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Abstract

Gyrokinetics is a self-consistent kinetic model of magnetised plasmas that applies to
dynamical systems characterised by typical frequencies lower than the cyclotron frequency.
Any gyrokinetic theory proceeds in two steps. The first one is the derivation of a gyroki-
netic Vlasov equation for each charged species. This is done by building a new adiabatic
invariant of motion, the magnetic moment, associated with a virtual particle, the gyro-
centre, slightly shifted from the particle guiding-centre. It relies on a near-identity change
of variables in a 8D extended phase space. This change of variables is not unique. Several
options are discussed in this lecture note. The second part is the derivation of particle
charge and current densities that enter the Maxwell equations, knowing the gyrocentre
distribution functions. It appears that a magnetised plasma behaves as a medium that
is both electrically polarised and magnetised. The resulting model encompasses one Kki-
netic equation per species and the Maxwell equations. It can be used to address any
self-consistent electromagnetic problem in magnetised plasmas, in particular instabilities
and turbulent transport.

Wk

Sections labelled with a star can be skipped in a first reading. Notations can be

found in Appendix A.

1 Introduction

This note aims at deriving a theory of low frequency electromagnetic fluctuations in a mag-
netised plasma. Let us remind that 3 invariants of motion can be built in a magnetised
plasma under stringent conditions. These invariants are the particle energy if the field is
static, magnetic moment for a strong enough magnetic field, and canonical momentum
whenever the configuration is left invariant by a rotational symmetry. However dynamical
invariance breaks down in presence of fluctuations. This is a consequence of symmetry
losses. For instance time variations invalidates energy conservation. A loss of axisymme-
try in a tokamak implies that the kinetic toroidal momentum is no longer an invariant
of motion. Also the particle magnetic moment is no longer an invariant whenever field
perturbations oscillate on time scales commensurate with the cyclotron period. Losses of
invariants of motion imply that particle trajectories are generically chaotic. Predicting
properties of a chaotic dynamics is a formidable task since the dynamics dimensionality is
intrinsically 6D in the phase space. Fortunately, some simplification is possible since most
MHD instabilities, or micro-instabilities that drive turbulence in laboratory magnetic con-
figurations, are characterised by frequencies that are lower than the cyclotron frequency.



A new invariant of motion, close to the magnetic moment, can then be constructed, hence
reducing the number of degrees of freedom. Nevertheless the other coordinates must also
be modified in this process. This new set of coordinates describes the motion of a virtual
particle called gyrocentre, combined with a distorted cyclotron motion (see Fig.1). The
change of coordinates, from guiding-centre to gyrocentre, is called a gyrocentre transform.
A gyrocentre stays close to the guiding-centre position, provided the amplitude of fluctu-
ations is small, say of the order of the expansion parameter eg (defined in subsection 2.3)
that is used to derive the guiding-centre equations of motion. This assumption is fulfilled
in most practical cases'. Technically speaking, this means that a near identity change
of variables, conjugate or not, must be performed. It turns out that powerful methods
were developed in celestial mechanics to perform effectively near identity changes of vari-
ables, at all orders in the expansion parameter. Kinetic equations that rule the particle
distribution functions can be computed based on this new set of variables.

However the task is not over. Indeed solving kinetic equations provides all necessary
information on moments, i.e. density, fluid velocity and temperature, and transport equa-
tions, but it does not ensure self-consistency, i.e. coherence of the Maxwell equations
with the plasma response to the electromagnetic field. More precisely, electromagnetic
fluctuations must be solutions of the Maxwell equations, with charge and currents densi-
ties that depend on the electromagnetic field itself via the particle distribution functions.
Here a major difficulty emerges. Maxwell equations live in the physical space, not in the
space of gyrocentre coordinates. Hence a second part of the gyrokinetic theory consists
in relating the charge and current densities in the physical space to the moments of the
gyrocentre distribution function. It turns out they differ via terms that can be seen as
polarisation and magnetisation terms. This second step is conveniently achieved by using
a variational method. The gyrokinetic theory was initiated by Frieman and Chen in 1982
[1], and was then largely expanded and improved upon. This lecture note derives from an
extensive overview on gyrokinetics [2], and the papers [3, 4] for the specific “Hamiltonian
approach”. Readers interested in advanced issues should read them in depth. Numerical
implementation and results of simulations are not addressed in this note, but some details
can be found in the review [5].

2 Choice of coordinates and ordering

2.1 Canonical coordinates

The simplest? set of Hamiltonian canonical (conjugate) variables is the set of position /momentum
z = (x,p). The equations of equilibrium motion expressed in canonical variables bear the
Hamiltonian form

dx  Ohgg

dt  Op

dp Ohegq

& - A 1
dt ox (1)

!Exceptions exist however like turbulence in the edge of a magnetic configuration, where the turbulence
intensity is high, or large amplitude MHD instabilities.

2An alternate set of Hamiltonian canonical variables can be built, which is suitable to a toroidal magnetic
configuration. The first set of variables are 7:—: 1 (m the mass, e the charge and p the magnetic moment), and the
gyroangle ¢ - these two variables are conjugate. Using Boozer coordinates, a canonical poloidal momentum is
defined that is conjugate to the poloidal angle. Finally the toroidal angle is conjugate to the canonical toroidal
momentum. If 3 invariants of the equilibrium motion can be found, and trajectories are bounded, a set of
angle/action variables can be constructed. This procedure [6] is not detailed here.
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Figure 1: Schematic trajectory separated in a guiding-centre X and cyclotron motion p, taken circular.
In presence of a perturbed electromagnetic field, the magnetic moment is no longer an (adiabatic)
invariant of motion. To recover an invariant of motion, the guiding-centre position is slightly shifted
to become a “gyrocentre”. The particle position x is the sum of the gyrocentre position X and a
gyrovector p. The later is the sum of a circular cyclotron motion plus a deformation due to higher
harmonics and also a mean part responsible for plasma polarisation and magnetisation effects.

where heq(x,p) is the unperturbed Hamiltonian®. A convenient simplification is the
use of an extended set of conjugate variables, by adding a pair of conjugate variables
(a:o =t,pg = —E), where E is the particle energy?. The new Hamiltonian is he,(3) =
heq (x,p) — E, where 3 = (z*,p,) with u = (0,1,2,3), 2* are contravariant components,
and p, are covariant components®. The new flow “time” (similar to a curvilinear coordi-
nate for the orbit in extended phase-space) is noted 7, and the motion is constrained to
take place on the manifold E = heq (x,p). The equilibrium evolution equations for the
new variables (20, pg) are

da ~ Oheg _8h6q _1q
dr dpo ok

dpy _ Oheyg  Oheg 0
dr 020 ot

The first equation imposes that the coordinate ¢ coincides with 7, up to an initial condition.
The last equation is the expected time evolution of the Hamiltonian ‘é—’; = %, which states
that energy is conserved for an Hamiltonian that is time independent. Hence this extended
set of conjugate variables verifies the same canonical Hamilton equations as Eq.(1), but
applied to 8 conjugate variables, and with ¢ replaced by 7. An alternative expression of

the Hamiltonian equations of motion is

ds _ ; Om
dr = 03

3Notations are such that small letters are used for fields in the (x, p) space. Capital letters are used for the
guiding-centre space, and over-lined capital letters for gyrocentres. See details in Appendix A

4This extension is useful for treating a time-dependent electromagnetic field A*. Indeed the variation of
energy, dE/dt = eqv,0;A", then appears naturally as part of Hamilton’s equations in the extended set of
conjugate variables.

5 Although the notations are similar to those of relativity, relativistic effects are not addressed here.



where J is called “symplectic” matrix. For a set of canonical variables, the symplectic

matrix reads
J= 0 I
\ -1 0

where I is the N = 4 identity matrix®.

2.2 Non-canonical coordinates

Let us consider a toroidal equilibrium magnetic configuration. A set of guiding-centre
coordinates can be constructed if the magnetic field is strong enough. This represents a
first change of coordinates from the canonical set of position/momentum z = (x,p) to a
new set of guiding-centre variables Z. The latter is usually built as a set of non canonical
variables, for instance (X,u”, i,), where X is the position of the guiding-centre, w its
parallel velocity, u the magnetic moment and ¢ the gyroangle (or cyclotron angle). This set
of 6 coordinates can be split into a reduced set of “slow” guiding-centre coordinates, noted
Z* = (X, u),pn), and the gyroangle ¢. “Slow” means that these coordinates characterise
the part of the motion that evolves on time scales much longer than a cyclotron period,
in contrast with the gyroangle ¢, dubbed here “fast” coordinate. The corresponding
extended set of variables is Z = (X, uy s S5 B, t). For such non-conjugate variables, the
symplectic matrix contains many more non zero elements. The calculation of J is an
important part of the derivation of gyrokinetic equations. The matrix J appears in the
equations of motion (as shown in appendix B),

iz _ | om
dr 0Z

and in the Vlasov equation (as shown in subsection 3.4). Each element J*” is in fact a
Poisson bracket {Z#, Z¥}7. The best procedure to compute these elements is to devise a
least action principle for the equations of motion, and find its extremum with respect to
all variations near the actual particle trajectory (see note on particle trajectories). This
procedure is detailed in section 3.

It is useful to familiarize oneself with the concepts of phase-space Lagrangian, Lagrange
matrix w and Poisson matrix J, and variational formulation in non-canonical coordinates.
Appendix B is a introduction to these concepts, and a simple example which does not
involve cyclotron motion, nor magnetic field, nor extended phase-space.

2.3 Ordering

Let us recall that the usual small parameter for the guiding-centre theory is e = p./Lp,
where p. is the particle gyroradius and Lp is the magnetic field scale length. The per-
turbed electromagnetic electric and vector potentials ((b, A) are characterised by typical
amplitude, pulsation w and wave number k. The latter is split into wave numbers k| and
k1, where kj is the wave number projected along the unperturbed magnetic field, while
k| is the modulus of the perpendicular wave number. This procedure is adopted for all
vector fields, in particular the vector potential that is split in a parallel and perpendicu-
lar components (AH,A 1). Gyrokinetics relies on the assumption of a pulsation w much

6A variant of the phase space extension is to use non conjugate variables (¢, +FE) — note the plus sign. The
identity matrix is then replaced by the Minkowski space metric diag(—1,1,1,1).
7Poisson brackets are conveniently defined by using the original set of conjugate variables {f, g} = % .

ag - g—ﬁ a . The label 3 can be omitted as long as it designates a set of canonical variables since a Poisson

bracket can be shown to be invariant under a change of conjugate of variables. However the use of a Poisson
bracket becomes trickier whenever non-conjugate variables are used - in this case it is better to keep the index to
designate the set of variables that is being used to compute the bracket. The knowledge of the Poisson brackets
{Zr, 2"} as functions of the variables Z,, allows the computation of any Poisson bracket of two functions F(Z)

and G(Z) since {F,G}z =0z, F {2+, 2"} 0z,G.



smaller than the cyclotron frequency Q. = e,B¢q/m — this is mandatory to build a new
magnetic moment that is an adiabatic invariant of motion, — hence

w
€y = 970 < 1

Regarding the ordering on wave numbers, let us remind first that a major objective of
the gyrokinetic theory is to avoid an assumption of large field scale length A\; ~ 1/k|
compared with a Larmor radius p.. This is to be contrasted with the guiding-centre
theory where the scale of the equilibrium magnetic field is assumed much larger than a
gyroradius. Two dimensionless numbers are introduced to characterise the perpendicular
and parallel wave numbers. The first one €; = k| p. is the perpendicular wave number
normalised to the gyroradius. The second one €| = kjvp Jw, is a parallel transit frequency
built with a thermal velocity vy = \/Teq/mq (Teq the species temperature, m the particle
mass) normalised to the frequency. Two emblematic limit cases can be identified®:

e Small scale kinetic turbulence is characterised by perpendicular wavelength of the
order of the gyroradius pe, i.e.

€1 =kipe~1

This ordering is called “gyroBohm” scaling. Resonant wave-particle interaction is
optimum when a longitudinal Landau resonance takes place w ~ kju, and u ~ vr.
This implies ¢ ~ 1, and

Ky
~ €, K1
1

Hence parallel wave numbers are small compared to their perpendicular counterpart,
a feature that is well verified experimentally and numerically. This is a so-called
“flute-like” structure of fluctuations, referring to flute modes, i.e. perturbations
that are aligned with the mean magnetic field (k) = 0).

e MHD instabilities and turbulence in the hydrodynamic limit. The hydrodynamic
approach is appropriate whenever ¢ < 1, so that Landau resonances per se are
avoided?. The perpendicular wavelength of MHD instabilities is usually larger than
the gyroradius, so that €; < 1 as well.

The scaling of the perturbation amplitude requires some care. Let <Z~> and le denote the
perturbed electric and parallel vector potentials - we ignore for now the perpendicular
component of the vector potential '°. We want to build a dimensionless small parameter
to characterise the amplitude of the perturbed field. This can be done by defining a
parameter €5 that measures the perturbed Hamiltonian i = e, (¢ — uH/NIH) (see subsection
3.1 for the justification of this structure of the perturbed Hamiltonian), normalised to
the unperturbed temperature T¢,. An electromagnetic perturbation such that the electric
component ¢ of the perturbed Hamiltonian is of the same order of magnitude as its
magnetic component v||f~1|| satisfies

ead  €aVTA|
—_— Y — Y

€5
Teq Teq

8This classification is indicative. The reader should not take it too seriously: numerous flavours and variants
exist that depart from these orderings. Strictly speaking, one could add a third limit case that is a neoclassical
collisional equilibrium w ~ 0, kjgRy ~ 1. This one obeys €, — 0, which corresponds to the drift-kinetic limit.
In other words a gyrokinetic theory is not requested to compute collisional transport, though nothing opposes
using it.

9This does not forbid however closure schemes where Landau damping is mimicked via appropriate additional
terms in fluid equations.

0Unperturbed fields are labelled with an index “eq”, while perturbed fields are written with a tilde.



Other choices are possible. For instance an electrostatic perturbation is such that 121” = 0.
A Boltzmann response'!, also called adiabatic response, then implies

F H
~ — Y 6(5
Feoy Ty

where F is the perturbed distribution function. In the turbulence case, another path is to
use a “critical balance” argument, which assumes that all terms in the Vlasov drift-kinetic
equation (written in guiding-centre variables) are of the same order of magnitude once a
statistical equilibrium is reached. In the electrostatic case, this implies?

o
P~ VY F ~ vp-VF ~ SR

Ma auH

where

ExB
vVE= g1
is the electric drift velocity. The first equality reproduces the argument based on the
longitudinal Landau resonance. The electric drift velocity can be split in unperturbed and
perturbed parts. The unperturbed piece scales as a diamagnetic velocity Teq /€aBeqLyp,
where L, is a plasma gradient length. Equating vg - VI, with vg ., - VF yields the
relation _ ~
F eqd
— ~ey
Feq Teq

If a scaling F/ F.y ~ e5 < 11is imposed, and a “gyroBohm”gyrokinetic turbulence con-
sidered ¢, ~ 1, the ordering of the mode amplitude is found consistent with our previous
result _
(0]
Teq

~ e (2)

The next step is to establish a link between €5 and the other dimensionless parameters
€B,€||, €. The analysis is restricted to the “gyroBohm” framework €, ~ 1. In this regime,
the scaling Eq.(2) is consistent with e,¢/T.; ~ €5. It is also consistent with the electro-
neutrality condition in the same limit. In addition, the perturbed drift velocity is such
that |[Vg| /ur ~ es5. Let us bring the parallel vector potential fl” ~ ¢/vr back in the game.
It is responsible for a perturbed perpendicular magnetic field B, ~ k Lfl”, thus such that
B, /Beg ~ €5. The critical balance condition also imposes that Vg - VEeq ~ VE e - VF,
i.e. €5 ~ p¢/Lyp, which is close to the expansion parameter for the guiding-centre theory
€B = pc/Lp, since the plasma gradient length L,, magnetic field variation scale Lp and
plasma size a are all commensurate. The parameter p./a is traditionally noted p.. A
“gyroBohm” scaling is therefore consistent with €; ~ 1 and €5 ~ p,.. Still pursuing with

a critical balance model, equating %f; with vg - VF,, yields €, ~ p«. Hence one arrives

to a quite simple “gyroBohm” ordering

AL F, H

Tog Teg P+

Se
>

LA Boltzmann response should be understood as a special case where the distribution is the one expected for
a local thermodynamical equilibrium, i.e. F' = Cexp(—H/T.,), where C is a constant. An adiabatic transform
is such that whenever the Hamiltonian changes from H., to an new Hamiltonian H = H., + H , the new
distribution function remains given by F' = Cexp(—H/T,,) at all times. A Taylor development at first order
in the perturbed Hamiltonian yields F/F., = —ﬁ/Teq.

12The form of the Vlasov equation is not demonstrated here, as it is rather intuitive - its precise structure
will be given as one of the main outcomes of the gyrokinetic model. Critical balance is not always satisfied. It
is however a reasonable working hypothesis for turbulence.
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Figure 2: Schematic 3D view of the contour lines of the perturbed Hamiltonian, and corresponding
“gyroBohm” scaling on the perpendicular and parallel wavelengths.

where A\; ~ 1/k; and A\ ~ 1/k) are perpendicular and parallel wavelengths (see Figs. 2
and 3). This scaling goes together with A; ~ p. and'? A ~ a. Again it is stressed that
this scaling holds for turbulence problems (not all in fact), but not for MHD instabilities,
nor for collisional transport. The main results in this lecture note do not rely on this
specific ordering.

Finally the perpendicular component of the vector potential is mainly responsible for
a compressional component of the magnetic field B” =€ VX A | . It will be seen that
it scales as Bes, where 3 is the ratio of kinetic to magnetic pressure. Hence at low values
of 3, the perturbed electromagnetic field can be represented by two scalar fields only, the
electric potential and the parallel projection of the vector potential. It is called “(¢, A)
representation”. At higher values of 3, the compressional component of the magnetic field
must be kept - this limit is dubbed “(¢, A, B|) representation”.

3 The gyrokinetic Vlasov equation

3.1 Breakdown of dynamical invariance

Let us remind a few results regarding the guiding-centre description of a charged particle
motion in a strong magnetic field. The particle position is decomposed as the sum of a
guiding-centre position X and a cyclotron displacement p (see Fig.4). The displacement
vector p can be expanded in powers of the small parameter ep, i.e. p = py+ p;, where p,
is a circular cyclotron displacement while p; is responsible for plasma polarisation effects.
The latter effect can be incorporated in the gyrocentre transform as long as the mean field
is small enough'4. To avoid unnecessary complications, this option is adopted here, even
if in practice the mean electric field is not that small. So in the following p; = 0. Hence

13In toroidal fusion devices, an additional dimensionless number is the inverse aspect ratio, which allows a
distinction between the plasma minor and major radius a and Ry.

14Gtrictly speaking there is also a contribution that comes from magnetic field gradient and line curvature -
this tiny effect is ignored as well.



a guiding-centre is a virtual particle localised at the centre of the cyclotron motion
X = X+p0<X7:u'7 §) (3)

The particle velocity reads .
V= X+pO(X7,U7§) (4)

where X is the guiding-centre velocity and p, = —QC(X)e” X po the cyclotron velocity
(dots denote time derivative). The simplest version of cyclotron motion is adopted here

po(X.pt,s) = pelcosc e — singe)
po(X, 1) = i (—since; — cosc ep) (5)

where e; (X), ez (X) are two unit vectors locally orthogonal to the unperturbed magnetic
field Beg, such that e; x e; = e||. Here, ¢ is the cyclotron phase!® v, = V21Beg(X)/mg
is the modulus of the cyclotron velocity (u is the magnetic moment), Q. = e,B¢q(X)/m is
the cyclotron angular frequency, and p. = mqv /e,Beq is the gyroradius. Note that both
Q. and p, take the sign of e. Egs. (3) and (4) can be applied to change variables from the
extended set of particle coordinates 3 to the extended set of guiding-centre coordinates
Z = (2%,¢) described in subsection 2.2. Here we have noted the 7 slow guiding-centre
coordinates as Z* = (X, u|, 4, F, ). Any dynamical function of Z can be expanded as a
periodic function of ¢, with coefficients that depend on Z*. The operation that consists
in transforming a function of 3 in a function of guiding-centre coordinates Z is called a
guiding-centre transform.

The equilibrium electromagnetic field is inhomogeneous, but assumed static to simplify
the analysis. Deriving the guiding-centre equations of motion is still challenging, but
can be done efficiently by using a principle of least action. This procedure is detailed in
Appendix C. To summarize, the equilibrium Lagrangian L., = p-x — H¢q is transformed
into a guiding-centre Lagrangian, which, up to the zeroth order in ep, is written as

Leg (Z, Z> = eaA:q X+ TZ—:ué - H, (X,u”, u) (6)
where the Hamiltonian is
Hey (X, uj, 1) = £} + 1B (X) + €atrg (X)
and ¢, is the unperturbed electric potential. The modified vector potential is
A%y (X)) = Acg (X) + %uuen (X)

The principle of least action yields the Poisson brackets associated with the guiding-centre
coordinates Eq.(112) in Appendix C, and the equations of motion Eqs.(113)-(116). Since
the Lagrangian does not depend on ¢, the corresponding FEuler-Lagrange equation yields

OL¢q d <3L€q > Mg

pr— :7.:0
oc dt \ ac ea "

Hence the adiabatic invariance of the magnetic moment g is recovered.

Let us now introduce a perturbation of the electromagnetic field. The total vector and
electric potentials read

A(x,t) = Ay (x)+A(x,1)
) (X, t) = ¢eq (X) + (5 (X7 t)

15The convention in the gyrokinetic literature is that ¢ is defined as the angle from p, to e; for ions, and
from p, to —e; for electrons.
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Figure 3: Schematic effect of perturbed electro-magnetic field on a guiding-centre velocities. Left:
contour lines of the perturbed electric potential. A guiding-centre is submitted to an F x B drift
velocity that is tangent to the contour lines as a result of its expression vg = BXBQV¢, i.e. normal to
the magnetic field and the potential gradient V¢. Right: unperturbed field line (here a straight line)
that is deformed by a perturbed magnetic field 6B. A guiding-centre with a parallel velocity u along

the field lines acquires a velocity transverse to the initial field line vsg ~ ‘%Bu”. GyroBohm scaling

Vel b p«. This picture applies as well to gyrocentres.

corresponds to o ™ o

The perturbed vector potential is separated in components parallel and perpendicular to
the unperturbed magnetic field

A(x,t) = Aj(x,t)e(x) + AL (x,t)
The perturbed fields (A, (Z)) are of order 1 in the expansion parameter €5 once properly

normalised, so will be sometimes noted (Aj,¢1). The Lagrangian in the original phase
space z = (X, V) reads

L(z,z,t) = (eqA(x,t)+mgV) -x— h(x,v,t) (7)
where h = %va + eqp(x,t) is the “Hamiltonian”!®. This Lagrangian can be as well
written in guiding-centre coordinates

. Mg .

