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Flat vector bundles and analytic torsion on

orbifolds

SHU SHEN AND JIANQING YU

This article is devoted to a study of flat orbifold vector bundles. We
construct a bijection between the isomorphic classes of proper flat
orbifold vector bundles and the equivalence classes of represen-
tations of the orbifold fundamental groups of base orbifolds. We
establish a Bismut-Zhang like anomaly formula for the Ray-Singer
metric on the determinant line of the cohomology of a compact orb-
ifold with coefficients in an orbifold flat vector bundle. We show
that the analytic torsion of an acyclic unitary flat orbifold vector
bundle is equal to the value at zero of a dynamical zeta function
when the underlying orbifold is a compact locally symmetric space
of reductive type, which extends one of the results obtained by the
first author for compact locally symmetric manifolds.
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Introduction

Orbifolds were introduced by Satake [43] under name of V-manifold as man-
ifolds with quotient singularities. They appear naturally, for example, in the
geometry of 3-manifolds, in the symplectic reduction, in the problems on
moduli spaces, and in string theory, etc.

It is natural to consider the index theoretic problem and the associated
secondary invariants on orbifolds. Satake [44] and Kawasaki [27, 28] extended
the classical Gauss-Bonnet-Chern Theorem, the Hirzebruch signature Theo-
rem and the Riemann-Roch-Hirzebruch Theorem. For the secondary invari-
ants, Ma [31] studied the holomorphic torsions and Quillen metrics associ-
ated with holomorphic orbifold vector bundles, and Farsi [18] introduced an
orbifold version eta invariant and extended the Atiyah-Patodi-Singer Theo-
rem. In this article, we study flat orbifold vector bundles and the associated
secondary invariants, i.e., analytic torsions or more precisely Ray-Singer met-
rics.

Let us recall some results on flat vector bundles on manifolds. Let Z be
a connected smooth manifold, and let F' be a complex flat vector bundle
on Z. Equivalently, F' can be obtained via a complex representation of the
fundamental group m1(Z) of Z, which is called the holonomy representation.
Denote by H'(Z, F') the cohomology of the sheaf of locally constant sections
of F.

Assume that Z is compact. Given metrics g% and ¢*" on TZ and F, the
Ray-Singer metric [42] on the determinant line A of H(Z, F') is defined by
the product of the analytic torsion with an L?-metric on .

If g¥ is flat, or equivalently if the holonomy representation is unitary,
then the celebrated Cheeger-Miiller Theorem [I3] 38| tells us that in this
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case the Ray-Singer metric coincides with the so-called Reidemeister met-
ric [41], which is a topological invariant of the unitarily flat vector bundles
constructed with the help of a triangulation on Z. Bismut-Zhang [9] and
Miiller [39] simultaneously considered generalizations of this result. In [39],
Miiller extended it to the case where ¢ is unimodular or equivalently the
holonomy representation is unimodular. In [9], Bismut and Zhang studied the
dependence of the Ray-Singer metric on ¢g7% and ¢g¥. They gave an anomaly
formula [9, Theorem 0.1] for the variation of the logarithm of the Ray-Singer
metric on ¢g7% and ¢ as an integral of a locally calculable Chern-Simons
form on Z. They generalized the original Cheeger-Miiller Theorem to arbi-
trary flat vector bundles with arbitrary Hermitian metrics [9, Theorem 0.2].
In [10], Bismut and Zhang also considered the extensions to the equivariant
case. Note that both in [9] 10], the existence of a Morse function whose gra-
dient satisfies the Smale transversality condition [48] [49] plays an important
role.

From the dynamical side, motivated by a remarkable similarity [35, Sec-
tion 3| between the analytic torsion and Weil’s zeta function, Fried [22]
showed that, when the underlying manifold is hyperbolic, the analytic tor-
sion of an acyclic unitarily flat vector bundle is equal to the value at zero of
the Ruelle dynamical zeta function. In [23] p.66 Conjecture|, he conjectured
similar results hold true for more general spaces.

In [47], following the early contribution of Fried [22] and Moscovici-
Stanton [37], the author showed the Fried conjecture on closed locally sym-
metric manifolds of the reductive type. The proof is based on Bismut’s
explicit semisimple orbital integral formula [5, Theorem 6.1.1]. (See Ma’s
talk [32] at Séminaire Bourbaki for an introduction.)

In this article, we extend most of the above results to orbifolds. Now, we
will describe our results in more details and explain the techniques used in
the proof.

0.1. Orbifold fundamental group and holonomy representation

Let Z be a connected orbifold with the associated groupoid G. Following
Thurston [50], let X be the universal covering orbifold of Z with the deck
transformation group I', which is called orbifold fundamental group of Z.
Then, Z = T'\ X. In an analogous way as in the classical homotopy theory of
ordinary paths on topological spaces, Haefliger [26] introduced the G-paths
and their homotopy theory. He gave an explicit construction of X and I'
following the classical methods.
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If F is a complex proper flat orbifold vector bundle of rank r, in Section[2]
we constructed a parallel transport along a G-path. In this way, we obtain a
representation p : I' = GL,(C) of T', which is called the holonomy represen-
tation of F'. Denote by M} (Z) the isomorphic classes of complex proper flat
orbifold vector bundles of rank r on Z, and denote by Hom(I', GL,(C))/~
the equivalence classes of complex representations of I' of dimension r. We
show the following theorem.

Theorem 0.1. The above construction descends to a well-defined bijection
(0.1) MY (Z) ~ Hom(T', GL,(C)) /~.

The difficulty of the proof lies in the injectivity, which consists in showing
that F' is isomorphic to the quotient of X x C" by the I'-action induced
by the deck transformation on X and by the holonomy representation on
C". Indeed, applying Haefliger’s construction, in subsection [2.5] we show
directly that the universal covering orbifold of the total space of F'is X x C".
Moreover, its deck transformation group is isomorphic to I' with the desired
action on X x C".

We remark that on the universal covering orbifold there exist non trivial
and non proper flat orbifold vector bundles. Thus, Theorem [0.I no longer
holds true for non proper orbifold vector bundles.

On the other hand, for a general orbifold vector bundle F which is not
necessarily proper, there exists a proper subbundle EP" of F such that

(0.2) C®(Z,E) = C™ (Z,E™).

Moreover, if E is flat, EP" is also flat. For a I-space V, we denote by VT the
set of fixed points in V. By Theorem and (0.2)), we get:

Corollary 0.2. For any (possibly non proper) flat orbifold vector bundle
F on a connected orbifold Z, there exists a representation of the orbifold
fundamental group p : T' — GL,(C) such that

(0.3) C®(Z,F)=C>(X,Cc)",

By abuse of notation, in this case, although p is not unique, we still call
p a holonomy representation of F'.

Waldron informed us that in his PhD thesis [52] he proved Theorem
in a more abstract setting using differentiable stacks.



“Orbifold Torsion final” — 2020/9/10 — 0:54 — page 6 — #6

6 S. Shen and J. Yu

0.2. Analytic torsion on orbifolds

Assume that Z is a compact orbifold of dimension m. Let ¥Z be the strata
of Z, which has a natural orbifold structure. Write Z [[XZ = ]_[ff’zo Z; as a
disjoint union of connected components. We denote m; € N the multiplicity
of Z; (see (2.18)). Let F be a complex flat orbifold vector bundle on Z. Let
A be the determinant line of the cohomology H'(Z, F) (see (4.16)).

Let g4 and g% be metrics on TZ and F. Denote by (14 the associated
Hodge Laplacian acting on the space ' (Z, F') of smooth forms with values
in F. By the orbifold Hodge Theorem [I4, Proposition 2.1|, we have the
canonical isomorphism

(0.4) H (Z,F) ~ ker 0%,
As in the case of smooth manifolds, by [27] (or by the short time asymp-
totic expansions of the heat trace [31, Proposition 2.1]), the analytic torsion

T(F) is still well-defined. It is a real positive number defined by the following
weighted product of the zeta regularized determinants

(=1)ii/2
) )

(0.5) T(F) = [[ det (O%)qs(z,r)
=1

Let | - ES’Z be the L?-metric on X induced by ¢g”%, ¢ via (0.4). The Ray-
Singer metric on A is then given by

(0.6) 1 I3° = T(E)]- 3.

We remark that as in the smooth case, if Z is of even dimension and ori-
entable, if F' is unitarily flat, in Proposition we show that T'(F) = 1.

In Section 4 we study the dependence of || - ||/\RS’2 on g'% and ¢g*. To
state our result, let us introduce some notation. Let (¢'7%, ¢’") be another
pair of metrics. Let || - H;\RS’2 be the Ray-Singer metric for (¢4, ¢'f). Let
V7% and V'TZ be the respective Levi-Civita connections on T'Z for g4 and
g'T%. Denote by o(TZ) the orientation line of Z. Consider the Euler form
e(TZ, V7)€ Q™(Z,0(TZ)) and the first odd Chern form 36(V*,g'") =
3 Tr[(g") "1V gl € Q1(Z). Denote by

0.7)  e(2;, V%) e QimZi(7z,0(T2)),  6;(VF,¢") € Q4(Z)
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the canonical extensions of e(TZ, V1?) and (V¥ g*') to Z; (see subsection

. Let
(0.8) &(T7;, V1% Vv'T%) e QimZi=Y( 7, o(TZ))/de™%=2(Z, o(TZ;))

and gi(VF,gF,g’F) € C*(Z;) be the associated Chern-Simons forms such
that

dg(TZi,vTZi,V,TZi) (ZZ',V/TZi) —e (Zi,VTZj’) 7

=e
0.9 ~
( ) dH’L (vFagF7g/F) = 01 (VF7g/F) - 01 (VF7gF) :

In Section [4] we show:

Theorem 0.3. The following identity holds:

H X ||/RS,2 lo 1 "
(0.10) log (HH)P\{SQ> = Z m(/z 0; (VF,gF,g/F) e (Zi,VTZi)
A i=0 i
— / 0; (VF,g") e (T2, V1%, vT2) )
Zi

The arguments in Section [4f are inspired by Bismut-Lott [8, Theorem
3.24], who gave a unified proof for the family local index theorem and the
anomaly formula [9, Theorem 0.1]. Conceptually, their proof is simpler and
more natural than the original proof given by Bismut-Zhang [9, Section IV].
Also, our proof relies on the finite propagation speeds for the solutions of
hyperbolic equations on orbifolds, which is originally due to Ma [31].

If Z is of odd dimension and orientable, then all the Z;, for 0 < i <y, is
of odd dimension. By Theorem the Ray-Singer metric || - |]1;S’2 does not

depend on the metrics g7, g¥'; it becomes a topological invariant.

0.3. A solution of Fried conjecture on locally symmetric orbifolds

In [22] p. 537], Fried raised the question of extending his result [22] Theorem
1] to hyperbolic orbifolds on the equality between the analytic torsion and
the zero value of the Ruelle dynamical zeta function associated to a unitarily
flat acyclic vector bundle on hyperbolic manifolds. In Section [5], we extend
Fried’s result to more general compact odd dimensional E| locally symmetric
orbifolds of the reductive type.

IThe even dimensional case is trivial.
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Let G be a linear connected real reductive group with Cartan involution
0 € Aut(@). Let K C G be the set of fixed points of 6 in G, so that K is a
maximal compact subgroup of G. Let g and £ be the Lie algebras of G and
K. Let g = p @ ¢ be the Cartan decomposition. Let B be an Ad(G)-invariant
and @-invariant non degenerate bilinear form on g such that B, > 0 and
Ble < 0. Recall that an element v € G is said to be semisimple if and only
if 4 can be conjugated to e?k~! with a € p, k € K, Ad(k)a = a. And v is
said to be elliptic if and only if v can be conjugated into K. Note that if ~ is
semisimple, its centralizer Z(y) in G is still reductive with maximal compact
subgroup K (7).

Take X = G/K to be the associated symmetric space. Then, B|, induces
a G-invariant Riemannian metric g7X on X such that (X, g”™X) is of non
positive sectional curvature. Let dx be the Riemannian distance on X.

Let I' C G be a cocompact discrete subgroup of G. Set Z =T'\G/K.
Then Z is a compact orbifold with universal covering orbifold X . To simplify
the notation in Introduction, we assume that I' acts effectively on X. Then I
is the orbifold fundamental group of Z. Clearly, I' contains only semisimple
elements. Let 'y be the subset of I' consisting of non elliptic elements. Take
[['] to be the set of conjugacy classes of I'. Denote by [I'}] C [I'] the set of
non elliptic conjugacy classes.

Proceeding as in the proof for the manifold case [15, Proposition 5.15],
the set of closed geodesics of positive lengths consists of a disjoint union of
smooth connected compact orbifolds || ~elr,] By)- Moreover, By, is diffeo-
morphic to I' N Z(y)\Z(7)/K (7). Also, all the elements in Bj,) have the same
length I[,) > 0. Clearly, the geodesic flow induces a locally free Sl-action on
By,). By an analogy to the multiplicity m; of Z; in Z[[XZ, we can define
the multiplicity mj,) of the quotient orbifold S'\ B, (see (5.60)). Denote by
Xorb (S1\By,)) € Q the orbifold Euler characteristic number [44, Section 3.3]
(see also ) of S"\By,j. In Section [5| we show:

Theorem 0.4. [f dim Z is odd, and if F' is a unitarily flat orbifold vector
bundle on Z with holonomy p : I' — U(r), then the dynamical zeta function

orb (SY\B
(0.11) Rp(o') = exp Z Tr[p(fy)}weﬂlm
[ylelrs] 0]

is well-defined and holomorphic on Re (o) > 1, and extends meromorphically
to C. There exist explicit constants C, € R with C, # 0 and r, € Z (see
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(5.117) ) such that as o — 0,

(0.12) R,(0) = C,T(F)*c" + O(a"t1).
Moreover, if H(Z,F) =0, we have

(0.13) C,=1, r, =0,
so that

(0.14) R,(0) = T(F)2.

The proof of Theorem is similar to the one given in [47|, except
that in the current case, we also need to take account of the contribution
of elliptic orbital integrals in the analytic torsion. On the other hand, let us
note that a priori elliptic elements do not contribute to the dynamical zeta
function. This seemingly contradictory phenomenon has already appeared
in the smooth case. In fact, in the current case, the elliptic and non elliptic
orbital integrals are related via functional equations of certain Selberg zeta
functions.

We refer the readers to the papers of Giulietti-Liverani-Pollicott [24]
and Dyatlov-Zworski [16, [I7] for other points of view on the dynamical zeta
function on negatively curved manifolds.

Let us also mention Fedosova’s recent work [I9H21] on the Selberg zeta
function and the asymptotic behavior of the analytic torsion of unimodular
flat orbifold vector bundles on hyperbolic orbifolds.

0.4. Organisation of the article

This article is organized as follows. In Section [I} we introduce some basic
notation on the determinant line and characteristic forms. Also we recall
some standard terminology on group actions on topological spaces.

In Section [2| we recall the definition of orbifolds, orbifold vector bundles,
and the G-path theory of Haefliger [26]. We show Theorem

In Section 3| we explain how to extend the usual differential calculus and
Chern-Weil theory on manifolds to orbifolds.

In Section [} we study the analytic torsion and Ray-Singer metric on
orbifolds. Following [8], we show in a unified way an orbifold version of
Gauss-Bonnet-Chern Theorem and Theorem [0.3l Some estimates on heat
kernels are postponed to Section [£.4]
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In Section 5] we study the analytic torsion on locally symmetric orbifold
using the Selberg trace formula and Bismut’s semisimple orbital integral
formula. We show Theorem [0.4

0.5. Notation

In the whole paper, we use the superconnection formalism of Quillen [40]
(see also [4, Section 1.3]). Here we just briefly recall that if A is a Zo-
graded algebra, if a,b € A, the supercommutator [a,b] is given by [a,b] =
ab — (—1)degadegbp, If B is another Zy-graded algebra, we denote by A®B
the super tensor algebra. If £ = E* & E~ is a Zs-graded vector space, the
algebra End(FE) is Zo-graded. If 7 = £1 on E¥, if a € End(E), the super-
trace Trg[a] is defined by Trg[a] = Tr[Ta]. We make the convention that
N=1{0,1,2,---} and N*={1,2,---}. If A is a finite set, we denote by
|A| its cardinality.
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1. Preliminary

The purpose of this section is to recall some basic definitions and construc-
tions. This section is organized as follows. In subsection [1.1] we introduce
the basic conventions on determinant lines.

In subsection [1.2], we recall some standard terminology of group actions
on topological spaces, which will be used in the whole paper.

In subsection [1.3] we recall the Chern-Weil construction on character-
istic forms and the associated secondary classes of Chern-Simons forms on
manifolds.
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1.1. Determinants

Let V' be a complex vector space of finite dimension. We denote by V* the
dual space of V, and by A’V the exterior algebra of V. Set det V = A4m VY,
Clearly, det V' is a line. We use the convention that det 0 = C. If A is a line,
we denote by A~! = \* the dual line.

1.2. Group actions

Let L be a topological group acting continuously on a topological space
S. The action of L is said to be free if for any g € L and g # 1, the set
of fixed points of g in S is empty. The action of L is said to be effective
if the morphism of groups L — Homeo(S) is injective, where Homeo(S) is
the group of homeomorphisms of S. The action of L is said to be properly
discontinuous if for any x € S there is a neighborhood U of x such that the
set

(1.1) {geL:gUNU # o}

is finite.

