = (0,1), (Toke, Time) =
(0.1 —1/a) and (o ¢.0%.c) = (0,0), for W = ||[VE()[|?).

Indeed, the Top; compressor satisfies CSA 1 with
(1-46¢) = (1 —1/d) and the deterministic field h(w) =
VF(w) satisfies H 1, for W = ||V F(-)||?, with (cp,0,ch,1) =
0,1), (rok,71.k) = (0,0) and (03,0%?) = (0,0). Using
Lemma 1, with ((1,{2) = (00, 00), gives the result.

We note that the compressed random field can be biased
even if the original H is not biased: 7, = 0 does not imply
Tr,k;c = 0 if there is compression (i.e., (1 —d¢) # 0). As a
workaround, a stronger assumption is unbiased compression.

CSA 2. There exists we > 0 such that the compression
operator C satisfies for any x € R%:

EC(x,U)] =x, E[|C(x,U)—x|*] <wc|x[* (55

Note that among the operators satisfying this assumption,
(scaled) Rand), with 1 + we = 4/n, (scaled) p-sparsification
with 1 4+we = 1/p, stochastic rounding quantization (12) with
we as a function of A [56], [139].

Lemma 2. Assume that H satisfies H 1, with constants
(ch.osch1), (Tok,Tik) and (03,0%) and that supy(tox +
Ti,x) < 0o. If C satisfies CSA 2, then, the compressed SA
in (13) satisfies H 1 with constants in H 1 c) and H I d) given
for £ €{0,1} and k > 0, by Ty j.c := To,k, Coksc 2= Cok, and

UZC = (14 we)o? + 2we(ch,e + sgp Tok)- (56)
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Without compression (we = 0), the constants remain
unchanged; using compression introduces additional variance.
Next, we consider the following result for the compressed SA
with perturbed iterate (14). We introduce a third assumption
about compression operators that covers the case of a uni-
formly bounded quantization error in space.

CSA 3. There exists ke > 0 such that the compression
operator C satisfies for any x € R%:

E[[Cc(x,U) - x|I*] < re. (57)

Such an assumption is satisfied for operators satisfying
CSA1 or CSA2 on a bounded domain X C R?, or by using an
adaptive number of bits to compress the signal, depending on
its scale. This assumption was used, for example, in [140],
[141]. For deterministic rounding, as defined in (11), with
a quantization step A, it holds with k¢ = dAZ. Such an
assumption can be adapted to handle asynchrony, for a.s.
bounded fields and bounded delays (the compression scheme
can be defined only on the points to which it is applied, and
depends on the previous sequence of iterates) [73].

Lemma 3. Assume that H satisfies H 1 with constants
(ch.0scnn), (Tok, k) and (03,0%) such that supy(Tox) <
oo, for any k > 0, 11, = 0, 0% = 0. Assume that C satis-
fies CSA3, that h is Ly, Lipschitz, and that E7* [H (-, Xj11) |
is Lggr-Lipschitz. Then the compressed SA in (14) satisfies H
I-c) and H1-d), for all k > 0, for any ( € R, with Tike =0,

oic =0, and

1
Tokc = (1+ror + (1 4+ Z)Linc, US;C = 0p + Ligkc.
In other words, the SA scheme with perturbed iterates
results in an additional bias and variance term. We get the
following corollary for compressed SG algorithm STE.

Corollary 2. Let H be the oracle given by (7) and consider
the STE compression SG algorithm (14). Assume SG1-a) and
C satisfies CSA3. Then the resulting field satisfies H 1-c) and
H 1-d), for all k > 0, with 11 , ¢ := 0, aic =0, and

72 2 . 2 2
Tokc ‘= Lyrke, 00.c =05 + Lypke.

Indeed, we have h = V F' and an unbiased stochastic oracle,
thus E7* [H(-,X;ﬂﬂ)} = VF.

Lastly, we study the low-precision SA introduced in (15)
where we work with the compressor satisfying:

CSA 4. There exists A¢ > 0 such that for any x € RY,
the compression operator C satisfies: (i) E[C(x,U)] = x, (ii)
denote Bg as the image of C(-) and it holds for any x € Bg,
C(x,U) = x almost surely, and for any v € R%, x € RY,

E (¢ +v,U) —x[3] < [x+v —x[3 + Ac|v]:. (58)

The above assumption is valid for the stochastic rounding
quantizer in (12) with A¢ = A, as shown in [140, Lemma 3]
with 6 = A¢,b = oo therein. Notice that it is also known as
a linear quantizer in [140].

Lemma 4. Assume H satisfies H 1, with constants (ch,0, Ch,1),
(0.6, T1k) and (03,0%) and that supy(Tox + T1k) < 0.



Consider (15), (16) with constant stepsize ~y, = 7 for all k.
Assume that C satisfies CSA4. Then, the random field in (16)
satisfies H 1 with constants in H I c) and H 1 d) given for
¢e€{0,1} and k > 0, by T k.c := T, and

2 ._ 2, AcVd 2

Op.c =03 + ;,Y (3 + SUPk>0 70,k + Ch,0 T UO) , (59)
2 ._ 2, AcVd 2

Ol.c =01+ ‘;'ﬁf (SupPgso 71k + Ch1 + 1),

while cp o and cp,1 are unchanged.

We note that the random field in (16) inherits the same bias
properties from H, while its variance is increased to O(1 +
A%/a). Note that the variance is now inversely proportional
to the step size. As we show below in Section III-B2, such
a compressed SA Algorithm converges only to an O(A¢+/d)
approximate stationary solution.

3) Stochastic EM algorithms: We use the definitions and
notations introduced in Section II-A3. The Stochastic EM
algorithms solve the root-finding problem for the function

h(w) :=50 T(w) — w; (60)
see (28). Our choice for the Lyapunov function is:
V(w) := F o T(w). (61)

In addition to EM1 and 2, consider the following assumption

EM3. a) There exists F,, > —oo such that F(0) > F, for
any 6 € R,
b) The function V is continuously differentiable on R? and
there exists Ly € Ry such that for any w,w’ € R?,

IVV(w) = VV(w')[| < Lyl[lw —w.

c) For any w € R, there exists a d x d positive definite
matrix B(w) such that VV(w) = —B(w)h(w). In
addition, there exist positive constants Vmin < Umax SUch
that for any w,w’ € R?,

Umin”'wlnz < ||w'||§(w) < UmaXHw/HQ'

Lemma 2 in [25] provides sufficient conditions on the
regularity of the functions ¢, 1, S; and T, implying that

B(w) = (VT(w)) " DozL(w, T(w)) (VT(w)),

where L(w,0) = ¥(0) — (w]|@(0)). Since under EM 2,
T(w) is the unique minimizer of 8 — L(w,@), B(w) is
positive semi-definite. VT (w) is a d x d matrix and positive
definiteness results from conditions on the rank of VT.
Under EM 1 to 3, it is easily checked that for any w €
RE, V(w) > Fy, (VV(w) [ h(w)) < —omillh(w)]?, and
[VV(w)||? < v2,.]|h(w)||?, thus showing that H 2 is
satisfied with V, := F, and
W(w) = [[h(w)]?, (62)

Q0 ‘= Umin, €V ‘= Umax;

and H 1-b) is satisfied with cp 9 := 0 and cp,1 := 1. Let us
now check H 1-¢) and H | -d) for some specific examples of
stochastic field H.

a) Mini-batch EM: We recall from Section II-A3a the
form of mini-batch EM. In this case, it is easily seen (see e.g.
[38, Lemma 7.1.]) that E7* [H(wk,XkH” = h(wy), thus
implying that H 1-c) is satisfied with 79 = 7 3 := 0.

The conditional variance of H (wy, Xg11) is upper
bounded by (see e.g. [38, Lemma 7.1.])

b i [Bi(T(wr)) = & 320 55(T (wg)) |1
If we assume that
EM 4. There exist 62,67 € R, such that for any w € R?

sup
ie{l,....n

Then, by using 32, [lai —n ™" 370, a5 < 357 [lail|*, H
1-d) is satisfied with 02 := 77 /by

b) SAEM: First, consider the case when conditionally to
the past, the random variables {Zij)kﬂ,l <j<m1<i <
n} are independent, and for all ¢ € {1,...,n} and j, the

distribution of Z, . | is 7;(z;; T(wy)). Then

I3: (T (w))|* < 65 + a7 W (w)

B (5] (104) $:(Z] 1) ] = —5i(amn)

and the SAEM algorithm is an unbiased SA, i.e., H 1-¢) is
satisfied with 795 = 71,1 := 0. The conditional variance of
H (wy, Xj11) is equal to

1 — 1 e~_
i ;]Efk [1Si(Z} 1) — Ej:zlsj(wk)ﬂﬂ-

Following the same lines as in the discussions about the
Mini-batch EM, we obtain that H 1-d) is satisfied with
0? := 57 /(nm) provided that

3

EM 5. There exist constants 65,55 € Ry such that for any
k € N, almost-surely,

sup B [[ISi(Z] 1)1 ] < 5 + 7 W(ws).
ie{l,...,n}

Let us now consider the self-normalized Importance Sam-
pling case; conditionally to the past, the random variables
{Zi?,k+171 < 7 < m,1 <4 < n} are independent, and
for all ¢ € {1,...,n} and j, the distribution of Zij)kJrl is
7i(2;; T(wy)). In that case, SA is not unbiased due to the use
of the self-normalized importance weights

E]:k [H(wk, XkJrl):I 75 h(wk)

The expression of the bias and variance is complicated for
general functions S; and for simplicity, we assume here that
the functions S; are bounded (see [124, Theorem 2.3] for
an in depth study of self-normalized importance sampling).
Define the second moment of the likelihood ratio of the
target 7;(-; T(w)) - see (21) - with respect to the proposal
i+ T(w))

xi(w) 12/2 (%)2@(%;“1@)#@%)-

Consider the following assumptions



EM 6. s, = maxi<;<nSup,cz ||Si(2)| is finite and there
exist constants cyo,cy,1 € Ry such that for any w € R?

(2500 xi(w))? < 0 + ey W(w),
From [124, Theorem 2.1], it holds
B [ (wp, Xns1)] — Bl < 5023 3 i),
mn im1
E7* (|| H (wy, Xp11) — E7* [H (wi, Xg11) ][|?]
< snm L)

from which we deduce H 1-¢) and H 1-d) are satisfied with

144

Tok = SEFCXI’ ! = O, 1 (63)
4 4

0'8 = SE%N/CX-,O_FCXJ? U% = Si% Cyx,1- (64)

Finally, the case when the samples {Zf pa 155 < m} are
the path of an ergodic Markov chain with invariant distribution
i (2i; W), is more complex. We have again

E"* [H (wy,, Xi11) ]| # h(wy,).

An expression of the bias and of the conditional variance of H
can be found in [142, Proposition 5] (see also [98, Section 6])
in terms of the iterates of the Markov kernels of the Markov
Chain Monte Carlo samplers; these controls rely on Markov
Chain theory results (see e.g. [143]) whose exposition is out
of the scope of this paper.

4) TD Learning: We use the definitions and notations of
Section II-A4. We follow [125] to set up the following assump-
tions and the missing proofs are relegated to Appendix C.

The following lemma, from [129, Lemma 4], shows that the
projected Bellman operator Prj_ B is a contraction. Note that
under TD 1, D, is positive-definite.

Lemma 5 ( [129]). Assume TD ] and 3. Then, Prj_B is a
contraction with respect to || - |p. with modulus X\ € (0,1),
ie., for all w,w' € R? we get

IPri, B Vi — Pri, BV lp_ < A Ve = Vel - (65)

Therefore, under TD 1 and 3, there exists an unique value
function V, in span(®) which solves the fixed point of the
projected Bellman equation (40): the TD(0) algorithm can be
interpreted as a simple SA scheme for solving the projected
Bellman fixed point equation. We set

W(w) = [Vw — Vellp_ - (66)

It is easily checked that, under TD3, H 1-c¢) is satisfied with
To,k = Ti,k ‘= 0. The function W measures the difference
between the approximate value function with parameter w and
the function V,. Under the assumptions TD1 and 3, it is pos-
sible to establish H 1. It has been checked (see Section I1-A4)
that under TD 3, E7* [H (wy,, Xj+1) | = h(wy); hence, H
I-c) is satisfied with 79 = 711 := 0. The other conditions
require some technical work, which is summarized below:
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Lemma 6. Assume TD 1 to 3. Then, for all w € R% we get
|h(w)]|? < (1 4+ N)?W(w) and for any k > 0, it holds

almost-surely,

E7* (| H (w, Xp41) — h(wg)||* ] < 0§ + o7 W(wy),

o5 =6 (L+{N+1}Vlb.), of =21+ (67)

We now check H 2. Let w, € R? be such that V, = ®w,;
such a point exists since V, € span(®). Define

V(w) := (1/2)lw — w,|*. (68)

Then H 2-a), b) are verified with V, := 0 and Ly := 1. The
following Lemma, borrowed from [125, Lemma 3], shows that
H 2-¢) is satisfied with W given by (66) and p:=1 — A.

Lemma 7. Assume TD1 and 3. For any w € R?,
(VV(w) | h(w)) < —(1 - N)W(w),
where h and V are defined in (37) and (68) respectively.

Finally, let us check (43). Since W(w) = (w —
w,) ® "D ®(w—w,), we get (see Appendix C for a proof)

Lemma 8. Assume TD1. Then the minimal eigenvalue vy of
' 'D_® is non-negative and for all w € R?, /v ||lw|| <
[w]s., < [|w].

Hence we set ¢y 1= 1/,/Umin in (43) which can be +oo.

Let us revisit this discussion under stronger conditions on
the feature matrix ®. We assume in the sequel that the number
of parameters d needed to approximate the value function
Vo := Pw, is smaller than or equal to the number of states n
and that any redundant or irrelevant feature has been removed
from the feature matrix ® defined in (34). Additionally, we
assume that the features are normalized. This is formalized in
the following assumption:

TD 4. The feature matrix is full rank with tk(®) = d. In
addition, for all s € S, ||¢(s)|| < 1.