L(2.2:t) = eiAl, (Xouy) - X+ 2008 = Heg (X, 1)
a
+ eh(X+pp,t) - (X4 ) — cad(X + post) (8)

The structure of the new Lagrangian Eq.(8) is deeply modified. Thus all Poisson brackets
should be recalculated. However this difficult task can be circumvented with the following
trick. Let us go back to the initial Lagrangian Eq.(7) and introduce the shifted velocity

v(x,v,t) =v+ e—aA(x,t)

Mg,

16The name “Hamiltonian” is a bit stretched as Hamilton arrived after Lagrange, but appears to be convenient



The new Lagrangian reads
L(z,2,t) = (eqAcq(x,t)+mav’) % —h*(x,V,t)

where the new Hamiltonian is

1 ~ ~ 1e? -
B,V 1) = Smav? + eadeq(x,) + €a (¢(x, - v Ax, t)) + 56—“A2(x, ) (9)
Mg

What is the gain? It appears that the coefficient of x in the Lagrangian is the same as

guiding-centre
(X, up, i )

Particle
(%,p)

Figure 4: Decomposition of a charged particle motion into a guiding-centre position X and a cyclotron
motion p. Strictly speaking, the cyclotron motion can be itself be separated into a periodic component,
restricted here to a circular gyration py, and a mean value, neglected here.

the one computed without the perturbed field. The immediate consequence is the identity
of the Poisson brackets with those computed for the unperturbed system. Hence when
moving to gyrocentre coordinates, the Poisson brackets remain the same. Let us note
however that the new Hamiltonian h* is now second order in the expansion parameter
€s5. This adds some complexity to the problem at hand, but is the price to pay for not
modifying the Poisson brackets. The shifted velocity v/ can be decomposed in parallel
and perpendicular components to the equilibrium magnetic field. The perpendicular com-
ponent participates in the cyclotron motion. When moving to guiding-centre coordinates,
the velocity reads _ .
X = pHe“(X) + X

where p is proportional to the parallel momentum”

e, ~
P (Z) = wy+ —=A (X A+ po,t)
Mg
The total Lagrangian can be recast as

L (z, A t) — coA* - X + %m - (H;jq + ﬁl) (10)

1"The parallel momentum is in fact mgp|- Pp| scales as a velocity, which may be disconcerting given the
notation. However this in line with the fact that most codes compute a parallel “velocity”, whereas it is in fact
a momentum. This notation is not universal. There is no use of the variable p; per se in the approach [2],
where p|| designates in fact mqu) (but the variable p that is built later on is the same). In the references [3, 4],
p) is noted p., and p| = mauy .

10



The new generalised vector potential reads
. ~ m
A" (Xop)) = Al + Ajey = Aeg (X) + =pe) (X)
a
The unperturbed and perturbed Hamiltonians read

N 1
Heq (X,pH,,u) = imapﬁ + pBeq (X) + €aPeq (X)

and

H(vaH7M7§7t) = eaé(X—i—vat) _eapHAH(X—i_pO?t)
. - 1e2 -
— ea (Xt py) ALK+ p,t) + 5 AX X+ ppt) (1)
a

The structure of the Lagrangian Eq.(10) is very similar to the unperturbed one Eq.(6) :
the “symplectic” part (the bit proportional to X) of the Lagrangian remains structurally
the same, but the Hamiltonian H., is replaced by H = H;, + H. Note that this is not
the sole strategy: the perturbed vector potential could be inserted in the “symplectic”
part of the Lagrangian, i.e. added to A4, hence leading to another definition of the
velocity p and Hamiltonian H. The latter approach is called “symplectic”, while the
former is dubbed “Hamiltonian”. A more systematic derivation will be given in section
5. In the Hamiltonian approach, the symplectic part of the Lagrangian is left unchanged
compared with the standard guiding-centre description. Therefore the Poisson brackets
are the same, and the Jacobian as well. Hence the trajectory equations are the same with
Hq replaced by H = H(, + H. Since the equilibrium Hamiltonian has been redefined,
we also redefine Hey = HY, — E (instead of H, — E)). The Hamiltonian perturbation is
small, i.e. first order in an expansion parameter €5 < 1, opening the path to a pertur-
bative approach in e5. As seen in section 2.3, the expansion parameter €5 characterises
the perturbed Hamiltonian normalised to the equilibrium one, itself of the order of the
plasma temperature T4, hence €5 ~ H /T,.

However, a disturbing feature of the Lagrangian Eq.(10) is the dependence of the
new Hamiltonian on the gyroangle ¢, which implies that the magnetic moment is no
longer an invariant of motion. This is most unfortunate since a breakdown of dynamical
invariance usually implies an onset of chaos, and therefore a loss of confinement in the
context of fusion devices. There is nevertheless one case where an adiabatic invariant can
be rebuilt efficiently, which is the case where the typical time scale of the Hamiltonian
perturbation is much longer than the cyclotron period, provided the amplitude of the
perturbed Hamiltonian is small enough. To recover an adiabatic invariant, we impose a
change of coordinates such that the new Hamiltonian does not depend on the gyroangle,
or more exactly its gyrocentre counterpart. This is a situation of interest in laboratory
devices, where many instabilities evolve slowly compared with a cyclotron time scale.
Because the new Hamiltonian does not depend on the gyroangle, it allows treating the
Vlasov/Maxwell system as a 4D dimensional problem parametrized by the new adiabatic
invariant. This invariant is now going to be built, proceeding step by step.

3.2 Building a new adiabatic invariant

Solving the Maxwell equations requires distribution functions expressed in the initial set
of variables (x,p) since they involve charge and current densities of “true” particles, not
virtual guiding-centres. Moreover, it is desirable to build new variables, called “gyrocen-
tres”, close to guiding-centres, and such that the modified magnetic moment remains an
adiabatic invariant of motion. The corresponding coordinates can be quite far from the
original set (x,p). It is therefore important to keep track of this double change of vari-
ables. The choice of gyrocentre variables is in fact quite broad. However not all choices
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Figure 5: Sequence of transforms from particle to guiding-centres, then to gyrocentres. A complete
gyrokinetic theory must provide the two corresponding changes of variables, to move back and forth
from one representation to the others.

are suitable to compute the charge and current densities. The optimum procedure can
then be summarised as follows. It appears that useful coordinates in presence of the
perturbed field are the non conjugate guiding-centre variables Z = (X, p, t, G), where X
is the guiding-centre position, p| its parallel momentum (constructed from u) by adding
eaAH/ma), 1 the magnetic moment and ¢ the gyroangle. The distribution function of
guiding-centres is solution of a Vlasov equation, as shown by Littlejohn [7] (see also a
previous note on trajectories). However this set of variables is not good enough because,
as mentioned above, the magnetic moment is not conserved, a consequence of the de-
pendence of the perturbed electromagnetic field on the gyroangle ¢. It is then desirable
to build a set of gyrocentre coordinates, noted Z = (g, ﬂ,X,;EH), such that f is an in-
variant of motion. In the extended phase space, these two changes of variables are first
a transform from the particle coordinates, noted 3 = (¢, —F, %, p), to the guiding-centre
coordina‘ges Z = (X, p|ps 1S, s E), and second a transform from Z to the gyrocentre coor-
dinates Z = (X, py, i1, <, t, E) (see Fig. 5). It will be shown in the next section that charge
and current densities in real space can be suitably calculated knowing the distribution
function expressed with this set of gyrocentre coordinates. A systematic way to take this
step is to use a principle of least action, as for guiding-centre variables. This is a rather
technical methodology that will be detailed in the section 5. For the moment, we show
that the gyrocentre distribution function is solution of a Vlasov equation expressed in
non-canonical variables.

In the Hamiltonian approach, the new set of variables Z is related to the old set Z
by using a near identity transform that is called a contact transformation [8, 9]

Z=Z—¢ {Sl,Z}Z—G—O(eg) (12)

where {, } 5 is the Poisson bracket written in the new variables Z, and S is a generating
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function. It can be shown that this change of variables preserve the structure of the
Poisson brackets. In other words, the Lagrangian is the same in both sets of coordinates
Z and Z, i.e.

e, (OF 0G OF 0G
(F.G)y — ( )

LB (oroc_oriG)
oX dp;,  9p) 0X
o (28 00)
eaBl*l 0X 0X
OF 0G OF 0G

"oE or ~ of 0B (13)
where )
B* (X,p)) =V x A" (X, ) = Bey (X) + m:f” Vxe
and )
B} (X)) =) B* (X,5)) = Beg (X) + —Ley - V x g

is the Jacobian of the guiding-centre transfor_m (by convention e| is calculated at X and
all gradients are derivative with respect to X). The Poisson structure of the change of
variables Eq.(12), that involves a Poisson bracket, is easy to demonstrate when using con-
jugate variables (see Appendix D). It was shown by Cary [10] that it remains valid for non
conjugate variables. This transform is essential in gyrokinetic theory, in its Hamiltonian
version [11, 12, 13]. A general demonstration that applies to all changes of variables (i.e.
not only Hamiltonian) can be found in the overview [2] - a summary is given in Appendix
H. At first order in €5, the near identity change of variables Eq.(12) can as well be written

Z=Z+¢s {Sl,Z}Z—i—o(e%) (14)

Hence the gyrocentre change of variables can be seen as a translation, where the shift is
the Poisson bracket {S1, Z} ;. The following relation holds'®

H(Z) = H(Z) (15)
A Taylor development of H(Z) in Eq.(15) implies that at lowest order in €5
Heq (2) = Heg(2)
The next order in €5 provides the evolution equation of the generating function
—{Heqs S1} g = Hi(Z) — Ha(2) (16)

which is written in gyrocentre coordinates Z exclusively. Let us now recall our initial
purpose: the new Hamiltonian should be independent of the new gyroangle ¢, assuming
that all typical frequencies of the perturbed Hamiltonian are smaller than the cyclotron
pulsation by at least a factor €5. Let us remind that the perturbed Hamiltonian is supposed
to exhibit low frequencies compared with the cyclotron frequency €).. This is the key
assumption of gyrokinetic theory. The left hand side of Eq.(16) reads

851 851 _ S
—{Heq,Sl}Z— = v +Q(187€ +D) (e” : V) S1+ <XJ_ . V) Si

8This a consequence of the independence of the generating function on the extended time 7.
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Figure 6: Gyroaverage operator applied to a field ¢(x) in two limits. On the left, case of a field with
a typical variation scale A that is much larger than a gyroradius p., A > p.. The asymptotic limit
is obtained via a Taylor development of ¢ (X + p;), followed by an average over the gyrophase. The
gyroaverage operator is close to J [¢] ~ ¢ (X) + 1p2V3 ¢ (X) +0 (pe/N)*. An average of the field over
4 points on the cyclotron circle leads to a finite difference discretisation of the same operator. The
right panel corresponds to the opposite limit of a scale length much smaller than a gyroradius A < p..
A simple case corresponds to a periodic variation of the field. The gyroaverage operator consists in
multiplying the field by a Bessel function of argument &, p. in the Fourier space (see Appendix E).
Hence the gyroaverage field tends to zero like y/A/p. in the limit of small wavelengths. A similar
operation can be defined on gyrocentres.

Because of the gyrokinetic ordering, the second term, related to the cyclotron motion, is
et~ egl larger than the others. This property allows restricting the left hand side of
Eq.(16) to a derivative in ¢ only, i.e.

— O0S _ _
Q. (27) a—; = Hi(2) - Hi(2) (17)
The average of Eq.(17) over the gyroangle ¢, a solubility constraint, provides the new

Hamiltonian B

HI(Z27) = (Hi(2)),
where the bracket ( ). indicates an average over the gyroangle associated with the gyro-
centre

- S -
(Z7) = —H1 (27,
) (Z) = [ GEH(E
An explicit form of the generating function is therefore

1_*)/}5 (Hu(Z",¢) — i (Z))

S1 (Z_*,C_) =0 Z

It appears to be a periodic function of ¢ with zero mean. Here Z" designates the slow

gyrocentre coordinates Z° = (X,ﬁ”,ﬂ,ﬂ E), and £ = (£",¢) is the full set of gyro-
centre coordinates. The average over a gyroangle is called “gyroaverage”. Let us insist
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on the mixed nature of the integrand #H;(Z), an Hamiltonian originally expressed in
guiding-centre variables Z, but calculated with gyrocentre variables Z. The perturbed
Hamiltonian Eq.(11) reads at order 1

Hi (X)ﬁnnaa S t) = eaq~5 (X + pO(Xa I C_), t) - eap”A” (X + pO(X7 Hs §_), t)
— o (X0 + po(X1,9)) - A (X + (X, ,6). 1) (18)

The gyroaverage over ¢ is an average over a circular cyclotron motion (pg, pg)(X, [, <)
centred on the gyrocentre position and velocity , noted'®
Hi(Z7) = THI(Z) = (Ha(X,py, f1:5))

A similar operation will be needed in guiding-centre variables, i.e.
Hi(2") = TH(Z2") = (Hau(X,p), 1, 9)),

Here the average is performed over a circular cyclotron motion (pg, po)(X, ,s) centred
on the guiding-centre position. A gyroaveraged field is roughly speaking the field “felt”
by a gyrocentre (or guiding-centre), a virtual particle that moves slowly compared with
the cyclotron motion. If the scale length of the perturbed field is much larger than the
gyroradius, the gyroaverage field is close to the field itself. On the contrary, if the field
exhibits fast spatial scales compared with the gyroradius, its gyroaverage tends to zero, as
a result of a summation over plus and minus values during a cyclotron motion (see Fig. 6).

The variable fi is an invariant of motion since the new Hamiltonian does not depend
on its conjugate variable?’ ¢ . Hence the objective is met: the new Hamiltonian does
not depend on the gyrocentre gyroangle ¢, which immediately imposes that i is an invari-
ant of motion. It must be stressed here that no information is lost here: the gyrocentre
transform that changes the coordinates Z to Z is fully defined by Eq.(12) - there is no
reduction of dimensionality, even if the new Hamiltonian is the gyroaverage of the old
one. Once the generating function S; is known, the change of variables Eq.(12) is fully
determined.

At this stage, we have computed a first order Hamiltonian #; that does not depend
on the gyroangle. However we saw that the perturbed Hamiltonian is in fact of second
order in €5. Hence the calculation should be done at second order, a formidable task that
will handled later on (an impatient reader may give a look at the Appendix G). Let us
note moreover that most gyrokinetic codes solve the equations of motion at first order
in €5. So at this point, we will just admit that there exists a second order Hamiltonian
H2(Z*) that will not be detailed for now.

3.3 Plasma polarisation

It is useful to clarify the relationship between particle, guiding-centre and gyrocentre
positions. The link between the particle and the guiding-centre position is given by
Eq.(3). The relationship between the gyrocentre and guiding-centre coordinates imposes
that

x=X+ pO(X7M7§) =X+ p(XaﬁHvﬂag_)

where p can be expanded as

p(Z) =py(Z) + pi(2)

19We use a bracket [] to isolate the argument of the gyroaverage operator, thus avoiding ambiguities. It

should be differentiated from the notation [, ] that is used for Lagrange brackets.
20This is a direct consequence of the equation of motion % = e %.
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with py(Z) = py(Z), and

p1(Z2) = {51, X+ py}z
It appears that p does not average out to zero when expressed in the gyroangle ¢. Indeed
the average of {S1,X + pg}z has no reason to vanish, and indeed it does not. The
gyroaverage of the cyclotron deformation p; is equal to

B2 = - [ 52 {51 X+ )

Using the expression Eq.(17) of the generating function Si, one gets

P1)-(Z2)=——=— [ —py(Z,3) 1 H1(Z,3) — zZ

S P AT ) {HU(Z7,¢) - THl(Z27)}
This quantity can be explicitly calculated in the special case where only the electric
potential and the parallel components of the vector potential are considered (¢, A repre-
sentation). It is then equal to

. mg  OJ[H1]
(Z") = — - - 19
In the long wavelength electrostatic limit, a simple expression is found
—y Mg _
(2= ———E (X 20
<p1>§( ) eaB2(X) J—( J—) ( )

The distortion (p;). corresponds to a mean displacement of the gyrocentre compared with
the particle position, and is thus assimilable to an electric dipole responsible for plasma
polarisation effects [14] (see section D.6 and Fig.7). Indeed, the polarisation field P(x) is
the sum over the unperturbed distribution of gyrocentres of this displacement times the
particle charge e, calculated at the particle position in the physical space

P(X) ~ Neqma
- B (x)

E; (x)

Negmeg
. —.
species ch

The medium permittivity is then ey ~ >

3.4 Gyrokinetic Vlasov equation

Let us start from the original set of coordinates z = (x,p). The distribution function of
particles is some function f(z,t) solution of the Vlasov equation

of
— —{h =0
{1,
which can be written in the extended phase space as
{h, £ }3 =0

where h and f are the Hamiltonian and the particle distribution function both in the 8D
extended phase space. The change of coordinates from the original set 3 to the new set
Z = (X, U 1y S5 T, E) preserves the structure of the Vlasov equation [7], which thus reads

{HPF}Z =0

with £(3) = F(Z) and h(3) = H(Z). After this first step, the Vlasov equation should be
written in the gyrocentre phase space. The gyrocentre distribution function is related to
the old distribution function via the relation

F(2)=F(2) (21)
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Figure 7: Schematic construction of the gyrocentre position from the particle position. The displace-
ment between the particle position and the gyrocentre is the sum of a cyclotron motion p, and a
smaller component p;. The later contains a part that oscillates with the gyroangle (not shown on the
figure) and a mean part (p;). that is responsible for plasma polarisation. This displacement results
from the distortion of the cyclotron motion under the effect of the electromagnetic field.

where the gyrocentre coordinates Z are functions of the guiding-centre coordinates Z -
this relationship is requested to be invertible. The meaning of this definition is not as
intuitive as it seems, in particular because the functions F(Z) and F(Z) are expressed by
using two different set of variables (see discussion in Appendix D). It is useful to express
the distribution functions F and F with the same set of variables. An appropriate choice
for the section to come on the Maxwell equation is the set of guiding-centre coordinates
Z. Let us note first that at the requested order, Eq.(16) can be written as well in the
guiding-centre coordinates

—{Heq: S1}z = H1(Z7,) — Ha(27)

Using again the relation Z = Z + ¢5 {S1, Z} and a Taylor development on F, one gets
the relation

F(2%,Q) = F(2%,Q) + FL(Z") (H1(Z".<) — H1(Z7)) + 0 (€5) (22)

where F.q(Z%) is the solution of the unperturbed Vlasov equation, hence does not depend
on the gyroangle ¢%!, and

1 0F4(Z27)
Beg(X) op

FLi(2") =

An inspection of the solution at zeroth order in e implies that Foy(Z") = Feq(Z*). Fields
in Eq.(22) that do not depend on the cyclotron angle are highlighted by their dependence
on Z*. It is quite important to understand the difference between the relations Eq.(21)
and Eq.(22). In Eq.(21), the guiding-centre distribution function calculated at Z is equal
to the gyrocentre distribution computed at Z. In Eq.(22), both distribution functions are
calculated at the same guiding-centre position Z. The difference between F and F comes

2L A consequence of the independence of the unperturbed Hamiltonian on s.

17



from the displacement between the guiding-centre and the gyrocentre. As discussed in
section 3.3, this displacement is responsible for a plasma electric polarisation and mag-
netisation, and it is therefore essential to keep it fully (see Fig. 8).

The Poisson bracket {#,F} is left invariant by a gyrocentre change of coordinates
(see Appendix D), so that {#, F}z = 0 implies the compact, but essential, result

{H,F};=0

The symplectic part of the Lagrangian that rules the particle action is the same in the
new and old set of variables within the context of the “Hamiltonian” approach - hence
the Poisson bracket bears the same expression in the variables Z and Z (and obviously
in the variables Z and Z). It is useful for numerical applications to write the Vlasov
equation as an evolution equation in time ¢ in the conventional 6 phase space. Since
the gyrocentre Hamiltonian does not depend on the gyroangle ¢, the distribution function
does not depend on ¢ either. In other words the distribution function of gyrocentres
depends on slow variables Z* only. Let us recall that another consequence of :H = 0
is the invariance of the magnetic moment . Hence the gyrocentre distribution functions
depends only on 4 dynamical variables (X,ﬁn), and time ¢, while i plays the role of a
parameter. The gyrokinetic Vlasov equation reads®?

(A}, =0 (23)

A more explicit form is

d [ .o\ O . dX 0 (24P _
at(BnF)%fc'(BnFﬁ)*m( th>—0

where
dX _ 1 dH B* _
= = A X\= """ H 24
dt H,X} madp||Bﬁ+eaBﬁeHxv (24)
dﬁ” _ 3 B* _
ma—r = —{H,map”}——(Bl*-V)H (25)

Here the Hamiltonian is?3

— 1 _ _ B .
H(Z ) - §maﬁﬁ + MBeq(X) + ea(beq(X) + j[Hl] (X,ﬁH,ﬂ, t) + HQ(Z )

where

_ dc - _ - _
THX ), 1) = / o {ead (X + po(X,11:9),) = eapy Ay (X + po(X, 1:9), )

—ea (X1 4 po(X,79)) - AL (X + po(X,71:9).1) |

The gyrocentre equations motion Eqs.(24,25) contains the information on the unperturbed
motion (guiding-centre - see note on trajectories), plus the effect of the perturbed elec-
tromagnetic field. The r.h.s. of Eq.(24) covers both the perturbed E x B electric drift
and magnetic flutter, as described in Fig.3. Equation Eq.(25) yields the parallel force,

22Gtrictly speaking, time should be noted # in the equations below. However { = ¢ since the generating

function does not depend on the energy. Hence we will simplify the notations by changing safely ¢ in ¢.

ZThe full gyrocentre Hamiltonian is formally kept here, i.e. second order, whereas the derivation is so far
first order. This does not do any harm as these equations are conservative for any Hamiltonian. We will see
that a more rigorous derivation, consistent with the symplectic derivation, actually brings naturally this second

order term.
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essentially the effect of the perturbed parallel electric field. Note that the force does not
contain an induction term 815%1“, as would be expected from the traditional equations of
motion in presence of an electromagnetic field. This is a consequence of the Hamiltonian
approach adopted here. This important point will be discussed in detail in section 5.2.

In summary, a gyrokinetic kinetic equation has been derived that rules the distribution
function of gyrocentres F(X, D||> i, t), where fi is an invariant of motion. This distribution
function is related to the distribution function expressed in guiding-centres coordinates
F(X, p|; 1,5, ), using the relation F(Z) = F(Z), or equivalently Eq.(22). It then remains
to express the charge and current densities as moments of the gyrocentre distribution
function f()_(,ﬁn,ﬁ, t).

gyrocentre

particle

F(2)=F2)

F(Z2)=F(Z)+ {91, Foy} =

guiding-centre

Figure 8: Rationale of a first order gyrokinetic approach. The guiding-centre distribution function F
in the corresponding set of variables Z is equal to the new gyrocentre distribution F expressed in the
gyrocentre variables Z. The gyrocentre and guiding-centre coordinates are shifted by a displacement
{S1,Z}z. The old and new distribution functions F and F can be expressed at first order in the

same set of coordinates Z.

4 Maxwell equations

Solving the Maxwell equations is a delicate step in gyrokinetics. Indeed the Gauss and
Ampere equations involve charge and current densities in the physical space, whereas the
gyrokinetic Vlasov equation provides the distribution function in the gyrocentre coordi-
nate space, and therefore yields moments that will be called “charge and current densities
of gyrocentres”. There is no reason why gyrocentre and particle charge and current den-
sities should coincide, and in fact, they do not (see Fig.9). There are two distinct reasons
for this difference.