If L acts on the right (resp. left) on the topological space Sy (resp. S1),
denote by Syp/L (resp. L\S1) the quotient space, and by Sy xr, S1 the quo-
tient of Sy x S1 by the left action defined by

(1.2) g(xo, 1) = (zog™t, gz1), for g € L and (zo,x1) € Sp x S1.

If So is another left L-space, denote by S1 ; x Sa the quotient of S1 x Sy by
the evident left action of L.

1.3. Characteristic forms on manifolds

Let S be a manifold. Denote by (€'(S),d”) the de Rham complex of S, and
by H'(S) its de Rham cohomology.

Let E be a real vector bundle of rank r equipped with a Euclidean metric
g¥. Let V¥ be a metric connection, and let R = (V)2 be the curvature of
V¥. Then R¥ is a 2-form on S with values in antisymmetric endomorphisms
of F.

If A is an antisymmetric matrix, denote by Pf[A] the Pfaffian [9] (3.3)]
of A. Then Pf[A] is a polynomial function of A, which is a square root of
det[A]. Let o(E) be the orientation line of E. The Euler form of (E,V¥) is
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given by
RE
(1.3) e (E,VF) = Pt [ZJ € (S, 0(E)).

The cohomology class e(E) € H"(S,0(E)) of e(E, V¥) does not depend
on the choice of (gE ,VE ). More precisely, if ¢'F is another metric on E, and
if V' is another connection on E which preserves ¢’F, we can define a class
of Chern-Simons (r — 1)-form

(1.4) e (B, VE V'E) e 1S, 0(E))/dY2(S, o(E))
such that
(1.5) d°e (B, VE,V'E) = ¢ (B, V'F) — e (E,VF).

Note that if r is odd, then e(E,VF) = 0 and &(E, VE, V'E) = 0.
Let us describe the construction of (E, VF, V'F). Take a smooth family
(gF,VE)er of metrics and metric connections such that

(1.6)  (95,V5) = (", V"), (o, VE) = (¢F, V'F).
Set
(1.7) T:RxS—S.

We equip 7*F with a Euclidean metric ¢" ¥ and with a metric connection
V™ E defined by

. . d 1 d
1 B _ B ™E _ a 1 g 14 g E
(1.8) 9" “ligyxs =95, V ds A (ds 59 59 + Vg

Write
(1.9)  e(n*E,V"E) =¢e(BE,VE) +dsha, € Q" (R x S,70(E)).
Since e (7T*E, V“*E) is closed, by , for s € R, we have

0

(1.10) 5:¢ (B, vE) =d%as.
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Then, e(E,VE,V'E) € Q71 (S, O(E)) /dQr—2 (S, O(E)) is defined by the class
of

(1.11) /01 asds € Q7S 0(E)).

Note that €(E, V¥, V") does not depend on the choice of smooth family
(gZ,VE)er (c.f. [12, Proposition 2.7]). Also, (1.5 is a consequence of (1.6
and (.10).

Let us recall the definition of the A-form of (E,VF). For z € C, set

(1.12) Alz) = mlf(/j/z)

The A-form of (E,V¥F) is given by

(1.13) A(BE,VE) = [det (E (—f))] v e 0(9).

Let L be a compact Lie group. Assume that L acts fiberwisely and lin-
early on the vector bundle E over S, which preserves (g%, V¥). Take g € L.
Assume that g preserves the orientation of E. Let E(g) be the subbundle
of E defined by the fixed points of g. Let £6;,--- ,£60,, 0 < 6; < 7 be the
district nonzero angles of the action of g on E. Let Ey, be the subbundle
of E on which g acts by a rotation of angle 6;. The subbundles FE(g) and
Ly, are canonically equipped with Euclidean metrics and metric connections
VEW) vE,

For 8 € R — 27Z, set

~ 1
1.14 A =
( ) H(x) 2 sinh (%19)

Given 6;, letAfTQi (Ep,, V%) be the corresponding multiplicative genus. The
equivariant A-form of (E, VF) is given by

(115) A, (BE,VE)=A4 (E(g), VE<9>) 1 4. (o, V5 € 2(9).
=1

Let E’ be a complex vector bundle carrying a connection V#* with cur-
vature RF'. Assume that E’ is equipped with a fiberwise linear action of
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L, which preserves V. For g € L, the equivariant Chern character form of
(E', V') is given by

: R¥
(1.16) chy (E', VE> =Tr [g exp <2m>] € QV(S).

As before, A\Q(E, V), chy(E', VE') are closed. Their cohomology classes
do not depend on the choice of connections. The closed forms in and
(1.16)) on S are exactly the ones that appear in the Lefschetz fixed point
formula of Atiyah-Bott [2, [3]. Note that there are questions of signs to be
taken care of, because of the need to distinguish between #; and —6;. We
refer to the above references for more detail.

Let F be a flat vector bundle on S with flat connection V¥'. Let ¢ be
a Hermitian metric on F. Assume that F' is equipped with a fiberwise and
linear action of L which preserves V" and g". Following [9, Definition 4.1],
put

(1.17) w (VF,gF) = (gF)_l vEgr.

Then, w(VE, gt') is a 1-form on S with values in symmetric endomorphisms
of F'. For x € C, set

2

(1.18) h(z) = xe™ .

Following [8, Defintion 1.7] and [6, Definition 1.7], for g € L, the equivariant
odd Chern character form of (F, V¥) is given by

gh (w V"9 )/2>

(1.19) hg (VF,g") = V2inr Tr e Qodd(g).

V2

When g = 1, we denote by h (VF,gF) =hy (VF,gF).

By [8, Theorem 1.11] and [6, Theorem 1.8], we know that the cohomology
class hy(VE) € HO(S) of hy(VE, gF) does not depend on gf'. If ¢'F' is
another L-invariant Hermitian metric on F', we can define the class of Chern-
Simons form hy(VE, gF', g'f') € Qeven(S)/dQ°dd(S) such that

(1.20) dsﬁg(vF,gF,g'F) = hg (VF,g’F) —hy (VF,gF) .

More precisely, choose a smooth family of L-invariant metrics (gf')ser such
that

(1.21) 9 =4g", gt =g".
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Consider the projection 7 defined in ((1.7). Equip 7#*F with the following flat
connection and Hermitian metric

(1.22) AVAIEAES L v gt =gF
{s}xS
Write
(1.23) hg (V™5 g™ ) = hy (VF, gl') +ds A Bs € Q*1Y(R x S).

As (L.11), %g (VF,gF,g’F) € Qven () /dN°44(8) is defined by the class of

1
(1.24) /0 Byds € Q¥R (S).

By [8, Theorem 1.11] and [6, Theorem 1.11], Eg (VF, g¥, g’F) does not depend
on the choice of the smooth family of metrics (gf")ser. Also, hy (VF, q", g’F)

satisfies ((1.20)).
2. Topology of orbifolds

The purpose of this section is to introduce some basic definitions and related
constructions for orbifolds. We show Theorem [0.1] which claims a bijection
between the isomorphism classes of proper flat orbifold vector bundles and
the equivalent classes of representations of the orbifold fundamental group.

This section is organized as follows. In subsection 2.1 we recall the def-
inition of orbifolds and the associated groupoid G.

In subsection [2.2] we introduce the resolution for the singular set of an
orbifold.

In subsection [2.3] we recall the definition of orbifold vector bundles.

In subsection [2.4] the orbifold fundamental group and the universal cov-
ering orbifold are constructed using the G-path theory of Haefliger [11] 26].

Finally, in subsection [2.5] we define the holonomy representation for a
proper flat orbifold vector bundle. We restate and show Theorem [0.1]

2.1. Definition of orbifolds

In this subsection, we recall the definition of orbifolds following [44], Section
1] and [I Section 1.1]. Let Z be a topological space, and let U C Z be a
connected open subset of Z. Take m € N.
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Definition 2.1. An m-dimensional orbifold chart for U is given by a triple
(U,Guy,mv), where

e U C R™ is a connected open subset of R™;

e Gy is a finite group acting smoothly and effectively on the left on U ;

o Ty U—Uisa Gy-invariant continuous map which induces a home-
omorphism of topological spaces

(2.1) Gu\U ~ U.

Remark 2.2. In [44] Section 1], it is assumed that the codimension of the
fixed point set of Gy in U is bigger than or equal to 2. In this article, we do
not make this assumption.

_ Let U = V be an embedding of connected open subsets of Z, and let
(U,Gu,ny) and (V, Gy, my) be respectively orbifold charts for U and V.

Definition 2.3. An embedding of orbifold charts is a smooth embedding
¢vu : U — V such that the diagram

(2.2) l l

commutes.

We recall the following proposition. The proof was given by Satake [44]
Lemmas 1.1, 1.2| under the assumption that the codimension of the fixed
point set is bigger than or equal to 2. For general cases, see [36, Appendix]
for example.

Proposition 2.4. Let ¢y : ((,Nf, Gy, my) — (XN/, Gy,my) be an embedding
of orbifold charts. The following statements hold:

1) ifg € Gy, thenz € U — goyy(x) € V is another embedding of orbifold

charts. Conversely, any embedding of orbifold charts (ﬁ,GU,ﬂU) —
(V,Gy,7y) is of such form;

2) there exists a unique injective morphism Ayy : Gy — Gy of groups
such that ¢y is A\yy-equivariant;
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3) if g € Gy such thal,‘N(]ﬁVU(ﬁ) N g~<;5VU((7) # &, then g is in the image of
Avu, and so ¢y (U) = gpvu(U).

_ Let Uy,Uz C Z be two connected open subsets of Z with orbifold charts
(Ul, GUU 7['U1) and (UQ, GU2,7TU2).

Definition 2.5. The orbifold charts (Uy, Gy,,ny,) and (Us, Gu,, 7y, are
said to be compatible if for any z € Uy N Uz, there is an open connected
neighborhood Uy C Uy N Uy of z with orbifold chart (U, Gy, , 7y, ) such that
there exist two embeddings of orbifold charts

(2.3) ¢UiUO : (ﬁo,GUO,T(UO) — (ﬁl, GUi,T('Ui), for 1 = 1, 2.

The diffeomorphism ¢y, v, gb(}lon - du,u, (Uo) = du,u, (Uo) is called a coordi-
nate transformation.

Definition 2.6. An orbifold atlas on Z consists of an open connected cover
U ={U} of Z and compatible orbifold charts U = {(U, Gy, 7v)}veu-

An orbifold atlas (V,V) is called a refinement of (U,U), if V is a refine-
ment of U and if every orbifold chart in ¥V has an embedding into some
orbifold chart in .

Two orbifold atlases are said to be equivalent if they have a common
refinement.

The equivalent class of an orbifold atlas is called an orbifold structure
on Z.

Definition 2.7. An orbifold is a second countable Hausdorff space equipped
with an orbifold structure. It said to have dimension m, if all the orbifold
charts which define the orbifold structure are of dimension m.

Remark 2.8. Let U,V be two connected open subsets of an orbifold with
respectively orbifold charts (U, Gy, my) and (V, Gy, 7y ), which are compat-
ible with the orbifold structure. If U C V, and if U is simply connected, then
there exists an embedding of orbifold charts (U, Gy, ny) < (V,Gy, my).

Remark 2.9. For any point z of an orbifold, there exists an open connected
neighborhood U, C Z of z with a compatible orbifold chart (ﬁz, G.,7) such
that 7, 1(z) contains only one point € U.. Such a chart is called to be
centered at z. Clearly, x is a fixed point of G,. The isomorphism class of
the group G, does not depend on the different choices of centered orbifold
charts, and is called the local group at z.
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Moreover, we can choose (U, G,,7,) to be a linear chart centered at 0,
which means

(2.4) U.=R", r=0eR™, G. c O(m).

In the sequel, let Z be an orbifold with orbifold atlas (U ,U). We assume
that U is countable and that each U € U is simply connected. When we talk
of an orbifold chart, we mean the one which is compatible with /.

Let us introduce a groupoid G associated to the orbifold Z with orbifold
atlas (U,U). Recall that a groupoid is a category whose morphisms, which
are called arrows, are isomorphisms. We define Gy, the objects of G, to be
the countable disjoint union of smooth manifold

(2.5) G=1]]U

veu

An arrow g from x1 € Gy to x2 € Gy, denoted by ¢ :z; — x2, is a germ
of coordinate transformation g defined near x; such that g(x1) = x9. We
denote by G the set of arrows. This way defines a groupoid G = (G, G1).
By [1, Section 1.4], G; is equipped with a topology such that G is a proper,
effective, étale Lie groupoid.

For x1,x9 € Gpy, we call 1 and z2 in the same orbit if there is an arrow
g € G1 from z1 to xo. We denote by Go/G1 the orbit space equipped with the
quotient topology. The projection 7y : U — U induces a homeomorphism of
topological spaces

(2.6) Go/G1 ~ Z.

Let Y and Z be two orbifolds. Following [43, p. 361|, we introduce:

Definition 2.10. A continuous map f :Y — Z between orbifolds is called
smooth if for any y € Y, there exist

e an open connected neighborhood U C Y of y, an open connected neigh-
borhood V' C Z of f(y) such that f(U) C V,

e orbifold charts (17, Gy, my) and (YN/, Gy,my) for U and V,
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e a smooth map fU : U — V such that the following diagram

Y,

sV

U iﬁv
flu

BEALI 7

(2.7)

S~/

commutes.

We denote by C*°(Y, Z) the space of smooth maps from Y to Z.

Two orbifolds Y and Z are called isomorphic if there are smooth maps
f:Y = Zand f': Z =Y such that ff' =id and f'f = id. Clearly, this is
the case if f : Y — Z is a smooth homeomorphism such that each lifting fi
is a diffeomorphism. Moreover, in this case, by Proposition there is an
isomorphism of group py : Gy — Gy such that fy is py-equivariant. Also,
any possible lifting has the form g fy, g € Gy.

Definition 2.11. An action of Lie group L on Z is said to be smooth, if
the action L X Z — Z is smooth.

The following proposition is an extension of [50, Proposition 13.2.1]. We
include a detailed proof since some constructions in the proof will be useful
to show Theorem [0.1]

Proposition 2.12. Let I' be a discrete group acting smoothly and properly
discontinuously on the left on an orbifold X. Then I'\X has a canonical
orbifold structure induced from X.

Proof. Let p: X — I'\ X be the natural projection. We equip I'\ X with the
quotient topology. Since X is Hausdorff and second countable, and since the
I-action is properly discontinuous, then I'\ X is also Hausdorff and second
countable.

Take z € I'\ X. We choose = € X such that p(z) = z. Set

(2.8) I'y={yel: vz =z}

As the I'-action is properly discontinuous, I'; is a finite group, and there
exists an open connected I'z-invariant neighborhood V, C X of x such that
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fory el — T,
(2.9) YWV NV, =@.

Then, p(V,) C T\ X is an open connected neighborhood of z. Also, we have
(2.10) LA\Ve 2 T\I'V, = p(Vy).

By taking V, small enough, there is an orbifold chart (XN/z,Hm,Wm) for
V, centered at 7 € Vj (see Remark . As T’ acts smoothly on X, we can
assume that homeomorphism of V, defined by ~, € I'; lifts to a local diffeo-
morphism 7, defined near Z such that 7,7, = v,7, holds near z.

By Proposition the lifting %, is not unique, and all possible liftings
can be written as h,7, for some h, € H,. Let G, be the group of local
diffeomorphism defined near x generated by {7;}+,er, and H,. Then G is
a finite group. By choosing V, small enough and by , G acts on V,
such that

(2.11) G \Vy ~ p(Vy).

Since the G -action on ‘71 is effective, (XN/I, G,,pom;) is an orbifold chart of
Z for p(Vy).

The family of open sets {p(V,)} covers I'\ X. It remains to show that two
such orbifold charts (V,,, G4, ,p o 7y, ) and (Vy,, Gy,,p © T5,) are compatible.
Its proof consists of two steps.

In the fist step, we consider the case ry = 1 for some y € I'. We can
assume that Vi, =V,,, and that |y, lifts to 3z, : Vi, — Vi,. Then 7,
defines an isomorphism between the orbifold charts (IN/:EI,G%, pomy, ) and
(Viy, Gy D O T,

In the second step, we consider general 1,22 € X such that p(V,,) N
p(V,) # @. Because of the first step, we can assume that V, NV, # @.
For zg € V;;, NV,,, take an open connected neighborhood V,, C V;, NV,
of xg and an orbifold chart (Vi,, Hz,,7z,) of X as before. We can assume
that there exist two embeddings ¢v, v, @ (Vigs Hags Tay) = (Vay, Hayy Ta,),
for i = 1,2, of orbifold charts of X. Then, ¢v, v, also define two embeddings
of orbifold charts of Z,

(2~12) (vzoaGmoapo"Tzo) — (‘71'717Gl'i7poﬂ—l'i)'

The proof our proposition is completed. U
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Remark 2.13. By the construction, H, is a normal subgroup of G, and
Yz — Yo induces a surjective morphism of groups

(2.13) Ly — Gy/Hy.

If the action of I" on X is effective, then (2.13]) is an isomorphism of groups.
Thus, the following sequence of groups

(2.14) 1-H, -G, —>T,—1

1s exact.

