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Highlights :
- We solve the Riemann problem for depressurization of water
- For such a problem, the IAPWS equation of state (EOS) can be approximated by a stiffened
gas EOS in the pure liquid and/or pure steam phase
- Atabulated EOS can be efficiently used for the diphasic domain

Abstract: We address the solution of the Riemann problem for water in the diphasic domain.

We compare the solution obtained with the IAPWS equation of state (EOS) with the solution
obtained with a modified stiffened gas EOS for pure liquid water, a tabulated EOS for the diphasic
domain and a modified perfect gas EOS for pure steam. Since our interest is phase transition, we limit
ourselves to temperatures below 623 K. We obtain convex isentropes which do not cross each other,
so that the Riemann problem can be solved easily and its solution is unique. We analyze the effect of
the EOS which has been selected.

We give examples which are useful to understand the depressurization process in a tube.

Keywords: depressurization, diphasic flows, shocks, rarefaction waves, real EOS

1. Introduction

For real materials, the Riemann Problem has been considered in the pioneering work by R. Menikoff
& B. Plohr[8]. In particular, they show that when the isentropes in the (t, p) plane are convex, then
the Riemann problem has a unique solution.

As we shall see, for water in the temperature domain we consider, we get convex isentropes.
Indeed, the entropy diagram for water (see e.g.
https://demonstrations.wolfram.com/TemperatureEntropyDiagramForWater/ )

shows that, for water, when one follows a given isentrope, the saturation line can be crossed only
once: from the liquid to the diphasic domain or from the steam to the diphasic domain.

Since the sound speed is higher in the liquid domain than in the diphasic domain and also higher in
the steam domain than in the diphasic domain, we shall deduce that for water, isentropes are convex
in the (z, p) plane.
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Fig. 1. Regions and equations of IAPWS-TF97.



In [11] Mller & Voss consider so called “retrograde fluids” like dodecane for which this is not the
case. In the present paper, we restrict ourselves to water, for which very accurate EOS have been
established like IAPWS97 [14]. We shall consider temperatures below 623K, which is a bit smaller
than the critical one (647K). As indicated in Fig 1, extracted from [14], we shall need the EOS given by
IAPWS for regions 1 (liquid domain), 2 (steam domain) & 4 (diphasic domain).

The IAPWS97 EOS is very accurate, but somewhat costly as regards computing time. See more details
in [12]. People frequently use stiffened gas EOS for pure liquid water and another one for pure steam
water. Then they apply thermodynamic laws to obtain an EOS in the diphasic domain, as explained in
[5, 7]. This induces a computational cost, and this is the reason why people also build look-up tables
asin[12] or [13].

In the present paper, we use look-up tables for the diphasic domain only. We complement them by a
modified stiffened gas EOS for the pure liquid domain (IAPWS region 1) and a modified perfect gas
EOS for pure steam domain (IAPWS region 2).

In §2 we show how to use our table to derive an EOS in the diphasic domain (IAPWS region 4).

In §3, we show how to combine our diphasic EOS with a modified stiffened gas EOS (SG) in the pure
liguid domain (IAPWS region 1).

In §4, we show how to combine our diphasic EOS with a modified perfect gas EOS (PG) in the steam
domain (IAPWS region 2).

In §5 we address the solution of the Riemann problem with our combined EOS.

We show that the isentropes we obtain in the (z, p) plane are convex, which, according to [9], proves
that the Riemann problem has a unique solution.

Like in [8] we use a graphical method for solving the Riemann problem.

Finally, we give some specific examples in connection with depressurization.

2 Equation of state for diphasic water.

Formalism

In what follows, the subscript f (resp. v) stands for liquid (resp. steam)

For equilibrium diphasic mixtures (steam + liquid) we have extracted from IAPWS a table of 300 lines.
For1 < i < 300, our table gives a value T; for the saturation temperature and the 7 values p(T;),

7 (T1), Tu(Ty), & (T1), &, (T), Sp(T1), 5u(T7)-

We have T; = 335 K and T3¢9 = 634 K which gives limits to our domain of validity.

