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MOMENTS OF PARTITION FUNCTIONS OF 2D GAUSSIAN
POLYMERS IN THE WEAK DISORDER REGIME - I

CLEMENT COSCO AND OFER. ZEITOUNI

AsstracT. Let W (B) = Eo [ezﬁrzl 5“’(”’5")_]\”32/2] be the partition func-
tion of a two-dimensional directed polymer in a random environment, where
w(i,x),i € N,z € Z? are i.i.d. standard normal and {S,} is the path of a
random walk. With 8 = By = B+/7/log N and 3 € (0,1) (the subcritical
window), log Wx (Bn) is known to converge in distribution to a Gaussian law
of mean —\2/2 and variance A2, with A2 = log(1/(1 — 82) (Caravenna, Sun,
Zygouras, Ann. Appl. Probab. (2017)). We study in this paper the moments
E[Wn (Bn)?] in the subcritical window, for ¢ = O(y/log N). The analysis is
based on ruling out triple intersections

1. INTRODUCTION AND STATEMENT OF RESULTS

We consider in this paper the partition function of two dimensional directed
polymers in Gaussian environment, and begin by introducing the model. Set

(1) Wi (B,2) = B [eXnm Al -NE2] g e g,

Here, {wn’z}nez_*__’zezd are i.i.d. standard centered Gaussian random variables of
law P, {Sy }nez, is simple random walk, and E, denotes the law of simple random
walk started at z € Z2 Thus, Wx(83,z) is a random variable measurable on the
o-algebra Gy := o{w(i,z) : i < N,z € Z4}. For background, motivation and results
on the rich theory surrounding this topic, we refer the reader to [15]. In particular,
we mention the relation with the d dimensional stochastic heat equation (SHE).

The random variables Wy (3,0) form a Gy positive martingale, and therefore
converge almost surely to a limit W (8,0). It is well known that in dimensions
d = 1,2, for any 8 > 0 we have W (5,0) = 0, a.s., while for d > 3, there exists
Be > 0 so that W (8,0) > 0 a.s. for § < . and W (83,0) = 0 for 8 > .. We
refer to these as the weak and strong disorder regimes, respectively. In particular,
for d = 2, which is our focus in this paper, for any 5 > 0, we are in the strong
disorder regime.

A meaningful rescaling in dimension 2 was discovered in the context of the SHE
by Bertini and Cancrini [2] and was later generalized by Caravenna, Sun and Zy-
gouras [5], in both the SHE and polymer setups, to a wider range of parameters
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for which a phase transition occurs. See also [8, 9, 10, 22, 28]. Introduce the mean
intersection local time for random walk

al log N
(2) Ry = E§? lz 13%_351 ~ 5T

™

n=1

The asymptotic behavior of Ry follows from the local limit theorem [25, Sec. 1.2].

Further, the Erd6s-Taylor theorem [20] states that 17 25:1 1g1_g2 converges in

distribution to an exponential random variable of parameter 1.
Set

(3) AN = , B>0.

-
2

We will use the short-notation Wy = Wy (8n,0). With it, see [5], one has
)\2
2

4) VB<1: logWN@)N< ,>\2>, with AQ(B):logl L

— 52 ’

The convergence in (4) has recently been extended in [26] to the convergece of Wy
to the exponential of a Gaussian, in all LP. (The critical case 5 = 1, which we will
not study in this paper, has received considerable attention, see [2, 7, 9, 23].)

The spatial behavior of Wy (8n, ) is also of interest. Indeed, one has, see [§],

5)
Grv(e) = VR (108 Wi, 2VN) — Elog Wy (. o)) 25\ | ),

ﬁ2

with G(z) a log-correlated Gaussian field on R2. The convergence in (5) is in the
weak sense, i.e. for any smooth, compactly supported function ¢, [ ¢(z)Gn(z)dz

converges to a centered Gaussian random variable of variance %07 /(1 — ), where

Q =g [[o@ow [~ e

One recognizes Ui in (6) as the variance of the integral of ¢ against the solution of
the Edwards- Wilkinson equation. For a related result in the KPZ/SHE setup, see
[8, 22, 28].

Logarithmically correlated fields, and in particular their extremes and large val-
ues, have played an important recent role in the study of various models of proba-
bility theory at the critical dimension, ranging from their own study [3, 4, 17, 29],
random walk and Brownian motion [1, 16|, random matrices [12, 13, 14], Liouville
quantum gravity [18, 24], turbulence [11], and more. In particular, exponentiating
Gaussian logarithmically correlated fields yields Gaussian multiplicative chaoses,
with the ensuing question of convergence towards them.

In the context of polymers, (5) opens the door to the study of such questions. A
natural role is played by the random measure

vGn(z)
~ e

/LN(‘/L. = Ee’YGN(QJ)’

and it is natural to ask about its convergence towards a GMC, and about extremes
of Gy () for  in some compact subsets of R?.
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A preliminary step toward any such analysis involves evaluating exponential
moments of Gx(0). This is our goal in this paper. In the following, ¢ = ¢(N)
denotes an integer ¢ > 2 that may depend on N. Our main result is the following.

Theorem 1.1. There exists BO <1 so that sz < BO and

. 342 1 <q>
7 limsup — <1,
™ N =00 (1 _ 52) log N \2

then,
(®) E[W§] < e@¥0Fen),
where ey = (N, ) \ 0 as N — oc.

The proof will show that in Theorem 1.1, Bo can be taken as 1/96, but we do
not expect this to be optimal.

Remark 1.2. With a similar method, we can also prove that the estimate (8) holds
for all B < 1 at the cost of choosing ¢*> = o(log N/loglog N), see Section 2.4 for
details. In particular, we obtain that the partition function possesses all (fized)
moments in the region B <1:

9) VgeN, supE[W}] < .
N

As mentioned above, (9) was independently proved in [26]. (See also [27] for further
precision and a multivariate generalization of the Erdds- Taylor theorem.) They also
observed that together with the convergence in distribution (4), the estimate (9)
implies that for all fivred g € N,

(10) EWi]e-GN@) g

N—00

Note however that the estimate (8) does not yield (10) when ¢ — oo with N — oo.

Remark 1.3. Theorem 1.1 is of course not enough to prove convergence toward a
GMC. For that, one would need to improve the error in the exponent from O(q*en)
to O(1), to obtain a complementary lower bound and, more important, to derive
similar multi-point estimates. We hope to return to these issues in future work.

The structure of the paper is as follows. In the next Section 2, we use a well-worn
argument to reduce the computation of moments to certain estimates concerning
the intersection of (many) random walks. After some standard preliminaries, we
state there our main technical estimate, Theorem 2.1, which provides intersection
estimates under the extra assumptions that all intersections are in pairs, i.e. that no
triple (or more) points exist. The rest of the section provides the proof of Theorem
1.1. Section 3 then develops the induction scheme that is used to prove Theorem 2.1.
Since we assume that there are no triple (or more) intersections, we may consider
particles as matched in pairs at intersection times. The induction is essentially on
the number of instances in which “matched particles” break the match and create a
different matching. Section 4 provides a discussion of our results, their limitations,
and possible extensions. In particular we explain there why the constraint on ¢ in
Theorem 1.1 limits our ability to obtain the expected sharp upper bounds on the
maximum of log Wy (B N2V N ). The appendices collect several auxilliary results
and a sharpening of one of our estimates, see Proposition B.1.
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2. INTERSECTION REPRESENTATION, REDUCED MOMENTS, AND PROOF OF
THEOREM 1.1

Throughout the rest of the paper, we let p(n,z) = p,(x) = Po(S, = z). There
is a nice formula for the ¢-th moment of the partition function whose importance
is apparent in previous work on directed polymers, for example in [6, 7]. Indeed,

E[W§] = ES ReXi= Eala(Brw(n,S,) =B /2)

where S',...,87 are ¢ independent copies of the simple random walk and E?}q
denotes the expectation for the product measure started at X = (x!,...,29). (If the
starting point X is not specified, we assume X = 0.) Since the w(i, z) are Gaussian
and the variance of 337, Ayw(n, S},) is equal to B3 -,y .o, Ly, _gy, We have
the following formula for the moment in terms of intersections of ¢ independent
random walks:

N o1

(11) E[Wg[] = E®4 6’612\’ Yicici<q Xon=1 51 =59,

2.1. No triple estimate. The key step in upper bounding the right hand side of
(11) is to restrict the summation to subsets where there are no triple (or more)
intersection. More precisely, denote by

(12)
F,={3a,B,9):1<a<pf<7<q587=57=35},
(13)

K, =

and let
Gr= () (FaUK,)®
n€e1,T]
be the event that there is no triple (or more) intersection, i.e. that at each given
time no more than a pair of particles are involved in an intersection.