2.2. Singular set of orbifolds

Let Z be an orbifold with orbifold atlas (4,2). Put
(215)  Zwg={2€Z:G:={1}}, Zang={2€Z:G.#{1}}.

Then Z = Zyeg U Zging. Clearly, Z,og is a smooth manifold. However, Zg,, is
not necessarily an orbifold. Following [27, Section 1|, we will introduce the
orbifold resolution ¥.Z for Zg,.

Let [G] be the set of conjugacy classes of G,. Set

(2.16) 57 =A{(zl9]) : z € Z,[g] € [Gz] = {1}}.

By [27, Section 1, Y.Z possess a natural orbifold structure. Indeed, take U €
U and (U, my, Gy) € U. For g € Gy, denote by U9 C U the set of fixed points
of g in U, and by Zg, (g9) C Gu the centralizer of g in Gy. Clearly, Zg, (9)
acts on UY, and the quotient Zg,, (¢)\U¥Y depends only on the conjugacy class
[9] € [Gu]. The map z € U9 — (ny(x),[g]) € XU induces an identification

(2.17) T Ze(9\U7~3sU.
[9l€lGul\{1}

By (2.17)), we equip XU with the induced topology and orbifold structure.
The topology and the orbifold structure on %7 is obtained by gluing XU.
We omit the detail.
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We decompose X7 = ]_[2021 Z; following its connected components. If
(z,[9]) € Zi, set

(2.18) m; = ‘ker (Zay, (g9) — Diffeo(ﬁg))‘ e N*.

By definition, m; is locally constant, and is called the multiplicity of Z;. In
the sequel, we write

(2.19) Zy = Z, mo = 1.
2.3. Orbifold vector bundle
We recall the definition of orbifold vector bundles.

Definition 2.14. A complex orbifold vector bundle E of rank r on Z con-
sists of an orbifold &, called the total space, and a smooth map 7 : £ — Z,
such that

1) there is an orbifold atlas (U4,U) of Z such that for any U € U and
(ff,GU,TrU) € U, there exist a finite group GE acting smoothly on
U which induces a surjective morphism of groups Gg — Gy, a rep-
resentation pf : GE — GL,(C), and a GE-invariant continuous map
775 U x C" — 7~ 1(U) which induces a homomorphism of topological
spaces

(2.20) U gex C" =~ 7 (U);

2) the triple ((7 x C",GE, 7r5) is a (compatible) orbifold chart on &;

3) if Uy, Uy € U such that Uy NUs # @, and for any z € Uy N Uy, there
exist a connected open neighborhood Uy C Uy N Uy of z with a simply
connected orbifold chart (Up, Gy,,my,) and the triple <G507 pgo,wgo)
such that (1) and (2) hold, and that the embeddings of orbifold charts
of £

. U ~0>< 7", LT s N,;x "G, ), fori=1,2,
2.21) ¢fy, ¢ (Uo x C",Gf,, (s, Ui x C",Gg,, iy, ), f 1,2
have the following form

(2:22) ¢ty (,0) = (Pvv, (@), 90 (@)v),  for (z,0) € Up x C7,
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where ¢y,u, : (Uo, Gu, Tu,) < (ﬁi,NGUi,WUi) is an embedding of orb-
ifold charts of Z, and ggiUO € C*>(Uy, GL,(Q)).

The vector bundle FE is called proper if the surjective morphism G’g — Gy
is an isomorphism, and is called flat if 95 v, can be chosen to be constant.

Remark 2.15. The embedding ¢5iUO exists since ﬁo x C" is simply con-
nected. By Proposition [2.4] it is uniquely determined by the first component
¢v,u, when E is proper.

Remark 2.16. We can define the real orbifold vector bundle in an obvious
way.

In the sequel, for U € U, we will denote by E’U the trivial vector bundle
of rank r on U, and by Ey the restriction of E to U. Their total spaces are
given respectively by

(2.23) Ey=UxC", &y =U g,x C".

Let us identify the associated groupoid G¥ = (géE, GF) for the total space
& of a proper orbifold vector bundle E. By (2.5)), the object of GF is given
by

(2.24) 6 =1]év=06xC"
UelU

If g € G; is represented by the germ of the transformation ¢,y gbl_]llUO, denote
by ¢ the germ of transformation 952 Us 951(}01 By Remark @, gF is uniquely
determined by g. Thus, if g is an arrow form z, and if v € C", (g,v) defines
an arrow from (z,v) to (g, gFv). This way gives an identification

(2.25) GE =G xC.
We give some examples of orbifold vector bundles.

Example 2.17. The tangent bundle T'Z of an orbifold Z is a real proper
orbifold vector bundle locally defined by {(TU, Gv) }veu-

Example 2.18. Assume Z is covered by linear charts {((7 ,Gu, ™) }ueu
(see Remark [2.9). The orientation line o(T'Z) is a real proper orbifold line
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bundle on Z, locally defined by ((7 x R, Gy ) where the action of g € Gy is
given by

(2.26) g: (z,v) € U x R — (gz, (signdet(g))v) € U x R.
Clearly, o(T'Z) is flat. If o(T'Z) is trivial, Z is called orientable.

Example 2.19. If E, F are orbifold vector bundles on Z, then E*, E, A'(E),
T (E) = ®penE®* and E ® F are defined in an obvious way.

Example 2.20. Let E be an orbifold vector bundle on Z. For U € U, let
Viy C C" be subspace of C” of the fixed points of ker(GE¥ — Gy/). Then Gy
acts on Vi, and {((7 x Vir, Gu) }ueu defines a proper orbifold vector bundle
EPY on Z. Clearly, if E is flat, then EPT is also flat.

A smooth section of E is defined by a smooth map s: Z — FE in the
sense of Definition such that 7 o s = id and that each local lift ;7 of s|y
is Gg—invariant. The space of smooth sections of E is denote by C*(Z, E).
The space of differential forms with values in E is defined by Q' (Z,FE) =
C®(Z,N(T*Z) @R E). For k € N, we define C*(Z, E) in a similar way. Also,
the space of distributions D'(Z, F) of E is defined by the topological dual of
C>*(Z, E*). By definition, we have

(2.27) C>(Z,E) = C>®(Z, E™).

For this reason, most of results in this paper can be extended to non proper
flat vector bundles.

Assume now F is proper. By , s € C*(Z,F) can be represented
by {sy € Coo(ﬁ, EU)GU}Ueu a family of Gy-invariant sections such that for
any x1 € Uy, 19 € Us and g € G1 from z1 to x9, near x1 we have

(2.28) 9" su, = su,.-

We have the similar description for elements of C*°(Z, E) and D'(Z, E).

We call g¥ a Hermitian metric on E, if ¢ is a section in C™ (Z, E*® F*)
sucll that ¢ is represented by a family {gEU}UEﬁ of Gy-invariant metrics
on Ey such that holds. If E is the real orbifold vector bundle TZ, g4
is called a Riemannian metric on Z.

Two orbifold vector bundles E and F' are called isomorphic if there is
feC®(Z,E*®F)and g € C®(Z, F*® F) such that fg =id and ¢gf = id.
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Let I' be a discrete group acting smoothly and properly discontinuously
on an orbifold X. Let p: I' = GL,(C) be a representation of I'. By Propo-

sition MX and
(2.29) F=XxC

have canonical orbifold structures. The projection X x C" — X descends to
a smooth map of orbifolds

(2.30) m: F = T\X.

Proposition 2.21. Assume that the action of I' on X is smooth, properly
discontinuous and effective. Then (2.30]) defines canonically a proper flat
vector bundle F' on T'\ X.

Proof. Recall that p: X — '\ X is the projection. For x € X, we use_the
same notations 'y, V., (V,, H;) and G, as in the proof of Proposition .
Then, I'\ X is covered by

(2.31) p(Vy) ~ T \Vy ~ G\ V.

The stabilizer subgroup of I' at (z,0) € X x C" is I';. By (2.9), if v €
r— Faﬂ

(2.32) YV x C)N(Vy x C") = 2.
As in , we have
(2.33) 7 (p(Vy)) = \I'(Vy x C") =~ V, p,x C".

Since the action of I' on X is effective, by Remark we have a morphism
of groups G, — T'z. The group G acts on C” via the composition of G, —
I'; and p|r, : Ty — GL,(C). Thus, G, acts on V, x C" effectively such that

(2.34) Vo x CT =V, o x C.

By Proposition (Vy x C7,Gy) is an orbifold chart of F for 7! (p(V;)).

Take two (V,, x C",G,,) and (V,, x C",G,,) orbifold charts of F. It
remains to show the compatibility condition . We proceed as in the
proof of Proposition If 29 = yx1, then

(2.35) (2,0) € Vy, x C" = (g, 2, p(7)) € Vy, x C”

defines an isomorphism of orbifold charts on F.
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For general Ty, T € X, we can assume that V,, NV,, # &. For zg €
Vi, NV, take Vi, Vo, and ¢y, v, as in the proof of Proposition
Then

(2.36) (2,v) € Vi x C" = (¢, v, (2),0) € Vs, x C"

define two embeddings of orbifold charts of F. From and , we
deduce that defines a flat orbifold vector bundle on I"\ X. The proper-
ness is clear from the construction. The proof of our proposition is com-
pleted. O

Remark 2.22. Take A € GL,(C). Let p4:y €T — Ap(y)A~! € GL,(C)
be another representation of I'. Then

(2.37) (x,v) € X x C" = (z,Av) € X x C"

descends to an isomorphism between flat orbifold vector bundles X  x C"
and X , x C".

2.4. Orbifold fundamental groups and universal covering orbifold

In this subsection, following [26], [I1), Section III.G.3|, we recall the construc-
tions of the orbifold fundamental group and the universal covering orbifold.
We assume that the orbifold Z is connected. Let G be the groupoid associated
with some orbifold atlas (U, ).

Definition 2.23. A continuous G-path ¢ = (b1,...,bk; g0, ..., gx) starting
at x € Gy and ending at y € Gy parametrized by [0, 1] is given by

1) a partition 0 =ty < t; < --- <t =1 of [0,1];

2) continuous paths b; : [t;_1,t;] — Go, for 1 <i < k;

3) arrows g; € G1 such that go : @ — 01(0), ¢; : bi(ti) = bit1(t;), for 1 <
i <k-—1,and g : bi(1l) — y.

If x = y, we call that ¢ is a G-loop based at x.
Two G-paths

(2.38) C:(b:l)...)bk;g()?'..?gk)’ Cl:(;_7...7b;{)’;g(,)7.'.7g;€’)7
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such that ¢ ending at y and ¢’ starting at y can be composed into a G-path
(with a suitable reparametrization [I1 Section I11.G.3.4]),

(239) CC/ - (bly o abkab/b e 7b;<;’;907 o ag(/)gkv e 5gl/§’)'
Also, we can define the inverse of a G-path in an obvious way.

Definition 2.24. We define an equivalence relation on G-paths generated
by

1) subdivision of the partition and adjunction by identity elements of G;
on new partition points.

2) for some 1 < iy < k, replacement of the triple (b;,,¢i,—1,9i,) by the
triple (hbj,, hgi,—1, 9i,h 1), where h € Gy is well-defined near the path
iy ([tig—15 tio])-

The equivalent class of G-paths is called the path on the orbifold Z.

Remark 2.25. If Z is equipped with a Riemannian metric, then the length
of a path on Z represented by the G-path ¢ = (by, ..., bg; go, - - ., gx) is defined
by the sum of the lengths of b;. Clearly, this definition does not depend on
the choice of the representative c. The set of paths on Z with length 0 is just
the orbifold Z[[XZ.

Remark 2.26. Following [25, Section 2.4.2], if Z is equipped with a Rie-
mannian metric, a G-path ¢ = (by,...,bg; 9o,---,gk) is called a G-geodesic,
if for all 1 <i <k, b; is a geodesic and if for all 1 <i <k —1, gz*bz(tz) =
6i+1(ti). The geodesic on Z is defined by the equivalence class of the G-
geodesics. Similarly, we can define the closed geodesic on Z by the equivalent
class of the closed geodesic G-paths, i.e., a G-geodesic starting and ending at
the same point such that go.gx..bx(1) = bo(0).

Definition 2.27. An elementary homotopy between two G-paths ¢ and ¢’ is
a family, parametrized by s € [0,1], of G-paths ¢* = (b7,--- , %65, , 9%),
over the subdivisions 0 = t5 < t7 < --- <t7 = 1, where 7, 0] and g; depend
continuously on the parameter s, the elements gj and g; are independent of
sand &® =¢,cl =¢.

Definition 2.28. Two G-paths are said to be homotopic (with fixed extrem-
ities) if one can pass from the first to the second by equivalences of G-
paths and elementary homotopies. The homotopy class of a G-path ¢ will be

denoted by [c].
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As ordinary paths in topological spaces, the composition and inverse
operations of G-paths are well-defined for their homotopy classes.

Definition 2.29. Take zy € Gg. With the operations of composition and
inverse of G-paths, the homotopy classes of G-loops based at x( form a group
79" (Z, xg) called the orbifold fundamental group.

As Z is connected, any two points of Gy can be connected by a G-path.
Thus, the isomorphic class of the group 7™ (Z, z¢) does not depend on the
choice of xg. Also, it depends only on the orbifold structure of Z. In the

sequel, for simplicity, we denote by I' = 7™ (Z, z).

Remark 2.30. As a fundamental group of a manifold, I' is countable.

In the rest of this subsection, following [I1], Section II1.G.3.20], we will
construct the universal covering orbifold X of Z. Let us begin with introduc-
ing a groupoid G. Assume that & = {U.} and U = {(U,, G, 7.)} where all
the U, are simply connected and are centered at x € U, as in Remark
Fix zg € Go as before.

Let Go be the space of homotopy classes of G-paths starting at z¢. The
group [ acts naturally on Gy by composition at the starting point xg. We
denote by

(2.40) 5:Go— Go

the projection sending [c] € Go to its ending point. Clearly, p is I'-invariant.
_ Define a topology and manifold structure on Q\O as follows. For x1,x9 €
U., we denote by cz,z, = (bz,4,;1d,1id) a G-path starting at 21 and ending at
x2, where by, 5, is a path in U, connecting x; and x3. Note that since U, is
simply connected, the homotopy class [cy,,] does not depend on the choice
of by,4,. For each U, € U, we fix a G-path c, starting at xg and ending at
T € ﬁz. For a € T', set

(2.41) Vz,a = {[C] € ]/?\_1([77;) : [CCﬁ([c])sz_l] = a} .
By and , we have

(242) ﬁl(ﬁz) = H ‘73’,@7 G\O = H Vz,a-

acll U.elU,ael’
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Also,

(2.43) p:Via— U,

is a bijection. We equip 172,(1 with a topology and a manifold structure via

(2.43). Clearly, the choice of ¢, is irrelevant. By (2.42)), Go is a countable
disjoint union of smooth manifolds such that (2.40) is a Galois covering with

deck transformation group I'.
If y € Gy and if g € G; is defined near y, we denote by

(2.44) Cy,g = (by;id, g)

the G-path, where b, is the constant path at y. Set

(2.45) G = {(lc,9) € Go x Gi : g is defined near p([c]) € Go}-
Then, ([c],q) € G1 represents an arrow from [c] to [c][cpie,g]- This defines a
groupoid G = (Go, G1).
Let
(2.46) X =Go/Gi

be the orbit space of G equipped with the quotient topology. The action of I’
on Gg descends to an effective and continuous action on X. The projection
p descends to a I'-invariant continuous map

(2.47) p: X =27

Theorem 2.31. Assume that Z is a connected orbifold. Then, the topo-
logical space X defined in (2.46) is connected and has a canonical orbifold

structure such that I' acts smoothly, effectively and properly discontinuously

on X. Moreover, (2.47) induces an isomorphism of orbifolds
(2.48) NX — Z

Proof. Let us begin with showing that the topological space X is connected.
Take any G-path ¢ = (b1, ,bk; 90, ,gk) starting at zp. By our construc-
tion of Gy, the images in X of the G-paths ¢ and (by,- - ,bg; 90, , gk—1,1d)
are in the same connected component of X. The same holds true for the G-
paths (b1, -+ ,bg—1;90, - ,9k—1) and (b1, -+ ,br; g0, -+ , gk—1,1d). By induc-
tion argument, the images in X of ¢ and the constant G-path at zy are in
the same connected component of X. So X is connected.
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Let us construct an orbif(?vld atlas on X. For a €I, let 7, , be the com-
position of continuous maps V, , < Go — X. Set

(249) Vtz,a = 7"'Z,a(‘/z,a) C X.

By (2.42),

(2.50) P U) = Veu
a€el

Recall that z € U, and m.(z) = z. By (2.44)), for g € G;, ¢34 is a G-loop
based at z. Set

(2.51) 7,19 € G, — [csepge; ] €T.
Then, r, is a morphism of groups. By (2.46]) and (2.50)),
(2.52) = [ Vee

[a]eTl’/ Im(r,)

Using the fact that p~(U,) is open in X, we can deduce that V.« 1s open
in X.
Put

(2.53) H, =kerr,.

By and , H. acts on ‘727& by

(2.54) (9,1]) € Ha X Ve = [dlcaieyg-] € Ve
Then 7, , induces a homeomorphism of topological spaces
(2.55) H\V.q~ V..

