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DEHORNOY’S CLASS AND SYLOWS FOR SET-THEORETICAL
SOLUTIONS OF THE YANG-BAXTER EQUATION

EDOUARD FEINGESICHT

ABSTRACT. We explain how the germ of the structure group of a cycle set decomposes
as a product of its Sylow-subgroups, and how this process can be reversed to construct
cycle sets from ones with coprime classes. We study the Dehornoy’s class associated to
a cycle set, and conjecture a bound that we prove in a specific case. The main tool used
is a monomial representation, which allows for intuitive, short and self-contained proofs,
in particular to easily re-obtain previously known results (Garsideness, I-structure, De-
hornoy’s class and germ, non-degeneracy of finite cycle sets).

0. INTRODUCTION

In 1992 Drinfeld ([11]) posed the question of classifying set-theoretical solutions of the
(quantum) Yang-Baxter equation, given by pairs (X,r) where X is a set, r: X x X —
X x X a bijection satisfying rirory = r9riro where r; acts on the ¢ and 7 + 1 component
of X x X x X. In [12], the authors propose to study solutions which are involutive
(r? = idxxx) and non-degenerate (if r(z,y) = (Az(y),py(x)) then for any z € X, A,
and p, are bijective). Since then, many advances have been made on this question and
objects introduced: structure group ([12]), I-structure ([14]), etc. Many equivalent objects
are known, but in particular here we are interested in cycle sets, introduced by Rump
([19]). Dehornoy ([7]) then studied the structure group (from cycle sets) seen from a
Garside perspective (divisibility, word problem, ...), he then concludes with a faithful
representation, which will be the base of this article. Starting from this representation, we
retrieve most of Dehornoy’s results in simpler, shorter and self-contained proofs, and other
well known results (I-structure, non-degeneracy of finite left-non-degenerate involutive
solutions of [19]). Then we study finite quotient defined through an integer called the
Dehornoy’s class of the solution, those quotients are called germs because they come with
a natural way to recover the structure monoid and its Garside structure. We state the
following conjecture on Dehornoy’s class (Conjecture 3.6):

Conjecture. Let S be a cycle set of size n. The Dehornoy’s class d of S is bounded
above by the “maximum of different products of partitions of n into distinct parts” and
the bound is minimal, 1.e.

d < ma ({Hn

i=1

kEN,lgnl<-~~<nk,n1+-~+nk:n}>.

We then focuses on the germ and its Sylows, with the main result on cycle sets being
constructed from the Zappa—Szép product of germs (Theorem 4.12), this product being a
sort of generalized semi-direct products where each term acts on the others :

Theorem. Any cycle set can be obtained as the Zappa—Szép product of cycle sets with
class a prime power.

2020 Mathematics Subject Classification. 16T25, 20N02, 20C10.
Key words and phrases. Yang—Baxter equation, Garside monoid, Cycle set, Monomial representation,
Sylow, Zappa-Szép.
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2 EDOUARD FEINGESICHT

Taking decomposability ([2]) into account, one can consider that the "basic" cycle sets
are of class and size powers of the same prime.

The first two sections are mostly a new approach to well-known theorems which allows
simpler and more intuitive proofs, while the last two contain new results obtained by
using the new approach developed in the two first sections. More precisely:

Section 1 is a brief introduction to monomial matrices and the main properties that
we will use for our proofs. Section 2 consists in recovering most results of [7] with a
monomial representation, allowing shorter, simpler and self-contained proofs. Including
the study of right-divisibility without Rump’s theorem on the non-degeneracy of finite
cycle sets (while also easily re-obtaining this theorem). Section 3 focuses on Dehornoy’s
class and germ, in particular we state a conjecture on the bound of the classes and prove
it in a particular case. Section 4 explains how to construct all cycle sets from ones with
coprime classes through the Zappa—Szép product of germs, with a precise condition and
an explicit algorithm /formula to do so.

Acknowledgements The author wishes to thank Leandro Vendramin for his insightful
remarks on the content and readability of this article.

1. MONOMIAL MATRICES

The basic tool to work on the representation are monomial matrices. We recall the
definition and some basic properties: A matrix is said to be monomial if each row and each
column has a unique non-zero coefficient. We denote by Mtonom,,(R) the set of monomial
matrices over a ring R. To a permutation ¢ € G,, we associate the permutation matrix P,

010
where the i-th row contains a 1 on the o(i)-th column, for instance Pag = [0 0 1
1 00
U1 Vo (1)
We then have P, | @ | = : and thus, if e; is the i-th canonical basis vector, P,(e;) =
Un Yo (n)

€s-1(j). Moreover, for 0,7 € 6, we find P, P, = Pp,. It is well known that a monomial
matrix admits a unique (left) decomposition as a diagonal matrix right-multiplied by a
permutation matrix. Thus, if m is monomial, D,, will denote the associated diagonal
matrix, and P,, the associated permutation matrix, i.e. m = D,,P,, and by 1(m) we
will denote the permutation associated with the matrix P,,. Let D be a diagonal matrix
and P a permutation matrix. We denote the conjugate matrix PDP~" as D, and if o
is the permutation associated with P we will also write °D. The following statements are
well-known. As they will be essential throughout this paper, we state them explicitly:

Lemma 1.1. Let D be a diagonal matriz and P a permutation matriz. Then TD is
diagonal.
Moreover, the i-th row of D is sent by conjugation to the o= (i)-th row.

In particular, this implies that, P,D = °D P, giving a way to alternate between left and
right (unique) decomposition of monomial matrices.

Corollary 1.2. Let m,m’ be monomial matrices. Then we have D, = D,, (w(m)Dm/)

and Y(mm') = (m’) o (m).

To simplify notations we will sometimes only write "Dy for YD,

0 a O 0 0 =z
As a final example, let m = |0 0 b|, m" = |0 y 0/, which decomposes with
c 00 z 00

D,, = diag(a,b,c), D,y = diag(x,y,z) and ¢(m) = (123), ¥(m') = (13). We find
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(m') op(m) = (13) o (123) = (12) and
D,, (Mm)Dm/) = diag(a, b, ¢) "*Hiag(z, y, z) = diag(a, b, ¢)diag(y, z, z) = diag(ay, bz, cz)

0 ay O
and indeed mm’ = [bz 0 0 | = diag(ay, bz, cx)P2).
0 0 cx

2. CYCLE SETS AND MONOMIAL MATRICES

In this section, we retrieve the results of [7] using monomial matrices. In particular, our
proofs don’t rely on Rump’s theorem on the bijectivity of finite cycle sets ([19]), and use
simpler arguments compared with the technicality of [7]. Moreover, although we don’t
need it in this section, we provide a short and simple proof of Rump’s theorem.

2.1. Cycle sets

Definition 2.1 ([19]). A cycle set is a set S endowed with a binary operation x such that
for all s in S the map (s): t — sx*t is bijective and for all s,t,u in S:

(sxt)*(sxu)=(txs)x(t*u). (1)

When S is finite, 1(s) can be identified with a permutation in S,,.
When the diagonal map is the identity (i.e. for all s € S, sxs = s), S is called
square-free.

From now, we fix a cycle set (S, %) .

Definition 2.2 ([19]). The group Ggs associated with S is defined by the presentation:
Gs = (S |s(sxt)=t(txs), Vs£t e S). (2)
Similarly, we define the associated monoid Mg by the presentation:
Mg := (S |s(sxt)=t(txs), Vs £t e S)".
It will be called the structure group (resp. monoid) of S.

Example 2.3. Let S = {s1,...,s,}, 0 = (12...n) € &,,. The operation s; * 5; = 54(;)
makes S into a cycle set, as for all 5,2 in S we have (sxt)*(s*s5;) = s52(;y = (t*5) * (L *s;).
The structure group of S then has generators si,...,s, and relations s;s,(;) = 554
(which is trivial for ¢ = j).
In particular, for n = 2 we find G = (s,t | s* = t?).

When the context is clear, we will write G (resp. M) for Gg (resp. Mg).
We also assume S to be finite and fix an enumeration S = {s1,...,s,}.

Remark 2.4. By the definition of v: § — &,, we have that s; * s; = sy(s,)(;), which we
will also write (s;)(s;) for simplicity.

2.2. Dehornoy’s calculus

Recall that we fixed (S, *) a finite cycle set of size n with structure monoid (resp. group)
M (resp. G).

In the following, we introduce the basics of Dehornoy’s Calculus, which will be easily
understood by directly looking at the representation introduced in the same paper [7],
and we use those to retrieve the well-known I-structure of the structure monoid ([14]).

Although all these results are already stated in [7], their provided proofs are very
technical, whereas using monomial matrices greatly simplifies proofs and allows for more
intuition.
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Definition 2.5 ([7]). For a positive integer k, we define inductively the formal expression
Qi by Qy(x1) = 21 and
Qi(z1, ..y m) = Q1 (g, -y xp—1) * Q1 (1, 00, Tp—o, Tk)- (3)
We then define another formal expression 11, by:
Oy (21, ..o xk) = Qi(x) - Qoy,29) - oo - Qe .., xp). (4)

For a cycle set S, Q(t1, . .., tx) will be the evaluation in S of Qi (z1, ..., zx) at (t1,...,t)
in S*. Similarly, I (1, ..., ) will be the evaluation in Mg of IIj(t1, ..., t;) with the sym-
bol - identified with the product of elements in Mg.

Lemma 2.6 ([7]). The element Q. (t1, ..., tx) of S is invariant by permutation of the first
k — 1 entries.

Proof. For k = 1 and k = 2 there is only the identity permutation and for £ = 3 this is
precisely the condition the cycle set equation (1):

Qs(s,t,u) = Qa(s,t) * Qa(s,u) = (sxt) x (sxu) = (txs)x (txu) =Qs3(t,s,u).

Assume k > 4 and proceed by induction. Since the transpositions o; = (z 7+ 1) generate
Sy, we only have to look at o; with ¢ < k — 2. We have, by definition,

Qk(th RN ,tk) = Qkfl(tl, e ,tkfl) * Qkfl(tl, Ce ,tk,Q,tk).