The following theorem is the technically involved part of this paper. Its proof
will be presented in Section 3.

Theorem 2.1. Fiz (3 € (0,1). Assume that either q(N) = qo € N is constant, or
that ¢q(N) — 0o as N — oo with the condition (7). Then, uniformly in T € [1, N]
as N — oo,

(14) sup ES? 6'8?v i Drsicrsa Loy s, lg, | < ceAZTwN(g)(HO(l)),
Xe(z2)a
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where ¢ = C(B) > 0 in the case ¢ — oo and ¢ = C(B,QQ) when ¢ = qo, and Ay N is
defined as

(15) /\2T,N(ﬁ) = /\2T,N = log I—BW .
log N
Note that as soon as ¢ > 9, the expression in the left side of (14) trivially vanishes
if X = 0. The X’s of interest are those that allow for non-existence of triple or
more intersections.
Agsuming Theorem 2.1, the proof of Theorem 1.1 is relatively straightforward.

We will need the preliminary results collected in the next subsection.

2.2. A short time a priori estimate. The following lemma is a variation on
Khas’minskii’s lemma [30, p.8, Lemma 2.1].

Lemma 2.2. Let Z be the set of all nearest-neighbor walks on Z2, that is Z € Z
if Z = (Z;)ien where Z; € 7Z? and Ziy1 — Z; € {+e;,j < d} where e; are the
canonical vectors of Z2. If for some k € N and x € R, one has

k
(16) 7 = sup sup (erﬂ _ 1) E Z 1s,-z | <1
ZeZ xe7? 1
then
1
(17) sup sup E, [6“2 Sh=o 1sr,L:z,,L} <.
ZEZ xe7? 1—n
Proof. Let Ay = (¢ —1). We have:
2 k k
st [T e
o P
YD SRR | (EA ]
p=0  1<n1<-<np<k i
- k—mnp_1

H Sny=Zn, B8, | E 1S, =Znim, ,

S
p=0
(1§6) i Ay 3
p=0

1S711<'“<’ﬂp71§k7

1<n;<-- <np 1<k

|—|”

p— o0 1
H1] S, P
- p=0 I=n

(]

The next lemma gives an a-priori rough estimate on the moments of Wy (8y)
Wi (Bn,0) when k is small.

Lemma 2.3. Let B > 0. Let by > 0 be a deterministic sequence such that by =
o(v/IogN) as N — oco. Assume that ¢ = O(v/Iog N) > 1. Then, for all k < e,

2 o ko1 252
E[Wk(BN)q]:E®q 66N21§z<1§q n=1"gi=sj <e%(1+sw)q BNIOg(IH—l)’

foren =en(B) = 0 as N — co.
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Proof. Let N,i’j = Zizl 1g. _gs. By Holder’s inequality, we find that

qg—1
Sl} ] ,
by independence of the (Ny ;)i1<; conditioned on S*. We now estimate the above

conditional expectation using Lemma 2.2. Let xk? = ¢B8%/2 — 0 and 7 be as in
(16). For any Z € Z and y € Z?,

k k
> ls,,L—zn] <Y suppa(@),
n=1 n=1 %

where, see Appendix A for an elementary proof,

a8y 119 2 1
E[Wi(8n)7] < E®1 [62 Zicica N } — g22 |p®? [ezm'

Ey

2
(18) Yn>1: supp,(z):=p, < —.
T ™n
Thus, n < (1 + o(1))gB% log(k + 1) — 0, uniformly for k < e*¥ as N — oc.
Lemma 2.2 then yields that for such k’s,

1

—1
! L (1+0(1))q® B3 log(k+1)
1— %(1 + 0(1))gB% log k '

=er

E[W,(83)7] < (
O

2.3. Proof of Theorem 1.1. We begin by assuming that ¢(N) = ¢ is constant
or that ¢(N) — oo as N — oo with the condition (7). This allows us to apply
Theorem 2.1. As a first step, we will prove that

(19) E[WE] < Ce(N (+en),

where C = 1if ¢ — oo and C = C(B,¢) when ¢ = qo, and ey = en(f) — 0
as N — oco. As a second step, we treat the general ¢(N) case (i.e. only assuming
condition (7)) by a diagonalization argument.

Recall the definitions of A,y in (15) and that A = Ay ny(B). By standard
convexity arguments, we note that « < log(2-) < % for all z € [0, 1); hence for

all @ > 1 and 3 < 1 such that a3? < 1,

~o log k - aBQ log k
20 Vk < N: 2 <\ 2 < . :
(20) < ap g N = kN (Vapd) S o ioeN
Now, let
t
Is,t = 5]2\{ Z Z 15;:3% and Ik = 107]@7
n=s+1i<j<q
and define
(21) M(X):=E{[eN] and M= sup M(X).

Xe(z2)s

By (11), it is enough to have a bound on M (0). In fact what we will give is a bound
on M. To do so, we let T = Ty > 0 such that logT = o(v/log N) and introduce
the event

7r = inf{n > T : F,, U K,, occurs}.
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We then decompose M (X) as follows:
M(X) =EY [e™ 1, <n] +ES [e¥ 1,5 8] =t A(X) + B(X).
We start by bounding B(X) from above. By Markov’s property,
sup B(X) < sup ES9eT] sup EQYe™T1,sn 7]
Xe(z?)e Xe(z?)q Ye(z?)4

< Cer(1+eM)a* B 108 T (A —r v (10(1) < (3N (o))

where in the second inequality, we used Lemma 2.3 and Theorem 2.1 and in the last
inequality, we used that 3% logT vanishes as N — oo and that )‘%V—T,N < \2(B).

Note that the constant C' depends on B and might depend on ¢ in the constant
case ¢ = qo (because of Theorem 2.1).
We will now deal with A(X) and show that

(22) sup A(X) < Mey,
Xe(z2)a

with e — 0. This, together with the last two displays, implies that
M(1 - ey) < CelDN? 0t
Absorbing the constant C' in the o(1) term in the case that ¢ — oo, this entails

(19).
Toward the proof of (22), we first use Markov’s property to obtain that

N N

AX) =D BN ) < MY ER e 1, ).
k=T k=T
In what follows, we use the phrase "no triple+ at time n" to denote the event that
F,, U K,, does not hold. Similarly, for Z C [1,¢], we use the phrase "no triple+
for particles of Z" to denote the event (U,cz(F; U Kn))c. We then decompose over
which event, F,, or K,, occured at 77, and then over which particles participated
in the event:

N
2 : 2 : ®q | Ik _
M EX {6 o triple+ in [T,k — 1] 15«?:5{::52}
a,B,y<q k=T

A(X)

IN

N
(23) +M Z Z E?}q |:elk 1, triple+ in [T, k — 1] ]-S]?:SE’SZ:SE] ;
(@<B)#(y<8) k=T

We next handle A;(X), the argument for Ay(X) is similar. Write

Io= Ji+ I3+ 0+ T,

k k
Je = B Z 13;251; and Jzio = 6% Z Z Lgio_gs-

n=1 i<{j§q n=1je[1,q]\{io}
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If welet £ +2 =1 with 1 <a<2and 1< b, we have
®q | Ik _
EX |:€ "1ho triple+ in [T,k — 1] 15,?:32:32}

1/a
®q J _ _
(24) < EX |:ea " 1110 triple+ in [T, k — 1] for particles of [1,q] \ {&, 8,7} 153255252}

i 1/b
®q [ bJio
25) x I B[y o]
io€{a,8,7}
We will treat separately the last two factors. Before doing so, we specify our
choice of a,b and 3. We assume that 3% < 1/72 and a < 3/2, with a close enough
to 3/2 (and so b close to 9) in such a way that

R 1
(1) 8b3% < 1, (i) limsup —¢?f% < 1/a and
N—oo T

(#41) limsup i - )
Nooo 1 —ap?logN
Note that (ii) and (iii) are assured to hold for a close enough to 3/2 thanks to the
assumption (7) which implies that limsupy 7 '¢?% < 2. We chose B2 < 1/72 to
allow (i).
We first bound the factor appearing in (24). If k < e(l°8 N)l/s, then it is bounded
by

(26)

1/a.

