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CHOW MOTIVES ASSOCIATED TO CERTAIN ALGEBRAIC
HECKE CHARACTERS

LAURE FLAPAN AND JACLYN LANG

ABSTRACT. Shimura and Taniyama proved that if A is a potentially CM
abelian variety over a number field F' with CM by a field K linearly dis-
joint from F, then there is an algebraic Hecke character A4 of FFK such that
L(A/F,s) = L(Aa,s). We consider a certain converse to their result. Namely,
let A be a potentially CM abelian variety appearing as a factor of the Jacobian
of a curve of the form y¢ = yzf + 6. Fix positive integers a and n such that
n/2 < a < n. Under mild conditions on e, f,v,d, we construct a Chow motive

M, defined over F' = Q(~, ), such that L(M/F,s) and L(/\%X;L;a, s) have the
same Euler factors outside finitely many primes.

1. INTRODUCTION

The Langlands philosophy predicts a correspondence between certain automor-
phic representations and Galois representations. Moreover, the Fontaine-Mazur
conjecture and its underlying philosophy specify when these Galois representations
are expected to arise from the f-adic cohomology of a variety or, more generally,
a motive. To each of these objects—automorphic representations, Galois represen-
tations, or motives—one can attach a natural invariant, called an L-function, that
is a meromorphic function on some right-half complex plane. In light of these two
general conjectures, one can ask: given an automorphic representation f, how can
one construct a motive My yielding an equality of L-functions L(My,s) = L(f,s)
(or at least an equality of all but finitely many Euler factors)?

In this paper, we explore this question in a very special case, namely that of al-
gebraic Hecke characters and CM motives. In 1961, Shimura and Taniyama proved
that if A is an abelian variety over a number field F' with CM by a field K linearly
disjoint from F', then there is an algebraic Hecke character A4 of F'K such that
L(A/F,s) = L(\a,s) [12]. Using more explicit methods, Weil had proved the same
result in 1952 for factors of Jacobians of curves of the form

C:y° =~z! +,
for2<e< fand~v,6€Q" [14].
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In this paper we are concerned with a converse question. Fix C as above with
(e, f) = 1 as well as a primitive e-th (respectively, f-th) root of unity (. (respec-
tively, (). Assume F' = Q(,9) is linearly disjoint from Q((., () and that C has
an F-rational point. Let A\ be the algebraic Hecke character associated to an iso-
typic CM factor of the Jacobian of C'. Fix a positive integer n and another integer
n/2 < a < n. We explicitly construct a Chow motive over F' for the Hecke character

A"A" " where the bar denotes complex conjugation.

More precisely, we define a group action of G = (Z/ fZxZ/eZ)"~! on the product
C™ that depends on the integer a. There is a Chow motive M such that any classical
realization of M is given by G-invariants of the corresponding realization of C™. We
then decompose M using idempotents coming from the motive h'(C). To describe
the decomposition, recall that the Jacobian of C is F-isogeneous to a product

(1.1) Jac(C) ~p HAz‘,

where each A; is an isotypic abelian variety defined over F' that obtains CM by a
certain cyclotomic field K; upon base change. The idempotent e; that cuts out A;
can be viewed as an idempotent for h'(C), and thus E; = £ is an idempotent for
h(C™). We show that the Chow motive M; := E;(M) behaves very similarly to A,;.

For a finite set of primes S, an (incomplete) L-function L) (x,s) is the Euler
product of the local L-factors in L(x, s) outside the set S. Let S; denote the set of
primes where the abelian variety A; has bad reduction. Let A; : A% K, JFK — C*
be the algebraic Hecke character associated to A; by Weil and Shimura-Taniyama;
that is, L(A;/F,s) = L(\;, s). Then our main theorem is the following.

Theorem 1.1. Assume C has an F-rational point. Let n be a positive integer and
n/2 <a<mn. Assume a =n if F is not totally real. For all i in the decomposition
[T, there is an equality of (incomplete) L-functions

LS (M;/F,s) = LS (XX

P s).

There are a few important notes to make about the history of this problem.
First, the case when C' is given by y? = 2% +§ (§ € Q) was treated by Cynk and
Hulek in [2], and our work is very much inspired by their approach. Secondly, given
a number field k and any algebraic Hecke character X : A /k* — C*, there is
a standard way to construct a numerical motive M () defined over k such that
LEY(M(N),s) = LB)(\,s) for some finite set of primes S [6] §1.4]. There are
two main advantages to our construction when A comes from one of Weil’s curves,
which are discussed more precisely in Section B4l First, our construction yields a
Chow motive, which carries more information than a numerical motive. Second, our
construction shows that the standard motive descends to a smaller field than that
given by the standard construction, in the sense that our motive M; is defined over
F and, when base-changed to F'K;, coincides with the standard motives. Indeed,
our theorem gives a positive answer to the following question in the case of algebraic
Hecke characters arising from Weil curves.

Question 1.2. Let A : A /k* — C* be an algebraic Hecke character. Assume
there is a subfield &’ C k such that the standard motive M (\) descends to k’. For

positive integers n, a as above, does M(A*X"*) also descend to k'?



104 LAURE FLAPAN AND JACLYN LANG

The structure of the paper is as follows. In Section [2] we establish some facts
about the curve C' and its Jacobian. The main point is to find a nice basis with
respect to which we can compute the Galois action on the étale cohomology of C,
which is done in Proposition [Z4l Then we introduce L-functions and use them
to relate the algebraic Hecke characters in question to the matrices describing the
Galois action with respect to our chosen basis. This relationship is recorded in
Corollary 2131

Section [3is devoted to constructing the relevant Chow motives and calculating
their L-functions. We start with a brief introduction to the language and notation of
motives in Section[3.Il The group action of G on C™ is defined at the start of Section
and was inspired by similar constructions in [2] and [9]. The main technical
result in the paper is Proposition B.2] where we compute the Betti realization of
the motive M by computing the G-invariants of the Betti realization of C™. This
was due to Schreieder [9] in the case when C is of the form y? = 229" + 1, and our
calculation is a straightforward generalization of his result. Theorem [[.I]is proved
in Proposition 3.4 and Corollary

Finally, we briefly discuss the relationship between the motives constructed here
and other motives and varieties in the literature in Section B4l In particular, we
discuss the constructions of motives in [6] and [7]. Moreover, we note in Corollary
B8 that our theorem yields modularity results for a class of smooth projective
varieties constructed in [9], which generalizes the modularity results of [2].

Notation: Throughout the paper we will use ¢ to denote Euler’s totient func-
tion, ¢(n) = #(Z/nZ)*. For a positive integer n, let (, denote a primitive n-th
root of unity. If X is a variety defined over a field F' and K is an extension of F,
we will write X for the base change X xp K of X to K. For a field k, we fix an
algebraic closure k and write G}, for the absolute Galois group Gal(k/k).

2. WEIL’S CURVES

In this section we introduce the curves C' studied by Weil in [I4] and give explicit
descriptions of the deRham, Betti, and ¢-adic cohomology of C. In particular, the
computation of the f-adic cohomology will be given in terms of some algebraic
Hecke characters, and it is the powers of these Hecke characters to which we will
attach motives in Section [3l

2.1. The curve C. Fix integers 2 < e < f such that (e, f) = 1. Let v,6 € Q"

such that the field F' = Q(v,0) is linearly disjoint from the field K = Q((, y).

From a notational point of view, it is easier to assume F' = Q, e = 2, and f is prime.