If © # k — 2, By the induction hypothesis, both €2;_; occurring here are invariant by
o; as it doesn’t affect the last term. Remains the case i = k — 2, for which we have:

ety toy o(r—2) tog ar—1)s te) = (b1, - - to—s, th1s to—g, tr)

=W (tr, -t o1, treea) * Qo1 (B, - s B, tr) (Expanding)

= (Qkfg(tl, c. ,tkfg, tkfl) * Qk,g(tl, c. ,tkfg, tkfg)) (Expanding)
* (Qk,2<t1, R ,tkfg, tkfl) * Qk,Q(tl, R ,tkfg, tk))

= (Qk_g(tl, Ce ,tk_g, tk_g) * Qk_g(tl, Ce ,tk_3, tk—l)) (cycle set Equation)
* (Qk_2<t1, e ,tk_g, tk_g) * Qk_Q(tl, e ,tk_g, tk))

= Qk—l(th . ,tk_g, tk_27 tk—l) * Qk—l(th c. ,tk_g, tk_27 tk) (Collapsing)

= Q(t1,. .. te—a, te—1, tr). (Collapsing)

Which concludes the proof. O

Proposition 2.7. The element i (t1,...,tx) of Mg is invariant by permutation of the
entries.

Proof. For k =1 there is nothing to prove. For k = 2 we find TIy(¢1,t2) = t1(¢; *t2) which
is identified with t5(ty * t1) = Ily(t2,t1) by the defining relations of M in 2.

Now assume k > 3 and, as in the proof of the previous lemma; restrict to the transpo-
sitions o; = (z 1+ 1) with 1 <17 < k. Recall that, by definition

Hp(te, - oote) = Qu(tn) - Qo t2) - oo - Qelte, .o ).

Clearly, the first ¢ — 1 terms remain unchanged by ;. And by the previous Lemma 2.6,
for £ > i+ 1 the terms €2, are invariant by o;. Thus we only have to look at the product:

Qi(ty, .. tima, tivr) - Qg (b, - timn, tien, )

= Qi(tla e 7ti717 t/l:Jrl) . (Qz(tl, . ,tifl, ti+1) * Qi(tly R ,tl',l, tl)) (Expanding)
= Qi(tl, R 7ti—17 tl) . (Qz(tl, R 7ti_1, t1> * Qi(tl, R 7ti—17 ti—l—l)) (Relations of M)
= Qi(tl, . 7ti—17 tz) : Qi+1(t1, c 7ti—17 ti, tz’—i—l)- (Collapsmg)
Which concludes the proof. O

Lemma 2.8. For any s,tq,...,tx in S, the map s — Qpy1(t1, ..., tx, S) is bijective.
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Proof. We proceed by induction: for £ = 1 there is nothing to prove, for k = 2 this is part
of the definition of a cycle set. So consider k£ > 2 and suppose that the property holds for
k — 1. We have

Qk+1(tl7 e ,tk, 8) = Qk(tla ce ,tk) * Qk<t1, Ce ,tkfl,S),

by induction hypothesis s — €, 4 s is bijective, and as Qt1,..., % is an element of
S, its left action is bijective, which concludes the proof. O

Proposition 2.9. Let f be in M. Then there exists (ti,...,tx)* in S* such that f =
Hk<t17 s 7tk)

In the sequel, for any f € M, by a "II-expression of f" we mean choosing any (¢y, ..., )
in S* such that f = Il (t,. .., t).

Proof. Take a decomposition of f as a product of elements of S:
f=tty. . 1.

Let t; = t|, because S is a cycle set, the map ¢’ — t; x t’ is bijective, so there exists o
such that t, = t; * ty (explicitly to = ¥(t1) " (t)), i.e.:

[ =ttty xta)ty ...t = Qu(t1)Qua(tr, t2)t5 . . . 1, = [ (ty, ta)ts . . .t}

We proceed by induction on k: suppose that we have ty,...,t,_1 such that t|...t,_, =
M1 (t1, ... tg—1), ie. th = Qg(ty,...,t;) for ¢ < k. By the previous lemma the map
s+ Qp(ty, ..., ty_1, ) is bijective, so there exists t; such that

t;ﬂ = Qk<t17 s 7tk:)
By induction, this gives the existence of tq,...,t; such that

F=0t) . Qulty, .. ty) = gty .. 1),

Example 2.10. Take S = {sy, $2, $3, 84} with

P(s1) = (1234)  1h(s3) = (24)
U(s2) = (1432)  b(s4) = (13).

And consider the element f = 5159535, We have ¢(s1) 7 (s2) = 51, 50 f = s1(51%51)5384 =
(81, 51)5354.

Similarly, 1(s2) 1 (s3) = sS4, SO 83 = 89 % 853 = (51 % 51) * 84, as ¥(s1) "1 (s4) = s3, we have
S3 = (81 * 81) * (51 * 33) = Q3(31, 31,33)- So f= Hs(Sl, 51,53)54-

Finally, for sy, we first write s, = s3 * a, then a = s9 * b and b = s1 * ¢ (going through
the letters of f = s1525354 from right to left), so that s, = s3 % (s2 * (51 % ¢))). Replacing
s3, 82 and s by their previously found expressions gives

S4 = ((81 * 51> * (81 * 83)) * ((51 * 51) * (81 x C)) = 94(51, S1, Sg,C).
Here we find ¢ = s9 so
f - H4(51781753782)-

One can also check for instance that s, = Q4(s1, $1, s3, 52) also equals Q4(s3, s1, 1, S2) and
so f = Il4(s3, 51, 51,52).
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2.3. The monomial representation

Recall that we fix (S,#) a finite cycle set of size n with S = {s1,...,s,} and with
structure monoid (resp. group) M (resp. G).

Proposition 2.11 ([7]). Let q be an indeterminate and consider Monom,,(Q[q, ¢7']),
denote Dy, the matriz diag(1,...,q,...,1) the n X n diagonal matriz with a q on the i-th
row.
The map © defined on S by
O(s;) = Dy, Py(s)) (5)
extends to a representation G — 9Monom, (Q[q, ¢~ ']) and similarly to a morphism M —
Monom, (Qg]).

Proof. We have to show that © respects the defining relations of G (and M). Let s;,s;
be in S and define g = O(s;)O(s; * s;) and ¢’ = O(s;)O(s; *s;). By Corollary 1.2 we have
D, = D, w(‘”)DSi*Sj = D, Z/’(s")sz(Si)(sj) and the latter is equal to D, D, by Lemma 1.1.
By symmetry and commutativity of diagonal matrices, we deduce D, = D .

On the other hand, again by Corollary 1.2, we have 9(g)(t) = ¥ (s; * s;) 0 ¢ (s;)(t) =
(s;*s;) % (s;xt) for all t € S. By symmetry and as S is a cycle set we deduce that

P(g9) =¢¥(g’) and so g =¢'. ]
For simplicity, we will write ©(g) = Dy P, to mean ©(g) = Do) Poyg)-

Remark 2.12. The image of G by O lies in the subgroup of 9MMonom,,(Q[q, ¢~!]) consisting
of matrices such that the non-zero coefficients (i.e. the diagonal part of the decomposition)
consists only of powers of ¢ (including ¢° = 1). We denote this subgroup by ¥,,. By %t
we denote the submonoid of Monom,, (Q[q]) consisting of non-matrices whose non-zero
coefficients are non-negative powers of ¢ only, and by D; the matrix diag(1,...,q,...,1)
with a ¢ in the ¢-th place.

Remark 2.13. Let G* be the submonoid of M of positive words. As M and G* have
the same generators, their images in their respective representations © coincide. Thus,
when working in Monom,, (Q[g, ¢ ']), we will not distinguish between ©(M) and O(G™).
Later, we will see that in fact G is the group of fractions of M and M = G™.

Example 2.14. Set S = {s1, 59, s3} and ¢(s;) = (123) for all 1.

g 0 0\ /010 0 ¢g O
O(s1)=(0 1 0| (0 O 1|=[0 0 1
0 0 1/\1 0O 100
and similarly
010 010
O(s2) =10 0 ¢g| ©O(s3)=(0 0 1
1 00 g 00

Proposition 2.15. For all s,t € S:
P,D; = "DiP, = Dy(y-19 Ps-
In particular, P,Dg; = D, P;.
Proof. This is a direct consequence of Lemma 1.1. O

Definition 2.16. For an element g € ¥, we define its "coefficient-powers tuple" cp(g)
to be the unique n-tuple of integers (ci,...,¢,) such that D, = diag(q®, ..., q").
We set AM(g) = > | ¢ |.

For o € &, by {c1,...,c,) we denote (Co(1), - - -, Con))-
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200 0
0 01 O

Example 2.17. If g = 000 ¢ then cp(g) = (2,0,—1,1) and A(g) =2+ 0+
0 ¢ 0 0

14+1=4.
Proposition 2.18. For all g, h € 3, we have:

cp(gh) = ep(g) +*ep(h). (6)
Moreover A(gh) = Mg) + A(h).
Proof. The first equality is a direct consequence of Corollary 1.2 applied to the repre-

sentation. The second follows from the fact that the defining relations of the structure
monoid respects the length of words. 0

Set ' = ©o0Q and II' = © oIl the evaluation in the representation of the constructions
from Section 2.2, that is IT} (t1, ..., tx) = O(IL(t1, ..., t)).

Proposition 2.19. Let ty,...,t; be in S, then
DHL(tl,...,tk) = Dtl s Dtk
and
P,y = Py - - Pay o)
Or equivalently for all s in S, Y(IL(t1,.. ., tk))(s) = Qi (tr, - th, 5).
Proof. We proceed by induction: for r = 1, II;(¢;) = ¢; and there is nothing to prove.

Assume r > 1 and the property true for » — 1. Then, by definition we have I1(¢q,... ) =
1 (t1, - te1) - Qi(ty, . .., tx), so by the induction hypothesis

(s, o) = (Diy - Dy, Payen) - Pay_ et ) (Do trrt) P 1.t )
Note that Q) (t1,...,tx) = Q1 (1, tg—1) * Q1 (t1, ..., tk—2,tx). So by Proposition
2.15 we get
PQ;_l(tl,...tk,l)DQ;(tl,...,tk) = PQ;_l(tl,...tk,l)DQgﬂ_l(t1,...,tk.,l)*Q;_l(tl,...,tk,g,tk)
=D (b1 tioti) P (1t 1)
We can then repeat this process for all the permutation matrices Por tr,tia)s -+ Py
and get
Poryy - Pay 1, te) Dot ta,tn) = D Py - Par . ti0)-
Thus we find
I, (t, ... tg) = (Dy, ... Dy,) (Pga(tl) .. Po o, m) .

