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Magnetic coordinates and
equilibrium magnetic field
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February 6, 2023

Abstract

This note addresses some properties of confining magnetic configurations. In a first
step, it is shown that confinement is ensured if the field lines lie on surfaces, called mag-
netic (or flux) surfaces. These surfaces have to be tori in accordance with the hairy ball
theorem. The existence of magnetic flux surfaces is granted when the configuration is ax-
isymmetric. When it is not, flux surfaces can still exist under some reasonable conditions.
A set of curvilinear flux coordinates can then be built, that reflect the structure of the
magnetic field. The second step consists in calculating the force exerted on the plasma.
The condition of force balance leads to a constraint on the magnetic field called the Grad-
Shafranov equation. The equation prescribes the magnetic field, for given pressure and
current profiles. Examples of solutions of the Grad-Shafranov are given. It is also shown
that a vertical magnetic field is needed to ensure an equilibrium.

Warning: hasty readers may skip sections with a star.

1 Introduction

The choice of coordinates in a magnetised plasma is essential. The notion of field lines
allows understanding this point. Field lines are defined as curves that are tangent to
the magnetic field at every point. Conversely the magnetic field is a continuous vector
tangent field associated with a set of field lines. When the magnetic field is intense, charged
particles follow closely field lines, at least for some time - hence the name magnetic guide
field'. Magnetic field lines can therefore be seen as geodesics. As in general relativity,
it is appealing to define a set of coordinates well adapted to describe these geodesics.
A logical next step is to derive an equation that constrains the magnetic topology, here
the Grad-Shafranov equation, for given sources which appear to be the thermal pressure
and current density profiles. Good confinement properties of a magnetic field are shown
to imply that field lines are winded on magnetic flux surfaces, or flux surfaces in short,
which are tori. Flux surfaces and field lines offer a powerful way to construct a set
of coordinates that spouse the magnetic topology. These are called flux coordinates.
Flux coordinates reflect the structure of the magnetic field, and thus embed some basic
properties of the field, like magnetic fluxes, hence their name. This simplifies calculations
and more importantly allows a deep understanding of the physics at play. This matters for

IThis is a proxy - in fact charged particles drift away from curved field lines. However drift velocities scale
as the inverse of the field, hence vanish at high field.



instance to devise equilibrium magnetic configurations with good confinement properties.
Differential geometry appears as a powerful mathematical tool to define and handle flux
coordinates?.
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Figure 1: System of toroidal coordinates in an axisymmetric configuration.

2 Structure of the equilibrium magnetic field in
a tokamak

One way of ensuring charged particle confinement is to enforce field lines to lie on bounded
surfaces. These surfaces, when they exist, are called magnetic flux surfaces (or flux
surfaces)[1, 2]3. Flux surfaces have to be tori thanks to the “hairy ball” theorem [3].
A casual version of this theorem is the following. Field lines can be seen as “hair”. Hair
cannot be combed on a sphere without a field singularity (at the poles), whereas they
can be combed smoothly on a torus. [3] The ‘hairy ball” (or “hedgehog”) theorem can be
formulated in a slightly more precise fashion. Under reasonable conditions (e.g. magnetic
field smoothness on the invariant manifold, no singularity), a compact manifold in a 3D
phase space is a 2-dimensional torus. While the “reasonable” conditions of smoothness
can be granted, the key aspect is the compactness, which requires that field lines are
bounded. This is the hard part of the demonstration, which is addressed in the next
sections.

2.1 Existence of flux surfaces

A toroidal system of coordinates (p, 6, () is chosen, anticipating that field lines are winded
on tori in a well suited confining magnetic configuration. The surface p(x) = cte is a

2A reader not familiar with curvilinear coordinates may read first the appendix A.

3This condition is sufficient but certainly not necessary. One could think of a finite volume ergodised by a
set of field lines, surrounded by flux surfaces. This system could be still called confining while not satisfying the
condition of flux surface existence. However a set of flux surfaces is optimal in terms of confinement, admitting
that particles follow closely field lines. It is also stressed that the existence of magnetic surfaces does not ensure
perfect confinement, because of a slow transport process called Arnold diffusion.



torus, hence a coordinate that characterises the distance to the torus internal axis, while
0 and ¢ are poloidal and toroidal angles. A configuration is said axisymmetric if it is
left invariant by a rotation around a symmetry axis (labelled by the coordinate Z) - see
example on Fig.1. However the most general case is not axisymmetric - an emblematic
example is the stellarator (see Fig.2)*. The angles (0, () are not necessarily geometric
angles®. The notation ¢ is used when the toroidal angle is geometric and oriented in the
conventional trigonometric direction. It must be stressed again that the winding of field
lines on toroidal flux surfaces, is by no means granted. Nevertheless nothing prevents the
use of an arbitrary set of toroidal coordinates. The vector potential can be written as

A = Xx(x)VO - (x)V(+ VG4

where y,1 and G4 are functions of x = (p,0,(). The functions x and v get a physical
interpretation by using the Gauss flux theorem that relates the contour integral of the
vector potential to the flux of the magnetic fields. More precisely if ¥ is the flux of the
magnetic field across a closed curve that lies on the torus p = cte and turns around the
vertical axis (contour C at constant p and ), and x the magnetic flux trough a curve that
turns around the axis of the torus p = cte in a “poloidal” plane ( = cte (contour C’ at
constant p and ¢) , then®

W (p,0) =-&¢Laww (1)
(0) = 2 [ dox) )

U and y are called “poloidal” and “toroidal” magnetic fluxes”. The magnetic field B =
V x A bears the following Clebsch representation [1]

B=VyxxV0+V({xVy (3)

It is always possible to choose the radial coordinate p as i (or respectively x). The
relation Eq.(1) (resp. Eq.(2)) then implies that p is minus the poloidal flux normalised
to 27 (resp. the toroidal flux normalised to 27). In some special cases, a scalar field may
be a function of p only, i.e. does not depend on the poloidal and toroidal angles. Such a
field is called a”flux function”. By definition, field lines are such that B x d€ = 0, where
de is a length element along the field line. This condition can be expressed as

dp  do A
B-Vp B-Vd B-V(

Choosing without loss of generality the radial coordinate as the normalised toroidal flux,
p = X, one gets the two following equations

o dy

¢~ dy @
dx  dy
&= )

This set of equations is a set Hamiltonian equations where v (x, 6, () plays the role of the
Hamiltonian and ¢ the role of time [5, 3]. This corresponds to a dynamical system with

4Note however that the modulus of the magnetic field can be axisymmetric in a stellarator

5A geometric angle 8, measured in radian, is defined as the ratio of the length of a circular arc to the radius
of the circle. This does not imply that the curves p = cte are circles. Any periodic function of the geometric
angle is also an angle. A similar definition applies to the angle (.

The toroidal length element is (Vp x V6),/gd(, while a poloidal length element is (V¢ x Vp) \/gdf. See
Appendix A for details.

"Note there is some piece of arbitrariness in these definitions. For instance, if the toroidal geometric angle
is taken as the orientation direction for the contour C, then ¥ is the poloidal flux (without a minus).



Figure 2: Example of an non-axisymmetric configuration, here a quasi-helically symmetric stellarator
(from [4]).

1.5 degree of freedom (a couple of conjugate variables plus time). The solution of these
equations is generically characterised by field lines that ergodise a large fraction of the
accessible volume. Obviously this means no confinement.

However if the system is axisymmetric, then the function ¢ does not depend on (.

Figure 3: Helical field lines in an axisymmetric configuration.

This is equivalent to a 2D dynamical system where the “Hamiltonian” ¢ is an invariant
of motion. In this case field lines (trajectories) lie on surfaces of constant v, and are
helices (see Fig.3). These surfaces are magnetic flux surfaces, and are tori in accordance
with the hairy ball theorem. The coordinates (p,(,0) are called “flux coordinates” as

4



long as the coordinate p is a function of %, i.e. a label of flux surface. The special case of
axisymmetric configurations is detailed in the next section.
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Figure 4: Straight and non straight field line coordinates in an axisymmetric configuration.

