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Abstract

Let C ⊂ Rn be convex, compact, with nonempty interior and h be Legendre with
domain C, continuous on C. We prove that h is Bregman if and only if it is strictly
convex on C and C is a polytope. This provides insights on sequential convergence
of many Bregman divergence based algorithm: abstract compatibility conditions
between Bregman and Euclidean topology may equivalently be replaced by explicit
conditions on h and C. This also emphasizes that a general convergence theory for
these methods (beyond polyhedral domains) would require more refinements than
Bregman’s conditions.

1 Introduction

Let C ⊂ Rn be convex compact with nonempty interior, h : C 7→ R be convex. We assume
throughout the article that h is Legendre:

• h is essentially smooth: continuously differentiable on intC, such that ∥∇h∥ goes to
+∞ when approaching the boundary of C.

• h is strictly convex on intC.

We will also assume throughout the text that h is continuous on C. The Bregman
divergence associated to h is then for all y ∈ C and x ∈ intC,

Dh(y, x) = h(y)− h(x)− ⟨∇h(x), y − x⟩ .

1.1 Fejérian sequences:

Let f : C → R be convex proper lower semi-continuous. Consider the problem

min
x∈C

f(x) (1)
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and denote by S ⊂ C, the solution set of (1). The following definition is adapted from
the Euclidean setting [11].

Definition 1. Let (xk)k∈N be a sequence in intC, it is called Fejérian, or Fejér, for problem
(1) if

• All accumulation points are in S.

• For all y ∈ S, Dh(y, xk) has a finite limit as k → ∞.

Actually, Definition 1 may be given for a general closed convex set S ⊂ C (see e.g. [11]
which may be directly adapted). We stick to the optimization problem (1) for simplicity
since it already cover a wide range of algorithms.

1.2 Algorithmic examples

We list below some of the most common algorithms generating Fejérian sequences in
convex optimization.

Mirror descent: the algorithm is due to Nemirovsky [13]. Assume that f is Lipschitz.
Initialize x0 ∈ intC and, given sequence of positive step sizes (αk)k∈N, iterate

xk+1 = ∇h∗(∇h(xk)− αkvk), (2)

vk ∈ ∂f(xk). (3)

Assuming
∑+∞

k=0 αk = +∞ and
∑+∞

k=0 α
2
k < +∞ the resulting algorithmic sequence is Fejér.

In this case equation (4.22) in [6] ensures that accumulation points are in S and equation
(4.21) combined with [Lemma 2, Section 2.2][14] ensures that D(y, xk) has a limit for all
y ∈ S.

Bregman gradient and NoLips algorithm: Assume that f is C1 on an open set
containing C and h− αf is convex for some α > 0. Initialize x0 ∈ intC and iterate

xk+1 = ∇h∗(∇h(xk)− α∇f(xk)). (4)

In this case, for all y ∈ S, Dh(y, xk) is non increasing as k grows [4, Lemma 5]. This
extends to the NoLips algorithm proposed for composite objectives in [4]. Similarly, the
work presented in [1] presents a continuous time variant of Fejér property in the context
of Hessian-Riemannian gradient flows.

Proximal minimization with D-functions: Assume that f is proper lower-semicontinuous.
Initialize x0 ∈ intC and, given sequence of positive step sizes (αk)k∈N, iterate

xk+1 = argmin
x∈C

αkf(x) +Dh(x, xk). (5)

In this case, for all y ∈ S, Dh(y, xk) is non increasing as k grows [10, Lemma 3.3] and
if
∑+∞

k=0 αk = +∞, then the resulting sequence has all its accumulation point in S [10,
Theorem 3.4].
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Alternating projection: Beyond optimization problem (1), in his foundational paper
[7], Bregman considers an alternating projection algorithm generating a Fejér sequence
to find an element in the intersection of convex sets.