We suggest the reader make these assumptions upon a first reading of the paper.
Let Y be the smooth affine curve over F' given by

{y* =2l +0}.

Let X be the projective closure of Y, which is usually singular, and let C' be the
normalization of X. The curve C then has genus g = %

After base-change to F K, the curve Xpk is equipped with two automorphisms
e, Yy of orders e, f, given for projective coordinates [z’ : 3’ : 2’] by

Yp(fa’cy'  2]) = [Gpa’ 1y 2],
we([x/ : y/ : Z/]) = [:L‘/ : Cey/ : ZI}-
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The universal property of normalization ensures that these automorphisms extend
uniquely to automorphisms of Crx, which we shall also denote by 1y and ..

2.2. The de Rham cohomology of C. We shall often want to consider the
complex points of C'. Doing this requires that we base change C' to C, which
depends on a choice of embedding F' — C. We fix such an embedding once and
for all, with the understanding that our computations depend on this choice, and
write Cc for the base change of C' to C with respect to our fixed embedding.

Let f, . be the sheaf of holomorphic differential 1-forms on C¢. There are explicit
differential 1-forms on Y given by

where 1 < i< Il 1<j<e—1if fisoddand 1 <i< f—-1,1<j<Liff
iseven. If ¢ : Y < X is the natural inclusion and N : C — X is the normalization
map, then write w; j = N.o*(wj ;) € Hig(Cc, Q).

Note that the w; ; are defined over F' and thus can be viewed in the algebraic
de Rham cohomology of the curve C. The forms w; ; are eigenvectors for the
automorphisms ). and ;. Indeed, directly from the definitions we calculate

i—1 _

i) = L) = G
i1 ‘

Ye(wig) = 7—dr = (w5

(Cey)d
Lemma 2.1. A C-basis for Hiy (Ck, Qé@) s given by the set of forms

—1
{wi7j|1§i§fT71§j§6—1} if f is odd,
. o _e—1 ) )
{wi,j|1§1§f—1,1§J§T} if f is even.

Proof. Since (e, f) = 1, the forms w; ; are eigenvectors with distinct eigenvalues for
the automorphism 937 of H, 9% (Cc, Qlcc) Hence the w; ;’s are linearly indepen-
dent. Since dime Hiy (Cc,Qp.) = g = %, it follows that the w; ;’s indeed
form a basis for Hig (Cc, Q). O

To simplify notation, let us set

, {% fodd, ., {e—l £ odd,
= an =

f—1 feven % f even.

Thus IJ = (efl)zﬁ = g regardless of the parity of f.
2.3. The Betti cohomology and Jacobian of C. In order to understand the

Betti cohomology of the curve C' as well as the Jacobian Jac C, we will make use
of some Hodge theoretic terminology, which we introduce here.
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2.3.1. Preliminaries on Hodge theory. A Q-Hodge structure V of weight w is a
finite-dimensional Q-vector space together with a decomposition into linear sub-
spaces Vo = @quw VP4, such that VP4 = V%P where the bar denotes the action
of complex conjugation. If V is a Q-Hodge structure, then an endomorphism « of
V is a Q-vector space endomorphism of V' that preserves the linear subspaces VP4
when base changed to C.

A polarization of a Q-Hodge structure V' of weight w is a bilinear form ( , ) :
V xV — Q that is alternating if w is odd, symmetric if w is even, and whose
extension to V¢ satisfies:

(1) (vea ve'id'y = 0 if p’ # w —p,
(2) ip_q(—l)w(w;l) (x,7) > 0 for all nonzero z € VP-1.

For X a smooth complex projective variety, a choice of ample line bundle on X
determines a polarization on the Hodge structure given by the rational cohomology
H"(X,Q). The category of polarizable Q-Hodge structures is a semisimple abelian
category, which we will denote by Q-HS.

A Q-Hodge structure has type {(1,0) + (0,1)} if Vo = V10 @ V%1 Note that
for X a smooth complex projective variety, the first rational cohomology H' (X, Q)
is a polarizable Q-Hodge structure of type {(1,0) + (0,1)} since H*(X,Q) ® C =
H"(X) @ H*'(X), where H"(X) = H’,(X,Q%) and Q¥ is the sheaf of holo-
morphic ¢ forms on X.

There is an (arrow-reversing) equivalence of categories between the category of
complex abelian varieties up to isogeny and the category of polarizable Q-Hodge
structures of type {(1,0) + (0,1)} given by the functor A — H'(A,Q).

2.3.2. The Betti cohomology of C. We now return to our discussion of the rational
Betti cohomology H}(C,Q) := H'(Cc(C), Q) of the curve C, which is a Q-Hodge
structure of type {(1,0) + (0,1)} by the Betti-de Rham comparison isomorphism
for complex varieties. By abuse of notation, we will consider the differential forms
wij € Hix(Cc,0g,) as elements in Hp(C,Q) ®g C = Hy(C,C). Furthermore,
let ws_;—; be the image of ; ; in HE(C,C). Namely, the involution of complex
conjugation acts on H5(C,C) via w; j — wf_; ;. Since the Betti-de Rham com-
parison isomorphism is equivariant with respect to the action of End C, and in
particular with respect to 1. and 1y, it follows that

(2.1) Vi(wiy) = Chwiy  and Y (wiy) = (lwi

forall1<i< f-1,1<j<e—1in H5(C,C).

Now the Abel-Jacobi map yields an isomorphism of Q-Hodge structures H (C, Q)
=~ HL(JacC,Q). We will frequently make use of this isomorphism together with
the equivalence of categories discussed above to go back and forth between the
language of cohomology and abelian varieties.

For a field k¥ O F, let Endi(JacC) denote the algebra of endomorphisms of
(JacC) defined over k, and let End{(JacC) = End(JacC) ®z Q. We adopt the
following conventions for the rest of the paper to simplify notation. For a proper
divisor d|f (respectively, d'|e), write fy (respectively, es ) for the quotient f/d
(respectively, e/d’). The notation (d,d’) will always mean f # d|f and e # d'|e.
If we take a product or sum over d,d’, we mean let d and d’' run over all proper
divisors of f and e. Furthermore, let K44 = Q( ‘;, Cgl) and Fyg = FKg .
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Lemma 2.2. There is an embedding of Q-algebras

[[ Kaaer = Endf i (JacC).
d,d’

In particular, there is an embedding of Q-algebras H(Ld, Q— End%(Jac ).

Proof. Since 1. and vy are endomorphisms of C' defined over F'K, they induce
endomorphisms 7, ¢} € End rr(JacC). We want to calculate the subalgebra of
End% - (Jac C) that they generate. In order to do this, we observe that there is an

injection (depending on our fixed embedding F' < C or, rather, an extension of
that to FK — C)

End’ - (Jac C) < End2(Jac C).

So it suffices to calculate the subalgebra of End?C(J ac C) generated by ¥} and (s

Now, (JacC)¢ is a complex abelian variety. Since the category of complex
abelian varieties up to isogeny is equivalent to the category of polarizable Q-Hodge
structures of type {(1,0) 4 (0,1)}, computing End%(JacC) is the same as com-
puting Endg_ns(Hz(JacC,Q)). Since the Abel-Jacobi map induces an isomor-
phism H5(C,Q) = Hy(JacC,Q) in the category Q-HS, it suffices to compute
Endg-ns(Hp(C,Q)).