2.2 Flux coordinates in axisymmetric configurations

The function 1 is the poloidal magnetic flux normalised to —27. The radial coordinate p
is chosen as p = 1. The set of angle coordinates (6, () can be related to any other set of
angle variables (¢, (") via relations of the form

0 =0+6(,0,0)
¢=C+C(,0,0)

where 6 and CN are 2m-periodic functions in (6, () with zero mean. In the special axisym-
metical case, the toroidal angle  can be chosen as minus the toroidal geometric angle ¢,
and ¢’ = ¢. The function 6 depends on (1,8) only. The expression of the magnetic field
Eq.(3) imposes that

B-V(  0x

B- Vo % (1/}70) = C]e(i/’a@)

where the function gg measures the local pitch angle of field lines. The function gy can be
split as

QG(¢7 ‘9) = Q(lﬂ) + (j(w7 6)

where
2

W)=~ [ dbgo(w.6)

- 27 0
and ¢(¢,0) is a modulation, i.e. a 27-periodic function with zero mean. Defining the
angle 0’ (1, 0) via the equation
o
00

b B q(¥)



Surface Surface y=cte

y=cte
Figure 5: Poloidal magnetic flux in an Figure 6: Toroidal magnetic flux in
axisymmetric configuration. an axisymmetric configuration.

it appears that the new poloidal angle 6’ is such that

BT
Hence the safety factor depends on the poloidal flux only with this choice of angles, so
that a field line appears as straight in a plane ((,8’) (see Fig.4) - hence the name straight
field line coordinates, which are a special choice of flux coordinates. The function ¢(v) is
called safety factor, and its inverse rotational transform (sometimes with a 27 prefactor).
An immediate consequence is that y depends on % only, and is the toroidal magnetic
flux normalised to 27 - geometric definitions of the poloidal and toroidal fluxes are shown
on Fig.5 and Fig.6. To simplify the notation, this special set of ordinates will still be
noted (0, (), i.e. prime are removed. The expression of the vector potential is particularly
agreeable in this set of coordinates

A = x(¥)VO —4V(
up to a gauge function, and the magnetic field is

B=VxxV0+V(xVy (6)

From now on, the notations (6, ¢) will correspond to this particular choice of coordinates,
called straight field line coordinates because of the constancy of the safety factor on a
magnetic flux surface, i.e. the equation of a field line is ( = ¢(¢)0 + (o, where ¢q is
the value of the toroidal angle at & = 0. Usually the poloidal angle is set to zero in
the equatorial plane, which fully determines the angle #. It is sometimes convenient to
replace 6 with a coordinate o = ¢ — q(1)0 8. In the system of coordinates (¢, a, (), the
equation of a field line is ¢ = cte and oo = ¢ — q(¢))f = cte. In other words, a field line is
fully determined by the values of o and ¢. Obviously this implies that B - V¢ = 0, and
B:-Va=0. A compact Clebsch formulation of the field is

B = Va x V¢

3 Magnetostatic equilibrium

3.1 Force balance equation

We admit here that flux surfaces exist, labelled by the radial coordinate p. This property
was shown for axisymmetric configurations, and it will be seen that it holds for non-
axisymmetric configurations under some reasonable assumptions. The full determination

8N.B.: the coordinate « is not an angle unless ¢ is an integer



of the magnetic field requires the determination of the flux function 1(p, 8, ¢) ?. The equi-
librium field is chosen up-down symmetrical from now on. Some physical considerations
other than the Maxwell equations have to be accounted for in order to constrain . The
MHD force balance equation reads [6, 7]

pm (0 +V-V)V = -VP +J x B+ p,vV?V (7)

where p,, is the mass density, V the fluid velocity, P the pressure, v the kinematic
viscosity (supposed constant to simplify the notations). This equation can be understood
as a Navier-Stokes equation that incorporates the Lorentz magnetic force J x B. For a
hot plasma immersed in a strong magnetic field, the viscous force is small against the
other terms, unless some singularity of the flow appears. If the Mach number is small the
inertial force (V - V)V is also small against the pressure gradient. In a steady situation,
this means that the plasma equilibrium is ruled by the force balance equation

F=JxB-VP=0 (8)

where F is the force exerted on the plasma. The current density J is divergence-free
V -J = 0 (a consequence of charge conservation), and is tightly linked to the magnetic
field via the Ampere equation

V x B = pod (9)

Moreover there is no current normal to the flux surface due to the constraint B- VP = 0,
which results from the projection of the magnetostatic force balance equation along the
magnetic field. Indeed B-V P = 0 imposes that the pressure is a flux function, i.e. depends
on p only. Thus each flux surface is an isobar. Moreover the perpendicular component of

the current
B x VP

B2
satisfies J| - Vp = 0. Hence the current density J is locally tangent to a flux surface.
The current J |, related to the pressure gradient, is said “diamagnetic” since its poloidal
component produces a field that counteracts the toroidal magnetic field, as shown in Fig.7.

Ji = (10)

3.2 Field line bending and curvature

The force exerted on the plasma Eq.(8) can be written in an alternative form using the
Ampere equation Eq.(9)

B? 1
F=-V|P+—)|+—(B-V)B
2410 o
This expression gives some insight in the nature of the electromagnetic forces. The quan-
2
tity QB% acts as the thermal pressure P, and is accordingly called magnetic pressure - it
is also the density of magnetic energy. The force (B - V) B is somewhat more difficult to
grasp. It can be written
1 B2 B2
—(B-V)B=—k+ [(e” . V) ():| €|
o o 210
where £ = (e V-)e| is the field line curvature. The second term can be regrouped with
the gradient of the magnetic pressure, so that the total force reads in fact
B? B?
F=-V, <P—|—> + —K
210 Ho

where the perpendicular gradient is defined as V, =V — ¢ (e” . V), and the property
(eH . V) P =0 has been used. Two conclusions can be drawn:

9Tt could be x(p, 0, ) as well - it will be seen that the knowledge of one gives the other one - this is already
clear for an axisymmetric configuration since y is a function of .

7
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Figure 7: Balance between pressure and Lorentz forces (poloidal projection).

e The steady state condition F = 0, gives a useful relationship
. ro J_P \Y J_B
- B2 B
that relates the field line curvature with the perpendicular gradient of kinetic and
magnetic pressures.

e Let us assume that the plasma is submitted to a small displacement & directed along

the normal to the field line, opposite to the curvature k (see Fig. 8). The projection

of the force f—jl@ along £ is negative, hence opposes to the displacement. This implies

that this component of the force opposes field line bending.

Displacement &
Curvature

Field line

Figure 8: Field line bending and normal component of the Lorentz force.

3.3 Tensorial expression of the force balance equation

Since the magnetic field is divergence free, the force can be rewritten in a tensorial form™
FF=—"—" =0 11
oX* (11)

10Reminder: the X's are cartesian coordinates



where the symmetrical tensor T is the sum of the Maxwell stress and pressure stress

tensors ) -
) B : B'B
Tzk:_<P+>5zk_|_
210 o

The pressure P has to be replaced by a thermal stress tensor in presence of pressure
anisotropies. This expression also provides the matching condition across a surface that
separates two parts of the plasma, or the plasma from the vacuum. Indeed the force on
the surface that encloses a finite volume is

ng—de<P+QB;>+7{(dS-B)B

U . 2 . .
Continuity is ensured if P + 213% and n - B are continuous across the surface, where n is

the vector normal to the surface.

4 Axisymmetric configurations

Axisymmetry simplifies considerably the determination of the equilibrium magnetic field.
As seen in section 2.2, it derives from a vector potential A = xV6# — ¥V where the
toroidal flux function y is a function of v only, and 0 is a straight field line poloidal angle.
It also appears that the magnetic field can be related to the poloidal current that flows
across a major radius that lies on a flux surface. The force balance equation then leads
to a differential equation that rules ¢ (x), the Grad-Shafranov equation.

4.1 Alternative expression of the magnetic field

Let us apply the Gauss flux theorem on the magnetic field

%B-dx:uo//J-dS
C S

where the contour C that bounds the surface S is a circle of major radius R that lies on a
flux surface ¢» = cte ''. The right hand side is the current that flows through the contour
C, and depends on % only. Moreover the divergence-free condition on the current density
imposes that J - dS does not depend on a peculiar choice of the contour C, provided it
lies on the flux surface. The contour integral 3§c B - dx is therefore equal to a flux function
I that depends on ¥ only (see Fig. 9). A mixed co- and contravariant expression of the
field, frequently found in the literature, is therefore

B = I(¢)V( 4 V¢ x Vi) (12)

The magnetic field is thus the sum of a toroidal component By = I(1)V( and a poloidal
field B, = V( x V4. The intensity of the poloidal field is usually smaller than its toroidal
counterpart. The total field intensity decreases with major radius since |V({| = 1/R, hence
the denomination “low field side” (by convention the equatorial plane on the low field side
is often chosen as the origin of the poloidal angles § = 0 ). The current I(¢)) is related to
the Jacobian of the coordinate systems (1, 0, () via the relation

B 11 _qR2
VI = (V¢ x V) vt = e =

g, choice made possible by the assumption of axi-symmetry.