B4 [en/k] 1 pes

(%27 27

(sp=s7= Sg)”“ < Cet(Vren)a?aB (os(k+1)) fag—2/a

for some ¢ > 0 and uniformly in X € (Z?)4, where we have used in the inequality
Lemma 2.3 and that 3, pi(2)® < (pf)2 < k=2 by (18). For k > €106 M we rely
on (14) to bound the same factor by

P®3

(w28 7

B = N1/a
_obB _
) (SliK - Sk - Sz)
1/a
® J
X EXq |:ea klno triple+ in [T, k — 1] for particles in [1, ¢] \ {&,B,fy}:l

< ke <E;8;q ]

1/a
®(q—3 aJi—_1—
Sl;p EY(q ) |:6 Tt 1 triple+ in [1,k — T — 1] for particles in [1, q] \ {&, 8,7} ] )
< Cer(ten)a®apy (log ) /a g (PN, v (VaB) /ap~2/a.
For the factor in (25), we apply the Cauchy-Schwarz inequality to find that

1, 1/b i 1/2b
(27) By [ [ R

& E_ ~
SE=S,=5{

where we again used that > _pi(z)® < (pf)? < k=2 by (18). Now observe that by
conditioning on S%, we have

ig 1
E?}q {e%]k } < sup Egj
yEZ?

q—1
2| 2668% 3k 1
sup ES {e P 2on=s Sisi} ,
€72
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where uniformly on all nearest neighbors walks Z € Z,

k
206% sup E, Z 1s,—z, < 4(1+4 0(1))b3?

TEZ?

log(k + 1)
— log N
because of the definition of Ry and sup, p,(z) < 2/(7n), see (2) and (18). Hence
by Lemma 2.2 with (26)-(i),

. 1/b 1 o
-y [ by } <(/——m L—1/b

log(k+1)
< " VieswW |1/b

for some universal constant ¢ > 0, using (7).
Coming back to (23), we find that

Le(lng N)I/BJ
sup A (X) < Mg? Z ex (Lten)a®sy log(k+1)k—2/ae3c%k—3/b
Xe(z2) —
(28) S
+ CMgPex(+en)a* s logT Z A (VaB) (3)/ag,—2/a e Bt 1 3/

k=|elloz N)1/3 |

By (26)-(ii), there exists § > 0 such that the first sum in the RHS of (28) can be
bounded by

Le(log N)l/sJ
Mq3 Z k—1—5 < MchT—(S’
k=T
for N large enough. Hence, we can set T = [e1°8™M"" | (which satisfies log T =

o(y/Tog N)), so that ¢T~% — 0 as N — co. Relying on (20), the second sum in
(28) is bounded by

N N q
2 og(k
CMg3ec 08T Z eToar? lfggvlogwﬂ)eac%qu/a
k=|elos N)1/3 |
N
< CMq3€C, logT Z kflfts < C«]\4q3€7(5(logN)l/:‘;Jrc(logN)l/4
k= e(oa N)1/3 |

)

for some ¢, > 0, where we used (26)-(iii). Then again the quantity multiplying
M in the last line vanishes as N — oo, thus from (28) we obtain (22).

When dealing with Ay, we have to use Holder’s inequality as in (24), (25) with
4 particles instead of 3, so in this case we can choose a ~ 3/2 and b ~ 12, and
the condition (i) in (26) is satisfied with the restriction 32 < 1/96. The rest of the
argument follows the same line as for A;.

As a result, we have shown that (19) holds. When g = ¢q, although the constant
C'in (19) might depend on qo, it still yields that Wy is bounded in any LP, p > 1.
This fact combined with (4) implies the convergence (10) for all fixed ¢, which in
particular implies that (8) holds in the case ¢ = q¢ as well.
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We now turn to the general case, where we only assume that ¢(N) satisfies (7).
Suppose that (8) does not hold, so that we can find €9 > 0 and a subsequence
¢y = q(¢(N)) such that

(29) VN EN, EWPH > N (5)0+0),

One can distinguish two cases. If ¢}, is bounded, then up to extracting a sub-
sequence, we can suppose that ¢, converges to some gy > 2. Then, one can

check that by (4), we must have ]EWK;\’ M (%) (for example, using Skorokhod’s
representation theorem and Vitali’s convergence theorem with the fact that Wy is
bounded in any LP). But this is impossible by (29). On the other hand, if ¢y is
not bounded, up to extracting a subsequence we can suppose that ¢5, — co. But
then (29) cannot be true because (8) holds with ¢ = ¢jy — co. Therefore (8) must
hold for any sequence ¢(N) that satisfies (7). O

2.4. On Remark 1.2. We describe the changes needed for obtaining the claim in
Remark 1.2. Recall the definitions of F), and K, see (12) and (13), and (11). Set

N
Ay = Z Lr,uKk,)e Z Loi—sy
n=1

1<i<j<q

N N
D ST DERERICNES ST DR
n=1 n=1

1<i<j<q 1<i<j<q

Note that for any uy > 1, we can check that E?}q [e“”ﬁvaN] is bounded above
by ¥n4(X) of (37) with T = N and Sn replaced by Snyun. Using Holder’s
inequality it is enough to show (together with the proof of Theorem 2.1, which
actually controls supy ¥y 4(X)) that for any 5 < 1 and gn = o(log N/loglog N),
there exist vy — oo so that

1/’01\] 1/'UN

(30)  sup E?}q [e”NﬂJQVBN} —Nooo 1, sup E?}q [e”Nﬁ?\’cN] — Nooo 1.

X X
We sketch the proof of the first limit in (30), the proof of the second is simi-
lar. By Corollary C.2 (applied on the space of g-tuples of path, with f(Y,) =
N B3 > i<icj<q lsi—gi 1F,), it suffices to show that

(31) limsup sup ES?[unB%Bn] = 0.
NeN Xeza

To see (31), fix K € [1, N]. By (18), we have that

(32)

N

®q al us Q(qfl)c ®q
DTS DIERINE SUC-U LD DD D= Crem
n=1 n=1

1<i<j<q n=K+11<i<j<q
For i < j < qand r € {0,1,2}, further denote
Fplt = {3(a,8,7) :a< B <5 <qSy =5y =57, {a, 8,7y {i, i} =}
We have that
2

1<i<j<q 1<i<j<q r=0
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We first focus on the term r = 0. By independence, (18) and the union bound,

D CRIERIND SR ST BN | LT

1<i<j<q 1<i<j<q = a<p<y<q €L yez2i=1

When r = 1, the condition in the indicator function becomes that there exist
a < B < g such that S¢ = SJ = S% = S5, Hence, the term for » = 1 is bounded by

S Y s 3 IIPa -0 < 9L

1<Z<j<Q(y<[3<q @i €22 yez2i=1

Similarly, we can bound the term for » = 2 by a constant times ¢*/n?. Using (32),
we find that for all K € [1, NJ,

Conp? (alg—1) ¢ d
33 EY[un B3 Br] < logK + — + —
(33) sup By [vnBnBn] < Tog N 5 log K + K2 tetw
For K = [(log N)*/|, and ¢* = o(log N/ loglog N), we find that (31) holds with a
well-chosen vy — oo.