Under TDI, 3 and 4, there exists an unique vector w, € R4
such that V, = ®w,, and w, is the unique root to the mean
field h. Under TD4, the feature covariance matrix

Y i =EL[p(S0)p (So)] =@ ' Dy®

(69)
is positive-definite: we also have
2
W(w) = w—w.s_

and ¢y = 1//Umin > 0. Finally, (03, 0%) are given by (67).

III. NON-ASYMPTOTIC CONVERGENCE BOUNDS

As our first attempt on the theoretical analysis for SA,
we overview the non-asymptotic convergence bounds that
estimates some properties of the iterates after running the SA
scheme for a certain number of iterations. Throughout this
section, we focus on the case where the number of iterations
of the algorithm is bounded by 7" < oo, the optimization
horizon. Note that the bounds to be presented are in the form
of expected convergence, where upper bounds on the expected
values of the function W are obtained after 7' iterations.



A. Finite-time bounds and sample complexity of SA

We introduce two simplifying assumptions to streamline our
forthcoming discussions.

NA 1. There exist constants 19,71 € R4 such that for any
keN, Tor =170, T1,k =TI

NA 2. It holds cv(\/T0/2 + \/T1) < 0, where cy is in (43).

Recall that ¢y can be infinite, and in this case, it is necessary
to have 79 = 7, = 0 for verifying NA2. In words, the above
assume that the bias in the oracle H (wy, Xx1) is uniformly
bounded and small w.z.t. the strength of the drift p. Define

bo 1= cvy/T0/2, b1 :=cv(v/T0/2+T1). (70)
For USO (see Definition 1), by = by = 0. Set for ¢ € {0,1}
Ne = 07 + Te + Chye + /Cht (v/T0 + \/T1) (71)
+ V7 (Voo + v/en1)
Ymax = 2{@ — b1 }/(Lvm), (72)
wr :=2{o—b1} —ywLvm . (73)

If 1 = 0, then by convention, Yyax := +00. By construction
and under NA2, if 4 € (0, Vmax), then wy > 0.

The essential argument of our analysis is a Robbins-
Siegmund type inequality [144], which has played an essential
role in the theory of SA since the first works on this subject.
Roughly speaking, we control the (expected) changes of the
Lyapunov function value V(wg4+1) — V(wy) in relation to
W (wy,), the stepsizes, bias, etc.

Lemma 9 (Robbins-Siegmund type inequality). Assume H |
and 2 and NA 1. Then, for any k > 0, we have almost-surely

E7* [V(wi1) ] < V(wg) — (1/2) k10811 W(wy)

+ Vi1 bo Y1 Lvio/2 . (74)
Proof. Let k > 0. By H 2-b), we have
V(wg41) < V(wg) +(VV(wy) | wi1 — wy)
+(Lv/2)|wp1 —wil>. (75)

Define by, := E¥* [H (wy, Xi41) | — h(wy). Computing the
conditional expectation of both sides of (75) yields:

E7* [V(wyt1) ] < V(wy)
+ Y1 (VV(wi) | h(wp)) + Y1 (VV(wk) | bi)
+ i1 (Lv/2) E7 (| H (w, X))
We now show that
[(VV(wp) [ br)| < Do +by W(w),
Note first that, using H 1-¢) and (43), we get

[(VV(wr) [bi)| < ev /W (wi){mo + 1 W (wy )} /2,
< evivmo vV W(ws) + v W(we)}
and (76) follows from y/a < (1/2)(1+ a), a > 0. Lastly,
E7[|| H (wr, Xi41)[1] = [ h(wg) + by |2
+ E7*[|| H (wy, Xyes1) — B [H (wpe, Xpeyn)]|| ]
<no +mW(wy),

(76)

where 19, n; are defined in (71). Combining the results above
and H 2-¢), we get (74). O

In Appendix D, we provide a slightly different version
for Lemma 9 for the particular case of GD. An important
consequence of Lemma 9 is that it allows us to deduce a non-
asymptotic bound on {W(wy,)}{ -, as follows.

Theorem 1. Assume H I, 2 and NAl, 2. Assume in addition
that the step sizes {vx, k € N} are chosen such that
Yk € (0, Ymax)- Then, for any T > 1, we get

T-1

D

k=0 ZZ:_OI Ye+1Wet1
< 2E[V(wo)] — Vi) + Lvmo >0 Vot
- >0 Ver1Wert
2bo Y Wit

S oo Ver1Werl

T W (wy)

(77)

+

\.

Proof. Taking the expectations of both sides of (74) gives

(1/2) k1901 E[W (wi)] < E[V(wi)] — E[V (w4 1)]
+ Yrt1 bo +V241 Ly /2.

We obtain (77) by summing these inequalities from k = 0
to k = 7T — 1 and by using H 2-a); note that under NA 2,
Ymax > 0 and yep1we1 > 0. O

Suppose that by = 0, under an appropriate stepsize policy
(e.g., vk = ”ymax/\/T), it can be shown that the RHS of (77)
goes to zero when T' — oo. As discussed in Section II-B,
for strict Lyapunov functions, W(w) = 0 implies that w is
an equilibrium point to the vector field h(w) = 0. We further
recall that under (47), controlling E [W(wg)] at some random
stopping time leads to a high probability bound for the distance
from wg to {h = 0}.

The following discussions demonstrate how to apply (77)
to obtain performance estimates for the SA scheme.

Random Stopping. We first discuss ways to implement the
LHS in (77). In particular, we note that it can be viewed as the
expected value E[W (wg,.)], where Rr is a random variable
taking values in {0, - - - , T'—1}, independent of {wy, k € N},
and with probability mass function

Ve+1Wk+1
T—1 :
Zg:o Ye+1We+1

We may regard wg, as the output of the SA scheme ter-
minated at the random iteration number Rr. Equivalently,
one can look at such a randomization scheme from a slightly
different perspective. Here, one can also run the SA algorithm
for T' iterations, but randomly choose a point wg, from its
trajectory as the output of the algorithm. Clearly, in the latter
method, the algorithm only needs to be run for the first Ry
iterations. Note, however, that the primary goal of introducing
the random iteration number Rp is to derive complexity
results, not to save computational effort in the last 7' — Rp
iterations of the algorithm.

P(Ry = k) = (78)



Remark 2. When the function W is convex, the LHS of (77)
is lower bounded by E[W ()], where

T-1

wr ::Z

T—1
k=0 Zz:o Ye+1 We+1

In this case, one may adopt the convex combination wr to
achieve the LHS of (77) as an alternative to random stopping.

V41 Wk+1

Constant Stepsize. Let us analyze a special case when a
constant stepsize policy is used, ie., yx+1 = <y for each
k € {0,...,T — 1}. First, if ¥ < Ymax/2, then (77) can be
written more explicitly as follows

T-1
1 27 + LynoT?
~ N EW <B4 T IVII T 79
F 3 EWGne) <B+ VR )
where
B:=2by/(0—b1), ¥V :=E[V(wo)] — V..  (80)

Not surprisingly, the first term, B, in the RHS of (79) which
is related to the bias of the random oracle H, cannot be made
small by any choice of ~.

On the other hand, the second term in the RHS of (79) mixes
the dependence on the initial conditions, the bias and variance
of the stochastic oracle. It can be adjusted according to the
time horizon 7" and the different parameters of the problem
by a suitable choice of . The function v — 2% /v + LynoT~y
is minimized on (0, ymax/2] by setting

vr 1= (27 /(o LvT))? A (Ymax/2)-

Corollary 3. Assume H | and 2 and NA 1 and 2. Then, for
any T > 1, setting Vi1 := v for k € {0,..., T —1} we get

81)

=
i

1 E[W (wy)] < B+ 2v2V oLy 8V |
T= VT{o—b1} YmaxT{0—Db1}

In the unbiased case (B = 0), this yields an O(1/v/T)
convergence rate for SA.

Lower bounds and e-approximate stationarity. In general
non-convex optimization, it is intractable to find a global
minima of functions or even to test if a point is a local
minimum or a high-order saddle point. As a remedy, the
most common approach by far is to consider e-approximate
stationarity. Our goal is to find a point wgr € RY with

EW(wg)] <e, (82)

where the expectation is taken over the randomness in both
the mean-field oracle and the query R. The use of stationarity
as a convergence criterion dates back to the early days of
nonlinear optimization (see [145]). Recent years have seen
rapid development of a body of work that studies non-convex
optimization through the lens of non-asymptotic convergence
rates to e-stationary points [41], [52], [146], [147].

We will discuss how to choose the constant step size v and
the total number of iterations 71" to guarantee e-approximate
stationarity when USO is satisfied. Corollary 3 implies

15

Corollary 4. Assume H I, H 2-NA I, NA2 and USO (i.e.,
70 = 11 = 0). Then, for € > 0, the number of iterations
to guarantee an € approximate stationary point (82) is lower
bounded by

T(e) = 8 noLv 8Y '
Wmaxeg
Proof. This complexity is obtained by choosing the query R
to be uniform over {0,...,7 — 1}, and T such that the upper
bound in Corollary 3 is at most €. Under USO, b; = 0 and this
bound reads E[W(wg)] < 2v2¥m0Lv/(v/To) V 87/ (ymaxTo). It
is easily checked that (83) ensures (82). O

o (83

When T' > T'(¢), the algorithm which returns wg when
R is a uniform random variable on {0,...,T — 1}, satisfies
the e-approximate stationarity condition E [W(wg)] < e. The
upper bound in Corollary 4 shows that there are two regimes
depending on the value of € w.r.t. YmaxNoLv/0 = 210/M1.

a) In the high-precision regime where € € (0, 210 /m],

- 87/LV Mo

T =" 3 (84)
achieved with a constant step size () = 7.27—.
b) In the low-precision regime where € > 270/y,,
4Y'L
T(e) = fv%, (85)

achieved with a constant stepsize v = Ymax/2-

Last iterate or “Random” iterate? The standard analysis
holds only for random stopping, or, when W is convex, for a
convex combination of the iterates. Most practitioners just use
the final iterate of SA instead of randomly selecting a solution
W, from {wy};_. In the case of SG for convex functions
(the mean field is the gradient of a smooth convex function)
and of a stochastic oracle without bias, [148], [149] (see also
[150]) show that with a clever choice of piecewise constant
step, it is possible to obtain for the last iteration the same
decay 1/ VT as for the randomly stopped estimator (or the
averaged one in the case where W is convex, see Remark 2).
Unfortunately, this approach is strongly linked to the use of
a gradient algorithm and does not extend to SA under the
general assumptions we consider.
Another option would be to output a solution wy such that
W(wr) = e, 1VV(wk) . (86)
In the case of SG for smooth functions and unbiased oracles,
the lower bounds reported for example in [151] show that there
is no hope of improving the speed in 1/ VT. Using (86) re-
quires additional computational effort for {W (wy)}1_. Since
in most practical cases W(wy,) cannot be computed exactly,
estimation using Monte Carlo simulations would introduce
approximation errors and raise robustness issues. For SG,
[12, Section 6.1.1.2] describes a two-stages procedure which
runs S times the optimization procedure from the same initial
condition. This procedure provides a comparable theoretical
guarantee, but is rarely used in practice.

Faster Rate. It is possible to improve Theorem 1 if H 1 and 2
hold with W = V; note that, since W > 0 and is null on Av,



this implies V, = 0. We note that this setting applies to the
stochastic gradient algorithms with strongly convex objective
function and a special case of TD(0) learning. Starting from
Lemma 9, taking the expectation of both sides of (74), we get

EW(wr11)] < Apg1 E[W(wp)] + brgr (87)
where
Ak =1 =i(0 = b1) + 7R Ly /2, (88)
bi; == bo +7i Lvno/2 (89)
A straightforward induction shows that for any k¥ € N,
E[W (wp)] < A E[W (wo)] + 38 Ajian by, (90)

where we have set Agjq.; :=1and for 1 < j <k, Ajy =
Hf:j ;. Plugging (89) into (90), we obtain for any k € N,

EW(wit1)] < App1 E[W (wo)]

Lvno Z’H‘l

i21 Vilji1kt +bo ZJ LVt -

Lemma 13 provides sharp estimates of ijl ”YjAj+1:k+1’ for
¢ = 1,2, which leads to the following conclusions.

Theorem 2. Assume H 1, 2 are satisfied with V.= W.
Assume in addition NA 1, 2, and that the stepsize sequence
{1k, k € N} is non-increasing and chosen such that, for
any k €N, v < Ymax/2 and

Vi / Vi1 < 1+ vip1(0 —b1)/4 (C29)
Then, for any k > 0, we get
2L 2b
E[W ()] < Avak E[W (wo)] + =00 + ——p-
(92)

\.

Proof. Under (91) and Yg+1 < Ymax/2, we have A1 <
1 —k41(0 —b1)/2. Using Lemma 13 in the Appendix, with
a:= (p—b1)/2 and b := (9p—by)/4, concludes the proof. [

Condition (91) encompasses constant stepsize policies
which are common in the literature. Diminishing stepsize
sequences are also a popular choice, e.g., the sequence

V41 = :yﬁ/(k + 1+ To)ﬁ for 5 € (O, 1],

satisfies (91) by choosing appropriately v and Ty. The follow-
ing corollary is obtained by setting 5 = 1.

(93)

Corollary 5. Assume H | and 2 are satisfied with V.= W.
Assume in addition NA1 and 2. Let ¥ > 6/(0 — by) and
To > 2% /%max, and suppose that Y41 = 7/(k+ 1+ Tp), for

k€ {0,...,T — 1}. Then with B defined in (80), it holds
E[W(wr)] <
T F(e—by) 97, _
oY
B+ 0 E [W(wo)] + v .
(74z) W+ T ) e — b

(94)

Corollary 5 provides a bound on the last iterate of SA. In
the upper bound, The second term is O(T~¢) for some « > 3,
and the third term is O(T~1). As discussed in [47], [152], for
SG this upper bound is tight up to factors independent of T

B. Examples

1) Stochastic Gradient Method: We apply the results of the
previous sections to the case of SG. As there are many results
in the literature on this subject, e.g., [12], [47]-[49], [153] and
the references therein which offer excellent discussions, the
only interest in the following results is to show that we can
find “state-of-the-art” results by simply choosing V and W.