As the H,-action on ‘72,& is effective, (Vz,a,HZ, T.q) is an orbifold chart for
V..a.- Moreover, the compatibility of each charts is a consequence of
and the compatibility of charts in U. Hence, {(‘727&, H,,7.4)}vU.ctt,aer forms
an orbifold atlas on X.

As I is countable, X is second countable. We will show that X is Haus-
dorff. Indeed, take y1,y2 € X and y1 # y2. If p(y1) # p(y2), as Z is Haus-
dorff, take respectively open neighborhoods Uy and Us of p(y;) and of p(y2)
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such that U1 NUs = @. Then p~1(U1) Np~1(Uz) = @. Assume p(y1) = p(y2).
By adding charts in U, we can assume that there is U, € U such that
p(y1) = p(y2) = z with orbifold charts (U, G.,7.) centered at z. Assume
Y1, Y2 are represented by G-paths c¢; and co starting at zy and ending at x.
For i = 1,2, set

(2.56) ai = [ci][e;!] €T.
As y1 # yo, then [a1] # [ag] € T'/Im(r,). Thus,
(257) Y1 € Vz,ala Y2 € Vz,a2> ‘/z,al N Vz,a2 = .

In summary, we have shown that X is an orbifold.
Note that 7V, o = V. 1¢. By (2.52), the set

(2.58) (YeT:W,unNV,u# @} =alm(r,)a™ ' CT

is finite. Then the I'-action on X is properly discontinuous. As I' acts on éo,
the I'-action is smooth.

We claim that is homeomorphism of topological space. Indeed, by
the construction, is injective. It is surjective as Z is connected. The
continuity of the inverse is a consequence of .

The isomorphism of orbifolds between I'\X and Z is a consequence of
Proposition [2.12] and (2.43)), (2.55) and (2.58). The proof our theorem is
completed. O

Remark 2.32. By , , and by the covering orbifold theory of
Thurston [50, Definition 13.2.2|, p : X — Z is a covering orbifold of Z. More-
over, we can show that for any connected covering orbifold p’ : Y — Z, there
exists a covering orbifold p” : X — Y such that the diagram

X
p//
(2.59) P Y
4
7

commutes. For this reason, X is called a universal covering orbifold of Z. As
in the case of the classical covering theory of topological spaces, the universal
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covering orbifold is unique up to covering isomorphism. Also, I is isomorphic
to the orbifold deck transformation group of X.

Remark 2.33. If a connected covering orbifold X’ of Z has a trivial orbifold
fundamental group, then X'’ is a universal covering orbifold of Z. In partic-
ular, if Z has a covering orbifold X', which is a connected simply connected
manifold, then X’ is a universal covering orbifold of Z.

Example 2.34. The teardrop Z, with n > 2 (see F igure is an example
of an orbifold with a trivial orbifold fundamental group which is not a man-
ifold (c.f. [50, p. 304]). Its underlying topological space is a 2-sphere S, and
its singular set consists of a single point, whose neighbourhood is modelled
on R?/(Z/nZ), where the cyclic group Z/nZ acts by rotations.

R?/(Z/nZ)

Figure 2.1: Teardrop Z,.

2.5. Flat vector bundles and holonomy

In this subsection, we still assume that Z is a connected orbifold. Let F' be
a proper flat orbifold vector bundle on Z. Let (U ,Zj ) be an orbifold atlas as
in Definition Let G be the associated groupoid. We fix z¢ € G.

For a G-path ¢ = (b1, -+ ,bk; 90, - ,gk), the parallel transport 7. of F’
along c is defined by

It depends only on the homotopy class of c. In particular, it defines a repre-
sentation, called holonomy representation of F,

(2.61) p:T — GL,(C).

The isomorphic class of the representation p is independent of the choice of
orbifold atlas on Z, of the local trivialization of F, and of the choice of x.
Moreover, it does not depend on the isomorphic class of F'.
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Let Hom(T', GL,(C))/~ be the set of equivalent classes of complex rep-
resentations of T’ of dimension 7, and let M} (Z) be the set of isomorphic
classes of proper complex flat orbifold vector bundles of rank r on Z. By

Proposition [2.21] and Remark [2.22] the map
(2.62) p € Hom(I', GL,(C))/~ = X , x C" € MY (Z)
is well-defined.

Theorem 2.35. The map (2.62)) is one-one and onto, whose inverse is
given by the holonomy representation (2.61)).

Proof. Step 1. The holonomy representation of X ,x C" is isomorphic to p.
Assume that the orbifold Z is covered by {U } with simply connected
orbifold charts {U,} centered at 2 € U, and X is covered by {V. .} as
such that p(V. q) = U..
Takey € I'. Let ¢ = (b1, -+ ,bk; go, - - - , gr) be a G-loop based at xy which
represents 7. It is enough to show the parallel transport along ¢ is p(y). For
1 <i <k, take

(2.63) @i = bi(ti_1).

Up to equivalence relation of ¢ and up to adding charts into the orbifold
atlas of Z, we can assume that there are orbifold charts U, of Z centered
at x; such that b; : [t;_1,t;] = U,,. Also, we assume that U,, is an orbifold
chart of Z centered at xg.

Let ¢z, = ¢y g, s in (2.44). For 2 <i <k, set

(2.64) ¢z = (b1, bi1590,+ , gim1).

By (2.41)), for 1 < <k, c,, is a G-path starting at xg and ending at x; such
that

(2.65) lc.] € V1.

)

We claim that for 1 < < k,

(2.66) Veia NVz1 # 2, Vad NV y # 2.
Indeed, ¢, = (b1, -+ ,bi—1590," - ,gl 2,1d) projects to the same element of
X as ¢, and [c.] e VZ 1. Also, ¢, ., brojects to the same element of X as

C.
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Recall that vV, 1 = V;, . By (2.35)), (2.36) and (2.66)), for 1 <1i <k —1,
we have

(2.67) Gix =1, G = p(7)-

By ([2.60]), the parallel transport along c is p(7y).
Step 2. If F' has holonomy p, then F' is isomorphic to X ,x C".

We will construct the bundle isomorphism. By (2.24) and (2.25)), the
groupoid of the total space F is given by GI' = (Gy x C",G; x C"). Let us
construct a universal covering orbifold of F by determining its groupoid GF.

Take (z0,0), (z1,u) € G&'. Let (c,v) be a GI'-path starting at (x,0) and
ending at (x1,u). Then there is a partition of [0, 1] given by 0 =ty < -+ <
tr = 1 such that ¢ = (b1, ,bk; g0, - , k) as in Definition . Also, v =
(v1,---,vk), where v; : [t;_1,t;] — C is a continuous path such that v (0) =
0, g,f,*vk(l) =wand for 1 <i<k-—1,

(2.68) gf*vi(ti) = vit1(ti)-
Put w : [0,1] — C" a continuous path such that for ¢ € [t;_1, ],

F— F—
(2.69) w(t) = gou g7 vi(b).

We identify (c,v) with (c,w) via (2.69). Then, (c,v) is homotopic to
(c/,v") if and only if ¢, ¢ are homotopic as G-path and w, w" are homotopic as
ordinary continuous paths in C". Since any continuous path w : [0,1] — C"
such that w(0) = 0 is homotopic to the path ¢ € [0, 1] — tw(1), we have the
identification

(2.70) e, v] € G — ([e], w(1)) = ([d], 7 "u) € Go x C".
In particular, we have an isomorphism of groups
(2.71) (] €T = [(¢,0)] € 7™ (F, (20,0)),

where 0 is the constant loop at 0 € C".
In the same way, we identify

(2.72) (leel.g) € GF = (([d.9).w(1)) € Gy x C.

We deduce that (([c],g),w(1)) represents an arrow from ([c],w(1)) € 6{
to ([ecg],w(1)) € G{'. Therefore, the orbit space of GF', which is also the
universal covering orbifold of F, is given by X x C".
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By the identification ([2.70f), the projection (2.40) is given by
(2.73) By ([, w(1)) € Go x C" — (p([d]), w(1)) € Go x C".

The group T acts on the left on éo, and on the left on C” by p. As in (2.40)),
the projection ([2.73)) is a Galois covering with deck transformation group T
And p, descends to a I'-invariant continuous map

(2.74) pp: X xC" — F.
By Theorem , Pp induces an isomorphism of orbifolds
(2.75) X x C" >~ F.

Using the fact that (2.73) is linear on the C”, we can deduce that ([2.75)
is an isomorphism of orbifold vector bundles. The proof of our theorem is
completed. O

Remark 2.36. The properness condition is necessary. Indeed, Theorem
[2:35] implies that the proper flat vector bundle is trivial on the universal
cover. Consider a non trivial finite group H acting effectively on C”. Then
H\C" is a non proper orbifold vector bundle over a point. Clearly, it is not
trivial.

Remark 2.37. By (2.27) and Theorem we get Corollary [0.2]

3. Differential calculus on orbifolds

The purpose of this section is to explain briefly how to extend the usual
differential calculus to orbifolds. To simplify our presentation, we assume
that the underlying orbifold is compact. We assume also that the orbifold
vector bundles are proper. By , all the constructions in this section
extend trivially to non proper orbifold vector bundles.

This section is organized as follows. In subsections we introduce
differential operators, integration of differential forms, integral operators and
Sobolev space on orbifolds.

In subsection [3.4] we explain Chern-Weil theory for the orbifold vector
bundles. The FEuler form, odd Chern character form, their Chern-Simons
classes, and their canonical extensions to Z [[ ¥Z are constructed in detail.
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3.1. Differential operators on orbifolds

Let Z be a compact orbifold with atlas (U, H) Let E be a proper orbifold
vector bundle on Z such that | - ) holds.

A differential operator D of order p is a family {DU COO(U EU)
(ke (U , EU)}Ueu of Gy-invariant differential operators of order p such that
if g € Gy is an arrow from x1 € U; to 2o € Us, then near x1, we have

(3.1) ¢*Dy, = Dy, .

If each l~)U is elliptic, then D is called elliptic.

If s€ C®(Z,F) is represented by the family {sy € C°°(U Ey)%v} such
that (2.28) holds. By (2.28) and (3.1)), {Dy3y € C=(U, Ey)°v Yyey defines
a section of F, which is denoted by Ds. Clearly, D : C*(Z,E) — C*(Z, E)
is a linear operator such that

(3.2) Supp(Ds) C Supp(s).

As in the manifold case, the differential operator acts naturally on distribu-
tions.

Example 3.1. A connection V¥ on E is a first order differential opera-
tor from C*(Z,E) to Q'(Z, E) such that V¥ is represented by a family
{VEU}UEﬁ of Gy-invariant connections on Ey such that holds. The
curvature R = (VF)? is defined as usual. It is a section of A%(T*2) ®gr
End(E). As usual, V¥ is called metric with respect to a Hermitian metric

Eif vEgE = 0.

Example 3.2. Let (Z, g"%) be a Riemannian orbifold. If g7% is defined by
the family {g"Y }reu of Riemannian metrics, then the family of Levi-civita
connections on (U, g7V defines the Levi-civita connection V7% on (Z, g7%).

Example 3.3. Let F' be a flat orbifold vector bundle on Z. The de Rham
operator d? : Q0 (Z, F) — Q+(Z, F) is a first order differential operator rep-
resented by the family of de Rham operators

(3.3) {dﬁ Q' (U,CT) = QYT, cr)}Ueu.

Clearly, (d?)? =0. The complex (Q'(Z, F),dZ) is called the orbifold de
Rham complex with values in F. Denote by H (Z,F) the corresponding
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cohomology. When F' = R is the trivial bundle, we denote simply by Q' (Z)
and H (Z ) Clearly, VI = ¢% |0 (z,F) defines a connection on F' with van-
ishing curvature. As in manifold case, such a connection will be called flat.
We say F' is unitarily flat, if there exists a Hermitian metric ¢*" on F such
that Vg = 0. Clearly, this is equivalent to say the holonomy representation
p is unitary.

3.2. Integral operators on orbifolds

Since Z is Hausdorff and compact, there exists a (finite) partition of unity
subordinate to . That means there is a (finite) family of smooth functions
{¢i € C(Z,[0,1]) }ier on Z such that the support Supp ¢; is contained in
some U; € U, and that

(3.4) > =1

i€l
Denote by
(3.5) 52 =7, (d’z) c Cgo(ﬁi)GUi_

Following [44], p. 474, for a € (Z, o(TZ)) which is represented by the
invariant forms {ay, € Q' (Ui, o(TU;))%V }icr, define

1 ~
(3.6) /a: / oy, .
Z ’LEZI |GU7| a '
By (B4) and @), we get:

Proposition 3.4. If a € Q'(Z,O(TZ)), then « is integrable on Zieg such
that

(3.7) /Za:/z .

From ([3.7)), we see that the definition (3.6]) does not depend on the choice
of orbifold atlas and the partition of unity. Also, we have the orbifold Stokes
formula.

2 By Satake [43], H (Z) coincides with the singular cohomology of the underlying
topological space Z. In general, H (Z, F) coincides with the cohomology of the sheaf
of locally constant sections of F.
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Theorem 3.5. The following identity holds: for o € Q'(Z, O(TZ)),

(3.8) /Z d?a=0.

Let us introduce integral operators. Let (F, g¥) be a Euclidean orbifold
vector bundle on Z. Fix a volume form dvy € Q' (Z,0(T'Z)) of Z. Then, we
can define the space L?(Z, E) of L?-sections in an obviously way. By (3.7)),
we have

(3.9) L*(Z,E) = L*(Zreg, Ereg)-

As in manifold case, with the help of dvz, we have the natural embedding
C*(Z,E)—D'(Z,FE).

By our local description of smooth sections and distributions ,
the Schwartz kernel theorem still holds for orbifolds. That means for any
continuous linear map A : C*°(Z, E) — D'(Z, E), there exists a unique p €
D'(Z x Z, ER E*) such that for sy € C*(Z,E) and sy € C*(Z,E*), we
have

(3.10) (Asy, s2) = (p,s2 ® $1).

Assume that p is of class C* for some k € N. Then A is called integral
operator. The restriction of p to the regular part defines a bounded section
Dreg € C”“(Zreg X Zreg, Ereg W E7.,) such that for s € C°(Z, E) and z € Zyg,

reg

(3.11) As(z) = / Preg(2,2")s(2 ) dvz,.,.
Z’leeg )

Using (3.9), A extends uniquely to a bounded operator on L?(Z, E). More-
over, since preg(z, 2’) is bounded,

(3.12) / Preg(2 #)Pdvz,, ., < 00,
(2,2")EZreg X Zreg
Then A is in the Hilbert-Schmidt class. If A is in the trace class, then

(3.13) Tr [A] = /EZ ¥ [Preg (2, 2)] dvz,,, = /EZ e [p(z, 2)] dvg.

reg

_ Now we give another description of integral operators. For any local chart
U, there is a Gy-invariant integral operator Ay : C*°(U, Ey) — C*(U, Ey)
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with integral kernel py € Ck(ﬁ xU,Ey X EZ‘]) such that if s € C°(U, Ely),
then As|y is defined by the invariant section

(3.14) Aysy(z) = / . pu(z, ') sy (z')dug.

Then the restriction of the integral kernel p on U x U is represented by the
invariant section (see [31), (2.2)])

(3.15) Z gpu(g ta, 2’y e C* (ﬁ x U, Ey X E(*])GUXGU.
geGu
If A is in trace class, we have

Z /eﬁ. (gz(x) Tr [gﬁU,i (g_lx,:c)] dvg .

gEGUi

i

(316) T[4 =Y Gl
i€l

3.3. Sobolev space on orbifolds

Let (Z,97%) be a compact Riemannian orbifold of dimension m. Let V1%
be the Levi-civita connection on TZ, and let RT# be the corresponding
curvature. Let (E,g”) be a proper Hermitian orbifold vector bundle with
connection V. When necessary, we identity £ with E" via gF.

Denote still by V7 (T"2)®rE the connection .7 (T*Z) @r E induced by
VTZ and V. For ¢ € N, take H(Z, E) to be the Hilbert completion of
C*°(Z, E) under the norm defined by

(3.17) ||3H3 = JZ:)/Z I(Vﬂ(T*Z)@mE)j s(z) 2

Let H9(Z, E) be the dual of H1(Z, E). If ¢ € R, we can define H4(Z, E)
by interpolation. As in the case of smooth sections, s € H(Z, E) can be
represented by the family {syy € HI(U, Eyy )%V }yey of Gy-invariant sections

such that (2.28)) holds.

Using these local descriptions, we have

de.

(3.18) () H%(Z,E) = C>(Z,E), | %z E)=D'(2,E).
q€ER geR

Moreover, if ¢ > ¢’, we have the compact embedding

(3.19) HY(Z,E) — HY (Z,E),
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and if ¢ € N and ¢ > m/2, we have the continuous embedding

(3.20) HU(Z,E) — C1" ™Az E).

3.4. Characteristic forms on orbifolds

Assume now (E, g%) is a real Euclidean proper orbifold vector bundle of rank
r with a metric connection VZ. The Euler form e(E,V¥) € Q"(Z,0(E))

is defined by the family of closed forms {e(EU, VEU) }U " Following |44,
€
Section 3.3], the orbifold Euler characteristic number is defined by

(3.21) Xorb(Z) = /Ze (T2,v"7).