3. NO TRIPLE INTERSECTIONS - PROOF OF THEOREM 2.1

Recall that T € [1, N]. For compactness of notation in the rest of the paper, set

(34) 0% = 0%(8) =¥ — 1.

By (2), there exist 6y = 0(N,3) and dy = §'(N, 3) that vanish as N — oo such
that

m5?

!
o 37 (1O

(39) = (14 dw) =

3.1. Expansion in chaos. In this section, we show that the moment without
triple intersections can be bounded by a rather simple expansion. Introduce the
following notation: for n = (ng,n1,...,n;) and x = (zg,1,...,%k), 16t Pnx =

Hf:1 p(ni —Ni—1,T; — $i71)-

Proposition 3.1. For all X = (x},...,2d) € (Z*)?, we have
2 T .
(36) 23 [eﬂN e 1GT} < Uy g(X),

where
\I’N,q(X) =

(37) ZUZQVk Z Hllr JTHP(Om k) (@ x) s
k=0

1<n1 < <np <T,(i1<J1),---» (i <jr)r=1
x'e(z?)k,. .. xTe(z?)*

where we recall (34) for the definition of oy .

(By convention, here and throughout the paper, the term &k = 0 in sums as (37)
equals 1.)
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Proof. We will use here the lexicographical ordering of 3-tuples (n,4,j) and use
the shorthand notation (ni,41,j1) < -+ < (ng, ik, jr) to denote a collection of k
3-tuples satisfying (nq,i1,71) < -+ < (ng, g, jr) € [1,7] x [1,q]? with 4, < j,. for
all r < k. For brevity, we write G for Gr.

2

1.,
For X = (z},...,2d) € (Z?)4, using the identity N Isi=si 1 = 0% Lgi gis
M]Is/vo’qtriple (X) — E;@}q |:6512v Z::l Z1§i<qu lsi”:sgb 1G:|
= E;@;q H (1 + 012\, 1S,§L:S$;) 1q|,
n€[1,T],i<j<q
Expand the previous product to obtain that:
] [e%S) k
(38) My, "X) =) o¥ > EX’ lH 1Sfa=5£214 .
k=0 (n1,4i1,41) << (g sik,dk) r=1

Since there are no triple or more particle intersections on the event GG, the above
sum can be restricted to 3-tuples (n,, i, jr)r<k such that n, < n,4; for all r < k.
Hence,

Mno trlple Z o2 E : E;@}q

1<n1 << ST, (1 <g1 )y, (16 <Gk )
< \PN,Q(X)’

k
I s s 1o
r=1

where U is defined in (37), and where we have bounded 1¢ by 1 in the inequality. O

3.2. Decomposition in two-particle intersections. In this section, we rewrite
W n,q in terms of successive two-particle interactions. We generalize a decomposition
used in [7, Section 5.1] that was restricted to a third moment computation (¢ = 3).
The following notation is borrowed from their paper. Let

(39) UN(’I’L Jf) — U]2VE6®2 |: :BN l 1 151 52 151_52_$:| if n > 1’

]-w—O if n = O,

and
2 E®2 ﬂ12\7 27;1 sl 521 1 _g2 if > 17
(40) Un(n):= Z Un(n,z) = INFo € Si=sz| Un=

2€22 1 if n=0.

Observe that, by the identity eﬁﬁvlsf:s? —1=0% 1s1—s2, one has for all n > 1,
n—1
H (1 + U?vls;:sf) 13;_35_4
1=1

9] k
=2 o > EP lH Lsy,—s3, 13;_53_951 -

k=0 np=0<n1 <---<nrp<n r=1

g | S g | B




MOMENTS OF POLYMERS 13

Hence for all n > 1:

[e%) k+1
(42)  Un(n,z)=0% Y oRf > 1P —n (@ — 201)™.
k=0 no=0<n1 <---<np<n=ngyi r=1

2
0=0,T1,..., 0, €L, T y1=2

Now, in the sum in (37), we observe that (only) two particles interact at given
times (ny < --- < ng). So we define a; = ny and by = n, such that (ny,ns,...,n;)
are the successive times that verify (i1,j1) = (i2,j2) = -+ = (i, j-) before a new
couple of particles {i,4+1,Jr+1} # {i1,71} is considered, and we let k; = r be the
number of times the couple is repeated. Define then as < by, a3 < bs,...,am < by,
similarly for the next interacting couples, with m denoting the number of alternating
couples and ki, ..., k,, the numbers of times the couples are repeated successively.

Further let X = (Xi1,...,X,,) and Y = (Y3,...,Y,,) with X, = (z},...,29)
and Y, = (y},...,y9) denote respectively the positions of the particles at time a,
and b,. We also write X = (x{})p<q, for the initial positions of the particles at
time 0. We call a diagram I of size m € N any collection of m couples I = ((i; <
J1)y -y (im < Jm)) such that {i,, j.} # {ir+1,jr+1}. We denote by D(m, q) the set
of all diagrams of size m.

If we re-write Uy 4(X) according to the decomposition that we just described,
we find that:

\I/N,q(X) =

2k1+-+2km
> > > N

m=0 1<a1<b1<a2<be< <A <O <T' k1€[1,b1—a1+1],...,km €[1,bm —am+1]
XY E(Z2) ™, (6o ) r<m €D(m,q)

m—1 m
x| pas (@} — xg)( IT IIPess ey = yf)) | | RIS, T

p<gq r=1 p<q r=1
kr—2

x § : I | ]‘z?‘:zir | Ip(amnl7'~~,nkr—27b1v)7($£,2f,~~~7Z£1,,2’y5)'
s=1

ar<ny<--<ng,2<bp p<q
zle(ZZ)ICT—Z7'”)zqe(22)k7»—2
See Figure 1 for a pictorial description of the intersections associated with a dia-
gram.
Summing over all the configurations between time a, and b, gives a contribution

of 012\,196?:1!? when a, = b,, and

o] k—1

2k 2
ZUN Z Hpni—mq(xi - xi—l)
k=2

no=a,<ni<-<ng_2<br=np_1 i=1
3 A ;
To=x," ,x1,...,.Cx_2€L" ,T_1=Y,"

= o3 Un(b, — a,,yr — 2'r),
when a, < b, (in this case k. > 2 by definition). It directly follows that:

(43) ‘I’N,q(X) = Z U?vm Z AX,a,b,X,Y,L
m=0

1<a1<b1<a2<b2 < <am <by, <T
Xfyezm/xq11:(irajr)r§7nep(m7Q)
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where
m
Axapxy 1= [ [ pa (@] —2f) [T UNG = aryyi — o)1 00 par Ly e
r<q r=1
m—1
(44) X H p(br — G, yf - x{")) H H p(a’r‘Jrl - br> xlr)—&-l - yf)
pE{ir,dr} r=1 p<q

We can further simplify the expression (43). Let I = (ir,j)r<m € D(m,q) be
any diagram. For all » < m, denote by k! the last index I < r such that i, € {i;, 5},
ie. ki =sup{l € [1,r — 1] : i, € {is,5;}}. When the set is empty we set k! = 0.
Define k2 similarly for j, instead of i, and let k. = k% V k2. See figure 1.

Proposition 3.2. For all X € (Z?)1,

oo
2m A
(45) Uno(X) =D oF ) AxabxyI
m=0 1<a1<b1<aa<ba <+ <am by KT
x,yEZm,I:(i,.,jr)rgmG’D(m,q)
where
m
A _ D
Axabxyl = H Pay (21 — () H Un(br — ar,yr — ar)
pe{it,j1} r=1
m—1
46)  x [T plarsr = bra, s wrer = ygr P(arsr = brz, s 2rs1 =Ygz, )-
r=1

Proof. Denote z,, = z' and y, = yir. We obtain (46) from (44) by using the
semi group property of the random walk transition probabilities and summing, at
intersection times, over the location of particles not involved in the intersection. [

Proposition 3.3. We have that

(47) sup Un(X)< > > o Amn
Xe(z%)e m=01IeD(m,q)
where
m—1
(48) Am,N,I = Z pgul UN(Um) H UN(UT)p:T+2u,‘+1+2ﬁT+1'
wi €[1,T],v:€[0,T],1<i<m r=1
>t uisT
with
r—1 . 7
o ; -1
(19) = ikt BT
o if kr=r-—1,

and p} = sup,cz2 pi(T).