Proposition 1. Assume SG I, the sequence {vi, k € N*}
satisfies 0 < v, < 2/Lyp. The following holds for SG (8),

1) Forany T € N,

T—1
(2Yk11 — Lvryig)
= BR[|V (wy) ]
=0 2e—o (27e1 — Lyr i)
< E[F(wo)] — Fi + Lyr(M?/n) Zk 0 '7k+1' (95)
o (27641 — Lyrvi)

2) If CVX1 also holds, then for any T € N,

E[|wo — w.||?] + (M?/n) S p 0 424,
Yo (2761 —

(2’Yk+1 LvFVk+177)

where wr = 3, _, ST T (2701 mel)w’“

3) If CVX2 also holds and Yo < /L& p e/ < 1+
(14/4)Vk+1. Then, for any k € N,

LQVF(M2/”) 2
TV!@

E[F(wr)]-F\ <

LVF'YHl)
(96)

Efwe — w.]?] <

k
+ [T (0 = 20 + 2% 97) Elllwo — w, ] . 97)
=1

Notice that item 1 retrieves the conclusions of [12, Theo-
rem 6.1]; item 2 is classical where precise results are given in
[47, Section 2] but these results were known since [154], see
[153], [155]; item 3 has a long history, see [47, Section 2].

2) Compressed SA: We describe convergence results ob-
tained for compressed SA. We focus on the case of a stochastic
gradient field (7), which has been the most studied. The proofs
for this section are given in Appendix E. We first analyze the
Gauss-Southwell update (9), which has been studied [22], and
is also known as the steepest-coordinate descent [156]. Our
results can be naturally extended to the compressed algorithm
GD for any compressor that satisfies CSA1.

Proposition 2. Assume SGI and consider a constant sequence
{vk, k € N*} chosen as vy = 1/8dLvr. The following holds
for the iterates of the Gauss-Southwell algorithm (9).

1= 32d2 Ly (E[F (wo)] — F.)
7 kZ:O]E[HVF(wk)HQ] < - T - :

This result can be compared with [22, Eq. (7)] for Gauss-
Southwell, [157, Theorem 5.3] for GD with relatively bounded
errors, both of which give a result under an additional as-
sumption of strong convexity. A similar result, also given
in [158, Theorem J.3] for an error-compensated version of
the compressed algorithm, shows an increase in rate by a
factor 6, !, Note that our result has a dependence on d? that



is suboptimal. A refined version of Lemma 9 is given in
Appendix D, which allows us to obtain a bound scaling with
d. However, the corresponding Lemma 14 only allows us to
improve convergence for (i) gradient methods (stochastic or
not), (ii) with bias, and (iii) when we choose V = F'. Since
our interest is much more general, we omit the refinements of
this more detailed analysis.

Second, we consider the case of unbiased compression
as in (13) applied to a stochastic gradient descent update.
This case has been extensively studied in the communication-
constrained distributed optimization community, starting with
[56] and with several successors [139]. Combining Lemma 2
and Theorem 1 gives the following result:

Proposition 3. Assume SG [ and consider unbiased-
compressed SG, i.e. Equation (13) with a C satisfying CSA2
and the sequence {~vyi, k € N*} satisfying 0 < ~p <
1/(Lv (2we + 1)). The following holds for any T € N,

-1 T
S B 2 Ivrin)  guopgp o)
=0 Ym0 (2ver1 — Lvrvi, )

< E[F(wo)] — Fy + (Mz/n)va(l +we) Zk 0 7k+1

- Ze -0 (27041 — Lyryi,)

The unbiased compression leads to a multiplicative increase
of the noise level and a reduction of the maximum stepsize
by a factor 1 + 2we; see [139, Theorem 9]. Third, we apply
Theorem 1 to STE using (3) with deterministic rounding (11).

Proposition 4. Assume SG | and consider the STE com-
pression SG algorithm (14). Assume C is Qq in (11) with
a quantization step A < 1/(Lypvd). Assume that the
sequence {vg, k € N*} is constant {vi} = ~v/VT, with
0 < v < 1/Lyr. The following holds for the iterates:

Z [IVF(w)|?] < 2LyrVdA

2(E[V(wo)] — V,.) + (M2 /n+ 3Ly pvVdA)y?

VTv/2

This rate can be compared to [79, Theorem 3] for
BinaryConnect, although we do not assume a bounded
domain: we have a convergence rate of 1/ VT up to a fixed
threshold proportional to v/dA. Finally, we consider the case
of low precision SG in terms of (15). Combining Lemma 4
with (79) (which holds under conditions of Theorem 1) gives:

+

Proposition 5. Assume SG 1 and consider compressed SG
(15) with constant stepsize v, = 7. If C satisfies CSA4 and

3+ AeVd < 2/Lyp. (99)
Then the following holds for any T' € N,
T—1
1 2(E[F(w0)] — F*) _ M2LVF
Tkz::OEHVka 1] < T +7—
+VdAcLyr (34 M?/n). (100)

Eq. (99) holds provided that Ae < 2/LVF\/E. In the
case of random quantization, this constraints the resolution

17

of quantizer. Moreover, inserting 7 = O(1/v/T) shows that
the first two terms in (100) are O(1/v/T), while the last term
does not vanish with T". This shows that the compressed SG
Algorithm converges to a O(Ac¢ \/E) approximate stationary
solution, i.e., similar to [140, Theorem 2].

3) Stochastic EM algorithms: The stochastic EM algo-
rithms are used to find a root of the mean-field h defined
in (60). We specialize our results to the mini-batch EM
introduced in Section II-C3a and to the SAEM algorithm,
under the assumptions EM1 to 3.

a) Mini-batch EM: This case is an example of USO (see
Definition 1) where 79 = 7 = 0. Using Section II-C3, it is
easily checked that 19 = 9/bpn, 71 = 1 + 7% /beat, Ymax =
20min/(Lym), and wi = 20min—7kLv. Let T > 0 be the total
number of iterations. Assume that, for all k € {0,..., T —1},
Vi1 < 2vmin/(Lym). If the Mini-batch EM is stopped at a
random iteration index R whose distribution is given in (78),
then E[||h(wg,)|?] is upper bounded by Theorem 1 as:

Proposition 6. Assume EM 1 to 4. Let {wy, k € N} be the

SA sequence with random oracle (29). Then for any T € N,
2V + Lyo?d Zle V2 /bEM

3 ket W (20min — WLy (1 + 3 /bear))’

where Rr is the uniform random variable on {0,...,T — 1}
and V', L, Umin and 6? are defined by (80), EM3 and EMA4.

E [|h(ws,)[I?] <

Assume constant stepsize on {0,...,7 — 1}:
{2V bem 1z Vmin
Vel == 5'(2)LV T LV(1+5%/bEM)7

and that Ry is the uniform random variable on {0, ..., T—1}.
Then, using Corollary 3, we get the following upper bound

22762y 8V Ly(l+a} /bEM)
E A 2] < 0 1
o ) < T, Y omg,,

(101)
Let € € (0,253/5%). We discuss how to select the number
of iterations T, stepsize v and size of the mini-batch bgys so

that E [||h(wg,)||?] < e. Assume first that
0<e<25:/(brm +57) . (102)

In this case (see (84)), the number of iterations needed to
guarantee an e-approximate stationary point is

8V Ly o]
T(e,bn) = —5— b (103)

which grows as €2 as e | 0. The bound in (103) is achieved
by taking a constant step size y(e, bgpy) 1= vminbEme/(252Ly).
We observe that T'(e,bgn) is inversely proportional to the
mini-batch size bgy;, while the step size is proportional to
bgum. Increasing bgy allows more aggressive step sizes to be
used and the number of iterations to be reduced accordingly.

It is interesting to study the impact of the choice of bgy
on the computational complexity. Note that the computational
cost of mini-batch EM depends on two factors: the evaluation
of the functions §; for the current mini-batch X1, and



the cost of updating the parameter by calling the optimiza-
tion map T. The cost of evaluating the stochastic oracle is
brm costs + costr, and after T'(e, bgy) iterations, this cost is

8Y L G2 costt 1
t(e, b = ——— costs | 1 [
cost (e, bem) 2 2 costs ( + costs brwm

(104)
If costt is negligible w.r.t. costs, there is no clear incentive
to take a mini-batch larger than 1 (to see the interest in using
a larger mini-batch, we would have to go much further in
evaluating computational cost by considering the possibility
of parallelization or multithreading, etc.). However, if costt
is taken into account - which is often the case, since the
evaluation of T requires solving an optimization program -
then it becomes interesting to increase the size of the mini-
batch. Since this discussion assumes that (102) holds, the
maximum batch size is (up to appropriate roundings):

bEM(E) = 25’3/6— 5’% .

This “optimal” mini-batch size is inversely proportional to
the accuracy e, consistent with the fact that using aggressive
strategies to reduce the number of iterations is a win. It is
interesting to note that the step size (e, bpnm(€)) is equal to
Vmin(1 — €63/(262))/Lv > vmin/(2Lv).

Assume now that bgy is such that € > 263 /(bpy + 57).
Using (85), the total number of iterations needed to guarantee
an e-approximate stationary point is

4V Ly 1+ 62/b
T(e, bpat) i= s v1+3a7/ EM7

Uhin €

(105)

which grows as e ! as € | 0F. The bound in (105) is achieved
by taking a constant step size Y(€,brpM) = Ymax/2 =
VminbeM/(Lv(beMm + 67)). After T(e, bgy) iterations, the
total cost of evaluating the stochastic oracles is

47V L costt 1
cost(e, bpm) = — ) Y (bem + 67) costs (1 * costT @) .

This quantity is minimized by bgwm(€) := (262 /€ —77) Vb,

M = 1/ 07 costt / costs.

When € < 253/(bhy + 77), then brnm(e) = 263/¢ — 75
and cost (e, bpn(€)) is equal to the previous case (see (104));
otherwise, the cost cost(e, bf,,) is lower. See the summary of
the cost for minibatch EM in Table II.

b) SAEM with exact sampling (SAEM-ES): Consider the
case when conditionally to the past, the random variables
{Z] 41,1 < j < m} are sampled from the distribution
mi(zi; T(wy)) for all ¢ € {1,...,n}; and {Zij)kﬂ,l <j<
m,i € {1,...,n}} are independent. Assume EMS5.

We have (see Section I1-C3b) 19 = 5/(am), m1 = 1 +
5%/(nm), bg = by =0, Ymax = 2Umin/(Lvn1) and wr = 2Umin —
Y, Lvni. From Theorem 1, we obtain the following result.

Proposition 7. Assume EM1 to 3. Let {wy, k € N} be the
SA sequence with random oracle (30). Assume in addition
EMS5. Then for any T € N,

, 2 + Lvod Y5y 2/ (nm)
E |||h(wg, <
e ) < S i~ (1 + (o)

3

where Rr is the uniform random variable on {0,...,T — 1}
and V', Ly, Umin and 6? are defined by (80), EM3 and EM5.

We discuss the case of constant stepsize v, =
Corollary 3, we choose

7. By

(2 mm N v
TE\FRIv T Iv(1L + &2/ (nm))’

and obtain the upper bound

2¢/2V 5Ly 8V Ly(1+07/(nm
E[Hh(wRT)HQ} < oV V V( 21/( ))7
vnm Tvmin 2TUmin
where Ry is the uniform random variable on {0,...,7 — 1}.

Let € € (0,253/5%). We discuss how to select the number
of iterations 7', stepsize v and number m of Monte Carlo

samples so that E [[|h(wr,.)||?] < e. Assume that m satisfies
0 <e<252/(nm+52) . (106)

In this case (see (84)), the total number of iterations needed
to guarantee an e-approximate stationary point is

8Y Ly G2
T(E, m) = Uz— WOEQ 5 (107)

which grows as €2 as € | 0*. The bound in (107) is achieved
by taking a constant step size (e, m) := vminnme/(252 1y). The
minimal number of iterations T'(e, m) is inversely proportional
to the Monte Carlo sample size m, while the step size is
proportional to m. Increasing m allows more aggressive step
sizes to be used and the number of iterations to be reduced
accordingly. As in the Mini-batch EM, let us evaluate the
computational cost to understand the impact of this choice on
the computational complexity. The computational cost depends
on the number of calls to the optimization map T (with
cost costt) and the cost of approximating each of the n
expectations 5; by a Monte Carlo sum with m terms (each
term has a cost costmc). The cost of evaluating one oracle is
costt +nm costmc, and after T'(e, m) iterations, this cost is

8Y Lvag 1 t
cost(e, m) 1= 27\”;0 costr <— o8 :’IC> . (108)
Vi nm  costr

Increasing the number m of Monte Carlo samples reduces the
cost due to the optimization step T but will have no impact on
the Monte Carlo cost. Since this discussion assumes (106), the
maximal Monte Carlo sample size is given (up to appropriate
roundings) by m(e) := n~1(2562/e—a?): the “optimal” sample
size is inversely proportional to the accuracy e. It is interesting
to note that the stepsize (e, m(€)) associated with this choice
of sample size is Vmin(1 — €5%/(263))/Ly > Umin/(2Lv).
Assume now that m is such that € > 263 /(nm+5?). Using
(85), the total number of iterations needed to achieve an e-
approximate stationary point is lower bounded by

_ 4YLy 1+ 067 /nm
=— ,

v

T(e,m): (109)

min €

which grows as ¢! as ¢ | 0. The bound in (109) is
achieved by taking a constant step size y(€,m) := Yiax/2 =



Vminnm/(Lyv(nm + 6%)). After T(e, m) iterations, the total
cost of evaluating the stochastic oracles is

4V’ L 1 t
5 V(nm + 67) costt (— i MC) .

cost(e, m) := om T costr

Uhin€
This quantity is minimal with m(e) := {n=1(263 /e — 53)} v
m* where

* e —1 =2
m*:=n \/01 costT / costmc.

