STABILITY OF FINITE DIFFERENCE SCHEMES FOR THE HYPERBOLIC
INITIAL BOUNDARY VALUE PROBLEM BY WINDING NUMBER
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ABSTRACT. In this paper, we present a numerical strategy to check the strong stability (or GKS-
stability) of one-step explicit finite difference schemes for the one-dimensional advection equation
with an inflow boundary condition. The strong stability is studied using the Kreiss-Lopatinskii
theory. We introduce a new tool, the intrinsic Kreiss-Lopatinskii determinant, which possesses the
same regularity as the vector bundle of discrete stable solutions. By applying standard results of
complex analysis to this determinant, we are able to relate the strong stability of numerical schemes
to the computation of a winding number, which is robust and cheap. The study is illustrated
with the O3 scheme and the fifth-order Lax-Wendroff (LW5) scheme together with a reconstruction
procedure at the boundary.

AMS classification: 656M12, 656M06, 30E10
Keywords: IBVP, Kreiss-Lopatinskii determinant, GKS-stability, finite difference methods, winding number

1. INTRODUCTION

1.1. Motivations and assumptions. The purpose of this work is to establish an efficient numerical
strategy to determine whether a given finite difference method on the half line is stable or not. We
work on an approximation of the rightgoing linear transport equation set on the positive real axis:

ou+ad,u=0, t=0,2=>0,
u(t,0)=g(t), t=0, (1)
u(oﬂr)::f($% x =0,

where u(t,z) € R is the unknown, f an initial datum at time ¢ = 0, g is a prescribed physical
boundary datum at the point x = 0 which corresponds to the inflow boundary because the velocity
a is assumed to be positive a > 0.

At the discrete level, we consider explicit one-step finite difference methods of the form
P

U;-H_l = Z akU]T':-k? (2)
k=—r

with integers r,p > 1 and ayp, a_, non zero. The case where p = 0 or » = 0 will be discussed in Sec-
tion 1.2. Here, the unknown of the scheme Uj" is expected to approximate the quantity u(nAt, jAz).
The time step At > 0 and the space step Az > 0 are usually chosen with respect to some CFL
condition A = aAt/Ax < AcpL discussed later on.

Throughout this paper we denote S = {z € C, |z| = 1} the unit circle, D = {z € C, |z| < 1} the
open unit disk, 4 = {z € C,|z| > 1} the associated exterior domain and & = {z € C,|z| > 1} its
closure. For n < m, the notation [n : m] is for the set {k € N,n <k < m}.
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As a central idea in numerical analysis, the Lax equivalence theorem [25] asserts that a consistent
scheme is convergent if and only if it is stable. Therefore, all along the paper, only consistent
numerical schemes are considered and the discussion concentrates only on their stability issues. The
Cauchy-stability for the space-periodic problem is handled with the Fourier symbolic analysis, the
so-called Von-Neumann stability analysis (see [8] and [9]) and makes use of the symbol v. The
symbol associated with the scheme (2) is defined, for £ € R, by

V(&) =) ae’™. (3)

k=—r

Assumption (H1). The scheme (2) is Cauchy-stable, meaning that the symbol v satisfies |y(§)| < 1
for all £ € R.

When dealing with discrete schemes set over the full line j € Z, the algebraic characterization of
the Cauchy-stability follows classically from the Fourier analysis but in the scalar case, it reduces to
a geometric property concerning the symbol curve I' which is a closed complex parametrized curve

defined by
I'={0¢c[0,2n] — ~v(0)}.

This curve enables a geometric interpretation of the Cauchy-stability assumption (H1) which can
be seen as the inclusion I' C D. The stability condition (H1) can be easily illustrated graphically in
the complex plane. In some sense, our goal is to extend this kind of graphical study when including
the numerical boundary conditions.

For solving the Initial Boundary Value Problem (IBVP) (1) with the discrete scheme (2), r
additional ghost points are needed to take into account the left boundary condition and to fully
define the discrete approximation. We assume that the values at these ghost points are obtained
from a linear combination of the first values of the solution close to the boundary and at the same
time step. More clearly, the considered numerical schemes reads

p
Ut =Y alUfy,, jeN neN, ®
k=—r
m—1
Ul =Y byl +gf, jel-r:=1], neN, (5)
k=0
UJQ = fj, jEN, (6)

where the integer m satisfies p + r < m, (f;); are approximations of the initial condition f and
(g;?)nyj are numerical data related to the boundary datum g and possibly its derivatives (see for
instance the example in Section 4.3). The assumption p + r < m is not restrictive since some of the
coefficients b; ;, are possibly zero.

In order to define the stability on ¢2(N) and for the sake of convenience in the Kreiss-Lopatinskii
determinant formulation (see Definition 10), the explicit use of the r ghost points U}, for j € [—r :
—1], can be avoided by substituting the r boundary condition (5) into the recurrence formula (4)
for j € [0: 7 —1]. After straightforward calculations, the boundary part reads also under the form

A = BYn, +G" (7)
where we denote
Uptt Uy a_y -+ a—p 9",
W= =] [ 9= R . | e M, (C).
Ut U1 0 a—r) \g"4
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Here, the matrix B € M, ,,(C) encodes the boundary treatment in another way. It corresponds to
the boundary part of the quasi-Toeplitz matrix form of the scheme used by Beam and Warming [2].
In the detail, the explicit relationship between B and B is as follows:

a_p 0 a_q ao eay 0 e e e 0
B= oo BH : | € Mim(C) (8)
0 a_, G_py1 - ag -+ ap 0 - 0
with the notation
b—ro brm—1
B = € M, (C)
bo1o - o boime1
For example, for the very naive scheme UJ’-”‘Jrl = Ut and the boundary condition U"; = w,
we obtain B = (% %) and B = (% %)

This class of boundary conditions, (5) or (7), encompasses the Dirichlet and Neumann extrapo-
lation procedures, for example, refer to the work of Goldberg [16]. This class also takes into account
the more general simplified inverse Lax-Wendroff procedure analyzed by Vilar and Shu [33] in the
framework of central compact schemes, and Li, Shu and Zhang for the advection equation [27] and
for diffusion equations [28]. We will focus on the so-called reconstruction technique for the bound-
ary condition, which enables to deal with a boundary which is not superposed with a grid point
(presented by Dakin, Després and Jaouen [10] and also in Section 4.3) in our numerical examples.
Other treatments at the boundary exist, as for example absorbing boundary conditions [12] and [11],
or transparent boundary conditions [1] and [7], however, in general, they do not enter the present
framework.