If VE is another metric connection, the class of Chern-Simons form
(3.22) (B, VE VE)Y e Y (Z,0(E)) /dQ 2 (Z,0(E))

is defined by the family {&(Ey, VEe, v/Ev)} . Clearly, (L) still holds
true. veu

Let (F,VF) be a proper orbifold flat vector bundle on Z with a Hermi-
tian metric g*. The odd Chern character h (V' gf') € Q°44(Z) of (F, V)

is defined by the family of closed odd forms {h(VFU,gFU)}U " If ¢'F is
€

another Hermitian metric on F', the class of Chern-Simons form
(3.23) WVF,g",g") € Q" (Z) 1020 (2)

is defined by the family {h(VFU gt g’FU) } . As before, still holds
true. veu _

The degree 1-part of h(VF, g¥) and the degree 0-part of h(VF, g%, g'f)
will be especially important in the formulation of Theorem [0.3] We denote
by

0 (VF oF) = op (vF £\
(324) (v 9 ) (v 9 ) ’ 0]

0 (V¥ " ") =21 (V. 9", g")".
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By (1.17))-(1.20)) and (3.24), we have

9 (VFng) — Ty [(gF)_l vFgF} :

(3.25) N
dZG (VF,QF,Q/F) :a(vFvg/F) —G(VF,QF) )

Let || - ||ldet # and || - ||/} o be the metrics on the line bundle det F' induced
by the metrics g and ¢'*. By [9, (4.12)], we have

~ Il 2
(326) 0 (VF,gF7g/F) = log (HHdﬁF> .
I Nlaet £

_ The odd Chern character form h(VE, gf) and the Chern-Simons class
h(VE, g, g'"") can be extended to Z [[XZ. Recall that for U € U and g €
Gy, UY is an orbifold chart of Z ][ £Z. The restriction 0f~(ﬁU, VEY) to U9 is
a flat vector bundle. The element g acts fiberwisely on Fy|5, and preserves

VI and gﬁU. The family

(3.27) {hg (vﬁU7gﬁU) € QOdd(ﬁg)}Ueu,geGU

defines a closed differential form hx (V¥ gf") € Q044 (Z][£Z). Denote by
hi(VE, gF") the restriction of hy (VY gf) to Z; € Z[[ £Z. Similarly, we can
define

hi(VF. 9", 9" € QN(Z:) /0 (2y),
(3.28) 0:(V",g") € QY(Zy),
6:(V", 9", g") € C™(Z)).

The rank of F' can be extended to a locally constant function on Z [[¥Z

in a similar way. Indeed, the family {Tr[pf;(g)] € C®(U9)}veu gec, of con-

stant functions defines a locally constant function p on Z [[XZ. Denote by
p; its value at Z;. Clearly,

(3.29) po = rk[F].
4. Ray-Singer metric of orbifolds
In this section, given metrics g7 4 and g on T'Z and F, we introduce the Ray-

Singer metric on the determinant of the de Rham cohomology H (Z, F'). We
establish the anomaly formula for the Ray-Singer metric. In particular, when
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Z is of odd dimension and orientable, the Ray-Singer metric is a topological
invariant.

In subsection we introduce the Hodge Laplacian associated to the
metrics (g7%, g%). We state Gauss-Bonnet-Chern Theorem for compact orb-
ifolds.

In subsection [£.2] we construct the analytic torsion and the Ray-Singer
metric. We restate the anomaly formula.

In subsection following [8], we interpret the analytic torsion as a
transgression of odd Chern forms. We state Theorem [£.13] which extends the
main result of Bismut-Lott, and from which the anomaly formula follows.

In subsection [£.4] we prove Gauss-Bonnet-Chern Theorem and Theorem
in a unified way. Using an argument due to |31, p. 2230], which is based
on the finite propagation speeds for the solutions of hyperbolic equations [33]
Theorem D.2.1|, we can turn our problem into a local one. Since the orbifold
locally is a quotient of a manifold by some finite group, we can then rely
on the results of Bismut-Goette [6], where the authors there consider some
similar problems in the equivariant setting.

4.1. Hodge Laplacian

Let Z be a compact orbifold of dimension m, and let F' be a proper flat
orbifold vector bundle of rank 7 with flat connection V. Put

Xtop(Z, F) =Y (—1)'dim¢ H'(Z, F),

(4.1) m
Xiop(Z, F) =Y (~1)'idimc H'(Z, F).

=1

Take a Riemannian metric g’# and a Hermitian metric g© on F. We
apply the construction of subsection to the Hermitian orbifold vector
bundle E = A’ (T*Z) @r F with the Hermitian metric induced by ¢g’# and
g", and with the connection VA (" 2)®=F induced by the Levi-Civita con-
nection V74 and the flat connection V. Let d%* be the formal adjoint of
d?. Put

(4.2) D% = qd% + d**, 07 = D%? = [d%,d%*] .

Then d?* is a first order differential operator, represented by the family of
the formal adjoint dU* of dU with respect to the L2-metric defined by gTU
and gF v. Also, 0% is a formally self-adjoint second order elliptic operator
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acting on Q' (Z, F), which is represented by the family of Hodge Laplacian
OY acting on Q(ﬁ, ﬁU) associated with g7V and ¢fv. Also, the operator
(DZ, 0 (Z, F)) is essentially self-adjoint. And the domain of the self-adjoint
extension is H2(Z,A (T*Z) ®r F). The following theorem is well-known
(e.g., [31l Proposition 2.2|, [14, Proposition 2.1]).

Theorem 4.1. The following orthogonal decomposition holds:

(4.3)  Q(Z,F) =ker 07 @ Im (7o (z,7)) ® Im (d?*|q(2,7)) -

In particular, we have the canonical identification of the vector spaces
(4.4) ker(? ~ H(Z, F).

In the sequel, we still denote by (0% the self-adjoint extension of the
operator (DZ, Q(Z, F)) By , for k> 1, the operator (1 +[%)~* has
a continuous kernel. In particular, (1 + %)% is in the Hilbert-Schmidt class,
and (14 0%)7%F is in the trace class. By the above argument, if f lies in
the Schwartz space S(R), then f([0%) has a smooth kernel, and is in the
trace class. For ¢t > 0, the same statement holds true for the heat operator
exp(—t0%) of 0. In this way, most of results on compact manifolds, which
have been obtained by the functional calculus of the Hodge Laplacian, still
hold true for compact orbifolds.

Let NA(T"2) he the number operator on A (T*Z). We write Trg[] =
Tr [(—1)N A.(T*Z)'} for the supertrace. By the classical argument of Mckean-

Singer formula [34], we get:
Proposition 4.2. Fort > 0, the following identity holds:

(4.5) Xtop(Z, F) = Trg [exp (—t07)] .

Recall that xob(Z) and p; are defined in (3.21) and (3.29)).

Theorem 4.3. When t — 0, we have

lo
(4.6) Trg [exp (—tDZ)] — Z pZXOY;L(Zl)
i=0 ‘

In particular,

D o (Z)
(4'7) Xtop(Zy F) = E Pi Orml : .
i=0 ¢
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Proof. Equation (4.7) is a consequence of (4.5) and (4.6)). The proof of (4.6 .

will be given in subsectlon 4.4.1

4.2. Analytic torsion and its anomaly

By (#.3)), let PZ be the orthogonal projection onto ker (0. By the short time
asymptotic expansions of the heat trace [31, Proposition 2.1], proceeding as
in |4, Proposition 9.35], the function

(48)  0(s)=— 1)/000Trs [NA'(T*@exp (-t0%) (1—PZ)}tS*1dt

I(s)

defined on the region {s € C:Re(s) >m/2} is holomorphic, and has a
meromorphic extension to C which is holomorphic at s = 0.

Definition 4.4. The analytic torsion of F' is defined by
(4.9) T (F,g"%,¢") = exp (¢'(0)/2) > 0.

Remark 4.5. The formalism of Voros [51] on the regularized determinant
of the resolvent of Laplacian extends to orbifolds trivially, as the proof relies
only on the short time asymptotic expansions of the heat trace and on the
functional calculus. Thus the weighted product of zeta regularized determi-
nants

(4.10) )

Qi(Z,F)
i=1

is a meromorphic function on C such that when ¢ — 0, we have

411 Hdet U+DZ|Q ZF)(_l)ii
=1

=T(Z, gTZ,gF)2 Xion(ZF) 4 O(gXlon(ZF)F1),

We have a generalization of [42, Theorem 2.3|.

Proposition 4.6. If Z is an orientable even dimensional compact orbifold
and if F' is a unitarily flat orbifold vector bundle, then for any Riemannian
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metric g7 and any flat Hermitian metric g,
A(T*z) T AN
(4.12) Trg [ (N 5 exp (—t0%) | = 0.
In particular,
(4.13) T (F,g"%,¢") =1
Proof. Let % : N'(T*Z) — A"~ (T*Z) ® o(TZ) be the Hodge star operator
associated to g%, which is locally defined by the family LU A (THU) —
A" (T*U) @r o(TU) }yey. Note that Z is orientable, so o(TZ) is triv-

ial. Write % = % @R idp : A (T*Z) @r F — A" (T*Z) @R F. Clearly, we
have

(4.14) 7 (NA'(T*Z) - T) WAl = (NA‘(T*Z) _ @) '
2 2

Since g is flat, we have

(415) ZDZ Z,—1 DZ

Note that when m is even, xZ is an even isomorphism of '(Z, F). Hence,

) and (4.15), we get (4.12)). Equation (4.13) is a consequence of

4 12 O
Set
(4.16) A=) (det (2, F)) .
=0

Then A is a complex line. Let | - 58’2 be the L2-metric on A induced via .
Definition 4.7. The Ray-Singer metric on A\ is defined by
(4.17) 1135 =T (F, "7, g") |- 13®.

Let (¢7%,¢") and (¢'7X, ') be two pairs of metrics on TX and F.

Let || - ||§S 2 and || - ||/R “ be the corresponding Ray-Singer metrics on A\. We
restate Theorem [0.3]
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Theorem 4.8. The following identity holds:

(4.18) log < N RS 2) Z - / vF,thq ) (TZi, VTzi)
0, (V7. g") & (T2, V%, 9T 4) ).
Proof. The proof of our theorem will be given in Remark [£.15] O

Corollary 4.9. If all the Z;’s are of odd dimension, then || - ||§S’2 does not
depend on gT% or g¥'. In particular, this is the case if Z is an orientable odd
dimensional orbifold.

Proof. When dim Z; is odd, e (T'Z;, VI%) = 0and € (T Z;, V1% ,V'T%) = 0.
By Theorem 4.8 we get Corollary [4.9] O

Corollary 4.10. If for 0 <i <,
(419) Xorb(Zi) =0,

and if F is unitarily flat, then || - Hfsg does not depend on g% or on the
flat Hermitian metric g¥'.

Proof. Take (¢7%,g¢") and (¢, ¢'"") two pairs of metrics on TX and F
such that V¥¢g¥ = 0 and V¢’ = 0. By (3.27), for 0 < i < I,

(4.20) 0; (V¥,g") =0 (V",g") =0.

By (3.25) and (4.20)), gi(VF,gF,g’F) is closed. It becomes a constant ¢; € C
as Z; is connected. Using (4.19), we get

(4.21) / 0; (F, gF,g'F) 2 (TZi,VTZ") = ci/ e (TZZ-,VTZi) =0.
Z; Zs

RS2 RS,2
By (£18), [:20), and [@21), we get || - [y = [ - X" 0

Remark 4.11. If F' is not proper, we can define the analytic torsion and
Ray-Singer metric in the same way. Indeed, we have

(422) H(Xu F) - H(Xv Fpr), (F gTZ F) (FprngZ’ng ) .

Also, the Ray-Singer metrics of F' and FP' coincides. For this reason, all the
result in this section holds true for non proper flat orbifold vector bundle.
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4.3. Analytic torsion as a transgression

Let (917, g!")ser be a smooth family of metrics on TZ and F such that

423) (17,90 sm0 = ("% 0"), (27, 95)|em1 = (62, gT).

Then, s € R — log T(F, g1#, gF) is a smooth function. Following [8, Section
I11], we will interpret the analytic torsion function log T(F,g7%, g as a
transgression for some odd Chern forms associated to certain flat supercon-
nections on R.

Recall that 7 is defined in , and g™ (T%) g™ F are defined in (T.8)
with F = TZ or F'. Consider now a trivial infinite dimensional vector bundle

W on R defined by
(4.24) RxQ(Z,F)— R.

Let ¢ be a Hermitian metric on W such that ¢! is the L2-metric on
Q' (Z,F) induced by (g1, g%). Put

(4.25) A =d® +d?.

Then A’ is a flat superconnection on W. Let A” be the adjoint of A’ with

respect to ¢"'. For s € R, denote by dSZ’*, DSZ the corresponding objects for

(ggz,gf), and by *SZ the Hodge star operator with respect to gsTZ. Thus,

_,0gF o2
4.9 A// — dR dZ,* d F—-1%9s Z,—1%"s .
Set
(4.27) A= %(A” + A, B— %(A” A,

Then A is a superconnection on W, and B is a fibrewise first order elliptic
differential operator. The curvature of A is given by

(4.28) A? = —B2

It is a fibrewise second order elliptic differential operator.
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Following [8, Definition 2.7], we introduce a deformation of g'. For t > 0,
set

(4.29) gV = tNA.(T*Z)gW.
Let A7 be the adjoint of A’ with respect to g/V'. Clearly,
(4.30) Al = NV N
We define A; and By as in (4.27)), i.e.,

1 " / 1 " /
(4.31) Ay = §(At + A, B; = i(At —A').
Theorem 4.12. Fort > 0, we have
(4.32) Trs [exp (Bf)] = Xtop(Z, F').

Proof. Theorem can be proved using the technique of the local family
index theory as in [8, Theorem 3.15|. Since here the parameter space R is
of dimension 1, we give a short proof. By construction, Trg [exp (Bf)] is an
even form on R, thus it is a function. By ([4.25)), (4.26), (4.30) and (4.31]),

we have

(4.33) Trs [exp (B7)] = Trg [exp (—t0Z/4)] .
By and , we get . U

Recall that h is defined in (1.18]). Following [8 (2.22) and (2.23)], for
t > 0, set

A(T*Z)
(4.34)  wp = Trg [W(By)] € QYR), vy = Tr [N

h’(Bt)} € C°(R).

The subspace ker((J?) C Q(Z, F) defines a finite dimensional subbundle
Wy C W on R. By Theorem the fiber of Wy is H(Z,F). As in [8
Section IILf], we equip Wy with the restricted metric g"° and the induced
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connection VWo. Put

lo

1 . . .
_ - * TZZ 7v7’r (TZ,) hz Vﬂ' F, T F ,
(4.35) 1o Z_; m; /Zie <7T (TZ) > (V75™)
oo = b (V'0, g")
and
m 1
(4'36) Yo = ZXt0P<Zv F)? Voo = §X;op(Zﬂ F)

For a smooth family {ay }¢~0 of differential forms on R, we say o, = O(t)
if for all the compact K C R, and for all k € N, there is C' > 0 such that
atllonxy < Ct.

Theorem 4.13. Fort > 0, us is a closed 1-form on R such that its cohomol-
ogy class does not depend on t > 0 and that the following identity of 1-forms
holds:

(4.37) L (ﬁ) :
Ast — 0, we have

(4.38) w =y + O (x/i) , v =1+ O (x/i) :

ast — oo,

(4.39) Ut = too + O(1/V1), v = Voo + O(1/V1).

Proof. By |8, Theorems 1.8 and 3.20], u; is closed and holds. The first
equation of will be proved in subsection The first equation of

(4.39) can be proved as [8, Theorem 3.16], whose proof is based on functional
calculus. Proceeding as [8, Theorem 3.21], we can show the second equations

of (4.38) and (4.39) as consequence of the first equationﬂ of (4.38) and
@39). O

3More precisely, we need the corresponding results on a larger parametrized space
R x (0,00). We leave the details to readers.
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Corollary 4.14. The following identities in C*(R) and Q'(R) hold:

(4.40)
log T (F,g"%,gF) = - /000 {vt v (0) = (vp — vae) B <“2/£> }Cit

and
(4.41) Uy — uss = d¥log T (F, g7%, g7) .

Proof. By Theorem proceeding as [8, Theorems 3.23 and 3.29|, we get
Corollary O

Remark 4.15. Theorem is just (4.41)). Indeed, if || - HRS2 denotes the

Ray-Singer metric on A assomated to (g TZ , gf ). By ( - -, and using
the fact that our base manifold R is of dimension 1, we have

(4.42) ds/\aa{log(ﬂ IS 2)}
_ Z ~ / ), V™ “(TZ; )) 0, (vw*p,gﬂ*F) .

By (1.9) and (T.23) with a; s € QI™mZ~Y(Z, o(TZ;)), ﬂl[?s] € C™(Z;) defined

in an obvious way, we have

e (w*(TZi), VW*(TZJ) =e(T%;, V') +d? / i sds +ds A ai g,

(4.43) 0

0, (V™ g7 ) = 6; (V' ) + 247 /Os B%ds + 2ds A BL.
By (E43), we have

(4.44) /Z K (w*(TZi), v#*<TZi>) 0; (V7E g7 )

| — ds /Z (25}?8] e (TZZ-, V”*(TZ)) — 60, (VF, ") A a) .