Surface
y=cte

Figure 9: The flux of current across a circle that lies on a flux surface does not depend on the choice
of its location. The poloidal current density J, is tangent to the flux surface, so that its flux across
the surface vanishes. The current is divergence free, which implies that its flux across one circle has

to be equal to its flux across another circle.

4.2 Grad-Shafranov equation

The perpendicular diamagnetic current can be recast as

_dPB I :

so that the current density becomes

dP
J = KB — 19— R>V
1o OG0 ¢
where K is a function of (¢,0). The second part of this expression is divergence-free.
Hence the condition V - J = 0 imposes that B - VK = 0, i.e. K is a function of ¢
only (Fig.10). This function is identified as K = —% by using the Ampeére equation
V x B = ugd. Hence the expression

dl dP
J=——"B— R’V 13
1o S gy ¢ (13)
This expression of the current calls for some comments. The first part of the current
is “paramagnetic” since its poloidal component produces a field in the same direction as
the toroidal field. The second part is the toroidal component of the diamagnetic current.
Quite clearly, the parallel current density

dl I dP

- "B
is not constant on a flux surface. The paramagnetic component goes like B while the
diamagnetic piece goes like 1/B. This structure comes from the compressibility of the

perpendicular diamagnetic current, which must be balanced by a parallel current, called
Pfirsch-Schlueter current, which ensures an overall diverge-free current, i.e.

J =

B.v (1) 1v.3, =0
B

10



Figure 10: Current density in an axisymmetric configuration.

The projection of Eq.(13) on the toroidal covariant vector e; = R?V( yields the toroidal

current dI AP
_ 2/7. _ g 2l
pode = poR* (J - V() Id¢ poR v (14)
Using the identity V(¢ -V x B = =V - (V¢ x B)'2, one finds
1 dI dP
20— R2v . [ — = —J— — poR*=— 1
V2 = R*V <R2w> G g (15)

where V21 is a conventional notation for the modified Laplacian that appears in the Lh.s
of this equation. This is the Grad-Shafranov equation, which gives the field (x) for
given pressure P (1) and current I(v) profiles, plus a boundary condition. The boundary
condition can be given by the value of 1) on a flux surface (fixed boundary), or by matching
the solution with an external solution consistent with the current that flows in the poloidal
coils. If the matching is handled on the separatrix (the last flux surface with closed field
lines), and if it is admitted that no current flows in the outer region, it is then convenient
to write the field as B = Vo (v for “vacuum”), where v is a scalar field such that V2v = 0.
This field is itself matched with the field produced by the coils. Matching conditions on
the separatrix are satisfied if P+ % and n-B are continuous across the separatrix, where
n is the vector normal to the surface.

4.3 Grad-Shafranov equation in curvilinear coordinates*

The Grad-Shafranov equation Eq.(15) is covariant, so that any set of coordinates can be
used. The contour lines of ¢ in a poloidal plane give the shape of the flux surfaces. The
set of cylindrical coordinates (R, (, Z) is the easiest one to handle. The effective Laplacian

then reads 5 - 821/1
2, _p 9 (LOY) 0%
Vv =Rag <R8R t oz

The cylindrical set of coordinates (R, (, Z) is not always the most suited to a given prob-
lem. In some cases the straight field lines set of coordinates (p, 6, () is more appropriate.

12This comes from the more general identity V-(axb)=b-V xa—a-V x b.

11



Figure 11:

The subset (R, Z) must then be replaced by the new set (p,#). The coordinate ¢ is or-
thogonal to any set (p,6), and can be treated separately. To keep on handling a direct
set of coordinates (positive signature), it is convenient to reorder the cylindrical coordi-
nates as (R, Z, (), which is direct provided that ¢ is chosen anti-trigonometric. The subset
(R, Z) behaves as a set of two Cartesian coordinates. A 2D problem is then isolated by
determining the metric tensor associated with the change of variables (R,Z) — (p,0).
The distance element is

ds® = dR? + dZ% + R%*d(? = g;pdeide®

The elements of the reduced metric 2D tensor

gik = < I 9p0 >
9p6 960
can be calculated by using the expressions of R(p,0) and Z(p,0) and calculating their

partial derivatives. The other coefficients satisfy g., = R?, and 9¢cp = g¢co = 0. The
metric tensor is easily inverted by isolating the (2,2) submatrix to give

gL < 960 —9po >
J N\ —90  Y9pp
where J = g,,900 — 9;%9 is the determinant of the submatrix. Moreover ¢¢¢ = 1/R?,
and ¢¢» = ¢ = 0. The Jacobian is Vg =J 1/2R. Using the covariant expression of

divergence and gradient operators (see Appendix A), the Grad-Shafranov equation can
then be written as

s () ()]st
V9 dp [0p \\/g dp V9 dp

a0 dp T H,

[
T

0.6

12

Shape of flux surfaces for a Solov’ev equilibrium. Parameters are a = 6, v = 0.5, Ry = 1.



4.4 Solving the Grad-Shafranov equation

The Grad-Shafranov equation is usually solved numerically. Analytical solutions are found
in some special cases that deserve being commented. Analytical solutions are useful
for many applications, like trajectories computation, stability calculations or transport
solvers. Moreover they are mandatory to verify equilibrium numerical solutions. Two
main lines can be identified. A first strategy consists in solving the Grad-Shafranov in
Cartesian coordinates (R, Z) for a class of pressure and current profiles. This provides
the poloidal flux (R, Z), and therefore the field. Poloidal cross-sections of the flux
surfaces are the contour lines of ¢(R, Z). Therefore the shape of the flux surfaces is the
outcome of the calculation. The second approach consists in imposing the geometry of fluzx
surfaces via a change of coordinates (R, Z) — (p,0), where p is a flux label. This change of
coordinates is parametrized by a set of flux functions that prescribe the shape. The Grad-
Shafranov equation is then solved in curvilinear coordinates by using standard procedures
of differential geometry. Solving the Grad-Shafranov equation fixes the shaping functions.
In that case, geometry imposes the magnetic field.

Solov’ev equilibria [8, 9] are a first instance of exact global solutions of the Grad-
Shafranov equation. If the functions I % and % are chosen as suitable functions of R
and Z, it is possible to construct exact solutions (R, Z) of Eq.(15). A simple example
is given in Appendix B and in Fig.11. The main advantage of the family of Solov’ev
equilibria is that it allows a large variety of shapes, and more importantly null point of
the poloidal field (X-point). Hence it is possible to calculate equilibria close to those
encountered in modern tokamaks.

Another important class of solutions are Miller equilibria [10], after ideas developed by
Mercier and Luc [11]. In an earlier work Mercier studied the topology of the magnetic field
in non axisymmetric configurations near the magnetic axis, which has deep implications
on the various paths to design a stellarator [12]. These are local solutions of the Grad-
Shafranov equation, i.e. valid in the vicinity of a reference flux surface. Their main
advantage is that the pressure gradient and the safety factor can be changed without
changing the shape of the reference flux surface. This is quite useful for parametric
studies of the effect of the geometry at fixed gradients. This is why Miller equilibria are
widely used in turbulence local codes. The basic principles are described in Appendix C.
Solutions can be found for D-shape flux surfaces [10]

R = Ro+A(p)+pcos{d+ [sim_1 §(p)] sind}
Z = pk(p)sind (16)

where the functions k(p) and §(p) describe the ellipticity and triangularity of the flux
surfaces, and A(p) is a Shafranov shift (Fig.12). This description allows highly shaped
flux surfaces. Explicit calculations are available when (R,Z) — (p,?) are written as
Fourier series in ¥ [13]. The drawback of Miller equilibria is also their advantage: they
are not global solutions of the Grad-Shafranov equation.

