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Abstract

In this paper, exact controllability problem for a Rayleigh beam with piezoelectric actuator is considered. Controllability
results show that the space of controllable initial data depends on the regularity of the control function and the location of
the actuator. Two different spaces of control function, L?(0,T) and (H*(0,T))’, correspond to two different controllability
properties, L?-controllability and (H')’-controllability, respectively. The approach to prove controllability results is based
on the Hilbert Uniqueness Method. Some non-controllability results are also obtained. In particular, non-controllability
in short control time is studied by using Riesz basis property of exponential family in L2(0,T). Finally, minimal control

time for the exact controllability is obtained.

Keywords:
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1. Introduction and main results

1.1. History and problem statement

In recent decades, there have been a large number of
papers concerning the study of flexible structures. Three
main directions of research can be considered: the mod-
elling problem, the controllability problem and the stabi-
lization problem. Modelling a flexible structure as a beam
equation or a plate equation is an essential research field.
In [I], four types of models for the transversely vibrating
uniform beam, i.e., the Euler-Bernoulli beam, Rayleigh
beam, shear beam and Timoshenko beam, were summa-
rized and analysed. In the past few decades, the study
of elastic structures with a piezoelectric actuator or sen-
sor has gained a lot of attention. See [2, 8] for a PDE
modelling elastic structures with a piezoelectric actuator
Or Sensor.

Concerning controllability for PDEs, boundary control-
lability for wave equation and plate equation was stud-
ied in [4] using the Hilbert Uniqueness Method (HUM).
There were plenty of works on controllability for beam and
plate based on HUM. In [4, [5], boundary controllability
for Kirchhoff plate equation was fully investigated. Exact
controllability was obtained in sufficient large control time
with a single boundary control (active on a sufficiently
large portion of the boundary) in the case of clamped
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boundary conditions. As for beam equation, exact con-
trollability for Euler-Bernoulli beam hinged at both ends
with piezoelectric actuator was firstly considered in [0].
Since the space dimension is one, Fourier series was used
in [6]. Then [7] studied the exact controllability for the
same beam equation with piezoelectric actuator in a dif-
ferent physical configuration: the clamped-free boundary
conditions, i.e. a beam clamped at one end and free at the
other end. In [§], Ingham inequality (see [9, [10]) was used
to obtain the exact controllability for Rayleigh beam equa-
tion with a single boundary control among four different
boundary conditions.

In this paper, we consider the control problem mod-
elling the transverse deflection of a Rayleigh beam which
is subject to the action of an attached piezoelectric ac-
tuator. Assuming that the beam is hinged at both ends,
the equation of Rayleigh beam can be written as (see, for
instance, [2 [3]), for (z,t) in (0,7) x (0, +00),

Wit (1'7 t) — QWggtt (.’E, t) + Wrzzre (xv t)

d

u(t) - [0n(2) = d¢(2)],  (1.1a)
w(0,t) = w(m,t) = Wy (0, ) = Wye(m,t) =0, (1.1b)
w(z,0) = w’(2), we(z,0) = w'(z). (Ll

In the equations above w represents the transverse deflec-
tion of the beam, a > 0 is a physical constant, £ and 7
stand for the ends of the actuator (0 < £ <7 < ), and J,
is the Dirac mass at the point y. The control is given by
the function w : [0,7] — R standing for the time variation
of the voltage applied to the actuator.

Our main purpose is to find the initial data that can be
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steered to rest by means of the control function u. To give
the precise definitions of exact controllability, let us intro-
duce for any w in R the functional space Y, as follows. Let
Yy = L?(0, 7). For w > 0, let Y,, be the closure in H* (0, 7)
of the set of y in C°°([0, 71]) satisfying the conditions

Yy (0) =y (1) =0 Vn>0. (1.2)

For w < 0, let Y,, be the dual space of Y_,, with respect
to the space Yy. Then we give the precise definitions.

Definition 1.1. The initial data (w°,w') in Yo x Y7 is
exactly L?-controllable in (£,n) at time T if there exists u
in L*(0,T) such that the solution w of satisfies the
condition w(-,T) = we(-,T) = 0.

Definition 1.2. The initial data (w°, w') in Y7 x Yy is
ezactly (H') -controllable in (&,n) at time T if there exists
w in (HY(0,T)) such that the solution w of satisfies
the condition w(-,T) = w(-,T) = 0.

Note that in Definitions [[.1] and the spaces where
the initial data (w®,w!) can be taken depend on the well-
posedness of (see Section [3). In Definition the
space (H'(0,T))" is the dual space of H'(0,T) with re-
spect to the space L?(0,7). The study of controllability
with less regular control function is inspired by [4] which
studied the controllability of changing the norm for wave
equation and plate equation. Note that the system is
a time-reversible linear system, so the exact controllability
is equivalent to the null controllability (see Theorem 2.41
of [I1} p. 55]).

The paper is organized as follows. In the remaining
part of this section, we present the main results of the
paper, i.e. controllability, non-controllability and mini-
mal time for the exact controllability. In Section [2| we
provide some preliminaries on the theory of Diophantine
approximation and the Riesz basis property of exponential
family. The well-posedness results for the control problem
are given in Section [3 The main results are proved
in Section [d] respectively. [Appendix_A]provides the proof
of a technical lemma which is used in the proof of non-
controllability in short control time.

1.2. Controllability results

In order to state the exact controllability results, let
e > 0 and let the sets A C (0,1) and B, C (0,1) be
the sets defined in Section [2l From Section [2] the set A
is uncountable and has zero Lebesgue measure and the
Lebesgue measure of set B, is 1.

Our exact controllability results are the following.

Theorem 1.3. Let T > 2m+/a and € > 0.

1. Suppose that "2—';5 and 172—;5 belong to the set A. Then
all initial data in Yy x Y3 are exactly L?-controllable
in (§&,m) at time T.

2. Suppose that 7’2—:6 and % belong to the set B.. Then
all initial data in Yy 9. X Y39, are ezactly L?-con-
trollable in (§,n) at time T.

Theorem [1.3| gives us two exact L2-controllability re-
sults. The first result of Theorem shows that, for the
end of the piezoelectric actuator in an uncountable zero
measure set, we have the exact L2-controllability in Y; x Y.
The second result of Theorem shows that, for almost
all choices of the end of the piezoelectric actuator, we have
the exact L2-controllability in more regular Sobolev spaces
than Y, x Ys.