By integrating (4.44) with respect to the variable s form 0 to 1, and by

(2. we get (119,
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4.4. Estimates on heat kernels

4.4.1. Proof of Theorem We follow [6], Section 13.2]. Take ag > 0.
Let f,g: R — [0,1] be smooth even functions such that

O O T gls) =1~ £(5).

|S| Z Qp,
Definition 4.16. For t > 0 and a € C, set
(4.46)

Fi(a) = /Remsa’e_szf (ﬁs) j;, Gi(a) = /ReQisae_SQQ (\/7;5) ﬁ

N

By (I45) and (TA0), we get
(4.47) exp (—a2) = Fi(a) + Gi(a).
Moreover, F; and Gy are even holomorphic functions, whose restriction to
R lies in S(R). By (4.46]), we find that given m,m’ € N, ¢ > 0, there exist
C > 0,C" > 0 such that if t € (0,1], a € C, |Im(a)| < ¢,
(4.48) la|™ ‘Ggml)(a)‘ < Cexp(=C'/t).

There exist uniquely well-defined holomorphic functions .%#;(a) and % (a)
such that

(4.49) Fi(a) = F(a?), Gi(a) = % (a?).
By and (£.49), we have
(4.50) exp(—a) = F(a) + %(a).
By (4.50), we get
(4.51) exp (—t0%) = 7, (t07%) + %, (t07) .

If A is a bounded operator, let ||A|| be its operator norm. If A is in the trace
class, let ||Alj1 = Tr [\/ A*A} be its trace norm.
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Proposition 4.17. There exist ¢ > 0 and C > 0 such that for t € (0,1],
(4.52) 1%, (t07) ||, < Ce /"
In particular, as t — 0, we have

(4.53) Trs [exp (—t07)] = Tr, [Z (107)] + O(e™/).

Proof. By ([4.48)) and (4.49)), for any k € N, the operator (1 + Dz)k @, (t0%)
is a bounded operator such that there exist C > 0 and C’ > 0,

(4.54) |(1+0%) 4 (107) | < Cexp (~C'1t).
Take k € N big enough such that (1 4+ 0%)7F is of trace class. Then

(4.55) % (:107)], < H(1 + DZ)_"’Hl H(l + O%)kg, (t107) H .

By (4.54) and ([4.55), we get (4.52). By ([.51) and (4.52), we get (4.53).

Assume that Z is covered by a finite family ¢ = {U;}ser of connected
open sets with orbifold atlas U = {(Uz, Gu,,Tu,) Yier- Let {#i}ier be a par-
tition of unity subordinate to {U;}icr. Let .7 (tDZ) u. (% 2') be the smooth
kernel in the sense (3.14). By (3.16)), we have

(4.56) Trs [F (107 )]

e

el

Z / () Trg [Qﬁt (t07),, (g Lo :1:)} dvg .

9€Gu,

Fori e I, and g € Gy,, let NUq/U be the normal bundle of [Zg in U;. We

identity N~/_vq/[7_ with the orthogonal bundle of Tﬁf in Tﬁi\ﬁg. For ¢ > 0,
set L '

(4.57) Nﬁf/ﬁneo = {(y,Y) € Nﬁig/ﬁi : dist (y, Supp(aﬁi)) < €, Y] < eo} )

Take ¢y > 0 small enough such that for all ¢ € I,

(4.58) {2 € U; : dist(z, Supp(¢s)) < e} € U;,

and such that all i € I, g € Gy,, the exponential map (y,Y) € —

Uq /U €o
exp, (V) € U; defines a diffeomorphism from N~ 5 /17, ¢, ONO its image Uy ¢, g C
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U;. Also, there exists §y > 0 such that for alli € I, g € Gy, if z € Supp(ggi)
and dist(g~ 'z, z) < &, then

(4.59) x € Ui,eg,g'

Let dvg, be the induced Riemannian volume of U9, and let dY be the induced
Lebesgue volume on the fiber of Nﬁg/ﬁ. Let k; : Nﬁg/ﬁ w R’ be asmooth

function such that on (72-760,9 we have
(4.60) dvg = ki(y,Y)dvg,dY.

Clearly, k;(y,0) = 1. ~

For z € Supp(¢;) and r € (0, €), let BU:(r) be the geodesic ball of cen-
ter x and radius r. Using the result of the finite propagation speeds for
the solutions of hyperbolic equations on orbifolds [31, Section 2.3| (see also
[33, Theorem D.2.1]), by taking «ap < imin{éo,eo}, for = € Supp(¢;), we
find the support of .7, (tDZ)Ui (z,-)in Bg (4ap). Moreover, Z, (t0%) v, (@)
depends only on the Hodge Laplacian O acting on € ((7,, E’U) Using
and , we get

(4.61) [ () Trg [g% (tDZ)Ui (gflx,a:)} dvy

Ui
[ g, [ By V)
yGU{’ YEN(?ig/fJi.y’IY|<EO

T [Q% (107, (97 (. ), (.%Y))} ki(y,Y)dY.

Consider an isometric embedding of (ﬁz, gTﬁi) into a compact manifold
(Xi, g7™). We extend the trivial Hermitian vector bundle (Fy,, g"v:) to a
trivial Hermitian vector bundle (F}, g**) on X;. Thus, when restricted on U;,

(4.62) Ob = o%.
Using the results of the finite propagation speeds for the solutions of hyper-

bolic equations on orbifolds [31), Section 2.3] and on manifolds [33, Theorem
D.2.1], for z,y € U;, we have

(4.63) 6i(2). 71 (t107),, (x,y) = ¢i(2).F; (105 (z, ).
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Recall that for z € U; and 9 € Gu,, g: Fg-1y; = Fy is a linear map. In par-
ticular, g.%; (tDXi) (97 'z, z) is well-defined on U;. By ({.63), for y € U7, we

have

(4.64)
/ 3, Y) T[07, (107) 5, 70 Y), (0. Y)) | Rily, V)ay
YENﬁig/zji,yv|Y|<50 '
= / ¢i(y, Y) Trg [97 (t10%) (97 (5. Y), (v, Y))] ki(y, Y)dY
YeNfIf/ﬁi,y7|Y|<60

_ 43 dimNga / o (3. ViY)
- (2 )
YEN[?Q/f]i,yV\/ZlY|<EU

Tr, [gﬁt (10X (97 (y, VAY), (3, \/EY))} k; (y \/£Y) 4y’
Let [e (Tﬁ 9, VTUQH - be the function defined on U9 such that
(4.65) ¢ (Tffg, vTﬁ") _ [e (Tﬁg, 70 )} v,

Theorem 4.18. There exist ¢ > 0 and C > 0 such that for anyi €1, g €
Gy, and (y,VtY) € Nigo /5, ¢, we have

19 S
2d1mNU§/U,L

(4.66) t

i (y, \/¥Y> k; (y, \/ZY>

Trs [g% (t0%) (g7 (y. VEY), (v, \/EY))} < Cexp(—cY]?).

Ast — 0, we have

(4.67) ¢2 9 Noro, /Y {&(y, VY )k (y \/EY)

€Ng9 5, ., VY |<eo

Try [gﬂt (tDXi) (gil(y, VYY), (v, \/fY))} dY}

= 3u(y.0) Telpf (o) [e (707,977 )|

Proof. Theorem is a consequence of [0, Theorems 13.13 and 13.15]. O
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The end of the proof of Theorem[[.3. By (4.53), {4.56), (4.61), (4.64)-(4.67),
and the dominated convergence Theorem, we get

(4.68)  lim v, [exp (—tDZ)]

_Z|

el

/ ¢Z y,0 TUg VTU9>

gGG

As 51 is Gy,-invariant, the integral on the right-hand side of (4.68|) depends
only on the conjugation class of Gy,. Thus,

(4.69) Z| > Trlpf (9)] /[7 ) di(y,0)e (Tﬁig’vTﬁg)

geG

B TI' pU g U . a 'Xorb(Zi>
_Z Z / di(y,0) TUg v )—;szi

i€l [g]€[Gu,] | Gu; (9l

By (68) and (L69), we get (L0). O

4.4.2. The end of the proof of Theorem [4.13| It remains to show the
first identity of (4.38]). Following [0, p. 68|, we introduce a new Grassmann
variable z which is anticommute with ds. For two operators P, () in the trace
class, set

(4.70) Tr?[P + zQ] = Tr[Q)].

By (1.18), (4.34), (4.50) and (4.70]), we have

(4.71) up = Tr? [exp (—A7 + zB;)]
=T? [F (A} —zB)] + T2 [%, (A} — zB))] .

We follow the same strategy used in the proof of Theorem [£.3] As in
(4.52), proceeding as in [0, Theorem 13.6], when t — 0, we have

(4.72) TeZ [ (A7 — 2By)] = O(e™/h).
Moreover, the principal symbol of the lifting of A? —zB; on ﬁl is scalar,

and is equal to t|§|3/4 for § € T*U;. Take g < min{do, €p}. As in the case of
Fy (tDZ), for x € U; and = € Supp(¢;), the support of .Z; (A% — th) v (@)
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is Bg i(ap) and its value depends only on the restriction of A7 —zB; on U;.
Also,

(4.73)

z 1 ~
G IED Sre D Dl BE S (8
’ U9 /U;,y’ €o

As in (4.62), we can replace Aj —zB; by the corresponding operator on
manifolds. Recall that hg V”*Fuz‘,g”*FUi> € Q4 (UY) is defined in (3:27).
Proceeding as [6, Theorem 3.24|, as t — 0, we have

(4.74) / ~ { / Gy, Y)ki(y, V)
yeU;? YeNﬁg/ﬁi,yy|Y|<€o
Trs [9«% (A7 —2By),,. (97 (. Y), (v, Y))} dY}dv@q

- [, o a5 () o

Proceeding now as in (4.69), by (4.72)-(4.74), we get the first identity of
(E33). 0

5. Analytic torsion on compact locally symmetric space

Let G be a linear connected real reductive group with maximal compact
subgroup K C G, and let I' C G be a discrete cocompact subgroup of G. The
corresponding locally symmetric space Z = I'\G/K is a compact orientable
orbifold. The purpose of this section is to show Theorem [0.4] which claims
an equality between the analytic torsion of an acyclic unitarily flat orbifold
vector bundle F' on Z and the zero value of the dynamical zeta function
associated to the holonomy of F.

This section is organized as follows. In subsections and we recall
some facts on reductive groups and the associated symmetric spaces.

In subsections [5.3] and we recall the definition of semisimple ele-
ments and the semisimple orbital integrals. We recall the Bismut formula for
semisimple orbital integrals [5, Theorem 6.1.1].

In subsection [5.5, we introduce the discrete cocompact subgroup I' and
the associated locally symmetric spaces. We recall the Selberg trace formula.



“Orbifold _Torsion final” — 2020/9/10 — 0:54 — page 57 — #57

Flat vector bundles and analytic torsion on orbifolds 57

In subsection [5.6] we introduce a Ruelle dynamical zeta function asso-
ciated to the holonomy of a unitarily flat orbifold vector bundle on Z. We
restate Theorem . When the fundamental rank 6(G) € N of G does not
equal to 1 or when G has noncompact center, we show Theorem [0.4]

Subsections [5.7}[5.11] are devoted to the case where G has compact center
and §(G) = 1. In subsection we recall some notation and results proved
in [47, Sections 6A and 6B]|. In subsection we introduce a class of rep-
resentations of K. In subsection [5.9] using the Bismut formula, we evaluate
the orbital integrals for the heat operators of the Casimir associated to the
K-representations constructed in subsection 5.8 In subsection[5.10] we intro-
duce the Selberg zeta functions, which are shown to be meromorphic on C
and satisfy certain functional equations. In subsection we show that
the dynamical zeta function equals an alternating product of certain Selberg
zeta functions. We show Theorem

5.1. Reductive groups

Let G be a linear connected real reductive group [29, p. 3|, let 6 € Aut(G)
be the Cartan involution. That means G is a closed connected group of real
matrices that is stable under transpose, and 6 is the composition of transpose
and inverse of matrices. Let K C G be the subgroup of G fixed by 6, so that
K is a maximal compact subgroup of G.

Let g and ¢ be the Lie algebras of G and K. The Cartan involution 6
acts naturally as Lie algebra automorphism of g. Then ¢ is the eigenspace
of 0 associated with the eigenvalue 1. Let p C g be the eigenspace with the
eigenvalue —1, so that

(5.1) g=pP¢L

By [29, Proposition 1.2|, we have the diffeomorphism

(5.2) (Yk)epx K = e keG.
Set
(5.3) m = dim p, n = dim €.

Let B be a real-valued non degenerate bilinear symmetric form on g
which is invariant under the adjoint action of G, and also under 6. Then (/5.1))
is an orthogonal splitting with respect to B. We assume B to be positive on
p, and negative on €. The form (-,,-) = —B(-,0-) defines an Ad(K)-invariant
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scalar product on g such that the splitting is still orthogonal. We denote
by | - | the corresponding norm.

Let gc = g ®Rr C be the complexification of g and let u = /—1p @ £ be
the compact form of g. Let G¢ and U be the connected group of complex
matrices associated to the Lie algebras gc and u. By [29] Propositions 5.3 and
5.6, if G has a compact center, G¢ is a linear connected complex reductive
group with maximal compact subgroup U.

Let % (g) be the enveloping algebra of g. We identify % (g) with the
algebra of left-invariant differential operators on G. Let C? € % (g) be the
Casimir element. If ey, - - - , e, is an orthonormal basis of p, if €41, , €mtn
is an orthonormal basis of €, then

m n+m
(5.4) CP=-) e+ Z ez,
i=1 j=m-+1
Classically, C? is in the center of % (g).
We define C* similarly. Let 7 be a finite dimensional representation of

K on V. We denote by C*V or C%™ € End(V) the corresponding Casimir
operator acting on V', so that

m—+n
(5.5) CHV =Ch = > r(ei)

i=m+1

Let §(G) € N be the fundamental rank of G, that is defined by the

difference between the complex ranks of G and K. If T'C K is a maximal
torus of K with Lie algebra of t C &, set

(5.6) b={Y ep:[Y,{] =0}
Put
(5.7) h=0bdt, H = exp(b)T.

By [29, Theorem 5.22|, h C g (resp. H C G) is a f-invariant Cartan subalge-
bra (resp. subgroup). Therefore,

(5.8) )(G) = dimb.

Moreover, up to conjugation, h C g (resp. H C @) is the unique Cartan sub-
algebra (resp. subgroup) with minimal noncompact dimension.
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5.2. Symmetric space

Let w? be the canonical left-invariant 1-form on G with values in g, and let
wP, wt be its components in p, €, so that

(5.9) w9 = w? 4+ wh.

Set X =G/K. Then p: G — X = G/K is a K-principle bundle equipped
with the connection form w*.

Let 7 be a finite dimensional orthogonal representation of K on the real
Euclidean space E... Let &£, be the associated Euclidean vector bundle with
total space G x i E-. It is equipped a Euclidean connection V¢+ induced by
w®. We identify C*°(X, ;) with the K-invariant subspace C*(G, E,)¥ of
smooth E,-valued functions on G. Let C%%7 be the Casimir element of G
acting on C*°(X, &;).

Observe that K acts isometrically on p by adjoint action. Using the above
construction, the total space of the tangent bundle T'X is given by

(5.10) G Xk p.

It is equipped with a Euclidean metric g7* and a Euclidean connection VX
which coincides with the Levi-Civita connection of the Riemannian manifold
(X, gT¥%). Classically, (X, g7) has non positive sectional curvature.

If E- =A(p*) is equipped with the K-action induced by the adjoint
action, then C*(X, ;) = Q'(X). In this case, we write C%X = C9%7. By
[5, Proposition 7.8.1], C%X coincides with the Hodge Laplacian acting on
0 (X).

Let dvx be the Riemannian volume of (X, g7X). Define [e(T X, VT X )|max
as in ([£.65). Since both dvx and e(TX, VT¥) are G-invariant, we see that
[e(TX,VT¥)max ¢ R is a constant. Note that §(G) and dim X have the
same parity. By [47, Proposition 4.1|, if §(G) # 0, then

max

(5.11) [e (TX, V)™ =0.

If 0(G) = 0, G has a compact center. Then U is a compact group with max-
imal torus 7. Denote by W(T,U) (resp. W(T, K)) the Weyl group of U
(resp. K) with respect to T, and by vol(U/K) the volume of U/K induced
by —B. Then, [47, Proposition 4.1] asserts

m/2 WL U)/IW(T, K)|

(5.12) [ (TX,VT)]"™ = (-1) vol(U/K)
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5.3. Semisimple elements

If v € G, we denote by Z() C G the centralizer of v in G, and by 3(v) C g
its Lie algebra. If a € g, let Z(a) C G be the stabilizer of a in G, and let
3(a) C g be its Lie algebra.

Following [5, Section 3.1, v € G is said to be semisimple if and only if
there is g, € G, such that v = gwe“k_lg;l with

(5.13) acyp, ke K, Ad(k)a = a.
Set
(5.14) ay = Ad(g,)a, ky = gykgy "

Therefore, v = % kY L. Moreover, this decomposition does not depend on the
choice of g,. By [5], (3.3.3)], we have

(5.15) Z(v) = Z(ay) N Z(ky), 3(7) = 3(ay) N3(ky).

