N

N
N

HAL

open science

1/f3/? noise in heavy traffic M/M/1 queue
Thomas Vanderbruggen

» To cite this version:

‘ Thomas Vanderbruggen. 1/f3/2 noise in heavy traffic M/M/1 queue. 2023. hal-03973799v2

HAL Id: hal-03973799
https://hal.science/hal-03973799v2

Preprint submitted on 22 Oct 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License


https://hal.science/hal-03973799v2
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

1/f3/2 NOISE IN HEAVY TRAFFIC M/M/1 QUEUE

T. VANDERBRUGGEN

ABSTRACT. We study the power spectral density of continuous time Markov chains and explicit
its relationship with the eigenstructure of the infinitesimal generator. This result helps us under-
stand the dynamics of the number of customers for a M/M/1 queuing process in the heavy traffic
regime. Closed-form relations for the power law scalings associated to the eigenspectrum of the
M/M/1 queue generator are obtained, providing a detailed description of the power spectral
density structure, which is shown to exhibit a 1/f3/2 noise. We confirm this result by numerical
simulation. We also show that a continuous time random walk on a ring exhibits similar behavior
with the same scaling exponent. It is remarkable that a complex behavior such as 1/f noise can
emerge from the M/M/1 queue, which is the ”simplest” queuing model.

1. INTRODUCTION

Flicker noise also named 1/f noise [28, 40] describes a stochastic process whose power spectral
density (PSD) exhibits a power law behavior 1/f® over a certain range of frequencies f, usually
dominating at low frequency. The cases a = 0 and o = 2 correspond to white noise and Brownian
motion noise, respectively. Both are well understood and are simply related to each other by
derivation / integration - The Brownian motion being the integral of the white noise. Hence a
1/f% noise is usually defined for « in the range 0 < a < 2, excluding the trivial cases o = 0 and
a = 2. In other words a 1/f® noise cannot be obtained directly from simple transformation on the
white noise, that is the reason why its mathematical description is challenging.

On the experimental side the flicker noise appears in a wide range of systems. For example: heart
rate [1], human cognition [11], music [38], internet traffic [0, 34], electronic devices [35], magnetic
field fluctuations of the Sun [13] and Saturn [14]. However, it is still an open question whether
the widespread existence of this behavior is explained by a common underlying mathematical
mechanism.

Several mechanisms have been proposed to generate a 1/ f* noise, and a detailed presentation can
be found in [40]. The two main mathematical frameworks are the superposition of Poisson processes
with widespread relaxation rates [39, 44, 22, 8, 9], and non-linear stochastic differential equations
[32, 33]. The superposition of relaxation rates, whose resulting PSD is a sum of Lorentzians, is an
interesting candidate, especially because reversible homogeneous continuous time Markov processes
exhibit such a spectrum, as shown in [22, 8]. Here, we redemonstrate this result and show that
the cut-off frequencies are the eigenvalues of the infinitesimal generator and the amplitude of each
Lorentzian is given by the coupling of the state vector to the eigenvectors. In particular, we show
that if the eigenvalues and the eigenvectors follow appropriate power laws a 1/ f® noise scaling can
be achieved. However, to the extent of our knowledge, mostly ad hoc Markov chain with tailored
eigenspectrum distributions have been introduced to show that such models can generate 1/ f noise.
Here we show that 1/f noise appears in a ”classical” Markov model, namely the M/M/1 queue.

The M/M/1 queue is a birth-death process with constant transition rates, making it the simplest
birth-death processes (beyond pure birth and pure death processes). A major advantage of the
M/M/1 queue simplicity is that many closed-form expressions are known for various queue metrics
(see for example [15]). We apply the previously introduced result on the PSD of reversible Markov
chains to the infinitesimal generator of a M/M/1 queue in the heavy traffic regime. Scaling laws for
the eigenvalues and eigenvectors of the generator are obtained from its diagonalization and used to
show that the PSD exhibits a 1/f3/2 noise, which is confirmed by numerical simulation. Finally,
we consider a continuous time random walk on a ring and show that its generator eigenstructure is
similar to the M/M/1 queue generator, and therefore it also exhibits a 1/ f3/2 noise as was already
noticed [8, 43].
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2. DEFINITIONS AND NOTATIONS

2.1. Continuous time Markov chains. We consider homogeneous continuous time Markov
chains (HCTMC) on a finite coutable state space of size n. A HCTMC X = {X;,t>0} is
characterized by its transition matrix P (7) with elements P;; (1) = P (X, =j|Xo =1). Itis a
stochastic matrix, because > ; P;; (7) = 1, which obeys to the Kolmogorov forward equation:
(1) I pryrap(r)=0

—P (7 T) =

dr ’
where G is called the infinitesimal generator of the HCTMC. Since a continuous time Markov
chain over a finite state space is regular, there is exactly one solution to this differential equation.
Given the initial condition P(0) = 1 must be satisfied, the solution of this differential equation is

(2) P(r)=e S

The generator satisfies ), G;; = 0 and all the off-diagonal elements must be negative.

The long term behavior of the Markov process is characterized by the stationary probability
vector m = (7;)1<i<n, Where 7; is the probability to be in the state ¢ of the chain after an infinite
time. We further assume the chain is irreducible so that the stationary distribution is unique,
because the state space is finite. From Eq. (1), it satisfies #G = 0 with ||7|; = 1.

Finally, we consider a reversible chain, that is a chain which satisfies the detailed balance equa-
tions m;Gy; = m;Gj;. A reversible Markov process has the desirable property to be stationary, and
therefore the power spectral density of this process exists. Because the matrix D/2GD /2, where
D = diag(w), is symmetric and similar to G, the generator of a reversible chain is diagonalizable
with real positive eigenvalues [18]. Note that birth-death processes, and in particular the M/M/1
queue, are reversible (see for example [15] 8.4.3).