Finally another way to define an equilibrium is to define the correspondence between
the set of coordinates (R, Z) and the set (p,?) as an expansion in a small parameter e,
where € is an inverse aspect ration a/ Ry (a the plasma size). The normalised pressure #59213
scales as €2 and the current flux I as ByRy (1 + 0(62)), where By is a reference field, and
Ry a reference major radius. A convenient expansion, sometimes called the “Culham”

equilibrium [14], is

R = Ry+epcost +A(p) + Z €™ S (p) cos (md) + €3 L(p) cos ¥

Z = epsind+ Z €™ S (p) sin (md) — €2 L(p) sin v

m>1

where L(p) is an adjustment needed to define a proper safety factor, and hence to build
a system of straight field line coordinates (6, ¢). The function A(p) describes the radial

13



Figure 12: D-shape flux surfaces with Shafranov shift, elongation and triangularity as described by
Eq.(16). Left panel: effect of the Shafranov shift A(p). Right panel: shaping parameters for a single
flux surface with minor radius a - k = b/a is the elongation, J is the triangularity. Parameters are
Ry/a=2.8,A(a)/a=0.3,a=1m, Kk =b/a=2.5,0=0.5.

shift of flux surfaces, and is called “Shafranov shift” [15]. The other functions S,,(p) are
used to define the geometry of the flux surfaces. The simplest case S, = 0 corresponds to
shifted circular flux surfaces [15] and is treated in Appendix D - see Fig.13. In most cases,
the analysis is restricted to m = 1 and m = 2. The function E(p) = Si(p) describes the
ellipticity of the flux surfaces, while T'(p) = Sa2(p) is related to their triangularity. The
Grad-Shafranov equation can be solved order by order in €. One important property is that
Sm(p) is found to vary as p™. Hence the triangularity and higher order shaping functions
fade away when getting close to the magnetic axis. One drawback of this expansion is
that it does not allow defining a separatrix with a null point of the poloidal field due
to the ordering. On the other hand, the advantage of this expansion is that it provides
a global solution of the Grad-Shafranov equation. Hence it has proved quite useful for
MHD stability [14] calculation and transport solvers [16]. A set of circular concentric flux
surfaces A = 0, S,,, = 0 is not a solution of the Grad-Shafranov solution. Nevertheless it
is often used as a proxy that allows tractable analytic calculations.

.
¢, Br o v\e,Bp
p

Alp)

v

=

Magnetic axis

Figure 13: Shifted circular flux surfaces.
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5 Non-axisymmetric configurations

The existence of flux surfaces is simpler to demonstrate when the configuration is ax-
isymmetric. Axisymmetry also grants a compact form of the magnetic field, leading to a
tractable form of the force balance equation. It appears that some of these results still
hold in non-axisymmetric configurations under some reasonable assumptions related to
the regularity of the pressure field.

5.1 Representation of the magnetic field

The equations of field lines Eq.(4,5) exhibit an Hamiltonian structure, where the poloidal
flux plays the role of an Hamiltonian, and the toroidal angle replaces the time. In the case
of an axisymmetric configuration, the Hamiltonian is obviously an invariant of motion,
which suffices to demonstrate the existence of magnetic field lines. The argument is not
valid for a non axisymmetric configuration. However an alternative argument, proposed
by Boozer [2], and based on the force balance equation, can be used to infer the existence
of flux surfaces. If the magnetostatic force balance equation is fulfilled, i.e. J x B =
VP, where J is the current density, then the pressure P is a dynamical invariant since
(B- V)P = 0. Assuming that the pressure is a smooth function P(x), and that isobar
surfaces are bounded, this grants the existence of invariant (isobar) tori by virtue of the
“hairy ball” theorem, already mentioned '3. This can be understood as follows. Let us
start from the Clebsch expression of the magnetic field Eq.(3). Pressure is chosen as the
radial coordinate, i.e. p = P, a label of flux surface since (B-V)P = 0. The flux functions
x and v are functions of the set of flux coordinates (p, ¥, (). The Clebsch representation
Eq.(3) combined with the condition (B - V)p = 0 implies

0 0
B =Xy, xvo+ 2%y« vp
ap op
and the constraint 5 o0
X
AT 1
ac + 59 0 (17)
The functions x and 1 can be decomposed as a mean over the angles ¢ and ¢ and a

modulation

x(p,9,0) = X(p) +X(p,9,C)
Y(p,9,¢) = v(p)+(p,9,¢)

The constraint Eq.(17) can be incorporated in the expressions of fluxes as

ox % oA
37,(%19’ () = ?p(p) + 8719@’ 4,()
o Cdp, . o
éTp(Pﬂ?aC) = dip(p) - O*C(Pﬁ,@

where A is a periodic function of ¢ and ¢ with zero mean. The Clebsch representation of
the magnetic field Eq.(17) then becomes B = Vy x VO 4+ V({ x Vi, where

1
6=10+ 5 \p.?.0)
dp
is a straight field line poloidal angle. The bars on the new toroidal and poloidal fluxes
x and Y are now removed to simplify the notations, so that the final structure of the

magnetic field is
B=VxxV0+V({xVy (18)

131f field lines are spatially bounded, then the invariant manifold associated with the field lines Hamiltonian
dynamics Eq.(4,5) is compact. The ‘hairy ball” or “hedgehog” theorem can then be applied, i.e. a compact
manifold in a 3D phase space has to be a 2-dimensional torus.
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where x and 1 are flux functions that depend on p only. Defining the safety factor ¢(p)
(inverse of the rotational transform) as g = %, it appears that the Clebsch structure

B =V (( - q0) x Vi

that was found for axisymmetric configurations also holds for a non axisymmetric field.
The derivation above calls for some comments. It relies on the condition (B-V)P = 0,
and the implicit assumption that the pressure field exhibits some nice properties of conti-
nuity and smoothness (differentiability). Besides isobar surfaces should be bounded. Let
us choose a set of straight field line coordinates (p, 8, (). The pressure can be decomposed

as a Fourier series
P = E Pmnei(m9+no
mn

It is easy to find the expression of the pressure gradient along the field (B - V)P by using
the expression of the field Eq.(18) and a set of flux coordinates (p, 0, ()

(B-V)P=iB-V() Y. (n + m) P, ei(mé+nd)
m#0,n#0 q(’o)

The condition (B - V)P = 0 imposes that the pressure P is a function of p, i.e. a
flux function as expected, up to an infinite sum of Kronecker delta functions centred
on n + m/q(p). The flux surfaces which satisfy n + m/q(p) = 0 are called resonant
surfaces . One may expect that any singularity ¢ (n + m/q(p)) will be regularised after
some time by dissipative processes (e.g. viscous dissipation that was neglected in the
force balance equation), thus imposing after a relaxation time that the pressure is a
flux function. However any force F, even small, that will appear in the force balance
equation (e.g. thermal noise) will induce singularities in the pressure field via the equation
(B-V)P =B -F. The usual argument that is put forward is that dissipative processes,
and/or instabilities localised on resonant surfaces, will wipe out these singularities over a
fast time scale. In other words, the plasma should self-organize'®. We will assume in this
section that this is indeed the case.

5.2 Structure of the current density*

As noticed by Boozer [2], the current density behaves with respect to the magnetic field
in the same way as the magnetic field with respect to the vector potential. Indeed it is
divergence-free V - J = 0 and is the curl of the magnetic field poJ = V x B (Ampere
equation). Moreover the force balance equation imposes that the current lies on flux
surfaces J - Vp = 0 (see section 3.1). Hence the current density can be written in a
Clebsch form similar to the magnetic field'®

10 = VG x VO + VI x V¢

where G and Z are functions of the set of straight field line coordinates (p, 0, (). Following
closely the methodology described in the previous section, the constraint J - Vp = 0 is
used to find an equivalent form of the current density

0 0T
wod = —ngxVQ—i-f
dp

% Vp x V¢

A flux surface does not necessarily exists in the plasma since it requires that the safety factor is equal to a
rational number —m/n that may be out of the range of accessible values of the function ¢(p).

5Other ways exist that grant the existence of flux surfaces. For instance stellarators are known to exhibit
flux surfaces even without plasma. These surfaces are probed with electron beams.

