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1. Introduction

Study of the reflection and transmission (R/T) of waves at interfaces of porous waveguides has received much of
attention in the past. This attention is motivated by the characterization and optimization problems of the mechanical
properties of unknown materials and complex material systems. In many applications, the macroscopic material properties
of the studied waveguides are relatively homogeneous along with its longitudinal direction but heterogeneous (with
functionally graded or layered profiles) in the cross-section plane. Different analytical and numerical methods have been
used to study the wave propagation in its functionally-graded/layered waveguides. For multilayered systems, the semi-
analytical techniques such as the Transfer Matrix method (TMM) have often been used [1,2]. By using this method,
the wave fields in each horizontal homogeneous layer are analytically decomposed into downward and upward wave
components. The wave propagation in the layered medium is then performed through interface operators which are
derived from boundary conditions at the upper and lower interfaces of the layers. The use of interface operators is
also convenient for considering multiphysics systems such as coupled fluid/elastic/poroelastic media. When the material
properties are not piecewise-constant as in layered media but continuously vary, the asymptotic formulation using Peano’s
series has been developed [3-5]. Although the proposed analytical method is rigorously derived and very fast, it has been
shown that numerical instabilities may occur due to positive exponential terms for the cases of large layer thickness (in
compared with wavelengths in the medium), requiring some particular techniques [6,7].

The numerical technique called Semi-Analytical Finite Element (SAFE) method [8-11], also known as the Hybrid
Numerical Method (HNM, see e.g. [12,13]) or Spectral Finite Element Method (SFEM, see e.g. [14,15]), has also been
widely employed for studying the dispersion of guided waves and the R/T coefficients in prismatic structures with
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inhomogeneous properties and/or arbitrary cross-section’s geometry. The key point of this method consists in using a
hybrid algorithm which begins by employing the Fourier transform (with respect to time and to the longitudinal direction
of the waveguide) to transform the problem into the frequency-wavenumber domain. Then, the spectral wave equations
are governed in the cross-section plane (or a 1D domain for infinite plates or cylindrical tubes) and may be solved by using
the finite element (FE) method [12,15,16]. By using the SAFE method, inhomogeneous material properties in the guided-
wave’s cross-section may be taken into account without difficulties. Recently, the SAFE method has also been employed in
the context of wave propagation in porous waveguides. Liu et al. [ 17] used this method to obtain the dispersion relations of
a multilayer panel which consists of an isotropic poroelastic core sandwiched between two elastic layers. In the same vein,
a SAFE procedure for the simulation of the time-domain wave propagation in an anisotropic poroelastic plate immersed
in fluids has been developed in [18]. In compared with the finite element method, the SAFE method allows us to gain
some significant advantages in terms of memory requirement or computational time. However, as the discretization
size needs to be extensively refined when considering strongly heterogeneous cross-section or/and at high frequencies,
the computation cost of SAFE method could become significant. For inversion and optimization problems of poroelastic
structures [19-21] in which the computational cost is important, there is a necessity to improve the effectiveness of SAFE
method for the direct computation of the acoustic response of the considered medium.

This work aims at studying the effectiveness of high-order finite elements within the SAFE framework for the
computation of reflection/transmission coefficients of a fluid-saturated poroelastic plate with arbitrary porosity immersed
in fluids. To do so, we have investigated and compared two kinds of high-order elements. First, we employed the
spectral element technique in which the nodes are located at Gauss-Lobatto-Legendre (GLL) points. Second, isogeometric
approximation based on Non-uniform rational basis splines (NURBS) was used. Note that both the spectral element
method (SEM) and the isogeometric analysis (IGA) have proved to have great advantages for computation of the wave
propagation in different acoustic, viscoelastic or poroelastic waveguides [22-25]. In particular, it has been shown in
a recent work [26] that semi-analytical isogeometric finite element method can solve very efficiently the complex
eigenvalue problems that allow us to determine the dispersion curves of the phase velocity and attenuation of guided
wave in poroelastic plates. As the SAFE computation of R/T coefficients does not deal with solving eigenvalue problems
but linear systems of equations, the convergence of isogeometric solutions of R/T waves needs to be carefully studied.
Additionally, to the best of the authors’ knowledge, the effectiveness of spectral elements in estimation of R/T coefficients
of functionally-graded poroelastic plates has not been investigated in the literature. Therefore, a detailed study of both
mentioned techniques aiming at estimations R/T coefficients merits interest.