By Lemma [2]] the eigenvalues of 17 and 7} acting on HE(C,Q) ®q C are

{¢J:1<i<f-11<j<e—-1} and {(;:1<i<f-11<j<e—1},

respectively. Thus the characteristic polynomials of ¢7 and ¢} acting on H HC,Q)
are

-1

e—1 ) e _ f ) i .If — ¢
Mo-@/=(45=7) e TMe-or=(577)
=

respectively. Hence the minimal polynomial of ¥* acting on Hj(C,Q) is ﬁ,

and the minimal polynomial of ¢} acting on H 5(C.Q) is 2 71 . It follows that the

subalgebra of Endg_nus(Hj(C,Q)) generated by 97 is 1somorph1c to Qly }/(yy__ll)

and the subalgebra generated by 1} is isomorphic to Q[z ]/(qu) Since (e, f) =

1, the polynomials T_ and 7; 11 are relatively prime. Thus the subalgebra

of End@_Hs(H1 (C,Q)) generated by ¥ and ¥} is isomorphic to the Q-algebra

Qlz, y]/ (%= 11 ; yu _11) The factorization of cyclotomic polynomials (see, for instance,

[13, Chapter 2]) yields the isomorphism

of _
Qe (g Sy = T K

d,d’

The last sentence in the statement of the lemma follows from the first since
End% (Jac C) = (End% . (Jac C))GAFE/K), O
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Let eqq,a;, € End% (JacC) be the image, under the embedding of Lemma 2.2} of
the element in [ ], ; Q that has 1 in the (do, dg)-component and 0 elsewhere. Then
by Lemma we know that {eq s }qaa is an orthogonal system of idempotents in
End%.(Jac C). That is,

eq..q di=dy and d} = db,
® €4, .d €dyd, = pd 2 ! 2
0 else,
o 1= Zd,d' €d,d’ -
Define Agq ¢ = eqa(JacC), which is an abelian variety defined over F. By defini-
tion,

JacC' ~F H Ad,d’-
d,d’
Furthermore, by Lemma

Kd,d’ — €d,d’ End%drd, (Jac C) = End%d,d,’ (Ad,d')~

Proposition 2.3.

(1) Each Agqa is an isotypic abelian variety over F of dimension gqa =
go(fd)go(ed/)/2 such that (Advd/)Fd,d’ has CM by Kd,d’-
(2) The Betti cohomology of C decomposes as

Hp(C,Q) = P Hi(Aga,
d,d’
where a C-basis for Hy(Aqa,C) is given by
(2.2) Big ={wij:1<i< f-11<j<e-1,(,f)=d (je)=d}.
Proof. Since Kq 4 < End%d (Aqar), it follows that [Kq 4 : Q] < 2dim Aga. On
the other hand, 1
Y 2dimAg e =2dimJacC = (e— 1)(f = 1) = Y [Kaa : Q.
d,d’ d,d’

Therefore we must have ¢(fq)p(ea) = [Kaa : Q] = 2dim Ay e, which proves the
first statement.
For the last statement, recall that the Abel-Jacobi map induces

Hp(C,Q) = Hp(Jac C,Q) = P Hp (A,
d,d’
Let ®,, denote the n-th cyclotomic polynomial. We can identify
Kaa = Qlz,yl/(®y,(z), e, (y))
by sending = to (y, and y to ., . But under the embedding
xf —1 y°—1
r—1"y—1

Q[xvy}/( ) — End(l)’K(JaC C),

we sent x to ¢} and y to ¢} Therefore we have Ky 4 — Endg_ns(Hp(C,Q)) with
Cra = Vila, , and (e, > ¥Z|a, . Since p}la, , corresponds to (y,, it follows
that ‘P?‘Ad,d/ has order f;. Therefore the eigenvalues of ¢} on Hp (Ag,q,C) must
have order equal to fy. Similarly, any eigenvalues of ¢} on Hf(Aqgq4,C) must have
order equal to eq. Therefore w; ; € Vg4 if and only if (¢, f) = d and (j,e) = d',
which proves the last statement. ([l
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2.4. The étale cohomology of C. Let us begin by fixing, once and for all, an
algebraic closure F' of F as well as embeddings K — F and F — C. Let Z /F
be a smooth projective variety. Recall that for a given rational prime ¢, the fixed
embedding F' < C yields the identity H} (Z7, Q) = H(Zc, Q¢). Moreover, for a
fixed embedding t;: Q, < C, the Betti-étale comparison isomorphism for complex
varieties yields an isomorphism of complex vector spaces [4, Appendix C, 3.7]:

H(Z5, Qo) ®q,., C = Hp(Z,C).

In particular, it follows from Proposition 23] that we have isomorphisms
H (C7, Qo) ®qy, C = dEI? He(Ag o 7> Q) ®g,, C

(2.3) a 2

H(C,C) = dG?lHlla(Ad#d’a(C%
which respect the decomposition given by the pairs (d,d’). By abuse of notation,
write w; ; for the image of w; ; € Bgq in Helt(Ad,d/FaQZ) ®Qpu, C for 1 <7 <
f—1,1<j<e—1 and hence view By g as a basis for Helt(Adﬁd,f,Qe) ®Q, .. C
as well. Therefore the involution of complex conjugation on Hx(C,C) can be
seen on HY (Cx, Q) ®q,,., C by w; j — wf_ie—j. Since the isomorphisms in (2.3)
are equivariant with respect to the action of EndC, it follows that the w;; €
H} (Cx,Qp) ®q,,., C have the eigenvalues calculated in ().

Note that since Ag g is defined over F', its étale cohomology inherits an action
of the Galois group Gr = Gal(F/F). This action is unramified away from the
(finitely many) primes of bad reduction for A4 4. Fix a prime p of F' where Ag 4
has good reduction. In particular, it follows that p { ef. Let ¢ denote the size of
the residue field at p. That is, if Op is the ring of integers of F', then ¢ = #Or /p.

Now fix a rational prime ¢ such that p t ¢ and an embedding ¢;: Q, — C.
Consider the action of a Frobenius element Froby € G on HY (4, 4 7, Q¢) ®q,.., C.
We will show in Proposition 2] below that the matrix [Froby]p, , of Froby with
respect to the basis Bqa of HY (A, 4 7, Q¢) ®q,,., C is a generalized permutation
matrix, that is, a matrix with exactiy’one nonzero entry in each row and column.

Given proper divisors d|f and d'|e, recall that fy = f/d and ey = e/d’. Let
ordy,.c, q denote the (multiplicative) order of ¢ in (Z/f4Z)* x (Z/eqZ)*.

Proposition 2.4. The matriz [Frob;]ded, of Frob; with respect to the basis By 4
of Hgt(Advd,T,Qg) ®q,,.. C is a generalized permutation matriz on 2gq,q letters.
The corresponding permutation p is a product of % disjoint cycles, each of
d €q’
length ordy,.c, q.
Proof. Define the set
loa ={(i,j) €Z/fZ x Z/eZ | (i, f) = d.(j,e) = d'}.
For s = (i,j) € Iga, let i(s) == i and j(s) = j. Write the action of Frob, on
HL (A, 4 7 Q) ®q,,., C with respect to the basis Bga as
Frob; (wy) = Z s 1 Ws,
sEId,d/

for some a;+ € C.
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A direct calculation shows that we have the following equality on C' (Fq) for
vedfef}h:
Frob, o, = 9 o Froby,
which implies that
1, o Frob, = Froby o(,)?.
We compute both sides of this equality with respect to the basis By g

{ZSEI‘MZ/ as7t<}(5)w3 ifv= f7

—3j(s) e
Sty asiG Ve v =,

1, o Froby (w;) = Z as 1y (ws) =

SGI(L a4’
whereas

Frob;;(g;i(f)wt) = (¥0 R
Frob; (Ce_(”(t)wt) _ Ce_q](t) Zseld,d/ asqws ifv=e.