6The notations G and Z are inverted compared with Boozer’s conventions.
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together with the constraint

oc 08

The current flux functions G and Z can be decomposed as sums of means G(p) and I(p)
and modulations, constrained by Eq.(19). This can be formulated in a convenient form

o I _

og dG(p) = Ov

%(0,970 = %(0,9,0
0T _dl(p)  Ov
a*p(ﬂye,f) = i +87C(p’9’o

where v(p,0,() is a periodic function in 6 and ¢ with zero mean. The current density
becomes
pod = VG xVO+VI xV(—-VvxVp

This relation provides the covariant expression of the magnetic field
B =G(p)VO+1(p)V¢—v(p,6,0)Vp+ VH(p,8,() (19)

where H is a gauge function. Of course one would like to manipulate 3 flux functions
and not 4. This is done by changing the system of coordinates, i.e. by changing (6, () in
another set (0',(’). As noticed by Boozer, the magnetic field is invariant by any change
of the form

= 0 +up) (p,0,¢)
= (+{(p,0.¢)

where ¢(p) = 1/q(p). Since this change of coordinates leaves invariant the combination
¢"'—qt = ( —qb. The structure of the field Eq.(19) remains the same with (6, {) replaced
by (¢',¢’) , but with new functions ' and G’z such that

Vo= v+ Lﬁ—i-ﬂ ¢
N dp dp

H' = H+(G+1I)¢

Hence v/ or H' can be set to zero via a suitable choice of ¢. It must be stressed that
even if the toroidal angle ¢ would be chosen as the geometric angle in the first place,
the new toroidal angle is usually not a geometric angle any more. The choice v/ = 0
corresponds to Hamada coordinates, while H' = 0 determines the Boozer coordinates.
Both have their interest for instance in the context of the Hamiltonian formulation of
trajectory equations (Boozer coordinates) or neoclassical transport (Hamada coordinates).
it appears that the Grad-Shafranov equation can be written in an elegant form when using
Boozer/Hamada coordinates. This form is particular compact when choosing Hamada
coordinates - moreover the Jacobian then appears to be a flux function. More details can
be found in Appendix E or in references [1, 2, 17].

5.3 Force exerted on the plasma*

The force balance equation Eq.(7) reads py, (0 + V- V)V =F, where F = -VP+J xB
is the force exerted on the plasma when the viscous force is neglected. The force has no
component along the field lines, i.e. B-F = 0. Thus it can be decomposed as [18§]

B
F = F,Vp+ Frpgg x Vp
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Both the magnetic field and the current density can be expressed in a covariant /contravariant
form J = J;e' = J'e;, B = B;e' = Ble;, with B = B - Vp = 0 since the magnetic field is
tangent to a flux surface. The force covariant components then read
F, = g (J"BC - JCB9> _dar
dp
F/\ = - JP

The field structure Eq.(18) imposes that

B? = Ldj
V9 dp
B - 1 dx

V9 dp
The contravariant components of the current density are computed from the Ampere’s

equation, using the expression of a curl operator in curvilinear coordinates Eq.(20). After
a bit of algebra, the force components can be written in the following form

1 OBy OB;\ dP
F, = —((B-V)B,—-B'"~——~ - B‘—
’ 110 (( V)5, dp 3#) dp
1 <3Bg ch)
Fy = — _
1o\/9 00

It is reminded that the covariant components of the field are related to the contravariant
components via the relation

Bi = gioB” + gic B*
Since the force must vanish , Fy = —J? = —J - Vp = 0, which imposes that the current
is tangent to flux surfaces, a result that was already obtained in the special axisymmetric
case. At this point, it is useful to express force F,, component in the special axisymmetric

case. The condition F = 0 imposes that B; = I(p) depends on p only, a result that was
also already found. The component F), is found to be

O RCE)
g  hoy/g dp Vadp) 00 \\/gdp
__1 4 4P
poR? dp  dp

The condition F,, = 0 appears to be equivalent to the Grad-Shafranov equation Eq.(15),
using the covariant expression of the divergence of a vector V-V (see Appendix A), with
Vo= 12 Ccl;ﬁ, Vo = Ve =0 and ¢g”” = RQ%, ¢ = —RM%. Hence the condition of force
balance is equivalent to the Grad-Shafranov equation. It provides a powerful method to
calculate the equilibrium of a magnetic configuration that is not axisymmetric [18, 19].

6 Variational principle and virial theorem

6.1 Energy principle and related variational methods

The Grad-Shafranov equation is not easy to solve, and its analogue in non-axisymmetric
configurations is even more challenging. This is why it is sometimes replaced by a vari-
ational principle, which allows using a projection on a basis of functions and a suitable
truncature. One common form is based on the plasma energy

W= [ dx|—+—
/ (2uo <—1>
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(; Deformation &
that conserves
the magnetic flux
and ensures

P(p) [;L;]g = cte

Surface
y=cte

Figure 14: Deformation of a flux surface that conserves the toroidal magnetic flux while keeping
S
P(p) (%) constant.

where ¢ is the adiabatic index!”. This definition of the plasma energy is not the most

general that could be thought of. It does not include the energy density associated with
the electric field, and reduces the energy density of the plasma to its thermal energy C_Ll,
in principle valid when the plasma can be described as a perfect gas. Let us assume that
flux surfaces exist, and labelled by a flux coordinate p. The position on a flux surface
is a vector x (p,0,(), where (0,() are poloidal and toroidal angles. The force balance
equation is equivalent to minimizing W with respect to any virtual displacement of the
magnetic field and pressure that is consistent with the equations of ideal MHD, i.e. that
preserves the magnetic fluxes, and under the constraint of an adiabatic transform that

keeps P(p) (%)g constant (see Fig. 14), where

a / / ded¢

dp P J
is the differential volume element (dV is the volume element between the flux surfaces p
and p + dp). The transform must be done for a given plasma surface. In other words, if

& labels the displacement of flux surfaces, which therefore become x (p, 8, @) + £ after a
transformation as described above, the variation of energy is

5W:/d3x(VP—J><B)-§

The demonstration is given in Appendix F. If )V exhibits an extremum with respect
to the displacement £ then J x B = VP. Quite interestingly, this property does not
depend on the precise value of the adiabatic index ¢. Hence a “Lagrangian” version of
this principle can be devised by choosing ¢ = 0

2
L= /d3x (B p)
2410

17The traditional notation 7 is avoided here as it is also the usual notation for an instability growth rate.
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Variations must then be done at constant pressure P(p) when changing the shape of the
flux surfaces. This variational approach has proved efficient to compute equilibria in stel-
larators [18, 19], and in particular to design optimised non-axisymmetric configurations.
The above theorem applies when the last closed flux surface is prescribed. The energy

B?
T to W.

principle can be extended to match with a vacuum field B, by adding — [ d3x

Figure 15: A vertical field combined with the plasma current balances the radial force due to thermal
and magnetic forces.

6.2 Virial theorem

The virial theorem consists in multiplying the tensorial form of the force balance equation
Eq.(11) by a displacement vector € and integrate over a suitable volume V. This is the
usual procedure to build the weak variational form associated with a differential equation.
The resulting functional exhibits an extremum when varying the displacement &. This
extremum provides a solution of the force balance equation. It provides a convenient
way to resolve numerically the equilibrium magnetic configuration by expanding £ on a
suitable set of basis functions!'®. The original version of the virial theorem corresponds to
a displacement € = X;&' = X'¢;, and & = &; are the Cartesian unit vectors. Using the

0
0X?

relation

. 9
XT*) = T 4 X T
(% HRRT

18Tn this case the solution is an approximate one due to the troncature. The variational aspect grants it is
optimal for a given set of basis functions.
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and noting that the last term vanishes, an integration over the volume V yields

() - ()
/vd <3P+2M0 = /6V(dS £) P+2,u0

— [ (s -B)(&-B)
Ho Jovy

where 0V is the surface that encloses the volume V, and dS a surface element on 9V. The
right hand side vanishes if the surface 9V is located far away from the plasma since the
pressure is then null and the magnetic field decreases as the cubic power of the distance
(for a dipolar field - multipolar components decay even faster). Hence an external force
must be exerted to maintain the plasma. Some geometrical considerations show that
this force is horizontal. It comes from both the pressure gradient and electromagnetic
forces. A modified version of the virial theorem can be devised to determine this force.
The displacement vector is now chosen to lie in a poloidal plane & = Xéx + Yé&y. This
displacement is radial since & = Répg, where R is the major radius, and égr = VR is
the unit vector in the conventional set of cylindrical coordinates (R, Z, ). This allows
calculating a moment of the radial force

0
RFR >V = | d*x&—=T*
= >V /v ki

where the bracket indicates an average over the volume V. The integral over the volume
of Eq.(20) yields the covariant expression

210

ARG

where the property dS-B = 0 has been used since 0V is a flux surface. Inside the plasma,
the flux surfaces shift radially to ensure the force balance equation < RF® >= 0. This is
nothing else than the Shafranov shift. Outside the separatrix, an external radial force is
needed to maintain the plasma. This force is due to three causes [20, 21]:

B2
<RFE>Y = /d3x<2P+Z>
%

e a force due to pressure. This force is analogous to the one felt by an inflated tire,
which expands. It is sometimes called ”tire tube force”.

e an electromagnetic force due to the plasma current and the poloidal field. A current
filament tends to expand under the Lorentz force associated to the current and the
magnetic field it produces. This force is called the "hoop force”.

e an electromagnetic force due to the Lorentz force that results from the toroidal
magnetic field and the poloidal current that flows in the plasma - this current can
be diamagnetic or paramagnetic. The toroidal field is inversely proportional to the
major radius. A net force results from the imbalance between the jump of magnetic
field on high and low field sides. It is called "1/R force”.