For finite difference schemes applied to discrete IBVP’s, the stability study is a principal issue
and is the subject of different approaches. For example, Beam and Warming |2] study the spectral
properties of the Toeplitz or quasi-Toeplitz representation of the scheme. In the same spirit, the
computation of the spectral radius of the truncated (i.e. finite dimensional) quasi-Toeplitz matrix
may provide significant information for the power boundedness of the method. This is the method
used for example by Dakin, Després and Jaouen [10]. This strategy is sometimes called eigenvalue
spectrum visualization method, especially by Li, Shu and Zhang [26, 27, 28]. In Section 4, we will
compare this latter approach with our own strategy presented hereafter for the O3 scheme in the case
of reconstruction boundary conditions. Our strategy is based on the so-called GKS-stability theory
introduced by Gustafsson, Kreiss and Sundstrom [19] which handles the discrete IBVP (4)-(5)-(6)
with a zero initial data. The reader can refer to the work by Wu [34] and Coulombel [6] for more
recent developments on semigroup estimates in order to deduce the stability of the discrete IBVP
(4)-(5)-(6) with non zero initial data from the GKS-stability. The notion of GKS-stability (or also
called strong stability) for the boundary problem makes use of the following discrete norms:

= 400 400
10513 = D AUUPP and U ga0 = Y 3 AtAz(U 2
=0 n=0 j=0

The so-called strong stability, or GKS-stability, is defined by:

Definition 1 (Strong stability). The scheme (4)-(5)-(6) is strongly stable if, for (f;) = 0, there exist
C' > 0 and ag, such that for all & > ap, for all boundary data (g7), for all Az > 0, for all n € N,
the solution satisfies

1 -1
—anA a — Qg —anA —anA
Z le=*" 205 || A + (owAt+l> le™ " AU A a < C Z e g5|As- (9)

Jj=-r j=-r
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We warn the reader that |[le”®"A![;||, is here an abuse of mnotation to describe

T8 Ate~2anAt|yy J"P and similarly for ||e=@"AtU HQA% A¢- This stability definition admits a simi-
lar but continuous form for the solutions to continuous hyperbolic PDE’s [3]. Namely, it provides
some a priori estimates that are useful for a general analysis of such problems.

The following Kreiss theorem [23] expresses a necessary and sufficient condition for the strong
stability. We provide hereafter a condensed formulation of this theorem, obtained from [19, Thm 5.1]
combined with [18, Lem 13.1.4] or with [17, Def 2.23].

Theorem 2 (Kreiss). The following statements are equivalent:

(i) The scheme (4)-(5)-(6) is strongly stable in the sense of Definition 1.
(i1) The Uniform Kreiss-Lopatinskii Condition is satisfied.

The Uniform Kreiss-Lopatinskii Condition corresponds to the absence of zeros for the so-called
Kreiss-Lopatinskii determinant Akry, that we present here by this informal definition:

Akr(z) = det(Bei(z), ..., Ber(2)) (10)

where (e1(z),...,e,(2)) is an explicit basis of the linear space of the £2(N)-stable solutions of the
Z-transform of the interior equation (4) and B is an encoding of the Z-transform of the boundary
equation (5). For a proper definition of this determinant, the reader can look at Definition 10 or
the book by Gustafsson, Kreiss and Oliger [18]|. Before going on, let us provide some comments to
a particular case we already studied.

1.2. The case of totally upwind schemes and summary of [4]. The present article is a non
trivial extension of our previous work [4] that deals with the restricted case of totally upwind schemes.
Totally upwind schemes are schemes of the form (2) with p=0if a > 0 or r = 0 if a < 0. Without
loss of generality, we restrict here the discussion to the case p = 0 since flipping the indices may
turn a case to the other. In this section, we summarize the result of [4] and introduce the novelty of
the present work. The first step of the analysis conducted in [4] is based on the introduction of the
intrinsic Kreiss-Lopatinskii determinant:

_det(Bei(2),...,Ber(2))
Alz) = det(ei(2),...,e-(2))

using the same informal notation as in (10). Under appropriate assumptions, an explicit formula for
the intrinsic Kreiss-Lopatinskii determinant is obtained:

(11)

m—r
Viz| =1, A(z) = (=1)"" ) det C(2) ( for ) (12)
ayg — =
where det C(z) is an computable polynomial in z depending only on the coefficients (aj)?:ﬂ, and

on B. Thanks to this result, we prove that A is holomorphic on Z. Note that this property may be
wrong as long as the standard Kreiss-Lopatinskii determinant is concerned.

Applying the residue theorem to A, we develop a numerical strategy to count the number of
zeros of the Kreiss-Lopatinskii determinant in ¢. By Theorem 2 (Kreiss), we conclude that if
Inda(s)(0) < r then the scheme is not stable where IndA(s)(O) is the notation for the winding
number of 0 with respect to the Kreiss-Lopatinskii curve A(S). This result allows us to establish
an efficient and practical method (see Method 19 of [4] or Method 15 of the present paper) to study
the stability of a scheme with boundary. It provides sharp results for the solution (an Jnen € £2(N)
to the problem set on the half line N. In particular and contrary to numerical investigations of
stability which are based on the computation of the spectral radius, no arbitrary truncation of
(quasi-)Toeplitz matrices is needed. In return, a problem set on a bounded space domain needs, for
a whole convergence study, superposition techniques for truncated data, as used in |7] and [5]. This
feature restricts mainly the study to explicit scheme.
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In the present article, we extend to p > 1 the connection between the winding number of 0
and the stability of the scheme. Indeed, even if we do not have an explicit formula as (12), the
holomorphic property of the intrinsic Kreiss-Lopatinskii determinant is sufficient to have the same
efficient method to study the stability. This approach, using the winding number, is robust since
instead of finding zeros of an algebraic curve, it only requires the computation of a winding number,
which is an integer, to count the number of zeros. One can mention the work of Thuné [32] who
develops a numerical method to check the GKS-stability. He looks for the precise location of the zeros
of the Kreiss-Lopatinskii determinant approximating the roots of some parameterized characteristic
polynomial equations which is significantly different with our work.