Frob; o(4:5)" (wr) = {

It follows that for all s,t € I44 we must have as; = 0 unless
i(s) = qi(t) mod f and j(t) = ¢j(t) mod e.
Since s,t € I4,q, the above congruences are equivalent to the conditions

i(s) _ai(t) . 1 J(s) _ qj(t)

d ~ d - d

Since ,% € (Z/f4Z)* x (Z/exZ)*, it follows that s determines ¢. In other

words, there is a permutation p on I 4 such that as; # 0 if and only if ¢t = p(s).
This proves that [Frob;] B, o 18 a generalized permutation matrix.

For the claim about the structure of p, we identify Iyqs with (Z/f4Z)* x

(Z/eqZ)* and use the congruence condition

(542)-o(42.2)

in (Z/ faZ)* x(Z/eq Z)* . Indeed, this shows that for any o € (Z/ f4Z)* x(Z]eq Z)*

we have

and

mod eq .

— — — —ordyg,.c, o
pla) =q ra,plg ) = ¢ 2a, ..., plag” " Vacw ?) = a.

In the above calculation, ¢~1 denotes the (multiplicative) inverse of ¢ in (Z/ f4Z)* x
(Z/eqZ)*. Therefore p indeed has the desired structure. O

The characteristic polynomial of a generalized permutation matrix can be cal-
culated using basic linear algebra (see [5], §1.2] for details).

Lemma 2.5. Let M € GLy(C) be a generalized permutation matriz given by the
data of a permutation p and z1,...,zxy € C*. Write Cy,...,Cy, for the supports
of the disjoint cycles of p, and let ¢; = #C;. For 1 < m < n, define the complex
number

Then the characteristic polynomial of M is the polynomial

I @ - zn).

m=1



CHOW MOTIVES ASSOCIATED TO ALGEBRAIC HECKE CHARACTERS 111

As in the proof of Proposition [2.4] let us write the matrix of Frob, with respect
to By, as (as,p(s))seld,d/ for the permutation p. Let ¢~! denote the (multiplicative)
inverse of ¢ in (Z/ f4Z)* X (Z /ey Z)*. For a fixed element b € (Z/ f4Z)* x(Z]eq )™,
define

ordf,.c,, 4

(24) Zb = H abq—i’p(bq—i),

i=1
where we have identified Iy ¢ = (Z/f4Z)* x (Z/eqZ)* via (i,7) <> (i/d,j/d'). In
other words, Z, is the product over all the nonzero entries in [Froby|p, , corre-
sponding to the disjoint cycle in p containing b.

Corollary 2.6. The characteristic polynomial of Froby acting on HL (A 07 Qo)
18

o(fg) _Plegr)
ords, 4 orde,, a

IT I (7= zee).
c=1

c'=1

Proof. This follows directly from Proposition 2.4] and Lemma since the charac-
teristic polynomial of Frob; can be computed after any base change. (Il

Remark 2.7. Note that while the a,.’s may be complex numbers, Corollary
implies that the Z,’s are algebraic since the characteristic polynomial of Frob;
vanishes at all of the (ordy,.., ¢)-th roots of Zj,.

We shall also want to understand the action of complex conjugation on Zj.
Unfortunately, we can only do this when F' is totally real. Letting the ~— symbol
denote complex conjugation, we record the following proposition for later use.

Proposition 2.8. Suppose that F is totally real, and let p be a prime of F' where
Aqa has good reduction. Then for any s,t € Igq we have G5t = a_s 4. In
particular, for any b € (Z)faZ)* x (Z)eaZ)* we have Zy = Z_y,.

Proof. Since F' is totally real, there is a well-defined complex conjugation ¢ € G,
and for p as in the statement of the proposition, we have the relation c o Frob, =
Frob,, oc. Hence Frob; oc* =c*o Frob;. We compute both sides of this relation,
making use of the fact that the étale-Betti comparison isomorphism under which we
have identified the various incarnations of w; is equivariant with respect to complex
conjugation. Thus for any ¢ € I 4, we know that ¢*(w;) = @y = w_;. Hence we
have

Froby oc*(w;) = Froby(w_¢) = Z a5, —1Ws,

SGId)d/

c OFrobp(wt):c E (s Ws | = E U5 Wy = E a5 (Ws-

SEId)d/ Seldyd/ SEId,d/

This gives @5, _¢ = a_s ¢, as desired. The fact that Zy, = Z_p now follows directly
from the definition of Z,. O
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2.5. The L-function of C'. Let k and F be number fields. Write O, for the ring of
integers of k. The language of compatible systems of Galois representations is useful
for defining the L-functions of interest. Recall that a d-dimensional compatible
system of Gp-representations V = {V)}, is a collection of representations {py :
Gr — GLG(E)}A prime of £ such that there is a finite set S of primes of k such
that:

(1) py is unramified outside S and the primes of k lying over £ = AN Z;

(2) for all primes p of k outside S, there is a polynomial F},(X) € E[X] such
that, for all primes A of E such that ANZ # p NZ, the characteristic
polynomial py(Froby) is equal to F},(X), independent of A.

For example, if Z/k is a smooth projective variety, then {H (Z5,Q¢)}, is a com-
patible system of Gg-representations with £ = Q for any n. If M is a Chow motive
defined over k (see Section Bl for the definition), then {HJ (M5, Q¢)}¢ is a system
of Gy-representations. It is not known in general whether the system is compat-
ible. However, for the motives we construct, we prove that this system of Galois
representations is compatible in Proposition 3.4

The L-function of a compatible system V of d-dimensional Gj-representations
is a complex analytic (or meromorphic) function that encodes the data of how the
local Galois groups G, < G act on the Galois representations {Vy}. (Here p is
any prime of k and A is chosen such that pNZ # AN Z.) It is defined as an Euler
product with one local factor for each prime of k. It is easiest to define these local
factors when the representation is unramified at p. As these are the only factors
that will concern us, we restrict our definition to that case.

Definition 2.9. Let p be a prime of k at which a d-dimensional compatible system
of Galois representations V is unramified. Choose a prime A\ of E such that p N
Z # AN Z. Let P,(T) be the characteristic polynomial of Frob, on V' (which is
independent of the choice of A). Let ¢, = #Oy/p. The local L-factor of V' at p is

Ly(V/k,s) = a5 ** Py (g}),
which is a polynomial of degree d in ¢, *.

If Z/k is a variety and V' = {H} (Z3, Q¢) }¢, then we write L,(Z/k, s) and call it
the local L-factor of Z at p. This is the (incomplete) Hasse-Weil zeta function of Z.
If Z = A is an abelian variety, then H, (A, Q¢) = A"H} (A%, Q). Therefore we
abuse notation slightly and write L(A/k, s) for the L-function of { H} (Az, Q¢)}¢ in
the case of abelian varieties. This should not cause any confusion.

Note that given a local L-factor L,(V/k,s), it is possible to recover P,(T') by
replacing ¢, * in L, (V/k, s) with a variable T' and multiplying the resulting Laurent
polynomial by T¢. We shall often switch between local L-factors and characteristic
polynomials in what follows. In particular, we can restate Corollary as follows.