As P,P. = P.,, we have Y(II}.(t1,...,t))(s) = ¥(Q(t1,...,tk)) o -+ 0 (Q(t1))(s).
Then () (t1))(s) = t1 s = Qa(t1, s), which in turns gives (5 (t1,t2)) 0 () (t1))(s) =
Y(Qo(t1,t2))(Qa2(t1, 8)) = Qalty, ta) * Qa(ty, s) = Q3(t1, t2, s). By induction, this gives the
last statement. O

Corollary 2.20. Any tuple of non-negative integers (cy...,c,) € N can be realized as
the coefficient-powers tuple of a matriz in ©(Ms).

Proof. Let | = > ¢; and take the [-tuple containing ¢; times the element s;. By the
i
previous proposition, I} applied to this tuple gives the expected result. [l



8 EDOUARD FEINGESICHT
Example 2.21. As in 2.10 take S = {s1, s9, 83, sS4} with
U(s1) = (1234)  ob(s3) = (24)  (s2) = (1432)  (sq) = (13).

The tuple (2,1,1,0) can be obtained from II4(s1, $1, 53, 82) = S1828354 = [ as, in the
induction of the proof we did:

P81PS2P83DS4 = PS1PS2D1/J(83)_1(54)P83 = PSlDw(sz)_10¢(83)_1(84)P82PSS
= D?/)(Sl)’101&(82)’101#(83)*1(84)P81P82P83

Computing 1(s1) "' 0 9h(s9) ™! 0 9h(s3) 7 (s4) = sq precisely retrieves the Example 2.10.
Those reasonings are inverse to one another: to construct an element with given

coefficient-powers we use permutations step by step and letter by letter (this is the con-

struction of IT), and to get a [I-expression we use all the inverse of those permutations.

Corollary 2.22. Any f € M is uniquely determined by Dey).
Moreover, this diagonal part can be read as the entries when taking a Il-expression of

f.

In particular, this means that the representation is injective on the monoid, as the
diagonal part is determined by the entries of a II-expression, which is invariant by per-
mutations of those entries.

Proof. This follows from the previous proposition and Proposition 2.9. Take O(f) =
DyP; € M with Dy = Dgl ... D¢k By Proposition 2.9 there exist ty,...,%; € S such
that f = IIx(t1,...,tx). By Proposition 2.19, we have Dg(sy = Dy, ... Dy, , this gives the
second statement. By the unicity of the monomial decomposition, we must have a; times
s; in the tuple (t1,...,t;) and by Proposition 2.7 the orders of the ¢;’s doesn’t matter.
Thus if g € M is such that Dgy = Degy), by the same argument we must have

g:Hk(th...,tk):f. [l

Denote ©,, (resp. ©;) the subset of diagonal matrices of 9, (resp. M;"). We have an
obvious inclusion D} < D,,, and a faithful representation N* = .

Corollary 2.23. The natural morphism M — G sending each generator s; € M tos; € G
1S injective.

Proof. We have shown that there is a (set) bijection II: N® = M. Then we have the
following commutative diagram:

N' —= M G
- J
o On

Because the composition N* — Dt — ®,, is injective, and as IT: N — M is bijective,
the composition M — G — ®,, must be injective, so necessarily M injects in G. U

A word t; ...t over S representing an element ¢ is said to be reduced if its length k is
minimal among the representative words of g.

Proposition 2.24. Any element g € G can be decomposed as a reduced left-fraction in
M, that is:

3f,h € M,g = fh~" with XM(g) = A(f) + A(h)
where \ denotes the length as a S U S~ -word.



DEHORNOY’S CLASS AND SYLOWS FOR SET-THEORETICAL SOLUTIONS OF THE YBE 9

Proof. Let g € G, and write a reduced decomposition of g as product of elements in
S'US™L If this expression is of length 1, this is trivial. If the length is 2, we have 4 cases
with s,t € S: st, st~ !, st~ and s~'¢t. The first 3 cases are of the desired form. For the
last one, the defining relations of G give

s(sxt) =t(txs) <= s t=(s*t)(txs)"".

For arbitrary length, we can inductively use the same relation s~'t = (s * ¢)(t * s)~! to
"move" all inverses of the generators to the right in a decomposition of g, which gives the
desired form. O

We will later state a similar result for right-fractions (Proposition 2.71).

Corollary 2.25. Any element in G can be decomposed as a left-fraction fg=' in M such
that D, commutes with all permutation matrices (more precisely that D, is a power of
Dy, ... Dy ).

Proof. Take a Il-expression [Ix(t1, ..., t;) of g. up to permuting the entries, we can assume
that ¢ = g(s1,...,81,--+,8n,..-,5n), where for 1 < i < n each s; occurs a; times and
a;+---+a, = k. Let j be such that a; is (one of) the biggest of the a;’s, then if for some
i we have a; < a; we can consider a new element Il;i1(s1,...,81,...,8Sn,..., 5, 8) =
g Qr1(S15- 0381,y Sny -+, Sny Si), Where s; occurs a; + 1 times and that is obtained
from ¢ by right-multiplying by an element in S. Doing so, until all s; occurs a; times,
provides an element g which is obtained from ¢ by right-multiplication by some ¢’ € M
and such that Dg = (Dy, ... Dg, )%.

Let P, be a permutation matrix, then P,Dg = D3P, = D3P, where the last equality
is because all the diagonal terms in Dy are equal so are invariant by o.

Finally f¢'(g)~' = fg~!, so replacing (f,g) by (fg¢', gg’) gives us the result. O

Example 2.26. Take S = {51, 52, 53} and ¢(s;) = (123) for all i. Consider h = s3's5's3,
the relation sy5; = 5353 (i.e. 5155 = 55 '53) gives h = s3'5155 '; similarly s3s5 = 515, (i.e.
59571 = 83 751) yields h = sys7 st

Let f = sy and g = s15; so that h = fg~!, we have g = s1(s1 * s3) = (s, s3),
thus Dy = Deg(g) = D, D,,, which is not stable under permutation (as we have 129, =

5(123)_1(1)DS(123)_1(2) = D, D, # D,). To complete g so that it commutes, we must add
Dy,, so we take ¢’ = II3(s1, $2,53) = gs1 and ' = fs;. Now Dy = Dy, D, Dy, commutes
with permutation matrices, and f'¢'~' = fsis; g = fg~' = h.

Theorem 2.27. Let S be a finite cycle set of cardinal n. Then © is a faithful represen-
tation of G.

Proof. Let g € G, from Proposition 2.24 we know that there exist f,h € M such that
g = fh™!. Thus as © is a representation:

O(g) =1d, <= O(f) = O(h)
By Corollary 2.23, ©(f) = ©(h) <= f = h, thus © is faithful. O

From now on, we assume that S is a finite cycle set with S = {s1,...,s,}. We identify
G with its image by the (faithful) representation ©. We can as well identify € (resp. II)
with its image €’ (resp. II') by ©.

Definition 2.28. A subgroup of %, is called permutation-free if the only permutation
matrix it contains is the identity.

Proposition 2.29. G is permutation-free.
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Proof. Suppose P, is a permutation matrix (associated with o € &,,) that is in G. Then
by Proposition 2.24, there exists f,g € M such that P, = fg~', i.e. D;P; = P,D,P,.
By Corollary 2.25 we can assume that P,D, = D,F,, so DyP; = D,P,P,. By the
unicity of the monomial decomposition, we must have D; = D, and Py = F,F,, so by
Proposition 2.22 f = g and thus P, =Id (and o =id). O

Corollary 2.30. An element g € G is uniquely determined by D,.
Proof. Suppose for g, h € G we have Dy = Dj,. Then
g 'h = (DyP,) " (DyP,) = P,'D,;'DyP, = P, ' P, € G

We have a permutation matrix in G, so it must be the identity, so P, = P}, and thus
g=h. OJ

Proposition 2.31. For any tuple a = (ay, ..., ay) in Z*, there exists a unique g € G with
Cp(g) = (ala SR 7ak)‘

Moreover, if all a; > 0 then g € M has a Il-expression g = Iy, which is of length of
A a) and is minimal by additivity of .

Similarly, if g € G, writing it as a fraction of two minimal-length elements of M also
gives that the length of g over SU S is \(g).

Proof. For the first part, the existence follows from Corollary 2.20 and the unicity from
the previous Corollary.

The second statement is just Proposition 2.18 applied to the generators of the monoid,
and, similarly, the third is a consequence of considering irreducible left-fractions in Propo-
sition 2.24. 0

Remark 2.32. This is precisely a matricial formulation of the I-structure of [14].

We've seen that the structure group of a cycle set is permutation-free, we now state a
reciprocal under a condition on the atom set of the submonoid:

Theorem 2.33. Let G be a subgroup of ¥,, denote G = G N} (the submonoid of
positive elements). Suppose that the set of atoms S = {s1,...,8,} of G* has cardinal n,
generates G and there exists a positive integer k such that Dy, = D¥. Let the operation *
be defined on S by s; x s; = 1(s;)(s;), then the following assertions are equivalent:
(i) G is permutation-free
(ii) s(s*t) =t(t xs) for all s,t in S
(iii) G is the structure group of S

Proof. First notice that ¢ — ¢P provides an injective morphism >, — >, so we can
assume p = 1.
(i) = (ii): For 1 <4, j <n, we have from Proposition 2.15:

SiSy(i)(5) = D’L'PSZ‘DSZ'*S]'P&;*S]' = DiDszipsi*sj

By symmetry, s,(s; * s;) will have the same diagonal part. Then
-1 -1 -1 -1
(Si(si * Sj)) (sj (Sj * SZ)) = Psi(si*sj)Dsi(si*s]-)DSJ(Sj*Si)st(Sj*Si) = Psi(si*sj)st(sj*si) €.
So by the assumption that G is permutation-free we deduce s;(s; * s;) = s,(s; * s;).