When € < 253 /(nm* + %), then m(e) = n=1(262 /e — 53)
and cost(e,m(e)) is equal to the previous case (see (108));
otherwise, the cost cost(e, m*) is lower. See the summary of
the cost for SAEM-ES in Table II.

c) SAEM with self-normalized Importance Sampling
SAEM-IS): Consider the case of SAEM-IS: conditionally to
the past, the random variables {Zf)kﬂ, 1<7<ml1<e <
n} are independent, and for all i € {1,...,n} and j, the
distribution of Z, ,, is 7;(zi; T(wy)). Assume EM6. From
Section II-C3b, we have for any Monte Carlo batch size m
large enough: 79 = /m, 71 = 1 + i/m, by = e/m and
b; small enough so that vy, — by > Umin/2. The exact
expressions of 19,71, bg and by in terms of sy, ¢y,¢, 7, m and
Umax are given in Appendix F. From Theorem 1, we obtain:

Proposition 8. Assume EM | to 3. Let {wy, k € N}
be the SA sequence with random oracle (30). Assume in
addition that for all i € {1,...,n} and k > 0, the random

variables {ZZJ k+1>J = 1} are sampled from the distribution
7 (zi; T(wy)) and EM6 holds. Then for any T € N,

< 2cp Zgzl Vk/m
- 23;1 Ye (20min — YveLv (1 + 5% /(nm)))
2 + Lvod Yy 2/ (nm)
S het Ve (2Vmin — WLy (1 + 53/ (nm)))’

where Ry is the uniform random variable on {0,..., T — 1}
and V', Ly and vy, are defined by (80) and EM3 respectively.

E [||h(wr,)]?]

Let us discuss how to choose a constant step size 7,
total number of iterations 7', and Monte Carlo batch size
m to satisfy the e-approximate stationarity condition. SAEM-
IS is not a USO algorithm: the stochastic oracles are biased
approximations of the mean field. Consequently, B # 0 in
Corollary 3 as this term does not depend on the step size ~y
nor on the number of iterations 7'. Nevertheless, m goes to
infinity, we have bg — 0, by — 0, which implies that B — 0.
As such, B can be made small by a convenient choice of m.

From Corollary 3, we have

4ey, 44/ 2’7/5'2LV 16"//L\/’I7
E [|h(wr,)|?] < + v -

" UminM \/m\/T'Umin Tvrznin 7
(110)
where Rr is the uniform random variable on {0,--- , 7 —1}.
Such an upper bound is obtained with a constant step size
o 27 m 1z A Umin — bl
T\ R IvT v+ m)
Choose « € (0, 1) such that for any € € (O, 25'3/5%},
4ey _o 25'(2)
_ < —. 111
(1 — K)Umin teor s K (111
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Let € € (0,273/57]. First, we choose m such that B =
4ep /(Uminm) < (1 — k)e. This yields

m > 4ep /(1 — K)Vmin€). (112)
Now we choose 1" and m to make the second term in (110)
smaller than xe. As in the comments following Corollary 3,

we distinguish two regimes: the second term in (110) is lower
than ke if the number of iterations 7" is larger than

167 Ly (1 + 77/m) y 32752 Ly

2 2 2,27
Vihin € MU in k7€

and this bound, seen as a function of ¢, defines two regimes
depending on the value of € w.rt. 253/(k(m + &7)).

In the high-precision regime where € € (0,200/x(m+353)],
the number of iterations 7" is lower bounded by

. 32 Lvly/&g

2 2.2°
ViinMK=€

T(e,m):

The step size is v(e, m) := kevminm/(4Lv53). Increasing the
number of Monte Carlo points allows more aggressive step
sizes and decreases the number of iterations. Nevertheless, it
has an impact on the computational cost of the algorithm. The
cost, per iteration, is the sum of the optimization cost when
computing T (it is denoted by costt) and the Monte Carlo cost
nm costpmc when approximating each of the n expectations §;
with m draws (costyc denotes the cost of one Monte Carlo
draw). After T'(e, m) iterations, it is equal to

costmc

32Ly 758 1
2 ze oSt
Viink € m costr

cost(e,m) =

n) . (113)

There is a gain in increasing m; nevertheless, in this high-
precision regime, m is upper bounded by 252/ (ke) — 5%, and
it also satisfies (112): the definition of « (see (111)) allows
the choice m(e) = 253 /(ke) — &3.

In the low-precision regime, which corresponds to ¢ >
263 /1s(m+52), the number of iterations is lower bounded by

T(E, m) . 167/L\/2(1 + c'1/m)

Umin

K€

and the step size v(e, m) is larger than vy, /(2Lv (1475 /m)).
The computational cost is

167 Ly (1 + 71/m t
cost(e, m) := \;( + %/m) costr <1 i :’lcnm> .
V2 KE costT

It is minimized with m(e) = m* Vv (262 /(ke) — 67) where

m* = \/6% costt /(n costmc).

When ke < 263/(m* + %), then m(e) = 253/ (ke) — 63 and
the cost cost(e, m(e)) is equal to the previous case (see (113));
otherwise, the cost cost(e, m*) is lower. See the summary of
the cost for SAEM-IS in Table II.
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Stochastic EM Algorithms ‘ Computational Cost

. - .
5 High preuslo;&;eg,lme 1Y% ch’f{‘; costs (1 . costr 1
< ec |0, beMiéf] 2 € €  costs 263 — €0
]
k=
g _o _
= Low pre;lslon re2g1me 8'7/Lvoé biy + 52 costs 14 costt 1
Un UO —2 o *
€€ |opytol 53 > min 205 costs biy
High precision regim . _
@ g1 precision egiine 89 Lya} costyc 1
T 2545 5 costT ) ) —
E ec (0, w453 VL in€ 205 — €07 costT €
<
« Low precision regime 2
P g S'VLVE(Z] nm* + 6'% 1 costmc
253 ZUU 5 — costt
€€ | 152 52 vl € 253 nm*  costt
High precision regim . ol =
2] gh precisio Qeg © 32 Lv V(rg 1 costmc n
’ 255 5 costr — —5 —
E ee (0, teD) v2 ke 265 — Kegy costT ke
<
“ Low precision regime
oW P Y g72 167 Ly (m* + %) 1 costpmc
cc 254 255 ——5 ————cost — n
w(m*+52)’ 52 VUin € m costT

TABLE II: Computation costs to find e-approximate sta-
tionary solution for stochastic EM. The optimal batch size
by (minibatch-EM), Monte Carlo sample size m* (SAEM-
ES/SAEM-IS), stepsizes can be found in Section III-B3. The
low-precision regime does not exist if 77 = 0.

4) TD Learning: TD(0) is an example of USO (see Defini-
tion 1) with 79 = 73 = 0. Using the results of Section II-C4,
it is easily checked that by = by = 0, o = 6(1 + 2| V.[|}_).
m = 3(1+ A2 Ymax = 2(1 = X)/(3(1 + N)?) and wy, =
2(1 — X) — 3vk(1 + \)2. We obtain the following result from
Theorem 1 and Remark 2, which extends [125].

Proposition 9. Assume TD I to 3 and sup, ||¢p(s)] < 1
Consider the TD(0) sequence defined in (35). Set T > 0,
and let {~i, k € N} be a sequence such that 0 < 7, <
2(1 = X)/(3(1 + X)?). Set

wr = i Y (2(1 = X) — 3y (1 + /\)2)
e (21 = N) = 39e(1 +2)?)

Then,

Volb..]
E[llwo — w.l|?] + 6{1 + 2|V} _} Siei 12
S emr 7e(2(1 = X) = 3ve(1 4+ A)?)

where ¥, and 00 are given in (69) and (67) respectively. wy
is any solution of V, = Pw,.

E[”VTDT -

)

Proposition 9 bounds the mean squared distance between
the value function estimator under the averaged iterate wr
and the fixed point to the projected Bellman equation (40). The
strength of this result is that the step sizes and the bound do
not depend on the condition number of the feature covariance
matrix (under TD4, v, > 0). Let us first consider the case
of constant stepsize policy. Set

i [PV VBT
61 + 2.5 )7

1—A
31+ A2

Using Corollary 3, we get:

Corollary 6. Assume TD1 to 3. Then, for any T > 1, setting
Vit1 =7 for k € {0,..., T — 1}, we get

ElVior = Villb.]
2, /127 {1+ 2V} _} 2
- \/ D=t 127 (1 + N)

=T VTa ) T(L - )

where V' = E[||Vw, — Vil _] and wp :=T"* Zk 0 Wk-

Using Lemma 8, we observe that the Lyapunov functions
V and W are equivalent, i.e., for all w € R, we get

2\/vminV(w) S

The conclusions of Lemmas 6 and 7 may be rewritten as

(VV(w) [ h(w)) < - —AV(w),
IR(w)[I* < 2(1 + A)? (w),

showing that H 1 and H 2 are satisfied with W =V, o :=
2y/Umin(1 = A), cho =0, and cp1 :=2(1 + N)?, 0F and o}
given by (67).

We can therefore apply Corollary 5; note that under TD |
tod, o =7 =0 and ¢y < oo, NA1 and 2 are verified and
bp = by = 0. This yields the following result, which gives a
convergence rate O(7T~!). Note that under TD4, there exists
a unique w, € R¢ such that V, = ®w,.

W(w) < 2V(w) . (114)

Corollary 7. Assume TD1 to 4. Let T > 1 and set ypy1 :=
A/ (k+14Tp) for k = {0,...,T—1}, where ¥ > 3/ /omm(1-X)
and Ty > 25(1 + N)?/(y/Umin (1 — N)). Then

TO );)'/\/ Umin(l_k)

B flor - w.?) < (71
125 5 )
+ SN SN T+ {N+1}HVD.) -

E [|lwo — w.|’]

In this case, however, the choice of stepsize vy = 7/(k +
Tp), depends on the minimal eigenvalue vy, of the feature co-
variance matrix through the constants v, 7. These results are
in the spirit of the robust SA introduced by [47]. With constant
stepsize policy, after T iterations, the mean squared distance
between the value function estimates under the averaged iterate
and the fixed point to the projected Bellman equation decreases
at the rate O(T~'/?). Of course, this is worse than the rate
O(T~1) for the decreasing step size SA algorithm. However,
the expected error bounds of Corollary 6 are guaranteed re-
gardless of the knowledge of vpi,. The O(T~'/2) bound still
holds with any constant step size v, = 7/vVT, k€ {1,...,T}
with 4 > 0, an error in the choice of 7 has a linear effect on
the error bound in max {¥,5~'}. This is to be compared with
a potentially catastrophic effect of an appropriate choice of the
hyperparameters ¥ and 7 in Corollary 7. These observation
justifies the ‘robustness’ of the method as "fine tuning” of the
step sizes to the objective function is not necessary.



IV. ALMOST-SURE CONVERGENCE

This section overviews the asymptotic convergence analysis
of SA scheme where we study the behavior of (3) when the
optimization horizon tends to infinity (k¥ — co) and we will
use decreasing step sizes. At the first glance, these asymptotic
convergence results may appear less powerful than the non-
asymptotic bounds in Section III, yet we emphasize that these
results are presented in flavor of the almost-sure convergence
towards one of the equilibrium points set. In contrast, the
non-asymptotic bounds only show the convergence towards
a near-equilibrium point within a finite number of iterations,
and the results are often given in expectation. In fact, the first
results in SA were obtained in the almost-sure convergence
framework in the pioneering works of [1] and [2]; see [13,
Chapter 1-2] for a historical introduction. Nevertheless, both
types of convergence results are equally important for our
understanding of the SA schemes.

A. The ODE method

A powerful method for establishing almost-sure conver-
gence results is the so-called ordinary differential equation
(ODE) method, which allows us to relate the almost-sure limit
point of SA schemes (see (3)) with the limiting sets of the flow
of the autonomous ODE

dw/dt = h(w). (115)

The key element is a detailed analysis of the flow associated to
vector field h. Let ® : RxR? — RY (t,y) = ®(t,y) = ®,(y),
be a continuous function. The family & = (P, ):cr is called a
flow of RY, if ®, = I and for all (¢,s) € R, &, 0P, = &, .
® is a semi-flow if we substitute the above R by R.

The continuous vector field h on R¢ is said to have unique
integral curve if there exists a flow ®"® : R x R? — R,
(t,y) — ®"(t,y) = ®P(y), which is differentiable with
respect to t satisfying, for all £ € R,

def/dt = h(27), p(y) =Y.

A point w, € R? is an equilibrium if ®,(w,) = w, for all
t € R. The set EQ(®") of the equilibrium point of the flow
®h coincides with roots of h:

{w, € R h(w,) =0} = EQ(®"). (116)

A set A C R? is invariant (resp. positively invariant) for the
flow @ if ®,(A) C A for all ¢ € R (resp. for all ¢t € R4).
In this case, we denote by ®|A the flow (resp. semi-flow)
restricted to A. If w, is an equilibrium point, then the set
{w,} is invariant.

The ODE method was introduced by [3] and further refined
in [4] (with recursive system identification in mind) and
extensively studied thereafter; see, e.g., the books [13], [34],
[5] for a comprehensive introduction and further references.
The possibility of associating limit points of stochastic approx-
imation procedure and a subset of the family of invariant sets
of the flow ®" - which includes equilibrium points but might
include more “complex ” sets - is the main motivation for the
work of [3], which extends older contributions on this subject.
Previous results in this field have been established under
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simple and often unverifiable assumptions about the flow ®”,
for example the existence of a single global “asymptotically
stable” equilibrium [1] or of a finite number of equilibrium
points whose “’basins of attraction” cover the whole space. The
success of the ODE method stems from the fact that many
results of the rich theory of dynamical systems are readily
available; see [159], [13, Chapter 4], and [34, Chapter 2].
We will consider two situations. In the first, the most classi-
cal, the bias disappears asymptotically, i.e. limg_,oc 7o,k = 0,
¢ = 0,1. There is an extensive literature on this subject: we
give below a very brief overview of these results, which are
mainly inspired by [159], [160]; see also [13], [34]. We then
extend these results to the case where the bias does not vanish
but is bounded by a sufficiently small constant, by extending
the results from [39], [40], [161]. To keep the presentation
concise, we report the results with only a sketch of proofs.

B. Limit set of SA with vanishing bias

We consider the following deferministic sequence, which is
a perturbed Euler discretization of the ODE (115)

Wit = Wy + 7k+1{h(wk) + ugr + bk+1}- (117)

We first strengthen the conditions on the stepsize sequence:

SA 1. {vk, k € N} is a non increasing sequence of positive
numbers such that Z,;“;O Yx = 00 and limg_, o0 v = 0.