First a plasma can be seen as a collection of gyrocentres (which play the role of free
charges) in a medium that is both polarised and magnetised [14]. Indeed the cyclotron
motion is deformed under the effect of an electric field in presence of a strong magnetic field
(see section 3.3). This deformation contains a mean displacement between the guiding-
centre and gyrocentre positions, and an oscillating part (see Fig. 10). This charge shift is
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assimilated to an electric dipole that produces a polarisation field. At long wavelengths,
the displacement (p;). given by Eq.(20) is equal to (mq/eqaBZ,)E. for each species (m is
the particle mass, and E; the transverse electric field). It corresponds to a polarisation

field [14]
_ Negmy
P = E : Negea <p1>§ = E qu E,|

species species €q

where N, is the equilibrium density for a given species and

=y Nt
€pol = B2

species €q

is an effective permittivity, which is larger than the vacuum permittivity € in most mag-
netised fusion plasmas. The time derivative of the corresponding polarisation field is
the polarisation current %—lt). Magnetisation comes from the current produced by the cy-
clotron motion. The particle behaves as a small magnet centred on the gyrocentre, with

a magnetic moment [14]
1 . _
m= e (Po X Po)c = —fie

Assuming a Maxwellian distribution functions of gyrocentres, the linearised magnetisation
field is (see Fig.11)

NegTeyq
M= — Z B2 B
species

This mechanism is responsible for a plasma diamagnetic response, since the magnetisation
is opposed to the external field B. The order magnitude of the ratio poM /B is the plasma

beta parameter, defined as
Z B2

species €q

The corresponding diamagnetic current is J = V x M. Polarisation and magnetisation
effects are additive, so that the total current is

opP
J:ng—}—E—FVXM

where Jg, is the current carried by gyrocentres?.

The other reason that explains the difference between particle and gyrocentre charge
and current densities has to do with particle counting. A density is a number of particles
divided by a volume calculated in the limit of vanishing volume size. In an inhomogeneous
plasma, densities of particles and gyrocentres differ because some particles have their gy-
rocentre counterpart outside the volume, and vice-versa, as illustrated in Fig.12. These
are called finite Larmor radius (FLR) effects. The same effect occurs to the current density.

These delicate points are detailed in the next section. We use here a straightforward
approach that consists in moving back from the gyrocentre to the guiding-centre phase
space. In this approach, the Vlasov equation is solved in gyrocentre coordinates. The
resulting distribution function is subsequently expressed in guiding-centre coordinates,
using Eq.(22). This step is readily followed by a (pull-back) transform to the physical

24Gtrictly speaking a factor 2 should be incorporated in the definition of 3, as it usually defined as the ratio
of the kinetic to magnetic pressures. As a general rule, numerical factors will be avoided in the definition of the

dimensionless parameters.

ZThese effects are already present for guiding-centres alone (just replace ji by p for instance). The expression
of the current is related to the so-called Spitzer paradox: the guiding-centre current is very different from the

“true” current - the difference is due to the magnetisation.
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space to solve the Maxwell equations (see Fig.13). The advantage of this approach is that
the expression of second order gyrocentre Hamiltonian is not needed. The last section will
be dedicated to another approach where one moves directly from the gyrocentre to the
physical space. The latter requires an explicit computation of the second order gyrocentre
Hamiltonian, a difficult step that is postponed for now.

e.m. field ¢(x,t), A(x,t)
— Hamiltonian H (X, py, &, ¢, t)

Maxwell Gyrokinetic

)

Distribution function F (X, py, i1, , t)

equations

Vlasov equation

—> charge and current densities p(x,t), j(x,t)

Figure 9: Schematics of a self-consistent gyrokinetic model. The electromagnetic field produces an
Hamiltonian that is written in gyrocentre coordinates to solve the gyrokinetic equations. The resulting
distribution function is used to compute particle charge and current densities, which are then inserted
in the Maxwell equations in the physical space to produce an updated electromagnetic field.

4.1 Preamble: field action principle

Before presenting the electromagnetic action in its full beauty, let us remind how an action
principle works for a scalar field. The idea is the same as for computing the equations
of motion of a particle. Let us consider a field ¢ that depends on the 4 coordinates
a# = (t,x). A field action is a functional of the field and its derivatives, and reads

to X9
A= [ at / B L (6,9,6) (26)
t1 X1

where L is the field Lagrangian, and the notation d,,¢ means %. The equations that

rule the field ¢ are obtained by expressing that 4 is an extremum for variations of the
field d¢(z#) such that 6¢ = 0 at the boundary of the integration volume (in a 4D space).
An integration by parts provides readily the following expression of the action variation

[ oL 56 -2 (o )| %
/tZdt/ d*x 0, < af¢)5¢>

The last term vanishes. Indeed, it is the integral of the divergence of a “current”
JH = a(giff@éqﬁ. The Gauss-Ostrogradsky theorem implies that it is equal to the cur-
rent calculated at the surface that bounds the integration volume. Since d¢ = 0 on this
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surface, this piece can just be ignored. It will be seen however that it has its utility when
using the Noether’s theorem to derive the law of energy conservation. Imposing that
0A = 0 for all variations of §¢, one gets the field equations

0 (35)
d¢ "\ 9(9u9)

These equations are called Euler-Lagrangian field equations, and are generalisations of
the Lagrangian equations that rule the motion of a particle. An example for a simple 1D
case is illustrated on Fig.14. The action for the electromagnetic field works on the same
principle, but with a scalar field ¢ replaced by a 4-field (¢, A), where ¢ and A are the
electric and vector potentials.

Z Polarisation shift

B (P~ mEL

E,

Particle

x=X+p;+pg

Figure 10: The displacement vector between a charged particle position x and its gyrocentre X
is the sum of a cyclotron motion py(X, ji,¢) and a lowest order component p, (X,ﬁH, ii,<). In the
electrostatic case, the mean part of the later (p;) (X, 1) is co-linear with the perpendicular electric
field E |, and roughly of the order of %E(x). This behaviour is responsible for a polarisation field

— Negm
P~ ZSPECiGS Neqea <p1>€ = Zspecies %anJ_'

4.2 Electromagnetic action principle

The theory of electromagnetic fields [15] states that the field-particle action A is a sum
of an action of the electromagnetic field A,

1 1
Aom = = / dt d3x <60E2 (x,t) — —B? (x,t)> (27)
2 Lo
and a action Ay, that rules field-particle interactions

Ap= > / Bxdt{J (x,t) - A (x,1) — 0(x,1) ¢ (x,1)} (28)

species

where E = —%—‘? — V¢ is the electric field, and B = V x A the magnetic field. Zeroing
the functional derivatives of the action A = Aep, + Ay, with respect to (¢, A) leads to
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the Maxwell equations, more precisely

SA _ -
5=0 - V:E=2

€0

0 OE
a=0 = LUxB=J+ea% (29)

The charge and current densities are functional derivatives of the field-particle functional,

Magnetic moment Particle (x,p)

1 . —
m= Eea {py X Po)f =—[e ]magn

= eq.pod(x -X- )]

j— B* Y
MX) = —f 2m dji dp, E"Feq(X.ﬁ.T?u)ﬁen

Figure 11: A particle that moves fast on a circle, a cyclotron motion, behaves as a small magnet
with amplitude f, with a direction opposite to the magnetic field. This process is responsible for
diamagnetism in a magnetised plasma.

i.e. formally

0A

= 53

o
J = X (30)

Let us stress that these derivatives can be performed only if the field-particle action Ay,
is of the form Eq.(28). It will be seen in the following that the action Ay, once expressed
as a function of the gyrocentre distribution function, rather involves operators that apply
on the electric and vector potentials. A major difficulty is to reshape it as an action of
the form Eq.(28). From a physical standpoint, this is equivalent to compute charge and
current densities (o(x,t),J(x,t)) in the physical 3D space of particle positions, knowing
the distribution of guiding centres (resp. gyrocentres), known as a function of guiding-
centre X (resp. gyrocentre X) positions. This point is essential. It is easily verified that
the wave-particle action can be replaced by

Ap=-% / drE(3)n(3) (31)

species

Using the expression of the particle Hamiltonian

h(x,p,t) = D — eaA (x,1)]* + €ad (x, 1)

2my,

where

dy = d@®*xd*pdtdE § (E — hey(%,p)) (32)
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is the volume element in the particle extended phase space. Maxwell equations found in
this way are consistent with the classical expressions of the charge and current densities

o(xt) = eq / &pf (x,p.1)
Ix1) = e / &pf (x,p) v (x, D, 1)

Quite interestingly, if all possible variations of the distribution functions are constrained
to be of the form §f = {S, f} [12, 13] (for an overview, see [2] and references therein)?5,
the action principle allows recovering the Vlasov equation in the extended phase space®’

{haf}azo

The action Eq.(31) can be written in the set of guiding-centre or gyrocentre coordinates
Zor Z,eg.

-y / AL F(Z - > / AT F(Z2)H(Z) (33)

speczes specws

where dI" (resp. dI') is the volume element in the guiding-centre (resp. gyrocentre) phase
space. The difficulty now appears quite clearly. As said, the Maxwell equations are
retrieved from the action principle in the physmal space x. On the other hand solving a

gyrokinetic Vlasov equation provides F(Z), hence a function that lives in the gyrocentre
phase space.

So far, the action principle applies to the full electromagnetic field. Since the equilib-
rium magnetic field is supposed given, it is used from now on to compute the perturbed
electromagnetic field, including the unperturbed electric field. The unperturbed electric
potential is treated on the same ground as the perturbed one. A shifted velocity v’ is
introduced, that was already used to compute the gyrocentre equations of motion. In-
deed the velocity v is a dynamical variable, i.e. a function of (x,p,t). It can be split in
unperturbed v, (%, p) and perturbed vy (x, p,t) components

1
Veq (Xa p) = mi (p - eaAeq(X))
€q ~
Vi (X7p7t) = _miA(Xat)

It then appears readily that ve; = v — vq is the same as v’/ 28 The new Hamiltonian

becomes h* as given by Eq.(9). The field-particle Lagrangian has to be computed at
second order in eg. It can be recast as

Apr—Z/dvfl hi(3)

species

2 ~
IIED Sl LIENCR S o) (39

The volume element dvy is the same as Eq.(32) with he, replaced by h7,. The 1st order
perturbed Hamiltonian is

h(x,p,t) = eaq;(x, t) — eqVeq(X, P) - A(x, t)

26This can be roughly understood as follows. For any canonical change of variables 3 = 3 + {.5, 3} with small
S, the variation §f = f(3) — f(3) = a;, (3 —3) isequal to 0f = {S, f},.

?TThis is a consequence of the identity [dy{S,f}h = [dyS {f,h} up to a divergence term that will be
discussed in the section on energy conservation. Hence 6.Ay, = 0 for any S implies Eq.(33)

Z8Note however that v/ was calculated in the (x,v) variables, while v, is a function of (x, p). The notations
will be therefore kept different
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Figure 12: Calculation of the particle density knowing the distribution of gyrocentres. When counting
particles in a box, some particles have their gyrocentres outside the box, while the opposite may also
appear. When the plasma is inhomogeneous, this leads to differences between the densities of particles
and gyrocentres. A detailed calculation leads to a particle density in accordance with Eq.(49).

The reader may be somewhat disconcerted by the second line of Eq.(34), which is dubbed
“skin depth action”, reason being that it represents physically a plasma skin depth effect??.
Its appearance is a direct consequence of the Hamiltonian approach that is chosen here,
i.e. the fact that the velocity is a dynamical variable, hence a function of (x, p,t), not a
coordinate. This skin depth action deserves some comments. Let us note first the pre-
factor 1/2. It must be recalled that the current is derived as a functional derivative of
the action with respect to A. However, if the current is itself proportional to the vector
potential, a factor 1/2 must be introduced since the functional derivative of [ d3xdtA? is
2A, not A. Forgetting the pre-factor 1 /2 would lead to a current that is twice too large.
We will meet again this subtle point when treating the polarisation/magnetisation terms.
It occurs whenever the proportionality of the plasma response to the field is made explicit.
Second, integrating the skin depth functional over the momenta p seems attractive. This
is not a smart move since it will be seen that unperturbed distribution function that is
considered as given is the guiding-centre equilibrium distribution function. Hence the
unperturbed density N4 is a density of guiding-centres, not of particles.

A contribution fahg, was omitted here. It does not play any role in the calculation
of the perturbed field. This term represents physically a transport equation that rules
the long time scale evolution of the distribution function. It is of course included in the

29The plasma skin depth is the penetration length of a high frequency wave that propagates into a collisionless
plasma. The skin depth is defined as d. = \/m/poNege2, where N, is the equilibrium density, or alternatively
as de = ¢/wpe, where wp, is the plasma frequency, and c the speed of light. The corresponding current can be
recast as —flﬂ/uodg.
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gyrokinetic equation, and can be added at the very end in the full action principle for

completion.
Particle Guiding-centre Gyrocentre
z = (x,p) Z = (X, |, [ <{) Z = (X.[)H. I, ()
_— _—
Solve Maxwell Express Solve Vlasov
equations FvsF equation — F
X—x

Figure 13: Strategy of 1st order gyrokinetic theory. The Vlasov equation is solved in gyrocentre
coordinates. It is then expressed in guiding-centre coordinates, followed by a pull-back to the physical
space to solve the Maxwell equations. Polarisation effects are contained in the difference between
F(Z) and F(Z)

4.3 Variational principle in guiding-centre variables

The advantage of a variational approach is that the integrand of the field-particle La-
grangian Eq.(34) lives naturally in the extended phase space. The set of coordinates Z is
chosen here as an extended set of non conjugate guiding-centre coordinates Z = (Z*,¢),
where Z* is a group of 7 “slow” guiding-centre coordinates, conveniently chosen here as
2" = (X,p, i, E,t) , while ¢ is the “fast” gyroangle. Here p| is the parallel component of
the guiding-centre velocity. The energy coordinate F is eliminated via a straightforward
integration over the Kronecker delta function § (E — Heq(Z)). The element of volume
integration in the phase space is now dI' = dF*g—;, where30

I'* = @*Xdtd*V
is a 5D guiding-centre phase space volume element and
27
3 _ *
a

is the element of volume in the guiding-centre velocity space. The unperturbed distribu-
tion function of guiding-centres, noted F,, depends on the slow variables Z* only, since
it must be solution of the Vlasov equation {Hcq, Feq} = 0.

The action Eq.(34) keeps the same form with 3 replaced by Z, and d~y replaced by dI'.
The unperturbed particle velocity reads

Veqg = D)€ + XL + p()

3OBﬁ(X,p”) is the Jacobian of the guiding-centre set of coordinates, hence its appearance in the velocity
element of integration d>V.
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Hence the functional Ay, can be split in two parts, a “skin depth” contribution, which
reads for one species

‘ / AT Foy(Z¥)A%(X + py, t) (35)

Mg,

(&

Askin = _2

and a modified field-particle functional expressed as an integral in the extended phase
space

Apart = — / i0 Fy (2) 1, (2) (36)
where the order 1 perturbed Hamiltonian H; is
H1 = eagg(X + Po> t) — eap”le(X + Pos t)

— cu (XL +p0) ALK+ pot)

Here the cyclotron motion (pg, py) is expressed as a function of guiding-centre coordinates
(X, it,5)3!. The total functional thus reads

A= .Aem + -Ask‘in + Apart (37)

ot
¢ (t)

Figure 14: Extremum of the the action A = ttf dtL (¢, 0rp) where the Lagrangian L (¢, 0rp) =
% (8tgb)2 — %gf)Z. The Euler-Lagrange equation is 9.0+ ¢ = 0. The solution that satisfies the boundary
conditions ¢ = 0, O, = ¢ at t = t1 is ¢(t) = posin(t — t1). It is plotted in red for the special choice
t; = 0 and t9 = 27. The action is A = 0 for this solution. A neighbouring function is shown in blue
that bears the same values at ¢t = 0 and ¢t2 = 27, in this peculiar example ¢(t) = ¢osint(1 + esin(t)).

. . . _ w242
The corresponding action is non zero, namely A = Se¢g.

The functional A,,,; must now be detailed. Since it is written in guiding-centre coordi-
nates, the gyrocentre distribution function must be expressed in the same set of variables.
This is done by using the relationship Eq.(22) between F and F in the guiding-centre

31There no dependence on the parallel momentum p| since p, is restricted here to a circular cyclotron motion

that depends on (X, i, <) ony.
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phase space. One has to be extra-careful at this step. Charge and current densities are
computed by finding an extremum of the action at constant distribution function. How-
ever Eq.(22) contains terms, related to plasma polarisation and magnetisation, that are
proportional to the field. When building the action, the contribution must be multi-
plying by a factor 1/2 to counter-balance the factor 2 that pops-out when calculating
the extremum?32. The new action is a functional that involves the perturbed gyrocentre
distribution function F;, namely

Ayt = — / A0 Ty (2 (2)

_ % / dCF. (2%) [H1(2) - Hi(29)] Ha(Z) (38)

This expression differs from a naive translation of the particle functional Eq.(36) to a
functional in the guiding-centre phase space that would only be the first part in the r.h.s.
of Eq.(38). The second line of Eq.(38) involves the difference between the perturbed
Hamiltonian and its gyroaverage H1(Z) — H1(Z*). It is responsible for polarisation
and magnetisation contributions that play an important role in the field dynamics. An
alternative expression to Eq.(38), expressed in “slow” guiding-centre coordinates, is

Apa'rt = - /dr*fl(z*)j[Hl](Z*)
- 5 / drFl(2%) [71H) - ()] (27) (39)

where the relation dI" = dF*g—; has been used, and the gyroaverage operator in guiding-
centre variables J is defined by Eq.(19). A similar treatment can be done for the skin
depth functional Agk;, Eq.(35). This leads to the alternative expression

2

species

A== 3 o2 [ 5, (2 71R%(2") (10)

The functionals Eq.(39) and Eq.(40) are still not fully tractable. Indeed the electric and
vector potentials appear via their gyroaverage, i.e. operators. These operators must be
inverted to find the extremum of these functionals with respect to (¢~>, A) There are several
ways to proceed. If the gyroaverage operator is known as a differential operator, typically
via an expansion in gyroradius, then an integration by parts provides the requested form.
This is an efficient procedure when the expansion is stopped at low order: typically second
order in Larmor radius, so that operators are Laplacians. It becomes rapidly cumbersome
when moving to higher orders. A second approach consists in using the definition Eq.(19)
of the gyroaverage operator 7, and build the adjoint operator. The latter approach will
be adopted here. Both techniques are equivalent and consists in deriving charge and
current densities, knowing their gyroaverage. Hence a last technical step is needed before
properly expressing the Maxwell equations. We will proceed here step by step, starting
with the (¢, Aj) representation.

4.4 The (¢, A)) representation

4.4.1 Current and charge densities in the (¢, A|) representation

An extremum of the functional Eq.(37) cannot be found easily, because test fields that
appear in the functionals Eqs.(39,40) are gyroaveraged. In other words, the functionals

32A simple example is given by the action A = [d3xp¢. The charge density p is given by a functional
derivative with respect to ¢. Suppose now that the charge density is proportional to the potential (adiabatic
response), i.e. p = €¢, then a simple replacement would give A = [ d3xep?. A functional derivative yields
a wrong answer, that is a charge density that is twice the right number. Hence the correct answer is A =

1/2 [ d®xeq?.
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Figure 15: Potential felt by a gyrocentre - example Figure 16: Fourier transform in ¢ of the potential ¢.
of a potential ¢(x) = cos(kz) and x = p.sin(s) with Values of the discrete Fourier spectrum are shown in

kpe = 2.

blue circles. The blue solid line shows the function

J()(kpc).

Eqs.(39,40) live in the guiding-centre space, whereas a functional must be expressed in
the physical space to compute its extremum. To do this, the perturbed Hamiltonian must
be scrutinised. A staged approach is adopted here, to avoid excessive technicalities. The
analysis is restricted first to a perturbed field that derives from an electric potential é and
a vector potential lee” aligned with the equilibrium magnetic field. The perpendicular
component of the vector potential is neglected in this first step. This approximation
allows treating a large variety of physical problems, including turbulent transport due to
electrostatic drift waves (zero plasma (), or shear Alfvén waves (low values of < 1).
In fact many gyrokinetic codes operate in this framework. The parallel component of the
perturbed magnetic field is discarded in this approximation, which becomes questionable
for increasing values of the plasma . In particular this framework is not appropriate to
address large scale MHD modes such as interchange or kink modes. The corresponding
perturbed Hamiltonian is calculated from Eq.(11) and reads

Hi (Z) = eaq~5 (X + pO(Xa Nag)at) - eapHAH (X + pO(Xv /,L,§),t)

Its gyroaverage is 3 3
T[HM1] = eaT 9] — eapy T [4]

For any field A(x,t) that depends on the physical space coordinates x and time ¢, the
gyroaverage operator reads

2 d(

TNE) = [ A py (X))
0 m

As discussed earlier, a gyroaverage potential is the potential “felt” by a gyrocentre, a

virtual particle. A simple example is shown in Fig.15 and Fig.16. The functional Eq.(39)

is the sum of 3 contributions, which can be translated to the physical space (details can

be found in Appendix D.4)

1 r _
Apart = —/d’y* ——J" _Bﬁ}—l} (3")H1(3")

/wgwwﬂﬂm$m%w>

[0 g T (BRI 00)] 57)7(5) (41)



Similarly the functional Eq.(40) can be rewritten as

_ 62 * 1 t * *\ A2
Askin = —g0- / dy %j [aneq] (31)A3(x,t) (42)

where 3* designates the hybrid set of variables (X,t,p”, ,u), which mixes position coordi-
nates in the physical space and guiding-centre velocity coordinates. The corresponding
volume element is

dv* = Exdtd*V
The operator J! is defined for any field A(X, t,py, i) as

2 d
jt[A] (X7t7p||7/1’) :/0 ﬁA (X_pO (Xnuvg)?tapHvu) (43)

The operator J* hence transforms a function of the guiding-centre position coordinates
in a function that depends on the particle position in the physical space, but also on the
guiding-centre velocity coordinates p| and p (see Fig.17). Its structure is very close to
the gyroaverage operator.

Let us insist on the hybrid character of this formulation. All functions involved in the
Lh.s. of Egs.(41,42) depend on 3* = (X, t,p”,,u). This is the result that was looked after:
the functional lives in the physical space, so that an extremum can be properly computed,
but the distribution function is the one that is known, i.e. the gyrocentre distribution
function, with X replaced by x, and (P, ;1) replaced by (pj,p). A step further can be
taken by noting that the Jacobian B|*| and the unperturbed distribution function F,, vary
slowly in space, so that .

T [ BiFL| = Fly+ oleh)

In this limit the functional bears a compact form

Apart = _/dly*jt[ﬁl](ﬁ*)ﬂl(ﬁ*)
= 5 @ L 0 - TP 6 (6) (44)
G

Auin =~ [ ') 6 A )

The operator J! is in this limit the adjoint of the gyroaverage operator J. Their ex-
pressions in the Fourier space are the same, reason why the combination J!7 is often
replaced in the literature by J?2 - this confusion will be avoided3. After integration over
the velocity variables (pH, ), the functional A, appears as an integral over d3xdt of
fields that depend on (x,t). Hence an extremum can be found in the physical space and
charge and current densities become available.