From our table, following Miller & Voss [11], we proceed in the following way:

Method A: to compute p, T and s, when t and € are given: Let
ye(T) = (r = 7,(D)/ (2 (1) — 7, (1))
Ye(T) = (£ = &,(1)/(£:(T) = £,(T))

To compute T we just have to solve the equation y.(T) = y.(T).
This is a nonlinear equation with one unknown T which can be easily solved by
* finding i such that y;(T;) > y:(T;) and y;(T;41) < Ye(Ti41)
e solving a second-degree equation to find 6 suchthatT = (1 — 8)T;,, + 6T; and
(r = (M) (1) = £,(1)) = (& = &) (7(T) = 7,(T))
*  From the value of 8, compute T = (1 — 6)T;;1 + OT; and then p (which depends on T).

* Let y* denote the common value of y,.(T) and y.(T) we let
s=y" ss(T)+ (A —-y")s,(T)m

Method B: to compute p, T and &, when T and s are given:



In the same way, we solve y,(T) = y,(T) = y* where
ye(T) = (r = 7,(D)/ (2 (1) = 7, (1))
Ys(T) = (s = 5,(1)/(5(T) = 5,(T))

The details are left to the reader. m

Evaluation of isentropes.

With method B it is very easy to plot an isentrope.

With method A, we proceed by increment. If we start from (T, g p(r, s)) we move to

(1: +dt,e +de,p(t+dr, e + de)) by choosing de = —pdt

On Fig 2 we start from T = 363.21 L/kg, with s = 2.661 kJ/kg/K ; for method A we take
dt = —3 L/kg and we check that at the end of the curve (t = 3.21 L/kg), we obtain s =

2.653 KkJ/kg/K that is a relative error of 0.3%. Of course, such an error decreases if we decrease dt.
We give both results on Fig 2.
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Fig 2. Isentropic curve starting from 7 = 363.21 L/kg, with s = 2.661 KkJ/kg/K
computed with methods A vs B

Sound speed
If we use 7, s as the primitive variables, so that we can use Method B, we have
c=1+—0p/ot (1)
With 1, € as the primitive thermodynamic variables, we can use Method A and
c= T\/p.ap/as—ap/ar (2)
In the following test we replace partial derivatives by finite differences, and we get the results given
in Fig 3 for p = 12.9 MPa. Note that we obtain 2 superposed curves.
This proves that both methods are valid. As we shall see, Method A (and then (1)) is useful for solving
the Riemann problem. Method B (and then (2)) is useful for Finite Volume codes.
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Fig 3 Sound speed evaluated either with (1) or (2) as a function of the steam mass rate x

We notice that the sound speed in a diphasic mixture is much lower than in the liquid phase, where it
is of the order of 800 to 1500 m/s. This result is well known.

3 Equation of state for the liquid phase
For the pure liquid phase, we shall use a stiffened gas (SG) EOS.[5]

P=—VPo+ (¥ —DE—-q)t (3)
However, in the standard stiffened gas model, g is a constant, whereas here we shall require that

P =~YPw + (¥ — D(e —q)/1¢(p)
on the saturation line p, 77 (p), & (p), which means that we shall select

q=q@) =¢@)— @ +rP)tr(P) /(¥ — 1))
This is necessary to define a continuous (but not differentiable) value of € across the saturation line.
More precisely, for a given point in the pure liquid domain (7, p), we first determine a point (7g, pg)
on the saturation line such that,

P+Po = (Po + Do) (To/T)Y (4)

7o = T (Po)
Then we compute

q = & (Po) — (Po + YP)To/(¥ — 1)
And finally, we compute € = f(7,p) by using (4).

In table 1 we compare the specific internal energy obtained with our method, with y = 2.79 and
P = 186, and the one given by IAPWS97.

The results are given along an isochore line T =1.4877 L/kg

We note that the results are very close to each other.