By [30, Proposition 7.25|, Z(7) is reductive. The corresponding Cartan
evolution and bilinear form are given by

(5.16) 0y, = 94095 ", By (-,-) = B (Ad(g;")- Ad(g; ")) .

Let K(v) C Z() be the fixed point of §, , so K(v) is a maximal compact
subgroup Z(7). Let () C 3(7) be the Lie algebra of K (7). Let

(5.17) 3(7) =p(7) D E(7)
be the Cartan decomposition of 3(y). Let
(5.18) X)) =2()/KM)

be the associated symmetric space.

Let Z°(7) be the connected component of the identity in Z(7). Sim-
ilarly, Z°(v) is reductive with maximal compact subgroup Z°(y) N K (7).
Also, Z%(y) N K(7) coincides with K°(v), the connected component of the
identity in K (). Clearly, we have

(5.19) X(y) =2 /K ().

The semisimple element « is called elliptic if a, = 0. Assume now 7 is
semisimple and nonelliptic. Then a., # 0. Let 3%(v) (resp. p»1(7)) be the
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orthogonal spaces to a in 3(7) (resp. p(7y)) with respect to B, . Thus,

(5.20) 3 () = p¥ () @ E().

Moreover, 3>+ () is a Lie algebra. Let Z%+0(v) be the connected subgroup
of Z%(7) that is associated with the Lie algebra 3%*(v). By [5, (3.3.11)],
Z%10(~) is reductive with maximal compact subgroup K°(vy) with Cartan

decomposition ([5.20)), and
(5.21) Z%(y) =R x 290y,
so that e'® € Z%() maps into t|a| € R. Set

(5.22) X4 (y) =20 (7) /KO().

By (5.19), (5.21)), and (5.22)), we have

(5.23) X(7) =R x X% (v),

so that the action €' on X () is just the translation by t|a| on R.

5.4. Semisimple orbital integral

Recall that 7 is a finite dimensional orthogonal representation of K on the
real Euclidean space E,. Let th’T(a:,a:’ ) be the smooth kernel of the heat
operator exp(—tC®%7 /2) with respect to the Riemannian volume dvx. As
in |5, (4.1.6)], let th’T(g) be the equivariant representation of the section
p;"7(pl,-). Then p; " (g) is a K x K-invariant function in C*°(G, End(E;)).

Let dvg be the left-invariant Riemannian volume on G induced by the
metric —B(-,6-). For a semisimple element v € G, denote by dvzo(,) the left-
invariant Riemannian volume on Z°(y) induced by —By (-,0,. ). Clearly,
the choice of g, is irrelevant. Let dvzo(,)\ ¢ be the Riemannian volume on
Z%(y)\G such that dvg = dv zo(4)dvzo(y)\ G- By [9), Definition 4.2.2, Proposi-
tion 4.4.2|, the orbital integral

520) T foxp (10272
1
= SO Tl | pX7 (g) | dvgo
vol(KO(7)\K) /ZU(»y)\G [pt (g)] Z°(\G

is well-defined.
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Remark 5.1. In |5 Definition 4.2.2], the volume vol(Ky(y)\K') are normal-
ized to be 1. By [, (3.3.18)], in the definition of the orbital integral (/5.24)),
we can replace K°(v), Z°(vy) by K(v), Z(7).

Remark 5.2. As the notation Trl” indicates, the orbital integral only
depends on the conjugacy class of v in G. However, the notation [y] will
be used later for the conjugacy class of a discrete group I'. Here, we consider
Trl! as an abstract symbol.

We will also consider the case where E, = E @ E is a Zo-graded repre-
sentation of K. In this case, We will use the notation Trg"! [exp(—th’X’T/Q)]
when the trace on the right-hand side of is replaced by the supertrace
on F.,.

In |5, Theorem 6.1.1], for any semisimple element v € G, Bismut gave an
explicit formula for Trl! [exp (—tC’g’X’T / 2)] For the later use, let us recall
the formula when - is elliptic.

Assume now v € K. By (5.14), we can take g, = 1. Then p(y) C p,
£(y) C £ Let p-(y) C p, £(7) C € be the orthogonal space of p(v), £(v).
Take 31 () = pL(7) @ £-(7). Recall that A is defined in (L.12). Following [5]
Theorem 5.5.1], for Y € ¢(v), put

(iad(Y)lp())
(iad(Y)]ey))

| det (1 — exp(—iad(Y)) Ad(fy))\pm] 2
det (1 — Ad(7)) ;2 (y) det (1 — exp(—iad(Y)) Ad(7)) |pr(y) |

A
(5:25) J,(Y) ==

Note that by [B, Section 5.5|, the square root in (5.25) is well-defined, and
its sign is chosen such that

(5.26) J,(0) = (det(l - Ad(y))|me)71.

Moreover, J, is an Ad (K°(v))-invariant analytic function on £(y) such that
there exist ¢y, > 0,C, > 0, for Y € ¢(v),

(5.27) 1,(Y)] < Oy exp (e ).
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Denote by dY be the Lebesgue measure on £(y) induced by —B. Recall
that C*® Ot are defined in ([5.5)). By [5, Theorem 6.1.1], for ¢ > 0, we have

(5.28) Til [exp (—tC?%7/2)]
1 t t
= — b £p e 134
= G exp<16 Te? [C2F] + 2Tt [C ])

/ Jy(Y) TrE- [T (7) exp(—iT(Y))] exp (—|Y\2/2t) dY.
Yet(y)

5.5. Locally symmetric spaces

Let I' C G be a discrete cocompact subgroup of G. By [46, Lemma 1|, the
elements of I' are semisimple. Let I'c C I' be the subset of elliptic elements
in . Set 'y =T —T. Let [I'] be the set of conjugacy classes of T', and let
[[c] C [I'] and [['4+] C [I'] be respectively the subsets of [I'] formed by the
conjugacy classes of elements in I'. and I'y. Clearly, [[¢] is a finite set.

The group I' acts properly discontinuously and isometrically on the left
on X. Take Z = I'\ X to be the corresponding locally symmetric space. By
Proposition 2.12] and Theorem [2.31], Z is a compact orbifold. Note that by
, X is a contractible manifold. By Remark X is the universal cov-
ering orbifold of Z. The Riemannian metric g”* on X induces a Riemannian
metric g7% on Z. Clearly, (Z, g"%) has nonpositive curvature.

Let Ap C TI' be the subgroup of the elements in I" that act like the identity
on X. Clearly, Ar is a finite group given by

(5.29) Ar=TNKnNZyp),
where Z(p) C G is the stabiliser of p in G. Thus, the orbifold fundamental
group of Z is I'/Ar.

Let F' be a (possibly non proper) flat vector bundle on Z with holonomy
p' :T/Ap = GL,(C) such that
(5.30) C®(Z,F) = C™(X,Cr)l/4r,
Take p to be the composition of the projection I' — I'/Ar and p’. Then

(5.31) C>(Z,F) = C™(X,C")L.

By abuse of notation, we still call p: ' — GL,(C) the holonomy of F. In
the rest of this section, we assume F' is unitarily flat, or equivalently p is
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unitary. Let g¥" be the associate flat Hermitian metric on F. Since g7 and
g% are fixed in the whole section, we write

(5.32) T(F)=T(F¢"% ¢").

The group I' acts on the Euclidean vector bundles like £, and preserves
the corresponding connections V. The vector bundle &, descends to a (pos-
sibly non proper) orbifold vector bundle F, on Z. The total space of F; is
given by I'\G x i E;, and we have the identification of vector spaces

(5.33) C™(Z,F;) ~ C>*(T\G, E,)X.

By (5.31)) and (5.33)), we identify C*°(Z, F,; @R F') with the I'-invariant sub-
space of C®(X,&; ®r C"). Let C9% 7" be the Casimir operator of G acting
on C*(Z, F, ®r F). As we see in subsection when E; = A'(p*),

(5.34) O (Z,F)~C>®(Z,F; ®r F),
and the Hodge Laplacian acting on Q' (Z, F') is given by
(5.35) 0% = C8%7r,

For v € I', set I'(y) = Z(y) NI'. By [46, Lemma 2] (see also [47, Proposi-
tion 4.9]), I'(y) is cocompact in Z(7y). Then I'(y)\ X (7) is a compact locally
symmetric orbifold. Clearly, it depends only on the conjugacy class of v in
I". Denote by vol(I'(7)\X (7)) the Riemannian volume of I'(y)\ X () induced
by By .

The group K(7) acts on the right on I'(y)\Z(y). For h € T'(v)\Z(v),
let K(7); be the stabilizer of h in K(v). Since I'(y)\X () is connected,
the cardinal of a generic stabilizer is well defined and depends only on the
conjugacy class of v in I'. We denote it by n(,). Then, we have

vlC(G)\Z () _ volT(3)\ X ()
(5.36) I(K() nyoo

Let us note that even if K(v) acts effectively on I'(y)\Z(7), nyy is not
necessarily equal to 1.
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Proposition 5.3. For vy € T', we have
(5.37) npn = |KNT(H)NZp(y))-
In particular, if v = e, we have
(5.38) nj = |Arl,
and if v € Ar, we have
(5.39) npy = [T(v) N Ar|.
Proof. For a generic element g = e/h in Z(7y) with f € p(y) and h € K(v),
the stabliser of I'(y)g € I'(7)\Z(7) in K(7) is given by
(540)  K(W)ree =K Ng 'T(g =g ' (/K(y)e/ NT(7))g.
Then,
(5.41) npy = e/ K()e ™ 0 F(’y)‘ .
Since e/ K (y)e~/ is compact, since I'(7) is discrete, and since f can vary in
an open dense set, we can deduce that
(5.42) npy = [K(v) N Z(p(y) NT()],
from which we get . By and , we get @ If v € Ar, by
, we get p(y) = p. Combining the result with @ , we get . U
Theorem 5.4. There exist ¢ > 0 and C > 0 such that, for t > 0, we have
(543 Y vOlCOYNX () | ol [exp (_tcg,X,T/Q)H

piers) 0
< Cexp (—g + Ct) .
Fort > 0, the following identity holds:
(5.44) T [exp (—tC97%77/2)]
_ Z Tr[p(fy)]VOI (TN\X (7)) Teh [exp (—tC®%7 /2)] .
el "
e
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Proof. The proof is identical to the one given in [47, Theorem 4.10]. One
difference is that we need to show an estimate like [47, (4-26)|. This can be
deduced from [46, Lemma 8|, which states that I" possesses a normal torsion
free subgroup of finite index.

Let us explain the reason for which the coefficients nj,) appear in (5.44]).
Indeed, the restriction on the diagonal of the trace of the integral kernel of
exp(—tC®%7P /2) is given by

1
(5.45) IAr] > Trfp(y)] e [%pf’f(fn,w) :
Il er
where 7, denotes the obvious element in Hom(&; 5, &7 4¢) induced by ~ (see
5, p. 79]). By (5:30), (535), and (535), we have
(5.46) Tr [exp (—tC9%™/2)]

1 o
- 7@ )| DTN ™ 0] o

where dvp\¢ is the volume form on I'\G induced by dvg. Proceeding as in

15, (4.8.8)-(4.8.12)], by Remark 5.1} (5.24), and (5.46)), we get

(5.47)  Tr [exp (—tC®% 7 /2)]

_ Z Tr[p(’y)]VOI\EEl((Q\(%()’Y)) Tr[fy} [exp(—th’X’T/Q)] ]
[vell]
Byand 7vve get . O

Remark 5.5. By [I, Theorem 3.14, Remark 3.15] and [5, (4.8.22)], when
counting with multiplicites, we have the identification of the orbifolds,

(5.48) Z[[=z~ J] re)\XM0),

[lelle]

where the multiplicity of each component Z; of Z [[XZ is m; (see[2.18) and
the multiplicity of I'()\ X (v) is n,. Note also that, by Remark [2.25, we
can consider [[jcrj T'(7)\X(7) as the space of paths on Z of length 0.

Remark 5.6. Assume that I' acts effectively on X. Then Z can be rep-
resented by the action groupoid G (see [I, Example 1.32]) whose object is
X and whose arrow is I' x X. An arrow (v,z) € I' x X maps x to yx. By
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Remark [2.26] any closed geodesic on Z can be represented by the closed
G-geodesic ¢ = (bg;id,y~!) where by : [0,1] — X is a geodesic on X such
that vbg = by and ,bo(0) = bo(1). By [5, Theorem 3.1.2], the length of by is
given by |a,| (see (5.14)). Moreover, the space of the closed G-geodesics is
given by U,crX (7). Thus, the space of the closed geodesics on Z is given by
e F(9\X (7), whose component has the multiplicity ). For general
I', as in Remark [5.5] the same result still holds ture.

We extend [37, Corollary 2.2] and [5, Theorem 7.9.3] to orbifolds (see
also [47, Corollary 4.3]).

Corollary 5.7. Let F be a unitarily flat orbifold vector bundle on Z. If
dim Z is odd and §(G) # 1, then for any t > 0, we have

(5.49) Tr, [N (T2 exp (407 /2) | = 0.
In particular,
(5.50) T(F)=1.

Proof. Since dim Z is odd, §(G) is odd. Since 6(G) # 1, 6(G) > 3. By |47,

Theorem 4.12|, for any v € G semisimple, we have

(5.51) Tr, [NA'<T*X) exp (—tCQvX/2)} = 0.
By (5.35)), (5.44), and (5.51)), we get (5.49). O

Suppose that 6(G) = 1. Let us recall some notation in [47, (4-49)-(4-52
(6-15), (6-16)]. Up to sign, we fix an element a; € b such that B(ay,a;) =
As in subsection set

);
1.

(5.52) M = 7910 (), Ky = K%(e™),
and
(5.53) m = 370 (e™), Pm = PPt (e™), b = E(e™).

As in subsection M is a connected reductive group such that (M) =0
with Lie algebra m, with maximal compact subgroup Ky, and with Cartan
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decomposition m = py, P €. Let
(5.54) Xy =M/Ky
be the corresponding symmetric space. For k € T, we have §(Z°(k)) = 1.
Denote by M°(k), m(k), pm(k), tm(k), Xps(k) the analogies of M, m, pp,
£, X when G is replaced by Z°(k).

Assume that 6(G) = 1 and that G has noncompact center. By [47, 4-51],
we have
(5.55) G=Rx M, K = Ky, X =R x Xy.
Recall that H = exp(b)T. Note that if v = ek~ € H with a # 0, then
(5.56) X (y) = Xp(k).

We have an extension of [47, Proposition 4.14].
Proposition 5.8. Let v € G be a semisimple element. If v can not be con-
jugated into H by elements of G, then fort > 0, we have
(5.57) Ty, 1) [NA'<T*X> exp (—tC®X /2)] ~0.
Ify=e%"'e€ H witha €b and k € T, then for t > 0, we have
(5.58) Trh [NA'(T*X) exp (—th’X/Z)]

1 2 max
_ ~la|?/2t { (TX L vTxM(k)ﬂ
e e , .
Noz m (k)
Proof. Equations (5.57)), (5.58) with v =1 or v = e®k~! with a # 0 are just
[47, (4-45), (4-53), (4-54)]. Equation (5.58) for general v € H is a consequence
of [47, (4-55), (4-56), (4-58)] and (|5.56)). O
5.6. Ruelle dynamical zeta functions
By Remark (c.f. [I5, Proposition 5.15| for manifold case), the space of
the closed geodesics on Z of positive lengths consists of a disjoint union of
—
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smooth connected compact orbifolds

(5.59) IT B

[vlell+]

Moreover, B, is diffeomorphic to I'(y)\ X () with multiplicity nj,;. Also, all
the elements in B}, have the same length I[,) = |a,| > 0.

The group S* acts locally freely on By, by rotation. Then Sl\BM is still
an orbifold. Set

(5.60) mpy) = iy [ker (81— Diffeo(By,)) )| € N
We define m,) to be the multiplicity of St \Bly)-

Proposition 5.9. For vy € I'y such that v = a,ykgl as in (5.14), we have

pay ) G (115050

In particular, if 6(G) > 2, then for all [y] € [I'y], we have

(5.62) Xorb (S'\B,]) = 0.

Also, if 6(G) =1 and if v can not be conjugated into H, then (5.62) still
holds.

Proof. The proof of our proposition is identical to the one given in [47,
Proposition 5.1, Corollary 5.2]. O

Recall that p: I' — U(r) is a unitary representation of IT".