2mg,

4.4.2 Gyrokinetic Vlasov equation in the (¢, A|) representation
The Vlasov gyrokinetic equation is given by Eq.(24) where the equations of motion are
set by Eqgs.(24,25) with N } .

j[H] = eaj[¢] - eaij[AH]

33This would actually obscure the meaning of this “double average” procedure. One operator represents the
gyroaverage operation of a field, i.e. of a field “seen” by a gyrocentre. The second step consists in moving back
to the physical space.
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Figure 17: Construction of a particle density from a gyrocentre distribution F computed at the
guiding-centre position X = x — p;. The density at one point x is a sum of contributions from
guiding-centres X located on a cyclotron circle centred on the particle position.

and

The new effective field B* is given by the relation

Map||

€a

B* (X,p)) = Beg (X) + ——V x ¢y
and B|*| is the Jacobian of the gyrocentre coordinate transform

MaP||

€a

B (X)) = Beq (X) + ——e) - (V x ¢))

The Jacobian Bﬁ plays a central role here. The gyrokinetic derivation ensures that the
flow in incompressible in the gyrocentre phase space, i.e.

B 9 dX d dp
Ay 9 (gt L 9 (g 2
ot " ox (B” dt > * op| (B| dt >

so that the Vlasov equation can be written as well in an advective form

OF  dX OF  dpOF _

or "t ox Tat opy

Both conservative and advective forms of the Vlasov equation are useful depending on
the purpose, and also the numerical scheme chosen to solve this equation. Let us stress
that this is a 4D equation parametrised by the magnetic moment .

31



4.4.3 Poisson and Ampeére equations in the (¢, A|) representation

These equations allow solving the gyrokinetic Vlasov equation. The gyrokinetic model
becomes self-consistent by solving the Poisson equation

—V = Y e, [ VTR

species

b e [EVE, (- 5T ) (45)

species

and the Ampere equation

Ne €a =
—*VLAH >y AH = > €a/d3VP||jt [F1]

species species

D €a/d VFp (Hi— T[T [Hi])

species

(46)

where

Nog () = / BV Foyf5")

is the unperturbed guiding-centre density, and d*°V = 2T Bﬁdp”du. The electric and

vector potentials ¢ and fl” live in the physical space, i.e. depend on (x,t), while all
functions in the integrands depend on (x,t,p”, w). Some further simplifications met in
the literature are the following. Let us impose an equilibrium distribution function of
guiding-centres that is a Maxwellian

- 3/2 (X 2 B..(X
Foa(Xop|y 1) = Neg(X) <27rTq(X)> exp{ (p2T6q|(X§ ) _MTqu())} (47)

where the unperturbed field By, density Neg, parallel velocity V)
depend on X only. The function ]-"éq then becomes

leq and temperature Teg

1L 0Feq _ Feq (48)
Bey op Teq

The second common approximation consists in developing the gyroaverage operator at
second order in the gyroradius (see Appendix D). The Poisson equation becomes

—eV6— > V- ( Ej;" ) > ea/di”vf [F1] (49)

speczes speczes

and the Ampere equation

N, ea NegTe -
**VLAW > et A+ ) V'( B2 qVLA)

species species €q
= ) e / d*Vp J' [Fi] (50)
species

The ratio of permittivities (D species
It can also be reformulated as p; 2 /22 5, where p; is the ion thermal gyroradius, and Ap
the Debye length. In fusion magnetlsed plasmas, this number is much greater than one.
Hence in most practical cases Negm;/ ng is much larger than ¢y so that the first term in

Neym/ B2 )/ €0 is dominated by the ion contribution.

32



the Lh.s of Eq.(49) can be neglected. This is equivalent to consider an electrically quasi-
neutral plasma. The physical meaning of the second term in Eq.(49) is a polarisation term
associated with the cyclotron motion of charged particles around their gyrocentres. The
mechanism has been commented above and is described in Fig.10. The r.h.s. of Eq.(49)
is a density of particles constructed from the distribution of gyrocentres, as illustrated in
Fig.17. Tt incorporates finite Larmor radius (FLR) effects. As explained in the introduc-
tion of section 4, another way to understand this term is to count particles in a box to
compute their density.

The Ampere equation Eq.(50) deserves some attention too. The second term is in
essence a skin depth effect - when balanced with the first term (Laplacian), exponential
solutions are found, with a decay length equal to the skin depth d.. This effect is re-
sponsible for the weak penetration of a pulsating magnetic field in a collisionless plasma
(see Fig.18). However this description holds only for some range of frequencies. In par-
ticular, a low frequency field penetrates very well in a plasma (fortunately for magnetic
fusion). This means that a compensating current develops in the r.h.s. of Eq.(50). This
phenomenon is called “magnetic cancellation” and is source of numerical difficulties when
solving this equation. The third term in the Lh.s. is a magnetisation term. Indeed, it
was seen that from the stand point of a guiding-centre, the gyrating particle produces a
magnetic moment —yue). The perturbed vector potential 121” produces a transverse mag-
netic field that bends field lines, and therefore changes slightly —ue|. The magnetisation
increment is —uV x ([lHe”)/Beq at the particle level, and —f3/ugV x (AHe”) after inte-
gration over the equilibrium distribution function and summation over all species, where
B is the beta parameter defined in Eq.(26) - see Fig.(19). This increment is responsible
for a diamagnetic modification of the Ampere equation. Its amplitude goes like the total
B, which measures the diamagnetism in a magnetised plasma. Finally the gyroaverage
operator that appears in the r.h.s. of Eq.(50) (gyrocentre current) contains the finite
Larmor radius (FLR) effects on the current, similar to those found for the charge density.

v

Figure 18: Tllustration of the plasma skin depth effect. The amplitude le of a high frequency
electromagnetic wave that comes from the left decays exponentially when entering the plasma at
x = 0. The decay length is the collisionless skin depth de.
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4.5 The (¢, A, B|) representation®.

The (¢, A)|) representation bears many advantages. However limitations are met for high

values of 8. The perturbed perpendicular wave vector A | must then be accounted for.
Since a gauge choice is always possible, only one component of A | can be considered,
or any scalar related to A|. An attractive choice, motivated by the theory of MHD
instabilities, is to compute the projection B” of the perturbed magnetic field along its
unperturbed component. The calculations are lengthy and cumbersome. The analysis
is restricted to the case kyp. = o(1). This is a rather restrictive assumption since it
appears that BII impacts strongly large scale MHD modes [16], but it is the price to get
something practical. Hence this section addresses the gyrokinetic equations that govern
turbulence and small scale MHD modes. In this limit F,, and its derivative F,, are large
scale functions, so that the gyroaverage operator applied on these functions is just the
identity. We will also see that the perturbed Hamiltonian is explicit in B” in this case.

4.5.1 Perturbed Hamiltonian and functional in the (¢, A, B) represen-
tation

The perpendicular component of the vector potential is now added. The gyroaverage
Hamiltonian reads (see Appendix E)34

2
~ ea

TH] = eaT (9] — eapyT[A)] + uBley - V x AL — e Xy - T[AL]+ % T[A?]

2my

The two last terms are of second order in eg ~ €53°. Therefore the perturbed Hamiltonian
is at first order

j[?‘[l] = eaj[&] — eap”j[/IH] + MB[GH -V x AJ_] (51)

The last term of Eq.(51) calls for some comments. The operator B is defined in the Fourier
space by multiplying the Fourier component k of the perpendicular potential vector A,
by 2J1 (kipc) /kipe, where J; is the Bessel function of index 1, k; the modulus of the
perpendicular wave number, and p. = \/2u/e,€2. the gyroradius (see Appendix E). The
operator J consists in a similar operation, where the field Fourier component is multiplied
by Jo (k1pc). Both operators J and B come near identity when &k, p. — 0. The scalar
eV x A | is close to the parallel component of the perturbed magnetic field B | for small
scale fluctuations, more precisely

Ezen'B:e”'VXALJrAnM;]”eq (52)

eq

The quantity fi0.Jjjeq/Beq is of the order of the inverse of the plasma size, while gradients
of perturbed quantities scale as an inverse of fluctuation scale length. For small scale
perturbations (i.e. turbulent, but not global MHD modes) the second term in the r.h.s.
of Eq.(52) can be neglected against the first term, so that B” =e VX A+ 0(Beg€?).
The field B” also coincides with the 1st order perturbation of the magnetic field3¢. Hence
the physical meaning of the last term in the perturbed Hamiltonian Eq.(51) is clear :
it corresponds to a contribution ,uB” to the Hamiltonian that modifies its unperturbed
counterpart 1Be,. As such, it can be seen as a perturbation of the magnetisation field M
(see Appendix F). This approximation will not be used for now, to keep some generality.

34The reader should be warned that J [7—7] is not the gyrocentre Hamiltonian 7 - this is only true at first
order in 5.
35The perpendicular velocity X is of order ep compared with the parallel velocity. Assuming ep ~ €5, it

appears that the piece X - J [A 1] is second order compared with the 3 first terms and can be neglected in a
first order calculation.
36Indeed B? = (Bey + B)? = Bey(1 + 2B /Beq + o(€%)) and therefore B = B, + By + 0(€2Bey)
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It is further discussed in the section F.4 and will be used to derive the Maxwell equations
in section 4.5.3. The total functional reads

A= Aem + Apa?"t + Ask:in

where

Ay = 1 / d*x dt <60E2(x, t) — i1§’~2(x7 t)> (53)
2 110

-Apart = - Z dr*ﬁl(Z*)j[/Hl](Z*)
species
- 5 X [ E) (T - ) E)

species

A== 3 o2 [ 5y (29 T1R%(2") (54)

< 2Myg
species

Magnetic

moment

m=-ue,, Sm = — 0B,
B,

Figure 19: Diamagnetic effect associated with a perpendicular perturbation of the magnetic field. A
perturbed parallel potential vector fl” produces a perturbed field 6B | = V x (leeH) ~ —e| X Vfl” that
is essentially perpendicular to the equilibrium field B,. Field line bending is responsible for a change
of direction of the magnetic moment associated with the cyclotron motion of a charged particle, equal
to —fidB | /Beq. The corresponding change of magnetisation density is — [ d*V F,idB | /Be,. For a
Maxwellian distribution function, the perturbed magnetisation density is 0M | = —(NegTeq/ ng)(SB 1,
which opposes to ¢B . The ratio uodM, /6B, is of the order of the beta parameter given by Eq.(26).
This effect can be seen as a diamagnetic effect on the perturbed perpendicular magnetic field.

4.5.2 Skin depth term and magnetisation

The derivation is the same as for the representation (¢, A)) (see details in Appendix
F). The unperturbed guiding-centre distribution function is again supposed Maxwellian
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Eq.(47). The function F, is then given by Eq.(48). The second term of the functional A,
physically related to the adlabatlc response of particles, and defined for each species as

Aud = / i F (29 T [HE)(27)

raises some difficulty due to the presence of the perpendicular vector potential. A detailed
calculation can be found in Appendix F where the following identity is demonstrated

/d Feg xp|| t) (¢( ,t)—zp”qB(x,t)AH(x,t))

+ /d3xdt Neg(x)A%(x,1)

2ma

in the limit where the Jacobian B|* and the equilibrium distribution function F¢, exhibit

large scales compared with the gyroradius. The last term of this functional compen-
sates the skin depth term in the functional of the electromagnetic field Ay;cq. The total
functional reads

- 1 -
A = %0 dPxdt B2 (x,t) — / dPxdt B?(x, t)

210
£ e far ; L (¢2<x,t>—2p||A..<x,t><z><x,t>)
SpeC'LeS
S Z dr-Lea - Y AT R(Z)TH)(2Y)
Specles / Specles /

The last line represents the interaction between particles and the electromagnetic field.

4.5.3 Maxwell equations in the (¢, 4|, B|) representation

The calculation of the charge and current densities in (¢, AH,B”) representation is some-
what technical. It is detailed in the Appendix F. Expressions of the charge and current
densities become much simpler under some reasonable assumptions. In most calculation
of instabilities, the current density current carried by ions is small compared with the
electron current. Conversely, finite Larmor radius effects, which are important for ions,
can usually be neglected for electrons since their gyroradius is often much smaller than
wavelengths of interest. This suppress “cross-terms”, i.e. terms involving the vector po-
tential in the charge density, or involving the electric potential in the current density. The
Poisson and Ampére equations become

Z /d3V 76:162( _jtj) [QE] _ Z /d3veajt[]_:1]

€q

species species
(&
. / BV ;ff Peala ) 7518 (55)
species €q
1 e2 _
VA Y [eviEe gAY e [d@vagiEl o)
Ho species species

Up to a cross-term in the Poisson equation that involves B”, the equations over (gz~5, fl”)
are the same as without B”. Since B” is itself known as a function of the perturbed

gyrocentre distribution function and the perturbed potential gz~5 (sge beloyv), this means
that Egs.(55,56) are two decoupled equations that rule separately ¢ and A
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The compressional component B” is given by the equation

1 -~ F..e ~ = €a 7
LB+ 2 / PV BB =~ ) / PVUBIF + 7Tl (6T)
Specles Specles

The equations Egs.(55,56,57) are close to those given in [17]. In fact the choice of
Maxwellian distribution functions allows an explicit integration of the gyroaverage op-
erators over the velocity space - details can be found in the Appendix F.6. The equation
Eq.(57) is reminiscent of the MHD constraint BquH + ,u0]5 . = 0, which can be derived
using fluid equations, thus a different path, but similar assumptions. A simple physical ex-
planation can be offered for this equation. When submitted to a perturbed perpendicular
vector potential, gyrocentres produce a perturbed magnetisation field

Fegea .~

J(9lley

M= — / PV uB'[F +

eq
Eq.(57) is equivalent to state that B’” = poM (see figure 20). This formulation is reason-
ably accurate for low 8 plasmas and short wavelengths, but should not be used for some
classes of long wavelength instabilities. It is autonomous in the sense that the knowledge
of the perturbed electric potential qB and the gyrocentre distribution function yields the
value of B”. Another advantage is that no Laplacian operator needs be inverted.

B =~ (B, +B))e,

Magnetic Particle

moment

“Heyy
@ZMZ —ond,udu" B—ITF Bt Fl +i<j[ﬁ1] u
Ho m Teq

Figure 20: When submitted to a perturbed perpendicular vector potential, gyrocentres produce a
perturbed magnetisation field M = Me). In first approximation the compressional component of the
magnetic field By is proportional to the perturbed magnetisation B)| = poM, which yields an explicit
expression of B) versus a moment of the gyrocentre distribution function.

5 Gyrokinetic theory - a general formulation™

The theory above suffers from some drawbacks. It is restricted to canonical changes of
variables of the form Eq.(12), i.e. to the so-called Hamiltonian version of the gyrokinetic
theory. Moreover the gyrocentre Hamiltonian was calculated at first order only, which
may appear somewhat artificial whenever a full-F model is to be built. In the previous
approach, a full-F model can be reconstructed by defining the full F distribution function
as the sum of the unperturbed distribution function, allowed to vary slowly, and the
first order perturbed distribution function, that evolves on fast time scales. Moreover it
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appears that polarisation effects requires a second order theory when fully expressed in
gyrocentre coordinates. In fact it is possible to build an action principle which does not
need a reconstruction of the full distribution function. However it requires handling an
Hamiltonian at second order in €¢5. Hence a theory is needed that is valid at second order
in the ordering parameter, and handles non canonically conjugate variables [2, 3, 4]. This
is a rather formidable task, which necessitates some know-how in differential geometry.
This part is not indispensable in a first reading.

5.1 Canonical change of variables at second order

As mentioned before, one has to move at some point to the hybrid set of variables (x, p|, 1)
The expression Eq.(11) shows that the Hamiltonian is second order in the parameter ¢;.
Hence the gyrocentre coordinates must be built at second order in the order parameter. It
is stressed here that solving the problem at second order in €5 is challenging when allowing
all possible choices of coordinates. So it is wise to focus first the analysis on canonical
changes of variables of the form Eq.(12) (“Hamiltonian approach”), but at all orders.
Then we will see that the calculation can be generalised to arbitrary changes of variables.
Near identity changes of canonical coordinates at all orders were studied extensively in
the context of celestial mechanics. These are generalisations at all order of Eq.(12), hence
of the form

Z:Z—{S,Z}z— (58)

where S is a generating function. Both S and the Hamiltonian are expanded in Fourier
series

“+oo
S(Z2) = Su(Z)e}
n=0

+oo
HE) = Y H(2)
n=0

HEZ) = > H(Z)e

A powerful approach to calculate the generating function is based on the Deprit theory
[9, 18], detailed in Appendix G. Some of these works were devised for conjugate variables,
but can be extended to non conjugate variables by using the change of variables Eq.(58).
So “canonical change of variables” must be understood in this spirit. The second order
Hamiltonian is found to be of the form

Hy = J[Ha] — %J [{S1,H1+ Hi})

where the generating function S; is given by the equation Eq.(17). A refined calculation
(see Appendix G) provides the following expression

Ro = (M) = g g (00 = )
1 e 0 Ma S~ OH,
T <eaB|* ' (85( <qu(X)/ dg%l) - 8X>> (59)

The last term of Eq.(59) is sometimes dubbed “ponderomotive”3”. It is quite small in

practical cases (see Appendix G). It can actually be neglected rigorously if the sub-
ordering €, ~ eg holds [3, 4]. If it is ignored, the second order Hamiltonian reduces

37 A ponderomotive force is the average force exerted by an oscillating field on a particle. It can be understood
with a simple example. Consider a particle submitted to a 1D electric field perturbation E (no B field), its
position z(t) is solution of the equation m,& = eE(x) cos(wt). The position = can be decomposed in an average

38



to

T ]. a 2 2
o = T1Ha] = 55— (T = (T (60)
Introducing this gyrocentre Hamiltonian in the field-particle action Eq.(33) leads to the

expression

App=— > [ dT (Fo(2)Ha(2) + FL(2)HA(2) + Fa(2)Ho(2))

species

The term that involves Fy is multiplied by Hg, which is a function of the invariants
of motion. Hence it addresses only the mean part of the distribution function, that is
its average over the unperturbed periodic motion of particles. This piece evolves on a
transport time scale, i.e. terms of order eg, and is part of the Vlasov equation. It does
not participate in the determination of the Maxwell equations, except for the mean flow.
It is left apart from now on. An integration by part yields

A== % [ar (Aagiel+ g Fa (06 - (T + ATB4]) 6
species eq O
This functional is the same as Eq.(39) obtained previously in the first order theory, keeping
in mind that the term FoJ[H2] is the skin depth term that was included in the field action.
In other words the Maxwell equations are the same in this approach. Also there is no test
field here - the functional should be made extremum with all variations of the electric and
magnetic potentials - hence the extra factor 3 in Eq.(61) that was not apparent in Eq.(39).

It is quite remarkable that the polarisation term, proportional to (J[H?] — (J[H1])?),
comes here from the second order Hamiltonian. One may wonder why. The answer lies
in the expression of the mean displacement of the gyrocentre with respect to the particle
position Eq.(19). This displacement produces contributions which are second order in
the expansion parameter €5, and hence belong to the category of ponderomotive forces.
A feeling of this important point can be grasped by noting that in the limit of long
wavelengths, the Hamiltonian H1(X + py + p;) “seen” by a guiding centre can be Taylor
developed to give an average difference with H1(X + p,) equal to

<p1>5

X)) . ma [3% r (62)

8XJ_ T engq(X) E?XL

This is also what is found when developing the second term in the r.h.s. of Eq.(60). In first
order gyrokinetic theory, it is incorporated in the difference between the guiding-centre
and gyrocentre distribution functions when moving back to the guiding-centre phase space.
The polarisation effects are therefore contained in the difference between F(Z) and F(Z).
Differences between the two approaches are illustrated by Fig.13 and Fig.21.

The last step consists in moving back to the physical space. This is done via a change of
variables from the gyrocentre position variables X to the particle position x = X + p. An
apparent difficulty is the occurrence of p which is in principle not just a simple cyclotron
motion. In particular it contains the polarisation physics via p;. However the polarisation
shift p; introduces higher order corrections. This is consistent with our previous remark:
in this approach, polarisation effects are included in the second order gyrocentre Hamil-
tonian and do not need further treatment - otherwise that would mean double counting.

value Z and and a variation Z(t). The field can be Taylor development around z, E(z) = E(Z) + Z 0,E|,_..

— 2
Obviously Z(t) = —fyi(;) cos(wt), so that the average force is —ﬁE(i) 0.E|,_;. The effect of a strong
magnetic guide field can be mimicked by imposing w = e,B/m,, thus giving a force —1%¢ E(z) 8, E|,_,,
2
similar to Eq.(62), since it corresponds to an effective potential —i’gg {%] .
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This means that in fact the change of variables is just x = X + p,, i.e. similar to the one
for a guiding-centre. Performing this change of variables provide the same action as the
one found previously by pulling back the distribution function from the gyrocentre to the
guiding-centre position space.

Hence the expected result is recovered by using a second order Hamiltonian theory.
However this does not tell us how this should be managed when a non-canonical change
of variables is needed at second order in €5. Hence the Deprit performance must repeated
in the non-canonical case. This is done in Appendix H.

Particle Guiding-centre Gyrocentre

z = (x,p) Z= (X u,ps) Z=(Xpjiq)
Solve Maxwell Compute F{,. Solve
equations Vlasov equation —
X —x F(2)

Figure 21: Strategy of a gyrokinetic theory using a second order gyrocentre Hamiltonian. The
Vlasov equation is solved in gyrocentre coordinates with no separation of perturbed and unperturbed
distribution functions. This procedure requires a second order Hamiltonian. A pull-back from the
gyrocentre space to the physical space is then done to solve the Maxwell equations. Polarisation
effects are included in the second order Hamiltonian.

5.2 Non canonical change of variables

Calculations in the non canonical case are treacherous (see Appendix H). The result
is shown here for the (¢, A|) representation. The parallel velocity is then given by the
expression

Py =y (A (X4 po(Xopn6)) — 0T LA (X, )

where ¢; = 0 in the Hamiltonian case and e¢; = 1 in the symplectic case. For the Hamil-
tonian case €5 = 0, the velocity p| coincides with p|. The situation is quite different in
the symplectic case since the symplectic parallel “velocity” p; comes near the guiding-
centre velocity u) for long wavelength fields J [A”] ~ AH' The equations of motion of the
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Hamiltonian | Symplectic
Skin depth term yes no
Induction in parallel force no yes
P = uy at long wavelengths no yes
Jacobian depends on perturbed field no yes

Table 1: Some properties of the “Hamiltonian” and “Symplectic” gyrokinetic models

gyrocentre are3®
X e . ;
0 pyb” + e xV (MBeq + eajw’])
dp| e ; 0J[A]
maE = —b"- |V (NBeq + eaj[¢]> + é€q ot €

where b* = B*/ B|*|. The vector B* is given by the relation

" MmeP =
B* = Beq + T”V xe| + V x (J[A”]e”)

and

MaP|| . =
o el Vxete - VxJAle

Bfj=e| B =Be+

6 Energy conservation™

Since an Hamiltonian dynamics underlies any gyrokinetic theory, an energy conservation
theorem is expected to hold. There are various ways to construct an energy balance
equation. The most elegant, but technical, approach is based on the Noether’s theorem
combined with a generalised action principle [11, 12, 13, 19]. It can be used to build
both energy and momentum conservation equations. Its use is restricted here to energy
conservation, which appears to be a consequence of the field Lagrangian invariance under
time translation. Energy conservation is useful to identify populations responsible for
kinetic instabilities by computing the energy transfer between particles and field. It is
also useful for code verification.