Proof. By (45), it is enough to show that
(50) sup Z Axabxyl < Amn1.

2
X)) 1<ay<by <ap<by<-<am <bpm <T
x,y€E€Z™
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7;m—l

jm—l

jm\
—

m—1 b'm— 1 am b'm

exchanges

ar, Am—1 b1 @m bm

FIGURE 1. Two types of diagrams. Note the different types of
exchanges. In the top diagram, k,, = m — 1 and the mth jump
is considered short (the notion of short and long jumps is defined
in Section 3.5). In the bottom, the mth jump is considered long
(with respect to a given L) if m — k,,, > L + 2. In that case, both
paths i,,, j,, will be involved in an intersection not before a,,_r_o.

We begin by summing on y,,, which gives a contribution of

ZUN(bm — Qm,y Ym — xm) = UN(bm - am)a

where Uy (n) is defined in (40). Then summing on x,, gives a factor

Zp(am - bl}}ﬂa Tm — Yk, )p(am - bE?ﬂ y L — yl}?,,)

Tm

= p(2am — bg1 = b2 Yk — Y2 ) < Phay—byy —bys -

m

By iterating this process we obtain that the sum on x,y is bounded (uniformly on
the starting point X) by

m—
p2a1UN H p2ar+1 b blﬂ

r+1

If we introduce the change of variables w; = a; — b;—1 and v; = b; — a; with
bp = 0, then equation (50) follows from combining that 2a,,1 — bpr,, — b2, 2
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Up + 2Up41 + 28,41 with the monotonicity of p}, in n, which follows from
(51) Phyn = sup > pa(@)pr1(y — z) < P}
:v
O

3.3. Estimates on Uy. It is clear from Proposition 3.3 that the function Uy plays
a crucial rote in our moment estimates, which we will obtain by an induction in the
next subsection. In the current subsection, we digress and obtain a-priori estimates
on Uy (and E[Wx(8x)?]). Appendix B contains some improvements that are not
needed in the current work but may prove useful in follow up work.

Proposition 3.4. There exists No = No(5) such that for all N > Ny and all
n <N,

(52) E [Wa(Bx)?] < _jNR

Furthermore, there exists e, = £(n, ) — 0 as n — oo, such that for all N > n,

(53) E [Wa(Bn)?] = (1 +en)

_ p2logn ’
1 B log N

Proof. We first choose Ny = Ny(/5) large enough such that for all N > (n Vv Np),
we have 0% R,, < 1. That this is possible follows from (18) which yields that

- I~1 1
(54) Vn € N, angpgs(O)g;;;g;log(n—i—l).

For the rest of the proof, we continue in this setup. Similarly to (41), we have
(letting ng = xg = 0) that

E [Wa(Bn)?] = Eo [ﬁ i 1}

0o k
=> 0% X > Ipnnci@i i)
k=0

0<ny < <np<nxy,...,xx €22 i=1
Hence, we obtain by letting n; — n;_; run free in [1,n] that

n

k
oo oo 1
E [W,(8n)?] < ];)o?\f (Z Z pm(o:)2> = ;)U%Rﬁ = T- 2R,

m=1xcZ2

which gives (52). On the other hand, if we let n; — n;_; run free in [1,n/k], we
have

oo n/k F
EW.(Bn)Y] =143 o2 [ D0 pu(a)?
k=1 m=1recZ?

logn

1- (szan/ lo n)
>1+ U%CRZ logn — 2
kZZI /log 1- UJQVRn/ logn

logn+1




MOMENTS OF POLYMERS 17
By (35) and the fact that R, ~ = logn as n — oo by (2), we find that for all N > n,

E [Wo(Bn)*] = (1+65)

592 logn ?
L - 62 loggN
with 8, = 6,(8) — 0 as n — co. Combining this with (52) entails (53). O
Proposition 3.5. For all M > 1, we have:
M
(55) > Un(n)=E[Wg].
n=0
Moreover, there is C(B) > 0 such that, as N — oo and for alln < N,
1 1
56 U <C .
0 v = (1—B2logn)2n10gN
log N

Remark 3.6. When n — oo, one can take the constant C' that appears in (56)
arbitrarily close to one. See Appendiz B.

Proof. By (42), we have, for n > 1,

Un(n)
) k
2 2(k—1) 2
=oN Y on > > TIpwn @i —2i)
(57) k=1 0<ny <+ <Npp—1 <Mpi=N g1,.... 0 €12 i=1
) k
_ 2 Z 2(k—1) Z
=0nN OnN Hani—2n1171(O)'
k=1 0<ny<--<ng_1<ng:=ni=1
Therefore,
M [e%e) k
2k 2
§ UN(?’L) =1+ E ON E E Hpni_ni—l(xi - 1'1'_1)
n=0 k=1 O<ni<---<ng_1<np <M x1,...,.xp €22 i=1
2

which yields (55).

We now prove (56) by expressing Uy as a function of a renewal process, see [6]
or [21, Chapter 1] for the general framework in the context of the pinning model.
From (57), we have the following representation for Un(n) when n > 1:

Uy(n) = i(a?VRN)kP (T,§N> - n) :
k=1

where the T,iN) are renewal times defined by

N N
AN =T,
i<k
with (Ti(N))i being i.i.d. random variables with distribution
1 N
P <TZ(N) — n) = Epgn(())llgngjv, and RN = Zpgn(O)

n=1
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By [6, Proposition 1.5], there exists C' > 0 such that for all n < NV,
k—1

(58) P(r =n) <cowp (1" =n) P (1" <n)

Hence, using that Y .-, ka*~! = ﬁ for a < 1,

NE

k—1
Un(n) < CS (0% Ry)*kP (Tl(N) - n) P (Tl(N) < n)
k=1
Cp2n(0) o} Ry
=0 5

N (1 — O'?VRN g}’\’])
which gives (56) by (2), (18) and (35). O
3.4. Summing on the v;’s. In the following we denote

1 1

59 Fluy=———.
( ) ( ) wq— 52 llc())gg(xf)

By differentiation with respect to u one checks that F' is non-increasing.

Proposition 3.7. There exists No(3) > 0 and ey = (N, 3) \, 0 as N — oo, such

that for all N > No(B),

1 m—1 B
> <7r> Am, N1,

(60) sup WUy o(X) < Yo"
m=0 IeD(m,q)

Xe(z?)a

where, recalling (49),

: 1 e _
(61) Am,N,I = 7A2 Z (1 + EN)mp§u1 H F(UT + U,T)]_Z;‘Zl w; <T'+
1-5 u; €[1,7],1<i<m r=2

Proof. By (53), (48) and (55), summing over vy, in A,, v 1 gives a factor bounded
by 17152 (14 o(1)). We will now estimate the sum over the variable v,,_1. Let
W = Uy, + Up,. (Note that by definition 3/2 < w < T < N, and that w might be a
non-integer multiple of 1/2.) Writing v = v,,—_1, the sum over v,,_; in (48) gives a
factor

T

(62) Z UN(0)Dy 420,420, = S<w + S>uw,
v=0

where S<,, is the sum on the LHS of (62) restricted to v < |w]. Using (56) and

(18), there exists a constant C' = C(5) > 0 such that

T

(63) Sow = 1ogCN > v% = 1og1Ng'
v=|w]|+1
Using (51) and (54),
[w] 1
(64) Scw < D5y Z;) Un (v) = p5, E[W[,] < P§wm~
ve
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where the upper bound holds by (52) for all N > Ny(8) since w < N. Let éy =

)
§(N,B) — 0 such that (35) holds, and let N} = N{(8) > No(B) be such that
(

SUP N> N SUPp< v leltlg#(l +dn) < 1. By (18) and (54), we obtain that
X 1 11 1
Py = ~ .
M- oj R T mw - LR (14 6y)