1.3. Outline of the paper. After constructing the intrinsic Kreiss-Lopatinskii determinant in
Section 2 and Section 3, we see that, in such a general case, the lack of an explicit formula for A(z)
does not preclude holomorphic properties (see Theorem 12). From there, we obtain the following
stability criterion: if Inda(s)(0) < 7 then the scheme is not stable (see Corollary 14). We prove these
results by the use of Hermite interpolation and residue theorem. To compute the Kreiss-Lopatinskii
determinant numerically, in Section 4, we use a an easy-to-use formulation of it which is, in some
sense, close to the explicit formulation (12). Moreover, Section 4 gathers the numerical procedure
to draw the Kreiss-Lopatinskii curve, several examples, and numerical experiments for illustrating
the efficiency of the proposed strategy.

2. KREISS-LOPATINSKII DETERMINANTS

In this section, we introduce the Kreiss-Lopatinskii determinant, a usual tool to check the Uniform
Kreiss-Lopatinskii Condition. Then we define the intrinsic Kreiss-Lopatinskii determinant, namely
a reshaping of the previous one, which is more convenient in practice and has better properties
than the classical Kreiss-Lopatinskii determinant: holomorphicity, continuity, independence on the
basis. ..

2.1. Stable subspace £°(z) and matrix representation. First, we study the solutions to the

interior equation:
P

UMt = 3" aUpy, GEN, neN. (13)

k=—r
To study this equation, the Z-transform (see [15, Lesson 40|) is applied. This transformation is
defined for (z,)nen € £2(N) such that o = 0 and z € U by 7(z) = > n0? "Tn. The previous

equation then reads
P

zﬁj(z) = Z ak[j'jJrk(z), jeEN, z€lU. (14)
k=—r
To solve the linear recurrence equation (14), let us introduce the following characteristic equation
where z plays the role of a parameter and « is the indeterminate:

P
zr" = Z apk" . (15)
k=—r

This equation is nothing but the discrete dispersion relation of the finite difference scheme (13),
with frequency parameter £ in space and z in time. It is formally obtained by looking for solutions
to the interior equation (13) having the form UJ' = 2"x/.

In the spirit of a classic result by Hersh [22], the following lemma provides a property of separation
for the roots with respect to the unit circle.

Lemma 3 (Hersh). Assume (H1). For z in the unbounded connected component of C\ T,

(1) there is no root of the characteristic equation (15) on S,
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=

(2) there are v roots (with multiplicity) of the characteristic equation (15) in D and p roots (with
multiplicity) of the characteristic equation (15) in U.

Remark 4. Under the Cauchy-stability assumption (H1), the inclusion I' C D is known. From there,
it follows that the unbounded connected component of C\ I' contains the whole set U so that a
weaker form of the lemma is available for considering z € U only. If in addition, the considered
scheme is also dissipative, meaning that its symbol ~ satisfies

VI <1-3dlgf*, ¢ e [-mm],

for some 6 > 0 and an integer s € N* independent of £, then the same separation result is available
for z € U\ {1}. The reason for that property is that in that case one has SNT = {1}.

Proof of Lemma 3.

(1) Assume there exists a root x of (15) on the unit circle, then one can find § € R such that
k= €. So we have

p p
z = Z ajk! = Z a;e? = ~(0).

j=—r j=—r

This is a contradiction because z € T" and by assumption z € C\ I". This concludes the
proof.

(2) We denote C the unbounded connected component of C \ I'. The polynomial (15) has p+r
roots (with multiplicity). It is sufficient to count how many roots there are inside the unit
disk to deduce the number of roots outside. By continuity of the roots with respect to
coefficients and because there is no root on the unit circle for z € C, we know that there is
a constant number of roots inside the unit disk for all z € C. By Rouché’s theorem, one can
study the zeros of f,(k) = k" — 1 la_,.inD

g(a—r +a K+ + apﬁp+r) and gz(ﬁ) =K — Z
for z sufficiently large to have the result.

g

Lemma 3 (Hersh) above is illustrated in Figure 1. The first two lines correspond to the Lemma 3
(Hersh) and the third one describes the possible configuration for z € I' NS, typically not meeting
the assumptions. This case will be the object of a subsequent discussion.

For |z| > 1, by Lemma 3 (Hersh), the linear subspace of solutions to (14) living in £2(N) is
generated by the following r vectors:

1 0 0 0
Kg Kg K¢ Ke
K2 2k2 222 2012
ko 3kd o 32k2 s [ 3R =L M (16)
H;}L 4/@;} 42 Hé‘ 4Be=1 mé}
where ki1,...,kp of multiplicity f1,...,08y are the solutions to (15) living in D, with

B1+ -+ Bar =7 (we omit the z-dependence of k(z) for the sake of readability).

Notation. We denote £%(2) the linear subspace of solutions to (14) living in ¢2(N) and K; ;(2) €
M;_i+1,(C) the matrix where we put in columns the extraction of all the lines between i and j
(included) of the r vectors of (16), where 0 < i < j.
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Where z lives Where & lives
z - - _-T T T~
K -7 ~o K | proots
X, X U
K N in
/ I<’ \\
/ K X \
! X \ X
|l - \ K
K r rootsin D | |
v X !
\ !
\ H /
\\ X // K
N K ) KX
/@X/ <R p.roots
K AN inlU
/ ’q/ \\
// X K \\
I X \
! 1
\ rrootsin D|
VR 1 X
‘o X K / KR
\ /
\\ X >< // ,{'[
. k e xﬁ
T PR p roots
e K N . 3 7
Q/// X X/{/ \\ ln y
/ Y coming
/ W D \ from U
! r roots in D K k| rom

\| coming from D | 7 =

&

AN

X
X

FIGURE 1. Illustration of Lemma 3: case |z| > 1 (first line), case [z| =1 and z ¢ T
(second line) and case z € I' where Lemma 3 does not hold (third line).