6.1 Preamble: field action and Noether’s theorem

Before deriving a gyrokinetic equation of energy conservation, it is probably useful to start
with an example based on the simplified action used in section 4.1. Let us note first that
the Lagrangian in Eq.(26) does not to depend explicitly on time - only via the field and its
derivatives. As a consequence, the field ¢ solution of the Euler-Lagrange equations must
remain the same if time is translated by some small amount §¢. Such a dynamical system
is said to be invariant under time translation symmetry. The idea behind the Noether’s
theorem is to make use of this type of symmetry invariance. It can be formalised as follows
in the specific case of time translation. Introducing a new time variable ¢ = t + 6t and
a field ¢ such that ¢(#) = ¢(t), the invariance under time translation symmetry implies
that the action

X

A:/f dt/iQ % £ (5,040)

38Gince the vector potential is directed along the unperturbed magnetic field, the corresponding inductive
electric field does not contribute to the E x B drift
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must be equal to the action A. Hence the variation § 4 = A — A must vanish. It can be
calculated explicitly for a small time variation 6t. Since ¢(f) = ¢(f — 6t) , it appears that
§5¢ = ¢(t) — ¢p(t) = —0;¢(t)dt. This relation allows the computation A as a functional
of ¢. Note in particular that once this operation is done, (X,t) are dummy variables in
the integral A and can be replaced by (x,t). One has to be careful that the integral time
bounds are changed since t| = t; + dt and t5 = t5 + 6t. Hence the variation § A contains
two contributions: one due to the changes in integration bounds, noted 0 Apyyng, and the
other one due to the field variation d¢ = —0pp(¢)ot in the “bulk” of the integral. This
variation is noted §Apy k. Obviously

X2 to X2
5 Apound = 6t / d*x (Lo — L1) = / dt / d*x 0L (¢,0,9)
X1 1 X1

where £ (resp. L9) is the Lagrangian calculated with the field ¢ solution of the Euler-
Lagrange equations and computed at time ¢ = t; (resp. t = t2). The variation §.Apyk
due to the field variation d¢ is calculated by using the action variation Eq.(27). The first
part vanishes since ¢ is solution of the Euler-Lagrange equations. Hence only the current
divergence term contributes, so that

to
OApuir = —(5t/ dt/ d3x ( oL 8@)
t1 M¢)

The sum of these two contributions dApoung + 0 Apyr must vanish whatever the choice
of the integral lower and upper bounds (t1,t2,%1,%2). This constraint provides a local
conservation law

atg + 804Fg -
where the index « runs from 1 to 3,
oL
E=L—-—=0
805) "
is the energy density, and
oL
re = Oy
£ 0(0.0) "

is an energy flux. An example is shown on Fig.22. When applied to the action in absence
of charge and current densities, it can be verified that the energy density is Ee, = %)EQ +
iB% and the energy flux is the Poynting flux E“LOB. This recipe should now be applied
to the gyrokinetic field action.

6.2 Noether’s theorem in gyrokinetics
6.2.1 Variation of the gyrokinetic Lagrangian

Keeping in mind that the right variables are (¢,x), we use the version of the action
A = Aficia + Apart that is split in field and particle functionals Eqs.(27, 33). These are
repeated here to better grasp the structure

1 1
Aern = = /dt d*x <€0E2 (x,t) — —B? (x, t)>
2 Ko

App=— ) [ dTF(2)H(Z)

species
Let us remind that the Maxwell equations are obtained by finding an extremum with
respect to variations of the electric and vector potential d¢ and JA.

0Aer, = /dt d3x [EO(V "E)d¢ + <6088];] _ iv B> -5A}

+ /dt d3x [—eoa (JA -E)+ V- (B < OA eoE(qu)]
ot o
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I ot — C}q'bound

¢ (t) = ¢p(t—5t)

o¢

b(0) .

Figure 22: The example Fig.14 is reconsidered. The action is A = fttf dtL (¢,0¢¢) where the La-
grangian L (¢,9,¢) = 3 (8;0)* — $¢?. The action calculated for the solution ¢(t) = ¢gsin(t — t1) is
A(t) = 1p2sin(ty — t1). It is left invariant by a time shift 2. The considered solution is plotted in red
for the choice t; = 0 and to = 2w. The function ¢(¢) shown in blue is defined as ¢(t + 0t) = ¢(t). The
shift of the time bounds (t1,t2) provides a first contribution to the action variation. The difference
o(t) — o(t) ~ —%—fét provides a second contribution. The total variation must cancel whatever the
choice of (t1,t2). In this particular case, it provides the energy conservation equation ;€ = 0, where

€ = 5(00)” + 50°.

Adding the charged particle functional Af, Eq.(28) and computing the extremum of
the full electromagnetic action with respect to (d¢,dA) provides the Maxwell equations
Eqgs.(29). The functional Ag, can be rewritten as a functional of the gyrocentre distribu-
tion function. Using the recipes described in the previous sections provide the gyrokinetic
Maxwell equations discussed previously.

The gyrokinetic Vlasov equation is obtained via an extremum with a gauge function
dS such that 6F = {55,]—1} that results from a change of variable Z = Z + {68, Z}. It
is useful to make use of the Jacobi identity, a property of Poisson brackets, which states
that

{68, F} H + {H, 68} F+ {F,H}éS=0

so that

0App =~ ) /df{ﬂ,ﬁ}55+ > /df{ﬂ,és}ﬁ

species species

Using the relations {#,6S} = 28558 and 82(2]:) = 0, and ignoring the partial deriva-
tive in parallel gyrocentre momentum that does not contribute to the Noether’s current,
one finds

sap=— 3 [ar{nFyss+ Y [ar [gt_(fas)+£_{(xfas)]
species species

The Euler-Lagrange equation is the gyrokinetic Vlasov equation {7:[,.7:" } = 0, and the
gauge current is X F§S.
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6.2.2 Noether’s energy and flux

The recipe described in section 6.1 is now applied to the gyrokinetic Lagrangian. The
Noether’s field variations are

0p = ——51& 0A = ——52& 08§ = —FEit

The last relation is justified by the change of variable Z = Z + {6S, Z}, and therefore
ot = {0S,t} = —0pdS. We start with the electromagnetic action Eq.(63). The boundary
contribution is
1 3, 0 2 1o
0 Aem.bound = =0t | dt d&°x — |egE“ — —B
’ 2 ot Lo

Regarding the bulk contribution, it was seen that only the Noether’s current contributes
since the field is solution of the Euler-Lagrange equations. Using E = —0;A — V¢, the
bulk action variation is

5~Aem,bulk = 5t/dt d3xaat [—60E2 —eE - V(ﬂ

/dtd3xV |:E><B quxB_ 0E8¢
o ot

Terms can be reorganised by using the relationships

V- (VoxB) = —(VxB) V¢
g2\ _ 9 o OV
v < 8t> = (Vv E)8t+E ot

In addition, since the field is solution of the Maxwell equations, and also ;o +V -J =0,
one gets finally

0 [eE? B?

_ 3 0 _
SMem = —0t / dt d®x at[  * o g(;s]
. 5t/dtd3xv-[EXB—J¢]

Ho

A similar calculation shows that the variation of the field-particle interaction action is

0
5Ap, = —t Yy / dr’ [ 5 (FB) + (XIE)]

6.2.3 Energy in the physical space

We are now facing the same problem as usual : moving the action written in the gyrocentre
position space back to the physical space. However the task is much simpler now. Indeed
there is no operator to invert here. Hence the dummy variable X can just be replaced by
x. To illustrate this point, we proceed step by step. Let us note that

dt/d3 —dt/d3 /d3X5x )o(t —1)...

dT = dt d*X dp) dji ds dE B}j(X,p))8(E — H)

It is reminded that

So that finally

_ _ 3 3~ 73 9 9 & T <
SApy = =5t /dtd /d de{at (FH) + 5= (XFH) | 6(X ~x)

Sp(:‘CZES

44



where d*V = %Bﬁ dpdp. So finally the energy conservation that is looked for is

OE

— -Tg=0
ot +V I
where
E = G—OEQ(X t) + LB2(x t) — o(x,t)p(x,t)
2 M 2IJ/O ) ) M
_ / BV (FH) (x. i . 1)
species
is the energy density, and
1
FE = (E(X) t) X B(X7 t)) - J(X7 t)d)(X, t)
Ho
Y | BV (XFR) (x5 t) (63)
species

the energy flux. The contribution of —p¢ can be reworked to be regrouped with the
particle energy. Indeed, the following identity can be shown (see Appendix I)

/ dt d*x o(x,t)p(x,t) = Y eq / dt d*x d*V F(x, i, p), t) T [8)(x, i, 1) (64)

species

A similar operation can be done for the current. This transformation allows recovering
the energy conservation law derived in [13].

6.3 Global energy conservation
6.3.1 Expression of the total energy

The local law of energy conservation is elegant, but difficult to use in practice. Building
a global version, i.e., an equation over the volume integrated energy, is rewarding. The
analysis is further simplified by assuming a vacuum permittivity ey that is much smaller
than the polarisation permittivity. In this limit, the plasma is quasi-neutral, i.e. o = 0.
The electric energy term ¢gE?/2 can then be neglected. The analysis is restricted to the
perturbed electromagnetic field - this is not mandatory, but consistent with a given guide
magnetic field. The electromagnetic energy is the classical one

1 -
Eem = — | PxB(x,t
on =g | B x0)
The particle energy is
Epart = / d3x / PBVFH
species

where H = Heq + H1 + Ha. The second order Hamiltonian is given by Eq.(60). Each
order of the Hamiltonian reads

_ My _
Heq = Tapﬁ + NBeq

Hi = J[H]
e? -
o = 52 TR = g i (T~ (T
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The particle energy for ons species only then reads
Epart = / d*xdt / d*VFHeq
+ / d*xdt / PV FJ[Mi]
.- / d*xdt / &*VF, (T J[H1])?)
2

/ dBxdt / &V Foy ‘

Since (13”, @) are dummy variables in the integral above, they can be safely replaced by

[AQ]

(> #)- The element of integration in the velocity space then becomes PV = 2 Bﬁdp”du.
Hence the total energy is

E = /d3x
2410
+ / Bx PV FHey

+ Y [ ExdPVFEIMH)

species
1
by X dx [avE, (g0 - (@ pual)
Specles
3 3 2 A2
+ Z d*x d erqQ J[A?] (65)
species

This result calls for some comments. First, the energy contains clearly a vacuum field
energy (the 1st line of Eq.(65)), a kinetic energy term (the 2nd line). However the physical
nature of the 3 other contributions is less clear. For instance, the two last ones apparently
belong to the category “field energy” since they involve the electric and potential vectors
squared, and still they come from the “particle energy” contribution. In fact the 4th line
corresponds to polarisation and magnetisation field energy that one would be tempted to
include in the electromagnetic energy. Same remark for the skin-depth term (5th line).
Finally the status of the field-particle interaction term (3rd line of Eq.(65)) is the only
one that remains fuzzy at this point.

Second, the sign of the field energy is not well defined. Obviously a positive energy
is preferable. For instance the polarisation term (4th line) is usually negative3?. The
same difficulty occurs with the field-particle interaction term (3rd line), whose sign is
undetermined. To make some progress, it it necessary to scrutinise the Maxwell equations
to enable a clear separation between kinetic and field energy densities.

6.3.2 Revisiting the kinetic and field energies

The Maxwell equations in the gyrokinetic framework are derived by having the action A=
Avield + Apart + Askin, given by Eqgs. (53,54,54), extremum with respect to (qﬁ, A). Hence
the electromagnetic potentials (¢, A) are given by linear operators applied to charge and
current densities. This is just the consequence of the linearity of the Maxwell equations

2
39The term J[H3] — (J[H1])? can be written <(7—l1 - <H1>C) > and is thus positive. Most equilibrium
¢ -
distribution function verifies F., < 0, so that the overall integral is negative. Note that the term A3 in the last

line is balanced by an equivalent term in the J[H7] contribution to the polarisation functional (the third line)
so that the polarisation energy does not depend explicitly on A .
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that relate fields to sources, i.e. charge and current densities. An extra condition is
obtained by integrating the Maxwell equations over (x,t). The following identity is derived

Y| ExdPVFEIH) = - / d’x —

species

— Y | ExPVEL (T - (T[H))

species
e2 ~
- ) d3xd3V]-"eqm—“j[A2] (66)
species a

Combining Eqs.(65,66) yields the conservation equation 9;£ = 0, with

E= /d3x BV FHey + % > /d3x d*V F1J[Hi] (67)

species

This relation is identical to the one derived in [20]. Note also that it can be derived
directly from the gyrokinetic Vlasov equation (see Appendix I). Eq.(67) can then be used
to eliminate the field-particle contribution F;.7[H;1], whose sign is undetermined, in the
expression of the energy Eq.(65). The latter then becomes

N2
E = —/d3xB+/d3Xd3Vﬁﬁeq
210
1 /
-5 X dx [ @V, (08 - 0)?)

species
-3 L stV ij[A2] (68)
species 2 o Ma

It appears that unfortunately the magnetic energy appears with a negative sign, and so
does the skin depth term. An overall positive sign of the energy is demonstrated as follows.

Let us remark first that -
B -
/d3x:/ P*xJ-A

Ho

assuming B x A = 0 at the boundary of the integration volume. Next step follows the
same chain of transformations performed to compute the integral of p¢ (see Appendix I)

/dSXJ-A = ) ea/dtd3xd3V]-'(pj[fl”]—p,B[Bﬂ)
species
3y 13\ T o 32
- > | &xd V Feg = J[AY]
species a

This relationship is approximate and is valid under the same conditions as the calculations
done in the (qﬁ,A”,B”) representation. Rearranging various terms, it appears that the
energy can be split in 2 components & = &, + Efiarqd, Where &y, is a particle kinetic
energy defined as

Ekin = Z / dx &>V J:"{;ma (p” - SZJ[AHOQ +p (Beq + B[BM)}

species

and Ey;eq is a “field energy”, itself split in two parts, that is

gfield = gem + gpol
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where

B2
Eomn = / d3x
2410

is the electromagnetic field energy (neglecting the vacuum electric energy), and

1
Eoi= — 5 > | dxdPVF (T - (T[H)?)
species
1 3. 73 63 12
+ 5 > [ d*xd VFe - J[AY]
species a
1 e2 -
+ 3 Z /d?’xd?’erq% {j[A”] (j[AH])Z}
Specres

is the “field polarisation-magnetisation” energy, which is always positive?. This expres-
sion is consistent with [21] in the long wavelength limit of the (¢, A)) representation.
Hence a meaningful energy conservation constraint is found

0

E (Ekin + Efieta) =0 (69)
A close inspection of Eq.(68) is rewarding. As mentioned, the first term &, correspond
to the classical definition of the energy of the electromagnetic field in the vacuum. The
second one Epol is more intriguing. In the electrostatic limit A = 0, long wavelength limit
J=1- Zp 2v2 4 and for a Maxwellian distribution function, the field energy can be recast
as

m
Efield = Y /d3 gg “ Vgl

species

This is the energy associated with the polarisation field P = ¢,qE 14 In the (6, 4))
electromagnetic case, an additional energy term appears. Assuming an unshifted large
scale Maxwellian 42, it is of the form

eqMa NeTe
Eficld = Y /dS 5;” VLo /d3X0 1+ ) LBQ . ‘VJ_

species species €q

In the fully clectromagnetic case, the energy &,, contains also compressional magnetic
terms that involve B). Its full expression is complex and beyond the scope of this overview.

6.4 Exchange power

It is interesting to analyse the energy budget from the stand point of the electromagnetic
field. Ignoring the influx of energy in the volume of interest associated with the Poynting
vector, the electromagnetic energy balance equation reads

OEem s s =
= /de E (70)

4ONote that for a Maxwellian distribution function, the term in A2 is balanced by an equivalent term in the
J [#3] contribution to the “adiabatic” functional so that the polarisation energy does not depend explicitly on

A . On the other hand, quadratic terms in AH add up.

41Tt corresponds to the classical definition D =
that the polarisation permittivity is €por = pim/ Beq7 with pp, = >

species

c?/v% larger than €, where c is the speed of light and vy = (ng/,uopm)l/2 the Alfvén velocity.

42Unshifted means here no equilibrium current so that cross terms proportional to J)AH vanish in the

polarisation-magnetisation term.
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J.E

e.m.

field E, B

0P
J= E'FVXM'F]‘QC

Guiding-

centres

Figure 23: Particle/field energy exchange. Upper panel: particles and electromagnetic field exchange
energy via the product J - E. Lower panel: in the guiding-centre stand point, the kinetic energy is
associated with guiding-centres - the polarisation and magnetisation terms enter the electromagnetic
energy via the polarised and magnetisation fields.

£ = / Px (CF2 . L pe
2 2410

is the total classical electromagnetic energy. This equation can be worked out by using
the expression of the electric field

where

oA -
E=—"-— 1
L, ()
and the charge conservation equation
0o

The new balance equation is

0 d3x € B — B /d3 9 5 0J A

ot 2 240 ot ot
up to a surface term that was set to zero 43. Using the definition of the charge and current
densities Egs.(30), it becomes

m/dx<2—2uo Z/dxd 0 Z/dl“?—ll

SpeEcCLeSs Specles

43This term corresponds to a flux of energy J d;, i.e. a flux of electric potential energy carried by particles,
which plays a role similar to the Poynting flux, but for particles, as seen in the energy flux Eq.(63).
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The guiding-centre and gyrocentre distribution functions F; and Fj are related by Eq.(22).
The first term in the latter equation gives rise to the polarisation field energy. When
combined with Eqgs.(140,141), derived in Appendix I, it appears that the conservation
equation 0;€ = 0 is recovered, with the total energy £ given by Eq.(68). As a consequence,
energy conservation law Eq.(69) is also fully recovered. Hence this implies that

gt (Ekin + Epot) = / PxJ-E (72)
It is satisfactory to find a variation of the electromagnetic energy consistent with its
kinetic counterpart. But the real assets are Eqs.(70, 72), which enable diagnosing the
power exchange between fields and particles. In particular, when detailed for each species,
and even per class of energy, it offers a deep insight in the nature of particles that drive
or damp instabilities. It is also interesting to see the polarisation term can be handled in
two different ways. On the one hand Eq.(72) clearly indicates that the polarisation term
belongs to the particle realm - it comes in fact to a shift of the guiding-centre motion
under the effect of the electromagnetic field. On the other hand Eq.(70) suggests that is
can be as well included in the field energy via the polarisation field. Both approaches are
sound, but this freedom is sometimes source of confusion (see Fig.23).

7 Conclusion

Gyrokinetic theory is commonly considered as technical, and sometimes abstract. Nev-
ertheless it uncovers substantial physical outcomes and prominent features that can be
summarized as follows. The first objective of the gyrokinetic theory is to modify the mag-
netic moment so that it remains an invariant of motion. This is possible as long as as the
typical frequencies of electromagnetic perturbations are low compared with the cyclotron
frequency. Also the amplitude of fluctuations must be small compared to the equilibrium
fields. No constraint on spatial scales is requested, which allows applying the model to
small scale turbulence in magnetised plasmas. Beyond its usefulness for tractable ana-
lytic calculations, gyrokinetic theory is motivated by one key fact: developing and using
6D kinetic codes is a difficult task given the available computers. 6D codes are barely
emerging, and mostly for ions. Gyrokinetic theory thus offers a path to computational
modelling of turbulence. The first step in gyrokinetics, namely the reinstatement of the
magnetic moment as an invariant of motion, can be seen as a change of variables, from
guiding-centre coordinates to the coordinates of a virtual particle, localised nearby the
guiding-centre, and called gyrocentre. The starting point is a first change of coordinates,
from the “true” particle coordinates to guiding-centre coordinates, a well documented
step. Hence a double change of coordinates must be managed.

Not all choices of gyrocentre variables are convenient for the second part of gyrokinetic
theory, namely the resolution of the Maxwell equations. Indeed Maxwell equations relate
the electric and magnetic vector fields E(x,t), B(x,t) to charge and current densities.
This step requires the computation of charge and current densities as function of the
spatial coordinates x of charged particles in the physical space, and time ¢. In practice,
this requirement enforces the use of non conjugate coordinates, namely 3 positions of
gyrocentres, the magnetic moment, a generalised parallel velocity, and a gyroangle - the
later does not appear explicitly in the final equations. A change of variables from guiding-
centre to gyrocentres coordinates requires some care. Also equations of motion are not the
same depending on the choice of generalised parallel velocity. Some are more convenient
than others for a subsequent use of the gyrocentre distribution function to compute charge
and current densities. Two options were addressed, most commonly mentioned in the
literature as “Hamiltonian” and “Symplectic” approaches. In both cases, the Maxwell
equations bear a more complex form than their original version, due to the emergence of
polarisation and magnetisation fields. This comes physically from the spatial shift between
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gyrocentre and particle positions. As in any polarisable medium, the modification of the
distance between gyrocentres and particles under the effect of an electromagnetic field
introduces a polarisation vector field P. Similarly, the magnetic moment can be seen as
a magnet intensity associated with the cyclotron motion of the charged particle around
its gyrocentre. A collection of particles is therefore characterised by a magnetisation
vector field M. Gyrokinetic Maxwell equations are then similar to those used in classical
electromagnetism in continuum media [22, 14]. This formulation involves vector fields
D, H instead of E, B, and such that D = ¢E + P, and B = po(H + M). The equations
of motion are better expressed using scalar fields, like the electric potential, the parallel
component of the vector potential, and the perturbed magnetic field modulus. First reason
is the Hamiltonian nature of gyrokinetic theory, hence better derived using electric and
vector potentials. On the other hand, a E, B representation is closer to the traditional
MHD description. These considerations explain the intricate aspect of the gyrokinetic
Maxwell equations.

The Hamiltonian path is the easiest change of coordinates. It is described in details
in the present note. In this case the generalised parallel velocity is close to the parallel
canonical momentum. The price to pay however is the appearance in the Ampére equation
of a skin depth term, whose amplitude is large, and balances partially the parallel current
density. This “magnetic cancellation” raises difficulties in the computation, and has been
subject of a number of discussions, and ways to circumvent it. The other path is called
“Symplectic” formulation, and involves a gyrocentre parallel velocity close to the particle
velocity. The force that appears in the equation of motion of the parallel momentum
it the electric parallel electric field, instead of the perturbed Hamiltonian. No magnetic
cancellation in this case, and the equations of motion actually look close to the usual ones
in the E, B representation. Difficulty here is the inductive part of the electric field, which
involves the time derivative of the vector potential. This means handling time derivatives
in the right hand side of the equations of motion, usually not a good idea in terms of
numerical stability. Recent developments suggest the use of hybrid formulations, that
combine Hamiltonian and Symplectic approaches [23, 24]. A summary of characteristics
for each scheme is given in Table 1.