1.3 Sequential convergence analysis

The Fejérian property can be used to prove convergence of the sequence similarly as in the
Euclidean case, in relation to Opial’s Lemma (see [11] for an overview). This argument is
valid provided that the topology encoded by Dh is equivalent to the Euclidean topology.
This is always true in the interior of C by strict convexity, but further assumptions need
to be made to ensure that this also holds at the boundary. The first condition is

(xk)k∈N ⊂ intC, y ∈ C Dh(y, xk) →
k→∞

0 ⇒ xk →
k→∞

y (A)

We know from continuity of h on its domain that strict convexity of h on the whole
domain C (not only the interior) is sufficient for (A) [12, Lemma 2.16]. If we assume the
opposite implication

(xk)k∈N ⊂ intC, y ∈ C, xk →
k→∞

y ⇒ Dh(y, xk) →
k→∞

0 (B)

then we have the following Féjer argument: assume that (A) and (B) hold true, then any
Fejérian sequence (xk)k∈N (Definition 1) converges. Indeed, an accumulation point x̄ exists
by compacity, it must be in S by Definition 1, from property (A), up to a subsequence,
Dh(x̄, xk) → 0, but Definition 1 ensures that Dh(x̄, xk) converges so its limit must be 0
and property (B) ensures that xk → x̄.

Note that by continuity of h on its domain, condition (B) is equivalent to ⟨∇h(xk), y − xk⟩ →
0 as xk → y. Conditions (A) and (B) date back to Bregman [7] and have been extensively
considered in the litterature [8, 9, 10, 5, 12, 1, 2, 4] in the same abstract form or with
adaptation to broader settings that considered here. Given h, a Legendre function, con-
tinuous on its compact domain C, if conditions (A) and (B) are satisfied, then h is called
a Bregman function.

1.4 Main results

We are interested in the following question: How restrictive are conditions (A) and (B)?
In other words, how much does it take for a continuous Legendre function to be Bregman?
We provide the following answer.

Theorem 1. Let C ⊂ Rn be convex, compact, with nonempty interior and h be Legendre
with domain C, continuous on C. Then:

• (A) holds if and only if h is strictly convex on C.

• (B) holds if and only if C is a polytope.
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Theorem 1, provides an explicit sufficient condition on h ensuring convergence of all
algorithms described in Section 1.2. Indeed if C is a polytope and h is strictly convex on
C, then any Fejérian sequence converges. Furthermore, Theorem 1 illustrates the fact that
existing Fejér arguments for sequential convergence are only valid for polytopic domains,
and convergence analysis for more general domains will require different arguments.

Theorem 1 can be obtained by combining Proposition 1, Proposition 2, Lemma 5 and
Lemma 6. We make crucial use of [15, Lemma 1]. Let us mention that Theorem 1 and
all our presentation is limited to compact C, but most proof arguments relate to possibly
unbounded closed C so that the intermediate results convey information of independent
interest for this more general case. The link between strict convexity and (A) is natural
and one implication is due to Kiwiel [12]. The connection between (B) and the polytopic
nature of C is the most interesting part of our results and we will start with it.

2 Condition (B)

Let us first illustrate failure of (B) and its relation with curvature with a simple example,
which was described independently in [3, Remark 2].

2.1 Intuition: incompatibility with curvature

Set h : x 7→ −
√

1− ∥x∥2 on C ⊂ R2, the unit Euclidean ball in the plane. We have
∇h : x 7→ x 1√

1−∥x∥2
. Considering polar coordinates in the plane, x = (r cos(θ), r sin(θ)),

with e1 the first basis vector (1, 0), we have

h(e1)− h(x)− ⟨∇h(x), e1 − x⟩ = −
√
1− r2 +

r(r − cos(θ))√
1− r2

Choosing θ(r) = arccos
(
r −

√
1− r2

)
for r ≥ 0, as r → 1, x(r) = (r cos(θ(r)), r sin(θ(r)))

goes to e1 and Dh(e1, x) → 1.