The next theorem concerns the exact controllability in
less regular spaces.

Theorem 1.4. Let T > 2m+/a and € > 0.

1. Suppose that ”Tff and ’72—;5 belong to the set A. Then
all initial data in Y3 X Ya are exactly (H')' -control-
lable in (&,m) at time T.

2. Suppose that ”2—‘;5 and % belong to the set B.. Then
all initial data in Yzioc X Yoioc are exactly (H') -
controllable in (£,m) at time T.

In Theorem (1.4 (H'(0,T))" control function brings
new difficulties to the problem. The well-posedness of
with (H'(0,7))" control function need to be proven
while the well-posedness of with L2(0,7) control
function is a known result (see Section .

Theorems and give some sufficient conditions
for exact controllability. All the results show the depen-
dence of the space of exactly controllable initial data on
the location of the actuator. The differences between The-
orem [I.4) and Theorem [I.3] are the different spaces of the
control function and the different spaces of the controllable
initial data. In Theorem the control function belongs
to (H'(0,T))" rather than L?(0,7) and the space of the
controllable initial data is larger than the space in Theo-
rem [[.3] with the same choice of £ and 7. Roughly speak-
ing, the larger (less regular) the space of control function
is, the larger (less regular) the space of controllable initial
data is. To the best knowledge of the authors, such a re-
sult has not been developed yet for beam equation with
piezoelectric actuator or interior control.

1.3. Non-controllability results

After the controllability results, we show some non-
controllability results. In Section [4] from Propositions
and and the solution of the adjoint problem, we
can see that condition

n—§ n+¢§

2r 7 27
is necessary to have any exact controllability result. The
first non-controllability result concerns the insufficiency of

condition [(1.3)} Under condition [(1.3)] there exist £ and 7

and initial condition of problem [(1.1)[such that no control
can steer this initial condition to the equilibrium.

€R\Q (1.3)

Theorem 1.5. 1. For any B > —1, there exist £ and

n satisfying |(1.3)| such that for any T > 0, the space
Ygi+3 X Ygio contains some initial data that are not

exactly L*-controllable in (&£,n) at time T.



2. For any B > —2, there exist & and n satisfying
such that for any T > 0, the space Yayz X Ypio
contains some initial data that are not exactly (H')'-
controllable in (&,n) at time T.

Theorem (resp. Theorem gives no informa-
tion on the exact L2-controllability (resp. exact (H')'-
controllability) of initial data in Y43 X Yo for § < 1
(resp. for 8 < 0). A partial answer is given by the follow-
ing result.

Theorem 1.6. Let e > 0, T > 0 and &, n in (0,7) be
arbitrary.

1. The set Ys_. x Yo_. contains some initial data that
are not exactly L*-controllable in (£,m) at time T.

2. The set Yo_. X Y1_. contains some initial data that
are not exactly (H') -controllable in (&,n) at time T.

Notice that all the exact controllability results in The-
orems and require T' > 21/, however, in [6], the
exact controllability results for Euler-Bernoulli beam have
no requirement of control time. Consequently, a huge dif-
ference between Rayleigh beam and Euler-Bernoulli beam
is revealed and the reason lies in various distributions of
their eigenvalues. More precisely, under the same bound-
ary condition |(1.1b)} the eigenvalues of Rayleigh beam
equation are for k in N* (see Section while the
eigenvalues of Euler-Bernoulli beam equation are k* for k
in N* (see [6]). Roughly speaking, this fact implies that
Rayleigh beam equation possesses finite propagation speed
and that Euler-Bernoulli beam equation possesses infinite
propagation speed. For this reason, all the exact control-
lability results for Rayleigh beam require T' > 27+/a while
the exact controllability results for Euler-Bernoulli beam
hold for all T > 0 (see [6]). Based on this fact, we give the
non-controllability results for 0 < T' < 27/

Theorem 1.7. Let 0 < T < 2m/a and &, n in (0,7) be
arbitrary.

1. For any B > —1, the space Ypi3 X Ypio contains
initial data that are not exactly L?-controllable in
(&,n) at time T.

2. For any B > —2, the space Yzi3 X Ygyo contains
initial data that are not exactly (H')'-controllable in
(&,n) at time T.

Remark 1.8. For the case T = 27/, whether the exact
controllability still holds remains open.

Notice that in Theorem the lack of controllability
holds for some special ¢ and 1 which are related to the
space of initial data. However, in Theorems and
non-controllability holds for any £ and 7. From Theo-
rem we can see that T' > 27/« is necessary for ex-
act controllability for Rayleigh beam equation. Therefore,
minimal control time for the exact controllability is ob-
tained. As far as we know, this is the first result stating a
lack of controllability for Rayleigh beam in short control
time.

2. Preliminaries

In this section, we provide some known results on the
theory of Diophantine approximation (see [13,[14]) and the
Riesz basis property of exponential family (see [15]).

For a real number p, we denote by ||p||z the difference,
taken positively, between p and the nearest integer, i.e.,
llpllz = min,ez|p — n|. Let us denote by A the set of
all irrationals p in (0,1) such that if [0,a1,...,an...] is
the expansion of p as a continued fraction, then (a,) is
bounded. The set A is uncountable and its Lebesgue mea-
sure is equal to zero (see Theorem I of [I3 p. 120]). The
following property proven in Theorem 6 of [14, p. 23] is
essential for this paper.

Proposition 2.1. A number p is in A if and only if there
exists a constant C > 0 such that

c
lapllz > . (2.1)

for any strictly positive integer q.

The next proposition, which is proved in [I3 p. 120],
shows that an inequality slightly weaker than [(2.1)| holds
for almost all points in (0,1).

Proposition 2.2. For any € > 0, there exist a set B. C
(0,1) having Lebesque measure equal to 1 and a constant
C > 0 such that for any p in B,

C
lapllz = e (2.2)

for any strictly positive integer q.