2.2. Scalar product. In the context of Markov chains the scalar product whose metric is the
stationary probability occurs naturally. To each state ¢ of the chain we associate a real value z;,
and we note x = (z;)1<i<n € R®. For a HCTMC X with stationary probability 7, the space R”
is equipped with the scalar product

(3) (u,v), = Zmuivi.
i=1

The all-ones vector is noted 1, it verifies (1,1), = ||=|; = 1. This scalar product relates to
statistical quantities such as the average or second order moment:

(4) (6, 1) = D mis = (x),

(5) (x,x), = mef = (2%).

3. POWER SPECTRAL DENSITY OF A MARKOV PROCESS

We re-establish a known result that the PSD of a reversible Markov process is a superposition
of Lorentzians [22, 8]. The derivation explicits the relationship with the fundamental matrix of
the Markov chain as an intermediate result. We first derive the expression for the autocorrelation
function of a stationary Markov process, and, combining this result with the Green-Kubo relation,
we show the relation between the diffusion coefficient of the process and the fundamental matrix
of the Markov chain. Interestingly, the Green-Kubo relation is somehow a particular case of the
Wiener-Kinchine theorem (the diffusion coefficient is the PSD at zero frequency), and we show that
the PSD of the Markov chain relates to a generalized version of the fundamental matrix. Then
we explicit the relationship between the generalized fundamental matrix and the infinitesimal
generator, and we show that the PSD of a reversible process is a sum of Lorentzians. Finally,
we establish a criterion relating power law scalings of the generator eigenstructure and 1/f noise
scaling.
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3.1. Autocorrelation function. Here we consider the centered process 6X; = X; — (X;), in
other word we remove the DC component from the power spectrum. The autocorrelation function
is defined as

(6) CX(T) £ tlim <(5Xt+-,—5Xt> .
In App. A we prove that the autocorrelation function of a HCTMC is a quadratic form:

Proposition 1. Let X be a stationary and irreducible HCTMC and let x be a real-valued vector
over the (finite) state space of the chain, then the autocorrelation of X is

(7) Cx () = (%, [P(r) = P(o0)] %) . -

Where we defined the limiting transition matrix P(co), whose lines are the stationary probability
vector P;;(00) £ lim, o Py (1) = 7;.

Note that this result and the next ones assume a finite state space with implies that the sta-
tionary population is unique, but the results would hold if an unique distribution exists, whether
the state space is finite or not.

3.2. Fundamental matrix and Green-Kubo relation. The fundamental matriz, also called
deviation matrix, of a HCTMC is defined as

oo
(8) z 2 / [P(r) - P(c0)] dr.

0
It can be related to many properties of the Markov chain, such as variance [41], first-passage time
analysis [15], speed of convergence to the stationary distribution [5]. Interestingly, we see here

that, by the Green-Kubo relation, it is also related to the diffusion coefficient of the process, and
more generally to some transport coefficient of the process.
The diffusion coefficient of the process X is Dx = D,y £ lim;_, o 0% (t)/2t, where o2 () is the

variance of the process Y which is the integral of the process X (X = 0,Y) [L0]. The diffusion
coefficient is related to the autocorrelation function by the Green-Kubo relation [7, 10]:
oo
9) Dy = / Cx (T)dr.
0

Using the result Prop. 1 for the autocorrelation function, it follows

(10) Dx = (x{ [ IP(r) - P(e0) df}x>ﬂ,

and we observe that the Green-Kubo relation for the diffusion coefficient of a stationary Markov
process is a quadratic form of the fundamental matrix:

Proposition 2 (Green-Kubo relation). Let X be a stationary and irreducible HCTMC and x be
a real-valued vector indexed over the (finite) state space of the chain, then the diffusion coefficient
of X is

(11) Dx = (x,Zx),. .

3.3. Power spectral density. The Wiener-Kinchine theorem states that the power spectral den-
sity is the Fourier transform of the autocorrelation function. More precisely, if X is a wide-sense
stationary process then the power spectral density of X is

(12) Sx(w) = /OOO Cx (1) cos(wT)dr.

We note that this is related to the Green-Kubo relation Eq. (9) because Dx = Sx(0), and the
power spectral density also describes out-of-equilibrium fluctuations around the stationary state
of the system.

Because a stationary process is wide-sense stationary, applying the Wiener-Kinchine theorem
to the result Prop. 1 for the autocorrelation function yield:

(13) Sx(w) = <x, { /0 T P(r) - P(oo)] Cos(wT)dT} x>" .
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Now we define a generalized version of the fundamental matrix Eq. (8):
(14) Z(w) 2 / [P(7) — P(c0)] cos(wT) dr,
0

where the fundamental matrix is retrieved at the zero frequency: Z = Z(0). Hence the Wiener-
Kinchine theorem for a stationary Markov chain states that the PSD is a quadratic form with
matrix Z(w):

Proposition 3 (Wiener-Kinchine). Let X be a stationary and irreducible HCTMC and x be a

real-valued vector indexed over the (finite) state space of the chain, then the power spectral density

of X is
(15) Sx(w) = (x,Z(w)x),. .

The following property, proven in App. B not assuming G to be diagonalizable, relates the
fundamental matrix to the infinitesimal generator:

Proposition 4. The generalized fundamental matriz of an irreducible HCTMC over a finite state
space with generator G is

(16) Z(w) = (G +w?GH)*,
where A¥ is the group inverse of the matriz A.

In particular, Z = Z(0) = G¥ and we recover the known fact that the fundamental matrix is
the group inverse of the generator (see [5] for example). The Green-Kubo relation Eq. (11) is thus
Dx = (x, Gﬂx>ﬂ, as was observed in [30].

3.4. Sum of Lorentzians. In the case of a reversible chain, which is diagonalizable with real
positive eigenvalues, we can combine the results of Prop. 3 and Prop. 4 to obtain an explicit
expression relating the power spectral density to eigenspectrum structure of the generator (see
details in App. C):

Theorem 5. Let X be an irreducible and reversible HCTMC' over a finite state space of size n.
If the non-zero eigenvalues of the infinitesimal generator of X are {wgti<k<n—1, and Iy is the
spectral projector associated to the eigenvalue wy, then the power spectral density of X 1is

n—1
- 2_ Wk

where v £ (x, TIkx) .