Corollary 2.10. Ifp is a prime of F' where Ay 4 has good reduction, then the local
L-factor at p of Aqq over F is

e (fa) “P(Eg,/)
ordfd q orded, q

Lp(Ad’d//F, S) = H H (1 _ Z(qc/)qisordfd‘ed’ ‘1) .
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Proof. Recall that the compatible system of Galois representations associated to
an abelian variety is ramified at exactly the primes of bad reduction. The result
now follows from Definition and Corollary O

As we shall only be concerned with the local factors where our representations
are unramified, we shall define the incomplete L-function of a compatible system
V as follows. Let S be the finite set of primes of k at which V' is ramified. The
incomplete L-function is

LOV/k,s) =[] Lp(V/k,s)
pes
It is important to note that the L-function defined above depends on the field k; it
will change if we replace k by a larger field %’

Weil proved [I4] that the varieties Ay 4 have algebraic Hecke characters asso-
ciated to them, a fact that was later generalized to all CM abelian varieties by
Shimura and Taniyama [I2]. In order to state this correspondence, let us recall
some definitions. For a number field k, write Ay for the ring of adeles of k and O,
for the completion of the ring of integers of k at a finite place v. For a place v of
k, write ¢, : kY < A} for the embedding sending = € kS to the idele with x in the
v-th component and 1 elsewhere.

Definition 2.11. A Hecke character is a continuous homomorphism X : A /k* —
C*. Such a character is said to be algebraic if for every archimedean place o of k,
there exists n, € Z (respectively, n,,m, € Z) if o is real (respectively, complex),
such that A(¢,(z)) = z™ (respectively, A(iy(z)) = x™z™) for all x € k). The
conductor of X is the largest ideal m of &k such that A is trivial on [], 1 + mO,,.

Fix a uniformizer w, of O, for each finite place v of k, and let p,, be the corre-
sponding prime ideal of F'. Write

A1, w1, 1) i py tm,
A(pv){ ( ) it

o otherwise.

Definition 2.12. With notation as in Definition Tl let p f m be a prime of k
with residue degree gq,. The local L-factor of A at p is
Ly(A,8) =1—A(p)g, *
The incomplete L-function of M is
L™ (A s) =[] Lp (N 5)
ptm

Recall that Ag 4 is an abelian variety over F' such that (Ad@/)pd’d, has CM by
Koo = Q(C?Cg'). Since F' is linearly disjoint from K by assumption, it follows
that Gal(Fyq /F) = (Z]f4Z x Z/eq Z)* acts transitively on the set of embeddings
{¢: K4, — C}. Therefore there is an algebraic Hecke character

A =Aay /Py 0 AE, [ Fia = C

such that we have an equality of L-functions [I1, Theorem 12],
(2.5) L(Ad7d//F, S) = L()\d,dla S)
Furthermore, the support of the conductor of A\j 4 is exactly the set of primes of
Fy 4 where (Ad7d/)Fd’d, has bad reduction [10, §7, Corollary 1].
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Recall that for a positive integer n, if p is a prime not dividing n, then p splits
into ¢(n)/ ord, p distinct primes in Q(¢,), each of residue class degree ord,, p [13|
Theorem 2.13]. In particular, p splits into o(fy - eq)/ordy,.c,, p primes in Kg 4,
each of residue class degree ordy,.., p. Since I is linearly disjoint from Kg g, it
follows that each prime p of F' lying over p splits into ¢(fq - ear)/ ordy,.c,, p primes
in Fya, each of residue class degree ordy,.c, p. Let f, be the residue degree of p
over p; that is, ¢ = p/» using the notation introduced just before Proposition 24l
Then the local L-factor of L(Ag.ar,$) at p is

(2.6) TT (1= Aaa (g 7).
p’lp

where the product runs over all primes p’ of Fy 4 lying over p.
Note that since ¢ = p’», it follows that ordy,.c, q divides ordy,.c, p. Write

ordys,.e, p=m-ordy, ., q.

For each prime p’ of Fy 4 lying over p, fix an m-th root of Ag 4 (p'), and let
denote the group of m-th roots of unity. Then we have the following corollary.

Corollary 2.13. For primes p of F as above, we have an equality of sets of
e(fa)pleqr)
ordf e, 4

{Z(c,c’) ‘ I<e< elJa) 1< < = (Ed/ } {Cm "\L/ Ad, a ‘ p |P Cm € ,Um}a
ordy, q orde,, q

where in the second set p’ runs over primes of Fy 4 lying over p. Furthermore, if
F is totally real, then (Zy)™ = g, (p) implies that (Z_p)™ = A, (p').

elements:

Proof. The first statement follows directly from Corollary 210 and equations (Z.3])
and (2.6). For the second equality, we have Ag a4 (p') = (Z)™ implies that

Maw () = (2)" =27,
by Proposition 2.8 O

3. CONSTRUCTING A MOTIVE ATTACHED TO POWERS OF A

Let A = Ag,q- be the Hecke character attached to A, 4 obtained as in the previous
section. Fix a positive integer n and n/2 < a < n. The goal of this section is to
construct a Chow motive My 4 defined over F' such that L(ded’)(Mdﬁd//F, s) =

L(ded')()\axnia,s). In Section Bl we introduce some notation and recall some
background about motives. The key ingredient in the construction of My 4 is a
group action on C™. We describe the action in Section and then construct
Mg 4 using the invariants of the group action and the idempotent egq defined
right before Proposition Using an explicit calculation of the Betti realization
of My 4 (Corollary B.3), we compute the L-function of My 4 (Proposition B4) and
match it with that of Aj d,XZ’;,a (Corollary BA]). Finally, Section B4l summarizes the
relationship between the motives My ¢ constructed in this paper and other motives
associated to Hecke characters in the literature, especially the standard motive of
a Hecke character as found in [6], §1.4].
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3.1. Background on motives. Let & be a number field. We begin by briefly
recalling the construction of the category of Chow motives over k, closely following
[1]. Let Vi denote the category of smooth projective varieties over k. To any object
Z in Vg, let Z™(Z) denote the group of algebraic cycles in Z of codimension n and
ZM(Z)g = 2"(Z)®zQ. If ~ is an adequate equivalence relation on algebraic cycles
[T, Definition 3.1.1.1], write Z7(Z)g = Z™(Z)g/ ~-

For a fixed adequate equivalence relation as above, define a category CV} whose
objects are smooth projective varieties and

Homey~ (X,Y) = ZI™ X (X %, YV)g.

See [T, §3.1.3] for the definition of composition of morphisms. The category CV},
is a tensor category. In particular, it is an additive category with a tensor product
structure that is symmetric. The category of motives M7 is defined to be the
pseudoabelian closure of CV}; .

Objects in M7’ can be represented explicitly as triples (X, p,m), where X is a
smooth projective variety, p € Endcyy (X) such that p* = p, and m € Z. Mor-
phisms of motives are given by

Hom e (X, p,n), (Y, q,m)) = go ZL™X7"T™(X %, YV)gop.

Furthermore, there is a natural contravariant functor h : Vi, — M, given by h(X) =
(X, Ax,0), where Ax is the diagonal subvariety of X x; X.

The adequate equivalence relations ~ that will be of interest for us are rational
~rat [1L §3.2.2], homological ~yop [IL §3.3.4], and numerical ~ynum [I §3.2.7] equiv-
alence, listed here in decreasing order of fineness. The corresponding categories of
motives will be denoted by Mt MM and MI"™. The objects in M are
called Chow motives and they are universal in the sense that ~,¢ is the finest
possible adequate equivalence relation [Il Lemme 3.2.2.1].