(ii) = (iii): Recall that Py, (s,xs;) = Ps; Psjxs; = Puy(sixs;)ou(s;), 50 We find ¥(sixs;)0tp(s;) =
Y(s;*s;)o1(s;). Fort € S, this means that ¢(s;xs;) ot(s;)(t) = ¢ (s;*s;)0(s;)(t), i.e.
(sixs;)*(s;*t) = (s;%s;)*(s;*t), so precisely that S is a cycle set. Then the generators
of M correspond to the generators of Mg and both are submonoids of ¥,,, so M = Mg.
Similarly, as S generates G we have Gg = G.

(iii)= (i): This is Proposition 2.29. O
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2.4. Garsideness

In a 2017 talk ([8]), Dehornoy addressed the question of whether his results on the
construction of the Garside structure and the I-structure can be derived without using
Rump’s result on the non-degeneracy of finite cycle set ([13]). In this section, we answer
his question positively.

Although equivalent to working in the I-structure [14] Z" x &,, by decomposing elements
(c,0)=(c,1)(1,0) = (1,0)(%, 1), working with monomial matrices and their decomposi-
tion has the advantage of giving more intuition, and allows for looking at both left and
right structure at the same time. For instance, this is efficient when looking at divisibility,
that we study in this section.

Recall that we fix (5, %) a finite cycle set of size n with structure monoid (resp. group)
M (resp. G).

Definition 2.34. Let g1,9> be elements of M. We say that g, left-divides (resp. right-
divides) g2, that we note g1 < go (resp. g1 =<, g2) if there exists some h € M such that
92 = gih (resp. g2 = hg1) and A(g2) = Mg1) + A(h).

An element g € M is called balanced if the set of its left-divisors Div(g) and right-
divisors Div.(g) coincide.

We equip Z™ with the partial ordering given by (ay,...,a,) < (by,...,b,) iff a; < b;
for all 1 <i < n. In particular, this means that given g1, g2 € G, cp(g1) < cp(gs) iff the
power of ¢ on the i-th row of ¢; is less than the one of gy for 1 < i < n. Moreover, note
that, as g = Py, 9Dy, and gf = P} Dy, = P, ' Dy, =D, P, ", the coefficient on the i-th
column of g; is the coefficient on the i-th row of ¢t.

Proposition 2.35. g; left-divides go if and only if cp(g1) < cp(ga),
Similarly, g1 right-divides go if and only if cp(gh) < cp(gh).

This means that, to check if g; is a left- (resp. right-) divisor of g, we only have to
check if the power of ¢ is smaller on each row (resp. column).

Proof. Write g; = Dy, P, = P, %D,,. For left-divisibility, consider in G the element
h = gi'gs = P,'D,'Dy,P,,. By Proposition 2.31 h € M iff D;'D,,) contains only
non-negative powers of ¢, precisely meaning that the power on each row of g; is less than
the one of ¢s.

-1
Similarly, for right divisibility, let &' = gogy* = P,, ©°D,, <91D91> szl, which is in M

-1
iff 2D, <91D91> contains only non-negative powers of ¢, which is the same criterion on
the columns. 0J

Example 2.36. Taking S = {s1, s2} with ¥(s1) = ¥(s2) = (12), we can see that:

3 4
(? %) left-divides (% ?) (as 3 < 4 on the first line and 0 < 0 on the second since

1 = ¢°), but doesn’t right divide it (as 3 > 0 on the second column)

Corollary 2.37. Let g = Ili(t1,...,tx), then the left-divisors of g are precisely the 11’s
of subtuples of (t1,...,tx).

Reciprocally, the right multiples of g are the elements h such that, when writing h =
I (uy, ..., w), the tuple (uq,...,u;) contains the tuple (ti,...,tx).

Corollary 2.38. Let g1, 92 be in M. The left-gcd (resp. left-lem) of g1 and g2, denoted
g1\ g2 (resp. g1V ga) is given by the unique element such that the coefficient-power on
each row is the maximum (resp. minimum) of those of g1 and gs.

For right-ged (resp. right-lem) it is the same but for each column.
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Explicitly, if cp(g1) = (a1,...,a,) and cp(ga) = (by,...,b,), then cp(gr A g2) =
(max(ay,b1),...,max(a,,b,)) and cp(g1 V g2) = (min(aq, by), ..., min(a,, b,)).
Example 2.39. Asin 2.10 take S = {s1, s9, 83, $4} with
¥(s1) = (1234) ¥(s3) = (24)
W(s2) = (1432)  tp(s4) = (13)

We have
0 g 00 0 00 g 0 g 00
1 000 A 00 ¢ O] (0010
000 g 0100 0001
0010 1 000 10 00

Which can be understood in two ways:

o ged (Ila(sy, s3), [a(s1, s2)) = II1(s1) as s; the only term appearing in both II,.
o The ged of the two given matrices must have cp-tuple (1,0,0,0) (taking the min-
imal coefficient-power row by row), which uniquely exists by the I-structure.

Similarly:
0 g 00 01 00 g 000
1000 v |4 000 J10q 00
00 0 ¢ 0001 00 q 0
0010 00 q O 0 0 0 g¢q

can be understood as both:
o lem (TTp(s1, 83), Ia(s2,84)) = I4(s1, 2, 83,84) (we took the maximum number of
each occurences of each s;, here always 1)
o The lem of the two given matrices must have cp-tuple (1,1, 1,1) (taking the max-
imal coefficient-power row by row), which uniquely exists by the I-structure.
The second description however does not provide an explicit description of the element,
as we don’t have the permutation part.
For the right ged and lem, we do the same on the columns, which has the disadvantage
and not having something as explicit as the first-description of the left versions (see the
IT of [7] for a more detailled approach).

Corollary 2.40. An element such that the non-zero terms of its i-th row and i-th column
are equal for all 1 < i <mn is balanced.

Definition 2.41. An element of M is called a Garside element if it is balanced, Div(g)
is finite and generates M.

Proposition 2.42 ([7]). The unique element A such that Da = diag(q, . .. ,q) is a Garside
element of M.
Equivalently, A =TI,,(s1,...,8,) or cp(A) = (1,...,1).

Proof. Because all the non-zero coefficients of A are equal, the latter is balanced.
Its set of divisors is the set of elements with non-zero coefficients 1 or ¢ and so is finite
and has cardinal 2", and it contains all the generators s; so also generates M. U

Remark 2.43. The powers of A, which are the unique elements with cp-tuple (k, ..., k)
for k > 1, are also Garside elements by the same reasoning.
More generally, Garside elements are precisely the balanced elements with no 1’s.

Definition 2.44 ([9]). A monoid is said to be a Garside monoid if:
(i) It is cancellative, i.e. if for every element g1, g2, h, k, hgik = hgok = f = g.
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(ii) There exists a map A to the integers such that N(gi1g2) > A1) + A(g2) and \(g) =
0=g9g=1.

(iii) Any two elements have a ged and lem relative to both < and =,.

(iv) It possesses a Garside element A.

Proposition 2.45 ([7]). M is a Garside monoid.

Proof. The map A previously defined satisfies point (ii) (and in fact as an equality).

For (iii) we have Corollary 2.38 and for (iv) Proposition 2.42.

We are left to prove (i), which is a direct consequence of Corollary 2.23 (alternatively,
we can see this is that our elements are monomial matrices, such inject into the linear
group GL,(Qlgq,¢™']) from which we deduce the cancellative property). O

2.5. Germs

In [7] Dehornoy associates a germ to structure groups of cycle sets, in the construction
he uses the non-degeneracy of finite cycle sets. Here we provide proofs that do not rely on
this property. In particular the direct existence of Dehornoy’s class is obtained along with
a better bound (again improved in the next section). Moreover, we state an exchange
lemma and a solution to the word problem, as is known in the context of Coxeter groups.

Recall that we fix (.9, %) a finite cycle set of size n with structure monoid (resp. group)
M (resp. G). For s € S and k € N denote by s* the unique element in M such that
Dy = DF ie. sl = T (s,...,s) = sT(s)...T*!(s) where T is the diagonal map
S > S %S,

@

7

Proposition 2.46. There exists a positive integer d such that for all s; € S, s
diagonal, i.e. P 4 = Id.

s
7

S

The smallest integer satisfying this condition is called the Dehornoy’s class of S, and
all the others will be multiples of this class. Our results will be stated for the class, but
most would work for any multiples.

Proof. First fix s € S. The map sending s!*! to 1(s/¥]) is a map from an infinite (countable)
set to a finite one (&,,), therefore it is not injective. So there exists kq, ko € N such that
P s = Pry. We can assume k; > ko without loss of generality. We have s[’“ﬂ(s[’“?])_1 =
D"~ which is in G, and as k; — ky > 0 is also in M (it is Iy, 1,(s,...,s)), so it is
necessarily equal to s¥1=%2 which is thus diagonal.

Doing this for all s; € .S, we get the existence of d; € N such that sgdi} is diagonal. Notice
that again, by the same argument, we must have for all £ € N (sEdi])k = DFh = sgkdi].
Taking d = lem(dy, ..., d,) we have for all i the existence of d; > 0 such that d = d,d;, we
find that for all 1, sgd] = (s[d"])dg is diagonal. O

Remark 2.47. In [7], the author gives a bound on the class of a cycle set as d < (n?)!.

Here, we obtain a first better bound d < (n!)” given by the previous proof (as d =
lem(dy,...,d,) with d; < n!). This bound will be improved in Propositions 3.10 and 3.11.

Proposition 2.48. Let d be the class of S and denote by G\% the subgroup of G generated
by all the s, Then G\ is a normal subgroup of G.

Proof. The generators of G194 are diagonal, thus this subgroup consists of diagonal matrices
only. Conjugating a diagonal matrix D by a permutation matrix is diagonal, thus for all
g in G, (DyP,)D(P;'D;") = “(9)D. Because the subgroup contains all possible diagonal
matrix with coefficients powers of ¢¢, it is stable by the action of &,, by permutation, so
Vh e G, ghg~' € G, O
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We define the quotient group G by G = G/GI,

Proposition 2.49 ([7]). The projection 7: G — G amounts to adding to the presentation
of G the relations sl = 1, more precisely quotienting is the same as specializing at
q= exp(Q%) noted evy.