The following proposition on simultaneous approxima-
tion proven in Theorem VII of [I3] p. 14] is useful to prove
Theorem [L.6

Proposition 2.3. Let p1,. .., pr be k irrationals in (0,1).
Then there exists a strictly increasing sequence of natural
numbers q, such that for allmn > 1,

k
ax (lgupillz, o lgopilzs - lanpelle) < -

The next proposition proven in Theorem I11.4.18 of [15]
p. 109] on the Riesz basis property of exponential family
in L2(0,T) is essential to prove Theorem

Proposition 2.4. Let {\,}ncz be a sequence of complex
numbers such that sup, ¢y |ImA,| < co and inf, 4y, Ay, —
An| > 0. Let N(z,7) := { |z < Rel, < x+r} forz in
R and r > 0, where §A is the number of elements in the
set A. Assume that for some T > 0,

lim 7]\7(%,7”) = E

T—00 r 2
holds uniformly relative to all x in R. Then for any T’ in
(0,7), {e?}, ez contains a subfamily {ePn'}, cp that
forms a Riesz basis in L?(0,T'). Moreover, if {\n}nez
18 a sequence of real numbers such that A\, = —\_,,, the
subsequence { Xy, }nez satisfies Ay, = —Aq_,, -



3. Well-posedness of

In Section 3.1} we show the well-posedness result of
systemwith L?(0,T) control function which has been
proved in [16]. In Section we prove the well-posedness
and regularity results of system with (H*(0,T))" con-
trol function. The approach is inspired by [4]

3.1. Well-posedness of with L?(0,T) control func-
tion

We state the well-posedness result and show the proof

here, because the process of the proof is also used in other
sections.

Theorem 3.1. Suppose that (w°, w') belongs to Yo x Y.
For any u in L*(0,T) and for any & and n in (0,7), the
initial and boundary value problem |(1.1) admits a unique
solution w having the regularity

w € C([0,T); Y2) N CH([0,T]; Ya). (3.1)

In order to prove Theorem let us first consider the

adjoint problem of [(1.1)]in (0, 7) x (0, +00),
¢tf ($ t) - a¢zrtt (1' t) + ¢zTTr (:C t) - O (32&)
(Z)(Oa t) = ¢( , ) = ¢aco;(07t) (bwm(ﬂ' t) 0, (3'2b)
$(x,0) = ¢°(x), ¢(,0) = ¢ (2).  (3.2)

The next lemma proved in [I6] provides the well-posedness
of the adjoint problem |(3.2)| and some trace regularities
needed in the proof of main results.

Lemma 3.2. For any initial data (¢°,¢') in Yo x Y1,
there exists a unique weak solution ¢ of in the class
C([0,T); Y2)NC([0,T); Y1). Moreover, for any x in (0, ),
b2(X, ) belongs to HY(0,T) and there exist C,C’ > 0 such
that

62O, M 0.y < CUE 20, + 16" 11 0,m)5 (3-3)
16206 L2 0.0y < C' U131 0,m) + 167 122 0,m))- (3-4)

Proof. Tt is easy to see, by the semigroup method, that
the problem |(3.2)] is well-posed in the space Y3 x Y7 (see

[17, p. 104]).
Next we prove |(3.3)] and [(3.4)] Since the family of
functions {z + sin(kx)}gen+ is the orthogonal basis of

Y; and Y; respectively, let ¢%(z) = > k>1 aksin(kz) and
o' (z) = Do, besin(kz) with (k%ax) and (kby) in I%(R).
By standard computation, we have

o(z,t) = gl [ak cos (\/ﬁwt>

+bk\/1+ozk2 . ( k2
V1 + ak?

t)] sin(kz). (3.5)

Then for all T > 0, ¢, (%, ) belongs to H'(0,T) and

/ Gt )P de < © S K2R 4+ 1)),

k>1
which yields|(3.3)l And simultaneously we have
T
| 1ete 0P < 073 @k + 1),
0 k>1
which clearly yields [(3.4)] O

Proof of Theorem[53.1 Thanks to Lemma the follow-
ing backward adjoint problem in (0, 7) x (0, 7) is well-posed
in Yo x Y7 for every 7 > 0 and g in Y.

Vi (2, 1) — gt (T, ) + Vpgaw(x,t) =0, (3.6a)
v(0,t) = v(m,t) = V34(0,t) = vga(m,t) =0, (3.6b)
v(z, ) =0, v(z,7) = g(). (3.6¢)

Moreover, for any y in (0, 7),
00 ez < Clgle (3.7

Since is linear and Lemma holds, it is enough
to consider the case w® = w! = 0. Suppose that g belongs
to C§°(0,), and let v be the solution of Define
a linear operator £ := I — a0ys. It is well-known that
the operator £ is an isomorphism from Y5 to Yy and an
isomorphism from Y7 to Y_; by Lax-Milgram Theorem. If
we multiply by v and integrate by parts, we obtain

/ Lw(z,T) )dac—/o u(t) (v (n, t)—v (€, t))dt. (3.8)

Inequality implies that

/ " u(t) (s, £) — s e, t))dt\ < 20 ull 0.1 lgllve.

so by [(3.8)] we obtain Lw(-,T) belongs to Yj, and hence
w(-, 7) belongs to Y for all 7 in [0,7]. By replacing 7 by
T 4 h in|(3.8)| we easily get that

w e C([0,T]; Ya).

Denote R := (I — ady;)~t. It follows from Lax-Milgram
Theorem that the operator R is an isomorphism from Y_o

to Yp and an isomorphism from Y_; to Y;. Applying R to
both sides of |(1.1a)| yields

(3.9)

Wit (2, 1) + RWgaze (2, 1) = u(t)R—[0,(x)

dx
Regularity |(3.9)| implies that
Rwzgss € C([07 T]; YO)-

—e(x)]. (3.10)

(3.11)

As w satisfies |(3.10)| and % belongs to Y_» for all b in
(0,7), we obtain from [] that

wy € L*(0,T;Yp). (3.12)



Applying the intermediate derivative theorem (see Theo-
rem 2.3 of [I8, p. 15]) with [(3.9)] and |(3.12)} it follows
that

w; € L*(0,T;Y1). (3.13)

The conclusion is now a consequence of and
(3.13)| and of the general lifting result from [19]. O

3.2. Well-posedness of with (H'(0,T))" control func-
tion
As the control function u belongs to (H'(0,T))’, the
dual space of H'(0,T), we need to define the solution of
in the weak form. The next proposition gives a char-
acterization of (H1(0,7T))" (see [20 p. 62]).