We observe that the power spectral density of a Markov chain is a sum of Lorentzian. Similar
results are obtained for reversible Markov chain [22, 8, 9], nonlinear stochastic differential equations
[32] or the spectral density of the laser field near threshold [27, 18.7.3]. Note that since the process
is reversible every non-zero eigenvalue of G is real and strictly positive, so that Sx(w) > 0 as
expected.

The coefficient 77 corresponds to the coupling strength of the kth eigenvector to the state vector
x. In App. F, we show that for symmetric infinitesimal generators 7y is related to the graph Fourier
transform of the signal x over the vertices of the (undirected) graph associated to the Markov chain.

Remark 1 (Normalization of 7 coefficients). Since the spectral projectors satisfies the resolution
of unity 22;11 IT;, = 1, the coupling strength has the normalization:

18) S 2 = (xx) = (22).
k=1

Remark 2 (Normalization of Sx(w)). The overall energy of the spectrum is, using Eq. (18):

00 n—1 00 n—1
1 = 2 7Wk :z QIE 2 .
(19) /0 Sx (w) dw kz_:l%c/o WZ + w? dw QkZ:l'Yk 2<33>

Therefore if we desire to satisfy fooo Sx(w) dw = (), we must include a normalization factor 2/
to the result Eq. (17).
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3.5. Lorentzian power spectrum. In the specific case where the eigenspectrum of G is degen-
erate (wp = @ for all k¥ > 0), which occurs in particular for a two states chain, then the power
spectrum is Lorentzian:
(2?) 1 Dy

O 1+ w/@? 14 (w/@)?’
Remark 3. Another, more contrived, way to obtain a Lorentzian spectrum is for x to be an
eigenvector of G.

(20) Sx(w) =

As an example of a process with a highly degenerate spectrum we consider the continuous
time random walk on star graph. It is a process where one transition from a central state to a
peripherical one with rate A, and back to the central state from the periphery with rate u. The
transition graph is presented in Fig. 1.

FI1GURE 1. Transitions for the random walk on a star graph.

The infinitesimal generator of this process is an arrowhead matrix:
(n—1DA =X =X
—p 1
(21) G= —u L
We further assume A = p = 1 and the generator is the Laplacian matrix of an undirected star
graph. The eigenvalues are wyp =0, w1 =wy = -+ = wy—o = 1 and w,—1 = n (see for example [3]
15.3.3 (ii)). Therefore, excluding the zero eigenvalue, the generator only has 2 eigenvalues 1 and n

so the spectrum is strongly degenerate and the power spectral density is nearly Lorentzian, as we
can observe on the simulation Fig. 2.

Remark 4. In the special case where n = 1 one obtain the telegraph process which gives rise to
random telegraph noise (also known as burst noise or popcorn noise), whose power spectrum is
well known to be Lorentzian [26].

3.6. 1/f noise criterion. When the eigenspectrum of G is highly non-degenerate, the power
spectral density can present more complex shapes beyond the Lorentzian spectrum. In fact such a
spectrum, resulting from the superposition of relaxation processes, has often been proposed as an
explanation for 1/f noises [28]. It often assumes an uniform distribution of the eigenfrequencies
over a given range. More generally, as already observed by [9], the power spectrum is determined by
the complete eigenstructure (wy,yx) of the generator. In particular, if wy and v obey appropriate
power laws then the power spectral density exhibits a 1/f like noise, more precisely the criterion
is:

Criterion 6. Assume that the eigenvalues of G scales as wi ~ k% with a > 0, and that the
coupling strength of the eigenvectors to the state vector x scales as vy, ~ kP.
If a > |28 + 1|, then the power spectral density scales as Sx (w) ~ w®, where
26—a+1
(22) ¢ = —
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FIGURE 2. Simulation of the continuous time random walk on a star graph of
size n = 1000. (a) Example of simulation trajectory (state on the ring versus
time). (b) Periodogram (averaged over 20 realizations), the green line is a fit with
a Lorentzian function.

It satisfies —2 < ¢ < 0. An ezxact 1/f noise (( = —1) is obtained for 5 = —1/2, for any o > 0.

In practice the scaling law may only be valid over a finite range of eigenfrequencies and to
achieve a 1/ f* noise spectrum the eigenspectrum of G must be highly degenerate with eigenvalues
spanning over at least one frequency decade. As we will see now, this property appears for queues
(birth-death processes) in the heavy traffic regime.

4. APPLICATION TO THE M/M/1 QUEUE IN THE HEAVY TRAFFIC REGIME

A M/M/1 queue is a birth-death process with constant rates (u = un, A = A, for all n). The
associated graph is presented in Fig. 3. It models a queue with a single server where arrival time
and server processing time obey a exponential distribution with time constants independent of
the number of customers in the queue. This is the ”simplest” queue model and many closed-form

results are known
AN A

@t@t@ coe
TR TR

FIGURE 3. Transition graph of the M/M/1 queue.

The infinitesimal generator of this process is a tridiagonal matrix:

A —-A
—u A+p =X
(23) G = - AFp —A )

The server utilization is defined as p = \/u. The process is stable when p < 1, that is when
the long term number of customers in the queue is finite. The average number of customers in the
queue is m = p/(1 — p) and the variance is 0 = p/(1 — p)?. The Markov chain has a stationary

population which satisfies 7, = (1 — p) p*.
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4.1. Tridiagonal Toeplitz matrix. The tridiagonal Toeplitz matrix is a n x n matrix with
constant upper diagonal, lower diagonal and diagonal:

b ¢
a b c
(24) Tn(a,b,c) = a .. ,
b ¢
a b

In the limit n — oo, the generator Eq. (23) can be approximated by T),(a,b, ¢), where a = —p,
b=p+ A and ¢ = —\. The only difference with the M/M/1 generator being the first row does
not satisfies the condition b + ¢ = 0.