This radial force is compensated in a tokamak by a vertical magnetic field, such that
the Lorentz force due to the vertical field and the toroidal plasma current balances the
expanding forces (Fig.15).

Appendices
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A Curvilinear coordinates: definition and prop-
erties

A.1 Curvilinear coordinates

A position vector is noted x. Cartesian coordinates provide the usual framework to
characterize a vector, namely x = X'&;, where X’ = X; are the Cartesian coordinates,
and the & = & is a set of orthonormal basis vectors'?. The gradient of a differentiable
function f(X?) is defined as Vf = 8%}{: &', or put it differently df = Vf - dx. Curvilinear
coordinates are defined as a set (51,52,53) that can be mapped on the set of Cartesian
coordinates (X1, X2, X3), i.e. each coordinate ¢ is a well defined and invertible function
of the X*’s - invertible means that the X%’s are well behaved functions of the z*’s. The
coordinates ¢! are vector fields, noted £'(x). The subspace £!(x) = cte is a surface. The
coordinate gradient V¢! is a vector normal to this surface since d¢* = V¢° - dx (Fig.16)).
Hence the set (Vf Lwez, Vég) form a basis provided the Jacobian is non zero. One can
define a dual basis by using the cross-products of the vectors VE&'. Any vector field B(x)
can then be written as

where .
GoVESE e =y (98 x e

where /g = ‘(Vél X V{Q) -V§3‘71 is the Jacobian of the set of coordinates ({1,§2,§3).
The e; (respectively e’) are the covariant (resp. contravariant vectors)?’, and satisfy the
property e; - ef = 65. The latter property reflects the derivative chain rule

0% ox7 — gk

0Xi ¢k ‘
If the contravariant vectors €' = V¢! are known, a matrix inversion provides the covariant
vectors e; = 0x/0¢'. Obviously B = B - e’ and B; = B -e;. The norm of a vector
field is B = |B| = (B;B")'/2. The vectors €' or e; are usually not orthogonal, and not
normal. Nevertheless, in some special cases (e.g. cylindrical or spherical coordinates),
they do form a set of orthogonal vectors. In this case it is convenient to normalise them
and thus build a convenient orthonormal basis. They are then noted with an arrow, to
make a distinction with co- or contra-variant vectors and defined as &, = e;/|e;|. An
important property is & = &', so that co- or contra-variant notations do not matter any
more. Obviously Cartesian coordinates is a special case of a set of orthogonal vectors.

A.2 Metric tensor
An elementary distance element is

ds* = gid€'de® = g d&;de
where the metric elements are

gik = ei-er =g gt 5 gt =elef = Ve Ve

The metric matrix g;; is in fact a tensor, as it changes from one system of coordinates to
another one via usual chain rules for changes of variables. The tensor g;. is the inverse
of the tensor ¢g’*. With the conventions above, /9 is the determinant of the matrix g;.
Hence

Vg = det (gir) = M

The change from co- to contra- coordinates read B? = gikBk and B; = gikBk.

¥Doubled indices are summed throughout this note.
20The index is upward when the component is contravariant, otherwise covariant
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Figure 16: Surface £(£) = cte and its normal vector V.

A.3 Most common expressions of vectorial operators in curvi-
linear coordinates

The knowledge of the metric tensor gives access to explicit expression of most vectorial
operators, which are reminded below. Divergence of a vector B

1 0 ~

B=—— B’

Curl of a vector B ) OB
(V x B)i = kT

NS
Components of a scalar gradient

ir 00
ok

9, 1 0 ik 09
Vo= Goe (ﬁg 8«sk>

The element of volume is dV = d®x = \/§d§1d£2d§3. The integration element on the
surface &' = cte is dS; = eijk\/gdgj d¢F. This is consistent with the Green-Ostrogradsky
theorem

(Vo) =g

Laplacian of a scalar

/dVV-B— ds-B
1% v

where V is a volume and 9V the surface that encloses it. The element of length is given
by the relation dx = d¢'e;, which is consistent with the Gauss theorem

/dS-VxB:jé dx - B
S as

where S is a surface and dS the curve that bounds it
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A.4 Flux surface average

Let us choose a set of curvilinear coordinates (p, 0, (), periodic in # and {. A surface
average of a function f(p,0,() is defined as the variation of the volume integral of f
between two nearby surfaces p and p + dp

S fdxf [, dod¢\/gf
Vo= ST dx = [ dodcy

In the special case of a magnetic field of the form Eq.(6) in an axisymmetric configuration,
the magnetic surface average, defined as the average of a function in between two nearby
magnetic surfaces ¥ and ¥ 4+ d1», becomes

(fly= f}“m
 B-VO

B Solov’ev equilibrium

Solov’ev equilibria are exact global solutions of the Grad-Shafranov equation [8]. Let us
remind its form il P
2 2
=—]— — poR*—

oo [ Loy) - pd (LY, o
Ve =RV <R2W>_Ra}z ROR) 922

and let us assume that

where

Ho% =-A
T4 —

1+a2 RoA

where A, v < 1, Ry and « are constant parameters. A particular solution of Eq.(20) is

then N )
(RS 0 +a?) {(RZ —YR3) 2% + az (R - Rg)z}

The level curves of the function (R, Z) are cross sections of flux surfaces in a poloidal
plane. Near the magnetic axis R = Ry, Z =0, i.e. where x = R;}ifo < land z = R% <1,
a Taylor development of Eq.(20) at order 3 in x ~ z ~ € yields

where x?p = jﬁﬁl ( + 1) is a flux label, and

1 1
Az, z) = §x2 + 0722

Near the axis magnetic axis x = z = 0, flux surfaces are ellipses with ellipticity \/%

The horizontal displacement A(z,z) is a Shafranov shift (see following section). The
separatrix is determined by the ”X-points” such that |V = 0] (null poloidal magnetic

field), i.e. g—% = g—g = 0. Using the general expression of ¥ Eq.(20) two X-points exist

such that Ry = /7Ry and Zx = £,/ 1_7704}?0. Generalisations of this simple example to
more sophisticated equilibria have been developed, which allow a broad variety of surface
shapes [22].
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C Miller equilibrium

Finding a global solution of the Grad-Shafranov equation is difficult for arbitrary pressure
and current profiles. However it is relatively easy to build a local solution near a flux
surface with prescribed shape and poloidal magnetic field [11, 10]. Let us consider a given
flux surface with a poloidal flux ¥g. The surface cross section, a poloidal curve labelled C,
can be described by a curvilinear abscissa ¢. The position x,, on this curve is prescribed
by a vertical and horizontal positions i.e. x,(¢) = Rs({)ér + Zs({)&z. Near the reference
flux surface, the vertical and horizontal coordinates can be written in the form

R(l,p) = Rs(£)+ pcosi(f)
Z(l,p) = Zs()+ psinv(f)

where p is a flux label that measures the distance to the reference flux surface, and 9(¢)
is a poloidal angle to be defined. Let us define & as the unit tangent vector associated

with the curve C, then
% — @) = dRSé + %é
v =€ = R Z

dl dl
The condition |ég|2 = 1 imposes that ddl% and ddZ; must be cosine and sine functions of
an angle. There is some flexibility on the choice of the angle origin. Anticipating that
derivatives of Z and R with respect to p and ¢ will be needed to compute the metric

tensor, a suitable choice is

dR
d; = —sind(¢)
az
d; = cost(¥)
so that & = —sindJ({)ég + cosV(¢)éz. The derivative of the tangent vector with respect
to £ is %"' = —ﬁ([)ép, where &, = cos¥({)ér + sin¥(£)éz is a unit vector normal to the
curve C and R, is the curvature radius. This imposes that % = #(6). Note that with

these conventions the coordinate system (p, ¢, ¢) is direct. These relations give the needed

partial derivatives
dR '\ [ cos? —Jsind dp
dZ )\ sinY Jcos? dar

where J(p,f) = 1+ RL(Z) is the matrix determinant. A matrix inversion provide the reverse

relationship
(dp) <COS19 Siﬂﬂ)(dR)
= in ¥ 9
ae ) =\ g s ) az
This result can be summarised as Vp = &,, V£ = %ég and V({ = %éc. The 3D Jacobian

is /g = JR.