Remark 5. For r = 2, if the solutions to (15) are k1(z) # ka(2), then there are exactly two roots

with multiplicity 1. The solutions to (14) can be written U;(z) = a1k1(2)7 + asra(2)?, and we have
1 1
Kopa(z) = | miz)  ra(z)
r1(2)? Ka(2)?
Remark 6. Still for r = 2, if the solution to (15) now is x(z) with multiplicity 2, then the solutions
to (14) can be written U;j(2) = (a1 + aaj)r(2)?, and we have
1 0
Kos(z) = /i(z)2 21%(2,)2
k(2)3 3k(2)3

We raise awareness of the dependence in z and of the continuity issues because the map z +—
K; j(z) is not continuous whereas the set of roots of (15) is a continuous mapping with respect to z.
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Indeed, the root curves (x;(z)); can intersect, when a multiple root occurs. For example, for r = 2,
if there is (zp)nen C U with k1(2,) # k2(z,) which converge to zoo € U such that k1(zs) = k2(200)
a double root, then we have

V_] € {172}7 /ij(Zn) m Hj(ZOO)

but
1 1 1 0
Rualen) = | B0 130 | s Roste) = 140D 5
“?(Zn) "ég(zn) /4,:{’(200) 3’43%(200)

—

Consequently, the considered basis (
with respect to z.

6) of £%(z) does not generally define a continuous mapping

In spite of the difficulty enlightened above, it turns out that £°(z) is a continuous and even
holomorphic vector bundle over U as it is discussed in [6, Thm 4.3|. It is also proved that this vector
bundle £%(z) can even be continuously extended over U, thus considering z € S as well (see also
[30] for a similar property for the hyperbolic-parabolic PDE case). The main point therein is that
for some zy € S, there may exists one (or several) root xko(z9) of (15) on S. At such points zy the
Lemma 3 (Hersh) does not hold anymore. This situation is depicted on the third line of Figure 1.
For z on S, the space £%(2) still is of dimension r and we extend the notation Kj;;(z). We can
summarize the above discussion in the following theorem.

Theorem 7 ([6]). Under assumption (H1), the space £°(z) is a holomorphic vector bundle over U
and can be extended in o unique way to a continuous vector bundle over U.

Remark 8. For the extension, the first difficulty is to select the roots of (15) coming from the inside,
indeed, if there is a root on S, it can be coming from the inside of D, the outside or both (in case
of multiplicity). In Section 4.2, we will explain the numerical strategy to select the good ones. The
second difficulty is to prove the continuity of £°(z) after the extension, it follows from the existence
of a K-symmetrizer and is obtained e.g. in [6, Thm 4.3]. As previously observed, K; ;(z) is generally
not continuous with respect to z.

2.2. Intrinsic Kreiss-Lopatinskii determinant. In this section, we define properly formulas (10)
and (11). Let us consider the Z-transformed version of the boundary condition (7), that is

Un(2) Uo(2) a—p oo a1\ [g-r(2)
z : - B : = R : ) (17)
Up_1(2) Up—1(2) 0 a_r) \G-1(z)

Injecting the solution (U;(2));en € £°(2) to (14) into (17), we obtain a system of  equations with r
scalar unknowns: they are the coefficients of (Uj(z))jen written in the basis (16) of £°(z).
Remark 9. For r = 2 and a given value of z (we skip for convenience the dependence in z hereafter),

if kK1 # Ko so that the solution to (17) has the form ay n{ + agng, then that solution is constrained
by the system (17). The matricial form of that system reads

1 1
K1 K9 N B
z bl _pB| #t K3 1) _ (G-19-1+a-29-2)
F1 ke : : a2 a—2g-1
/#1”_1 H;”_l

The injectivity, whence invertibility, of the boundary condition is thus directly related to the property
det(2Ko1 — BKom—1(2)) # 0, where 2Ky 1 — BKom—1(2) € M22(C).
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Definition 10 (Kreiss-Lopatinskii determinant). The Kreiss-Lopatinskii determinant is the
complex-valued function defined for |z| > 1 by:

Ak (z) = det(2Ko r—1(2) — BKom—1(2)).

Despite the fact that the space £°(z) is a holomorphic vector bundle over U and continuous
over U (Theorem 7), this determinant Ay, is not holomorphic on U. To retrieve those properties,
we define the intrinsic Kreiss-Lopatinskii determinant A that we can motivate by the following
informal discussion. The above Kreiss-Lopatinskii determinant is actually not well defined until we
order in some way the roots (k;(z))j=1,..r of (15). There are two points to emphasize. The first one
is related to crossing roots and already discussed after Remark 6. The second one is that, outside
crossing cases, being given any choice for the ordering of the roots (and thus of the vectors of the
basis (16) for the vector bundle), there is in general no chance to obtain a holomorphicity property
for the components of the matrix Ko ,,—1(2) over U. For example, even the roots of X? — z are not
holomorphic w.r.t z € U because of the logarithm determination. On the other side, any symmetric
functions of the roots (k;(2));j=1,. » however are holomorphic because they can be obtained directly
in terms of the coefficients of the polynomial (15). So, except for crossing roots, the same holds
for the quantity Ak, (z) since the matrices B and B are constants and the determinant itself is a
symmetric function.

A very natural way to reach the holomorphic property and go beyond the last difficulties consists
in dividing Ak, by the quantity det Ko,_i(z). Hence, the same permutation or combination of
the vectors of the basis (16) is involved in both computations. This intrinsic Kreiss-Lopatinskii
determinant has already been introduced and studied in a particular case in [4].

Definition 11 (Intrinsic Kreiss-Lopatinskii determinant). The intrinsic Kreiss-Lopatinskii deter-
minant is the complex-valued function defined for |z| > 1 by:

Akr(2)

A r— 18
(z) det K(),T_l(z) ( )
Let us note that the intrinsic Kreiss-Lopatinskii determinant can be rewritten
det(zKo,r— — BKom— BKom-1(2)Kg,_1(2)7!
Alz) = € (2Ko,r-1(2) 0m1(2) _ e (1, - BEom-1(2)Kora(2) 7Y (19)
det Ko,r_l(z) y4

To conclude with these definitions, let us state a little more about the Uniform Kreiss-Lopatinksii
Condition. With the above notations and additionally to the invertibility of 2Kg ,—1(2) —BKom—1(2),
it corresponds to the existence of a constant C' > 0 such that for any z € U, any Ue E%(z) solution
to (17) satisfies the uniform estimate ||U|| < C||g||. From the Parseval identity for the Z-transform,
this inequality gives directly the first necessary half-part of the strong stability estimate (9). We
refer the reader to [18] for a more detailed presentation.

2.3. Main results. Theorem 12 is our main theoretical result. It states that the intrinsic Kreiss-
Lopatinskii determinant has the same regularity properties as £%(z), see Theorem 7.