The eigenvalues and eigenvectors of T,,(a, b, ¢) have simple closed-form expressions. The eigen-

values (indexed in increasing order) in the case a,c < 0 are (see for example [30]):
km

25 =b—-2 .

(25) W vaccos <n+1)

The right eigenvectors are vy = (vp;);;, Where

a\/2 kim
(26) Vi = (E) sin (n n 1) ,

and the left eigenvectors wi, = (W), ,,, are:

c\/2 | kim
(27) Wk, = (5) sin (n+ 1) .

When the matrix is symmetric (¢ = a), the eigenvectors are the discrete Fourier transform basis,
this is because the infinitesimal generator is the Laplacian matrix of the graph associated to the
chain. In fact in App. F we explicit the relation between the power spectral density and the graph
Fourier transform. In the case of a birth-death process, the associated graph is a discrete semi-open
unidimensional string whose eigenmodes (the eigenvectors of the graph Laplacian matrix) are the
discrete Fourier transform basis.

4.2. Light traffic regime. In the light traffic regime, the server utilization is low p < 1, and
there are few customers in the queue. Choosing ;1 = 1 and A = ¢, the server utilization is p = €.
The average number of customers is m ~ ¢ and the variance is 02 ~ ¢, in other words o ~ y/m, and
the underlying distribution behaves as a Poisson distribution. In the limit € — 0, the eigenvalues
satisfy

km
(28) wk1+52\/§cos(n+1)5_>—51

so that all the eigenfrequencies are degenerate and the power spectral density is Lorentzian.

4.3. Scaling laws in the heavy traffic regime. In the heavy traffic regime the server utilization
is high (p ~ 1) and the number of customers in the queue is large. This regime is known to converge
to a reflected Brownian motion [23, 21], that is a Brownian motion over the half-plane R*. Here,
weset A=1and py = A+e =14 ¢ where ¢ < 1. Therefore the utilization is p ~ 1 — ¢, the
average number of customers is m ~ 1/¢ and the variance is 02 ~ 1/e%. So in this regime the
average number of customers equals the standard deviation (o ~ m), showing that the underlying
distribution has much larger fluctuations than a Poisson process.
From Eq. (25), the eigenvalues of the generator satisfies:

2
(29) wk—2+52\/1+scos(lm) ~ 2{1cos<lm)] ~ <k7r) .

n+1)/) =0 n k<n n
In other words the eigenfrequencies follow the power law wy ~ k% (o = 2).

In Fig. 4 (a), we compare this approximation with the exact analytical result for the Toeplitz
matrix, and with the numerical eigenvalues for the M/M/1 generator. We observe that for large n,
the eigenfrequencies are highly non-degenerate and are densely covering many order of magnitudes.
In appendix E, we see that this behavior is generalized among birth-death processes because the
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characteristic polynomial of a tridiagonal matrix is an orthogonal polynomial whose roots are
densely spanning an interval.

~c

3 -
102 Generator numeric
10 e Toeplitz analytical
10° ——————— — Scaling ~k?
106t i N i [ [TTTTT I I B A

10'H e e Toeplitz analytical

10?H — Scaling ~k™!
1031 I I I D S i I i i
100 10! 102 103

FIGURE 4. Power law scalings for the M/M/1 infinitesimal generator. Evolution
of (a) the eigenvalues wy and (b) the coefficients |vi| for the generator and the
tridiagonal Toeplitz matrix versus k for n = 103, ¢ = 10~%. The blue dots are the
result of the numerical eigendecomposition of the M/M/1 queue generator, the
green dots are the analytical result for the Toeplitz matrix and the solid line are
the power law approximations wy, ~ (k7/n)? and |y| ~ en?/(wk).

Since we analyze the number of customers in the queue versus time, the weight associated
to state ¢ is simply x; = i. The coupling coefficient v satisfies (using the spectral projector
Hk = W]IV]C)I

(30) i = (x, w,;rvkx>ﬂ_
o kim kjm
= (1—p) Y ijp /2 i J
(31) (1-p) 2. ijp sin (n+1)81n <n—|—1>
ki ’
2 —(1- o'/ sin [ — 2
(32) (1) [}ijzp sin (1

In the limit € = 0, 1 — p =€ + o(¢?) and p¥/? = 1 — ie/2 + o(e?), hence

2
- ki
2 - 2
(33) Vi =¢ [;zsm <_n—|—1> + o(e?).
We can evaluate the sum:
n . cos (ﬂk(2n+1)> ,
(34) ) isin (k‘z—ﬂ> __(n+D) 2t ~ DO (;Tf) ~ (1)
i=1 n+1 2 sin (%) n—oo  2sin (%) k<n mk

Therefore |yi| ~ /en?/(rk) and v; scales as k= (8 = —1). In Fig. 4 (b), we compare this
approximation with the exact analytical result.

The scaling exponents (a, 8) = (2,—1) satisfy a = 2 > |26 4+ 1| = 1, and from Criterion 6 the
power spectral density scales as Sx (w) ~ w¢, where ¢ = (28 — a + 1)/a = —3/2. In other words,
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the power spectral density of the number of customers in a M/M/1 queue in the heavy traffic
regime exhibits a 1/f3/2 noise.

4.4. Heavy traffic simulations. The M/M/1 queue is simulated using the Gillepsie algorithm
[12], where each iteration compute the remaining time in a given state and the jump to the next
step. Since the remaining time in a given state is random, the Gillepsie algorithm does not produce
uniformly sampled data, so the result is interpolated to obtain the uniform sampling required by
the Fast Fourier Transform (FFT) algorithm. The power spectral density is estimated from the
periodogram, obtained by computing the modulus square of the FFT of the data. Periodograms
of many simulation trajectories are averaged to improve the power spectral density estimation.