Moreover, as there is C(8) € (0, 00) such that

1 .
sup sup = <C(B),
N>N,n<N 1—62%(1+5N) )

we see that there exists ey = ¢(NN, ,5’) N\(N_soo 0 such that for all n < N,

1 1 ey
PR 1R -
Coming back to (64), we obtain that for all N > Nj(3),
1 1 !
(65) Scw < — N
W1 — B log N

We finally obtain from (65) and (63) that there exists e’y = &'(N, 8)\yN—oo 0 such
that the sum in (62) is smaller than

1 1 1
]_ / _—— = 1 ! *F m ~Tn .
( +€N)7rw175211§§]“\; ( +€N)ﬂ_ (Wpn, + Un)
Repeating the same observation for v,,_s, ..., v; leads to Proposition 3.7. ([

3.5. The induction pattern. Our next goal is to sum over (u,),<y, that appear
n (61). We will sum by induction starting from r = m and going down to r = 1.
To do so, we first need to define the notion of good and bad indices r. While
performing the induction, encountering a bad index will add some nuisance term
to the estimate. We will then show that, for typical diagrams, the bad indices are
rare enough so that the nuisance can be neglected.

Let L = Ly € N\ {1,2} to be determined later. Given a diagram I € D(m, q),
we say that r € [1,m] is a long jump if » — k. > L + 2, which means that the last
times that the two particles i,, j,. have been involved in an intersection are not too
recent. We say that r is a small jump if it is not a long jump. (See Figure 1 for a
pictorial description of short (top) and long (bottom) jumps.) Since small jumps
reduce drastically the combinatorial choice on the new couple that intersects, the
diagrams that will contribute to the moments will contain mostly long jumps. Let
K = K(I) denote the number of small jumps and s; < --- < sx denote the indices
of small jumps. For all i < K such that s; — s;—1 > L + 1, we mark the following
indices {s; — kL — 1,k € N;s; — kL —1 > s;_1} as stopping indices. We then call
any long jump r a fresh index if r is stopping or if r + 1 is a small jump. Note that
any stopping index is a fresh index. If m is a long jump we also mark it as a fresh
index. The idea is that all indices smaller than a fresh index avoid nuisance terms,
until we stumble on a stopping index or a small jump; we remark that since our
induction will be downward from m, these nuisance-avoiding indices occur in the
induction following a fresh index. Hence we say that an index r is good if it is a
long jump that is not fresh. An index k is bad if it is not good.
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For a given diagram, one can easily determine the nature of all indices via the
following procedure: (i) mark all small jumps; (ii) mark every stopping index; (iii)
mark all fresh indices; (iv) all the remaining indices that have not been marked are
good indices.

For all T € D(m, q), we define for all r < m

p(r) = (1) =

inf{r’ > r v’ is fresh} — L if r is not a stopping index and r + 1 is a long jump,
r otherwise.

We also set ¢(m) = m. Note that because of stopping indices, the function ¢
satisfies ¢(r) < r. Here are a few immediate observations:

Lemma 3.8. (i) If r is good, then r + 1 is a long jump.
(ii) If r € [2,m — 1] is good, then o(r — 1) = ¢(r).
(iii) If r € [2,m] is fresh, then p(r — 1) =r — L.

Proof. Proof of (i). Suppose that r is good. It must be that r < m since by
definition m is either fresh or a small jump. Now, r + 1 must be a long jump
otherwise r would be fresh.

Proof of (ii). Let r € [2,m —1] be a good index. We distinguish two cases. First
suppose that 7 — 1 is not a stopping index. Then r — 1 cannot be fresh because r is
not a small jump. Therefore p(r—1) = inf{r’ > r—1,7" is fresh} — L. Furthermore,
by (i), we have that ¢(r) = inf{r’ > r ' is fresh} — L and thus ¢(r — 1) = ¢(r).
Now assume that r — 1 is stopping. Then ¢(r — 1) = r — 1. Moreover, by definition
r,...,7+ L —1 are long jumps and either r + L — 1 is a stopping index or r + L is
a small jump. Therefore r+ L — 1 is a fresh index and r,...,r + L — 2 are good, so
that o(r)=(r+L—-1)—L=r—1=p(r—1).

Proof of (iii). Let r € [2,m] be a fresh index. We first note that r — 1 cannot be
a stopping index. Indeed, if r is a stopping index, then r — 1 cannot be stopping
by definition; if r is not a stopping index, then as r is fresh, » + 1 must be a small
jump and thus r — 1 cannot be stopping. Now, as r — 1 is not stopping and r is
fresh, we obtain that ¢(r — 1) = r — L. (Note that » — 1 cannot be fresh because
r — 1 is not stopping and r is a long jump.) O

For all v € [1,T], we further let
log N 1 - B2
flv) = 0%2 10g< Azlloié\f .
’B 1- /8 log N
Note that f is non-increasing. Recall (49) and the definition of F in (59).

Lemma 3.9. For allm > 2,1 € D(m,q), k € [1,m — 1] and er;_lk u; < T with
u; € [[1,T]],

Z H F(ur + ﬁr)lz:,;kﬂ w<T

u; €[1,T],m—k<i<m r=m—k+1
(66) k—i

m—k

PRI >
S L 3 zf Uj
i=0 (k=) (1 - BQ) i=p(m—k)
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with ¢ =1, ¢f = 2, cf'H < ck 4 2qm Z;;E c? fori < k41 with v = Lok s bad
and cF =0 fori > k.

Remark 3.10. The c¥’s depend on m and I € D(m, q).

Before turning to the proof, we need another result that plays a key role in the
proof of Lemma 3.9 and which clarifies the role of good indices.

Lemma 3.11. For all k € [0,m—2], j <k and Y7 " u; < T with u; € [1,T],

Skfj(uh P ,um,k,l) =

T m—k d

Y Flumptmi)f | D wi| Lymor, op
Um — =1 i=p(m—k)
Jj+1
—k—1
(67) 1 ™

< ﬁf Z U;

J i=p(m—k—1)

j+1 m—k—1 AR

y 1 2
+7kz(j+i_1)!(1 2w

— 32) i=p(m—k—1)

Remark 3.12. When m — k is good, the right hand side of (67) is reduced to a
single term. When m — k is bad, a nuisance term appears.

Proof. We divide the proof into three cases.

Case 1: m — k is good. Necessarily m — k+ 1 is a long jump by Lemma 3.8-(i),
so if we let Tgeqn = inf{r’ > m —k, 7’ is fresh}, then ¢(m — k) = reesn — L. Because
of the presence of stopping points, we have that rg.esn — (m — k) < L — 1. Since also
Tresh > M — k, we obtain

(m—k)—L<epm-—Fk)<(m—k)—1.

Define
m—k—1

V= Z u; € [1,7].
i=p(m—k)
As m — k is a long jump, we first observe that

(68) 71777,—]{ Z Um—k—1++ Um—p—L -1 Z .

Since F and f are non-increasing, see (59), this implies that

T
Skf? < Z F (tm—k +0) f (Um—r +0) Luy, vt
U — =1
T T
1 1 , 1 . 1 )
< _ Jdy = | ———— JH j+1
_/U ul_leog(u)f(u) du { j+1f(a?) L} j+1f(v) )

log N

where in the comparison to the integral, we have used that F(z)f(z)? decreases in
x €[1,...T]. Given that ¢(m —k —1) = ¢p(m — k) by Lemma 3.8-(ii), we have the

identity v = Z;i;lz;f—k—l) u;. Hence (67) holds.
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Case 2: m — k is fresh. By Lemma 3.8-(iii), we have o(m —k—1) =m—k— L.
This time, we define

m—k—1
V= Z u; € [1,T7,
i=p(m—k—1)
and decompose
(69) Sf? =S+ ST,

where S,f“fj is the restriction of the sum in Sy f? to u,,_, € [1,v]. Given that
m — k is a long jump, the bounds (68) hold again. Hence, using that F' and f are
non-increasing, we find that

v

, 1 1 .
<vpj o< J
TS e g e et

<1t - (f(l)j <[ f(x)jdx> |

by comparison to an integral. By integrating by part and using that f'(z) =

W, we see that for all j > 1,

log N

_1
T

107+ [ f@yde = of ) = [ 2 @) s

/ ! /j f(z)~td.