For the mean field h, we strengthen H 2 used in the non-
asymptotic analysis, by assuming that the field h is globally
Lipschitz; it guarantees the existence and the uniqueness of
the solutions of the ODE (115) which can be extended to R:

SA 2. The vector field h is Lipschitz continuous, i.e., for all
w,w’ € R% ||h(w) — h(W)|| < Lp|jw — w'||.

A key assumption in the analysis (and one of the most
annoying one) is that the sequence is bounded.

SA 3. sukaN ||Wk|| < 0Q.

This may seem innocuous since we are interested in con-
vergence, but the stability of SA is a non-trivial issue in
general. When SA 3 is not satisfied - which unfortunately
occurs in many practical examples - a classical approach is
to project the iterates on a compact set. The projection then
modifies the underlying dynamical system, which becomes
a differential inclusion; see [13, Chapters 4-5] for details.
Another possibility is to project onto a growing sequence of
compact sets; this has been advocated by [162] and recently
studied in great detail (with Markovian noise) in [37], [133].
Another solution is to reinitialize the sequence upon crossing
a growing sequence of boundaries, as suggested by [163] and
further worked out in [132]. Technical details to prove stability
under these modifications go beyond this survey.

Define tg := 0 and for k € N*, t, := Z’Z:lw. The
“inverse” of k — t; is the map m : Ry — N defined by

m(t) :=sup{k >0:t>t;}.

By construction, m(txy) = k. We denote for T > 0,
Ti(T) == {k+1,...,m(tg + T)}. We finally assume that
the perturbations satisfy the following assumption.
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SA 4. It holds limy_, o by, = 0 and that for all T > 0,

lim,,_, o sup {HZ?;i ’Yé+1ué+1H ke In(T)} =0.

This condition is often referred as the asymptotic rate of
change (see e.g., [13, Chapter 5, pp.137-138]). We compare
the sequence {wy, k& € N} with the flow induced by the
vector field h. For a sequence {y,, k € N} in R?, we define
the continuous time affine and piecewise constant interpolated
functions Y, Y : R, — RY, defined respectively by

Yl TV and ¥ (1 +5) =y, (118)

trt1 — tk
for all kK € N and 0 < s < yi41. We define, for (¢,7T) € R2,

Y (tp +8) =y, +s

" 0(s) ds|| . (119)

t

Au(tv T) = SUPogng ‘

Note that SA4 is equivalent to lim;, o Ay (¢,T) = 0. With
these notations, (117) writes, for ¢ > 0,

W(t) —W(0) = [, (R(W(s)) + U(s) + B(s)) ds.

The first key result for SA algorithms is the convergence of
the linear interpolation to the ODE flow:

Proposition 10 ( [159, Proposition 4.1]). Assume SA I to 4.
Then for all T > 0,

lim sup [|W(t+s)—@"(W(t))|| =o0.

t—o00 0<s<T

Let § > 0,7 > 0. A (3, T)-pseudo-orbit for a flow ® from
a,b € RY is a finite sequence of partial trajectories: there exist
N and time instants {t;}, C (0,7] and y;,...,yy € R?
satisfying [lyo — al < 6, ||, (y;) =yl < 6 for j =
0,...,k—1and |ly, — b|| < J. We write a ‘—>§T b if there
exists a (9, T)-pseudo-orbit for the flow ® from a to b. We
write @ —?® b if a ‘—>§),T b for every 6 > 0,7 > 0. If
a —% a then a is a chain recurrent point for the flow ®. The
set of chain-recurrent points of the flow ® is denoted CR(®).
It is easy to verify that CR(®) is a closed positively invariant
set and that EQ(®) C CR(®). When CR(®) is compact,
then it is invariant (see [159, Theorem 5.5]). A subset A is
said internally chain-recurrent if A is a nonempty compact
invariant set of which every point is chain-recurrent for the
restricted flow ®|A (i.e., CR(®|A) = A).

We now have all the essential notions to formulate the
central result for the convergence of SA sequences. In the
form given below, the result is due to [160]; see also [159].
Denote by Lim({wy, k € N}) the limit set of the sequence
{wg, k € N}: w, € Lim({wyg, k € N}), if there exists a
sequence {ng, k € N}, satisfying limg_, oo nr = 400 and
limy o0 Wy, = W

Theorem 3 (after [160, Theorem 1.2]). Let {wg, k € N}
be the sequence given by (117). Assume SA I to 4. Then
Lim({wyg, k € N}) is a connected internally chain-recurrent
set for the flow ®.

It is shown in [160, Theorem 1.3] that this result cannot
be improved, in the sense that any connected internally chain-
recurrent set of the vector field h is the limit set of a sequence

(117) which satisfies the assumptions SA 1 to 4; see [160,
Theorem 1.3]. One must therefore be careful that the set of
limit points of sequences (117) are not just the equilibrium
of the vector field h, but can be a priori larger sets on which
the vector field h does not necessarily vanish. Thus, to obtain
guarantees to converge only to equilibrium points, one must be
able to guarantee that the only connected internally recurrent
sets are included in {w € R h(w) = 0}, which is, of course,
possible but typically requires additional assumptions beyond
SA2; see [34, Chapter 2, Corollary 4].

The characterization of connected internally chain recurrent
sets for the flow ®" is simplified when the vector field h is
associated to a Lyapunov function. A continuous function V :
R? — R is called a Lyapunov function for A if the function t €
R, — V(®P(y)) is constant for y € A and strictly decreasing
fory € R4\ A. If A coincides with the equilibrium set of the
flow associated with the vector field h, {w € R? h(w) = 0},
then V is a strict Lyapunov function and the flow ®,, is said
to be gradient-like.

Corollary 8 ( [159, Proposition 6.4, Corollary 6.6]). Let
{wg, k € N} be the sequence given by (117). Assume SA |
to 4. Assume in addition that

a) ®" admits a Lyapunov function V for a compact invariant

set A of the flow M.

b) V(A) has an empty interior.
Then Lim({wy, k € N}) is contained in A and V is constant
on Lim({wy, k € N}). If in addition V is a strict Lyapunov
function for ®", then Lim({wy, k € N}) C {h = 0}.

We conclude this short presentation with a practical char-
acterization of Lyapunov functions which directly connects
almost-sure convergence with the assumption H 2 we used to
establish the non-asymptotic bounds.

Proposition 11. Assume that there exists a continuously
differentiable function V : R* — R such that, for any w € R?,
(VV(w) | h(w)) < 0. Define

Ay = {w € R (VV(w) | h(w)) = 0}. (120)

Assume that

a) Av is compact and invariant for ®".

b) V(Av) has an empty interior.
Then, every connected internally chain-recurrent set L C Ay
is contained in Ay and V restricted to L is constant. If in
addition Ay = {h = 0} then V is a strict Lyapunov function.

Proof. Note indeed that, by the chain rule, we get,

d

V(@R (y)) = (VV (@R () [ R(D](y))).
If the set Ay is compact and invariant, then V is a Lyapunov
function for Avy. Indeed, since Ay is invariant, then for any
y € Ay, ®M(y) € Ay for all ¢t > 0. It follows from (121)
that ¢t — V(®"(y)) is constant. If y € R?\ Ay, then for all
t € Ry, ®M(y) & Ay (since Ay is invariant) and (121) shows
that ¢ — V(®P(y)) is strictly decreasing. If the set Ay (see
(120)) is compact and invariant for the flow fIJf associated to
the vector-field h, and if V(Ay) has an empty interior, then

(121)



every connected internally chain recurrent set for the flow is
included in Ay. O

A direct proof of Theorem 3 for the field h satisfying the
assumptions of Proposition 11 is in [25] and refined by [132].
Almost-sure convergence. Consider the sequence {wy, k €
N} defined by (3). We first show that under H 1-H 2 and SA1-
SA?2, the assumptions SA3-SA4 are satisfied with probability
1. To apply the results above, we rewrite (3) as:
Wit1 = W + Yer1{A(Wk) + w1 + brya ),

where we have set

g1 = H(wy, Xpp1) — B [H (wy, Xpq1) |

bir1 =B [H(wy, Xpi1) | — h(wy) .

(122)
(123)

By construction {uy, k € N} is a martingale difference
sequence adapted to the filtration F = {Fy, k € N}, where
for k € N, Fi := o(wo, Xp, £ = 1,..., k). We can then use
Theorem 3 to establish the almost-sure convergence of the
sequence {wy, k € N}. The proof is in Appendix G.

Theorem 4. Assume that > - o Yk = 00, Y peo Vi < OO,
i) H I holds with limy, cy7op = limg_oo cvTir = 0
and Y 72 YkCV/To.k < 00, where cy is in (43).
ii) H 2 holds with the function V satisfying
hm“w|\~>oo V(W) = Q.
Then, with probability one, the sequence {wy, k € N}
converges, limy_, oo V(wy) exists and Lim({wg, k €
N}) is a connected internally chain recurrent set of
the vector-field h. If in addition, Ay = {w €
RY (VV(w) |h(w) = 0)} is compact and invariant for
®" and V(Av) has an empty interior, then with probability
1, Lim({wy, k € N}) C Ay. Finally, if E[V(wo)] < o0,
then supy, E [V(wy)] < oc.

C. Limit set of SA sequences with bounded bias

We now briefly discuss the behavior of the stochastic
approximation when the bias is bounded but does not tend to
0. There are few results in the literature, and all of these results
were obtained for stochastic gradient algorithms; see [39],
[40], [135], [161] . However, the analysis of the proofs shows
that these results also hold for general stochastic approxi-
mation algorithms. Presenting these results in details would
lead us to introduce a large number of delicate mathematical
concepts. Unlike the rest of this tutorial, we present the results
in a more informal manner. The proofs are based on the use
of differential inclusion methods, which generalize ODEs. The
idea is thus to see the bias term as a bounded perturbation of
the “unbiased” dynamic; these results build on the work of
[164]-[168]. Basically, we replace the recursion (117) by

Wil = Wy + Ver1{Gk+1 + Uki1}, (124)

where gi11 € h(wi) := B(h(wg),70), with B(y,d) :=
{y’,lly’ = y|| < é}. To analyse such sequence, we should
replace the ODE by a differential inclusion (DI). k[ : R? =
R? is a set valued map in the sense that for each y € R?,
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we have that h[Y;(y) is a subset of RY (in this case, a ball of
radius 0, centered at h(w)). To determine the limit points of
(124), we introduce the DI

dw(t)/dt € h(w(t)). (125)

We say that an absolutely continuous curve (a.c.) w : Ry —
R? is a solution if (125) holds for almost every t € R..

Various notions of continuity exist for set valued maps.
The one that will be important for us is the notion of upper
semicontinuity. A set valued map H : R? = R¢ is upper semi
continuous (u.s.c.) at w € R? if for every U, a neighborhood
of H(w), there is 6 > 0 such that

w —w| <é = H(w') CU.

Under SA2, the set-valued map hyj; is upper semi continuous
(u.s.c.) and it follows from [169, Chapter 2.1] (see also [170,
Chapter 4.1]) that

Proposition 12. Assume SA2. For every y € RY, there exists
a solution to (125) such that w(0) =y.

Denote by Cho1 the set of solutions. The ser-valued semi-flow
Pho associated to the set-valued map hp; is defined by

"D (y) = [w(t),w € ChP,w(0) =y}, te Ry . (126)
As above, we denote by W the linear interpolation of the
sequence y; see (118). Let {sx, k& € N} be an increasing
sequence of positive numbers such that limg o S = oc.
Denote by Wy, (t) = W(sy + t), for t € R*. The following
result follows from [168, Theorem 3.2] (see also [166, The-
orem 4.2]). It shows that the limits points of shifted in time
linear interpolation converge to solutions of the differential
inclusion (125). The formulation is weaker than the one
obtained for the ODE in (10) (the statement differs from [166,
Theorem 4.2] which is wrong as it is stated).

Proposition 13. Assume SA I to 4. For any increasing se-
quence {ny, k € N} there exists a subsequence {fy, k €
N} C {nk, k € N} and an absolutely continuous function
W such that for any T > 0,

lim sup [|Ws,(s)
k—o0 0<s<T

—W.(s)]|=0.

Moreover, W o, is a solution of the differential inclusion (125).

A set A C R is invariant if for every y € A there
exists a trajectory w contained in A with w(0) = y. See
[164, Section 3.2] for further discussion. Let A C R% be an
invariant set of (125) and consider ®"01||A, the set-valued
flow ®PD1 restricted to A. For a,b € RY we write a < b
if for every 6 > 0 and 7' > 0O there exists an integer n € N,
solutions y,...,y, to (125), and real numbers ¢;,1s,...,t,
greater than 7" such that y;(s) € A for all 0 < s < ¢; and
i=1,...,m, ||y;(t:) —yi+1(O)H <é,foralli=1,...,n—1,
and ||y;(0) —al|| < ¢ and |y, (t,) — b|| < 4. The sequence
(Y1,---,Y,) is called an (6,7 chain in A from a to b for the
differential inclusion (125).

A point a is chain recurrent if @ <— a. The set of chain-
recurrent point is denoted CR(®"01). We now have all the
necessary notions to formulate an analogue of Theorem 3.
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Theorem 5. Assume SAI to 4. Then Lim(w) is a connected
internally chain-recurrent set for the flow Phor,

The last step consists in linking the internally chain-
recurrent sets of the ®", associated to the ODE (1 15), to
those of the set-valued flow @hlgol, associated to the differential
inclusion (125). For this purpose we use a general result,
[166, Theorem 3.1] on perturbations of set-valued dynamical
systems. This key result is used in the proofs of [40] and [39].

Theorem 6. Assume SAI to 4. Let V be an open neighborhood
of CR(®"). Then, there exists T5"** such that, for all 7o €
0, 7§), CR(®"o1) C V.

In words, this means that the boundary sets of perturbed
recursions are in a neighborhood of the boundary sets of
unperturbed recursions, if the perturbation is small enough.
The weakness of this result is that it is non-quantitative. It
can be made more precise, in the case where the mean field
is the gradient of a sufficiently regular function; see [39,
Theorem 2.1]. We finally give a simplified version of the
previous result which is based on Corollary 8:

Corollary 9. Assume that V is a strict Lyapunov function for
®". Then, for all open neighborhood V of the equilibrium set
{h = 0}, there exists 75" such that, for all 79 € [0, 75"*),
Lim(w) C {h = 0}.