Definition 5.10. The Ruelle dynamical zeta function R, is said to be well-
defined if

e for Re (o) > 1, the sum

Xorb (S\B) o,
M

(5.63) Ep(0) = Y Tr[p(7)]

MEl]
converges absolutely to a holomorphic function;

e the function R,(0) = exp(E,(0)) has a meromorphic extension to o €

C.
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By (5.62), if 6(G) > 2, the dynamical zeta function R, is well-defined
and
(5.64) R, =1.
We restate Theorem which is the main result of this section.
Theorem 5.11. Ifdim Z is odd, then the dynamical zeta function R,(0) is
well-defined. There exist explicit constants C, € R with C, #0 and r, € Z
(see (5.117)) such that as o — 0,
(5.65) Ry(0) = CpT(F)2GTP + O(c™ ).
Moreover, if H (Z,F) = 0, we have
(5.66) c,=1, r, =0,
so that
(5.67) R,(0) = T(F)*.
Proof. If 6(G) # 1, Theorem is a consequence of (5.50) and (5.64]).
Assume now §(G) =1 and G has noncompact center. Proceeding as [47]
Theorem 5.6], up to evident modification, we see that the dynamical zeta
function R,(0) extends meromorphically to o € C such that the following
identity of meromorphic function holds,

i —1)ii
(5.68) Ry(0) = [[ det (o2 + D% |gu ) "
i=1
vol (I'(v)\X (v max
esxp <a St L EONKO) 1 (7 1y, w700 )
PIET.] bl
y=g,k " tg;?
from which we get (5.65)-(5.67). The proof for the case where 6(G) =1 and
where G has compact center will be given in subsections [5.§] ]
Remark 5.12. By (/5.67)), we have the formal identity
Xorb Sl\B
(5.69) 2log T(F) = Tr[p(v)]w-
plElrs) bl
We note the similarity between (4.7) and (5.69)).
—®
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Remark 5.13. The formal identity (5.69) can be deduced formally using
the path integral argument and Bismut-Goette’s V-invariant [7] as in [47,
Section 1E|. We leave the details to readers.

5.7. Reductive group with §(G) = 1 and with compact center

From now on, we assume that 6(G) = 1 and that G has compact center. Let
us introduce some notation following [47), Sections 6A and 6B]. We use the
notation in (5.52)-(5.54). Let Z(b) C G be the stabilizer of b in G, and let
3(b) C g be its Lie algebra. We define p(b), £(b), p~(b), £-(b), 31(b) in an
obvious way as in subsection [5.3] so that

and
(5.71) p=0b&pnm®p(b), E=t, ®L(b).

Let Z°(b) be the connected component of the identity in Z(b). By (5.21)),

we have

(5.72) Z%0b) =R x M.
Set
(5.73) 37(b) = pt(b) @ £ (b).

Recall that we have fixed a; € b such that B(aj,a;) = 1. The choice of a;
fixes an orientation of b. By [47, Proposition 6.2, there exists unique « € b*
such that {a,a;) > 0, and that for any a € b, the action of ad(a) on 3*(b)
has only two eigenvalues +(«a, a) € R. Take ap = a1/{, a1) € b. We have

(5.74) (a,ap) = 1.
Let n C 31(b) (resp. #) be the +1 (resp. —1) eigenspace of ad(ag), so that
(5.75) 55(6) =n@n.

Clearly, n = On, and M acts on n and n. As explained in [47, Section 5.1],
dimn is even. Set

1
(5.76) | = dimn.
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Let u(b) C u and uy, C u be respectively the compact forms of 3(b) and
of m. Then,

(5.77) u(b) = vV=1b & V—1Ipy @ b, U = V—1pm B b,
Let ut(b) C u be the orthogonal space of u(b), so that
(5.78) u=+—=1b @ uy ® ut(b).

Let U(b) C U and Uy; C U be respectively the corresponding connected
subgroups of complex matrices of groups associated to the Lie algebras u(b)
and uy. By [47, Section 6B|, U(b) and Ujs are compact such that

(5.79) U(b) = exp(v/—1b)Uy,.

Clearly, U(b) acts on b, uy, u"(b) and preserves the splitting (5.78).
Put

(5.80) Yy = U/U(b).

By [47, Propositions 6.7], Y} is a Hermitian symmetric space of the compact
type. Let w¥* € Q2(Y;) be the canonical Kilher form on Yy induced by B. As
in subsection , U — Yy is a U(b)-principle bundle on Y}, with canonical
connection. Let (T'Y,, VIYe) and (Np, VVe) the Hermitian vector bundle
with Hermitian connection induced by the representation of U(b) on uy, and
u. For a vector space E, we still denote by E the corresponding trivial
bundle on Y. By , we have an analogy of [5 (2.2.1)],

(5.81) u=1v=1b@® Ny, & TY.

Take k € T. Denote by n(k), U%(k), Ys(k) and w¥*®*) the analogies of
n, U, Yy and w'* when G is replaced by Z°(k). The embedding U%(k) —
U induces an embedding Yy (k) — Yp. Clearly, k acts on the left on Yy,
and Yy (k) is fixed by the action of k. Recall that the equivariant A-forms

Ap (Nb|yb(k),va|yb(’“>> and //l\k—l (TYb|yb(k),VTYb‘Yb(k>) are defined in

(1.15)). Let A\le(O) and A\Z:(b)(()) be the components of degree 0 of the
form A\k—l <N5|Yb(k)7 VN["Yb(’@) and ;{k—l (TY5|Y5 (k)» VTY"‘YE‘(’“). Following
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[5, (7.7.3)], set
(5.82) A (0) = A (0) A% (0).

By (5.81)), as in [0, (7.7.5)], the following identity of closed forms on Y (k)
holds:

(5.83) 1/4.\]4;71(0) = A\kfl (N[,|yb(k),vN"|yb(’“>> 1/4_\]4;71 (TYb’yb(k),vTYblbe) ,
which generalizes [47, Proposition 6.8].
5.8. Auxiliary virtual representations of K

We follow [47), Sections 6C and 7A|. Denote by RO(Kjs) and RO(K) the
real representation rings of Kj; and K. Since Kj; and K have the same
maximal torus 7', the restriction RO(K) — RO(K ) is injective.

By [47, Proposition 6.10], we have the identity in RO(K ),

m dimpm 21
(5.84) (Z( 1) LAY (p )Im— > (1A (py) @ M (n").

i=1 =0 75=0

By [47, Corollary 6.12], each term on the right hand side of (5.84) has a lift
to RO(K). More precisely, let us recall [47, Assumption 7.1].

Assumption 5.14. Let n be a real finite dimensional representation of M
on the vector space E, such that

1) the restriction n|k,, to Ky can be lifted into RO(K);

2) the action of the Lie algebra un, C m @gr C on E, ®r C, induced by
complexification, can be lifted to an action of Lie group Uns;

3) the Casimir element C*™ of uy acts on E, ®r C as a scalar C*™" €
R.

By [47, Corollary 6.12], let n =T — )~ € RO(K) be a real virtual finite
dimensional representation of K on Ep = E}; — Eﬁ_ such that the following
identity in RO(Kjs) holds:

dim pm

(5.85) Bili, = > (=1)'A(ph) ® Eylk,,-
i=0
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Note that M acts on n by adjoint action. By [47, Corollary 6.12 and
Proposition 6.13], for 0 < j < 21, the induced representation n; of Ky on
A (n*) satisfies Assumption such that the following identity in RO(K)
holds,

m 2l

(5.86) S (DA ) = S (-1 By,

=1 j=0
5.9. Evaluation of Trs['V] [exp(—tC’Q’X’ﬁ/2)]

In [47, Theorem 7.3, we evaluate the orbital integral Tr [exp(—tC#X7/2)]
when v = 1 or when 7 is a non elliptic semisimple element. In this subsection,
we evaluate Trg[exp(—tC%X7/2)] when v is elliptic. To state the result,
let us introduce some notation [47, (7-3)-(7-7)].

Recall that T is a maximal torus of K, K and Ups. Denote by W (T, Uyy)
and W (T, K) the corresponding Weyl groups, and denote by vol(K/Kjs) and
vol(Unr/Kr) the Riemannian volumes induced by —B. Set

(dimp—1)/2|W (T, Unr)| vol(K/Kn)

(5.87) cg = (-1) (W(T, K)| vol(Unt/Knr)

€ R.

The constant czo(y) is defined in a similar way.

As in [47, (7-3)], by (2) of Assumption Unr acts on B, @r C. We
extend this action to U(b) such that exp(y/—1b) acts trivially. Denote by
FY 5y the Hermitian vector bundle on Yy with total space U xy(p) (Ey ®r C)
with Hermitian connection Vo,

Note that the Kéhler form wY*(*) defines a volume form dvy, (k) on Yy (k).
For a U°(k)-invariant differential form 8 on Yy(k), as in [47, (7-7)], define
(8] € R such that

(5.88) B — [BI"™dvy, )
has degree smaller than dim Yy (k). Recall that ag € b is defined in (5.74)).

Theorem 5.15. Let v € G be semisimple. If v can not be conjugated into
H by elements of G, then fort > 0, we have

(5.80) Tr, ) [exp (—th’Xﬁ /2)} ~0.
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Ify=k=Y €T, then for t > 0, we have
(5.90) Tr, [exp (—tC’g’X’ﬁ/Zﬂ
- Cjz%? P <1tﬁ Tr [Cu(b)’u%)} N ;Cu’"’”> {eXp <_ 8%722{2)
A (TYb|Yb(k)vaYh|Y“(k>) chy— (Fb,n|Yh(k)7VF""”'“’““)) ]max.

If v = e*k~! € H with a # 0, then for any t > 0, we have

(5.91) Tr,l [exp (—tCﬂvaﬁ /2)} _ [e (TXM(k)vaxM(k)ﬂmax
TrEn [n(k_l)] '
(1 - Ad() 4"

Proof. Equations (5.89)), (5.90) with v = 1, and (5.91)) are [47, Theorem 5.15].
It remains to show ((5.90]) for a non trivial v = k=! € T. Set

1
V2rt
2
exp <_W| PRI [t o] tcumm> ‘
det

2t 16 2

(5.92) pm(k) =pm N3 (k), Ey(k) =tnns (k), m(k)=mnz(k).
By , we have
(5.93) P = P (k) B pig (k) b = b (k) © b5 (k).

Similarly, k acts on p(b) and £4(b). Set

(5.95) p(b) = p1(b) ® p3 (b), e(b) = £ (b) ® & (b).
By and , we get

(5.96) p(k) = b @ pm(k) ® pi(b), t(k) =
pt (k) = py (k) @ p3 (b), e (k) =
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As in the case of [47, (6-5)], we have isomorphisms of representations of 7T,
(5.97) pi(b) = & (b) ~ n(k),

where the first isomorphism is given by ad(ag). Moreover, ad(ag) induces an
isomorphism of representations of T,

(5.98) py (b) ~ £5 (b).
Set

(5.99)  um(k) = V—1pm(k) @ tm(k),  up(k) = v—1Ipy(k) ® by (k),
ui (b) = V=Ipi(b) @& (b), 1wy (b) =v—1py(b) @ Ey(b).

Proceeding as [47, 7-18|, by (5.28) and by the Weyl integral formula for
Lie algebra [47, (7-17)], we have

(5.100) Trylk™"] [exp <—tcgvxvﬁ/2>}
1 t
= (G exp (16 Te? [C*P] + 5 Trt [C’E,E]>
vol(KO(k
Tr [ﬁ(k_l) exp (—in(Y))] exp (—|Y|2/2t) dy.

As t is also the Cartan subalgebra of uy,(k), we will rewrite the integral
on the right-hand side as an integral over uy (k). By (5.25)), (5.96))-(5.98]), for
Y € t, we have

A\( Y |Pm ) 1/2
5.101) Jp-1(Y) = —< det (1 — Ad(k™ i
(5.101)  Jp (Y) A(ind Y’Bm(k)[ d (7)) oz (o) (o))
1 det (1 — exp(—iad(Y)) Ad(k~)) ey ]
det (1 — Ad(k— )) ‘p (k)@ (k) det (1 —exp(—iad(Y)) Ad(kil)) |p¢(k)
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As in [47) (7-22)], by (5.85)), (5.97), and (5.101)), for Y € t, we have
det(ad(Y"))e(r) /¢

(5:102) oo Moo )/th-1<>f)T¥sEﬁ[ﬁ(k‘1>exp (—(Y))]
= (-1 )d S det (ad(Y)) | gy A7 (12 (V) ()
Ba (k=) exp(—in(Y))] [det (1 — Ad(k™)) s 1] "
1/2

det (1 —exp(—iad(Y)) Ad(k~! )) ‘uﬁq(k)
det (1 — Ad(k™1)) [z )

Let Up (k) be the centralizer of k in Uy, and let Uy, (k) be the con-
nected component of the identity in Ups(k). The right-hand side of
is Ad(UY,(k))-invariant. By (5.87), (5.100) and (5.102), and using again the
Weyl integral formula [47, (7-17)], as in [47, (7-24)], we get

<M%>ﬂﬁ”&m(cﬂhwﬂ Qm;:?fmm

exp (& TP [CHP] 4+ L Tvt [C
&ML&J f imnﬂ%m@u<mmw
A7 (i 8d(Y )y, () Tr [(k™1) exp(—in(Y))]
det (1 — exp(—iad(Y)) Ad(k™*
[ det (1 — Ad(k™1))[us (k)

))| . 1/2
“m(’“)] exp(—|Y[2/2t)dY.

Proceeding as in [47, (7-25)-(7-44)], by (5.103)), we get

CZU(k)

vV 2mt
t u(b),ut(b) b n w¥o ()2 1
exp <]_6 Tr |:C ’ :| — ic m ) [exp <_871'2’a(]|2t> Akfl(o)

max
Ak 1 (Nb|Yb(k \V4 blyb(k))chk 1 (an‘yb VFb W|Yh(k)):|

By (5.83) and (5.104)), we get (5.90). O

5.10. Selberg zeta functions

(5.104) T, [exp( tCﬂX"/m

We follow [47), Section 7C|. Recall that p : I' — U(r) is a unitary representa-
tion of T'.
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Definition 5.16. For ¢ € C, we define a formal sum

Xorb (S'\Bpy))
m

(5.105) Ep,p(o) = — Z Trlp(v)]

[’Y]E[Fﬁ] )
Y=g,€"k" g5

7]

TrEn [n(k_l)}
|det (1 — Ad(e“k‘fl))bé‘

—olal

1/2¢

and a formal Selberg zeta function

(5.106) Znp(0) = exp (Ep(0)).

The formal Selberg zeta function is said to be well defined if the same con-
ditions as in Definition [£.10] hold.

Recall that the Casimir operator C9%7T acting on C>®(Z,Fs®c F) is
a formally self-adjoint second order elliptic operator, which is bounded from
below. Set

(5.107)  my () = dimc ker (CQ’Z’W) - )\) — dimg ker (CB’Z’ﬁTP - )\) .
As in [47, (7-59)], consider the quotient of zeta regularized determinants

det (C947% 4 o)
det (C9-27r 4 7).

(5.108) detg (C9477 4 ) =

By Remark[4.5] it is a meromorphic function on C. Its zeros and poles belong
to the set {—\: A\ € Sp(C%%7)}. The order of zero at o = —\ is my ,()).
Set

(5.109) oy = éTf [CH@ )] _ g,
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Let P, ,(c) be the odd polynomial defined by

(5110) Pyolo)= Y. cZo(k)Tr[p(,y)]vol(T(v)\X(v))

blelr.] ")
v=g4k"'g7!
dimn(k)/2 . 1
= J (A2 g

N max
wYo (k)27 4, <TYb\yb(k),VTY"|Yb“‘>> chy-1 (fb,n\yb(k),Vf"*"“b“‘))] >
Theorem 5.17. There is og > 0 such that

< Q.

1 —0oolal

M) |det (1 — Ad(eak—1)) |, |/

[v€l+]
y=ge*klgy

The Selberg zeta function Z, ,(o) has a meromorphic extension to o € C
such that the following identity of meromorphic functions on C holds:

(5.112) Zy () = detg (CQ’Z’W +oy + 02) exp (Py.p(0)).

The zeros and poles of Zy ,(c) belong to {&i\/A+ o, : A € Sp(CHZM+)}.
If X € Sp(C®271P) and \ # —oy, the order of zero at o = %i\/A+ oy is
My, p(X). The order of zero at o = 0 is 2my, ,(—oy). Also,

(5.113) Znplo) = Zy ,(—0) exp (QPW,(U)).

Proof. Proceeding as in [47, Theorem 7.6], by Theorems and our
theorem follows. g

5.11. The proof of Theorem [5.11| when G has compact center and
i(G)=1

We apply the results of subsection to nj. Recall that a € b* is defined
in (5.74). Proceeding as in [47, Theorem 7.7], by (5.86)), we find that R,(0)
is well-defined and holomorphic on the domain o € C and Re (¢) > 1, and
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that
21 (—1y-1
(5.114) Ry(0) =[] Zn, (0 + (G = Dlal) .
j=0

By Theorem|5.17/and (5.114)), R,(0) has a meromorphic extension to o € C.
For 0 < j <21, put

(5.115) rj = my, »(0).

By the orbifold Hodge theorem as in [47, (7-74)], we have

-1

(5.116) Xiop(Z: F) = 22(—1)]'717“]» + (=)
7=0

Set

-1 .

5.117) G, =[] (=41 -5)%aP) "7 =2

( P P
J=0 J

l
—1
(—1)‘7 7“j.
=0

Proceeding as in [47) (7-76)-(7-78)]|, we get (5.65)). If H(Z, F) = 0, pro-
ceeding as in [47, Corollary 8.18], for all 0 < j < 2[, we have

(5.118) rj =0.

By (5.117)), we get ([5.66)), which completes the proof of Theorem in the

case where G has compact center and 0(G) = 1. O
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