Svf(v)]+1—62

If we iterate the integration by part, we obtain that

f07 + [ fapas < S (- ﬂ) Fp,
! i=0

and so
RN L A
On the other hand, we have
. I 1 1 ,
DY Uk 1 — 321080 1) F ()’
U =041 log N

T 1

1 1 : 1 _ 4
< —_ J e Jj+1 < Jt+1
_/v xl_BQll(;gé(JxV)f(x) dz |: ]+1f($) :|v_j+1f(1})

Combining the two previous estimates yields (67).
Case 3: m — k is a small jump. We have that f(zzi;lzm_k) ;) < fUum—rk)-

m—k—1
2

Moreover Gy,_j > = always holds. Hence, if we use the same decomposition
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as in (69) with v = u;,—k—1, we find that

v

. 1 1 .
SSU 7 < ~ U — ]]-u v
DY Uk +0/21 — 32 “’g(“;g;;j””) F(m—se) Ly, o2y

2
S1}1—62< /f de>

< 2;(3]_'), <1—15) Fwp,

where we have used the integration by part from Case 2. Furthermore, we have
Spv < +1f( v)7Tt as in Case 2. Finally, since m — k is bad we have o(m —k—1) =
m — k — 1 and therefore (67) follows. O

1

U — =1

Proof of Lemma 3.9. We prove the lemma by induction on k. The case k =
follows from Lemma 3.11 with j = k = 0.

Assume now that (66) holds for some k € [1,m — 2]. Then by (67) we obtain
that the LHS of (66) for the index k + 1 is smaller than the sum of all the entries
of the following matrix, where we have set g = 1 — 32 and f = f(v) with v =

m—k—1 .
Zi:cp(m—k—l) Ui

(& vfk+1 272"c§ f* 27mck2fk 1. 27'"c’gf Q,Y:ng
+1 (k—1)! i st
0 mfk (lf'yklclgfk 12y le %
5 m
0 0 mfk I 27:7);:2]0 211’§+612 7
0 0 0 ... 7’; f Qﬁiz
and summing over the columns gives (66) for k + 1. .

Recall (61). Lemma 3.9 yields the following.

Proposition 3.13. There exists C = C(B) >0 and ey = (N, B) —0as N — oo,
such that

m—1 m 1 m—i
m 10gN 1 2(m—1)
(72) Ama < C(L+ew]) Z Y < 3 ) My

where Ap N is defined in (15).

Proof of Proposition 3.13. By Proposition 3.7 and Lemma 3.9 applied to k = m—1,
we have:

~ 1 Lo el - 1
An _ m § ~ % . m—1—1 _
N S 1—52(1+6N) wim1 4150 (m_l_l)!f(M) (1—32)2
m—1 o 1 ] 1
< (1 / \ym i m—i -
= 1752( +5N) P (m—z)'f( ) (1_BQ>Z

where the second inequality comes from a comparison to an integral. This yields
(72). O
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Lemma 3.14. For allI € D(m,q), for all k < m:
=
(73) Vi<k, o <3 J[a+m).
r=1
Proof. We prove it by induction on k. The estimate holds for k¥ = 1 since ¢} = 1
and ¢} = 2. Suppose that (73) holds for some k < m — 1. Then, for all i < k + 1,

i—1 k—1 i—1 k
A<k oy Sk < TIA+ym) (3 +20 Y08 | <3 [[+2),
j=0 r=1 j=0 r=1

3.6. Proof of Theorem 2.1. By Proposition 3.1, it is enough to show that

(74) sup \I]N,q(X) S ce)‘g",N(g)'i_o(qQ).
Xe(z?)a

for some ¢ = ¢(B) when ¢ — oo and ¢ = ¢(8, qo) when ¢(N) = qo is a constant.
Using Proposition 3.7, we have

00 m—1
1 .
(75) sup Uy o(X) < Yo" (w) > Amnr

2
Xe(z?)e m=0 IeD(m,q)

where (72) gives an upper bound on the A, y1. Observe that by (73), we have
c;n—l S 312217;711 1; is bad S 31,227L(I)—‘y—ﬂ’l/L-‘,—17

where n(I) is the number of small jumps in I. Indeed, an index ¢ is bad if it is a small
jump or a fresh index. The number of small jumps is n(I). A fresh index is either a
stopping index or an index adjacent to a small jump or m, so the number of fresh
indices is at most 1+n(I) plus the number of stopping indices. Since stopping indices
are spaced at least L steps apart, there are at most m/L stopping indices. Hence
there are at most 2n(I) +m/L + 1 bad indices. For a fixed n < m, let us compute
the number of diagrams in D(m,q) such that n(I) = n. One has first to choose
the location of the bad jumps, which gives (7n”) possibilities. Now if m is a small
jump (m — k,, < L +2), it means that at least one of the two particles {4,,, 7, } is
the same as one of the particles {iy,— 112, Jm—L+2, -+ s%m—1,Jm—1}, therefore there
are at most 2Lq choices for the couple (in,, jm). On the other hand, if {is,, jm} is
a long jump, there are at most (%) possibilities. By repeating the argument, we
finally find that the number of diagrams in D(m, q) such that n(I) = n is less than
(m)2La)" (5)™ "

Hence, by (75), Proposition 3.13, Lemma 3.14 and (35), there exists ex N\, 0
such that

sup Wi q(X) < C(B)x
Xe(z?)a

oo m m q m-—-n m 3i22n+m/L+1 32 % )\31(7;\7}—1)
1 m 2Lg)" : -,
(1+en) Z (n>( q) (2> ; (m —i)! (logN) (1732)1
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The sum over n gives a factor of (8Lg + ())™. Exchanging the sum in ¢ and m
entails

- o 59 % i 1
< i19ioi/L B q P EEEE—
up UNa(X) S OD (14 en)'32 <logN> (qu+<2)> ( )

Xe(z?)e 1— 52)z

- m—i q Mt g(m=i)/L 2(m—1)

m=1

So if we assume that

(76) r=3(14+ey) (121/;2) <lo§2N> <8Lq+ (g)) <1,

we obtain the bound:

(77) Sup Wiy g(X) < —CelHem)BLar($)2/ 53
Xe(z2)e 1—7r

If ¢(N) = qo € N is constant, we can let L = 3. Then, the condition (76) is
trivially satisfied since » — 0 as N — oo for any fixed 3 < 1. Hence (74) holds
in this case. (In fact, when ¢ is constant, it is not necessary to introduce the
distinction between good and bad indexes, as one can treat every index as a bad
index in the induction (Lemma 3.9 and Lemma 3.11) and still arrive to (74) with
the same following arguments.)

If ¢ = g(N) — oo, then we can choose any L — oo such that L = o(q), so that
together with (7), the estimate (74) holds. O

4. DISCUSSION AND CONCLUDING REMARKS

We collect in this section several comments concerning the results of this paper.

(1) Our results allow one already to obtain some estimates on the maximum of
Yy (z) :=log Wy (Bn,z) over subsets D C [0,1]%. Specifically, let v > 0 be
given and define Y} = sup,.p Yn(x), where |D| = N?7. By Chebyshev’s
inequality we have that

P (Yj{, > 5\/@) < IN?P (YN(O) > 5\/@)

2,2
< ANTE[W e~ ¥VIEN < N2V 3w ~ it o),

where we used (8) in the last inequality. The optimal ¢ (disregarding the

constraint in (7)) is ¢/vIog N = 6/A\%, and for that value the right side

of the last display decays to 0 if 62 > 4y\2. The condition on ¢ in (7)
Q2

2 152,3 )
to v < 1/6. Thus, our estimates only allow one to counsider, for 3 small,
the maximum over small subsets, if one shoots for the conjectured optimal
estimate. (We note that one would hope for v = 1/2, which would allow to
consider the maximum over z € [0, 1]%.)