We now solve the Grad-Shafranov equation,
1 dl dP
2 2 2
Vi = R°V - | =V = —J— — R —
W <R2 w) dip Ho dy
['he effective Laplacian Vi@[) can be reformulated as

Vi T (2000

ﬁ Oxt \ R27 Oz

where it is reminded that the metric elements satisfy ¢'* = V&' - VEF| so that

i _ (Vo> Vp-ve\_ (1 0
T =\vp-ve v )" \o &
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The Grad-Shafranov equation then reads

RO (JOpN RO (100N __dl_  podP
Jop\Rdp) " Tot\JR ot

d NO%

The poloidal flux can be expanded near the reference flux surface as

b = o+ P1(0)p + b2 (£)p? + o(p?)
The poloidal field reads

10y 1 0y

B,=V{(xV¢=———86,+ -—¢&

p = VXV = R & T R,
On the reference flux surface p = 0, the poloidal field is tangent to the curve C, as expected,
ie. Bys = ﬁwﬂbl (£)&;. Let us call Bys the norm of By, then 91(¢) = Bys(¢)Rs(¢). The
poloidal field is supposed to be given on the reference flux surface, as well as its shape.
Thus this constraint fully determines ;. The next order flux contribution s is prescribed
by the Grad-Shafranov equation, by taking the limit p — 0. A straightforward calculation

yields
1 Ry dl dP
¢2—{Bps <cosq9—> -1 — —uoRg— }
2 Re A gy, L) P

This fully determines the solution to the Grad-Shafranov equation in the vicinity of the
reference flux surface ¥ = 1. It is entirely determined by the gradients of pressure P and
current I on the reference flux surface, its geometry and the poloidal magnetic field on
this surface. The great advantage of the Miller equilibrium is that the magnetic shear and
pressure gradient can be changed without changing the shape of the flux surface. This is
why it is commonly used in local turbulence or MHD numerical simulations.

Poloidal angle 9

Toroidal angle ¢

Figure 17: Torus with circular cross-section.

D Configuration of shifted circular flux surfaces

An approximate equilibrium can be computed when the geometry of flux surfaces is close
to circular [15]. Before deciding of the shape of flux surfaces, some remarks on the
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choice of coordinates is necessary. A reasonable starting point is the set of cylindrical
coordinates (R, (,Z). The subset of coordinates (R, Z) is to be replaced by a new set of
flux coordinates (p, ), where p is a label of flux surface, and ¥ a poloidal angle - here
the conventional geometrical angle. The coordinate ¢ is orthogonal to any set (p, ), so
that it can be treated separately. To keep on handling a direct set of coordinates (positive
signature), it is convenient to reorder the cylindrical coordinates as (R, Z(), which is direct
if ¢ is anti-trigonometric, so that the subset (R, Z) behaves as Cartesian coordinates. This
is not mandatory, but makes life easier. The equation of a circle centred on R = Ry is
Z = pcost, R— Ry = psind. However concentric circular flux surfaces are not consistent
with the Grad-Shafranov equation, because of the thermal and electromagnetic forces that
push the plasma outward. Because of these forces, flux surfaces are shifted horizontally.
A minimal update is to prescribe flux surfaces of the form (Fig.17)

R = Ro+ A(p)+ pcosd

Z = psin?
where p is the radius of each circular flux surface (p = 0 is the magnetic axis), and Ry the
major radius of the magnetic axis. The length A(p) measures the horizontal displacement
of the centres of flux surfaces with respect to the magnetic axis. This displacement is
called “Shafranov” shift and is due to forces exerted by kinetic and magnetic pressures.
The inverse aspect ratio € = a/ Ry is assumed to be small parameter € < 1, where a is the

plasma minor radius. It is anticipated that the Shafranov shift normalised to a scales as
2. The magnetic field is written as Eq.(12)

B = I(p)VC + V¢ x Vi)
where )
dT) = by(p)Ro

and By is the magnetic field at the magnetic axis. The cylindrical set of coordinates
(R, Z,¢) is associated with a well defined set of orthonormal vectors!

ér=VR 8;=VZ & =RV(

A covariant expression of the field is obtained in the following way. The elements (dR, dZ)
are related to (dp,d?) via the matrix relation

dR _ COST9—|—% —psind dp
dz sin pcost dv

Its determinant is J(p,d) = p (1 + % cos 19). This matrix is readily inverted in

( dp > 1 < pcos?d  psind > ( dR )
= : dA
dd J(pa 19) —sind cos? + dp dz

The Jacobian of the system of flux coordinates (p, ¥, ) is therefore /g = [(Vp x V) - Ve =
JR. These relations yield the vectors Vp, V1, and therefore a relationship between V(
and Vp x V4. An alternative expression of the magnetic field is then derived

A A _ P Ly
B_I(p)R0 [1+<dp Ro+o(e)>cosﬁ]Vpr19+V§xV¢

The geometrical angle ¥ is not a straight field line coordinate since
B-VY  by(p) R%[ (dA p 2> ]
= — 1= (=5 +o0(€))cosv
B-V(  I(p) p dp  Ro (<)

21 This set differs generally speaking from the co- or contra-variant basis vectors, which are usually not normal,
nor orthogonal.
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is a function of p and ¥. It is convenient to replace 9 with a straight field line coordinate
f such that g:—gg = q(p), with ¢(p) the safety factor. The geometrical angle ¥ is related
to the intrinsic poloidal angle 6 via the near identity relation

0 =19 —5(p,9)+ o ()

0(p, ) = — <Cf£ — ]%) sin ¢

This provides a link between the “poloidal” field by(p) and the current I(p), namely

where the function § is

p

bo(p) = I(p)qu%

The magnetic field can be then written in the expected covariant form
B=VxxV0+V({xVy

where dx/diy) = q(p). The Jacobian of the new system of coordinates (p,0,() is /g =
pRQ/Ro.
The Grad-Shafranov equation involves the effective Laplacian

2 — g2y (Lovg) = B0 (VI uwd
Ve =RV (R?W ~ Voo \ R g

The metric tensor associated with the set of variables (p, 8, () is formally derived by using

the identity g;x = gg‘i . % and ¢'* = V¢ - VEF where € = (p,6,¢). Tt can also be done

by calculating the distance Eq.(16) - ¢'* can also be computed by inverting g;. The
change of variables from (R, Z) to (p,#) is given by Eqgs.(20), whered = 6 + 6(p, 0), and

d(p,0) = — (@ — L) sinf + o(e?). After a little bit of algebra, one gets

dp Ro

1+2%cos€ pQg—i—p%sinﬁ 0
gik = p22—2 — p% SiDG p2 (1 + 2%) 0
0 0 R?

where all coefficients are computed up to a o(e?). The determinant g matches wit the
Jacobian /g = pR?/Ry that was already calculated. The matrix is easily inverted by
isolating the (2,2) submatrix to give

dA 1[d ( da .
1—2d—pcos€ > dfp<pd7) —RLO] sin ¢
ik
g" = %{d% (p%)—RLO] sin 6 p% 1+2<% R%)cos@} 0
O L

R2

This provides a new expression of the effective Laplacian

20@} 9 dip

1d
2, - 7 _ . _
Vi = dp [pIVp | T o0 [(W Vp) dp]

where the relations ¢”? = |Vp|* and ¢’ = V6 - Vp have been used, and

dA
Vo> = 1— Qd—p cos 6

d [ dA o1 .
VO-Vp = |— (p— ) — L+ |sinb
! g [dp (p dp ) Ro} o
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The Grad-Shafranov equation
dl dP
2 2
— 7= _ o
V*1/1 dlb MOR dl/)
can then be solved order per order inRiO. At lowest order
by d (pdbg) I dI i dP
) = -
p dp dp RZ dp dp

At order 1 in p/Ry, the follow equation is obtained

which provides the radial derivative of the Shafranov shift

A p <6p(p)+li(p)>

dp Ro 2

Bp(p) = ——=5 pp°——

(0] P25 Jo dp
o) = s [ dooth
i\p) = PP
Png 0 o

As expected the Shafranov shift is related to the thermal and magnetic pressures. The

quantity [;(p) is the internal inductance of the flux surface r. Indeed, noting that the

volume element is approximately dV = 2w Rg2wpdp, the definition above appears to be
2

the volume integral of the density of poloidal magnetic energy ;%, normalised to the
magnetic energy at the surface. The quantity /,(p) is called poloidal 5 and measures the
ratio of the thermal pressure to the density of poloidal magnetic energy.