3.1.1. The motive h' of a curve. Let C' € V;, be a geometrically connected curve,
and assume that C' has a k-rational point P. Let py be the cycle on C' x C' given
by {P} x C and ps the cycle given by C x {P}. Then py and py are idempotent
for any choice of adequate equivalence relation. Define p; = 1 — pg — p2, which is
also idempotent. Let h'(C) = (C,p1,0); that is, h*(C) is the image of p;. It is well
defined up to unique isomorphism, and we have [8, Proposition 3.3]

End g (h'(C)) = End}(Jac C).

In particular, End - (h'(C)) is independent of the choice of adequate equivalence
relation ~.

Note that since JacC' is isogenous to a product of isotypic abelian varieties,
JacC ~ [];c; As, it follows that there is an orthogonal system of idempotents
{ei}icr € EndM;(hl(C)) corresponding to the decomposition of JacC. For any
positive integer n it follows that {e;, ® --- ®e;, : i; € I} is an orthogonal sys-
tem of idempotents in Enda (R'(C)®™). In particular, when C is one of the
WEeil curves introduced in Section 2] we have an orthogonal system of idempotents
in EndM;(hl(C)) corresponding to the eq ¢ introduced prior to Proposition 2.3
We continue to write eq,q for the corresponding element of Endagy (h*(C)). Fur-
thermore, we can view eq .o as an element in End > (h(C)) by extending by 0 on
hO(C) := (C,po,0) and h2(C) := (C,p2,0).
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3.1.2. Realization functors. There are covariant functors on M}?* corresponding to
the various classical Weil cohomology theories. For example, the Betti realization
is a functor

Hy(-,Q): M — Q-HS.
For any X €V}, we have Hy(h(X),Q) = H5(X,Q). Write k-FVS for the category
of finite-dimensional k-vector spaces with a filtration. The de Rham realization is
a functor
Hip: M — k-FVS.

For any X € V;, we have Hj; (h(X)) = H}z(X), where Hj;(X) denotes the alge-
braic de Rham cohomology of the k-scheme X. For any rational prime number ¢,
let Repg, (G) denote the category of continuous representations of Gy on finite-
dimensional Qy-vector spaces. The f-adic realization is a functor

H:t(" Qg): ./\/l};at — RepQ[ (Gk)

For any X € Vj we have H (h(X), Q) = H (X3, Q). If this system of f-adic
representations is compatible, then we define the L-function of a Chow motive as
the L-function of its ¢-adic realizations.

3.1.3. Galois descent. There is a theory of Galois descent for motives. Let k/k" be
a finite Galois extension. There is a base change functor — X k: My, — M}
as well as a Weil restriction of scalars functor Resy /. : My — Mp,. We shall
say that a motive M € My}’ descends to k' if there exists M’ € M7}, such that
M = M’ xp k. Given M € M;j;, the motive M xj k has a natural action of
Gal(k/k'). A submotive N of M x s k descends to k if and only if it is stable under
the action of Gal(k/k’) on M Xy k [8, 1.16, Lemma 1.17].

3.1.4. Group actions on varieties. There is a way to construct a motive h(X)% €
M2t from the action of a finite group G on a smooth projective variety X € Vg,
assuming that the action of G on X is defined over k. Explicitly, this motive can
be written as

(3.1) B(X)E = (X, = 31,0,
‘G| geG

where I'y € ZAmX (X x;. X)q is the transpose of the graph of the automorphism g

rat
[8, proof of Proposition 1.2]. In coordinates,

Iy ={(g9z,z) € X x3 X}.

Thus I'y, = Ax. Furthermore, this construction behaves well with respect to
realizations in the following sense. Each realization of X inherits an action of
G. Any realization of h(X)% is just the G-invariant vectors in the corresponding
realization of X. Finally, the motive h(X)¢ descends to a subfield k' C k if both
X and the cycle ﬁ >_geq g descend to k.

3.2. The group action on C™ and the Chow motives. We now return to the
notation from Section2l Recall that for proper divisors d|f, d’|e, the abelian variety
Aqq is defined over F' and has CM by Kg 4 after base change to Fy 4. Consider
the n-fold product 017}“1,1' Fix another positive integer a such that n/2 < a < n.
Everything that follows will depend on the choice of integers a and n, though this
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will not be reflected in the notation. Consider the subgroup G of Aut Cg, | given
by

V14 Vg — Va1 — - —V, =0 mod e

n
_ { H ¢Uk,(/)vk Ut U —Ugp1——Up, =0 mod f}
- f e ’
k=1
where the k-th factor ¢¢*+¢* in the product ITis Yy gk acts on the k-th factor
in the product Cf, . Note that we have an isomorphism of groups G = (Z/fZ x

Z/eZ)"~1. Write

€= |G‘ Y rye End g (h(CF, )
g€G
for the idempotent cutting out hA(C FM)G. We now use Galois descent to produce
a motive defined over the field F instead of Fi.

Lemma 3.1. There is a motive M € MR such that M xp Fy 1 = h(ngl_l)G-

Proof. Recall that the motive h(C} )¢ consists of the data (Cg, | ,¢,0). Since the
curve C is defined over the field F, 1t suffices to check that

ng C (Cn chn) XFFl,l
geG
is Gal(Fy 1/ F)-stable.

Let [a : b : ¢] be projective coordinates of the curve C. Recall that C is the
normalization of the singular projective curve X given by (y')¢2'f=¢ = y(2/)f +
§(2")7. After base change to Fy 1 we have ¢p([z’' : v : 2']) = [(y2’ : ¥ : 2'] and
Ye([x' 1y + Z]) = [2' : (v : Z']. Since resolving the singular point [0 : 1 : 0]
of X will result in new coordinates obtained as rational functions in the variables
«',y’, 2, both ¢y and 1. will act by powers of (. and (y, respectively, on the
coordinates a, b, and ¢ of C, ,.

Hence there are integers m, n; for 1 <4, j < 3 such that for any point [a : b: ]
of Cr,, we have ¢¢([a:b: c]) = [(§""a: (b (5] and ¢e([a: b: c]) = [((1a:
Creb s (o)

Consider the element go = [[,_, ¢¥*¢¢* € G. Then the class I'y, C (C" xp
C™) xp Fy . is given by

n
Ty, = {H[c;”w:lvkak PTG (PG

k=1

XH[ak:kaCk] [ak3bkzck}€CF1,1}'

k=1
Let 7 € Gal(F11/F) = Gal(Q(¢s,¢)/Q). Say ¢f = ¢} and ¢ = ¢J. Then for an
element o = ZZI[C}Lkm1C5kmak . C}Lkmzcgknzbk . C}tkmscgmsck]xnzzl[ak cby Ck]

of I'g,, we have

n

n
o = TICH™ ¢omay : Cuemecivmapy « Cimsrimac,)” Hak b exl”

k

Il
i

|
=

n
[C}icukm1<gvkma;; . C;‘UkmzcgkaQb% . C}ukm3<]1}kngc H ak b
k=1

b
Il
—
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Namely, we have a” € I'y, where ¢' = [[}_,; w}“kwg”’c € G. Thus 3 ;T is
Gal(F1 1/ F)-stable, as desired. O

We can now define the Chow motive associated to Agd,ij’;?. Let Eqq = €37, €
Endpgae (R(C™)) as in Section BTl Then by Lemma B.1] we may compose Eq,q
with € in End ygae (R(C™)). Define

Mg,q = (Eqa 0€)(h(C")) € ME,
and define
(3.2) M= Mys = (> Eqaoe)(h(C")) € M.

d,d’ d,d’
We reiterate that M, 4 depends on the choice of a and n even though this is not
reflected in the notation.