V. VARIANCE REDUCTION

Lastly we review on a recent advance in SA, namely the
variance reduction technique. These results are motivated by
relevant applications in ML and SP, and involve slight modifi-
cations to the basic SA scheme (3). Below, we shall introduce
the main algorithm and the general theoretical results. The
proofs are postponed to Appendix H.

Variance reduction in SA aims to provide a sequence of
iterates {wy, k € N} having smaller variance than a plain SA
scheme. We describe a general variance reduction technique
for non-gradient SA when the mean field h is a finite sum

h(w) := 3 31 hi(w),

Originally, variance reduction techniques for SA were pro-
posed in the stochastic gradient setting (see the survey paper
[171] and the classical references [41], [42], [172]-[175],
see also [176]-[180]). These results were later extended to
non-gradient SA, in a series of works targeting mostly the
stochastic versions of the EM algorithm [26], [32], [33], [38],
[43], [101], [181]-[183].

Variance reductions techniques are based on the use of
control variates (see, for example. [123, chapter 5]). Given
an unbiased estimator U of the unknown quantity E[U], a
control variate is a centered random variable V, such that the
variance of U+V is less than the variance of U; such a variate
yields an estimate U 4+ V of E[U] with a smaller variance
than the original estimator U. The difficulty is to design such
a variable V with minimal additional computational effort /
memory footprint. The mechanism proposed in this section
relies on the Stochastic Path-Integrated Differential EstimatoR
(SPIDER) proposed by [175] and later improved in [41], [42].

w € Re (127)

Algorithm 1: SA-SPIDER

Data: an initial value wju;;, the number of inner
loops ki, and outer loops kyyut, a stepsize

sequence Yy x+1 fort =1,...,kou and
k=0,...,kn—1
Result: A R%-valued sequence wy x+1, t = 1,..., kout
and kK =0,...,ky, — 1.

1 wWo k;, = Winits

2 fort=1,...,kou do

3 Wi = Wi—1k;, and w1 = Wy_11;,

4 Sample B, o, of size by, in {1,...,n} with or
without replacement ;

5 Set HY\ = h(wy )

6 for k=0,...,ki, —1 do

7 Sample By 41, of size by, in {1,...,n} with
or without replacement ;
vr — vr
8 Ht’]iJrl =H, +
bor' DieB, iy 1hi(wek) — hi(we—1)}
9 Wy k1 = Wik + Ve k1 Hy g

It has been shown that the SPIDER method offers optimality
guarantees among other variance reduction methods in both
the stochastic gradient setting and the stochastic EM setting
(see e.g. [42, Table 1] and [151] for the stochastic gradient
case and [33, section 6] for stochastic EM).

At iteration (k + 1), SPIDER defines an oracle for h(wy,)
by using the current estimate H}”" of h(wy_1) as follows

H" = ﬁ > iy, Pi(we) + Vi

where

Vi = H)" — ﬁ > iy, Mi(wi-1),

and Byiq1 is a set of indices of cardinality by, cho-
sen randomly in {1,...,n} with or without replacement
and independently of the history of the algorithm Fj.
V41 is a random variable chosen to be correlated with
the naive oracle b_.! ZieBHl h;(wy), the correlation re-
lying essentially on the random minibatch Bj;. Since
EFk[by' Yien, ., hi(wi—1) ] = h(wy_1), (128) shows that
Vi1 is the difference of two estimators of h(wy—_1); yet its
(conditional) expected value is not zero. Namely, we have

(128)

E"* Vg1 | = HY" — h(wg—1);

(see Lemma 10). The bias is tamed by resetting the control
variate: every kj, iterations, the control variate is set to zero.

The SA-SPIDER algorithm is given by Algorithm 1. The
iteration index is a pair (¢,k), where ¢t counts the number
of control variate updates (outer loops number) and k is the
number of SA updates since last reset (inner loops number).

The following intermediate results show how the bias of
the stochastic mean field H'", its conditional variance and
the L?-moment of the error H}} ; — h(w; ) evolve along
the inner loops. Define the filtration

ft,k ::U(winihBT,/ml STSt,l SKSIC),



forall t € {1,...,kout} and k € {1,...,

VR 1. For all i € {1,...,n}, there exists L; > 0 such that
hi(w) — hi(w')|| < Li|lw — w'||.

kin }. Assume

Lemma 10. Consider the iterates from Algorithm 1. For any

te{l,....kout} and k € {0,... ki, — 1}, it holds
E7ex | ?iﬂ} — h(wi) = H — h(wee-1)  (129)
E7w0 [HY}  — h(wy ) | = HY — h(we—1) = 0. (130)

Equation (129) shows that at each inner iteration, the oracle
HY} ., is a biased approximation of the mean field h(w,)
and the bias propagates along inner iterations. Conditionally to
the initialization of the inner iteration, the bias is equal to the
error Hy, —h(wy 1) (see (130)). The strategy used in Line 3
and Line 5 of Algorithm | implies that H}f — h(w¢,—1) = 0.
In that sense, we say that at the beginning of each inner loop,
the bias is canceled and the control variate is reset.

Lemma 11. Assume VR and set L? := n='>"" | L% For
anyt € {1,...,kout} and k € {0,... ki, — 1}, it holds

12
E7or [HY 0 ]1P] < —% 2R HY P,

and with the convention that vy o := 0, it holds

E7ox [ Hyy —

E7e+ (|| H thtl

h(wep)|*] < | HY, — h(we 1)
+ (L2 fou )7 | HY |

When 7 +1 < ¥4, for any k > 1, Lemma 11 implies that

T | HY oy — R(wer)[1?]

LQZ 3 E]:t() H

VI‘

Ve o1 E (131)

In the simple case when the stepsize sequence is constant
(.5 = 7) and the mean field is bounded (cp1 = 0), the
summed MSE along the inner loop iterations satisfies

L%k, et
(1-275 >ZEM| Vior — R

< 2’7 (L2kin /bvr)ch,O-

This inequality illustrates the benefit of variance reduction: the
cumulated MSE can be set arbitrarily small by a convenient
choice of the learning rate . Such a property remains true
when the stepsize sequence is not constant and the mean
field h is not bounded; it will be a key ingredient for the
convergence analysis provided in Theorem 7 below.

The following lemma is an analogue of the Robbins-
Siegmund Lemma for obtaining non-asymptotic bounds.

Lemma 12. Assume H1-b) and H2. For anyt € {1, ..., Kout}

and k € {0,...,kin — 1}, it holds
EF0 [V(wgpi1) | <EZ0[V(w )]
— Yekr1 {Ver B0 [W(wt k”
+Mt,k+1E [H tk+1 (wt,k)||2]}
+ g a BT (| HY, ) — B(we )] + 97 51 Lveno.

h(wyo—1)|I” + [|h(w,e—1)]1? ].
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where Vi1 = 0/2 = chaYekr1ly, prks1 = 0/2 —
YVekp1 Ly and a:= (o' + 0)/2.
We will use (131) to show that the term E7+o [”H;/l;chl

h(w;)|?] in the RHS is negligible w.rt. the term
prep1 BZ0 [|HY, y — h(w; )] in the LHS. We can
establish a non-asymptotic convergence result.

Theorem 7. Assume H 1-b), H 2 and VR I. Let kin, Kout
be positive integers and Winiy € RY. Let {Veg+1,1 <t <
kout,0 < k < ki, — 1} be a stepsize sequence satisfying
forall k > 1: vigp+1 < Yok (LVen1) vk Ak € (0,0/2)
where A\ = Ly + ’yt,kLQ {c%,g_l + g} kin /byr. Consider
the sequence given by Algorithm 1. Then

°u° kal Yo (£ = 1 Yok M) E [W(wyo—1)]

T T (8 i ) B [, — hlawe)]1?]
< E[V(winit)] = Vi + cno B, (132)
where
ki k ki
out in L km c out in
"Iy b B (T e) Y3t
t=1 k=1 t=1 k=1

Theorem 7 controls W(w, ) and the quadratic error
[HY% 1 — h(we )| along the kiykoy: iterations. Set

T := kinkout .

We observe the following consequences of Theorem 7.
Random stopping. The LHS in Theorem 7 can be viewed as
the expected value of W(wgy:) and ”Her+1 — h(wgy)|?

where R and R}r are random variables taking values in
{1,...,kout} X {0, ..., ki, — 1}, independent of the {wy, k €
N}, and with probability mass functions (see Section III-A)

P(Ry = (t,k)) o< 1 (0/2 —
PRy = (t,k)) o< Via1 (0/2 = Vg1 A pr1) -

Remark 3. Similar to Remark 2. When the function W is
convex, a stronger convergence result can be derived. Define
the convex combination of the iterates

Ch,1 Ve, k1 At kt1)

¢ kin—1
DY = Z°u Z’” % k-l—l Wy k1
* )
out
t=1 k=0 2t'=1 k’ 0 %’ k41 Wy g

where W;,,];c-i—l = 9/2 — Ch,1 Vt,k+1 Mt,k+1. We have from
Theorem 7 that E [W(wTr)] is upper bounded by the RHS
of (132) divided by 3¢ STt v w1 Wi 41

Constant stepsize. Assume v;j+1 = ~ for each t €
{1,...,kout} and k € {0,...,k;, — 1}. The assumptions of
Theorem 7 are satisfied by choosing v € (0,,%,,.) where

2(,.2 2\1..
<{1+2L (cv + 0%)kin }1/2_1>'

L%(l Vv Ch71)b\,]r
vt (W (wei)] + B [ — hiwe?])
< A
1 T{e/2 =y A() (A V ena)}

vr o . QLvar
Ymax = 2L2(C% + Qz)kin

This yields

l kout
T t=1
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LV + ’yr‘graxL2 (C%/ + 02) kin/(var)
0/2 = A1V cn ) ’

+ 7Y ¢ho

where

A(y) = Ly +vL* {0 + o} kin/bur,
A1 = E[V(winit)] - V*-

Contrary to Theorem 1 (see Corollary 3), the RHS can be
made small by a clever choice of ~: even if the oracle H}}
is a biased estimator of h(w ;) (see Lemma 10), the SPIDER
variance reduction is able to manage this bias.

The terms in the RHS can be adjusted according to the
total number of iterations 7' and the different parameters of
the problem by a suitable choice of v. When v < ¥ /2, then

max

0/2 —YA(¥)(1 V ¢cp,1) > o/4; in addition, the function v —

o/~ + B~y is minimized on (0,~y" . /2] at the point y/a /8 A
(yyr /2) when a, 8 > 0. Therefore, set
Ay = 2Lvo+ Y L? (¥ + 0°) kin/byr,
and vy* := % /2 if cho = 0 and otherwise
1= V2010/T A2 A (Vax/2)- (133)

Corollary 10 (of Theorem 7). Setting V¢ p+1 = vy for t €
{1,... kout} and k € {0,... ki, — 1} we get

Kout kin—1
1 - vr
72 > (EW(we)] +E [ Hy — h(we]’])
t=1 k=0
< 4N/ (VT 0) + 297 cnola/0” .

Choose ki, = by, and let us comment the rate of the RHS
when T' — +o0o. When cp 9 = 0, the RHS decreases at the
rate O(1/T), while when cp, o > 0, the rate is O(1/v/T).

e-Approximate Stationarity. Using Corollary 10, we analyze
the complexity of SA-SPIDER to reach e-approximate sta-
tionarity. First, observe that the RHS in Corollary 10 is an
upper bound of E [W(w RvTr)} where R} is a uniform random
variable on {1,... kout} X {0,...,kin — 1}

Consider first the case when cpo = 0; then vy =
~yyr /2 and is independent of the accuracy e. Choose kout =
O(1/(y/ne)) and ki, = by, = [4/n]; it means that the total
number of calls to one of the functions h; (see (127)) is
equal to n. Then the total number of iterations to reach an
e-approximate stationary point is O(1/¢) and the total number
of calls to one of the functions h; is nkout + 2koutKinbvr =
O(y/n/€). Such a complexity analysis retrieves earlier results
established in specific settings of SA-SPIDER: SG for non
convex optimization [41, Theorem 2], [42, Theorem 1], the
stochastic EM algorithms [33, Section 3] and for more general
SA-based root-finding problems [38, Corollary 4.3].

Consider now the case cp,0 > 0. Choose again ki, = by, =
[n], and kot large enough so that

8(1 2A1A SA
T> ( +Ch?;ol 182 10 .
o°€ AQ(VI‘;{ax)

Then v* = /2A10//TA; and SA-SPIDER reaches an -
approximate stationary point in 7' = O(1/€?) iterations, and
by calling O(/n/€?) functions h;. To our best knowledge, this
is the first complexity analysis of SA-SPIDER when ¢y, o > 0.

VI. CONCLUSIONS

We have overview state-of-the-art results for SA scheme
with a focus on its use as a general stochastic non-gradient
algorithm common to statistical learning. We have proposed a
general theoretical framework based on the designs of flexible
Lyapunov function and unified the modern asymptotic, non-
asymptotic convergence results for SA schemes. We illustrated
the applications of our techniques to SG, compressed SA,
stochastic EM and TD learning; as well as presenting how
the recent variance reduction technique can be adopted to SA.
We studied the effects of bias in SA updates caused by the
non-gradient nature in popular designs.