Moreover, the map woIl: Z° — G induces a (set) bijection I1: (Z/dZ)° — G.

Proof. The first part comes from the fact that G4 is generated by the sl which are
diagonal, and as each element containing a coefficient-power greater than d is a multiple
of some sgd] by Proposition 2.35, we see that quotienting is just specializing at ¢ = exp(%).

The second part then follows as (canonical representative of) elements of G have non-
zero coefficients in {1,q,...,q% 1} O

Remark 2.50. If d = 1 then G¥ = G so G is trivial. However, d = 1 means that all
the generators s are diagonal, i.e. s*t =t for all s,¢ in S: this is just the special case
of the trivial cycle set. So we will assume d > 2, but this unique trivial case can still be
included as all our results work for any multiples of the class (thus any positive integer
for the trivial cycle set).

From now on, assume d > 2.

Example 2.51. Let S = {s1,...,s,} with ¢(s;) = (12...n) = o for all <. Then for any
se S, ket SZW = D*P_x. Thus Dehornoy’s class of S is equal to n. Let ¢, = exp(%),
then G is generated by the 5; = diag(1,...,(u,y ..., 1) B,

Denote by (4 = exp(%) a primitive d-th root of unity and g = {¢% | 0 < i < d}. Let
¥4 be the subgroup of Monom,,(C) with non-zero coefficients in {0} U pg. Given k > 1,
there is natural embedding :4: ¢ — S sending (4 to ¢}, (as (5, = exp(ZET) = (,).
From the previous proposition, we deduce the following result:

Lemma 2.52. The quotient group G is a subgroup of 2.

Recall that if S has Dehornoy’s class d, then for any positive integer & we have that
st = (sl)* is diagonal, thus we could also consider the germ G/(s"¥),cg). The embed-
ding (% (G) can then be seen as embedding the germ G is this bigger quotient group.

Definition 2.53. [7] If (M, A) be a Garside monoid and G the group of fractions of M,
a group G with a surjective morphism w: G — G is said to provide a Garside germ for
(G, M, A) if there exists a map x: G — M such that wo x = Idg, x(G) = Div(A) and M
admits the presentation

(@) [ x(f9) = x(S)x(g) when||fglls = IIf]l5 + llglls)

where || - || denote the length of an element over S = w(S).

2T

Proposition 2.54 ([7]). The specialization ev, that imposes q = exp(=F) provides a

Garside germ of (G, M, A%1).

Proof. Consider the map x: G — M defined by sending exp(22%£) to ¢* € Q[g] for
1 < k < d. It trivially satisfies ev, o x = Idgz. Its image is the elements of M such
that each coefficient-power (the power of ¢) is strictly less than d, and thus identifies
with Div(A?~1) by the characterization of divisibility. And the presentation amounts to
forgetting that ¢ is a root of unity, thus generating M as required. 0]

To work over G, we will use the following corollary to restrict to classes of equivalence
over the structure monoid.

Corollary 2.55. The projection ev,: M — G is surjective.
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Proof. G is generated by the s; (positive generators) and their inverses s; ' (negative
generators), so the same holds for G. Moreover, as G is finite, inverses can be obtained
from only positive generators. Finally, because M — G as the submonoid generated by
positive generators, we obtain the statement. 0

Example 2.56. Let S = {s1,...,s,} with ¢(s;) = (12...n) = o for all i. Then for any
se S, ke 3 1] = D¥P_.. The Dehornoy’s class of S is n and G is generated by the
5; = diag(1, . Cm ..., 1)P, where ¢, = exp(%F).

To recover G from G one simply takes all the elements of G and forget that ¢ is a
root of unity in the following sense: when computing the product of two elements and
finding a coefficient ¢® with @ > d, we do not use that ¢ = 1 and just consider it as a
new element. So for instance in (x(G)) with n = 4:

000 ¢\ /0 0 10 0 ¢ 00
B2 — _ 100 0|10 0 01 0 0 10 5
XG%DX(QJ)::X@JQMK%PU== 010 0|1t ooo|=|ooo1]|=%
001 0/\0 ¢ 00 0 0 00
Because 5 > 4, we obtain a new element different from x (sl ) (51).

The quotient group G defined above is called a Coxeter-like group, it was first studied
by Chouraqui and Godelle in [6] for d = 2 and generalized by Dehornoy in [7].

Fix G a Coxeter-like group obtained from a cycle set S of cardinal n and class d > 2
(so that G is not trivial).

Proposition 2.57. G is permutation-free.

Proof. From Proposition 2.29, we know that G is permutation-free. As G is the image of
G by the evaluation at ¢ = (4, a matrix § € GG is a permutation matrix if it comes from
an equivalence class of g € M such that cp(g) = (day, ..., da,) (with ai,...,a, € N), ie

g = (s[ld])‘“ ... (sldhyan = pDdar | Ddan which is diagonal, thus g is diagonal. O

Definition 2.58. For ¢ = (¢1,...,¢,) € (Z/dZ)", define cp(diag(¢”*, ..., q")) to be the
unique representative of ¢ as (c1,...,¢,) €40,...,d—1}". If g € G, we define ¢p(g)) =
ep(Dy).

We define a function ly by:
k, if k<

k—d, ifk> (7)

VkeﬂLL”wd—lhh@):{

NN,

And we define X\(c) = i [la(ci)].
i=1

Note that ¢p corresponds to cp with the projection Z — Z/dZ) and taking representa-
tives in the interval [0,d — 1[ﬂZ while A corresponds to A with the same projection but
with representatives in ] -3 f] NZ. The latter is chosen because, if we have ¢% = 1, the

shortest way to write ¢? is q q but to write ¢* we should use ¢~*- ¢

Proposition 2.59. The followings hold:
(i) For any c = (c1,...,¢,) € (Z/dZ)", there exists a unique element g € G such that
cp(g) = - B B
(ii) The length of an element g € G over S = w(S) is given by A

Proof. (i) follows from Proposition 2.57.
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Point (ii) is obtained by realizing that the shortest way to write ¢* for k € {0,...,d—1}

is using ¢ - ... - ¢ is k < ¢ and otherwise we use the fact that ¢ = 1 to write it as

1 1 2
q .. q . 0
Corollary 2.60. Because G is finite, the generators have finite order, so any element
has a decomposition as a product of generators (we don’t have to include inverses). Thus,
any element in G has a l-ezpression (in the same sense as in M ).

Corollary 2.61. Defining similarly to ¥, the group X, with non-zero coefficients powers
24

of exp(=), we get that a subgroup of ¥, respecting the conditions of Proposition 2.33 is
a Coxeter-like group.

Remark 2.62. We say that a word in S = 7(S) is reduced in G if it has length \(w)
when seen as an element of G.

For instance, if d > 2 then w = s(s * s) is reduced as it represents II,(s, s) which has
A = 2 but the word corresponding to II4(s, ..., s) is not as it has A = 0. More generally,
the word associated to IL.((t1), ..., (t,)) is reduced in G if each 3; occurs strictly less than
d times in the family (;).

For Coxeter groups, we have the so-called exchanging lemma (see [18]). We provide a
similar result for Coxeter-like groups:

Lemma 2.63 (Exchange Lemma). Let g € G be written as a reduced expression given
by Iy (ty, ... tg). Fors €S, if Ugi1(s,ty,...,tx) is not reduced, then there exists some i

such that g = (s, t1, ..., &, ..., tx), where {; means we omit t;.
Proof. As TIi(ty, ..., 1) is reduced, s occurs strictly less than d times in (;)1<j<t-
Thus, if I 1(s,t1,...,t) is not reduced as word, then s must occur exactly d times

in s U (t;)1<j<k, in particular as d > 1, s occurs at least once in (;)1<j<k, say t; = s.

Because II is invariant by permutation of the entries (as I is), we can move this ¢; at the
beginning and thus g = Il (s, ¢y, ..., &;,... 1) O

Another part of interest of the study of Garside groups is that they provide a solution
to the word problem:

Proposition 2.64. Two words t = ty...tx and u = uy...u € S* represent the same
element in M (resp. G) if, when taking a I-expression (resp. W-expression) of both, they
have the same number of occurrences of each s;, 1 <1 <n (resp. modulo d).

Proof. @ In M, the elements corresponding to ¢ and u have respectively a Il-expression
of length k£ and [, and because II is a bijection from N" to M, they represent the same
element iff they have the same number of occurrences of each of the atoms in N”. In
particular, k = [.

e In GG, the same reasoning applies: take a II-expression of both elements, they represent
the same equivalence class iff the number of occurrences of each atom is the same modulo
d in N", as the map II: (Z/dZ)™ — G is a bijection. O

We summarize all the previous results in the following diagram, where black arrows
are morphism and blue arrows are just maps of sets, and the middle line is a short exact
sequence.
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M
[ ™S
1 —— Gl G 3@ 1
oL LA L
7S =, 758 (Z/dZ)S

Note that the left II is a group morphism because all elements of GI¥ have trivial per-
mutation, so this group is abelian and thus II is the morphism sending (ay,...,a,) to

diag(q?™, ..., q%n).
2.6. Non-degeneracy

Here we give a new proof of Rump’s result on the non-degeneracy of finite cycle sets
[19], that is the fact that s — sxs is bijective; in Dehornoy’s paper it is used to obtain the
bijectivity of (s,t) — (s*t,t*s). Here we prove both of those results using the previous
section, the first proof has the advantage of being a simple direct consequence of the
[-structure compared to the proof in [19] which involves several steps and constructions.

Recall that we fix (5, %) a finite cycle set of size n with structure monoid (resp. group)
M (resp. G).

Lemma 2.65 ([19]). Vs,s' € S,sxs =5 %5 <= s=7.

Proof. If s = &' % ¢’ then trivially s x s = s’ % s'. Suppose s * s = ¢ x &/, and consider

g = 55’1, we want to show g = 1.