3.3. Computing the cohomology of the motives M, 4. We begin by studying
the Betti realization of M. Once we understand this, we will then determine its
decomposition with respect to the idempotents induced by the Fg 4. We begin
by establishing some notation. Let 7, : C™ — C be the natural projection map
onto the k-th copy of C in C™. Write  for the fundamental class of C' and
Q= 75(Q). In particular, ) represents a nonzero class in H»!(C) = H%(C,C)
under the Betti-de Rham comparison isomorphism. Let wy;; = 7 (w; ;) for all
1<i<I,1<j<J. For the same range of i, j, define

Yij = Wi WaijWatiig Wnije
As with the w; ;, for 1 <4 < 1,1 <j < J, define

Yfie—j =Yij =Wl Wayi,jWat1,ij " Wnij-
Following the conventions established with w; ;, we denote by ¥; ; the image of 3J; ;
under the standard comparison isomorphisms between Betti, deRham, and /-adic
cohomology theories.
The following proposition is due to Schreieder in the case when the curve C' is of
the form y? = 2971 +1 [9, Lemma 8]. The proof we give below is a straightforward
generalization of his argument.

Proposition 3.2.

(1) The Hodge decomposition of the Q-Hodge structure H3 (M, Q)= H%5(C™, Q)¢
has the form

H*(Cn, C)G = yan—a g n-aa g (@ Vp,p) )
p=0

(2) The subspace VPP consists of all G-invariant homogeneous polynomials of
degree p in the classes Qq,...,8,.
(3) Theset{%;;:1<i< f-1,1<j<e—1} isaC-basis for V¥ egVn- ",

Proof. Recall that for each 1 < k < n, we have ¢} (wr,i ;) = C}whm and ¥ (wy; ;) =
(- Iwy,i ;. Now, the cohomology ring H*(C™,C) is generated by the elements 2,
Whij Wi for 1 <k <n, 1<i<1,1< 5 < J. Suppose there is a G-invariant
class in H*(C™, C) that contains the monomial

N = Wk iy gy Whiaie,je ke 1risg1,desr " Okeyieojes
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where, without loss of generality, we take I; < --- < [, k1 < --- < kg, and
kop1 <0 < k.

Observe that the product of any (1,0) and (0,1) class of the factor Cj lies in
HY1(Cy) and thus is a multiple of the fundamental class Q. Hence we may assume
that the intersection

{ke|1<e<s}nikc|s+1<e<t}=0.

Since H%9(C},) = 0 = H*2(Cy), we may assume that k1, ..., ks are pairwise disjoint
and the same for kgs41,..., k¢, so all of ky,..., k are pairwise distinct. Moreover,
since H22(C},) = 0, the elements [y, ..., [, are pairwise distinct. Since H*!(C}) =

0 = H2(C}) we then have
{hy by ik [1<e<t} =0.

That is, in the expression for 7, all of I1,...,l., k1,..., ks are pairwise distinct.
Namely we have [y < - <1, k1 <--- <k, and ksy1 < -+ < ky.

Now note that the element 1"yt x -+ x 9py"9pgn of the group G acts on the
monomial 7 by multiplication by the scalar

C}J{ul'.” Jug CZUI’M g :

where [, 4, is of the form 7;u; = --- £ 44us and vy, ., is of the form jyv; +
o Gy

First we show that ¢ < n implies that ¢ = 0. Indeed, begin by choosing values
for uy,...,u; and vy,..., v such that pu, . ., Z 0mod f and vy, ., # 0 mode.

Since t < n, we can still choose w11, ..., u, and vyy1,...,v, such that

t t

u1+...+ua—ua+1—-~'—unEomodf7
v+ F Vg —Vgy1 — - — vp = 0 mod e.

Un

Namely, the automorphism of C’}}M given by z/;}f%/)gl X XY i Y lies in the group
G, but it acts nontrivially on the monomial n when ¢ > 0. Since 5 is G-invariant,
we must have t =0 and n = Q;, --- Q.

Next suppose that ¢ = n. By the pairwise distinctness of ly,..., 0., k1,..., ks,
we know 7 = 0. We now show that in this case, we must have i; = -+ = iy,
j1 ="+++ = jn, and either

{Looa) = {kiekd or {Loo,a) = {kesr oo ka).

Indeed, suppose 1 < €; < €5 < s are such that k., < a and k., > a. Then let
Uey = Uey = Ve, = Ve = 1 and u. = v, = 0 for all other ¢ # €1,e2. Then the
n-tuples (u1,...,u,) and (vi,...,vy,) give rise to an element in G with f1,, ., =
e, +1c, and vy, . o, = Je; + Je,- But since the monomial 1 must be G-invariant,
it follows that

(3.3) ie, + 1, =0 mod f,

(3.4) Jei + Jez =0 mod e.

If f is odd, then 1 < i, i, < %, and so (B3) is impossible. If f is even, then
1< jeyje, < %, and so (B4) is impossible. Namely, we have shown that there
cannot exist 1 < €; < €5 < s with the property that k., < a and k., > a. Similarly,

one checks that we cannot have €1, ez € {s+1,...,n} such that k., < a and k., > a.
This proves that {1,...,a} is either {k1,...,ks} or {kst1,...,kn}.
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It remains to show that iy = --- = i, and j; = --- = j,. For any € < a, let
Ue = Ugt] = Ve = Vgy1 = 1 and v, = v, = 0 for all ¢ # €,a + 1. As above,
the n-tuples (u1,...,u,) and (vi,...,v,) give rise to an element in G such that

i =ig+1 mod f and je = ju+1 mod e since 7 is G-invariant. But since 1 < i, < f—1
and 1 < j. < e—1, we have i¢ = 9441 and je = joq1 for all 1 < e < a. Similarly,

one checks that i, = i, and j, = je for all € > a. Therefore iy = --- = i, and
j1 = "+++ = jn, as claimed.
Thus we have shown that the monomial 1 must take one of the following forms:
-,
Yij = Wi Wi Watlig Wi
Yig = Wi Wnea,ijWn—atli Wnyig

with 1 <i¢ <I,1<j <J. This proves the first two statements of the proposition.