Our findings shed lights on how to design stochastic al-
gorithms with nice convergence properties. In particular, we
illustrated how to construct the stochastic random field in SA
from fixed point equation of the statistical learning problem,
and to tame with the bias in SA resulted from the design.
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APPENDIX
A. Elementary inequalities

Lemma 13. Let a > 0 and {vx, k € N} be a sequence such
that vy, < 1/a for any k > 1. Then, for any integer k > 1,

k+1 k+1 1 k41
Z% [T O-moy=-c1-J[Q-ma)p 139
I=j+1 =1

If in addition, for some 0 < b < aand all k > 1, v, /Y41 <
1+ b7k+1r then

k+1 k+1
> 1T (0 =ma) <yir/(a—1b). (135)
j=1  l=j+1

Proof. Consider first (134). Let us denote uj.p41 =
[1:%) (1 —ya). Then, for j € {1,....k + 1}, uji1pp1 —
Uj:k+1 = A7YjUj4+1:k+1. Hence,
k+1 k+1 k
Z% IT G =ma) =y + D vujrrnn
I=j+1 j=1
1k
E Z (uj+1:k+1 - uj:k+1)
j=1
=a ' (1= urspqr) -

Ve+1 +

(136)

Consider now (135).

k+1 k+1 k+1

Z”Y] H (1 —=a) = ”Yk+1z
j=1

_JJ,»l

k+1

I t=~a)

l=j+1

+1

k+1 k+1

= V41 Z% H L (1~ qa)

= I=j+1
where in the last equality, we used
Mo ok k=L
Ye+1  Ve+1 Yk Vi+1
Note that, since v;—1/v < 1+ by, for [ > 2, we have

-1
1— a
" (1 —=ma) <

Substituting into the above inequality yields

(14+by)(1—va)<1—(a—0b)y.

k+1 k+1 k+1 k+1

ZVJ IT C=ma) <y d v JI 0 —wla—1).

I=j+1 =1 1

: I kL2 TPk
Applylng (136) implies > .~ =1 (L —=ma) <
Ve+15— and thus the lemma. O

B. Proofs of Section II-C2

Throughout the proof, we will use the shorthand notations

Y1 = H(wg, Xiq1),
Zig1 = C(H (wg, Xp41), Upg1)-

Observe that by H 1 for the oracle Y1,

IE7* [Yyi1 | — h(wy)|® < 1o + 71, W(wk).  (137)



For the proof of Lemma 1 and Lemma 2, define the filtrations
{Frs1ss, k € N} by

Frqrpo =0 (wo, X1, Uy, -+, Xpp, Up, Xpy1) . (138)
CSA1 and CSA2 claim
EFer2 [|Zgpr — Yea P ] < (1= de) | Yrpal®,  (139)
and CSA2
E7092 (Zyr ] = Y. (140)

For the proof of Lemma 3, we define the filtrations
{Frs1s2, k € N} by

]:k+1/2 ::0(w07U17X17"' 7U/€7X/€7U/€+1)' (14’1)
Proof of Lemma 1. Let k > 0. We first prove H 1-¢) for the
compressed oracle Z 1. We write, for any (; > 0

IE7* [Zisr | —h(wi) I < (14 COIE™ [Zgsr = Ysr ] |7
+ (1 + G OIET* [Yasr | = h(w)]*.

The second term is upper bounded by (137). For the first one,
by convexity of || - ||? and (139), it holds that

|EF* [Zis1 — Yigr |12 < EP* [||Zgr — Yiga || ]
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Proof of Lemma 2. We follow the same lines as in the proof
of Lemma 1 except that we use (140). Let £ > 0. We first
prove H 1-¢) for the compressed oracle Zj;. We write

BT [Z i ] =h(wi) | = [E7* [E74+42 [Zgyr | | =h(wg)];
with (140) and H 1 for Y1, this yields
IE”* [Zk+1 ] — h(wy)|* < To.k + 71,6 W(wy).

Hence we have 7¢ x.c := 7% for £ € {0,1}.
We now verify H 1-d) for Zy,. Using (140), we write

E7* (|| Zys1 — E7* [Zyr ][I ]

=E7*[|Zkt1 — E7* [Yiqa ] 117

=B [ Zr1 = Yo |*] + B [ Y¥hp1 = E7* [Yiyr 7]
+ 2B [(Zpg1 — Yigr | Y1 — EP* [Yiga ) ]

For the scalar product, we have
E7 %42 [(Zgyr — Yig1 | Y1 —E7*[Yyi1]) ]
= <E]:’C+1/2 [Zk+1 ] — Yk+1 | Yk+1 — E}-k I:YkJrl D,

since Yg41 € Fry1y, and Fi, C Fppay. By (140), the scalar
product is zero. Therefore, by H 1-d) for Y41

<E7 [Ef’”lm [sz+1 - Yk+1||2] } < (1—de) E7* [HY’“H”%EJI’C [sz+1 —E* [Zk+1 } H2]

We further observe that, by definition of the conditional
expectation

E™ [ Ykea]?] = IEP* [Yera ]2
+E7 ([ Y1 — EZ* [ g ]I7]
< (1 + QIE™ [Yig1 ] — h(wy)|
+ (146 [ h(w) |
+E [ Y — B [V ]I,
for any (3 > 0. This yields, by using H 1,

E7* [ Yi[I?] < (1 + &) (Tok + 71,6 W(wy))
+ 1+ (eho +cniW(wg)) + of + ciW(wy).  (142)

Hence, H 1-¢) holds for Zj_; with the constants

Tere = (14 G) + 1+ &)A+ ¢ A = be))ment
I+ GHA+G A =be)ene+ 1+ ¢ = de)os.

We now prove H 1-d) for the compressed oracle Zj 1. Using
again the convexity of || - ||2, it holds

E7* (| Zis1 — E7* [Zgr1 ] 117 ]
= EF [EXw+2 (|| Zggr — EF* [Zgyr |7 ]
< EP* BT 2 (|| Zsr = Y |*] ]
using the fact that Y41 is Fjy1, measurable, and the
fact that for any real random variable U, we have E[U] =
arg min, .z E[|U — c||2).
By (139), we write

B (B2 [ Zipn =Yoo [*]] < (1=0)E™* [ Yo ]

the expectation in the RHS is upper bounded by (142). which
yields the bound (54). O

SE*[|Zhsr — Y|P ] + B [ Vi — B7* Vi ][]
<E || Zig1 — Y |?] + o + o7 W (wp).
By (139), we have
E7 [ Zr1 — Yrra P ] Swe B [[[ Vg | ]-
Using (142) with (; = (3 = 1 yields our conclusion. (]

Proof of Lemma 3. Set W11 = H(C(wg, Ugt1), Xkt1)
and Wy11 = C(wg, Ugy1). By CSA3 we have that wy is
Fr-measurable, that w1 is Fp41/,-measurable (as defined
in (141)), and that

E7* [|0p41 — wi]|* ] = E7* [[|C(wg, Upg1) — wy]? ]
< ke. (143)
We first prove H 1-¢) for Wy .
IE7* [Wis1 ] — h(ws)|?
= |E"* [Wii1 — h(wg) | + E7* [h(wr) — h(wy) |||
Thus for any ¢ € Ry, we get:
[E"* [Wii1] = h(wi)]|* < (1+ QIE™ [Wiir — h(wr) ]|
+ (1 + ¢ IET [h(wr) — h(we) ]I
As h is Lp, Lipschitz, we have an upper bound for the second
term: h(wy) — h(wg) < Lp||wi, — wy|| almost surely, thus:
|EF* [Wii1 — h(we) |||* < Like. (144)
Moreover, by Jensen inequality,
|E7* [E5+72 [Wipr — h(wy) ] ]2
= |[E7* [E7%+2 [H (@r, Xp41) — h(w) ] ||
< E7* [||Ef’“+1/2 [H (Wk, Xi41) — h(we) ][|* ]
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and by H 1-) with 7 = 0, |E7k+v2[H (wk, Xps1) —
h(wg) |I? < 7o + 71,xW(wi) < 7o. Overall, H 1-¢) is
satisfied with o.c = (1+{)70+ (1+¢ 1)L ke and 71 ¢ = 0.
We now prove H 1-d) for Wi q:
E7H Wi — B [Wiep ][]
= BB/ [[ Wiy — B2 [Wiega 7] ]
+ E*[|EFm2 [Wigr | — EPF [Wipq ]2
By H 1-d), with 02 =0
E7ke b2 ([ Wiy — E7be2 [Wi ]2
=E7w+ 2 | H (g, Xig1) — BT w2 [H (g, Xiqr) ||| ]
< o2 + aiW(wy) < of.
Moreover,
B [|E w42 (W | = BP [Wiep ][]
<E7*[||[E7w+2 [H (Wi, Xi41) | — B [H (wp, Xper1) ||| ]

=E* [HEF"*% [H(ﬁ)k,XkJrl)] ~E [H(wkvX’fH)]”Q]

By assumption, ETr+2 [H(, Xk+1)] is Lggr-Lipschitz. We
conclude using (143):

E7* [|E #4172 [Wiyr | — E7* [Wega ]2 ] < LEgke.
We get the result by combining the two bounds above. O

Proof of Lemma 4. Under the constant stepsize assumption,
the random field can be written as

1
H(wy, Upy1, Xppp1) = 5 (C(wr +5 Yit1, Ups1) —wy).
Notice that H 1-¢) can be easily verified since
E7* [H (wy, U1, Xp41) ] = B [Yipa .
To verify H 1-d), we proceed by

FPET* [Hﬁ(wk, U1, Xpp1) — E7* [Yiy1 |17 ]

= E7*[||C(wy + 7Y kt1, Ury1) — (wi + FE [Yy DI ]
As wy, € BE, applying CSA4 gives

E7* [ H (wy, Upgr, Xit1) — BT [V ]3]
Ac
f_}/

A

<02 + o2W(wy) + %Eﬂ (1Y kil ]-

<E Vi1 —E7* [Yir1 3] + ==E7* [ Yisal1 ]

Lastly, we obtain the following chain

EX* [ Vg llt] S EP*[[E™* [Yig1 ] — Yigal ]
[h(w)ll1 + [[E7* [Yii1 | — h(wp)|la

<V (\/To,k + 71 W(wyg) + \/Ch,o + Ch,lw('wk))

+Vdy/ o} + W (wy,)

3 2 2
S\/g( +7'0.,k+0h,0+(70+Tl,k+ch,1+alw(wk)),

2 2

where we have used /z < HTI, x > 0 in the last inequality.
Collecting terms from the above bounds lead to the desired
terms in (59). ([l

C. Proofs of Section II-C4

Proof of Lemma 5. Let w,w’ € R%. Since a projection is a
contraction.

IPrjo B Ve — Prj B Vyy ”DW <|IBVw — B Vw/HDw .
From the expression of B (see (33)), we write

B Vi (s) = BVur(s) =AD_P(s,5") Vaw(s) = Vuwr (s')) -

The squared D -norm of the RHS is equal to

A2 " (s) (Z P(5,5") (Vo (5") = Vaor (s/))> .

S

Since P is a transition kernel, we have the inequality

(Z P(s,') (Vu(s) — vw/<s’>>> 2
S <D Plss) (Vuls) - Vr (s')))”
Finally, since wP = w :)y TD1, we have
; () 3 Pls,8) (Vuls) - Vi (7))

=3 @) (Vanls') = Ve ()

= ||Vw - Vw’Hl%w'

This concludes the proof. O
Set
G(s,5) == p(s){Ae(s") — p(s)} " 5 (145)
we may rewrite H (w, (s,s’)) in (35) as
H(w, (s,5") = ¢(s)R(s,s") + G(s, 5w . (146)

We denote
Xo == (S0, 5), Gw(s,8):=G(s,5) — Ex[G(X0)].

Let w, be such that V, = ®Pw,. Since h(w,) = 0 and
h(w) = E, [H(w, Xj)], we get

h(w) = h(w) — h(w,) = Ex[G(Xo)|(w —w,). (147)
We also have

H(w,(s,5") — H(w,, (s,5')) = G(s,5") (w—w,).
This yields

H(w, (s,s")) — h(w) = H(w,, (s,s"))

+Go(s, ) (w—w,). (148)
Set
Ew(s) = (0 —w,)  D(s) = Vas(5) = V. (s).  (149)
From (145) and (147), we have
h(w) = Ex[G(So, Sp)] (w — w.)
= Ex[¢0(S0){\w (50) — &w(S0) }. (150)



Proof of Lemma 6. Using (150), we get that

IR (w)][* = [Ex[¢(S0) {A6w (S5) — &w(So)HI*

< B[ d(So)lI*] Ew[{Au(Sh) — &uw(S0)}7)

For the second term, we use

E[(AU + V)?] < NE[U?] + E[V?] + 2AVE[U?] E[V?]
with U := &,(S]) and V := &,(So). By TDI,

Ex (€5, (50)] = Ex[65,(S0)] = [Vw — VulIb.,

which implies that

B [{Aw(80) = &w(S0)}*] < (1+ X7 Ve = Vullp...

This concludes the proof of the first inequality. From (148)
and TD3, we obtain

E7* [|| H (wg, Xpt1) — h(wg)|?]
< 2B | H (w,, Xo)|?]
+2 (wi — w,) " Ex (G (X0)G o (Xo)] (wy, — w,) .

We first upper bound E [|| H (w,, Xo)|%]. Since A < 1 and
|R(s,s")] < 1 (see TD2), we get that, for all w € R?, and
(s, '), it holds that

[ H (w, (s, 8")[| <1+ [[@(s){AVu(s") + Vi(s)} ]
<1+ {AV(S)] + [Vi(3)]} -
We obtain
Ex (|| H (w., X0)|I] <3 (1+ {3+ 1}[Will5_) -

Let us upper bound the second term. For any u € R%, it holds
that

"B (G (X0)G o (Xo)lu < u'Ex[G(X0)g " (Xo)lu,
and
u’G(s,5)G" (5,5 )u < {ul () (1 +A)* .
By combining these two inequalities, we finally obtain
(wi: = w.) " Ex[Ge (X0)G o (X)) (wi — w.)
< (1422 Var, = Vulldy
This concludes the proof. O
Proof of Lemma 7. Tt follows from (150) that
(w —w. [h(w) — h(w,))

= Ex[§w (S0){Aw (S5) — &w(S0)}]
= AEx [gw(SO)fw(S(IJ)] - EW[(&U(SO)V]-

By using the Cauchy-Schwarz inequality, we have
Eo[€w(50)6w(5p)] < {Ea €, (S0)1} {Ex[€, (Sp)1} /2.
Under TD1, @wP = w, which implies that for any function g,
Exlg(S0)] = Ex[g(So)]-

This yields
(w — w. [ h(w) — h(w.)) < —(1 - NEz[E,(So)].
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The proof is concluded by using (149) and

Ew[€2,(50)] = Ex[(Vew (So) — Vi(S0))?]
= [V =Vl -

Proof of Lemma 8. Note first that

w'® Dedw =Y w@(s)(ep(s) |w)?
seS
<Y @(s)llp) 1wl < [lw]?,
seS

where we have used that ) | __sw(s) = 1. On the other hand,
under TD 1, D, is full rank (D, is diagonal and all its
diagonal entries are positive), which implies that the minimal
eigenvalue of &' D P is positive. The result follows. o

D. Proofs of Section III-A

We hereafter give a slightly different statement of Lemma 9
for the particular case in which VV = —h.