5000 ‘ @ ‘ 107

101 |1

4000 |-

105}
3000 |

1.
TIME leg FREQUENCY
(c) (d)

101}

# CUSTOMERS

N
o
=3
=3

108}

POWER SPECTRAL DENSITY

1012}

101!
1

40000

1020

1010 L

101}

1017 |

108 L

# CUSTOMERS
POWER SPECTRAL DENSITY

105}

104 |

108 . . .
X 10° 10t 102 10% 10*
TIME 1e9 FREQUENCY

FIGURE 5. Simulation of the M/M/1 queue in the heavy traffic regime. Example
of simulation trajectories (number of customers in the queue versus time) for (a)
e = 1073 and (c) ¢ = 10~%. Periodograms for (b) ¢ = 10~3 (averaged over 69
realizations) and (d) ¢ = 10~ (averaged over 34 realizations).

Simulation results are presented Fig. 5 for ¢ = 1072 and ¢ = 10~*. We check that the mean
value satisfies m ~ 1/e: for e = 1073, m = 987 (expected 10%), and for ¢ = 107%, m = 10357
(expected 10%). We observe the periodogram scales as 1/f3/2 over at least a frequency decade.
Note also the 1/f? scaling at higher frequencies, showing the spectrum is consistent with a sum of
Lorentzians.

5. CONTINUOUS TIME RANDOM WALK ON A RING

To further understand the above result, that is a continuous time random walk on a semi-open
string, we fold the string onto itself to form a ring and consider the resulting continuous time
random walk on a ring. This process could for example model the phase diffusion of an oscillator.

Interestingly, a 1/f3/2 noise has also been observed for a random walk on a ring [, 13]. Here
we confirm this result and show that the PSD of a continuous time random walk on a ring obeys a
1/ f3/2 scaling. Indeed, we observe that the eigenstructure of the circular random walk generator
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is similar with the one of the M/M/1 queue generator, more specifically the scaling law coefficients
(a, B) are the same.

FIGURE 6. Transition graph of the continuous time random walk on a ring.

5.1. Generator, eigenvalues and eigenvectors. We consider a ring of n states with constant
transition rates clockwise A and counterclockwise u (transition graph is presented in Fig. 6). The
infinitesimal generator of this process is a n X n matrix:

Adp = —

— A+ p =

(35) G = - Atp
. .. -
-A - A+

It is a right circulant matrix, which is strongly related to the discrete Fourier transform. In
what follows, we define w,, 2 exp(i27/n) so that wF is the kth root of unity. The eigenvalues of
the generator are:

(36) Wi = A+ — dwF — oIk,

We further assume that clockwize and counterclockwise circulations are identical, that is A =
p £ 1. In that case the generator is the Laplacian matrix of an undirected cycle graph C,. As
a consequence the generator is a symmetric matrix and the Markov process is reversible. The
eigenvalues satisfy:

o7k kN>
(37) wi =2 — 2cos (W) ~ 4 (W) .
n kkn n

The eigenvalues scaling exponent is therefore o = 2. This result is very similar with the M/M/1
case Eq. (29), up to a factor 2 in the cosine argument.

The eigenvectors vi = (vk,q); <q<n 8T€ the same for any circulant matrix, in particular it does
not depend on A and pu:

1 _
(38) Vk,g = %wgq DE,

Because the generator is symmetric, the right and left eigenvectors are identical. The spectral

projector is Il = Vlvk where V;; is the hermitian conjugate of v, it satisfies:

1 1
(39) (Hk)qu - ﬁwgliq)kw’flril)k = Ewgpiq)k.
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5.2. 1/f%/? noise. The coupling coefficient 77 for z, = g is:

(40) ’Yl% = Z qur (Hk)q7r
q,r
1 r—q)k
() - L g
q,r
1 n—1 n—1
_ —qk rk
q=0 r=0
1 n neiﬂ'k/n
n? 2ie sin(mk/n) —2isin(rk/n)
1
44 -t
(44) 4sin®(mk/n)

Here we used the fact that the stationary distribution for the random walk on a ring is uniform
[17], that is m; = 1/n for all ¢. Finally,

1 n
45 - - o
(45) T 2sin(rk/n) k<n 27k
In other word, the coupling coefficient scaling exponent is g = —1.

We observe that the continuous time random walk on a ring has the same scaling coeflicients
(o, B) = (2, —1) that the M/M/1 queue in the heavy traffic limit, and the PSD also scales as 1/ f3/2.
Intuitively this is because the eigenmodes of the semi-open string of the M/M/1 queue in the heavy
traffic limit are circulating far away from the origin, just like the circulating counter-propagating
eigenmodes on a ring (similarly to the circulating modes in a circular optical resonator). We
confirmed this result by a numerical simulation Fig. 7.

U
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!
|

101

10 [

108L

1022[

o[

1010 [

STATE

100

POWER SPECTRAL DENSITY

108 b

200 ‘ 107 b

10

10°
0.2 . .6 . . 10° 10t 107 10° 104 10°
TIME le7 FREQUENCY

FIGURE 7. Simulation of the continuous time random walk on a ring of size n =
1000. (a) Example of simulation trajectory (state on the ring versus time). (b)
Periodogram (averaged over 30 realizations), the red line is the 1/ f3/2 scaling.

5.3. Sequence of pulses: 1/ f1/2 noise. Existence of 1 /f mnoise in pulse sequences has been
demonstrated in [24], for example. Here we show that such signal can be obtained within the
framework develop in this article. Until now we have only consider the case where the weight
equals the state index (x; = i), but other options are possible. By choosing a Kronecker delta for
the graph weights: x, = d,, we obtain a pulsed signal where a pulse is emitted when the stochastic
trajectory crosses the n = 0 state. Note that, because the number of internal states n is larger
than 2, this process is not a telegraph noise and, as we will see, the power spectral density is not
Lorentzian.
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The coupling coefficient simply satisfies:

1 w9
2 r—q)k —
(46) Tk =g E PR T n; =3
q.r

Hence, there is no scaling of 7, with k, that is 8 = 0. This process has scaling exponents (a, 8) =
(2,0), which satisfies « = 2 > |28 + 1| = 1 and, by Criterion 6, the power spectral density scales
as S(w) ~ w2 which is what we observe in the numerical simulation Fig. 8.