We also note that the parameter q is almost constant



P ElAPWS 2% q
10.979 1.433 1.433 0.993
11.382 1.434 1.434 0.993
11.784 1.436 1.435 0.994
12.186 1.437 1.436 0.995
12.588 1.439 1.438 0.996
12.990 1.440 1.439 0.997
13.392 1.441 1.440 0.997
13.794 1.443 1.441 0.998
14.196 1.444 1.442 0.999
14.598 1.445 1.443 1.000
15.000 1.447 1.444 1.000

Table 1 IAPWS Specific energy vs SG specific energy for T =1.4877 L/kg

Note that there are some points (7, p) in the liquid domain for which we shall not be able to find
(70, P0)- Let (Tinin, Pmin) denote the smallest point on the saturation line in our table this will be the
case for the points on the left of the isentropic curve p + po, = (Pmin + Poo) (Tmin/T)Y . For these
points we select ¢ = qin = & (Pmin) = @min + YPo)Tmin/(¥ — 1)

This gives an EOS which is incomplete in the sense of Menikoff-Plohr, but can be completed as
indicated in [8].

To evaluate an isentrope with such an EOS, we can proceed in the following way:
- We start from (z, €, p) satisfying e = f(t,p)
- We introduce increments (dt, de, dp) satisfying both
- de= fidt+ f,dp and
- de=-—-pdr
We easily find a relation between dp and dt, which allows to evaluate the isentropic curve by
increment.
More explicitly, we have
(@ + Do) TV = (Do + Do) (7)Y
e=q+ ((p+yp=)r)/(¥ — 1)

Y@+ po) TV rdT 4+ Vdp = ¥(po + Poo) (T0)Y " dTo + (70)Y dpy (a)
_ 4
dto = - dPo (b)
de =dq + ((p+ypw) dt+7dp)/(y — 1) ()
d
dq = 2L dpy — (o +ype)dro + T0dpo)/(y = 1) (d)
de = —pdz (e)

The unknowns are dt, dp, dt,, dpy, de, dq and we have 5 equations. If we prescribe dt we can

evaluate dp like the 4 other unknowns.

Proof: Let=ﬂ, b=2L A=p — ((po + ¥Pw)a+10)/(y —1andB =1 /(y — 1).
dpo dpo

Using (c) +(d) +(e), we find that A dpy + B dp = _% (p +po) dt

On the other hand, let C = ¥ (py + Poo ) (10)Y "ta + (7)Y and D = — t¥using (a)+(b) we find that
Cdpy+ D dp =y(p + Pe) TV~ d7. When dr is prescribed
A B)

d
( Po> is solution of a linear system whose matrix is (C D

dp



We find numerically thatA.D —B.C # 0. m

Proposition 1: Along an isentrope, we have dp, = dty =dq =0
Proof: (a) gives
Y@+ Po) TV dr + 1Vdp = O i-e
Y +po)drt+1dp =0
(c) + (e) give
—pdt = ((p+ype) dt +Tdp)/(y — 1)
i-e
(y — Dpdt+ (p+ypo)drt+7dp =0
which is equivalent. m
It follows that in the (7, p) plane, the isentropes for our EOS satisfy (4)
It also follows that the sound speed can be computed by the well-known formula
c= G
To adjust the parameters y and p,, of our SG EOS it is desirable to have a look at the sound speed as
illustrated in Table 2

We also check that the isentropes do not cross each other in IAPWS region 1.

Tsat (K) Psat (Mpa) ¢ IAPWS (m/s) y Poo (Mpa) ¢ SG (m/s)
422 0.46 1468 3 650 1458
491 2.23 1271 3 453 1273
545 5.66 1052 3 277 1053

591.1 10.98 807 2.79 186 904
591.1 10.98 807 2.75 150 812

Table 2 liquid domain sound speed IAPWS vs SG for different SG parameters
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Fig 4. IAPWS vs SG isentrope with y = 2.79 and p.,, = 186




On Fig 4, we draw the isentrope starting from py = 15 MPa and t, = 1.4746 L/kg in the liquid
domain. We complement our isentrope in the two-phase mixture domain by using method B
previously described in §2.

We compare the IAPWS isentrope with the SG isentrope withy = 2.79 and p,, = 186.

Even though this is not supposed to be the optimal choice, according to Table 1, we see on Fig 4 that
both isentropes are close to each other.

Note that the IAPWS isentrope crosses the saturation line at P=10.97 MPa, 7 = 1.4877 L/kg while
the SG isentrope crosses it at P=10.92 MPa, T = 1.4855 L/kg so that the accuracy is acceptable.
Obviously, in both cases, our isentrope is continuous but there is a strong slope discontinuity
between both domains.