Proposition 3.3. For every u in (H'(0,T))’, there ex-
ist functions ug and uy in L*(0,T) such that for all ¢ in
HY(0,T),

T
(u, @) (H(0,1)) x H (0,T) =/ (uod +urpy)dt.  (3.14)
0
Moreover

lull (e 0,y = inf [[(uo, w)ll(22(0,7))2

= minH(uo,ul)”(Lz(O,T))% (315)

the infimum being taken over, and attained on the set of
all (ug,u1) in (L?(0,T))? for which holds for every
¢ in HY(0,T). And the element (ug,u1) in (L%(0,T))?
satisfying |(3.14)| and |(3.15)| is unique.

Note that ug and u; also define a distribution @ in
D'(0,T) as u = ug — u1,.. We know from [20, p. 63] that
the element u of (H1(0,T))’ is an extension to H'(0,T') of
the distribution wu.

Inspired by [4], we define the weak solution of by
transposition and prove the well-posedness. We explain
the results in three steps.

1. We prove the well-posedness and the trace regularity
of a non-homogeneous problem

2. We define the weak solution of by transposi-
tion using the solution of non-homogeneous problem
(3.16)]

3. We prove the well-posedness of [(1.1)| with the control
function u in (H'(0,T))’.

Step 1. Let {f,0° 6} belong to L*(0,T;Y_1) x Y3 x Y7.
Let us consider the following backward non-homogeneous
problem in (0,7) x (0,7T),

O (2,t) — alpprr(x, 1) + Opgan(x,t) = f(x,t), (3.16a)
0(0,t) = O(m,t) = 0,,(0,1) = O,z (m,t) =0, (3.16b)
0(z,T) = 60°, 6,(x, T) = 0'.  (3.16¢c)

The following proposition provides the well-posedness and
the trace regularity of |(3.16)] Our approach to prove this
proposition is inspired by ideas and methods used in [I6],
21].

Proposition 3.4. For any initial data (6°,0%) in Yo x Y
and f in LY(0,T;Y_1), there exists a unique weak solution
0 ofm the class C([0,T]; Y2)NC*([0,T]; Y1). More-
over, for any x in (0,7), 0,(x,-) belongs to H*(0,T) and
there exists C > 0 such that

10200 )01y < CUI0° N #r20,m)
+ 10" 2 0 + 1 f 10,0y y))- (3.17)
Proof. Applying R to both sides of we obtain
But (2, ) + Rbpwan (@, ) = Rf (2, 8). (3.18)

Notice that Rf belongs to L'(0,7;Y;). Then the prob-
lem is well-posed in the state space Y5 x Yi by
the classical semigroup method (see [I7, p. 106]), and
then the problem admits a unique solution 6 in
C([0,T); Y2)nC*([0, T); Y1). Moreover, there exists a con-
stant C'7 > 0 such that

10llcqo,r1:v2) < Cr(160°] 52 (0,7)
10 1 0.m) + 1 FllLr0mv_y))- (3:19)
Then we need to prove inequality |(3.17)l The following

lemma proved in [16] 2I] shows that the operator RO;zzx
is “similar” to the elliptic operator féam.

Lemma 3.5. The linear operator L = —é@m — ROpzzz

s bounded from Ys to Ys.

Using this lemma, we can reduce the proof of to
a regularity property for a string equation. We consider
the initial value problem in (0,7) x (0,7),

1
ol,tt(xat) - ael,rz(:ﬂat) = ’R’f(x7 )7
01(0,t) = 91(7T,t) = 0,
01(2,T) =6° 0y 4(2,T) = 0"

The relations above imply that in (0,7) % (0,T), 02 = 6—6;

satisfies
1
92,tt($a t) - *92@90(%" t) = L6,
«

92(07 t) = 92(7‘-’ t) =0,
92($,T) = 0, 92,t(.’L‘,T) =0.
Since 6 belongs to C([0,T]; Y2) and L is bounded from Y5
to Yz, L6 belongs to C([0,T];Y2). Then by the classical
theory for evolution equations of hyperbolic type (see [22]),
6, belongs to C([0,T]; H3(0,7)) N C([0,T]; H*(0, 7)) and
there exists a constant C4. > 0 such that

[1(62, 02,0) || 10, 77: 172 0,7y x 112 (0,m)) < CE 10l c((0,77:2) -

This inequality, combined with |(3.19)| and the standard
trace theorem of hyperbolic equation, implies that there
exists a constant C% > 0 such that for any x in (0,7),

62,2 (x: 0,7y < C7(16° 12 (0,m)
10 1 0,m) + I F 2 0m5vy))- (3.:20)



As for 04, it is already proved by using multiplier methods
in [23] that there exists a constant C3 > 0 such that for
any y in (0, 7),
161,20, Ml 0,7y < CF16° 122 0,m)
+ 0 0 + 1 flrry_yy)- (3:21)

Then inequality follows from [(3.20)| and [(3.21)] O

Step 2. Now we give the definition of the weak solution
of Denote by X a Banach space consisting of 8, the
solution of And give X a natural Banach struc-
ture such that {f,6°,60'} ~ @ is an isomorphism from
LY(0,T;Y_1) x Y2 x Y7 to X. From Proposition X is
contained in C([0,7T]; Y2) N C1([0,T]; Y1) and holds
for all # in X and x in (0, 7).

Assume that {f, 0%, 0} belongs to L1 (0,T;Y_1) x Y3 x
Y; and that {u,w®,w'} belongs to L?(0,T) x Yz x Y.
Denote by 6 the solution of and by w the solution
of given by Theorem Multiplying by 6

and integrating by parts, we obtain

/T /Tr w fdzdt + /ﬂ[ﬁwt(T)eo — Lw(T)0']dx
0 0 0
T
=—Auw@mw—@mww
i w? — Lw0, T.
+ /0 [Lw'6(0) — Lw08,(0)]d

Now relaxing the assumption of {u,w°,w!} belonging to
L2(0,T)x Yo x Y to {u,w®, w!'} belonging to (H'(0,T))" x
Y1 x Yy and considering the integral fOT u(t)(0(n,t) —
0.(¢,t))dt as the linear form between u and 6,(n,:) —
0.(&,-), we obtain from that there exist functions
up and wuy in L2(0,T) such that

T T T
/ / wfdzdt + / [Lw(T)6° — Lw(T)6']dx
0 0 0
:—AhMM%mw—%@m
+ U (t) (ozt (77, t) - emt (ga t))]dt

+ / W[L’wlﬁ(O)—EwOGt(O)]dx. (3.22)
0

Let [(3.22)[ be the definition of weak solution.