108

SIGNAL
—
<%

POWER SPECTRAL DENSITY
=
=3
=

107 L L L L L
. 10° 10! 102 10° 10* 10°
TIME 1le7 FREQUENCY

Ficure 8. Simulation of a sequence of pulses with underlying random walk on
a ring of size n = 1000. (a) Example of simulation trajectory. (b) Periodogram
(averaged over 90 realizations), the green line is the 1/f%/? scaling.

6. CONCLUSION

Using a simple criterion relating the 1/f noise exponent to scalings of the eigenstructure of the
infinitesimal generator, we observed that the M/M/1 queue in the heavy traffic and the random
walk on a ring exhibit a 1/f3/2 noise. The existence of such a non-trivial behavior within the
simplest model in queuing theory is an interesting example of the emergence of complex phenomena
from simple rules. We also give an example of a sequence of pulses resulting from an underlying
random walk on a ring and resulting in a 1/f1/2 noise.

The M/M/1 queue in the heavy traffic is a reflected Brownian motion [42], and interestingly 1/ f
noise has also been observed in other stochastic processes with limited or modified boundaries. We
observed it for the random walk on a ring, that is a process with circular boundaries, but it has also
been demonstrated in non-linear stochastic equations with reflective boundaries [33]. The reflective
boundaries define the eigenmodes of the Markov chain graph (similarly to the eigenmodes of a
resonator) and therefore the eigenstructure of the generator. The relationship between reflections
in a Markov chain and 1/f noise is an interesting problem to explore.

As shown in App. F, the weight vector x = (z;) can be understood as a signal on the transition
graph, and the power spectral spectral density is related to the graph Fourier transform of this
signal. This shows that tools from the field of graph signal processing [31] can be used to study 1/ f
noise resulting from graph random walks. Conversely, the analysis of power spectral densities could
be used to study graph signals. For example simulating a random walk on a large graph might be
less computationally intensive than performing the full eigendecomposition and still provide useful
insights by looking at the power spectral density and / or the autocorrelation function (power law
scalings could help in classifying graphs).

APPENDIX A. PROOF OF PRroOP. 1

Proof. Because the process is stationary (X;1,) = (X¢), and the autocorrelation function satisfies:

(47) Cx(7) = lim |(X,1, X)) — (X3)?

t—o0
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Using the Markovian property:

(48) P(Xpor = jAX, =i) = P(Xopr = j|1 X, = ) P(X, = i),

and because the CTMC is homogeneous

(49) P(Xeir = jIX: = i) = P(X, = j|Xo = i) = Pis(7),

the first term is

(50) (X Xe) = inij(XHT =jAX;=1) lex] i (T)P(Xy =1).
4,J

Moreover the chain is irreducible with a finite state space so it as an unique stationary distri-
bution 7 = (m;); which satisfies lim;_, o, P(X; = i) = m;, so that

(51) hrn (Xpgr Xe) Zmzﬂ:] ij (1) = (x, P(7)x) . .

The stationary average value of the process is

(52) lim (X;) = hm sz (X =1) Zxﬂri =(x,1
i

t—o0
Since (x,1)% = > i Tarjmimy, it results
(53) Cx(7) =Y wiwym [Pyy(r) — )]
(2%

Moreover, X is irreducible and has a stationary distribution, so the theorem of convergence to in-
variant distribution for a continuous time Markov chain is satisfied, and P;;(00) 2 lim, oo Pi(1) =
m;. Therefore,

(54) Cx(r) = Z%%ﬂi [Pi;(7) = Pij(o0)] = (x, [P(7) — P(c0)] %) . ,
which is the expected result. ]

APPENDIX B. PROOF OF PROP. 4

Here we explicit the relationship between the fundamental matrix and the infinitesimal genera-
tor. In this appendix o(A) designates the spectrum of the matrix A, and A @ B is the direct sum
of A and B. Moreover, 1; is the 1 x 1 identity matrix and 0; is the 1 x 1 zero matrix.

The result is straightforward to show if the generator is diagonalizable, as this is the case for a
reversible process, however the result is valid for any generator of an irreducible chain. We start
with the following lemma for the decomposition of the transition matrix, mostly resulting from the
Perron-Frobenius theorem for transition matrices:

Lemma 7 ([1], Lemma 8.2.2). If P is the transition matriz of an ergodic (irreducible) Markov
chain then it exists an invertible matriz S so that P = S[1; @ K|S™L, with 1 ¢ o(K). Moreover,
if the chain is regular then lim,_, . K™ = 0.

As a corollary, we have an equivalent result for the core-nilpotent decomposition of the infini-
tesimal generator:

Lemma 8. If G is the generator of an irreducible HCTMC over a finite state space, then it exists
an invertible matriz S so that G = S[0; & T') S~ where:

(i) T is invertible.

(ii) lim, . e T7 = 0.
(iii) for allw € o(T"), Re (@) > 0.

Proof. Using Eq. (2) with 7 = 1, one has P(1) = e~ . Since P(1) is a transition matrix of an
irreducible chain, by Lemma 7 it exists an invertible matrix S so that P(1) = S [1; ® K] S™!, with
1¢o0(K).

Noting that P(1) is invertible (the inverse matrix being et), it follows that K is also invertible
because det K = det P(1) # 0. Since the logarithm of an invertible matrix exists [16, Th. 1.27],
but is not uniquely defined, let —TI" be a logarithm of K so that K = exp(—T"), and

(55) P(1)=S[e " @e ]S =exp(-S[0,®T]S7),
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and therefore G = S[0; ® T']S™. Moreover, since 1 ¢ o(K) then 0 ¢ o(T) and T is invertible,
proving (i).