Actually, the curve r → x(r) converges to e1 with a vertical tangent as shown in Figure 1.
This illustrates the main mechanism of failure of condition B. Because of curvature, chords
all meet the interior of C so that the directional derivative of h along chords explodes
at their endpoints. Here the curve remains on a chord segment in a region of negative
directional derivative along the chord.

From this illustration, one intuition is that the boundary of the compact domain C of a
Bregman function should not have too much curvature. More precisely it should not have
curvature accumulating anywhere. This intuition is actually correct, the key mechanism is
that around extreme points, there is a lot of curvature which allows to generate behavior
similar to the circle example above, see Figure 1. This cannot happen too densely other-
wise this contradicts (B), and as a result, the extreme points of C have to be isolated, this
is expressed in Proposition 1. On the other hand, polyhedra have a very strong structure
which will enforce (B) this is Proposition 2.
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Figure 1: Left: Illustration of the tangential phenomenon, closedness to the boundary
and to the opposite extremity of the chord. Right: in general extreme points constitute
a region of high curvature and it is possible to find neighboring points in a similar con-
figuration. This cannot appen too much under condition (B) and in particular extreme
points should not accumulate anywhere.

2.2 First implication

In this section we prove the following

Proposition 1. Let C ⊂ Rn be convex closed with non-empty interior and h be Legendre
on C, continuous on C and satisfy (B). Then the extreme points of C are locally finite.
In particular if C is bounded it is a polytope.

We start with two lemmas

Lemma 1. Under the assumptions of Proposition 1, let x ∈ bdC and y ∈ C be such that
x+y
2

∈ intC. Then Dh(y, (1− λ)x+ λy) → +∞ as λ → 0.

Proof : Note that in this case the open segment (x, y) is contained in the interior of C.
For any λ ∈ (0, 1), setting zλ = (1− λ)x+ λy, we have

Dh(y, (1− λ)x+ λy) = h(y)− h(zλ)− (1− λ) ⟨∇h(zλ), y − x⟩ .

Letting λ → 0, consider any accumulation point, d ∈ Rn of ∇h(zλ)
∥∇h(zλ)∥

. We have d ∈ NC(x)

by [1, Lemma 4.2] and y − x ∈ intTC(x) (since x+y
2

∈ intC), so that ⟨d, y − x⟩ < 0.
Therefore, up to a subsequence as λ → 0,

Dh(y, (1− λ)x+ λy) = h(y)− h(zλ)− (1− λ)∥∇h(zλ)∥
〈

∇h(zλ)

∥∇h(zλ)∥
, y − x

〉
,

→ +∞

since h(zλ) → h(x), ∥∇h(zλ)∥ → ∞ and ⟨d, y − x⟩ < 0. The result follows because d was
arbitrary. This concludes the proof. □
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Lemma 2. Under the hypotheses of Proposition 1, let a ∈ bdC be an extreme points and
y ∈ C, different from a. Then for any ϵ,K > 0, there exists c ∈ intC such that

∥c− a∥ ≤ ϵ

Dh(y, c) ≥ K.

Proof : First if [a, y]∩intC ̸= ∅, then we are in the conditions of Lemma 1, which provides
the desired result (with x = a). We may therefore assume that [a, y] ⊂ bdC.

Claim 1. There exists ϵ1 > 0 such that for any b ∈ intC ∩ Bϵ1(a), the line from y to b
crosses the boundary of C at x such that ∥x− a∥ ≤ ϵ.

Proof of the claim. We may assume that ϵ1 < ∥y−a∥, so that, since a ̸= y, the points
y and b define a unique line for any b ∈ Bϵ1(a). We also impose that ϵ1 < ϵ. Assume
toward a contradiction that for all such ϵ1 > 0, there is b ∈ intC ∩ Bϵ1(a), such that the
line from y to b either does not cross the boundary of C or it crosses it at a point at
distance greater than ϵ. In both cases, since b ∈ Bϵ(a) (as we assumed ϵ1 < ϵ), the line
from y to b exits Bϵ(a) at a point x ∈ C. In this case, using a vanishing sequence of values
for ϵ1, we can produce a sequence (bk)k∈N converging to a such that each segment [y, bk]
can be extended up to xk ∈ C where bk ∈ [xk, y] and ∥xk − a∥ = ϵ. Passing to the limit,
up to subsequences bk → a and xk → x ∈ C, we have a ∈ [x, y] where a ̸= y and a ̸= x
which contradicts the fact that a is an extreme point of C. This proves the claim.