This corresponds to a strong discontinuity of the sound speed c. Note that such an isentrope is
convex. It has a slope discontinuity on the saturation line. But since the slope depends on c? and
since ¢ decreases, the isentrope is globally convex.

4 Equation of state for the steam phase
First, we recall that, for water, on both sides of the steam saturation line, the sound speed is always
higher on the pure steam side. Here is what we get with IAPWS on Fig 5.

600
—0— liquid side
-¥- diphasic side

500 -

400 - v

300 ~

Sound Speed (m/s

200 -

100 A

0 T T T T T T T
0 2 4 6 8 10 12

Saturation Pressure (MPa)
Fig. 5 sound speed c on both sides of saturation line

Since c? gives the slope of the isentrope in the (7, p) plane, this proves that the isentropes are
convex. For the pure steam phase, we shall approximate the IAPWS EOS for region 2 by a perfect gas
EOS. More precisely we still use (3), but with p, = 0.

On Fig 6, we compare the sound speed along the saturation line but on the steam side with IAPWS.
The results show that y = 1.26 is better at low pressure, and y = 1.28 at higher pressures.
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Fig 6 IAPWS vs PG sound speed along the saturation line (steam side)

On Fig 7, we can check that, with the perfect gas (PG) EOS and y = 1.26, we get a pretty good
approximation to the IAPWS isentrope.
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Fig 7 Isentropes on the steam side and saturation line

At = 34.535L/kg, p = 5.664 MPa the isentrope is shown on Fig.8.



Note that for p > 5.664 MPa we are in the pure steam domain and for p < 5.664 MPa in the
diphasic domain.

—— Saturation Line
---- lIsentrope

(9]
1

Pressures (MPa)
N
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Specific Volume (L/Kg)

Fig 8 Isentropic curve crossing the steam saturation line at 7 = 34.535L/kg, p = 5.664 MPa

5: Solution of the Riemann problem

We shall consider the case where we have the same fluid with two different states separated by a
diaphragm which is to be removed at time t = 0.

uy, p, Tc URr, Pr, Tr

We then have up = u; = 0 and we shall assume that pg > p;.
We anticipate that we shall have a 1-shock (propagating to the left) and a 3-rarefaction wave
propagating to the right.
Fort > 0 we shall have an intermediate constant state u, , p,, itself subdivided in 2 parts separated
by a contact discontinuity. On the left (resp. on the right) of the contact discontinuity, we shall have
T= T4 (resp.7 = 13).
We have 4 unknowns u, ,p,, T, T1, and we need 4 scalar equations.
First, let g(7) = f:o cg(0)/odo and cg(t) = c(t, sg), we shall use the fact that not only the entropy
s but also the Riemann invariant R = u — g(7), is constant along a 3-rarefaction wave.
We refer the reader e.g. to [4].
We now get our first two equations:

u, —g(rz) — (ug — g(1r)) = 0 (5)

p.— f(t2,52) =0 (6)
where the latter gives the isentrope associated to the right state.




We have seen on Fig.4 that we can replace the IAPWS isentrope by a SG isentrope with a good
approximation. This is also true in the (u, p) plane as described by (5): see Fig. 9.

u (m/s

-300 -250 —-200 —-150 —-100 -50 0
p (MPa)

Fig. 9 Rarefaction wave starting from pg = 15 MPa, 1z = 1.4746 L/kg, up = 0

Hugoniot curves.
Now what happens along the 1-shock?
Proceeding as DESPRES B. [4, p.155], we obtain:
(e1— &) +5(P1+p) (@1 — 1) =0 (7)
Since &; = f (741, p1) equation (7) defines a (so called Hugoniot) curve in the plane (z, p).
This gives our third equation. We denote by
P1 = Pro(T1)
the relation we just obtained between p; et ;.
Remark 1: To obtain the Hugoniot curve in the (u, p) plane we simply use the relation between the
jumps across the shock [p][z] + [u]? = 0. It gives our fourth equation.m