Definition 3.6. Let T > 0, u in (H(0,T))" and (w°, w')
i Y1 X Yy be given. A solution of the problem s a
function w in C([0,T); Y1) such that for every {f,0°, 61}
in LY(0,T;Y_1) x Yo x Y7, holds and (w(T),w(T))
belongs to Y1 x Y.

Step 8. Then we are able to prove the well-posedness of

when u belongs to (H(0,T))’.

Theorem 3.7. Suppose (w®, w') belongs to Yy x Yy. For
any uw in (H*(0,T)) and for any & and n in (0,7), the
inatial and boundary value problem admits a unique
weak solution w in sense of Definition 5.6, And the map
{w® wtu} = {w,w(T),w(T)} is continuous and linear
with respect to the corresponding norm.

Proof. Since u belongs to (H(0,T))’, there exist uy and
uy in L?(0,T) such that holds . Moreover, the map
{f,0°,0'} ~ 6 is an isomorphism from L'(0,T;Y_;) x
Y5 x Y] to X. Therefore, we define a linear form I"' on X
such that

mm=—AhMM@mw—@@@>
+ U (t)(gmt (777 t) - azt (57 t))]dt

+ / W[Lwlﬁ(o)—/jwoﬂt(o)]dx. (3.23)
0

Since (w®,w!) belongs to Y7 x Yy, (Lw?, Lw!) belongs
to Y_1 x Y_5. It follows from Proposition [3.4] that T" is
a continuous linear form on X. Denote by (f1, f2) the
linear form between Y_, and Y, for any v > 0 and de-
note by (g1, g2)« the linear form between L>°(0,7;Y7) and
LY(0,T;Y_1). Therefore, for the linear form I' in X’ there
exists a unique element {w, (., (} in L>°(0,T;Y7) X Y_g %
Y_ 1 such that

(w, s+ (G, 0°) + (=C,0) =T(0) Voe X. (3.24)

Next we claim that w above is actually the weak solution
of It is sufficient to prove that w satisfies in
weak sense, Lw(T) = ¢ and Lwy(T) = (..

Notice that {z + sin(kz)}ren~ is the family of eigen-
functions of ROzzz.. Let m(x) = sin(kx) for some k in N*
and let h belong to L' (0, T). Firstly we set Rf(t) = h(t)m,
6° = 0 and 0! = 0, then f(t) = h(t)Lm. Denote by
A2 = k*/(1 + ak?) the corresponding eigenvalue and take
A positively. Then we obtain from Proposition that for
tin (0,7), 6(t) = q(t)m, where g satisfies g;s +\%q = h and
q(T) = q(T) = 0. Clearly we have q(t) = —1 fT sin(A(t —
o))h(o)do. Then we obtain from [(3.23)] and [(3.24)] that

T
/0 (w, £m) (g + N2q)dt = (w, ). = T(6)

T
= —(malm) = ma(€)) [ Fao(0a(t) + 1 (a1

+ q(0)(Lw*, m) — q,(0)(Lw", m). (3.25)

Notice that (w,Lm) = (Lw,m). Then[(3.25) implies that

(Lw,m)u + N (Lw,m) = — (mz(n) — ma(€))u,
(Lw, m)(0) =(Lw", m),
(Lw,m);(0) =(Lw',m).

(3.26)

Note that the first equation of holds in (H'(0,T))".
Since m(x) = sin(kx) and k > 1 is an arbitrary natural
number, then w satisfies |(1.1)|in weak sense.



Now we set f = 0, §° = 0 and ' = —m. Then for ¢
in (0,7), 6(t) = §sin(A(T — t))m. Therefore, |(3.23)| and
(3.24)| imply that

(¢,m) =T(0) = (Lw',m)
+ (Lw’,m) cos(AT) — (ma (1) — ma(€))

| /OT {uo(t) sin()\(f— t))

sin(AT)
A

—uy(t) cos(A(T — t))} dt.
(3.27)

Moreover, it follows from that

(Ca,m)(T) = (£, m) cos(AT) + (£a" ) 22T
_ M@, ST = ) (11 0.0y 81 0.1

(3.28)

Comparing |(3.28)| to we obtain that (Lw, m)(T) =
(¢, m), which proves Lw(T) = (.

Next we set f = 0, °© = m and ' = 0. Then for ¢
in (0,7, 0(t) = cos(A(T — t))m. Thus |(3.23)| and |(3.24)|
imply that

(Ce,m) =T(0) = (Lw', m) cos(\T)
— (Lw®, m)Asin(AT) — (my(n) — ms(€))

- /O o (£) cos(M(T — 1)) + ur (A sin(A(T — £))]dt.

(3.29)
Moreover, implies that
(Lw,m)(T) = (Lw",m) cos(\T)
— (Lw”, m)Asin(AT) — (mg(n) — mq(€))
“(u, cos(A(T = ))) 0,1y <1 (0,1)- (3-30)

Comparing[(3.30)| to we obtain that (Lw, m)(T) =
(C«, m), which implies Lw;(T) = (..

Now we have proved that there exists a unique ele-
ment {w, w(T),w:(T)} in L>(0,T;Y7) x Y1 x Yy such that
holds and the map {w®, w',u} — {w,w(T),w:(T)}
is continuous and linear with respect to the correspond-
ing norm. In fact we have the property of w belonging to
C([0,T); Y1). Since when the known data {w®, w*,u} be-
longs to Y3 x Y; x L?(0,T), we have Using a density
argument, we conclude the proof of Theorem [3.7] O

4. Proofs of the main results

In this section, we prove the main results. On the
one hand, for controllability results, namely Theorems|1.3
and we first use the HUM to rewrite the control prob-
lem into observability inequalities of the adjoint equation.

Then we derive these observability inequalities by apply-
ing the Ingham inequality. The methods for proving The-
orems [L.3] and are inspired by the ideas and methods
used in [6] for Euler-Bernoulli beam with piezoelectric ac-
tuator. On the other hand, for non-controllability results,
namely Theorems [I.5] to [[.7} we exhibit initial conditions
so that the observability inequalities are false. The ap-
proaches in proofs of Theorems and are inspired
by [6]. And the proof of the lack of the controllability in
short control time, namely Theorem [I.7] is inspired by the
methods used in [12].