E Boozer and Hamada coordinates

Some more details are given here on two special choices of coordinates, called Boozer and
Hamada coordinates, after their inventors. This section is highly inspired from textbook
[1] and review articles [2, 17]. interested readers should consult them for getting more
details ?2. The contravariant expression of the magnetic field is?

B =GVI+IV(+KVi)+VH (20)

where the “currents” I and G depend on 1 only, and K, H depend on (1,6, (). Boozer
coordinates correspond to the choice H = 0, while Hamada coordinates are such that
K = 0. The Lorentz force can be calculated by using the Clebsh form of the magnetic
field Eq.(6)

B=VxxV0+V({xVy (21)

The final result reads

JxB— 1 0K n 0K dG dl
Ho “vglfac a0 T ap Yy

221t is recalled here that the notations used in tokamak and stellarator communities are usually different.
The notation ¥ dubs the poloidal flux in tokamaks, while it often designates the toroidal flux in stellarators.
Also the currents I and G are permuted. It is also reminded that stellarator experts prefer to use the rotational
transform ¢ rather than the safety factor g - both are related via the relation ¢ = 1/q.

Z3Here we choose v, the poloidal flux, as a radial coordinate p, i.e. p = 1. To mark the difference, the
notation —v is replaced by K.
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where 1/,/g = (Vi x V0)-V(. The force balance equation Eq.(7) then bears a convenient

form
0K 0K dG dl

dP
— - — —q— = — 22
q8(+89 i Yan \@“‘de (22)
Note that this equation does not depend on the gauge function H. If Hamada coordinates
are chosen, K = 0. It then appear that the Jacobian /g depends on 1 only, is a flux

function. The Grad-Shafranov equation becomes particularly simple

dG dl dP dV

@y T s
where V is the volume enclosed by a magnetic surface normalised to 472, 1.e. % NGE
Handling the force balance equation Eq.(22) is somewhat less Stralghtforward when
using Boozer coordinates H = 0, K # 0. Let us note that an average of Eq.(22) over the
angles 6 and ¢ provides a solvability constraint Eq.(23) (with a different meaning though
since the coordinates are different) that can be used to yield the equation

(23)

0K 0K dP dy
T S (- 24
Tac T o8 M0d¢<\/§ d@D) (24)
The Jacobian is readily obtained by multiplying Eq.(20) by Eq.(21). This procedure yields

Iq+G

V9=
The equation Eq.(24) hence provides the function K vs the current I, G and pressure
P. Let us stress however that this equation is singular on resonant surfaces. Some
regularisation is therefore needed either by setting locally a zero pressure gradient, or
introducing some dissipation.

F Variational energy principle

This appendix aims at calculating the variation of the energy

w= [ ax +>
/ <2M0 ¢—1

when deforming set for flux surfaces with a virtual displacement € consistent with the
equations of ideal MHD. Let us remind here the basic equations of ideal MHD [6, 7, 23, 24]

pmdiV=-VP+J xB
OB =V x (V xB)
diP+c¢PV -V =0
dipm + pmV -V =0

where d; = 0; + V - V is a Lagrangian derivative, V the plasma velocity, P the pressure,
B the magnetic field and p,, the mass density, and ¢ the adiabatic index. The two last
equations are consistent with the adiabatic transform constraint d; (Pp,,*) = 0. A virtual
MHD displacement is such that 0;€ = V, where £ is supposed infinitesimal. One major
property of ideal MHD is the frozen-in law that grants flux conservation under the plasma
motion. Hence dip = 0, i.e. flux surfaces remain flux surfaces after a displacement. The
variation of the magnetic field verifies B = V x (£ x B), so that the change of magnetic
energy density is?*

iB‘5B:—£-(J><B)+iV-[(£><B)><B]
Ho Ho

24This property is most readily demonstrated by using the identity V(A x B) = B-V x A — A -V x B with
A = £ x B and the Ampere’s equation V x B = pgJ.
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The variation of pressure reads
0P=(¢—1)&-VP -V . [¢P¢]

If the transform of flux surfaces is such that the last surface that encloses the plasma is
left unchanged, all divergence terms, i.e. the Poynting and thermal energy fluxes, vanish
after integration of the plasma volume since & = 0 at the boundary. The variation of
energy then verifies

5W:/d3x(VP—J><B)~§

An extremum of )V is reached when the force balance equation is satisfied. However
it must be kept in mind that this is true under some specific conditions: magnetic flux
conservation, adiabatic transform and constant plasma boundary.

G Using the virial theorem

It is quite instructive to apply the virial theorem [15, 23] to a set of shifted circular flux
surfaces, as described in the previous section.

BQ
<RFRE>VY = /d3x <2P+Z>
v 210

- /W(ds-g) (P+2B;) (25)

where d®x = 2rRdRdZ and & = Rép. Flux surfaces are given by

R = Ro+ A(p)+ pcosd
Z = psind

where A(p) is the Shafranov shift, and is supposed unknown at this stage. The magnetic
field is of the form
B = Bré, + B,éy

where the “toroidal” and “poloidal” magnetic field intensities are
Br(p,9) = By (1 - RL cos? + o (62)>
0

By(p,9) = bylp) (1= A(p)cost) + o (%))

with A
p
Alp) = — + —
(p) o TR
The vectors
é, = cosiég+sinvég
&y = &,x@&,=—sinvér + cosvéy

and &, = RV constitute a set of orthonormal vectors. A quick check of this non-
covariant formulation can be done by noting that the distance between 2 flux surfaces of
radius p and p+dp is dl(p,0) = dp(1 + % cos ). The poloidal magnetic flux is such that
dyp = B,Rdl , and is a function of p only, as expected.

The elements of integration elements that appear in Eq.(25) require some care when
moving from the system of coordinates (R, Z) to (p,?). The normal to the surface is
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n = e,, so that dS = dddppRe,. The volume element is d*x = 2w Rpdpdd, so that the
following relations hold

B2 1/ b3
/ d3x{2P+Z} = 2V(p){<P>+ <9>}
1% Ho 2\ 2uo

| ws-or = w@re)
oV

B2 b2 Ry dA
as- &) P+ L) = V(pLt—"F—
/av( )< 2#0) ( )Mo p dp
32
ds-¢) L =
/av( ) 210

where V' = 21 Rgp? is the volume enclosed by the flux surface and < ... >= WTRO J320'dp ...
The toroidal field does not contribute since B%dS - & = B2/R3dVdppcos¥, so that the
average over ¥ cancels exactly on each flux surface. Hence the force balance equation
< RFRr >= 0 imposes )

dA P Li(p

- R (5p(ﬂ) + 9 >
The virial theorem can also be used to estimate the vertical field necessary to maintain the
plasma equilibrium. If the integration volume V' is chosen to be very large in Eq.(25), all
the surface terms can be neglected since the magnetic field decreases as the cubic power
of the distance far from the current loop. Hence it is found that < RFgr > is positive, so
that no equilibrium can be found. An equilibrium exists if a vertical field is applied. The
corresponding average force is

2Ry B%(a) By

< RFRr>=V
f @ o Bola)

There exists several ways to calculate this field. One consists in assuming that the toroidal
field is discontinuous at the separatrix. Hence the contribution of the toroidal field does
no longer vanish. This implies that 3 causes emerge for the onset of the radial force:
pressure force, Lorentz force due to the poloidal field ans associated toroidal current
(this will come in via the plasma inductance), and the Lorentz force due to the toroidal
field discontinuity combined with the corresponding poloidal current. The vertical field
necessary to maintain the equilibrium is

8R li 3
By = BQGQ;;O [ln <a0) + By(a) + (2CL) -3
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