Observe that all three types of forms are G-invariant. Moreover, forany 1 <1¢ < [
and 1 < j < J, the form ¥, ; is of type (a,n — a) and X;; is of type (n — a,q)
in the Hodge decomposition of Hx(C™,C)“. Hence the C-span of {¥;; | 1 <i <
1,1 < j < J} defines a G-invariant vector space V®"~¢ of classes of type (a,n —a),
and the C-span of {ii,j |1 <i<1I,1<j<J} defines a G-invariant vector space
Vn=®e of classes of type (n — a,a). The 3; ; are linearly independent since they
are tensor products of linearly independent elements. Therefore V*"~% and V"~ ®¢
are g-dimensional and conjugate to each other by construction. O

Corollary 3.3. The motive M satisfies Hy(M,Q) @ C = V*"=¢ @ V=00 [y
thermore, a C-basis for H (Mg 4 ,Q) ® C is

Boaw ={%i; |1<i<f-11<j<e—-1,(f)=d (je) =d}

Proof. The first statement follows from the second, so we just prove the second
statement. Note that Hp (Mg, Q) consists of the classes in H5(C™, Q)¢ coming
from (eq,q H(C,Q))®" = H5(Ag,ar, Q)®". Since By q is a basis for H(Aga, Q)®
C by Proposition 233 it follows that B(‘?g/ N (Hy(Mga,Q) ® C) is a basis for
Hi (Mg, Q)®C. Proposition B.2 implies that By s = B?;‘, N(HE(Mqa,Q ®C),
which completes the proof of the corollary. |

Proposition 3.4. Fiz a rational prime £. For pairs (d,d') such that d|f, d # f
and d'|e, d # e we have:

(1) Letp 14 be a prime of F where Agqr has good reduction, and let ¢ = #Op /p.
The characteristic polynomial of Frob;; acting on H} (Mqq,Qy) is

o(fg)  elegr)
ordfd q orded, q

H H (Tordfd~ed/ q _ (Z(c,c’))a(Z—(c,c’))n_a) ,
c=1

/=1

where the index of Z. oy is viewed as an element of (Z/f4Z x L/eqZ)* .
In particular, HY (Mg,q,Q¢) is a compatible system of Gp-representations.
(2) The local L-factor atp of L(HY (Mga,Q¢)/F,s) is

e (fa) ‘P(Eg,/)
ordfd q orded, q

[T TI (1= (Zea) (2o =p e 7).
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Proof. We begin by computing the action of Frob; on the basis By 4. Recall
that in Proposition 2.4 we showed that the matrix [Froby]p, , of Frob, acting
on HY (Ag 0 7 Qc) ®q,,., C with respect to the basis Bg,q is a generalized permu-
tation matrix on 2g44 = ¢(fa)p(eq) letters with corresponding permutation p a
product of W disjoint cycles, each of length ordy,.., g. Recall the nota-

tion Ig 4 = {(4, j) € ZL/fL xZJeZ | (i, f) = d,(j,e) = d'}. For s,t € Iq,q4, the
generalized permutation matrix [Frob;]Bd o is of the form (as ¢)(s.+)ez, , such that

FrOb; (Wt) = apfl(t),twpfl(t).
Hence for t € 1, 4 we have

Froby (2¢) = (ap-1(0),iw10-1) - (@p-1(0) t%ap-1(1))
(@p1((e.f) 1), () ~tWat 1= 1 (e.) 1)) "+ (Ap=1 (e, ) 1) (0. )~ tm,p L (e ) 1))
= (@p=100,6)" (@p=1((e.f) 1), (e.1)-1)" “Tpm100)-

The above calculation shows that the matrix [Froby]gs, ,, of Froby with respect to
the basis By 4 of Hg (Mg 4 T Q¢)®q,,.,Cisa generahzed permutatlon matrix with
associated permutation p. In particular, for 1 < ¢ < ofé% and 1 < ¢ < %,
the product of all the nonzero entries in [Froby]s, , corresponding to the (c,c’)-th
disjoint cycle in p is

(Z(c,c’))a(Z—(c,c’))nia'

The result now follows from Lemma The second statement is a restatement
of the first using the standard translation between characteristic polynomials and
local L-factors. |

Recall that S4q is the set of primes of F' where Aq 4 has bad reduction and
S == Ud,d/ Sd,d/'

Corollary 3.5. Let n > 1 and n/2 < a < n, where we require a = n if F is not
totally real. Then, we have an equality of (incomplete) L-functions:

LEwa) (Mg, [F,5) = LS04 (N g X g ' 9)-

Proof. This follows from Corollary and Proposition [3.41 O

Therefore using the decomposition of M given in ([Z2) and letting S:= Uga Sa,ar
we have proven the following theorem.

Theorem 3.6. Let n > 1 and n/2 < a < n, where we require a = n if F is not
totally real. Then we have an equality of (incomplete) L-functions:

LOM/F,s) = [[ L9 NG aXgar - 5)-
d,d’

3.4. Relationship to other results in the literature. We now briefly discuss
how the motives constructed in Section are related to other constructions of
motives and varieties in the literature.
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3.4.1. Standard motives of algebraic Hecke characters. Given a number field k& and
an algebraic Hecke character x: A} /k* — C*, there is a standard way to construct
a motive M(x) € M™ such that LS (M(x)/k,s) = L5 (x, s) for some finite set
of places S of k [6, §1.4]. In fact, let Mzum’ab be the Tannakian subcategory of
MU generated by motives of abelian varieties and Artin motives over k. Then
M (x) is characterized in the category M *" by its L-function [6, Theorem 1.5.1].
Note that the construction of the Chow motive My 4 yields that the numerical
realization of Mg lies in M. Therefore by Corollary and [6] Theorem
1.5.1] we have

Jn—a num,ab
Md,d’ Xg Fd,d’ = M(Ag)d/Ad7dl ) S MFd,d' .

That is, our construction proves that the motives M ()\g’d,XZ’;/a ) € Mp™, descend
to F' and can be realized at the level of Chow motives. 7

3.4.2. Motives of CM modular forms. Suppose F' = Q, K is an imaginary quadratic
field, and x is an algebraic Hecke character of K. Then one can form the theta
series 6(x), which is a modular eigenform. Scholl gave a construction attaching a
homological (or Grothendieck) motive over Q to any given eigenform [7]. In the
very limited circumstances when F' = Q and [Ky4 4 : Q] = 2, our construction

proves that Scholl’s motives attached to 6(\g, d,XZ;l,a ) can be realized at the level
of Chow motives.

3.4.3. Modularity of Schreieder’s varieties. The original motivation for this project
was to prove that the varieties constructed by Schreieder in [9] are modular in a
sense similar to [2) Theorem 3.3]. Fix a positive integer ¥ > 1 and let e = 2,
f=23F v =46=1in the Weil curve C introduced in Section 2.1l That is, C has
affine coordinate patches 32 = 23"+ 1, v? = W3 4 u, and genus g = % The
particular case of the group G acting on C™ was considered for k = 1 and a = n
by Cynk-Hulek in [2] §3] and for general k& and a by Schreieder in [9] §8]. In these
papers they construct, for each k > 1, a smooth model X of the singular quotient
variety C™/G with the property:

Proposition 3.7 ([9, Theorem 17]). For any k > 1 and n/2 < a < n, the Betti
cohomology of the n-dimensional variety X is of the form

Hj(X,C) = Hp(C",C)¢ & (@ V> :
p=0

where all classes in VPP are algebraic.

In other words, the “transcendental part” of X, which we denote T'(X), is equal
to our motive M in this case. Write A; for the isotypic 3*~i~!-dimensional abelian
variety defined over Q appearing in the decomposition of (JacC)g, that obtains
CM by K; = Q(Cg,:) when base changed to K;. Let S; denote the finite set of
primes of Q where A; has bad reduction, and let \; be the Hecke character of K;
associated to A; by Weil. We obtain the following corollary.

Corollary 3.8. For any choices of k > 1 and n > 1 and n/2 < a < n, the n-
dimensional smooth projective variety X s modular. That is, we have an equality
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of (incomplete) L-functions

LO(T(h(X))/Q, 5) HL<S> AN ).

Proof. The particular decomposition of the Jacobian of C is given by Corollary 23]
and the result then follows from Theorem O

In particular, when n is odd we obtain
LY (H! (X, H LN s).

Corollary B8lwas proved by Cynk and Hulek when C is the elliptic curve 3% = 234§
(6 € Q) and a = n [2, Theorem 3.3].
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