4.1. Ezact L*-controllability (Proof of Theorem
Let (¢°, ') in (C*°[0, 7])? satisfying the compatibility

conditions and denote by ¢(z,t) the solution of
with initial value (¢°, #').
Consider a backward adjoint system in (0,7) x (0,7

wtt (.’b, t) - awmmtt (:L’, t) + wmmmz ({E, t)

= ult) By (x) — G, (41a)
1/](07 t) = ¢(7T, t) = ¢xw(0a t) = ¢zx(7"a t) =0, (4'1b)
Y(x, T) = e(x,T) =0, (4.1c)

where u in L?(0,7T) will be chosen later. Problem is
well-posed according to Theorem Then, multiplying

by ¢ and integrating by parts, we get
/ ’ ¢°(x) Ly (x,0) — ' (2) Lap(z, 0)dz
0
T
= [ .m0 - onepar @2)

Let u(t) = ¢x(n,t) — ¢ (&, t). Since[(3.4)] u belongs to
L?(0,T). Define a linear operator A satisfying
A(¢07 ¢1) = (‘qut(a O)a 7‘67/)(’7 O))

Since (L4:(+,0), —L(-,0)) belongs to Y_1 x Yy by Theo-
rem [3.I] the operator A is well defined. In particular, we

obtain from |(4.2)| that

T
(A0, 8, (6°,81)) = / 16200, 1) — b0 (€, 1) 2t

Therefore, we can define a seminorm

1
2

T
1(¢%, &M r = (/ I%(n,t)%(é“,t)zdt) ;
0

for all (¢°, ') in (C°[0, 7])? satisfying the compatibility
conditions

A classical argument in HUM implies the following
proposition.



Proposition 4.1. All initial data in Yay3 x Yo are ex-
actly L*-controllable in (&,n) at time T if and only if there
exists a constant ¢ > 0 such that

2t > e([|0° (50 + 10" I3-0-1)
(4.3)
for all (¢°, ¢1) in (C>=[0,7])? satisfying the compatibility

conditions |(1.2)]

is called observability inequality. As
in the proof of Lemma the solution ¢ of the adjoint

problem |(3.2)| has the form of |(3.5), which implies that

T
/0 62(1.) — bu(E.t)

T
/0 ba(n,t) — (€, D)2t

- sin (’“(77—5)) {a cos (’ﬁ)
2 g V14 ak?
N brv'1 + ak? in< k2t )
2 ® V14 ak?

Remark 4.2. From |(4.4)} we can see that |(1.3)|is neces-

sary for controllability.

dt. (4.4)

To prove the observability inequality |(4.3)| for some £,
we apply the following Ingham inequality (see [9, [10]) to
our problem.

Lemma 4.3. Let (vg)rez be a strictly increasing sequence
of real numbers and let o be defined by Yoo = liminf)y|
|Vk+1 — vi|. Assume that yoo > 0. For any real T >
27 /Yoo, there exist two constants Cy, Co > 0 such that for
any sequence (xy)rez in 12(C),

2
T
O Sl < / S et dt < S [l
kez 0 |kez kez
We apply Lemma [£.3] with
k‘2
vp=—v_p=——, keN,
* T ViraR?
- V1 4+ ak?
20, =22, = | a), — R

b (M9 g (K029 oy,

1’0:0.

As limyg| o0 [Vk41 — vk| = 1/y/c, then for any real T' >

27/, there exists a constant C; > 0 such that

T
ZCIZICQ (ai_i_b’%(l—’—akQ))

A
E>1

: [sin (k("; §)> sin (’"ﬁ(";g))r (4.5)

When 7;2;:5 and % belong to A, it follows from |(2.1)
that there exists a constant C' > 0 such that for all £ > 1,

(2ol )

wC c
in{ — || >—. (4.6
(E)| £ v
Inequalities [(4.5)| and [(4.6)| imply that

T
/0 162 (n,1) — da(&, D > ¢ 3 (@2h2 + B2kY),

k>1

which is exactly |(4.3)| for 5 = 1. This fact completes the
proof of the first part of Theorem [T.3]

When % and "2—;5 belong to Be, it follows from |(2.2)
that there exists a constant C' > 0 such that for all £ > 1,

(229 €

>

: > (4.7)

Inequalities [(4.5)| and [(4.7)| imply that
T
| 1600 = onle 0Pt > e S (aho2 - pghm,

k>1
which is exactly |(4.3)| for § = 1 4 2e. This fact completes
the proof of the second part of Theorem [1.3

4.2. Ezact (HY) -controllability (Proof of Theorem

Similar to in Section [4.1I} we use the HUM to rewrite
the controllability problem. Let (¢°,¢!) in (C°°[0,7])?
satisfy the compatibility conditions Denote by ¢
the solution of with initial value (¢", ¢').

Then consider the backward adjoint system|(4.1)| where
win (H'(0,T))" will be chosen later. Problem is well-
posed due to Theorem Then taking the linear form
between and ¢ and integrating by parts, we obtain

/OW #°(2) L (2,0) — ¢ (z)Lyp(2,0)dx

= (u, ¢z(n, ) — ¢ (&, ')>(H1(0,T))'xH1(0,T)- (4.8)
Recalling this equation is equivalent to
/O ’ ¢°(x) Ly (,0) — @' (2) Lap(z, 0)da
T
= | tuo(®(ern.) - onte.0)
+ Ul(t)(¢zt (777 t) - ¢zt (6, t))]dt7 (49)



for some ug and wuy in L2(0,T).

Let ug(t) = 0 and uy (t) = ¢ze(n, 1) — bzt (€, t). Function
uy belongs to L?(0,T') due to and therefore, u is well
defined. Define a linear operator A, satisfying

A*(¢0’ ¢1) = (‘th("o)v —ﬁw(',O)).

Since (L1¢(+,0), —L1(-,0)) belongs to Y_o x Y_; because
of Theorem operator A, is well defined. In particular,
we have

T

(Aa(6°, 81, (6°, 01)) = / (Gue(n, 1) — GurlE, 1) 2.

Therefore, we can define a seminorm

T 2
F, ‘= (/0 ‘(bwt(nat) - ¢wt(€7t)|2dt> )

for all (¢°, ¢') in (C°[0, 7])? satisfying the compatibility
conditions

A classical argument in HUM implies the following
proposition.