We have g = ss'~ 1 = D5P8P871D;1, using that P,D = °DP, and P, ! = P,-1 twice we
find
g = DSPSD_l Ps_fl = Dquzll(S

s’ xs! )(s’*s’)p5P871'
By assumption s *x s = s’ * s’ thus g = DSD;L(S)(S*S)PSPSTI = DstflPSPST1 = PSPSTI. As

(s is permutation-free, we deduce g = 1. O

Proposition 2.66. (i) The diagonal map T : s — s s is a bijection of S.
(ii) The order o of T divides d. In particular, for any integer k, we have stkdl =
(sT(s)... T (s))".
(iii) More generally s = sT(s)... T (s)sT(s) ... with evactly k terms

Proof. As S is finite and T is injective by the previous lemma, it is bijective and so has
finite order. The third point follows directly from the equalities sl = II,(s,...,s) =
sT(s)...T*Y(s) and, as T°(s) = s, we regroup as many words sT'(s)...T° !(s) as pos-
sible. For the second point, if si* is diagonal, then s¥ls = D¥D, P, which has diagonal
part D! so must be sl As s+l = sldT4(s), we deduce T%(s) = s, thus o = o(T)
divides d. U

Corollary 2.67. Let G' be the set of transposes of the elements of G. Then G' is the
structure group of a cycle set structure on S*.

Proof. First note that, because G is generated by S, G! is generated by S*. As T is a
bijection, for each i the set S* contains exactly one element s’ such that Dy = D;, that is
s = T7!(s;). Moreover, as G is permutation-free, so is G*. So by Theorem 2.33 it is the
structure group of the cycle set S*. O

In particular, this can be used to work on the columns in G: if we want an element of
G with coefficient powers tuple (ay,...,a,) on the columns, we can work in G?, use the
IT of Dehornoy’s calculus to obtain an elements ¢* in G* with cp(¢’) = (ay,...,a,) and
transpose it to get g in G with ¢% on the i-th column.
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Proposition 2.68. For any k € N, ¢(s!*)(s) = T*(s). In particular, the map s
Y(sM)(s) is a bijection of S.

Proof. For k = 0, sl = 1 so both sides of the equality are s. For k = 1, this is just the
definitions ¥ (s)(s) = s *x s = T'(s). Now proceed by induction:
Recall that, by Proposition 2.19,

B()(s) = (U(TH(s)) 0 G(TH () 0+ 0 w(s)) () = H(TH ) (& (s™) ().

So by the induction hypothesis 1 (s# 1) (s) = (T*(s))(T*(s)) = T*(s) *T*(s) = T+ (s).
As T is a bijection, so is T*. 0

Corollary 2.69. For k in N and s in S, let t = (T*)71(s) then slI=H =TI,(¢,...,t)~%.

Proof. Let t € S, we have

k]y—1

_ _ IR (k) ko _ _ _ _
(t[k}) b= (Dfpt[’ﬂ) b= Pt[k]lDt = Dy th[k]l - Dw(]z[k])(t)Pt[le - DT’I:(t)Pt[kll'

Thus, if t = (T%)7'(s), we find D -1 = D" O
Proposition 2.70 ([7]). The map (s,t) — (s*t,t*s) is bijective.

Proof. As S is finite, so is S xS, so we only have to show injectivity, i.e. assume sxt = s'*t/
and t x s =t/ % s for some s,t,5',t' € S.

Since Iy(s,t) = s(s xt) = t(t x s) = Iy(t,s), we get Ily(s, t)[Ia(s', ') = s(s*t)(s *
t')71s'~1 = ss'~! by hypothesis and then as previously ss'~1 = DSD;L(S)(S,*S,)PSP;l.

We also have Tly(s, t)Ily(s', ') ™" = Ta(t, s)Ta(¢', s") ™" =t~ = DeDY g gy PP

By unicity of the diagonal part, we must have Dquﬁl(s)(s'*s') = DtD;L(t)(t,*t,), ie.
Dy Dy (1) pratry = DiDy—1(5)(s4sy- Because each term on each side corresponds to a diago-
nal matrix with only one ¢, we have either D, = D, and so t' = s’ by the previous lemma,
or s = ¢ Y(s)(s' * 8'), thus s * s = s’ * s’ and again by the previous lemma s = ', so

58"t =1 =t"1 and finally t = . In both cases, we are done. O

Proposition 2.71. Any element g € G can be decomposed as a reduced right-fraction in
M, that is:

3f,h € M,g = f'h. with A(g) = M\(f) + A(R).

Proof. The proof is essentially the same as in Proposition 2.24. Take a reduced decom-
position of ¢ as product of elements in S U S™!, the defining relations of G give

s(skt) =t(txs) = s 't=(s*t)(t*xs)"

From the previous proposition, for any couple (s',t) € S? there exists (s,t) such that
(sxt,t*s) = (s',t'), thus we can inductively use the relations s't'~! = (sx*t)(t*s)~! = st
to "move" all inverses of the generators to the left in a decomposition of g, which gives
the desired form. dJ

From Propositions 2.24 and 2.71 we deduce:
Corollary 2.72 ([7]). G is the group of fractions of M.

This also implies that G is a Garside group.
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3. BOUNDING OF THE DEHORNOY’S CLASS

We fix a finite cycle set (.9, %) of size n with structure monoid (resp. group) M (resp.
@), of Dehornoy’s class d > 1 and associated germ G.

Definition 3.1. The permutation group Gs associated to a cycle set S is the subgroup of
S, generated by V¥(s;),1 <i < n.
When the context is clear we will simply write G.

G is precisely the image of the map sending g in G' to F,. Note that, as P, P, = P,
we have that 1(gh) = 1(h)1(h), thus an antimorphism. This won’t pose problem here,
as we'll only use ¥(s™) = ¥(s)™.

Definition 3.2 ([2]). A subset X of S is said to be G-invariant if for every s € S,
W(s)(X) C X. S is called decomposable if there exists a proper partition S = X LY such
that X,Y are Gg-invariant.

In this case (X, %) and (Y, %, ) are also cycle sets.

A cycle set that is not decomposable is called indecomposable.

Example 3.3. For S = {s1,2,53,5:} and 9(s1) = t(s2) = (2143), ¢(s3) = ¢(s4) =
(2134), we have G = ((2143), (2134)) < &,,. We see that X = {s1, 82} and Y = {s3, s4} are
both G-invariant and their respective cycle set structure are given by ¥x(s1) = ¥x(s2) =
(12) and ¥y (s3) = ¥y (s4) = (34).

In personal communications [20], the following conjecture was mentionned:
Conjecture 3.4 ([20]). If S is indecomposable then d < n.

Note that, taking S = {s1,...,s,} with ¢(s) = (12...n) for all s provides an indecom-
posable cycle set that attains this bound.
Using a python program based on the proof of Proposition 2.46, we find the following
maximum values of the class of cycle sets of size n:
n [3456 7 8 9 10
dyax |3 4 6 8 12 15 24 30
This corresponds to the OEIS sequence A034893 "Maximum of different products of par-
titions of n into distinct parts', studied in [10] where the following is proved:

Lemma 3.5 ([10]). Let n > 2 be written as n = T, +1 where Ty, is the biggest triangular
number (T, =142+ - +m) with T, <n (and sol < m). Then the mazximum value

o = ({ T

i=1

k€N>1§n1<"'<nk7n1+---+nk:n}>

s given by
(m+1)!
i 0<li<m-2
Qp = a7, 1] = mT“m!, l=m-—1

(m+1)!, l=m.
This leads to the following conjecture:
Conjecture 3.6. The class d of S is bounded above by a,, and the bound is minimal.

Note that the set map II: Z" — G allows us to transport the abelian group structure
of Z" to G as follows:

Proposition 3.7. There exists a commutative group structure on G denoted (G,+) such
that for all g,h in G, g+ h is the unique element such that Dy, = DyDy,.


https://oeis.org/A034893
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Proof. This is a direct consequence of Theorem 2.29. U

This structure corresponds to the structure of left braces, see for instance [5].
Proposition 3.8. There exist g',h' in G such that g+ h = gh' = hg' with Dy, = 9D,
and Dy = h_ng.

Moreover, if g,h are in M with g = I(t1,...,tx) and h = I(uy, ..., u;) then g+ h =
My (ty, o tgyu, ..o ywy), and ¢’ B/ are in M.

Proof. By definition g + h = DyDyPyyp. Let h' = g7'(g + h) then ' = P, Dy Pyyp, =
g_thngngJrh, thus Dy = 9 Dy by the unicity of monomial left-decomposition. And
similarly for ¢’ using g +h = h + g.

For the second part, the Il-expression is a consequence of Proposition 2.9. Then, by
the first statement ¢’ (resp. h') only has non-negative coefficient-powers iff g (resp. h)
does, which is equivalent to being in M. 0

Proposition 3.9. The additive commutative structure (M, +) induces an abelian group
structure on G compatible with the map ¢ : M — G.

Proof. Let 0,7 be in G and ¢, h in M such that ¢(g) = ¢ and ¢(h) = 7 (i.e. P, = P,
P, = P;). We will show that P, does not depend on g and h but only on ¢ and 7, so
that o + 7 is well-defined as ¥ (g + h).

By the commutativity of (M, +), it suffices to show that o + 7 does not depend on
the choice of the representative g of 0. From Proposition 3.8 we have the existence of
R’ in M such that g + h = gh’ and Dy, = 97'D,, which only depends on h and P, = F,.
As A is uniquely determined by D, it does not depend on the choice of ¢, so neither
does Py. Finally, we have that P, = P, P} is the product of terms only depending on

o =P(g). O

As a consequence we obtain the following result:
Proposition 3.10 ([5]). The class d divides the order of G. In particular d divides n!.

Proof. For s € S, the set {s*] | k € Z} is a subgroup of (G, +), and the smallest integer
d, such that sl%! is diagonal corresponds to the order of 1(s) in (G, +), which thus divides
gl

As d is the lem of all the dg, s € S, it also divides |G|. U

The landau function g: N* — N* ([15]) is defined as the largest order of a permutation
in G,,.

Proposition 3.11. If S is square-free and G abelian then d < a,
That is, under these conditions the bound part of Conjecture 3.6 holds.

Proof. If S is square-free, then for all s € S we have by definition T'(s) = s, so for any
k€ Z, s = sT(s)...T*1(s) = s* so {s¥l | k € Z} is a subgroup of (G,-) and the
smallest integer dy such that s%! is diagonal corresponds to the order of ¥ (s) in (G,-),
which thus divides e(G) the exponent of G (the lem of the orders of every element). So d
will also divide e(G).