Ordering is also an issue in gyrokinetic theory. Most results can be understood with
a first order theory, where the ordering parameter is the amplitude of the perturbed
fields normalised to their unperturbed values. However global codes compute the full
distribution function, so that a second order theory turns out attractive. As before, this
requires two ingredients: changes of non conjugate variables, and reformulation of Maxwell
equations, both at second order. This a formidable task, that is most easily done by using
Lie transform methods, and a principle of action extremum. This is still an evolving field
of research. Only the main points have been sketched here.

As alast word, it must be understood that gyrokinetic theory is mostly a mathematical
tool, in essence a change of variables, but physics guided all along. It remains a necessary
step for computation, but also allows a deeper understanding of the physics of magnetised
plasmas. It would be illusory to ask more to theory than it can deliver. However, it remains
a powerful mean to address many issues related to stability and turbulent transport in
plasma physics.
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APPENDICES

A Notations

Coordinates Hamiltonian | Distribution function
Conjugate variables z = (X,p) hy heg, b fifeqr f
Extended 3= (t,—FE,x,p) h, h,, f
Guiding-centre Z = (X, u, j1,5) H,H.g, H F.F,,, F
Extended Z = (X, u, 1,5, E,t) | H, Heq, Hi, Ho F Feqg, F1, F2
Gyrocentres Z = (X,p|, [1,5) H F
Extended Z=(X,p, xS, E,t) H F

Table 2: Notations and conventions - hamiltonian and distribution functions.

Coordinates Volume element
Conjugate variables z = (x,p) d*x d*p
Extended 3= (t,—FE,x,p) dy = d*x d*p dt dE 6(FE — hey)
Guiding-centre Z = (X, uy, it,5) B d*X duy dp ds
Extended Z =X, u,ps, B, t) | dl' = B X duy dpds dE dt 6(E — Heq)
Gyrocentres Z :_(X, Di|s 4, S) . B d*X dp dpds
Extended Z=(X,p, i<, E,t) | dI' = B X dpy dp dS dE dt §(E — Heq)
Hybrid (%, Py, 11) d°V = 2 Bt dp) dp

Table 3: Notations and conventions - volume element.

B From canonical to non-canonical phase-space

B.1 Poisson brackets for non-canonical variables

We start from a 6D phase-space and a set of canonical variables z = (q,p). In this
section, for simplicity, we do not extend the phase-space to include time and energy, but
the formulation straightforwardly generalises to an 8D extended phase-space.

Compared to the Lagrangian formalism, the Hamiltonian formalism in canonical vari-
ables z = (q,p) has the advantage of providing straightforward equations of motion in

the form of a Poisson bracket,

dz*

— —{z*H 73

o= (o) (73)
where {f, g} = 0qf - Opg — Opf - Oqg This is easy to check, since {qi, H} = 0H/0p; and
{pi, H } = —0H/dq;. However this simple form (73) is a priori limited to canonical vari-
ables. Contrarily, the Lagrangian formalism is also valid for non-canonical variables, but
the relationship between Euler-Lagrange equations and Poisson brackets may be hidden
and very tricky to uncover. In section B.2 we detail how a Poisson-bracket-based form of
Hamilton’s equations can be recovered for non-canonical variables.

It is useful to define a phase-space Lagrangian,

L(z,2,t) =p-d4— H(q,p,?) (74)
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This phase-space Lagrangian equals in value the configuration-space Lagrangian (which
depends on q and q but not explicitly on p and p), but lives in a phase-space with twice
higher dimension. The advantage of the phase-space Lagrangian is that Euler-Lagrange
equations directly yield Hamilton’s equations of motion,

dp _ d (OL\ 0L __0H 75)
dt  dt \dq) 90q  0q
_d (OL\ _OL _dq_0H (76)
dt \ Ip op dt Op

whereas Euler-Lagrange equations applied to the configuration-space Lagrangian yield
only Eq. (75). Therefore, this can be seen as an alternative Hamiltonian formulation,
based on a Lagrangian.

We now consider a change of variables from canonical variables z to non-canonical
variables Z. Note that, when expressed in the canonical variables z, the phase-space
Lagrangian L does not depend on p, but we will see that for non-canonical variables Z,
L may in general depend on all 12 components of Z and Z. To express L in terms of Z,
we need to express the functions ¢*(Z) and p‘(Z). Here we assume that the change of
variables is time-independent for simplicity**. Then, qZ = (8q'/0ZM) Z1, and

L(Z,Z,t) =T, Zr — H(Z,Z,1) (77)
where I, is a covariant 6-vector,

oq

I'W(Z) :P'@

(78)

The first part in Eq. (77) is said to be symplectic because it is linear in Z#. Then Euler-
Lagrange equations yield

dar, d (oL oL or, OH
= — — | = = ZH — 79
dt dt (8Z”> ozv  ozv ozv (79)
which can be rearranged as
oH or, dry,
= B
ozv  0zv dt (80)
or, or, .
— VA VAS 1
ozv oA (81)
= Wy ZH (82)
where we have introduced the Lagrange matrix
or, or,
w9y aze (83)

Assuming that the Lagrange matrix w is invertible, we define its inverse J, which is called
as the Poisson matrix*®. Then the equations of motion write simply as

. OH
Zh = JW —— 84
57 (84)
Therefore, the equations of motion can finally be expressed in terms of a Poisson bracket,
dzH
= {21} (85)

441f the change of variables is time-dependant, then ¢*(Z, t) and there is an extra term p;9;¢* in the Lagrangian.

45 An alternative method to calculate the Poisson matrix J, without calculating and inverting the Lagrange

matrix w, is to use the relationship J = P-o - P~ Here P and ¢ are matrices defined by P¥ = 9Z" /02" and
N

o= ( Oj’_ (‘;3>, where 03 is the 3x3 zero matrix, and I3 is the 3x3 identity matrix.
—1I3 03
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albeit with a generalisation of Poisson brackets to non-canonical variables,

oF oG
iy /7%
{ra} 8ZMJ ozv

Note that J* = {Z#",Z"} is an immediate consequence of the latter definition.

(86)

B.2 A simple example

Let us illustrate the concepts described in subsection B.1 with a simple example, which
does not involve cyclotron motion, nor magnetic field, nor extended phase-space. We
consider a particle of mass m and charge e in a prescribed electric field ¢(q,t). We work
in Cartesian coordinates q = (z,y, z) and start from canonical variables z = (q, p) with
P = (P, Py, Pz) = Mmad. Since the configuration-space Lagrangian is m,q?/2 — eq¢, the
phase-space Lagrangian is

L(Z,i,t):p-Q—H(q,p,t) (87)

with
2

H(q,p,t) = + ea(q,t) (88)

Let us now change variables from z to non-canonical Z = (z,y, z,p1 , &, p,) where p; and
a are such that p, = p| cosa and p, = p sina. At this point we advice the reader to
work through the following steps as an exercise:

2myg

1. Calculate the 6 components of the covariant vector I', = p - % in terms of Z.

2. Calculate the Lagrange matrix w, = gFT,*ﬁ — gg,i. Since this is an anti-symmetric

tensor, only 15 components need to be calculated. In this simple example, only 4
components are non-trivial.

3. Calculate the Poisson matrix J by inverting w.
4. Express the new (generalised) Poisson brackets {f, g} = (0f/0Z")J* (0g/0Z").
5. Express H in terms of Z.
6. Deduce from that the equations of motion Z# = {Z* H}
Solution:

1. One finds I'y =p  cosa, I'o =p sina, 's=p,, and 'y =15 =T = 0.

2. The only non-zero elements of the Lagrange matrix are

W41 = —W14 = COS & Wig = —W94 = Sin
w51:—w15:—pj_sino¢ W52 = —W25 = P COS
w3 = —wze =1

3. The only non-zero elements of the Poisson matrix are
J = _J —cosa J?t = —J*? =sina
JYP = -1t = —sina/py J?% = —J%% = cosa/p.

J36 — —J63 -1
4. One immediately obtains

oF 0G  OF 0G OF 0G  OF 0G) .
6} = < ) <(’3y OpL  Op. 8y>
OF 0G OF 0G\ sina OF 0G  OF 0G\ cosa
- <5w@a-3a&6>m <8y8a_5a@y> pL
OF 0G  OF 0G
<8Z Op. B Op. 82)
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5. From H(z) = p?/(2ma) + eq¢(q,t) we obtain H(Z) = p%/(2mq) + p2/(2ma) +
ea®(q;t).

6. From Z! = {Z',H} = {z,H}, and the derivatives g% = pj/mg and %—Z =0, we
obtain & = (p) /mg) cos . Similarly, we obtain the 5 other equations of motion. To

summarize,
. pL
T ==—"—cos«
Mg
. bl .
Yy =—sina
Mg
. Dz
z=—
Mg
. . 0¢
= —e, COsSa— — ey sina—
y2ain a O a 83/
. sina 0¢ cos o ¢
& =e, — —eg——
pL Oz pL Oy
. ¢
Pz = —eaa

It is straightforward to check that these are equivalent to the equations of motion
obtained in canonical variables, ¢ = p/m, and p = —e,0¢/0q.

C Guiding-center Lagrangian and Poisson brack-
ets

C.1 Guiding-center Lagrangian

Let us derive the equilibrium Lagrangian in guiding-centre coordinates, to the zeroth
order®. Here we work in the 6-dimensional (non-extended) phase-space.
We start in non-canonical position/velocity variables z = (x, v), where the Lagrangian
is 1
Leg(x,v) = imav2 + eqAcq V — eqdeq (89)

simply because the Euler-Lagrange then yields the correct Newton equation with the
electric and Lorentz forces. We recall that the equilibrium electromagnetic field is assumed
static to simplify the analysis at this point. Therefore, in the latter expression, A., =

A (x) and ¢eq = Peq(x).
By definition the conjugate to x is

OL.
p(x,v) = 8—\,(1 = eqAgg(x) + mgv (90)

The Legendre transformation yields an alternative expression for the Lagrangian,
Leq(X,V) = [ea Aeq(x) + mav] ‘X = Heq [X,p(X,V)] (91)

with the equilibrium Hamiltonian

1

Heg(x,p) = 5mav(x, P)? + €ateq(x) (92)

The goal now is to obtain the Lagrangian as a function of Z = (X, |, i1,5). The term
A ,(x) can be expressed in terms of A.q(X) and its derivatives by a Taylor expansion

46The method of Lie transforms is much more systematic, and can be used to derive the Lagrangian in an
arbitrary set of coordinates, to an arbitrary order. This method was used by Littlejohn to obtain the guiding-
centre Lagrangian to higher order [7].
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with respect to the small parameter eg = p./Lp. Similarly, the relationship between v
and u)| and p can be expressed as a Taylor series. The main difficulty is to ensure that, in
the Lagrangian, all terms up to the order (ep)°? — with respect to m,v? — are kept (and we
wish to keep as few higher order terms as possible in order to keep expressions simple).

We will make use of two sets of right-handed orthonormal basis vectors : the gyroangle-
independent set (e1, es, e”), as introduced in subsection 3.1, and the gyroangle-dependant
set (&, e|, €), which is defined by & = p;/p. and &€ = & x €. Note that all these basis
vectors depend on x.

By using the relationships x = X + py and v = uje| + vy (u) &+ O(ep), we perform
the transformation to the new coordinates (X, w5 G, w). This yields

1 ¢ X + p
Leq _ %60 qu(x) + eapy- VAeq + mqu| €| + mgviC + O(EB):| . [X + pO}

eateq(X) + €Bpg - Vg + %va + O(EZB)] (93)
where factors eg have been artificially introduced in front of some terms in order to keep
track of the ordering of each term. Note that the first term is of order —1 compared to,
for example, mqv, because eqAeq/(Mav1) ~ €qLpBeq/(Mmaqvy) ~ 6731. Note also that g
is of the same order as X because of the fast cyclotron frequency.

Let us now decompose the Lagrangian into terms of successive order in €p,

Loy = ;L_l+L0+€BL1+...—(H()+€BH1+...) (94)

with
Loy = eaAey [X + p‘o} (95)
Lo = ea(py V)Aeq- [X ¥ p‘o] + (mauje| + mavie) - [X + p’o} (96)

and

1 1
Hy = eqpeq + §mavf_ + imauﬁ (97)

The Lagrangian is only defined up to an arbitrary exact differential. It simplifies by
adding the total time derivative of the scalar S = Sy + €pS1 + ... such that

So = —ea Acg(X) - g (98)

€a
S1 = D) Po - VAeq(X) " Po (99)

Since Aeq = (X - V)A¢q, the derivatives 50 and 51 include terms of the general form
[(V1-V)A| V2, where V; and V3 are two vectors. It is useful to note that

[(V1-V)Ag] - V2 —[(V2:V)Agy] Vi = (Begx V1) V2 (100)

The derivative 50 can be written as

ds, 1 : -
dito = ——€q Aeq "Po — €a [(X ’ V)AelJ] " Po (101)
€B
= Leihu b aallon )AL X e B ) X ()
1 . .
=~ ¢ APy — eallpy- VAl - X —mgui&-X (103)
B
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The latter expression of Sy comprises a term of order —1 which simplifies L_;, and two
terms of order 0 which simplify L. Similarly, the derivative Sy is such that

dSy €q €q €q

€B . = ) [(Po : V)Aeq] Py — b} [(Pb : V)Aeq] Py — GBg [(Po : V)(X : Aeq)] * Po
(104)

= —cal(py- V)Au] - By + 5 (Bay x po) - o + Ole) (105)

— —eal(py V) Al By — 22L& 6y + Ofen) (106)

Therefore, € BS1 comprises two terms of order 0 which simplifies Ly, and one term of order
1 which we neglect.

Finally, we substitute p, = p. e+ O(ep), mauip. = 2(mg/eq)p. Then the new
lagrangian (after adding S) writes

Leyg = ieaAeq + mque) X+ %ué — |eqaPeq + 1mauﬁ + 1mavi] + Of(ep)
€R €q 2 2
(107)
where all quantitites are evaluated at X.
Note that we have assumed that ¢, is of higher order than A., - X. Alternatively,
one can construct a new guiding-center Lagrangian under the assumption that ¢., and
A, - X are of the same order [25].

C.2 Guiding-center Poisson brackets

In this subsection we apply the procedure described in appendix B.1 to the unperturbed
Lagrangian in guiding-center variables to obtain guiding-center Poisson brackets (and
check that we recover the expected guiding-center equations of motion).

We work in non-extended phase-space Z = (X,u”, b g). We rewrite the Lagrangian
obtained in Eq. (107), keeping only terms up to the zeroth order in ep,

" . m .
Leg = eaAl X + —2ul — Hy (108)

€q

where A%, = Aey + (ma/eq)ue| and

1
Hey = eqteq + 5mauﬁ + f1Beg (109)

Since Eq. (108) is already in the form of Eq. (77), it only remains to identify the compo-
nents of I'), = (eaA* 0,0, ma,u/ea),

eq’
Calculating the components of the Lagrange matrix, w,, = ggﬁ — gg’,;, is straightfor-

ward. Defining Bg, =V x AZ , one obtains the Lagrange matrix,

0 eaB;q3 —eaB:q2 —maeﬁ 0 0
—eaB;kq?’ 0 eaB;kq1 —maeﬁ 0 0
* 2 _ * 1 _ 3
oo eaBeq eaBeq 0 Mae| 0 0 (110)
m maeﬁ maeﬁ maeﬁ 0 0 0
0 0 0 0 0 ’:‘—a“
0 0 0 0 —Da

This matrix can be inverted by blocks (a 4x4 block, a 2x2 block, and two zero-valued
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blocks). This procedure yields the Poisson matrix,

3 2 * 1
0 _ 1 €l 1 4 1 B, 0 0
€a B""| €a Bﬁ me Bﬁ
3 1 * 2
19 0 14 1B 5
eq Bﬁ eq Bﬁ Mg BH
_1 elg\ 16 0 1 B’ 0 0
JH = €a B‘*‘ €a B‘*‘ Ma BI’“
1By 1 B 1 By 0 0 0
Mq Bﬁ Ma Bﬁ Mg Bﬁ
0 0 0 0 0
0 0 0 0 La 0

Ma

where Bﬁ =e| -B

*
eq’

This yields the expression of the equilibrium guiding-center Poisson brackets,

eq (OFO0G OF 0G
F = 2 -
{F.Gla Ma <8§ o Ou 8§>
Bl <aF oG OF 8G>

mB; \0X du  duj 9X

_e (or oG
eaB‘*‘ 0X 00X

which can be used to compute the guiding-center equations of motion,

X = ytea y © v VB
= Y B|*| + eaBﬁ X [€a Vg + 1V Beg)
. B
v = _maegﬁ “[eaV ¢eq + 11V Beg|
. €a aI{eq
= _—,— = 0
H mg OS
B
¢ = faZeq _ We
Mg

Maq

(111)

(112)

(113)

(114)

(115)

(116)

Note that Eq. (113) includes not only the E x B drift (of the form e x V¢,,) and the
V B drift, but also the curvature drift, although in this form it is slightly hidden in the

term u B,/ Bﬁ. Indeed, a Taylor expansion at the lowest order in ep yields

qu mauH
Bﬁ ~ eH + eaBeq [V X eHh_
_ Mmal| Ig o
= eH — eaBeq e” X §Ve|| — (eH . V)eH .
magUu
= e+ e x Ve

eaBeq

D Some useful relations

D.1 Contact transformation

We derive here the change of variables that correspond to a contact transformation in the
simple case where 3 is a set of conjugate variables (x, p). The new coordinates are (X, P).
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The old and new Hamiltonians H and H read

H (X7 p, T) = Heq(p) + 657_[1 (Xv p, 7-)

H ()_()1377—) - /}'_Leq (}_(71_)77—) + 657:[1 (}_(71_)77—)

Since the amplitude of the perturbed Hamiltonian is small, the change of coordinates can
be anticipated to be a near-identity transform. The change of canonical coordinates is
performed with a methodology based on a least action principle [8, 9], i.e., the action
integrals are made equal up to a generating function,

[pdx=[pdx- [as

The generating function S is a function of both new and old variables, for instance
S()_(a p; X, I_)) = 6551(X7 13) + (X - )_() ‘P

Identification of various terms in front of the differential elements dx and dp provides the
requested near identity transform

8Sl(xa p)

Di = Di — € 07 +o(e5)

i i 05%(xDp) 5

=1 —eg———"2 4 0(e
9P) 4 o)

This relationship provides the expression of (X, p), a mix of old and new variables, versus
(x,P). Moreover one has the relation

H(%,p) = H(x,p) (117)
which related the new Hamiltonian to the previous one*”. One difficulty comes from the
mix of new and old variables - a relationship between old and new variables would be
easier to handle. This difficulty is easily overcome since at requested order

__ 95(%,p)
Di = Di — 65187 +o(€5)
=7+ 65% + o(€3) (118)

Note that this relation can be written in a compact form as

3=3- {513} +ole})
where {, }; is the Poisson bracket written in the new variables 3 = (X,p), i.e

3
OF 9G OF 9G _9F _ 0G

W= o5 " op ox o o

D.2 Invariance of Poisson bracket

Poisson brackets are invariant under a change of variables. The sequence of operations
that demonstrate this property is the following

OH 4 OF

9z 9zl

OH (02" ,,027\ OF
0Zi <82’“ azl) 0ZJ
— @ jiji

0zt 0ZI

= {".F}z

{H7‘F}Z =

47The index i = 0 yields the usual evolution equation for the generating function qw = H(x,p,t) —

H(x,p,t), where (X,p) are functions of (x,p), and are now restricted to the usual position and momentum

coordinates. The order 0 imposes Heq(X, D) = Heq(X, P).
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9Zk~ 9zl T
The new tensor J” bears the properties of a Poisson bracket for a change of variables of
the form Z = Z — {Sl,Z}Z—.

The identity 02 gkl0Z7 _ J ypegults from the rules of change of variables for a tensor.

D.3 Push-forward and pull-back operators

The operator T that transforms Z in Z is called a push-forward operator, Z = TZ -
here T = I + {S, e}, I being the identity operator. A “push-forward” operator leads
to new coordinates Z from the old ones Z. One can then define a space of functions
that operate on Z variables, and a space of functions that act on the Z variables. The
function F is derived from F via a pull-back operator 7* , i.e. F = T*F. It transforms a
function that acts in the space of the gyrocentre coordinates into a function that lives in
the initial guiding-centre space. Hence the relation F(Z) = F(Z) can as well be written

as T*F(Z) = F(Z) = F(TZ) (see Fig.24).

FoT'F
f(; _F

Figure 24: Change of variables Z = TZ and its inverse Z = T~'Z. The function F lives in the
space of functions that depend on Z, and its counter part leaves in the space of functions that depend
on Z. They are related by the relationship F(Z) = F(Z). The function F is the image of F via a
pull-back operator 7*, i.e. F = T*F. Inversely F is constructed from F via a push-forward operator

that is the inverse of 7, i.e. F = [T*]"' F - inspired from [2].

D.4 Pull-back of the gyroaverage operator
This section details the transformation of the functional

-Apart = - /dr*fl(Z*)j[Hl](Z*)

- 5 [ EE)TE)

+ 5 [dRE P E) (119)
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in a functional that lives in the physical space. The functional is split in 3 contributions
Apart = A1 + Az + A3, each term corresponds to one line of the r.h.s. in Eq.(119).

The first term is transformed as follows

A = —/dBthdp”dﬂBﬁ(Z*)}—l(z*)j[ﬂl](Z*)
5 27 d§ . =
— | d*Xdtdpyan [ T [B”]:l} (X, t, s ) H1 (X + po(X, 11,6), 5 s 12)
0 ™
5 2 d§ . =
= — [ d’xdtdpydp o [BH}H} (x = po(x, 1), pyps ) H1(X, E, D)y 1)

1 _
— —/d3xdtd3VB*jt {Bﬁ]—]} (x,t,ps 1) Hu (%,8,p), 1)
I
* 1 t * T * *
- [ 5 (B ) (120)
where the operator J' is defined as

TJUA] (x,t = 2ng —p,t
[A] (x,t, py, 1) o (x— p,t.py, 1)

The second term is transformed a bit differently

A = = [ FE)TRE)

1 27 dg Y
= —2/dg'}(dtdpud/i/(J G [BH]:l} (X,t,pH,u)fH%(X+p0(X,M,§),t,p\|aﬂ)

1 27 dg Y
= —2/d3thdp||dﬂ/ 27 |:BH‘7:1:| (X_ pO(X7 M7§)7t7pH7M)H%(X7t7p||7:u’)
0 ™
. 1 *i t * =/ * 2/ ,%
- - [ 57 Bi7,] MG
The last term follows the same path

A = [ FEE)TE) T ()

1 5 27 d§ .
= 2/d thdp”dj,b/ 27 [BH]:eqj[Hl] (thapnnu’)
0 s
Hl(X+pO(X7Ha §),t,p||,,u)

1

2 d§ -
/0 o [Bllfeqj[Hl]} (X = po(x, 1,6), t, 0|, 1)

N ;/dV*Bﬁ;*)jt |BiFLT )] G 6")
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D.5 Long wavelength expansion of the gyroaverage opera-
tor

This derivation does not raise special difficulties though somewhat cumbersome. Here are
some details:

T (X)) = [ 55 Pk = pHalx+ o= 4

42 p"V(p"V]:éq)‘x]
[H1(x) + (p— p') - VHA,

o)Vl ) vl

= (P + VR 0) P
+%V [PEFL (VL HA(x)]

where the vectors p and p’ are the cyclotron displacements that correspond respectively
to the cyclotron angles ¢ and ¢’. The properties [ & p;p; = %—;’p;pg = 10265, [ Lp; =

62% p;- = 0 have been used, where i, j are labels of directions perpendicular to the field,
and p? = eaéi‘(x). The square of the gyroradius p? has been permuted with the operator
V since its derivative is of order ep compared with the perturbed field derivatives. The
last term is a polarisation term since for a Maxwellian distribution function, the following

identity holds [ V2L, = Jsme.