Given that a continuous time Markov chain over a finite state space is regular [19], Lemma 7
yields lim,, o, K™ = 0 and (ii) follows
(56) lim e '™ = lim e ™ = lim (e_r)n = lim K" =0.
T—00 n—oo n—oo n—oo

Finally, to show (iii) we observe than if @ € ¢(I") then e™® € ¢(K) and |e™*| < 1, because e~%
is not the Perron-Frobenius eigenvalue of the stochastic matrix P(1), therefore Re (@) > 0. O

We now use this result to prove Prop. 4:

Proof. In this proof, we make use of the group inverse A% of A. It is a special case of the Drazin
inverse for the matrix index of 1, which applies to us as we are dealing with matrices whose zero
eigenvalue as multiplicity 1 (see [1] Theorem 8.2.1 and its proof). In other words, if A admits the
decomposition A =S [0, & Q]S~* with Q invertible, then A* =S [0, ® Q'] S~

By Lemma 8, the transition matrix admits the following decomposition:

(57) P(r) = e SO = g1, @ e 7] 87,
moreover using Lemma 8 (ii),
(58) P(c0) = lim S [Li@e TS =S[1, 018",
so that P(7) — P(c0) = S [0, @ e F7] S~1. Therefore, the fundamental matrix is decomposed as
(59) Z(w) =S[0; & J(w)] S,
where
(60) J(w) & / e I cos(wr)dr = 3 [/ e Tretiwrqr —|—/ e_PTe_“”dT} .
0 0 0

Recall that the Laplace transform of the exponential of a matrix X is fooo e tetXdt = (s1— X)L,
which is defined for all s € C\ ¢(X), and in particular

(oo}
(61) / e TTet T dr = (T Fiwl) ™,
0

which is define for all w € R since by Lemma 8 (iii) o(T") ¢ iR. As a consequence, because T is
invertible (Lemma 8 (i)),

62)  J(w)= % (T —iwl) ™ + (T +iwl) "] =T (T2 + w?1) " = (T +w’T7) .
Hence,
(63) Zw) =8 [0y @ (T +w2T7) |87 2 M,

where MF is the group inverse of
(64) M=S[0;& (T+w’ T ")]S!'=8[0;aT|S ' +w’S[0,&T 'S =G +w?G,
and finally Z(w) = (G + wQGﬁ)ﬁ. O

APPENDIX C. PROOF OF THEOREM. 5

Proof. Since the process is reversible, G is diagonalizable and has the spectral decomposition G =
S vZ1 wiIly. Therefore, by Prop. 4, given that for all w € R\ {0} the function = — z/ (22 + w?)
is analytic on the domain Rt D ¢(G), the spectral decomposition of Z(w) is

n—1
Wik
65 Z(w) = —— 1.
(65) () ;w,gw b

Because the process is reversible, it is stationary and applying Prop. 3 to the spectral decomposition
of Z(w) provides Eq. (17).

The quadratic form (x,II;x)  is positive semi-definite because IIj is a projector and o (II) =
{0,1} C R*, so we can define ~;, 2 (x, TI;x)/2, O

™
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APPENDIX D. PROOF OF CRITERION 6

We use Def. 3 of [37] as the definition for a function f(z) to scale as z*. In the context we are
interested in, it states that a function f is asymptotically homogeneous at infinity if there exists
a € R such that

(66) lim log (ii?) = 0.

r—00

The result derives from the asymptotic expansion for the power spectral density Sx (w) (which
we prove afterwards Sec. D.1):

Proposition 9. Assume the scalings wy ~ k* with a > 0, and v, ~ kP, so that a > |26+ 1|, then
(67) Sx(w) ~w® — Kw™2,
where ( = (26 —a+1)/a, and K > 0 if it exists k € N so that k =20+ «, else K = 0.

Since —2 < ¢ < 0 then ¢ + 2 > 0 and it immediately follows:

Sx(w) K

Therefore Sy is asymptotically homogeneous at w — oo and Sx (w) scales as wS.

D.1. Proof of Prop. 9.

Proof. We write the scaling laws as wy, = wok® and 7, = Yok?, then Sx(w) = 3—[35@5 (@), where
© 2 w/wy and Sop(@) = 212021 fap(k), with
x2B+a

(69) fap(z) =

We start with the Euler-Maclaurin asymptotic expansion to evaluate the sum:

(0 3 foslh) ~ Lop(@) + L2 1es©) +Z(BQ’; (£ (o0) - £20(0)]
k=0 1

where I,5(w fo fap(z) dz, and By, is the kth Bernoulli number.
We first look at the behav10r of fop and its derivatives as x — oo. Since a > 0,

(71) f(lﬁ(:r) ~ 1.26*04’

Tr—00

2 +(D2.

and the kth derivative satisfies (see [20]):
-~ F(26 + a) :L,Q,Bfocfk
z—00 F(Qﬁ + o — k‘) ’
where T' is the Euler gamma function. Because for all k € N, 28 — k < |28 + 1| < «a, we have
£ (00) 2 limy o0 £ () = 0.
Moreover, because Y po | fap(k) = > re fap(k)—fas(0), the Euler-Maclaurin expansion Eq. (70)
implies

(72) (@)

(73) Sap(@) ~ Lap(@) — Rap(®),
where
(74) Rap(@) = faﬂ >~ Lo gk g

Therefore, by Lemma 10 and Lemma 11:

(75) Sap(@) = T sec (7r1 + 25) R Ke2

2 2
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Remark 5. The power spectral density S, (@) is finite at zero frequency (w = 0), because

o0

(76) Sap(0) =D K7 = ((a —2p),

k=1
where ( is the Riemann zeta function. The serie converges if a — 25 > 1, which is satisfied because
a>28+1]>26+1.
Lemma 10. Ifa >0 and o > |2 + 1| then

1+2 —a
(77) Lop(@) = % sec (77 ;—a ﬁ) i =,

A
where secx = 1/ cosx.

Proof. We use the fact that the fractional absolute moments of the Cauchy distribution:

_y_ 1
(78) p(a) = T2 42

are, for [p| < 1, (|«|P) = ~? sec(mp/2). In other words,

<o P T 1 iy
(79) /0 m dr = E’Yp sec (7) .