We may choose ϵ1 ≤ ϵ, now consider any point b ∈ intC ∩Bϵ1(a), b belongs to a segment
of the form [x, y] for some x ∈ bdC ∩Bϵ(a). Note that [b, x] ⊂ Bϵ(a) so that we can apply
Lemma 1 and obtain c ∈ [b, x] with Dh(y, c) arbitrarily large. This proves the desired
result.

□

Proof of Proposition 1: Assume that the set of extreme points of C it is not locally
finite. This means that we can find a bounded sequence (zk)k∈N of pairwise distinct
extreme points. This sequence has a converging subsequence, let y be its limit. Since the
sequence has pairwise distinct elements, there is at most one k ∈ N such that y = zk and
we may remove it from the sequence. In other words zk → y ∈ C as k → ∞ and zk ̸= y
for all k ∈ N. We will show that in this case, condition B is violated.

Fix k ∈ N, using Lemma 2 with a = zk, we may find xk ∈ intC such that ∥xk − zk∥ ≤
∥zk−y∥ and Dh(y, xk) ≥ k. Now as k → ∞, we have xk → y and Dh(y, xk) → +∞ which
contradicts condition B. This concludes the proof. □

2.3 Reverse implication

Proposition 2. Let C ⊂ Rn be convex closed with non-empty interior and locally poly-
hedral (represented locally by finitely many affine inequalities, for example a polytope), let
h be Legendre on C, continuous on C, then (B) holds.
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The result follows from the following ([15, Lemma 1]).

Lemma 3 (Tseng and Bertsekas). Let h : Rp 7→ R ∪ +∞, be lower semicontinuous and
continuous on its domain C. Then

• For any y ∈ C, there exists a nondegenrate closed ball centered at y such that C ∩B
is closed.

• For any y ∈ C, and d such that y + d ∈ C and sequences xk → y and dk → d such
that xk + dk ∈ C for all k, we have

lim sup
k→∞

h′(xk, dk) ≤ h′(y, d).

Lemma 4. Let C be a polyhedra and y ∈ C. Then there exists ϵ > 0 such that for any
x ∈ C ∩Bϵ(y), 2x− y ∈ C.

Proof : Let a1, . . . , am ∈ Rn and b1, . . . , bm ∈ R such that C = {x| ⟨ai, x⟩ ≤ bi, i =
1, . . . ,m}. Fix y ∈ C, and I ⊂ {1, . . .m} the set of active indices, such that ⟨ai, y⟩ = bi if
and only if i ∈ I. By continuity of linear functions, there exists ϵ > 0 such that for all d
with ∥d∥ ≤ 2ϵ, and all i ̸∈ I, ⟨ai, y + d⟩ < bi. Now for any x ∈ C such that ∥x− y∥ ≤ ϵ,
we have

⟨ai, 2x− y⟩ = ⟨ai, y + 2(x− y)⟩ < bi ∀i ̸∈ I,

⟨ai, 2x− y⟩ = 2 ⟨ai, x⟩ − ⟨ai, y⟩ ≤ 2bi − ⟨ai, y⟩ = 2bi − bi = bi ∀i ∈ I,

which shows that 2x− y ∈ C and concludes the proof. □

Proof of Proposition 2: By continuity of h on C, it suffices to show that

lim
x→y,x∈intC

⟨∇h(x), y − x⟩ = 0

for all y ∈ C.