As @ is abelian and finite, there exists an element with order equal to its exponent, so
the exponent is bounded by the maximal order of an element, i.e. d|e(G) < g(n).

By the decomposition in disjoint cycles, g(n) is equal to the maximum of the lem of
partitions of n:

g(n) = max ({lem(ny,...,ng) |k e N1 <mny <--- <ng,ny+--++n,=n})
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Moreover, by properties of the lem, if 1 < n;, = n;, as lem(n;,n;) = n;, the max is
unchanged by replacing n; by only 1’s. And as the lem of a set is bounded above by the
product of the elements, we have g(n) < a,. Thus d < g(n) < a,. O

Proposition 3.12. The followings hold:
(i) ¥: G — G factorizes through the projection G — G
(i) We have the following divisibilities:
e o(T)|d
« d|#G
o #G | ar
where o(T') is the order of the diagonal permutation T, #G denotes its order |G| (to avoid
confusion with | for divisibility).

Proof. (i) follows from the definition of d as ¥(s¥) = id.
For (ii), the first divisibility is Proposition 2.66, the second is Proposition 3.10 and the
third is (i). O

For a positive integer k, denote by m(k) the set of divisors of k.

Corollary 3.13. We have 7(d) = 7(#3).
In particular, d is a prime power iff #G is a prime power.

This means that our later results, which will involve the condition "d is a prime power"
can also be restated for #G.

Proof. As d divide #G any divisor of d is a divisor of #G. Conversely, if p is a prime
divisor of #G then it divides d" and thus divides d. O

Lemma 3.14. If S is indecomposable then n divides #G.
In particular, m(n) C w(#G) = w(d), and thus if d is a prime power then n is also a
power of the same prime.

Proof. By [12] S is indecomposable iff G acts transitively on S. By the orbit stabilizer

theorem, for any s in .S we have #Orb(z) = #S?&fi(x)' So if S is indecomposable there is
a unique orbit of size n so n divides #G. The last statements are a direct consequence of
this divisibility and the previous corollary. 0

Lemma 3.15. If S is indecomposable and G is abelian, then n = |G|

Proof. ® Again by [12] S is indecomposable iff G acts transitively on S. Let xy € S, by
transitivity for all x € S, there exists 0 € G such that x = o(x¢). Let 7 € G be such that
we also have x = 7(zy), we will show that 7 = . For all y € S, there exists v € G such
that y = v(x), thus o(y) = o(v(z)) = o(v(7(x)) = T(v(o(x0)) = 7(y). So an element
of G is uniquely determined by its image of zg, thus |[S| > |G|, and the other inequality
follows by transitivity. 0

e Let k> 1 and G!¥ be the subgroup of G generated by S* = {sl* | s € S}. The
following result was simultaneously introduced in [16]:

Proposition 3.16. For > 1, G induces a cycle set structure on S,

Proof. Recall that ¥(s¥)(t) = Qu11(s,...,s,t) for all 5,¢ € S, and note that

S[k)
sW¢H — DEpy DE Py = DY ( Df) Py Pysg = DEDE ) Pas Pa.

S

“https://math.stackexchange.com/a/1316138
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For all s!* ¢fl ¢ Sl define sl x ¥ as Q41 (s, ..., s, ). Then we have
s (s 5 tH) = DEDY )1 9,409y Patis st = DED Pyt Py

By symmetry, we have that Ds[k](s[k]*t[k]) = Dy (t18] 5[] - Thus as G is permutation-free we
conclude that sFl(s!* x ¢Fl) = ¢kl (¢lk] 5 glkDY,
All generators satisfy the conditions of Theorem 2.33 with D,, = D¥ so (S %) is a

cycle set. O

Remark 3.17. Alternatively, one can directly show that * satisfies Equation (1): let
s,t,u € S, then we have
(st s ) e (s sty = Qg (s, s, ) % Qi (s, s, u)
= Qs (i (5, .., 8,0), o, Qg (5,0, 8,1), Quga (s, ..., 1)) FL
By definition of Q (see [7] eq 4.8), the two expressions ,1,(21,. .., Zp, Y1, ..., Y,) and

Qu(ir (1,1, 11)s s Qo1 (21, - -+, 2, y,)) coincide. Thus (s x ) x (sl 5 o lF) =
Qogr1(s,...,8,t...,t,u). As  is invariant by permutation all but the last coordinate,
we have Qopi1(s,...,8,t,...,t,u) = Qopya(t, ..., 6, s,...,8,u). Thus, we conclude that:

S[k] * t[k}) * (S[k] * u[k}) — (t[k} * S[k]) * (t[k] * U[k})

Proposition 3.18. Let k be a positive integer smaller than d, then (S¥, %) is of class
d

ged(d,k)
Moreover, (S19T1 %) is the same, as a cycle set, as (S, *).

This means that this construction provides, at most, d different cycle sets.

Proof. Recall that (s")l] = sl¥l Thus (s*)le is diagonal when ka is a multiple of d, so

we deduce that S™ is of class lcméd’k) = = d?d L
By definition of d, we have that (Sl x) is the trivial cycle set (¢(s) = id), thus
Y(si) = h(s). [

4. SYLOW SUBGROUPS AND DECOMPOSITION

Recall that for & > 1, ¥ denotes the group of monomial matrices with non-zero
coefficients powers of (i, and (f! is the embedding XF < YF sending ¢, to ¢};. Given
two subgroups H, K < G, their internal product subset is defined by HK = {hk | h €
H,k € K}. If H and K have trivial intersection and HK = K H, the set product HK
has a natural group structure called the Zappa—Szép product of H and K. We apply this
to the Sylow-subgroups of the germs to obtain that any cycle set can be obtained as a
Zappa—Szép product of cycle sets with coprime classes.

Definition 4.1. Let k,l be integers such that k,l > 1. Let m be a common multiple of
k and I, with m = ka = b for some a,b > 1. Given two subgroups G < Xk, H < Xl by
G <, H we denote the subset (J'(G)u)"(H) of .

Identifying G and H with their image in X", we say that they commute ([17]) if GH =

HG as sets, i.e. for any (g,h) in G x H, there ezists a unique (¢',h’) in (G x H) such
that gh = h'q'.

Remark 4.2. This operation can be thought of as taking elements of G and H, changing
appropriately the roots of unity (with ¢, = ¢% and ¢ = (%)) and taking every product of
such elements (we embed G and H in ¥ and take their product as subsets).

When k and [ are coprime, G and H can be seen as subgroups of ¥ with trivial
intersection, and so if they commute we have that G <, H is a group called the Zappa—
Szép product of G and H ([17], Product Theorem).
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Let (S, *1), (S, *2) be two cycle sets, over the same set S, of coprime respective classes
dyi,ds and germs G1,Gs. Let d = dgig and G = G iy gg (which, in general, is only a
subset of 39), and we identify each G; with its image in G.

Definition 4.3. S| and Sy are said to be <-compatible if G is the structure group of some
cycle set S1 14 Ssy, called the Zappa—Szép product of S1 and Ss.

We now construct a candidate S; <y Ss for which G could be the germ. This candidate
is not, in general a cycle set, but if it is, its class is a divisor of d. Then we will state the
condition for it to be a cycle set.

For clarity, we will put a subscript to distinguish between the respective structures of
S; and Sy: 11 (s) will denote the permutation given by *;, and s*2 will denote an element
of MQ.

Algorithm 1 Constructing S <y S

Input: A set S with two cycle sets structure 1, %, on S of coprime classes d;, d
Output: A couple (S, *) with % a binary operation

: Compute (u,v) the solution to Bézout’s identity dou + dyv = 1[d]
: Set a
: for i =1ton do

1

2

3

4 Compute g, = s£“h c G,
5. Let o =y (si")

6 Compute go = 3([;)(}3) € G,

7 Let 1(s;) be the permutation part of ¢§ (g1):d, (g2)
8

: return S; g Sy = (S, %) with s; % 5 = Sy(s,)(5)-

Remark 4.4. The heart of the algorithm is lign 6 which relies on the following
k Ip _ pkpl
DZ PO'DJPT — D’l Dg'fl(j)PTO"

To obtain an element with coefficient-powers 1 on the i-th coordinate and zero elsewhere,
we have to take j = (i) with here o = d}(sgkh) and as we apply (¢ on the elements (in S;

this does ¢ — ¢% and in Sy q — ¢™), we obtain D, = D" = D, from lign 1.

Example 4.5. Take two cycle sets of size n = 5 and class respectively 2 and 3, and apply
Algorithm 1 providing a candidate for a cycle set of class 6:
Let S; = {s},...,s5} and Sy = {s,...,s¥}, with (S1,%1), (52, 9) given by:
U1(sy) = u(sh) = (1234) Ui(sy) = u(sy) = (1432)  o(s5) =id
Ua(sT) = ta(sy) = (354)  wha(sy) = ha(sy) = va(s5) = (345)
Where S is of class d; = 2 and ngf classjg = 3. -
Consider their respective germs G; and Gy of order 2° and 3°. Then define G = G <

Gy over the basis S = {s1,...,s5}. For instance:
0 &G 0 0 0 0 Cg’ 0 00
0O 01 0O 0O 0 1 0O
6(/\ _ 6 _
Ssy=S11o 001 o|ll=lo0 010
1 0 00 O 1 0 00O
0 0 0 0 1 0 0 0 0 1
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10000 1000 0
01000 01000
WS =ES110 00 0 G|]=]000 0 ¢
00100 0010 0
00010 00010

To construct an element g € G with cp(g) = (0,0, 1,0,0) we first solve Bézout’s identity
modulo 6: 3u+2v = 1[6], a solution is given by u = 1 and v = 2, so we will multiply some
Lg(s;m) and LS(S;{[Q]) so that their product has coefficient-powers (0,0,3%1+2%2,0,0) =
(0,0,1,0,0)[6]. Recall that:

k l _ Nkl
DZ PO'DJPT — D’l Dg'fl(‘j)PTO"

Here we want i = 07 (j) = 3, k = 3u and [ = 2v, so we take t = 3. As o = w(sg”) =
YP(sh) = (1234), we have j = 0(3) = 4, and note that SZ[Q] = sst. Finally:

010 0 0N/10 0 00
001 0 of|lo1 0 00
S(sh)S(si®y =10 0 0 ¢t oflloo 0o 01
100 0 0|[00¢?00
000 0 1/\00 0 10
01 0 00 010 00
00 0 01 00 0 01
=100 G™ 0o0[=]00 ¢ 00
10 0 00 10000
00 0 10 000 10

This will be our candidate for s3. Doing this for all the generators we find:

(s1) = (124)(35), ¥ (s2) = (1532),9(s3) = (1254),¢(s4) = (132)(45),9(s5) = (354).