(2) In view of the last sentence in Remark 1.2, it would be of interest to obtain
a lower bound on E[W}] that matches the upper bound, that is, E[W7] >

()X (A=ex) " This is the topic of work in progress that will be reported
elsewhere.

then gives the constraint that v < %/\ which for B small reduces
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APPENDIX A. PROOF OF (18)

First note that p5,, < p2,(0) since, by the Cauchy-Schwarz inequality,

Pon(®) =Y Pa(@ = 9)Pa(y) <Y Pa(y)* = p2a(0).

Let pg'i) be the return probability of d-dimensional SRW to 0. A direct com-
putation gives that pgl) = (pét))Q (see e.g. [19, Page 184]). We will show that

ap =V 2np§1n) is increasing. We have,

an = V2n272" (2:) .

any1 1 fn+1(2n+2)(2n+1)
a, 4 n (n+1)2
1/(n(n+1))(n+ (n+1))/2.

Since (a+b)/2 > Vab, we conclude (using a = n and b = n+ 1) that a,1/a, > 1.
Let pgil) 41 be the probability of the 1-dimensional SRW to come back to 1 in

2n + 1 steps. By the random walk representation [19, Remark in Pg. 185], we

1
have that p3, ., < (p§n)+1)2~

by, = v2n + 1p$3+1 is increasing in n. Indeed,

b1 1V2n+3(2n+3)(2n +2)
by, 42n+1 (n+2)(n+1)
2n+3 2n+3)(n+1)
2/ (n+1)(n+2) V/2n+1)(n+2)’

where the first fraction is bigger than 1 by the formula (a + b)/2 > v/ab, as well as
the second fraction by expanding the products.

Now, we know from the local limit theorem that a,, and b,, converge to 2/v/2,
thus they are always smaller than this limit. This leads to (18). O

Hence,

A similar line of argument to the above shows that

APPENDIX B. IMPROVED ESTIMATES ON Uy
When n is taken large enough, the estimate (56) can be improved as follows.
Proposition B.1. There ezists ¢, = £(n, B) — 0 such that as n — oo withn < N,
p? 1

592 logn 2 1 N
(1_6211051\7) s

(78) Un(n)=1+e¢,)
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Proof. Since (S} — S2) @ (San), we can write

(79) Un(n+1) = 0%y [eﬂ?v Thalsi-ong .

2n

Consider ¢ = ¢,, = n'~*» with ¢,, = m, so that £, = o(n) and &,, — 0.

First step: As n — oo withn < N,
(80) Eo [6512\7 D1 1lsy,=0 152 :0:| ~ Eq |:6512\/(Zf=1 ls,,=0+> ¢ 1521-:0)15,2 :O] .

We compute the norm of the difference which, using that |e=* — 1| < |z| for > 0,
is less than

n—~{

T 1s,. = 2
Eo PN 2211 sy, °1g,, -0 X ﬁNZlS%:O
Jj=t
n—~¢
2 259 [ 1s,.= 2y g,
— BNZEO |:€ﬂN 21:1 Szl70152.720:| EO |:€BN 21:1 S94=0 152(71—j):0:| .

J=t

where we have used Markov’s property in the second line. By (79) and (56), the
last sum is smaller than

o L1 n\ 1
CBRYY ~—— <208%) ——= < —C'Bilog( ) <=C"¢, =0(n1).
ﬂN;jn—j_ ’BN;jn/Q_n Py log ly) —n en=o(n™)
Since the left hand side of (80) is bigger than cn~! for some constant ¢ > 0, this

shows (80).
Second step: As n — oo with n < N,

Eg |:6B12V(Zf:1 Isy;=0+2 i n e 152i:0)152 :0]
(81) 2 ¢ 2
-~ EO |:€BN Zi:l 152i:0j| EO |:e/BN Z;;nfl 1S2i:0 15’2 :0] .

By Markov’s property, we can write the LHS of (81) as

4 n—~¢
Z Eo [eﬁi’ Zimr toaio 1s,,=2Es [6512\, imn-zelo3im0 15271420”

r€Z?

— Z Eo {eﬁ?\z i lsa=01g _ Ey [eﬁfv i1 1sg=0 132714:90” .
TE€Z?

Therefore the difference in (81) writes ) _ ;. A, with
A i=Eo [eﬁ?\] i 15271:015%:1]30 [eﬂi’ i teai (152n—z:0 - 1SQn_e:I)H '
Since Eg [eﬁfv Zia 1321':0} < C(B) by (52), we have
Z |A:c| <C Z Eo {6512\7 Zf:l 1321-:0132[:4 .
|z|>Vene/4 |z|>Vene/4

By Hélder’s inequality with p~! + ¢~! = 1, and p small enough so that \/135’ <1,

1 Jz)?

1
Eq [eﬁﬁv > 1sy,=0 152[::&] < Eg [epﬁ?V Yin 132'i20:| ! pQZ(x)% < C(B)&:le—ﬁ oy
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for n large enough. Therefore,
2

1 =l _1,e/2 _
YA <C Y glen e, <CemEMT =o(nT!).
|z|>VEne/4 |z|>VEne/4

We now estimate the sum on A, for |z| < v/¢n/*. We start by bounding the
expectation inside the definition of A,:

2
Eo {eﬂN 2iz1lsy,=0 (15%7@:0 - lszn—lzm)]

82
(82) = Z Eo [eﬁ?\, i 1521':0152:;,} (P2n—20(y) — P2n—20(y — T)) -

yEZL?
By the same argument as above, we can prove that the above sum restricted to
ly| > V/fn?/* is negligible with respect to n~', uniformly for |z| < v/¢n/%. On the
other hand, by the local limit theorem we have

sup [pan—26(y) — pan—2e(y — )| = o(n™1).
|| <VEne/4, |y </Ene/d
since £,n°/? = n'=57/2 = o(n). Thus, the quantity in (82) is bounded uniformly

for [z < Vien/* by
Eo [eﬂ?\r iy 152'L=0i| X o(nfl) = O(?’Lil).

This completes the proof of (81).
Third step: As n — oo with n < N,

(83) Eo [6512\7 > m_elsy,;=0 152n=0} ~Ep [6512\1 > 15%:0] p2n(0).

Equivalence (83) can be proven by following the same line of arguments as used to
prove (81), hence we omit its proof.
Now, combining the three steps leads to the equivalence

n 2
Eo {GB?V i 1521':0152”:0} ~ Eo [eﬁfv i 152‘:0} P2n(0).

By (53), as log ¢ ~ logn, we have

1= R
and so (78) follows from (79) and the last two displays. O

AprPENDIX C. KHAS’MINSKII’S LEMMA FOR DISCRETE MARKOV CHAINS

The following theorem is another discrete analogue of Khas’'minskii’s lemma,
compare with Lemma 2.2.

Theorem C.1. Let (Y,,), be any markov chain on a discrete state-space E and let
f:E—Ry. Then for all k € N, if

k
&4 Mo := sup By f) 1) <1,
(84) 0 1= sup nz::l( )
one has
1
(85) sup E, [62211 f(Y")] < .
rel 1- Mo
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Proof. Denote by D,, = /() —1. We have,

N 0o P
B, (=00 =5, (TTa+ D) | = Y B[] D
n=1 p=01<n;<---<np<k i=1
) p—1 k—np_1
Yy e(lom |3 0
p=01<n;<---<np_1<k i=1 n=1
(84) & = °° 1
<> m > Bo [[[ D] - <D =1
p=0 1<n;<--<np_1<k i=1 p=0 "o

(]

Corollary C.2. Let (Y,,), be any markov chain on a discrete state-space E and
let f: E—[0,1]. Then for all k € N, if

k
(86) 1 = sup E, Zf(yn) <1,
vel n=1
one has
1

(87) sup Ex |:€ZZ:1 f(Yn):| S )

vel I—m
Proof. Simply observe that e/(*) —1 < ¢°f(x) and apply Theorem C.1. 0
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