D.6 From guiding-centre to gyrocentre coordinates

The change of variables in the Hamiltonian approach is given by Eq.(14), i.e. is of the
form Z = Z+ Gy, with G; = {51, Z} ;. The components of G; can be made explicit by
using the expression of the Poisson bracket in guiding-centre coordinates

eq (OF O0G OF 0G
o = (-2

me \ Os Ou  Ou Os
LB (9FOG  OF 0G
Mg B|*| 0X dp;  9Op 0X

_f (oF oG
eaB|*| 0X 90X

where
* * mapH
B*"=VxA :Beq—i——Ver
€a
and Map
Bi—e; -B* =B+ —"le . Vxe
I Il q €a I I
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is the Jacobian of the guiding-centre transform. The following expressions are then found

GY = {S1,X}z= _n;gilllen _ e:g* y g;l
- {Sl,p|}2:”1ag:g§(1

Gt = {S1,u}g= :;a 885;1

Gy = {Sl,c}zz—:i%s;

Since 57 is a periodic function of ¢ with zero mean, these displacements are all periodic
functions of ¢. However, whenever one calculates the particle position vs the gyrocentre
coordinates, expressed in guiding-centre coordinates,

_ _ op ap op =
x=X+pX, 1) =X-GF(2) - X GY(2) - o —GY(2) - agGg( )

terms with a finite gyroaverage mean (average over the gyroangle ¢) appear due to the de-
pendences of G on ¢ (at given (fi, X, p||)). The resulting mean displacement is responsible
for the medium polarisation.

E Gyroaverage of the perturbed Hamiltonian

This section provides practical expressions for the gyroaverage of the perturbed Hamilto-
nian. From Eq.(11), the Hamiltonian associated with a perturbed electromagnetic field
reads

H (X, pjpnsit) = ead(X+ po,t) — eapyAy(X + po, t)
. . ~ 1 eq <92
- ea<XL+po)-AL(X+p0,t)+§m—aA (X + pg, )

The gyroaverage of H(Z*,¢) is

where Z* = (X, py|, i, 1, E). The perturbed electric and vector potentials can be expanded

in Fourier series Bk
qg(x,t):/( mE Gf;( t) et

and

B 3
A(x,t):/(;l;; A (k,t) e

The cyclotron motion displacement and velocity read

po(t) = pc(cosse; —sing es)
po(t) = vy (—singe; —cosges)

where e; (X)), es (X) are two unit vectors locally orthogonal to the magnetic field B (X, t).
The wave vector k can be decomposed on the local basis e, e1, ez, i.e.

k= k:He” + klel + k262
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where all quantities, components and vectors, depend on the guiding-centre position X.
Using x = X + pg, it appears readily that

-~ 3. ) 27 )

~ 3 27 '
JA41(Z7) =/<d ’; Aj (k, 1) ”“X/O ;j—;el"’ﬁo

The components of the wave vector can be written

and

ki =kysin(pr) ;3 ko= —Fki cos(pr)

where k; = (k% + k:%)l/ 2 is usually called “perpendicular wave number”, and ¢}, is the
wave number phase. It then appears that k - py = k1 p.sin(s + ¢x), and

~ 3 ~ .
T18(27) = / (;lﬂ’;’ o (k1pe) & (K, ) X

and

~ 3 ~ .
TIA(27) = / (;ZW’;JO (k1pe) Ay (k1) X

where Jy is the Bessel function of index 0. Though approximate, this is a quite convenient
explicit expression of the gyroaverage operator, since it consists in a simple multiplication
by Jo (k1pc) in the Fourier space. This is why the operator J is sometimes noted Jy. We
move now to the piece that contains the perpendicular vector potential

<(XL +p0> -AL(X+pO,t)>< - <Xl - AL(X+p0,t)>g + <p0 : AJ_(X+po7t)>g

The first term in the r.h.s. is gyro-averaged like the electric and parallel vector potentials.
The second bit is more delicate to handle. Let us detail it

Bk gox [*de
— v — {sincA A
eam/(%)?,e /0 5, {sincAx + cosc Aoy}

ei(klpc cos s—sinckapc)

3k ) ) 2T ds
= —eaf XA A / —
¢ /(27r)3 { Kok Qkﬁkl} 0 27

ei(k1 pe coss—sinckape)

A3k 0 0
= _ean/ ’Lk X {ZAlkaki ZA2k 8k } Jo (kJ_pc)

ea (po- AL(X +py,t) )

S

(27T)3
d’k Ji (kLpc)
2Qep? e* XL ko A kq Ao} 2=
e pc/(%) {—iko A1k + ik1 Aok} kL pe
dgk ik-X X 2J1 (kLpC)
B _M/ (2m)3° <e” VX AL)k k1 pe
= —uB|B|

where (Agp, Ax2) are the two components of the vector Ay in the vector basis (ej,es).
The scalar e - V x A is the parallel component of the perturbed magnetic field, noted
B”, and B is the operator which consists in multiplying the Fourier component of the field
by 2J1 (k1pe) /(kipe). Let us note that 2J;(z)/z approaches 1 when the argument = gets
close to 0. Hence the operator B is the identity for perturbations with scale lengths much
larger than the gyroradius, as does J. Nevertheless its structure differs significantly from
J applied on a scalar field. So finally the gyroaverage of the perturbed Hamiltonian reads

TH] = eaT (0] — eap) TIA)] + uBB)] — eaX 1 - T[AL] + i J[A?)

2my
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The two last terms are of second order in the expansion parameter.
Finally, the same methodology can be used to estimate of the polarisation shift in the
(¢, A)) representation

<p1>g‘:_B(1X)£L/;i§PQ{H1—L7[/H1]}

Since J[H1] does not depend on the gyroangle, only H; contributes. The Fourier expan-
sion above gives
- Bk ~ <
W (2) = [ Gt e 1) o)

where it has been used that #; does not depend on i in the (<z~5, AH) other than via the
gyromotion. Hence

p = L0 d’k b dS ik (X-+py)
<p1>€ - _B()_C)aﬁ/(Qﬂ)g/Hl (k,p”,t)/%poe
1 Pk px _ 0 0
- ZB(X)/(m36 Ha (k. ). 1) 52 5 JolkLpe)

. My, k, d3k X ~ 1 9
= T kL ! E,py,t) ——=— (peJi(k1pe
"2 B2(X) kL/(zﬂ):ae Ho (k. py,t) - - (pei(kLpe))

. Mg 3k ik-X _
= _26232()_()1{1'/(2#)36 Ha (k,p”,t) Jo(kLpe)

where it has been used that 8% = 6237::(}—() pc%gpc, and also J(z) = —Ji(z), % (xJi(x)) =

xJo(z). It appears finally that

o) — M DT [Hi]
PUS= "2 (X) 0X,

F Charge and current densities in the (¢, A, B))
representation

F.1 Calculation of the particle functional
The objective here is to write the functional

Ao = [ AU FL(2)T0E) ()

in the hybrid position space. It reads
1
Awd = _5 /d?)thdgV ]:éq(XapH ) M)%%(X + pO(X7 K, §), t,p”,,u)
or equivalently

dg
Aga = 2 /d3 dtd3V7 |:B||F/ ] (X_ pO(X7M7§)7p||nu')H%(X7tapH7M)
where . 3 _
Hi(x,t,p), p) = ead(x,t) — eapA) (%, 1) — eapo(X, p; <) - AL (x,1)

The unperturbed field [ H]:/ } (x—po(X, p1,6),py, it) can be replaced by [B‘*‘}"éq} (X, D)5 1)
assuming that F’

¢q 15 a distribution function that evolves spatially on an equilibrium
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scale Ly, so that a Taylor development in p,/L, leads to higher order corrections -same
argument for the Jacobian Bﬁ. Using the relations

Teq(x)

Mg

/d3V-7:éq(X7P||,M)Pﬁ =

/d3Vféq(Xap||7U)p0(Xnuv §) =0

.. T.o(x
/d3V‘Féq(X7p||nU’)p0ip0j(XaMag) = L@j
one gets
. 1, *Feq(X,p”,M) %9 ~ ~
Aad = Qea/d'y m {¢ (x,t) _QP\\¢(X7t)A||(X7t)}
1 e 3 A2
imia d’xdt Neq<X)A (X,t)

F.2 Writing the action in the hybrid set of coordinates
(x,t,py, 1t)

The action A Eq.(55) lives in the guiding-centre space, which means that a change of
variables must be performed to write the various contributions in the hybrid set of co-
ordinates (x,t,p|,p). The terms J [¢] and J[A] are treated in the same way as in the
(¢, A)) representation. The operator B requires some care. Assuming that the perturbed
field is null at infinity, it appears that®

—/df*g_luB[e|| -V x AL] = /d3th (V X M) . Al

where G; is the “non-adiabatic” part of the perturbed distribution function®’

F,
17 M)

G1=F+ To,

M e| is a perturbed magnetisation field
1\71 = —/d3V/,LBt[g_1]e”
and the operator B! satisfies the property
[ F ) Bl = [avBIE(E)) () (121)
So Bt is the adjoint of B in the sense of Eq.(121). It holds if the Jacobian of the guiding-
centre transform exhibits large spatial scale only. A consequence of the Parseval theorem
applied on Eq.(121) is that B! operates in the Fourier space as B, i.e. by multiplying the

target field by 2.J; (ki pc) /k1p. and then moving back to the real space. In that sense
B! is the same as B. However the notation B! will be kept to mark the difference with B

48This result is obtained the identity V- (A x B) = B-V x A — A -V x B for any couple of vectors (A, B).
The integration of the divergence operator over the volume introduces a surface term that cancels if one of the
vectors (or both) (A, B) vanishes on the surface. This assumption is retained here.

49The reader should be warned that there exists different definitions of an adiabatic response, in particular
in the MHD context
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since its mathematical meaning is different. An explicit expression of the magnetisation
amplitude M = e - M versus the perturbed distribution function 7 is

M = - / >V uB'Fi]

L€
- [V T~ A

- /d3V ;qe W*B'Ble) -V x A ]
eq

F.3 Charge and current densities - general expressions

Once the appropriate change of variables has been done, the functional A Eq.(55) can be
used to find the charge and current densities. It can be made explicit in he physical space
as

A = 2 dxdt B2 (x,t) — /d3xdt B2(x, t)
+ pz / Prdtd®V e(;(];”) ) {¢2(X,t) = 2p) A (x,1)(x, t)}
- 5 2 [tV 7106 — eI )

+2uBley - V x Al] (3*)} [eaj[@ (3%) — eapy T 4] (3*)}
- Y [tV ) [T 16 6) - e T 6]

species

+ > al3xahf(V><1\71).AL

species

The extremum in ¢ provides the charge density for each species
- 3v7 7t E
0 = eq / d*V J"[F1]

_— / d3vf;f:j [6- 77101}

+ e / EVIE (4) - 7*714))
- /d3v 1T Bley -V x A] (122)

which holds as long as the Maxwellian equilibrium distribution function exhibits large
spatial scales compared with ﬂuctugtions. The perturbed current for each species is given
by the extremum of the action in A and reads

J = ea/d?’Vjt[]:"l]p”e

co [ @V Dy (6= 7'71) e

Teq
- / v Z‘f“ T T[A)ley
3 Feq t A
+ Ca/d VTilu,p”j B[e” -V X AJ_]GH
eq
+ (v x 1\7I>L (123)
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where it has been used that the average of pﬁ over a Maxwellian is T¢,/m. Eqgs.(122,123)
should be used to ensure the field coherence via the Maxwell equations, which become

V-E:ZQ

speczes

VB = w3

species

in the low frequency limit.

F.4 Some simplifications

The equations above are hardly tractable. Additional simplifications, consistent with
the gyrokinetic ordering, are often used and discussed in this section. Since the vector
potential is A= A”e” +A 1, the perturbed magnetic field reads

B:VAH ><e||—i—f~1||V><eH+V><AJ_

The vector V x e can be written as
poJ
Vxey =2l 7
Beg

where 7 = e|| X K, k the field line curvature and Jj., the total unperturbed current. As
discussed before, its norm scales as the inverse of a macroscopic length, while the norms
of VA and V x A scale as A) divided by a perturbation length scale. For turbulence,

this scale length is typically an ion gyroradius, so that the term A”V X e can be neglected

since one order lower. It is thus recovered that B” =e VX A | . The perturbed parallel
current reads®”

po 30 Jj=ep VxB=-ViA+ V. ((VxAL)xe)

species

The last term of this identity can be ignored as well®!. The Ampere equation then reduces
to Vﬁ_AH = —poJ). At this level of approximation, the perturbed magnetic field reads

B = V[l” X eH + B”e”

and the perpendicular current J =Vx B“e||. After identification with the perpendic-
ular component of the current in Eq.(123), the compact relation B” =10 e M is

spectes

50We use here the identity e -V x B=V. (]§ X e”) +B-V x e| - the last term can be ignored for small

scale perturbations. The “perpendicular gradient” of a scalar AH is defined as VL/IH = V/i” —e|(e - V)A” =
e| x (Vfl” x €|), and consequently the “perpendicular” Laplacian is V2 =V-V,.

®!Let us remind that the magnetic field can be written in Clebsh form B., = Va x Vi, where o and
1 are two suitable scalar fields. A system of coordinates («,1,¥¢) is then chosen, where ¢ is the curvilinear
abscissa along the unperturbed field lines. Hence the third contravariant vector is V£ = e, and the Jacobian

[(Va x Vb)) - V€] ' is unity. The perpendicular potential vector is
AJ_ = AwV?/) + AaVa

A Dbit of algebra shows that

0A,,

ol

Perturbations of the field tend to be aligned with the equlhbrlum field, so that parallel gradients (the operator
0¢) are e smaller than transverse gradients (the operator V). This allows neglecting this term against the
perpendicular Laplacian of the perturbed parallel potential vector.

(VXAJ_) X e =
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obtained. Finally, because the Debye length is smaller that the gyroradius in most mag-
netised plasmas of interest, the Gauss’s law is reduced to a charge neutrality condition
Zspecies 0 = 0. So the final set of equations to be solved is

62 ~ _
> [eviEea-gae = Y [@vesia

eq

species species
s Y [avEate, o)Ay
species eq
aviate, g 124
+ Z Tiqu [By] (124)
species €

_7VJ_A”_|- Z / eqeajtj[ ‘] _ Z ea/di%vjt[]:l]p”

species species
F..e? ~ =
S v oo
species €q
3y LeqCa tRIh
+ Z d VTiup”j B[B”] (125)
species €q
7B”+ S [aviet eqe“ WB'BIB) = — Y [ d@VuBF]
species species
eq€a
- > [ &V Tq uB' T (¢ — py Ay (126)
species €q

These equations must be complemented by a solution of the gyrokinetic Vlasov equa-
tion. The equations of motion are the same as Eqgs.(24,25), but with a new gyroaverage
Hamiltonian®?

JH] = e T[] — eap) T[A)] + 1B[By] (127)

F.5 A few more simplifications

The second term in the Lh.s. of Eq.(126) is of the order of the plasma 3, and is therefore
quite small. The first term of the r.h.s. is close to P, /Beg, where P, is the gyroaveraged
perpendicular pressure defined as the average of puB., over the perturbed gyroaveraged
distribution function B![F;]. Eq.(126) is then close to the usual MHD approximation
Bqu” + pioPy = 0. Here the 2nd line of the r.h.s. of Eq.(57) is neglected on the basis of
low 8 values. It turns out that when this relation holds, part of the effects due to B” can
be recovered by replacing the VB magnetic drift by a curvature drift>3

vp = (mapﬁ + uBeq) ——5 € X K

¢

52We again anticipate that 2nd order term should be kept to ensure some coherence with the symplectic
approach - see below.

53This can be verified as follows. Still in the spirit of ideal MHD, let us look at the perturbed Hamiltonian
in the low wavelength limit H = ea(b — eapHAH + MBH and assume that the ideal MHD constraint apphes
1e null parallel electric field 8tAH (eH )ng = 0. The perturbed Hamiltonian can be recast as H =
ea X dt eavD Vx + MBH, where E = 8t +pje| -V + vp -V is a Lagrangian (or material) derivative, and

x(X, ft dt'¢(X,t') is the primitive in time of the electric potential, so that fl“ —(e) - V)Xx. In first
appI‘OXImatIOn and in agreement with the MHD fluid pressure equation, the prebsure perturbation is just given
by the advection of the equilibrium pressure by the E x B electric drift, i.e. P| = — (e” X Vx) VP,.q. Using
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The relation Beqf?” + ,ugﬁ | = 0 is quite convenient, since it relates the compressional com-
ponent of the magnetic field BH to the perturbed pressure, which can be calculated easily
from the perturbed distribution function. Besides, a further step consists in modifying
the magnetic drift velocity and ignoring all contributions from the parallel compressibility
of the field. Needless to say that this is a rather blunt approximation, which is in fact
justified only for small scale modes (e.g. ballooning modes).

Some extra bold steps can be crossed. A number of terms in the charge and current
densities are proportional to pH(l — JtJ). They vanish if the unperturbed distribution
function is unshifted or if finite Larmor radius (FLR) effects are neglected. It would
be unreasonable to ignore finite Larmor radius (FLR) effects on the ion species, since
their gyroradius is commensurate with turbulence wavelengths. However it is quite licit
to neglect the current carried by ion species in most practical cases (except fast ions
though). Conversely the current density carried by electrons cannot be neglected, by
electron finite Larmor radius (FLR) effects are negligible in practical situations since the
electron gyroradius is much smaller than fluctuations wavelengths. These approximations
lead to simplified, but tractable, Poisson and Ampeére equations

Z /d3 1@362 (1—jtj) [QE] — Z ea/d?;vjt Fl

eq

species species
- ea/d3 equjt [B)]
Spec’bes
6 6
—*V A+ Y /d3 e I T4 = Y ea/dVPthfl]
species species

to be completed with an equation over the compressional component of field

—B||+ > / PPV eqe“ WB'BB = - > [ dPVuB[F]

speczes speczes
- Y [evESsse )
T,

species

F.6 Explicit expressions of gyroaverage operators

The choice of Maxwellian distribution functions allows performing analytic integration
over the velocity space. It was shown in Appendix E that the gyroaverage operator J
consists in multiplying the Fourier transform of the field by Jy(kyp.) and the operator B
does a similar operation, but with a multiplication by %ﬁpc) It then appears that the
average over a Maxwellian of the operators J¢7, J!B and B!B are explicit, thanks to the

relationships
~+o0 5
2/ dvve™"" J§(av) = To(b)
0
400 5
2 / dvvde™" JZ (av) = To(b) — b(To(b) — T'1(b))
0
B” = —,U/OPJ_/Beq the perturbed Hamitonian becomes
~ dx Ko
H=¢,— 7 —e,vp - VX — 'UB B (eH X VPeq) -Vx (128)

The first piece 4X can be incorporated in the adiabatic response of the perturbed distribution and will not be

dt
. . . . V.B. V. P,
discussed further. Using the expression of the field line curvature K = ~5—* + to Bt
eq

two last term of the Hamiltonian can be regrouped as the advection of y by a modlﬁed magnetic drift velocity
where the VB drift piece is replaced by the curvature.

, it appears that the
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2 / T donBe 12 (av) = b (To(b) — Ty (1)
0

vV MaTeq

where a =2k pr,b=2% = k:f_pT, pr = ~—p5— is the thermal gyroradius and I',(b) =
I,(b)e™®, I, the modified Bessel function of index v. The following identities can then be
derived

N / BV J'T =To(b)

Neq /dBVFeq <Mfeq> BB =2 (Ty(b) — T1(b))

€q

Be
N / BV E,, (“T q) B'J = To(b) — T1(b)

eq
These relations have to be understood as operations in the Fourier space. For electrons,
b<1l,and I'g ~ 1, I'y ~ 0. The Maxwell equations then become

Nege2 ~ _
TEA-T)[E] = Y e [ dVIIA
species €q species
+ ) M(l“o—lﬁ)[l;’n]
X Beq
species
e
—*VLAHJF Y eLolAy = 3 ea/dgvf’lljt [71]
species species
B” 2UoNegTeq 1 ~
= =y [ VI (T - T) [B)]
2 H
Beq species Beq Beq
- Y [EVubBA)
€4 species
,UON Teq € ~
- Z %Ti(ro—n)[(ﬂ
species €q €q

where the last equation has been normalised to show explicitly the dependence on the

parameter %ﬁfeq that scales like the plasma (.

G Near identity canonical change of variables

We start first with the second order theory in the Hamiltonian case. Near identity canon-
ical changes of coordinates at all orders were studied extensively in the context of celestial
mechanics. A powerful approach is based on Deprit series, which can be summarised as
follows. We call here “canonical change of variables” a relationship between old and new
variables of the form which bears the same structure as the one for canonical variables
(see Appendix D.1)

zZ=2- { S, Z } z

where the generating function S can be expanded as a series in €5

+oo
Z) = Z Sn(Z)es
n=0
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All calculations are run in gyrocentre variables. As in the first order theory, the old

Hamiltonian H(Z) is related to the new one H(Z) via the relation H(Z) = H(Z). The

Hamiltonians can also be expanded in €4, e.g.
+00
H(EZ) = Y Hu(Z)e}
n=0

HEZ) = ) H(Z)e

Ho(Z2) = Ho
Hi(Z) = Ha
o - 1
Ha(2) = Ha(2) = {S1, Hitz + 5 {91,151, Hobrz — {52, Hol 2
The order 0 is the same as before. Requesting that the new Hamiltonian of order 1 does

not depend on the gyroangle implies that H; = (#1)?*. As shown in section 3.2, this
operation is a gyroaverage over a cyclotron circular motion, so that

Hi(Z27) = T[H)(Z7)
Hence the generating function S; is given by the equation
{81, Ho} 2 = Hi(2) (130)

where

Hi(Z) = Hi(Z7,0) — TH(ZT)

This is the same as Eq.(16) derived in section 3.2. The expression Eq.(13) of the Poisson
bracket leads to the Lagrangian derivative Eq.(17), which can also be written

{Sla HO}Z_ = {SlvHO}c + {8177_[0}2*

where
251
oS

is the Poisson bracket that corresponds to the cyclotron motion and

{51, Ho}, = Qe

0S1 &
(S Hotz = 5 +o)(ey - V)Si+ (X1 - V)51

is the Lagrangian derivative along unperturbed gyrocentre trajectories. This “slow” La-
grangian derivative is of order €, compared with the first one. Hence the solution Eq.(17)
is recovered from Eq.(130) at lowest order

051 1 ~

—— = —H +o(e 131

agf Qc ( w) ( )
In the traditional “gyroBohm” ordering, one has €, ~ €¢5s. However this level of accuracy
is insufficient for a second order calculation is one chooses an ordering®. One solution,
advocated by Tronko and Chandre [4], consists in choosing the ordering, namelye,, ~ eg.
Another solution is to estimate the error that is made when restricting the Poisson bracket

>The average is on the gyrocentre gyroangle ¢. Since all calculations are run in gyrocentre coordinates, the
subscript ¢ is omitted for clarity in the averages.