Unfortunately, this isn’t a cycle set: (s1 * s2) *7(31 % §1) = S4 % So = 51 whereas (s * s1) *
(2% 81) = 85 % 85 = 84. This also means that, GG is not permutation-free or in Dehornoy’s
Calculus terms: with our candidates sq, s2 we have that Ily(s1, s9) and Ila(se,s1) both

have coefficient-powers (1,1,0,0,0) but different permutations.
Proposition 4.6. If G, and Gy commute, then S; and Sy are ><-compatible.
In this case, G = G, <4 G5 is the Zappa—Szép product of G; and Gb.

Proof. As d; and dy are coprime, it is clear that G; NGy = {1}.

By ([17], Product Theorem), G is a subgroup of 3¥ if and only if G; and G5 commute,
ie. G =G>y Gy = Gy g Gi. As Gy and G5 have different (non-zero) coefficient-
powers, a product gig» of two non-trivial elements from ¢ (G;) and ¢4 (G2) cannot be a
permutation matrix.

With Algorithm 1, we know that G respects condition (ii) for Theorem 2.33, and we’ve

seen it also satisfies condition (i), finishing the proof. O

Remark 4.7. To check whether G; and G5 commute, we can restrict to the generators
and check that:

Vs € S1,t € Sp,3s’ € Sq,t' € Sy such that st =t's’.
Proposition 4.8. If Sy and Sy satisfy the following "mixed" cycle set equation
Vs, t,u € S, (s *1t) xa (sx1u) = (L *28) *2 (t %2 1) (8)

then Sy and Sy are <1 —compatible and (S = Sy <y Sa, %) is a cycle set.
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Explicitly, from Algorithm 1, we have v (s;) = 1 (S:;[v(h/[u])(.)) oy (s;[“h) with u, v such
that dau + dyv = 1[dyd). Z

Proof. We will use the previous proposition and show how Equation 8 naturally arises
from considering the commutativity of the germs.For clarity, although our two cycle sets
have the same underlying set S = {s1,...,s,}, we will distinguish where we see those
elements by writing s’ for (.5, *;) and s” for (S, *3).

Let s € Sl,s € S, then in G:

s8] = D Py D' Py = DDy} 5y Pe P

P1(s) 7
We want some sj € 51,/ € Sy such that sis] = s's, i.e:

d d o d
D D ()15 P Por = D" D 13

As d; and dy are coprime, they’re in particular different, so we must have:

do __ d:
Di; = D¢22(S;,)71£lk)
Dy sp-1) = D

PS;PS;/ = PSE/PS;C.

PSE/PS;.

From which we first deduce: k = 19(s})(i) and j = 11(s})(1), or equivalently s = s; %2 s;
and s; = s; %1 5. So taking this k and [ we get Dy s = = Dy . We are left with last of the
three conditions, which then becomes:

Py Py, = PyPy
1 k2

s *25

As P,P. = P,,, the last condition is equivalent to

Ua(s; *1 87) 0 Pu(sy) = Pi(s) 2 57) 0 Yals)).
As s] € Sy, (s ;1 s]) is seen as the action of an element of Sy, so all this becomes
equ1valent to:
Vs, t,u € S, (s%1 ) *g (8% u) = (t %9 ) %o (£ ko ).
O

Remark 4.9. The condition that the classes are coprime is used, with Bézout’s identity,
to have generators of the group G (elements with diagonal part D;). Otherwise, say for
instance that the classes are powers of the same prime, d; = p® and dy = p® with b < a.
Then ¢§, is the identity and § will add elements with higher coefficient powers (or equal),
thus we do not get any new generators (or too many in the case a = b).

We’ve seen how to construct cycle sets from ones of the same size and coprime classes.
Now we show that this is enough to get all cycle sets from just ones of prime-power class:

Let d = p{*...p¢ be the prime decomposition of p (a; > 0 and p; # p;), and write
a; = p;* for simplicity. We use techniques inspired by [4] to construct new cycle sets from
two with coprime Dehornoy’s class.

Fix again a cycle set S of size n and class d > 1, with germ G. By Proposition 3.16,
given k > 0 diving d, the subgroup el generated by S" = {s"l | s € S} is the germ of a
structure group, and has for elements the matrices whose coefficient-powers are multiples
of k.

Lemma 4.10. Let 5; = % then

(i) For each 1, A" s q pi-Sylow subgroup of G.
(i) Two such subgroups commute (i.e. Grighil = é[ﬁj}é[ﬁi]).
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(iii) G is the product of all those subgroups.

Proof. Fix 1 < ¢ < r, as ( divides d, the group el corresponds to the subgroup of
G of matrices with coefficient-powers in {0, 3;,20;, ..., 8i(c; — 1)} and thus has cardinal
al' = pi" so it is a p-Sylow subgroup of G.

For s,t € S we have that s/?/¢%] has a ¢% on some row, thus is left-divisible by #/%!
for some t € S, i.e. sl = 1Bl for some ' € S.

We've seen that the G are pi-Sylow subgroups of the abelian group (G, +), so by
cardinality it is the direct sum of those subgroups. By Proposition 3.8 for any g, h € G,
there exists A’ € G such that g + h = gh’, where D), = 971Dh, so if A is in some G*| so is

h'. Projecting onto GG, we have that any element g can be expressed as a sum of g; € el
and thus a product of ¢} € G O

Example 4.11. The first example where S is indecomposable but has class product of
different primes is n = 8,d = 6 given by:

P(s1) = (12)(36)(47)(58),  (s2) = (1658)(2347),
U(s3) = (1834)(2765),  b(s4) = (12)(38)(45)(67),
W(ss) = (1438)(2567),  t(sg) = (1856)(2743),

P(s7) = (16)(23)(45)(78),  v(ss) = (14)(25)(36)(78)

Here, G decomposes as the Zappa-Szép product G g G of its 2- and 3- Sylow. If we
denote by (Ss,1,) and (Ss,13) their respective cycle set structure then we find:

ha(s)) = 1ha(sh) = (1476)(2583),

Pa(ss) = 1ha(sg) = (18)(27)(36)(45),
a(sy) = a(s5) = (1674)(2385),
Ua(s7) = ha(ss) = (12)(34)(56)(78)
and
Ui (s}) = wals) = ba(st) = va(s}) = (135)(264),

V3(sy) = P3(sy) = ¥s(sg)

Lemma 4.10 can be rephrased as G = G g ... g G . As the germ can be used to
reconstruct the structure group and thus the cycle set, the following theorem summarizes
these results from an enumeration perspective, that is constructing all solutions of a given
size.

s (sg) = (153)(246).
18]

Theorem 4.12. Any cycle set can be obtained as the Zappa—Szép product of cycle sets of
class a prime power.

Proof. Any cycle set is determined by its structure monoid, which can be recovered from
the germ. By Lemma 4.10 and the above construction, the germ can be decomposed and
reconstructed from its Sylows, which also determine cycle set by Proposition 3.16. 0

Remark 4.13. The class of the cycle set constructed will Algorithm 1 will, in general,
only be a divisor of the product of the prime-powers. This happens because nothing
ensures that, for instance, the cycle set obtained is not trivial: we only know that 1]
is diagonal, but it is not necessarily minimal.

Remark 4.14. This construction is similar to the matched product of braces By
By appearing in [1, 3]. Key differences are that we directly construct a cycle set with
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permutation group B; 1 By (whereas the authors of [3] construct one over the set B; b
Bs) and that our construction doesn’t rely on groups of automorphisms thanks to the
natural embedding (f!. Moreover, instead of classifying all braces, the existence of the
germs suggests it is enough to classify braces with abelian group (Z/dZ)" for all d and n

to recover all cycle-sets.

Corollary 4.15. Any cycle set is induced (in the sense of using the decomposability and
Zappa—Szép product) by indecomposable cycle sets of smaller size and class, both powers
of the same prime.

Proof. Let S be obtained from the germ as an internal product of Si,..., S, of classes
respectively pi*,...,p% with distinct primes. Then, consider a decomposition of each
S; as indecomposable cycle sets: so up to a change of enumeration, the matrices in the
structure group of S; are diagonal-by-block with each block corresponding to a cycle set,
so with class dividing the class p}* of S;, thus also a power of p;. By Lemma 3.14, the size
of those indecomposable cycle sets must also be powers of p;. [l

However, as far as the author knows, there is no "nice' way, given two cycle sets, to
construct all cycle sets that decompose on those two, thus the above result is an existence
result but not a constructive one, unlike the Zappa—Szép product previously used.

Remark 4.16. Starting from a cycle set, we first write it as a Zappa-Szép product
of its Sylows and then decompose each Sylow-subgroup if the associated cycle set is
decomposable. If one proceeds the other way, first decomposing and then looking at the
Sylows of each cycle set of the decomposition, we obtain less information. For instance,
if S = {s1,...,56} with ¢(s;) = (1...6) for all ¢, then S is not decomposable, but the
cycle sets obtained from its Sylows Sl and SP are decomposable (15(s;) = (14)(25)(36)
and 13(s;) = (135)(246) for all i, having respectively 3 and 2 orbits).

Example 4.17. In Example 4.11, 3 does not divide 8 so S5 has to be decomposable, and
indeed it decomposes as S3 = {s7, s4, 57} U {s5, sy, s¢} U {s7, s5}.

Corollary 4.18. Let N(n,d) be the number of cycle sets of size n and of class a divisor
of d=pi*...p%. Then we have: N(n,d) <T[; N(n,p;").

For n = 10, we find that there is approximately 67% of cycle sets that have class a
prime-power (~ 3.3 out of ~ 4.9 millions). We hope that this number greatly reduces as
n increases (as hinted by the previous values, for n = 4 it is 99%), as more values of d are
possible (Conjecture 3.6).
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