Theorem 12 (Smoothness of the intrinsic Kreiss-Lopatinskii determinant). Assume (H1). The
intrinsic Kreiss-Lopatinskii determinant A is holomorphic on U and continuous on U.

By equation (18), the function A shares the same zeros with the Kreiss-Lopatinskii determi-
nant Aky,, so that it can be used as an alternative in the Uniform Kreiss-Lopatinskii Condition, see
Theorem 2 (Kreiss). Another property, important for the forthcoming applications, lies in the next
Corollary 14 and involves the following important geometrical object:

Definition 13. The Kreiss-Lopatinskii curve A(S) is the closed complex parameterized curve

A(S) = {6 € [0,27] — A(e)}.
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Using the residue theorem' thanks to Theorem 12, we obtain the following result.

Corollary 14 (Number of zeros of the intrinsic Kreiss-Lopatinskii determinant). Assume (H1). If
0 ¢ A(S) then the equation A(z) = 0 has evactly r — Inda(s)(0) zeros in U.

Here above and in all the paper, Inda (s)(0) denotes the winding number of the origin with respect
to the closed oriented curve A(S) (see [24] for a definition of the winding number). This corollary
helps us to establish an efficient and practical method to study the stability of a given IBVP through
Theorem 2 (Kreiss). In particular, the low computational cost of the following procedure is very
appealing for the study of parameterised IBVP’s, see Section 4.

Method 15 (Uniform Kreiss-Lopatinskii Condition check). There are two different cases:

o if 0 € A(S), then there exists zo € S such that A(zp) = 0.
e if 0 ¢ A(S), A does not vanish on S and it has r — Indas)(0) zeros inU by Corollary 14. It
follows that if Inda(s)(0) = r then the scheme is stable. Otherwise the scheme is unstable.

In summary, by Theorem 2 (Kreiss) and since Uniform Kreiss-Lopatinskii Condition is fulfilled
if and only if the Kreiss-Lopatinskii determinant has no zero in U, Method 15 can be used to
conclude that the scheme is stable or not. Some illustrations for the O3 scheme and the fifth-order
Lax-Wendroff scheme follow in Section 4.

3. PROOF OF THEOREM 12 AND COROLLARY 14

3.1. Constant-recursive sequence of order r. For each z € U, we denote P, the polynomial
linked to the characteristic equation (15), i.e.

P,(k) = ap/-iH'p 4o tas (ap — 2)K" + a1k 4t ak+a,. (20)

By Lemma 3 (Hersh), the polynomial P, (k) can be factorized into two polynomials: one with the r
roots in D, denoted R.(x) and one with the p roots in U, denoted Q.(k). We know that the
coefficients of P, are holomorphic in z. We already said that the basis (16) is not holomorphic
because the roots k are not. In the next result, we prove that the symmetric functions of the r roots
k living in D are indeed holomorphic in i, in other words, the coefficients of R, are holomorphic

in .

Lemma 16. For all z € U, the polynomial R,(X) = Hj_l( — kj(2)) has holomorphic coefficients
in U, where (r;(2))j_, are the r roots (with multiplicity) in D of (15).

Proof. We use the Dunford-Taylor formula with C, the companion matrix of the polynomial (15):

) = 5= [[(Clrey = C7iC
It is the projection along Es(2) = ker [;_; (C — ;(2)) onto E,(2) = ker H;JFfH( — k;j(2)) where
(/ij(z));ifﬂ are the roots of (15) in U, because (x;(2))7_; are surrounded by S and (/-ij(z));ifﬂ
are not. The projector II(z) is holomorphic on U since it is a holomorphic parameter integral. We
have C, o Il(2) g, (z) = 0 and C, o I1(2)g,(») = C., then the characteristic polynomial of C. o II(z)
is XPR,(X) because C" P = E4(2) & E,(2). The function z — C, o I1(z) is holomorphic on U, then
the coefficients of its characteristic polynomial are too. This concludes the proof. O

LAl the complex analysis results can be found in [24].
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3.2. Hermite interpolation. To prove the holomorphic properties of A, by (19), it is sufficient to
study the function z — Ko,m—l(Z)Koirl,l(Z)- To simplify this study, for 2 € U, we introduce on the
linear map

¢z Q € Cmo1[X] = 02(Q) € Cry[X] (21)
where ¢,(Q) is the Hermite interpolation polynomial of degree less than r — 1 defined by the value

QU1 (=) .-, QP D (51(2)), Qa(2)), -, QP+ D(ma(2). ..., QM (s3s(2))), where the n's are
the same as in (16). The link between the matrix K07m,1(z)K&ﬁ_1(z) and ¢, is given by:

Lemma 17. For all z € U, the transpose of the matriz K07m_1(z)K&7}71(z) is the representation in
the canonical basis of v, defined in (21).

Proof. The Hermite interpolation make appear the following matrix

1 0 0 e 1 0 e e 1 0
I{’]_ 1 0 e K2 1 o oe. e HM 1
/4;% 2K1 2 e K% 200 e+ e n?\/l 260
3 2 3 2 3 2
Hoi(z)= | "1 3K 61 e Ry 3Ky ot cee Ky 3Ky
7 ki 4k3 122 o K 4RSS - o KA, 4D
1 1 1 2 2 M M
YRR bl B Jj—2 Jj . J-1 J g1
K1 JR1 70 = 1)Ky T Ry JRy o Ry IRy
1 columns linked to 1 B2 columns linked to k2  Bps columns linked to ks
The representation of z + ¢, in the canonical basis is (Hom—1(2)Hy . (2))T. Besides, there

exists an invertible matrix M (z) € M, (C) such that Ko ;(z) = Ho (2 ) (z) Therefore, we have
Kovm,l(z)Koiq}_l(z) = H07m,1(z)M(z)M(z)_lHojj_l(z) = Hym—1(z )H(; _1(2). The result follows.
U

Proposition 18. The function z — @, is holomorphic on U.

Proof. For all k € [0 : m— 1], we want every coefficient of the polynomial ¢.(X*) to be holomorphic
on U. Writing ¢, (X*)(z) = Z;;é o k(2)z?, we know that

vie0:r—1],  jlau(z) = Hepa(XH) (@) p=o- (22)
By the error of Hermite interpolation (see [21]), we have
1 [ R(x)
2im Js (z — Q) R=(¢)
where R,(X) is defined in Lemma 16. Differentiating equation (23) (with the Leibniz product rule),

one obtains
k—s—1
jla = k|5J +Z R(J )(0)=—— 1 de_ (24)
sk(Z 2im R.(C)

By Lemma 16 and the holomorphicity of parameter—dependent integrals, the function z — a1 (2)
is holomorphic on U for all j € [0:r — 1] and k € [0 : m — 1]. The proof is now complete. O

ng(Xk)(a;) — gk = d¢ (23)

Proposition 19. The function z — ¢, is continuous on U.