Examples of Hugoniot curves
An example is shown in [8] where the Hugoniot curves both in the {t, p} plane and the {u, p} plane
are not convex. This is what we find in one case (see Fig.13), in the {7, p} plane but not in the {u, p}
plane.
We shall consider 3 cases:
1. Case 1, where the Hugoniot curve starts from { 315 L/kg, 0.6 MPa} on the saturation curve
and stays in the steam domain
2. Case 2, where the Hugoniot curve is crossing the saturation curve on the steam side, in
{ 34.53 L/kg, 5.664 MPa}
3. Case 3, where the Hugoniot curve is crossing the saturation curve on the liquid side in
{ 1.3083 L/kg, 5.664 MPa}.
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On Fig 10 we compare the Hugoniot curve obtained with IAPWS and the same given by a perfect gas
EOS withy = 1.26 and y = 1.28. The latter gives a slightly better approximation. It seems due to the
fact that y = 1.28 gives a better approximation to the sound speed for p < 3 MPa.
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Fig 10 Hugoniot curve starting from the saturation line (case 1)
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Fig 11 Hugoniot curve crossing the steam saturation line. Case 2.
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On Fig 11 we plot (Case 2) the Hugoniot curve starting from 7, = 234 L/kg, p;, = 0.554 MPa inside
the diphasic domain. It crosses the saturation line in t = 34.53 L/kg, p = 5.664 MPa, and it
continues (even though much stiffer) in the pure steam domain.

We make a zoom on the pure steam domain on Fig 12. It shows that the parameter y is sensitive on
this case. The trend is correctly represented with = 1.28 ; not quite so with y = 1.26.
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Fig 12 Case 2: Zoom on the Hugoniot curve in the pure steam domain
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Fig 13 Hugoniot curve crossing the liquid saturation line. Case 3.
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We represent the Hugoniot curve starting from {t;, =39 L/kg,p, = 0.894 MPa} on Fig 13. It
crosses the saturation line in {t44; = 1,3083 L/Kg, psq: = 5.664 MPa} (case 3).

Note that for p < pga: , T is decreasing w.r.t p, whereas for p > pg,: , T is increasing. In other words
two values of the pressure may correspond to the same value of 7.

We found that we get a very good approximation of the Hugoniot curve in the liquid domain,
(provided we remain in IAPWS Region 1) if we replace the IAPWS EQOS by a SG EOS with y = 2.79 and
P = 186 MPa or even withy = 3 and p,, = 277 MPa.

Note that the points {, p} in the liquid domain should satisfy

1
(e —¢€) +E(P +p )T —1)=0
with the SG approximation, we get

e=q+(p+yp)t/(y — 1))
That is (after some easy calculations):

wl 1
€L~ 4 _yp_ —5pL(t—7L)
_ y—1 2
T i le-w
y—1t2 T—1
And we see that the denominator vanishes for T = t* with 7* = %TL. In other words we should

get that T — " when p — oo (which we can do with the SG EOS). In our case t; = 39 L/kg then

" = 18.4L/kg for y = 2.78. This explains why t increases from the saturation value 1.3083 L/Kg in
the liquid domain.

From the Hugoniot curve T = pyo () we can deduce another Hugoniot curve in the {u, p} plane by
T = {upo(7) , Pro (%) } with
Upo(T) =y — \/(TL — ) (Pro(r) — PL)

—&— Liquid side
-¥- Diphasic side

Pressure (MPa)

-1200 -1000 -800 —-600 —-400 —200 0
Material Speed (m/s)

Fig 14 Hugoniot curve in {u, p} axes for case 2.
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On Fig 14, we plot the Hugoniot curve in {u, p} axes. We represent The IAPWS curve with circles
(resp. triangles) in the liquid (resp. diphasic) domain.

Graphical solution to the Riemann problem

To graphically solve the Riemann problem, we just have to find the intersection in the {u, p} plane of
the isentropic curve starting from the state {tg, pg, Uz} and the Hugoniot curve starting from the
state {7, p., u.}-

Here is an example: we take {39 L/kg, 0.894 MPa, 0 m/s} on the left and {1.4746 L/kg,

15MPa, 0 m/s} on the right. Here is what we get on Fig 15.

The intersection is obtained for p* = 3.51 MPaand u, = —290.9 m/s.

This corresponds to 7, = 13.3 L/kg on the isentrope and 7; = 5.2 L/kg on the Hugoniot.