%N.B.:The solution of Eq.(130) is explicit when using angl~e/ action variables. If all functions are expanded

Hl,n

3 : : Y 1/ in-o —
as Fourier series in o, e.g. H1 =) Hine , then S1 5 = -5
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to the cyclotron motion. Hence, we do not use for now a specific solution S; until the
ordering is clarified, i.e. we keep Eq.(130) in its full generality. The equation that rules
Sy is

~ 1
{S2,Hotz = Ho — {S1, Hi}z + 3 {S1,{51, Ho} 2} 2

where Hy = Ha — J[Ha) and {89, Ho}z = Q.22 4 0(e,), and all Poisson brackets are

cﬁ
calculated with the new gyrocentre variables Z . A solubility constraint is obtained by
averaging this equation over ¢. It provides the expression of the second order Hamiltonian

_ 1
Ha = (Ha) — ({1, 1} 2) + 5 ({1 {S1. Ho} 5} 2)
where (H) = [ &H for any function H(Z)%. Using
({81, {81, Hot 2} z) = ({S1, H1 —Ha} z)
leads to the following expression
_ 1 _
Ho = (H2) — B ({S1, Ha+Hi} z)

Let us now assess the order of magnitude of the various terms. The second order Hamil-
tonians Ho and Ho scale as egT eq- Poisson brackets that appear in the second term of the
r.h.s. of Eq.( 132) are of the form

{S1, "1}z = {S1, Hi}.+ {51, Hi} -

where the cyclotron part is

ea [0S 0H1 08 0M,
e =2 ( 8 op  op 0<>

and the gyrocentre contribution is

1 B* [0S, 0H, 0S,0H,
S 7 % : v - v
{51117 ma Bj (ax ap, O ax)
€| 051 OH1
_ (92 L 132
¢aB] (ax * X (132)

The Poisson bracket {Sl,ﬁl} is decomposed in the same way. After an integration by
part, the average of the cyclotron part of the Poisson bracket is recast as

_ eq 0 /051 _
S =——( =
{{ 1,7—[1+7-[1}C> maaﬁ< oc (7—[1+H1)>
It appears that the lowest order solution S; Eq.(131) is sufficient to find the e%T eq term,
ie.
— 1 a ""2
({51, M1 +’H1}C> = BTan—L <7—[1>

where the property <7§%> = <(’H% — 7:[%)> has been used. The bracket {51, Hi+ 7:[1}2*,

given by Eq.(132), does not raise special difficulty. The first term, which involves parallel
gradients of fluctuations provides a term of order eg’T eq> Which does not contribute. The
last term has the right scaling egTeq

{51,H1+7‘21}Z* _ 1 < e||* . (851 y 8(7‘[1‘1‘7‘21)>>+0(6w)
I

2B, \eaB: | 0X 0X

5Let us recall that (H)_ is also the gyroaverage of H(Z) noted J[H]. Both notations are used.
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Now because it is the lowest order expression of S; that should be used in this expression,
which is a periodic function of ¢, the contribution of the term #; vanishes because H;
does not depend on ¢ and 57 is periodic in ¢ with zero mean. For the same reason, H;
can be replaced by Hi. Hence the final expression of the second order Hamiltonian is

()~ g 0 ()~ {0, ) s

_ e, (05 O0H
S —_ i 4
{siri}, <eaB|*| <ax )
and S is given by Eq.(131). The last term of Eq.(133) cannot be neglected in principle.

However it is in practice a small term. This can be understood as follows. Indeed following
the recipe of Appendix E, H; can be developed in the Fourier space

where

+o00 3
= 3k e
m-y | Gy (hape) Has (3 1) R X T
n1=—00

Using the relation 88—5;} = Qiﬁ provides a similar expansion for the generating function

“+oo
Sy = Z 1 /d3k Tny (k1 pe) Hage (7, ) t) ek Xt (Sen)
S imQe ) (2m)E Hl

This gives the following identity

oo 3 37./
~ 1 Bk Bk ,
{Sl’Hl}Z* = X Omlﬁc/ e my () o (KLpe)
ni=—00,n1
il 7 Ay i|(k—k)-X+n — PRt
g (e K Hu (R0 X o) (134)

This sum is non null, and of order 2 in eg. It is sometimes called “ponderomotive”

force. However, it is expected to be small in practical cases. Indeed for small value of its
argument k, p., the Bessel function of index n varies as (k1 p.)" and is small because the
sum involves only n; # 0 terms. Same for J,,, (K pc). In the limit of large arguments,
Jny (kipe) and Jy, (K pe) are oscillating functions of their argument - the integral over
the wave numbers k and k' concentrate most of the contribution to the line k = k' for
which the cross-product is small.

H Non canonical gyrokinetic transform

H.1 Action principle for gyrocentre equations of motion

We start first with a change of non canonical coordinates at first order in the perturbed
field, before moving to a generalisation at all orders. Let us remember that the equations
of motion of a particle guiding-centre satisfy a principle of minimum action Apq+ = [ Ldt.
This formulation can be recast as an action principle that uses the 1-form v = (mgv +
eqA) - dx — Hdt. This form can be written in guiding-centre coordinates. It is noted
I', in accordance with the conventions adopted throughout the paper, and depends on
(X,u”,,u,g,t,E)‘r’?. The objective is to derive a new gyrocentre form I' such that the
new magnetic moment & is a invariant of motion. The form I' contains unperturbed and

57We choose here the non canonical variables ¢ and F since the whole section is dedicated to non canonical
variables
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perturbed parts, i.e. I' = I'g+€5I'1. The unperturbed part is the one derived by Littlejohn
7 .
Ty = e,A;, - dX + — pds — Hodt

a
where?® )
Hy = §mauﬁ + ,uBeq (X) + 6a¢eq (X)
and the symplectic vector potential is

ma’LLH

Al (X) = Agy (X) + e (X)

€a

The perturbed part is
[ = e A(X 4 p,t)-d(X+ p) — ead(X + p, t)dt

Terms can be regrouped to yield the total form

- - 0 ~ 0
P=co (AL +A) dX e Lo (D0t e, A 22 ) do - Hat (135)
a ou €a s
where H = Ho + Hy and H; = eagZN)(X + p,t). Hence the covariant components of the
form I'; are®

~ P - P -
; I\1,,u, = eaAgc : 87;,1 ; Pl,c = eaAgc : aig ; Fl,t = _ea(zsgc

Fl,a = eaiAgc,oz
where Agc and &QC are the vector and electric potentials written in guiding-centre coordi-
nates, i.e.

Age(Xop,6) = AX+p)
¢gc (X7 22 §) = ¢a (X + p)

Eq.(135) clearly shows that u is no longer an invariant of motion in presence of a perturbed
electromagnetic field. The objective remains to build a new invariant of motion. Formally
the form I' can be written as I' = I';dZ? in the extended phase space, where I' is now a
1-form that lives in the 8D extended phase space. The aim of the gyrocentre transform
is to find a set of variables Z! = (X,pn, i, <) such that the new Hamiltonian does not
depend on the gyroangle ¢. The new form is I' = I';dZ*, with some flexibility on the
choice of T;. The two forms I' and I may differ by the differential of a scalar function
S, ie. [;dZ' =T;dZ" —dS, or formally I' = T’ + dS. This is sometimes called a “gauge
transformation” - instead of generating function - we will use indifferently both names.
The forms I" and T’ and the function S are expanded in €5

+o0
N(Z) = Y Tu(2)e
=
L(Z) = ) Tu(@)e
.
S(Z) = ) Su(@)e}
n=0

From the expression above, it appears that I', = 0, for n > 2. As mentioned in a previous
section for the distribution functions F and F, the two forms I' and I" cannot be compared

58To simplify we assume that the equilibrium quantities do not depend on time. In fact, slow variations are
allowed.
% Greek indices indicate spatial coordinates.
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directly, since one is a function of Z, while the other one is a function Z. Two compare
I' and I', one has to apply rules for change of variables. The coordinate transform from
Z to Z is a push-forward transform, that will be noted T, i.e.

Z=TZ

The operator that transform a function I'(Z) to I'(Z) is called a pull-back operator T*,
ie.

L=7T
For a scalar function, e.g. the Hamiltonian (or the distribution function), one has H(Z) =

H(Z), and therefore

H(TZ) =H(Z) = [T*H] (2)

H.2 First order theory

Let us now consider a first order change of variables

Zi=2Z + €5G§(Z)

Using
_ O
. - T e
Ii(Z2) = TLi(2) 56G182j( )
dzt = dz’i—e(;aGl (29)d2’

0ZJ
Equating the various orders, one finds at lowest order
Lo=Ty+dSy
The next order yields

- Ly, 0G| | 95
;= . — J v — . 1
P =T =Gz —Togzi * oz

oG . ; AT
The term —T'g; 5%+ can be written as —% (FojGjl) +G %Zof )

porated in the gauge function S (the name remains unchanged to avoid a multiplication
of notations), so that finally

The first term can be incor-

f‘l =11 — L'y +dS;
where LT is called a Lie derivative [26, 27, 28, 2| of the form I'y and is defined as

i[Oy 9OT; ;
(L1To); = G { 3;j - a;f} = Glwoji = G1 - w

where wp j; is the Lagrange brackets associated with the form I'g. Hence one arrives to
the equation
Gi-w=I1-T1+dS;

Let us introduce the Poisson brackets Jéj = {Zi,Zj}O. The elements Jéj are Poisson
brackets and are the components of a tensor. Its inverse is also a tensor, the elements
of which are Lagrange brackets wy ;. Hence Poisson and Lagrange brackets satisfy the
relationship Jéj wo,jk = 5};. This provides an explicit expression of the displacement G

Gy = {81, 2"}, + (1 —T)) I3

Since Z¢ = Z+Gi, and H(Z) = H(Z), one has H1(Z) = H1(2) - G} %g? or equivalently

Ki(Z) = Ki(Z) = {51, Ho}g
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where K1 = H1 — ZéFM is an effective Hamiltonian, and IC; = Hq — égf‘u its gyrocentre
counterpart®?. We now impose that the new effective Hamiltonian is independent of the
gyroangle. In the gyrokinetic ordering

051

=02t

+ o(es)

This imposes a constraint on
Ki(2) = TK1(2)]
and the expression of the generating function 5

S = é /g ds’ (K1 — T[K1(2)))

H.3 “Hamiltonian” and “symplectic” approaches

We are now in position to derive the various expressions found in the literature. From
the form Eq.(135) it appears a suitable choice of the gyrocentre form is®!

T'=ecq (A;q + esj[AD dX + %ﬂdé — Hdt

where H = Hy+ H;, and H; has yet to be determined, and €5 = 0 or 1 is a switch, of which
the meaning is given below. Using Eq.(136), the effective Hamiltonian Ky = H; — Z3T'y;
can be written%? . . _

Ki = €a¢gc — €q (X + P) : Agc

The perturbed gyrocentre form is Ty = eqesJ [A] -dX, so that the corresponding vector
field T'1, is defined by _
o = eafsj[A]a

The case €5 = 0 corresponds to I'14 = 0. It is called “Hamiltonian” since the symplectic
part of the form vanishes. In this case Ky = Hi. Another choice consists in setting s = 1,
such that T'; = e, J [A] -dX. In this case, ['1q = eqJ [A]a, and it is called “symplectic”
because the symplectic part of the perturbed form, i.e. J [A] - dX is finite. The effective
Hamiltonian reads ‘ _

Ki=Hi+e.X- j[Agc]

Since K1 = J[K1], one arrives to an explicit expression of the gyrocentre Hamiltonian
/Hl = eaj[qggc] —eqJ [(X + p) . Agc] + Eseax : j[Agc]
The displacement G is given by the relation

1 ={51,2"} 4+ eahge - {X+p, 2"} — esead[Agl]  {X, 2}, (136)

60The velocity Z§ must be understood here as Z§ = — {Ho, 21}, i.e. the velocity of the unperturbed motion,

hence the index 0 - in the same way Z; =— {7—[0, Zi}

61The full vector potential is implemented here in the symplectic part when eg = 1. An alternative is to only

take a part of it, .e.g. ;1”, and put the rest in the Hamiltonian.

%2The reader should be warned that notations have been changed compared with the rest of the document.
The perturbed Hamiltonian is H; = e, ¢, i.e. the electric potential only, whereas the perturbed Hamiltonian

at order one was until now eaqz — €4 (X + p) . A(X + p), i.e. closer to the field ;. Also in the Hamiltonian

2 ~
approach, a second order Hamiltonian ;T“AQ pops in, whereas in the present approach there is no perturbed

Hamiltonian Hy nor form I's.
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The structure of the Poisson bracket in the guiding centre extended phase space is re-
minded

a (OFO0G OF 0G
{]:7g}gc = ;T ( )

L LB (0F0G 0F 9
e (oF 99

caBi \0X " 0X

(W@g_@f@g) (137)

OE Ot 0t OFE

The spatial and parallel velocity components of the displacement G play an important
role in the theory. Their expressions can be obtained by combining Eq.(136) and Eq.(137)
[27]

1 95, B* e
x _ 1 0J5B" ¢
Gl - Mg Gu” Bﬁ eaBﬁ 8 V‘S’l
€ A A
€a B . (Agc 6SJ[AQC]>
D Ca (% A
Gl = (e V) St = (Ages = es7lAge)

The other components yield the modifications of the magnetic moment, and gyroangle.
It is reminded here that the parallel gradient of fluctuations is smaller and introduces an
extra €5 so that the relationship between the new gyrocentre parallel “velocity” and the
guiding-centre velocity is given by the relationship

_ €a 1 1
P =+ - (Agc,u - 68J[Agc,||})

It appears that the relation between py and v is p| = u + ;—ZA%H in the Hamiltonian
case. Hence the gyrocentre velocity p| coincides with the “Hamiltonian velocity” p) used
in this note. This approach provides a rigorous derivation of the gyrocentre parallel
velocity. In the symplectic approach, the gyrocentre parallel velocity is different, related
to p) via the relation

_ €a 1 bt
P =+ - (Agc,n -J [Agc,ul)

H.4 Arbitrary order

This scheme is extended to arbitrary order by writing the push-forward operator T', defined
as Z =T2Z, as a product of successive transforms of increasing order, i.e.

o0
T=]]Tn=TTw1. TN\ T

n=0

where T,, = e_xp_(ean). It then appears that the pullback operator T, that transform
the function I'(Z) into a function I'(Z) is

T =TT T T

where 7,7 = exp(ejLy,), and L, is the Lie derivative associated with G,. Note that the
succession of 7" moves in opposite order compared with the 7;,. Since we need to express
the new form I as a function of the old one I', and therefore the inverse pullback operator
T*~1 which reads

T*fl — “‘7:717;:;—11'”7;*—171*—1
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where 7,7~ = exp { —€? Ly, }. When applied to the form I' = 7*T, this yields the following
relations [26, 27, 28, 2]

fo = T'g+dSy

I = I't —LiTg+dS,

1
Ly = Iy— L0+ (2L§ — L2> Lo+ dSs

where L,I') = Gy, - w,. The pullback operator acts on a scalar in a way similar to its
action on a form, but with the Lie derivative defined as L, = G;% instead of a scalar
product with Lagrange brackets. Hence the new Hamiltonian H = 7* '# verifies the

following sequence
7:[0 = Hp
7’21 == Hl - LlHO
1
Ho = Ho— LiHi+ <2L% - L2> Ho

These relations allow to solve the problem at all orders, at least formally.

H.5 Equations of motion

It must be realised that the guiding-centre Poisson bracket must be modified to account
for the modification of the symplectic form by the perturbed vector potential A in the
symplectic case. The new effective magnetic field and Jacobian of the transform become%

map|

B =V x A" =By + ——V xe|+ eV x J[Ayl

and _
Mg |
e

u e -V xe+ee)-Vx T[A]

Bfj=e| B" =B+

where the index “eq” is used for unperturbed quantities, and e remains equal to B, /Beg-
The gyrocentre Poisson bracket in the phase space takes the form%*

ea (OF 0G  OF 0G
ma \ 05 O OpF 0%
L 1B (v*fag _ Wv*g>

ma Bj opy 9P|

S (VF X VG)

{‘F7 g}gc -

_eaBﬁ
OF 0G OF 0G
+ <aEat — 8t8E> (138)

where ) ~
VF—VF e Wgﬂgs;_mwé[j}%:

0r = 8]_-" — €s€q€| - il {Agc} X o [Agc] or

ot On ot o OE

*

63Note that p) replaces u) in B* and the Jacobian BH since [o(Z) = I'y(Z). Same remark for the Hamiltonian
Ho, equal to Ho with u replaced by pj.
64The Poisson bracket is the inverse of the tensor wg + w, where wi = e, J [Agc} . At first order, the inverse

of this matrix is Jy — Jow1Jg, where Jy = wal is the zeroth order Poisson bracket {Zi, Zj}o.
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and VF = 22 The trajectory equations are given by the equations

dX o 1 dHB* 1 _ OT[A]
— = —{HX!= ——— H+ e, ——9%
o { ) } madﬁ” B|*| + ”eH X <V + € T
dp” o B* _ AT[A,]
gy = {H,map”} = —B—ﬁ <VH+658t

where H = Ho + esHy + egﬁg, with
_ 1
Hy = map” + MBeq( ) + ea¢eq( )

H = eaJ[bg] — (1 —€) eapT[Age,] — €aT [(XJ_ + b) : Agc,i_}

The calculation of the second order Hamiltonian Hy is quite cumbersome, and can be
found in the overview by Brizard and Hahm [2]%. We give here the expression in the
(¢, A)) representation

2

[] a €a 1 2
Hy = [A gc||] €s2ma (j[AgC,IID

e
_;gjfdg{/dwb} (139)

1; = &gc - (1 — es)ﬁHAgc,H

The expression Eq.(59) is recovered in the “Hamiltonian” case €; = 0 - more precisely the

where

first line of Eq.(139) corresponds to <7—~lg> in Eq.(59), while the second line is identical to

the sum of the two last terms. These equations of motion coincide with Eqs.(24,25) when
es = 0.

65The derivation of the general expression of the Hamiltonian Hy is given in Brizard and Hahm page 446 and
reproduced here in extenso

By = —5 (50 {51,Ho}))
— (AT, {Z", K1 })

1 y _
- 3 (AT {T1; + Ty Ho} )

1 R 4 _
~ 3 <AF11- {ZZ,ZO} (Flj +Flj)>

where AT'y; = I'y; — T, brackets are average over the gyroangle. The first line can easily be shown to be
identical to the “ponderomotive” force with the same calculation done for the Hamiltonian theory at second
order. Obtaining the term in A?C | 1sa bit trickier. The second line is readily shown to be equal to

2

—(ary{z'.Ki}) = 6“<(1‘~1gc,|€s~7 {Agc,u]){fc,mal’n} >

mg 8p‘|

_ m (j 42] —e (7 [A%IDZ)

where /¢ is the position of the guiding-centre along the field line. The third line is easily shown to be equal to
zero, while the last term reads

—% <AFM{Zi733}(Fu +Fu)> = —;7;%<(Agc7| esJ [Agc HD {favmapu}( geoll T €T {Agc,u]»

= g (T[] e (7 [Aa])')

Combining the two results yield the result that was looked for.
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I Useful relations for the derivation of energy con-
servation

I.1 Fast derivation of a global law of energy conservation

In this derivation, time plays a special role. Hence time dependences are left explicit to
get useful conservation equations. We leave for a while the extended phase space. Let us
multiply the gyrokinetic Vlasov equation Eq.(23) by #, integrate over the phase space,
and sum over all species. The resulting equation is

_0 - -
> U F(Z,)H(Z,t) =0

species

where dI' = fT! d3X dp dix ds is the element of volume in the gyrocentre phase spaceft.
The gyrocentre variables Z are dummy variables in this integral. We can therefore re-
place them safely by guiding-centre variables Z = (X, py, ). The Hamiltonian is split
in unperturbed and first order perturbed components H(Z*,t) = Heq(Z*,t) + Hi(Z*,1).
Defining a “particle energy” as®’

gpart = Z /dr*}-(Z*at)HeQ(Z*)

species

and using the relationship H1(Z*,t) = J[H1](Z*,t), this equation is reformulated as

% )3 /df*f(z*,t)Heq(Z*)Jr > /dr*;fl(z*,t)j[m](z*,t):o (140)

species species

where dI'™* = Z—! d3X 27 dpy dp. The Maxwell equations in the gyrokinetic framework
are derived by having the action A = Ayieq + Apart + Askin, given by Eqs.(53,54,54),
extremum with respect to (¢, A). Hence the electromagnetic potentials (¢, A) are given
by linear operators applied to charge and current densities. This is just the consequence
of the linearity of the Maxwell equations that relate fields to sources, i.e. charge and
current densities. A consequence is the following property, where one moves from the
guiding-centre coordinates Z* = (X, p|, u) to the “hybrid” set z* = (x,pj, 1)

/ i L F (@ )@y = / d’r*gﬂt[ﬂ](z*,tml(z*,t)

ot
_2at/7 [Fl(z", ) Hi (2", 1)
]. (9 * T * *
_ 2m/dr Fi(Z*, )T [H1(Z*,1)] (141)

Combining yields Eqs.(140, 141, 66) yields the conservation equation Eq.(67).

66 his identity is readily derived by noting that [ dr {F,G}, = 0 for any functions F and G of Z and also
using H {H, F}, = 5 {H?* F}.
67"We will see that it differs significantly from the usual kinetic energy - hence this weird name.
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I[.2 Calculation of field-particle actions

The action that corresponds to the potential-charge density interaction [ dt d3x0¢ can be
reworked as follows

[ataxoxnomn = Y e [ddxdp rxp.ox)

species

= Y e [dZF@6X (X))

speczes

.S ea/de 2)6(X + po(X. 11,6, 1)

speczes

= Z eq [ dt ng dSV ]:—(X,,u,pH,t)j[Qb](X,ﬂ,t)

species

where p has been replaced by p, since the polarisation shift introduces higher corrections
in the action. Similarly, the magnetic part of the field-particle action [ d3x J - A can be
reworked as follows

/ dSXj(X,t) ' A(Xat) - Z eq [ di d*x d3p f(X,p,t)V(X,p,t) ’ A(Xat)
species
= ) ea/ X, i, D)
species
—_ — — 2 -~ — —
- Z dZ‘Feq(Xaﬂvﬁ||)%A2(X+p(Xvﬂ’é)’t)
species @
= ) ea/de_(Xauypn)
species
(J [bo(X,ux) AL(X po(X,ux),t)} +p||~7[z‘~1u](X,u))
2
= 0 [ dZ FeX ), T A(X )
species
= Z o | dt Bxd®V F <p|‘j[/~1||] - MB[E“])
species

2 o~
- Y | &xdv feq;—“j[AQ]

species

The term X |- A is second order in € B, hence is multiplied by ]:"eq. This terms disappears
through the average over time, since it is linear in A.
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