Proof. Because Lemma 3 (Hersh) does not hold anymore for z € S, the roots k(z) of characteristic
equation (15) can be on the unit circle S. To prove the continuity of z — «; 1(2), we use equation (24)

but replacing S by S, {z € C,|z| = 1+4¢} for e > 0. Using the continuity of parameter-dependent
integrals and the continuity of the roots x(z) of characteristic equation (15), we obtain the continuity
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of the coefficients of R, and thus the function z — a; x(2) is continuous on U for all j € [0 : r — 1]
and k € [0:m — 1]. The proof is now complete. O

Proposition 20. The function z — ¢, is bounded on U.

Proof. Equation (24) can give a bound of every components of Kom—1(z)K ! (2). Indeed, using
Rouché’s theorem, as in the proof of Lemma 3 (Hersh), we can see that for |z| > R for a certain R,
all the roots r(z) of the characteristic equation (15) satisfy |r(2)| < 3. Then, for |z| > R, one can

have
| 2
< S/ LN NS
2T 0 |1 — §|T

1 —g! Ck—s—l s 2m ei0(k—s—1)

— — . do
2im Js  R.(Q) 2im Jo  Jlizi(e? — 5;(2))

By Gauss-Lucas theorem, the roots of all the derivatives of R, are in D for all |z| > 1, it follows
that RY (0) is bounded independently of z. Then for |z| > R, the quantity Ko,m_l(z)KOle(z) is
bounded. Moreover, by Proposition 19, the quantity Ko,m—l(Z)K(Iq},l (z) is bounded on the compact
set {1 < |z| < R}. The proof is now complete. O

d(‘ =

3.3. Conclusion.

Proof of Theorem 12. By Lemma 17, the continuity and holomorphicity properties of z — ¢, pro-
vided in Propositions 18 and 19 are shared by the function 2 — Ko m—1(2)Kq,._1(2). The expression

of the intrinsic determinant (19) concludes the proof. O

The next proof is close to the proof of the Corollary 15 of [4]. We reproduce it here for complete-
ness.
Proof of Corollary 1. Let us define the following function
A:zeD*— A(l/z) eC.
By Theorem 12, the function A is meromorphic on D with one only pole in 0 and is continuous
on D\ {0}. By Proposition 20, the function z + Ko m-1(1/2)Ko,—1(1/2)~! is bounded on D, it

follows that 0 is a pole of order r of the function A. The residue theorem applied on A with the
path S gives the following equality:

Indg(s)(O) = #tzerosx (D) — #polesx (D).

It follows that
#zerosa(U) = r — Inda(s) (0).

4. NUMERICAL RESULTS

4.1. New formulation of A. In [4], an explicit formula of the Kreiss-Lopatinskii determinant is
given. Unfortunately to reduce the boundary matrix B, the characteristic equation of degree r + p
is used to find a final matrix of size r x (r 4+ p) and, since in the present analysis p # 0, the matrix
is not square. To skirt that problem we will use the polynomial R, defined in Lemma 16 instead of
using the complete characteristic equation (20). It reads also
T
R.(X) = H(X —k;(2) = X"+ 0 1(2) X" 4 4 01(2) X + 00(2)
j=1
where (0j(z)); are the symmetric functions of (k;(2));.
Because Uj(z) is in £°(z) and can be expressed in the basis (16), we have, for all j € N,

Ujir(2) + 0r1 (D)oo (2) + -+ 01(2) T (2) + 00(2)Tj (=) = 0. (25)
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Notation. We note, for all j € N, £;(z) the vector (Up(z) - --U;(2))T of size j + 1.

Proposition 21. Let B € M, ,,,(C). There exists a function B:C — M, (C) constructible such
that, for all z € U, we have

By_1(2) = B(oo(2), ..., 0r—1(2))thr_1(2) (26)
where (ﬁj(z))j satisfies (25) for all j € N.

By "constructible function", we mean here that we establish a computable algorithm to get the
matrix B(oo(z),...,0r-1(2)). This algorithm, based on a Gaussian elimination, is fully described in
the following proof.

Proof. For z € U and ¢y = 0¢(2),...,5—1 = 0,_1(2). By a descending induction on j between m — 1
to r — 1, we construct a matrix B;(so,...,5—1) € My ;4+1(C) such that

Bﬁm,l(z) = Bj(§0, PN ,Crfl)ﬁj(z).

Initialization: if j = m — 1 then one can take B for the matrix B,—1(<o, - -,—1)-
Induction: we assume the induction hypotheses for some j € [m — 1 : r] and we want to prove the

result for j — 1. By equation (25), we have il;(z) = P;i;_1(2) where

Pj = E./\/lijLj(C).

1
0) —so -+ —-1

We define B;_1(so,---,5—1) = Bj(<0, -, 5-1)P; € M, ;(C) then we have

Bj-1thj—1(2) = BiPsli—1(2) = Bjtl(2) = Bl (2).

Conclusion: we define B by B,_1.
The function B is easily computable because (P;); are just matrices of Gaussian elimination. O

By (26), the intrinsic Kreiss-Lopatinskii determinant can be written

_ det(zKo,—1(2) — BKom-1(2)) _ det(zKo,—1(2) - BKo, 1(2)) ~

A(z) det Ko, 1(2) = det Ko, 1(2) =det(zI, — B). (27)

The matrix B from Proposition 21 depends on coefficients (cj(2))j. By (26), we have

B(Uo(z), R ,J,,_l(z)) = BKo,m—1(Z)K0_;_1(Z)-

Using any computer algebra system, we can compute the matrix B (s0y--+,Sr—1) from the matrix B
and then compute the coefficients (0;(2)); and replace ¢; by o;(2) for all j € [0:r — 1]. It provides
that the computation of g(go, ...,6r—1) can be done only once and then apply for different z (and
so different (0;(2));).