H3. The field h and the function V in H 2 satisfy: VV = —h.

Then under H 2-¢), the Lyapunov functions V, W satisfy,
for any w € RY,

— [VV(w)[I> = (VV(w) | h(w)) < —oW(w) .  (151)
Define, for any k£ > O:
w2 k41 = (0 —T1) — ’ykﬂLva (152)
(1 (e—7)
Y2,max = IMIN <LV7 LVO’% ) . (153)

Lemma 14 (Robbins-Siegmund type inequality for
VV = —h). Assume H 1 and 2, NA1 and H 3. Then,
for any k > 0, we have almost-surely

E7* [V(wyi1) ] < V(wy) — 2

2
2
L
I %2“70 4 7k+21 V0(2)7

Proof. Let k > 0. By H 2-b), we have

wa, k41 W (wy)

(154)

V(wgi1) < V(wg) + (VV(wi) | wir — wi)
+ (Lv/2) | wisr — wi]®.
Computing the conditional expectation of both sides of this
inequality yields
E7* [V(wiy1) ] < V(wy)
+ Yo+ 1 (VV(wi) | E7* [H (wy, Xis1) )+
+ Y1 (Dv/2) E7 (| H (w, X))
We now use 2{(a|b) = ||a|* + ||b||* — ||a — b||%.
2(VV (wy) | E™* [H (wk, Xie41) ])
= —2(=VV(wy) | E™* [H (wk, Xj41)])
= =l = YV (wp)[I* = |E7* [H (w, Xjs1) ]|
+ || = VV(wy) — E7* [H (wy, Xis1) ] |1
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Define b, := E7* [H (wi, Xj+1) | — h(wy). We have, using
Equation (151),

EP* [V(wyy1) ] < V(wy) — %W(wk)
— LB [H (i, Xorn) ]2+ 25 o2
+ Vg1 (Lv/2) EPF[| H (wie, Xg11) %]
Note first that, using H 1-c) we get

EF« [V(w;ﬁl)} < V(wk) . Q’Y;H

W (wy)

— T IET* [H (w, Xie) ] 4 P55 (70 7 W)
+ Y (Dv/2) E7 (| H (w, X))
We compute a bias-variance decomposition and use H 1-d):
E7 (|| H (wi, Xi+1) (%] = [[E7[H (wi, X))
+ E7* (|| H (wy, Xis1) — E7* [H (wp, X))
< ||EFH[H (wy, Xpi1)]||” + 05 + 0T W (wy).
Overall, we get:

E7* [V(wpi1) ] < V(wy)

2
Yio L
- (B o) - B0t W

2 2 !

2
Yet1  Viprlv
- (2 - ) e (B X)) IP
2
L
+'Yk+17_0+ Tk+1 Vag'
2 2
We thus get:

E7* [V(wyi1) ] < V(wy) — 22

wa, k41 W (wy)

2
Vierr1Lv
+7’“2“70+ ’“*21 o

with W . Y2.max as in (152), (153).

O

E. Proofs of Section I1I-B2

Proof of Proposition 2. By Corollary 1, the field H (w, ~) =
Top:1(VF(w)) satisfies H 1 with (cpo,cn1) = (0,1),
(to.k,71k) = (0,1 —1/d) and (03,0%) = (0,0), for W =
IVE()[).

We consider V = F' and thus have H2 withcy =1, p =1,
Ly = Lyr. We thus verify Equations (70) to (73) with:

bo 1= cv/T0/2=0
1
b1 :=cv(v/70/2+ 1) =1 —-Ya<1-— 2
no =20
m = Uf + 714 ch1+ Cha (Vo +/T1)
+ V71 (\eho + Veni) <4,

Ymax = 2{0 —b1}/(Lvm) >

~ dLym ’
1
wi :=2{o—b1} —yLvm = — .
2d
Proposition 2 is then a direct application of Theorem 1 with
the constants above. O

For the proofs of the next two propositions, we note that the
random field H satisfies H 1 with V. = F, W = |[VF(-)|2.
Moreover, the constants are (cp,.0,ch,1) = (0,1), (70,5, T1,6) =
(0,0), (03,0%) = (M?/n,0), and ¢ = 1.

Proof of Proposition 3. By Lemma 2, the compressed SG in
(13) uses a random field that satisfies H 1 with the same set
of constants that inherit from H except for US;C = 1+
we)od, 01.c = 2we. Thus we have (70) with by = by =
0 and (71), (72), (73) with

no = (1 +we)M?/n, m = 2we + 1,
Ymax = 2/(Lvrm) = 2/(Lvr(2we + 1)),
wg =2 —YLvrm > 1.

Where the last equation holds as 7x < Ymax/2. As before,
Proposition 3 is then a direct application of Theorem 1 with
the constants above. O

Proof of Proposition 4. For C is Q4, CSA4 is satisfied with
ke = dAZ. Using Corollary 2, we can apply the result of
Theorem 1, with 7o ¢ = L% pdA2, Ohe = ME
L% .dA?. Thus

by = LyrVdA/2 <1/2,

M? M?
Ny = e + ZLQVFdAQ + LVF\/EA < e + 3LVF\/EA

by = LypVdA/2 < 1/2,

mo=1+ (LVFx/EA) <2

Ymax = 2{1 - bl}/(LVFnl) Z 1/(2LVF)
wr=2{o—Db1} —yLym >1/2.

Proposition 4 is then a direct application of Theorem | with
the constants above. O

Proof of Proposition 5. By Lemma 4, the compressed SG in
(15) uses a random field (16) that satisfies H 1 with the same
set of constants inherited from H except for

Acvd
4 BeVd
n 2y

5 M2
Toe T T

Acvd

(3+M?/n), oic:= cz/_'
3 2,}/

We also have (70) with bg = by = 0 and (71), (72) with

AcvVd
2y

= M2 (2 ) 2V

Ymax ‘= 2/(LVF(1 + AC\/E/(2/7))) .

yomei=1+

3

To apply Theorem 1, we have to satisfy 7 < ymax, Which is
then equivalent to

2 2
LVF(l_F—STy ) VF

This yields the stepsize condition in (99). Our bound in (100)
is then achieved by plugging the above 79 into (79). O



F. Proofs of Section III-B3c
From Section II-C3b, it holds
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the RHS is finite by the stepsize conditions, i) and the
condition E[V (wy)] < oo.
We now consider SA 4. We proved that sup, W(wy) <

Mo = 1254\/Cy0/m + 14dsic, o/m* + 45 /cy 0+ ¢x,1/("nMYe with probability one. Combined with i), this yields with

m =1+ 12s, (\/ox0 + /ox1) /m + 144s7c, 1 /m?
+4s2 /e /(nm),
by = 65,1/Vmax+/Cx,0/M,
b1 = 6./ Umax (v/ox.0 +2¢/Ex.1) /m,
Ymax = 2{Umin — b1}/(Lvm),
wi = 2{Vmin — b1} — Y Lvn1.

G. Proofs of Section IV

Proof of Theorem 4. We first establish that the sequence
{wyg, k € N} satisfies SA3 with probability 1. Define

bo,k = cvy/T0.k/2, biri=cv(VTok/2+ /Tik)-

It follows from the Robbins-Siegmund inequality (see
Lemma 9) that

E7* [V(wii1) | < V(wk) + Yet1 bok +7ier1 Lvio/2
— Y110 = b1k = Vi1 Lv m1/2} W(wy).
By Y oo vk =00 and > po 77 < 0o, and i),
kli_{I;O{Q —bir =1 Lvm/2} =0 (155)

exists and is positive. Therefore, there exists kg such that for
all k£ > ko,

E7* [V(wyi1) | € V(wk) + Vg1 bok +7ig1 Lvno/2
— Yi1{e — b1 —yr+1Lv m/2} (W(wg) AC)  (156)
where C' is a positive constant, and
E7* [V(wr+1) | < V(wi) + k41 bok +7741 Lvno/2. (157)
Define for k > ko,

My, == V(wg) — Ve + Z e,
(=k+1

(158)

where cp1 = Yo41 boe +(Lyno/2)yZ. It is easily checked
that for all k > ko, M > 0 and E7* [Mk+1] < M}, almost-
surely. Hence, {My_,, £ — ko € N} is a non-negative super-
martingale. It follows from [184, Theorems II-2-7,11-2-9] that
supyey My < oo and the sequence {Mj, k € N} converges
with probability one. This implies that, with probability one,
sup;, V(wyg) < oo and limy_, o V(wy) exists. By ii), this
yields supcy ||ws|| < oo with probability one. Hence, SA3
holds with probability one.

Note two corollaries of the discussion above. First, from
(155), (156), sup, V(wg) < oo, the stepsize condition
Sre ok = 00, Ypeo7i < oo, and i), we have when
C — +oo,

sup W(wy) < 00
k

with probability one. Second, it also follows from (157) that

sup E[V (wi)] <E[V(wo)]+>_ Yet1{bok +(Lvog/2)vk1};
€ k=0

probability one,

|E* [H (wg, Xp11) ] — h(wg)]||”
<7k + 11,6W(wg) — 0.

The asymptotic rate of change condition is a conse-
quence of the convergence theorem for square integrable
martingales (see e.g. [185, Theorem 2.15]): the series
Y peq YkUk+1 converges with probability one on the event
> i1 VRETE [lursr||*] < oo. We thus have to prove that
>k Vo100 + 2ok Vs 10t W(wy) < oo with probability one.
This holds true by the stepsize conditions and the property
sup;, W(wg) < oo. O

H. Proofs of Section V
Proof of Lemma 10. Let t € {1,...,kous} and k €

{0,.. . kin — 1}. Since b'E [Ziegt’m az} =Y
(see e.g. [38, Lemma 7.1.]) and Ht"ﬁc € Fi i, then

EFor [HY o ] = HY A0 (hi(wik) — hi(wyp1)).
=1

This concludes the proof of the first claim. The second
one follows by induction, upon noting that EX*0[U]| =
EFto [EZ+¢[U] ] for any £ > 0. O

Proof of Lemma 11. Let t € {1,...,kout} and k €
{0,...,kin — 1}. By Lemma 10, we have

k1 Eﬂ’k[ oy

=H}} 1 — h(wi i) — Hy) + h(w 1)

1 1 &
=5 Z Ai(’wt,k,’wt,kq)—EZAi(’wt,k,’wt,kq)

VU ieBria i=1

where A;(wy g, wik—1) = hi(wyr) — hi(wyg—1). The
conditional expectation of the L?-moment is upper bounded
by by ln Y0 1A (wi ke, wie—1)||* (see e.g. [38, Lemma
7.1.]). Under VR 1, we have |[|A;(wir, wip—1)|> <
L?||lw; , — w¢ g—1]||*. This concludes the proof of the first
claim. For the second one, we write H;’ bl —h(wy k) =Ur+
Uy where Uy := HY}, — E7++[HY} | |. By definition of
the conditional expectation and since U, € F;j, we have
E ¢k U, +U2||2} — RStk [HU1||2} +]E-7‘-t,k|:||U2||2:| =
EF¢+[||U1]|?] + [|U2||?. The proof is concluded by using the

first statement and Lemma 10. O
Proof of Lemma 12. From H?2-b), we write for any w, d, h €
R? and v, 8 > 0,
Lv
V(w +7d) < V(w) +y(VV(w) |d) + 727 ld||*
<V(w) +y(VV(w)|h) +~+°Ly (|d = h|* + |h]*)
ol 2 X8 a_n
+ TV + L = b
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Applied with h < h(w), and using H 1-5), H 2-¢) and (43),
this inequality implies

V(w +~d) < V(w) — v <g Qﬁ — yLvyecn, 1> W(w)

B
9 (§amv) I = hw) 49 Lven,
We choose 3 := c% /o and obtain, for any p > 0,

V(w—l-”yd) S V(w)—ﬂy (g — ”yLVchyl) W('w)—F’YQL\/Ch’O

02
oyl — h(w)|? + (2—; ; M+7Lv) I — hw)]|?.

Applying this inequality with v = vy p41, W = W, d =
HY, 1 0= pek+1 = 0/2 — Y,k+1Lv and computing the
conditional expectation w.r.t. to Fy o, concludes the proof. [
Proof of Theorem 7. By Equation (131) and H 1-b)

kin—1

> BT [ = o)
12 K
Z EFo [|[HY), — h(wg 1) ]
vr k
L2k &2
2 > k(e + cn B0 [W(wy k1) ).
vr kZ:].
We use Lemma 12 and sum from £k =0to k =k;, — 1
kinfl
E7t0 [V(wt»kin)] < EFwo [V(wt,o)] + Lvcn,o Z %2,1c+1
k=0
kin—1
- Z Ve 1Vt o1 B0 [W(we i) |
k=0
kin—1
- Z Vet e pa1 BT (| HY S0 — h(we )] ]
k=0
Z Ve, k+1E ||Ht k+1 — h(wt,k)Hz}
szin km 1
+2 bor Ch,0 @ ; 7?,1c+1
L?kin !
+2 b Chid ;) Ve k1 ET00 (W (we ) .

Hence, we get

kin
Z’Yt,k (g — Ch,1 7tk )\t,k) E*0 [W(wt,kfl)}
k=1

k=1
<E70[V(weo) ] —E™

k.
1n L mn
+ch,o{va%%k+z aZ%k}

k=1

3% v (£ =0 Ao ) B700 [ — B )
" [V

W, k; )]

We sum from ¢ =1 to ¢t = kqyus, and use H 2-a), wi—1 i,
wy,o (see Line 3 in Algorithm 1) to conclude the proof. [
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