1(¢°, ¢1)]

Proposition 4.4. All initial data in Yays x Yo are ex-
actly (HY) -controllable in (£,m) at time T if and only if
there exists a constant ¢ > 0 such that

T
[ 16000 = bra(Ect)Pat = 160 s + 161 -5-2)
(4.10)
for all (¢°, ¢1) in (C[0,7])? satisfying the compatibility
conditions .

Assume T > 2my/a. Using similar arguments as in
Section we have the following results. When % and

"2—;5 belong to A, there exists a constant ¢ > 0 such that

T
/O (Gar i, 2) — du(€, D)2t > 3 (a2 +5272),

k>1

which is exactly when S = 0. This completes the
proof of the first part of Theorem [T.4]

When 772—';5 and 772—;5 belong to B, there exists a con-
stant ¢ > 0 such that

T
| a0 = Gl )Pt = ¢ S o(afh k7,

k>1

which is exactly |(4.10)| when 8 = 2e¢. This completes the
proof of the second part of Theorem

4.8. The condition |(1.3)| is not sufficient (Proof of Theo-
rem
As mentioned in Remark[£.2] the condition[(1.3)]is nec-

essary for controllability. We aim to prove the condition
(1.3)|is not sufficient in this section.

From Proposition [£:1] it is sufficient to show that for
any > —1, there exist £ and 7 satisfying [(1.3)|such that

(4.3)|is false for any ¢ > 0. For any g > —1, let
3
v > max §ﬁ+1,2 . (4.11)

‘We choose

(4.12)

n+§_§ian
2 4= 107"
n=1

where a, belongs to {0,1,...,9} for all n > 1, and a,
is not identically zero for great n. According to [24] the
right-hand side of is a Liouville number, i.e., it is
transcendental and there exists a strictly increasing se-
quence of integers ¢, such that

sin <qnn+£)‘ < s Vn > 1. (4.13)
2 ar,
Now we consider the sequence of initial data
Op(x) = g sin(gnz), ¢y (2) =0 Vo e (0,m), (4.14)

where y = 38 if B > 0 and p = 1if -1 < 8 < 0. Ob-
viously, (¢?, ¢L) belongs to (C°°[0,7])? and satisfies com-
patibility conditions|(1.2)| and

l$nllz—5 + llonllz—s-1 — oo (4.15)

Moreover, we obtain from |(4.4)] [(4.11)} and |(4.13)| that

T
/C; |¢n,r(777t) - ¢n,x(§,t)|2dt

M n+EYN n—§
= 4/0 qn S <Qn2> Sin <Qn2)

2
dt

¢
g cos [ —2—t
V1+ag?

sin <qn 77—2’—£>

< ArT@r+1=v) 0,

2
< 4Tq72L(“+1)

asn — oo. (4.16)

Relations |(4.15)|and [(4.16)| show that is false for any
c>0.

Similarly, because of Proposition [£.4] it is sufficient to
show that for any 5 > —2, there exist £ and 7 satisfying
such that is false for any ¢ > 0. The proof is
quite similar to the proof above in this section. For any
fixed 8 > —2, we only need to change v as

v > max <Zﬁ + 2, 3> , (4.17)

and to set p = 38if B> 0and p=1if -2 < 3 <0. By
similar calculation, we obtain that is false for any
c>0.



4.4. Non-controllability for initial data in less reqular set

(Proof of Theorem @)

Similarly to the previous section, we aim to prove|(4.3)

(resp. [(4.10)) is false. According to Proposition for
any £ and 1 in (0,7), there exists a strictly increasing

sequence of positive integers {¢n }n>1 such that for all n >

1,
an (w26 2 (25| < =
(4.18)
First we consider the sequence of initial data
#0 (z) = sin(guz), ép(z) =0 Ve (0,r). (4.19)
We note that for any € > 0,
I$nllre + llonllze—r = Cap® = 00, n— 00,  (4.20)

where C is a positive constant. By |(4.4)| and |(4.18)| we
have that for all n > 1,

T
/0 ‘(bn,z(nat) - ¢n,w(§7t)‘2dt

o ¢

. n+ . n—=¢&
i (325 an (1.259)
@

2
-CoS | ——t
V14 ag?

dt < K,
where K is a positive constant. So [(4.20)| and |(4.21 ) show
that |(4.3)|is false for 8 = —e and arbitrary ¢ > 0.
Then we choose the sequence of initial data

(4.21)

) (z) = g, ' sin(guz), ¢L(x) =0 Ve (0,7). (4.22)
We note that for any € > 0,
oo Fress + onllfe = Cai = 00, n—o00, (4.23)

where C is a positive constant. By |(3.5) and [(4.18)| we
have that for all n > 1,

T
/0 ‘an,wt (777 t) — Onat (f, t) ‘th
T
- 4/0 sin <Qn77;_§> sin (%Ln;E)
a

2
2
q .
: n sin t]| dt <K,
V1+ag? <\/1+aq%> -
where K is a positive constant. So|(4.23) and [(4.24)| show
that [(4.10)|is false for 5 = —¢ — 1 and arbitrary ¢ > 0.

(4.24)

4.5. The lack of controllability in short control time (Proof
of Theorem
We prove the lack of L2-controllability (resp. (H?!)'-
controllability) when 0 < T' < 27/« in this section. Let
0<T<2my/aand & 7 in (0,7) be arbitrary.

10

We first concern the lack of L2-controllability. For any
B> —1, we aim to find {(¢2,, #L.)}men- such that

T
/ (G (1,) — Guma(€,D2AE 50, a5 m > 00
0

and
dmllF—s + 1 omllF—s1 > ¢>0

for any m > 1. As in Section we denote

7’?,2

V1+an?’

Obviously, {A,}nez+ is a strictly increasing sequence and
limy,| oo [Ans1 — An| = 1/3/a > 0. Adding or subtracting
finite numbers in the sequence does not affect the result
of Proposition 2.4] so we can apply Proposition 2:4] to the
sequence {A,}nez+. Define N(z,r) as in Proposition
corresponding to { A, }nez+. We have the following lemma.

An

A,

ne N, (4.25)

Lemma 4.5. Let {\,}nezr and N(x,r) be defined above.
We have that

N(z,r) N

asr — oo (4.26)

holds uniformly relative to x in R.