Fix y ∈ C and consider (xk)k∈N, converging to y. C can be locally represented by a
polyhedra and therefore Lemma 4 can be applied to y and C. Let ϵ > 0 be given by
Lemma 4 and assume without loss of generality that ∥y− xk∥ ≤ ϵ for all k ∈ N. We have
for all k ∈ N, xk + (y − xk) = y ∈ C so that applying Lemma 4 with dk = y − xk, which
converges to 0

lim supk→∞ ⟨∇h(xk), y − xk⟩ ≤ h′(y, 0) = 0.

Furthermore, by Lemma 4, for all k ∈ N, we have 2xk−y = xk+(xk−y) ∈ C. Therefore,
one may apply Lemma 4 with dk = xk − y, which also converges to 0 to obtain

lim supk→∞ ⟨∇h(xk), xk − y⟩ ≤ h′(y, 0) = 0.

which is equivalent to

lim infk→∞ ⟨∇h(xk), y − xk⟩ ≥ 0.

We have shown that

0 ≤ lim infk→∞ ⟨∇h(xk), y − xk⟩ ≤ lim supk→∞ ⟨∇h(xk), xk − y⟩ ≤ 0,

so that the limit is 0. This concludes the proof. □
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3 Condition (A)

One implication was given by [12, Lemma 2.16].

Lemma 5 (Kiwiel). Let C ⊂ Rn be convex closed with non-empty interior, let h be
Legendre on C, continuous on C and strictly convex on C, then (A) holds.

The reverse implication follows from Lemma 3 again.

Lemma 6. Let C ⊂ Rn be convex closed with non-empty interior, let h be Legendre on
C, continuous on C such that (A) holds, then h is strictly convex on C.

Proof : Toward a contradiction, assume that h is not strictly convex. This means that
there exists x, y ∈ C such that

h

(
x+ y

2

)
=

h(x) + h(y)

2
, (6)

which implies that h is affine along the segment [x, y], that is

h

(
x+ y

2
+ t(x− y)

)
= h

(
x

(
t+

1

2

)
+ y

(
1

2
− t

))
=

h(x) + h(y)

2
+ t(h(x)− h(y))

for all t ∈ [−1/2, 1/2]. In particular, setting z = x+y
2
, we have

h′(z, x− z) = −h′(z, y − z) =
h(x)− h(y)

2
. (7)

Now consider z0 ∈ intC and the sequence (zk)k∈N in intC, such that for all k ∈ N, k ≥ 1,
zk =

1
k
z0 +

k−1
k
z ∈ C.

We set for all k ∈ N, k ≥ 1, yk =
2

k+1
z0 +

k−1
k+1

y ∈ C. We have for all k ≥ 1,

zk − x =
1

k
z0 +

k − 1

2k
y +

(
k − 1

2k
− 2k

2k

)
x =

2

2k
z0 +

k − 1

2k
y − k + 1

2k
x

yk − x =
2

k + 1
z0 +

k − 1

k + 1
y − k + 1

k + 1
x = (zk − x)

2k

k + 1

yk − zk = yk − x+ x− zk = (zk − x)

(
2k

k + 1
− 1

)
=

k − 1

k + 1
(zk − x).

Using Lemma 3, we have

lim supk→∞ ⟨∇h(zk), yk − zk⟩ = lim supk→∞
k − 1

k + 1
⟨∇h(zk), zk − x⟩

= −lim infk→∞ ⟨∇h(zk), x− zk⟩
≤ h′(z, y − z) = −h′(z, x− z),
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so that

lim supk→∞ ⟨∇h(zk), x− zk⟩ ≤ h′(z, x− z) ≤ lim infk→∞ ⟨∇h(zk), x− zk⟩

and ⟨∇h(zk), x− zk⟩ → h′(z, x − z) as k → ∞. We deduce by continuity of h using (6)
and (7)

lim
k→∞

h(x)− h(zk)− ⟨∇h(zk), x− zk⟩ = h(x)− h(x) + h(y)

2
− h(x)− h(y)

2
= 0

So we have that zk → z ̸= x but Dh(x, zk) → 0 which shows that condition (A) does not
hold. This proves the result by contraposition. □
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