With (27), we again find the holomorphic property of A by Lemma 16 which states that z — 0;(z)
is holomorphic on U for all j € [0:r — 1].
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Where z lives Where k lives

FIGURE 2. Illustration of Lemma 22

4.2. Computation of A(S). Let us fix a zg € S. To compute (0;(zp));, we need the r roots
(kj(20)); that come from the inside of the unit disk, see Remark 8. By the continuity of the roots
of polynomial P,, defined in (20) with respect to the parameter zy, for each ky(z¢) of multiplicity g
on the unit circle, for a sufficiently small € > 0, there exists n > 0 such that for all z € B(zp,n), the
polynomial P, has exactly [ roots with multiplicity in B(ro(z0),e). The explicit value of 7 is given
in the following statement.

Lemma 22. Let zg be on the unit circle. Let ko(z9) € S be a root of multiplicity 5 of the polyno-
mial Py, defined in (20). Let € > 0 be such that ko(z0) is the only root of Py, in B(ko(z20),€) and
set

=(1+e)™" min P, (k).
D= (e min P )

Then for all z € B(zo,n), the polynomial P, has exactly B roots with multiplicity in B(ko(z0),€).

The proof of Lemma 22 is a consequence of Rouché’s theorem, comparing the number of zeros
between P,, and P, for z close to zp in B(ko(20),€), the details of the proof are not given here, but
we refer to [24] for a proof of Rouché’s theorem. This lemma is illustrated in Figure 2 where kq(20)
is of multiplicity 3. The black points are related to zg and (x;(20));, and the gray points are related
to z and (k;(2));.

From the numerical point of view, for a multiple root kg (2p), one can take the smallest distance
between two roots of P, as ¢, take z = (1 + 2)z9 € U. The value of 7 is obtained discretizing the
circle of radius € centered in ko(29). By Lemma 3 (Hersh), there is no roots of P, on the unit circle,
then one can count the roots in B(kg(zp),€) N D and B(ko(20),e) NU to know the number of roots
linked to ko(z) that come from the inside and the outside of the unit disk. After selecting the roots
(kj(2)); that come from the inside of the unit disk, one may compute their symmetric functions
(0j(2));. By replacing the formal variables (g;); of B(o, - .., 5—1) with (0j(2));, one may compute
A(z) with expression (27). Instead of computing (x;(2)); for each z on the unit circle independently,
one may use the continuity of (k;(z)); with respect to z in order to describe the movement of the
roots (k;(z)); for z € S. After drawing the Kreiss-Lopatinskii curve, the winding number has to be
computed in order to use Method 15. To do so, we use the geometric algorithm proposed by Garcia
Zapata and Diaz Martin in [13] and [14].

4.3. Boundary condition: reconstruction procedure. To define the boundary condition, we
use the reconstruction procedure explained in [10]. The framework is the advection equation with a



STABILITY OF FINITE DIFFERENCE SCHEMES FOR THE HYPERBOLIC IBVP 15

misalignment between the space boundary and the discrete grid points

ou+ ad,u=0, t>0,x€ [z,,1],
u(t,zo) = g(t), t=0, (28)
u(0,2) = f(x), =€ [xg,1].

Without loss of generality, we can assume that 2, = oAz with o € [—3, 3[ (as it is explained in [4]).

1

)2
Let us introduce z; for jAxz and ¢" for nAt when j > —r and n > 0. Let n € N be a fixed time.
The solution u of (28) (assumed here to be smooth enough) satisfies

Lo LS (y—0)*
_ " dy = — k mn " 7ad A d 99
Al“/xj%” u o)y Al’/z]Af kzoaxu( o) T Ay + O(A) (29)

using a Taylor expansion of order d. Now, let us take a solution (U7");>0 of a scheme of the form (2)
approximating u. Using (29), we want to define the r ghost points ( ™) _r<j<—1. The approximation
of equation (29) reads, for j > —r,

d—1 o1 k+1 .1 k+1
N n (j+35—0) (j—5—0)
~ ;:O:G’;u(t | Ty) ( (/5+ o (15+ D > : (30)

On the one hand, we use the PDE to convert space derivatives into time derivatives until an
index kg < d. The index kg allows us to know only the first derivatives of the boundary datum g
and use extrapolation for the rest. For the advection equation, we have, for all k < kg,

Dpult" w5) = (—a) FOpult" z5) = (—a) *FgM (™).

Equation (30) becomes, for j > —r,

. (j_|_l_0)k+1 (j_l_a)kJrl
‘“Z k)”< () Ay )
d—1 . 1 k+1 . 1 k+1
N R s R st ks
+k_2 azlﬂcu(t ,I'o-) ( J (lj+ 1)' - J (]:‘1‘ 1)' ) . (31)

a+1
On the other hand, we need to define (9Fu(t", ma))zfidﬂ, but using (31) for j € [0 : d—kqs—2], we

can deduce the unknowns (UJ')_,<j<—1. Writing 8 = (UZ,, .. SUm)T sy = (U, ..., Ugﬁk(FQ)T

and O" = (9katly(t" x,),..., 0 u(t", x,))T, we have a condensed formulation of (31):
U = S*+)y_on, (32)
U = SE+y,en,
where 8™ € R", ST € RT7™*a~1 Y€ M, 4 ,-1(R) and Y} € My_g,1(R) with
. B [ (=it L_og)tl (-1 )kl .
(8™)i = id:o(—a) kg(k)(t ) (/<;2+ 0! — (kQ—i— 01 forie[l:7]
. - =145 =) (i-1-F—0o)F! ,
(1) = ﬁa—@k¢“@> (S R Pty fori € [L:d—kg—1]
V)i = (=(r—i+1)+ )]+kd+1_(_(T_i+1)—%—0)j+kd+l fori e [1:7],
! U+kw+U- (j + ka + 1) jelid—kg—1]
(i—1+ % — g)itkatl (G 1 — % — g)Jtkatl o '
Vi)ij = EE) — ETES] fori,jel:d—kq—1]
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Eliminating the space derivatives ©" in (32) gives us the following boundary condition:
_ =YY+ ST - Y YISt (33)

Equation (33) is exactly the boundary equations (5) of the scheme which define the r ghost points
of the scheme. To write the boundary condition as equation (7) with expression (8), we identify

g,

By y ' and —y_yrisn.