—— Hugoniot !
149 ---- |sentrope ,"
]
12 A :"
]
£ 101
=
E 8 T ///,
> ,/”
ﬁ Intersection Point e
5 67 -290.9 m/s, 3.51 MPa -
4 -
2 .

-400 —-300 —-200 -100 0
Material Speed (m/s)

Fig 15: Graphical solution to the Riemann Problem in a {u, p} diagram

On Fig 16 to 18, we give a plot of the solution of this Riemann problem at t = 2.5ms.

We compare the IAPWS solution to the SG solution with y = 2.39,p,, = 186 MPa.

We notice a slight discrepancy. It comes when we replace the IAPWS rarefaction curve in dashed line
on Fig 15 by the SG rarefaction curve appearing on Fig. 9.
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Fig 16 Solution to the Riemann Problem at t=2.5 ms. Pressure in MPa wrt x (m).

We notice that the rarefaction wave is made of 2 parts: the first one propagates rapidly (900 m/s) to
the right and decreases the pressure from 15 MPa to 10.97 MPa, that is the saturation pressure
located on the same isentropic curve as {Tg, Pg}. The second part is relatively slow (~68 m/s) and
decreases from 10.97 MPa to 3.48 MPa. We can say that there is a fast depressurization, which
hardly decreases the volumic mass, followed by a slow depressurization.
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04 --ve-v

-1.5 -1.0 =05 0.0 0.5 1.0 1.5 2.0 2.5
X coordinate (m)

Fig 17 Solution to the Riemann Problem at t=2.5 ms. Specific volume (L/kg) wrt x (m).
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Fig 18 Solution to the Riemann Problem at t=2.5 ms. Velocity in m/s wrt x (m).

Other Cases

We give first an example on Fig 19 where we select {7, = 234.54 L/kg,p, = 0.555 MPa} and
{tg = 1.216 L/kg,pr = 17.75 MPa}

---- RW SG
17.5 A —— RW IAPWS
—-—- Hugoniot

7.5
5.0

2.5 A

0.0 T T T T T T T T
—-450 -400 -350 -300 -250 -200 -150 -100 -50 0
Material Speed (m/s)

Fig 19 RP with {t;, = 234 L/kg,p, = 0.555 MPa} {rz = 1.216 L/kg,pr = 17.75 MPa}
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We compare the IAPWS solution with the SG solution (y = 2.79, p,, = 186): the discrepancy is
noticeable. The reason is that with such a low value of 73 the sound speed is high (~ 1200 m/s) and
the parameters of our SG EOS would be more convenient for 850 m/s.

Finally, we show on Fig 20 a case where the initial velocity is ug = —300 m/s . This is still a Riemann
Problem but no more a shock tube problem. The Hugoniot curve is made of a blue part in the
diphasic domain and a yellow one in the liquid domain. This Hugoniot curve is duplicated from the
one plotted in Fig 14. We note that the Hugoniot curve and the rarefaction curve cross each other in
the liquid domain for the Hugoniot curve, so that this is a case where the shock makes the fluid to
jump directly from a diphasic to a liquid state.

16
: ---- HUG liquid
14 - —— HUG diphasic
——- RW diphasic
12 A ........ RW liquid
- 7
© ] #
a 10 N /
= /
% 8 7 \\\\\ ‘/'/
2 7
Y 6 pd
a -
s
r'/
4 -
2 -
O T T T T T T
—-700 —-600 -500 —-400 —-300 —-200 —-100 0

Material Speed (m/s)

Fig 20 Case {7, = 39L/kg,p, = 0.894 MPa,u;, =0}
{tg = 1.475 L/kg,pr = 15 MPa,ugz = —300 m/s}

6. Conclusion:

IAPWS97 is a reference equation of state for water. To save computing time in finite difference or
finite volume computations, it is possible, at least for temperatures not larger than 623 K, to use
computationally more efficient equations of state without losing accuracy.

In the present paper, we have selected a stiffened gas EOS in the liquid domain (IAPWS region 1), a
tabulated EOS in the diphasic domain and a perfect gas EOS in the steam domain (IAPWS region 2).
However, for the sake of accuracy, it is recommended to carefully select the parameters y and po,.
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