Because a > 0, we can write:
2B8+a+1

00 2B+« o (Lo o
(80) ](XB(O—J):/ xidz:/ (@) = dﬁ’
0 0

x2a +w2 (xa)2 _|_a}2 €T

from the change of variable y = %, we have dy/y = adz/x and using Eq. (79) with p = (26+1)/«

it results
2841
1 [ y o T 28+1 1423
81 La@ == [ Yo _gy=Tg¥t— :
(81) 5(@) o /0 2+ @2 Y 2aw sec <7r 2 )
which is defined because the condition « > |28 + 1| implies |p| < 1. O

Remark 6. This proof exhibits a relationship between the power spectral density of a Markov
chain with power law scaling eigenstructure and the fractional absolute moments of the Cauchy
distribution, basically S(w) ~ (|z|**¢) ~ wC.

Note that the fractional absolute moments are closely related to the Mellin transform which
is often ”Used in place of Fourier’s transform when scale invariance is more relevant than shift
invariance” [2]. It would therefore be interesting to study the potential relation between 1/f
power spectral densities and the Mellin transform. Maybe one could derive a variant of the Wiener-
Kinchine theorem based on the Mellin transform instead of the Fourier transform ?

Lemma 11. If a > 0 then R,p5(®) = Ko ~2, where

1/2 if 28+ a =0,
(82) K = %F@B +a) if it exists p € N\ {0} so that 2p =20+ a + 1,
0 otherwize.

That is K > 0 if it exists k € N so that k = 26 + «, else K = 0.

Proof. Since a > 0,

wQﬁ—i—a
(83) fap(z) 30 oz
and kth derivative (k € N) satisfies:
(k) I(28+a) z2btak
4 ~ .
(8 ) faﬁ ({E) 20 F(2B—|—a . k) @2

Therefore, for all k € N,

(85) £ (0) =

28 +a)/0? ifk=28+a,
0 otherwize.



1/f3/2 NOISE IN HEAVY TRAFFIC M/M/1 QUEUE 17

As a consequence,

1/(20?) if 28+ a =0,
(86) Rop(@) = (5231271)0! % if it exists p € N\ {0} so that 2p =28+ a + 1,
0 otherwize.

APPENDIX E. PSD OF BIRTH-DEATH PROCESSES IN THE HEAVY TRAFFIC REGIME

A birth-death process is a Markov process where from a given state one can only realize a birth
transition increasing the state count, or a death transition reducing the state count (except from
the first state from which on ly births are allowed). The infinitesimal generator of this process is
a tridiagonal matrix:

Ao —Xo
—p1 A -1
(87) G = —pe  p2t A =X J

where A, are the birth rates and u,, the death rates. In this appendix, we provide a general formula
for the power spectral density of a birth-death process in the heavy traffic regime. More precisely,
we see that the coupling coefficient is related to the family of orthogonal polynomials associated
to the characteristic polynomial of the generator.

E.1. Characteristic polynomial of the infinitesimal generator. Because the matrix is tridi-
agonal, the characteristic polynomial f,, of the truncated n x n generator G,, satisfies the three
terms recurrence relation:

(88) efn(x) = =Anpin fo-1(2) + (o1 + Ang1) fo (@) = fria (@),

with initial conditions fo(x) = 1 and fi(x) = Ay — x. Since A,pu, > 0, from Favard theorem,
the polynomial f, is orthogonal [25]. Therefore the eigenvalues of G are roots of orthogonal
polynomials.

Moreover the roots of successive polynomials f,, and f,; from a family of orthogonal poly-
nomials {f,}nen, which are the eigenvalues of G,, and G, 1, are interleaved [25]. In the limit
n — oo, the eigenfrequencies of G are therefore densely covering a wide span of values, which is
favorable to the emergence of 1/f scaling.

E.2. Heavy traffic limit. We define the server utilization p; e Xi—1/p;. In the heavy traffic
approximation p; ~ 1, for all 4, and G is symmetric.

In [29] it is shown that the coefficients of the eigenvector of a tridiagonal matrix are related
to the family of orthogonal characteristic polynomials {f;},.,.,. More specifically, for symmetric
tridiagonal matrix the eigenvector vy = (vp;), <i<n associated to the eigenvalue wy, is:

(89) Ok = qri (Wi)
where ¥;(2) £ f;_1(x)/Bi—1 and B; & H;Zl ;. The normalization coefficient is:
(90) q}z — B'IL—I

U (@) i, (@5 — 1)

The coupling factor is therefore:

(91) Tk = di (Z T (wk)> (Z T (wk)> ;
i—1 i=1

The steady-state population for the state i of the birth-death process is m; = mg Hle Pi, SO in
the heavy traffic limit the populations are almost equidistributed (m; ~ 7o for all ¢). Therefore,

(92) Ve ™ V/ToqeX (W) ,
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where we introduced the generalized Fourier serie with respect to the family of functions {9;}, ;.

(93) K(w) £ withi (w) -
i—1

We see in App. F that, when the generator is symmetric, the factor 7, is always a Fourier serie,
more specifically it is the graph Fourier transform of the Markov chain graph.

APPENDIX F. RELATIONSHIP BETWEEN THE PSD AND THE GRAPH FOURIER TRANSFORM

A graph can be associated to the Markov where each vertice is a state of the chain and the
edges of the graph are defined by the transition rates. When the generator G is symmetric, it is
also the Laplacian matrix of the graph associated to the Markov chain. Let wy be an eigenvalue

of G and vy, = (vk,;)1<i<n the corresponding eigenvector, the graph Fourier transform [31] % of
x € R" at wy, is defined as

n
(94) X (wr) = (x, Vi) = Z’Iivk,i-

i=1

The coupling factor v satisfies

n n
(95) 7]3 = <Xa VkTVkX>,, = meﬂlk,i invk,i
i=1 i=1
Since the generator is symmetric, the transition matrix P is a doubly stochastic matrix and the

Markov process as an uniform limiting distribution: 7; = 1/n for all i. Therefore, the coupling
factor can be written using the graph Fourier transform Eq. (94):

(96) Vi = % ; TV = %5{ (wi) -

We can define the graph power spectral density as

1 n . 9 Wk
(97) Sx(w) = o ];X(Wk) W
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