We will prove this lemma in As0<T <
21/, we can choose T” such that 0 < T < T' < 2w/«
Let f in L?(0,2m/) be a real valued function such that
f(t) =0if 0 <t < T and || f||z2¢0,7) # 0. According
to Lemma [4.5| and Proposition the family {e**"!}, ¢z
contains a subfamily {e?*an?}, 7. which forms a Riesz ba-
sis in L2(0,T"). Moreover, the subsequence {)\,, }nez sat-
isfies \;, = —\,_,. Then for the function f in L?(0,T")
defined above, there exists a sequence {l,}nez- in [?(C)
such that f(t) = Y, o lne™ e holds in L?*(0,7”) and
0 < Y ,ez lIn|> < oo Since f(t) is a real valued func-
tion, we have [, = [_,,. Now we can define the sequence
{(#2,, #L ) }men- of initial data as the following,

60 (2) = Qni::lRe(ln) [qn sin (%774;5)

—¢ -1
-sin (qanﬂ sin(gn),

m

S() = =2 Tm(ly) [qn sin (q”‘gg)
n=1
a

1
.sin an_f R
2 V1+ag

As mentioned in Remark we assumeholds. Con-
sequently, the sequence {(¢2,, #L )} men+ of initial data is
well-defined.

Since 0 < <z I.]? < 0o and [, = [_,,, there exists
mo > 1 such that [,,,, # 0. So for m > mg and for any

sin(gpx). (4.27)




ﬂzfla

1mllzr—s + ldmllz—s—

> o 775 + 1dm 1751 = ¢ > 0. (4.28)
Moreover, thanks to|(4.4)l we have
T
[ 10mat.0) = ot )
0
2
1Y e an g
:4/ letot| At (4.29
0 n=—m,n#0

Since 0 = f(t) = X,cz- lne*»® in L?(0,T), we obtain
that

T
/ |pm. (0, 1) — ¢myz(§,t)|2dt — 0, asm — oco. (4.30)
0

Relations [(4.28)| and [(4.30)| finish the proof of the lack of
exact L2-controllability for any 8 > —1.

As for the lack of exact (H')’-controllability for any
B > —2, we only need to change the initial data in
to

#° (z) = 2;1{6(1“) [qn sin (qnn;’t)
. ( n—f)]_lx/1+aq%
sin (g 5

n

Sh(w) = 2gjllm<ln> aosin (0,75

—1
-sin (qnn;£>} sin(gnx).

sin(gnx),

(4.31)

Similarly, |(4.28)| holds for m > mg and for any g > —2.
Moreover, we have

T
A ‘¢m,xt (77) t) - d)m,xt ({, t)|2dt
T 2
=4
J

Relations [(4.28)| and [(4.32)| finish the proof of the lack of
exact (H')-controllability for any 8 > —2.

m

Ietant

dt -0, asm — oo.

n=—m,n#0

(4.32)

5. Conclusion

The exact controllability problem for Rayleigh beam
equation with piezoelectric actuator has been fully con-
sidered. Two different types of controllability problem,

11

namely L2-controllability and (H!)’-controllability, are in-
vestigated. Moreover, several non-controllability results
are proved. Especially, minimal control time for the exact
controllability is deduced from the non-controllability re-
sult in short control time. As said in Remark [I.8] exact
controllability in critical time is an open problem. Con-
trollability problem for other types of beam equation with
piezoelectric actuator, such as shear beam equation, also
remains open.

Appendix A. Proof of Lemma [4.5

Solving ﬁ < r, we obtain that k < [(ar? +

rva?r? +4)/2]2. Thus we define a real function g : (0,
+00) = (0,400) as g(r) = [(ar? + rva?rZ +4)/2]z and
define {z} = ¢(z) — 1, where ¢(z) = mingez{q > z}. Ob-
viously, z — 1 < {z} < z. Then we have N(0,r) = {g(r)}.
Notice that for x > 0, N(z,r) = N0,z +r) — N(0,z) =
{g(z+7r)}—{g(x)}. Therefore, we have g(x+r)—g(x)—1 <
N(z,r) < g(z +7r) — g(x) + 1. Now we need to estimate
glx + 1) —g(x) for x,r > 0.

Let f(x)

shows that 0 < x < /2/« implies f”(z) > 0. Therefore,
there exists Ny in N satisfying Ny > /2/a + 1 such that
for all n > Ny, A\p11— A, decreases and converges to 1/4/a.

Then for x > Ny, N(No,7) < N(z,7) < limz400
N(x,r). Simple calculation shows that lim, ., .[g(z +
r) — g(x)] = y/ar. Therefore, we obtain that g(Ng + r) —
g(Ng) — 1 < N(z,r) < y/ar + 1 holds for z > Ny.

For 0 < =z < Ny, N(x,r) < N(0,Np) + N(Ng,r) <
var +1+ g(Ng). Assuming that r > Ny, we have

ﬁ for £ > 0. Then simple calculation

N(z,r) > N(No,r — No+x) = N(0,z +r) — N(0, Np)
= g(x+7)—g(No) —1= min }9(1’“) —g(No) — 1.

z€[0,Ng

Then for all x > 0 and r > No, mingejo,n, 9(x +7) —
g(Ng) —1 < N(z,r) < /ar+ 1+ g(Ny) and hence,

lim 7]\[(9:,7") =

r—00 r
holds uniformly relative to = > 0.
For —r <2 <0,

(A1)

N, |x]) + N(0,r — |z]) < N(z,7r)
< N(O, |z|) + N(O,r — |z]) + 1.

Let 6 belong to [0,1] and |z| = §r. Note that N(0,|z|) +
N(0,r —|z|) = {g(0r)} + {g((1 — §)r)}. We obtain from
the expression of g that lim,_, g(r)/r = v/af. Conse-
quently, holds uniformly relative to —r < z < 0.
For x < —r, N(Jz| —r,7) < N(z,7) < N(|z|—r,7)+ 1.
Let t = |z|—r > 0. Then as same as in the situation z > 0,
we have that holds uniformly relative to ¢ > 0, which
means that holds uniformly relative to z < —r.

Combining all the situations, we have that [(A.1) holds
uniformly relative to z in R. Lemma [£.5] is thus proved.
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