n

91

As in [10], R%*a denotes the reconstruction procedure where d is the order of consistency of the
method and k4 the index when we change from time derivatives to extrapolation. For example, the
reconstruction procedure R3° for r = 2 and o = 0.4 leads to

_ 12 1753 2 73 1371 526
oo (B (F o (E B
5 600 5 600 97 97

4.4. Example of O3 scheme. As it is done in [10], we want to find the stability area for the O3
scheme defined, for j € N and n € N, by

A3 A A2 A3 A A3 A2 A3 A
n+1 n n 2 n n
llj <_>17j +()\+_>17 1_|_<]__)\ >U <__) T

(34)
The O3 scheme is a scheme with » = 2 and p = 1 and is Cauchy-stable for A €]0,1]. The recon-
struction R3Y for the O3 scheme and o = 0.4 leads to

1371 526 180)\2 277\ 120)\2 23\

B = 597 o7 0 and B = +g7 + 1 o7 T o7 0
204 143 263,\3 + + 14X 217A3 A2 _ 217X +1 A8 + PLEP
97 582 291 201 291 6 2 3

97

Using the reformulation (27) of the Kreiss-Lopatinskii determinant, we have

_ 1 0
B(so,61) = B 0 1
—S0 —S1
2 2
_ i i
(2634+976p)\> i (1—g0) A2 i (1449760)A  (434497c1)A3  (24<1)A2  (217-97¢1)A L1
582 2 291 582 2 291

For example, for ¢ = 0.4, Figure 3 shows that the O3 scheme with R*? boundary is stable for
A = 0.4 (because 7 — Inda(s)(0) = 0) and is unstable for A = 0.9 (because r — Inda(s)(0) = 1).

We can draw the same figure as the Figure 4 of [10] but instead of using a computation of
the spectral radius of the truncated quasi-Toeplitz matrix, we use our strategy of counting the
number of instability modes, see Figure 4 which is much more reliable (since it is parameter free)
and efficient. In Figure 4, every area stamped with 0 is a domain where the O3 scheme is stable.
The odd pattern for very small A\ (approximatively between 0 and 0.01) of Figure 4 may be due
to difficulties for computing the winding number. Indeed, for very small values of X, the Kreiss-
Lopatinskii determinant is really close to the origin and even with a refinement (for more details
on this procedure see the next example), the computation of the winding number may become
inaccurate, which is not a problem in practice since it would correspond to very small, then unusable,
time steps.
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20l
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FIGURE 3. Curve A(S) for O3 scheme for o = 0.4, for A € {0.4,0.9} with recon-
struction boundary R3Y.
R?),O R3’1
g g
0.4+ 1 0.4 4
0.2+ 0.2 4
0.0 - 0 0.0 - 0
-0.2 4 -0.2 1
0.4 —0.4
0:2 0.‘4 0:6 0.‘3 )\ 0.‘2 0:4 0.‘6 O:B >\
R40 RAL
lea g 1
0.4 0.4
1
0.24 0.2 4
0.0 0 0.0 0
-0.2 4 -0.2 1
-0.4 4 —0.4 4
0:2 0.‘4 0:6 0.‘3 >\ 0.‘2 0:4 0.‘6 O:B >\

FIGURE 4. Number of zeros of the Kreiss-Lopatinskii determinant of O3 scheme with
different reconstruction boundaries for A €]0, 1] and o €] — 0.5, 0.5].
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R5.0 |Ofl 0 1

Rr51 Ol 0 1

Rre2 |11 0 1

R3]0 H 0

Rr6:0 [Ofl 0 1

re1 |1 0 1

R62 |1 0 1

763 1

T T T T
0.0 0.2 0.4 A 0.6 0.8 1.0

FIGURE 5. Number of zeros of the Kreiss-Lopatinskii determinant of LW5 scheme
with different reconstruction boundaries for A €]0, 1] and o = 0.4.

4.5. Example of Lax-Wendroff 5. The fifth-order Lax-Wendroff scheme, called LW5, has been
proposed in [29] and can be written, for all n € N, for all j € N, as

pptt = AADODONOR n  AODOHOLNOEm |y AODOHOLDDn

120 24 12
A2 —3)\3_5)2 A A=) (A=2)(A—=3)(\ AA=1)(A=2)(A=3) (A
+<1_ (=33 -5X2+15 +4)>an+ O-DO=YADOA n | _ AODA=JOBA ym - (35)

This scheme LW5 is Cauchy-stable for A\ €]0, 1].

Figure 5 illustrates the computation of the number of instabilities for LW5 for different recon-
struction boundaries where o = 0.4 with respect to A €]0,1]. As in the previous example, it may
happen that the Kreiss-Lopatinskii curve is too close to the origin, the winding number of the ori-
gin cannot be computed correctly. Following the geometric algorithm proposed by Garcia Zapata
in [14], a refinement of the discretization then improves the effective computation of the winding
number. Figure 6 represents such refinement with close-up close to the origin. However, even with
this strategy, for very small values of A, we cannot refine more than the machine’s precision, that
is why there is still some odd pattern for very small A in Figure 4, Figure 5 and Figure 7. As we
already discussed, such very small time step are however not used in practice. The stability area with
respect to both parameters A and o are drawn in Figure 7, considering again successively various
reconstruction boundary conditions.

All the figures can be easily computed in Python with the common NumPy [20] library and the
SymPy [31] library for the computer algebra system. The algorithm is really efficient. For each
subfigure of Figure 4, the 1600 runs takes less than a couple of minutes of computation achieved
on a standard laptop. Moreover, our procedure provides sharp results. In particular, contrary to
numerical investigations of stability, which are based on the computation of the spectral radius, no
arbitrary truncation of (quasi-)Toeplitz matrices is needed.
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e—3

— A=0.01 i —ool
41 10 4
2 05 4
0 00
=27 -05 A
-4
“10
1 T T T
.0 2.5 5.0 7.5

T . _15 ; . : .
100 125 —0.002 -0.001 0.000 0.001 0.002

(a) (b)

T
-5.0 -2.5 0

6 le—6 6 le-6

— A=0.01 — A =0.01
4 4 4
21 2

-8 -6 -4 -2 0 2 4 6 8 -8 -6 -4 -2 0 2 4 6 8
le-6 le-6

(c) (d)

FIGURE 6. (a) representation of A(S) for LW5 with the boundary condition RS,
for A = 0.01 and o = 0, zoom (b) without refinement (c¢) and with refinement (d).
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