The paper is organized as follows. Section 2 reviews the governing equations for modeling a poroelastic plate immersed
in fluids under excitation of an incident plane wave. The Biot theory is used to model the anisotropic poroelastic
material. Section 3 presents the finite element formulations with two kinds of shape functions to solve the considered
problem. The validation of proposed procedure and numerical examples are presented in Section 4. Section 5 sets out
some conclusions. Finally, we provide procedure for analytically estimating the reflection/transmission coefficients of a
homogeneous poroelastic plate in Appendix A and the formulations for determination of poroelastic parameters by using
a continuum micro-mechanics model in Appendix B.

2. Governing equations
2.1. Problem description

Fig. 1 presents the two-dimensional geometrical description of a poroelastic layer with constant thickness h, which
occupies the unbounded domain £2° in e;-axis, is surrounded by two fluid half-spaces 2] and £2}. The interfaces between
the poroelastic layer £2° and the two fluid domains .Q{ and .Qﬁ are assumed to be flat and denoted by Flbf and szf ,
respectively.

The surrounding fluids in the domains Q{ and .Q£ are assumed to be homogeneous and inviscid. The layer £2? is
assumed to be a fluid-saturated transversely isotropic poroelastic medium. We also assume that the material properties of
the poroelastic layer are homogeneous along with its longitudinal direction, given by e{-axis, but may be inhomogeneous
in its depth direction, given by e;-axis. Despite the fact that the fluid viscosity is neglected in the surrounding fluid
domains, it is taken into account in the porous plate pores. A plane and harmonic wave with an angular frequency w,
propagating in the upper fluid domain, is incident under angle 6; to the interface Flbf . To determine the reflection and
transmission coefficients of the poroelastic layer, we assume a time-dependence exp(—iwt) (where i = 4/—1) for all
movement quantities Y(x, t), i.e. Y(x,t) = y(x, w)exp(—iwt).

In what follows, the term w in y(x, w) will be omitted for simplification and brevity purposes. Moreover, the summation
convention over repeated indices is used and the subscript indices after comma stand for the partial derivatives with
respect to the space.
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Fig. 1. Geometry description of the poroelastic layer surrounded by two fluid half-spaces.

2.2. Wave propagation in the fluids of domains .Q{ and 95

The mass densities of fluids in domains Q{ and szc are respectively denoted by p; and p,. The wave celerity in the
fluids are respectively denoted by c¢; and c,. The Helmholtz and Euler equations describing the fluid motion in these
domains read:

w?

(n) () _
- C72p _pyjj _07 (1)
n
1
— a)zu](-") + — pf}l) =0, (2)

n

where p™ and u](-") denote respectively the pressure and components of displacement vector of the fluid in 9£ (n=1,2).

Let us consider an incident plane and harmonic wave p; propagating with an angular frequency w in the upper fluid
domain .Q{ and arriving at the interface F{’f from an angle 6, (see Fig. 1). The wavenumber vector of the field p; may be
expressed by k; = kon; where kg = w/c; is the wavenumber and n; = (sin 6;, — cos 6" is the propagation direction. In
the domain .ler , the pressure field p; should satisfy the relation (1) and thus has the form given by:

pr = Prexplilkixi — K x,)), (3)

where P; denotes the wave amplitude, k; and —k(;) are the projections of the wavenumber vector k; on e;-axis and
e,-axis, respectively, and are given by k; = kg sin6; and k(zl) = ko cos 0;. Under the excitation of p;, the total pressure field
in Q{ may be expressed as a superposition of the incident and reflected wave fields:

PV = pi + pr, (4)
where py is the reflected wave field which may be shown to have the form:
pr = Prexp(ilkixi + K'x2)), (5)

where Pr denotes the reflected wave amplitude. Similarly, the solution of the transmitted wave field in the domain .Q£
reads:

p?) = Prexp(i(kix; — K(x; + h))), (6)
where Pr denotes the amplitude of the transmitted wave and _k(22) is the projection of the wavenumber vector k® on

e;-axis: k) = /(w/c)? — K

2.3. Wave propagation in the anisotropic poroelastic layer §2°

Neglecting the body forces (other than inertia), the equations describing the wave propagation in the anisotropic
poroelastic layer in the frequency domain read:
Ojik = —w’pU; — &’ pp Wy, (7)

—pj = —0pf Uj — > Gwg, (8)
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where p = ¢ pr+-(1—¢) ps is the effective mass density where p; and p; denote the solid skeleton and fluid mass densities,
respectively; d; are the components of a frequency-dependent viscodynamic tensor which depends on the permeability
and tortuosity of the medium. For a transversely isotropic poroelastic material, a is a diagonal tensor in which a;, j =1, 2,
is the dynamic tortuosity in e;- and e,-axis and is estimated via the relation [27,28]:

= P, 1@nF(@)
aj(w) = ¢ <aj + W PFKj ) 9)

where a]?’° is the static tortuosity, n is the dynamic viscosity of the interstitial fluid, «j; is the intrinsic permeability in
e;-axis; Fj(w) is a correction factor which is introduced to take into account the viscous resistance of the fluid flow at high
frequencies. We recall that all mechanical characteristics above are x,-dependent functions. The constitutive equations
for an anisotropic poroelastic material are given by:

ojk = Gkim€im — ok P , (10)
— — P = wjj + k€ , 11
M p /j.j + ‘jk€jk ( )

where oj, denote the components of the total stress tensor; €j denote the components of the strain tensor given by the
relation €y, = (uj k + uyj) where u; are components of the solid skeleton’s displacement vector; wj are the fluid/solid

relative displacement components weighted by the porosity given by w; = ¢é(u; — uf where ©/ denote the fluid
displacement components and ¢ denotes the porosity; Cym are the components of the eIlast1c1ty fourth-order tensor of
the drained skeleton; oy, are the Biot effective coefficients and M is the Biot’s modulus.

For the subsequent mathematical development, we rewrite the equations below in a matrix form. Let us then use
Voigt’s notation which expresses the symmetric second-order tensors as vectors, so the stress is denoted by s =

(011, 022, 012)7, the strain by e = (€11, €22, 2€12)", the Biot effective coefficients by & = (o1, a2, a12)7 where the
superscript (x)T designates the transpose operator. We also introduce an operator L which takes the form:
10 0 0
L=L{0; +L,0,, withLy=|0 O, L,=(0 1], (12)
0 1 10

where d; and 9, denote the partial derivatives with respect to x; and x,, respectively. Using these notations, the equations
of linear momentum (7)-(8) may be rewritten as:

—o*pu—ow’pw—1L's=0, (13)

—o?*pu—ow’aw+L'mp =0, (14)
where m = (1, 1, 0)'. The constitutive equations (10)-(11) read:

s=Ce—anp, (15)

p=-M (mTLw—i-&T]Lu), (16)
where C is the 3-by-3 matrix of the drained elastic tensor written in the Voigt's notation. By noting that e = Lu and by
substituting (16) into (15), the constitutive Egs. (15)-(16) may be written as:

s = C,Lu + C,Lw, (17)

mp = — (CyLw + CLu) , (18)
where the quantities C,, C, and Cy are defined as: C, = C + M&d&',C, = Mam’, Cy = Mmm’. The matrix C, is
known as the undrained elasticity which represents the rigidity of an equivalent elastic medium in which the relative
movement between the interstitial fluid and solid skeleton has vanished (i.e. when w = 0). Note that while C, and Cy
are symmetric, C, is not. The unsymmetric form of C, is due to the anisotropy of the poroelastic medium.

By considering the plane wave nature of presented problem, the solutions of (13) and (14) may be taken under the
harmonic form: y(x1, x2) = y(k1, x») exp(ikix;). Noting that the operator L. now becomes L = ik;L; + 9,L;, one has:

— @*AV + KAV — ik A3dv — dt = 0, (19)
where
il L's )
v= (w> Lt = (—Lfmﬁ) = ik ALV + A4V, (20)
and
11 11
,01 ,Ofl cu Cot
A= ~ |, A= R 21a
1 |:/Of1 a i| 2 |:(C;1)T C[lwl ( )
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ci2 ci2 c2 2

A — u o , — u o , 21b

=y &l meledy @ 2

in which 1 denotes the 2-by-2 identity matrix; the 2-by-2 matrices C‘L’,b , Cib and C,‘?f,’ (a,b = 1,2) are defined by:

¢ =LI'cL,, € =L'C,Ly, €% = LTCyLy. One may notice that while matrices A;, A, and A, are symmetric, matrix As
is not because of the unsymmetrical form of C,.

2.4. Interface conditions

At the interfaces Flbf and I"zbf , the continuity of pressure and stress fields between the poroelastic medium and the
fluid domains requires:

p=p"™, Vxe Fnbf (n=1,2), (22a)

on = —p"n”  vxer” (n=1,2), (22b)

where nﬁf is the normal unit vector to Fnbf pointing from the Igforoelastic domain £2° toward the fluid domain Qﬁ (see

Fig. 1). In addition, the open-pore condition at the interfaces I';,” (n = 1, 2) is assumed, requiring the continuity of fluid
displacement in normal direction (see Eq. (2)):

1
(7 Vo — w4+ u)) =0, vxer!. (23)

By using the harmonic forms of the solutions defined by p™ = p™ exP(iklxl) and by noting that the normal unit
vectors of £2° at two interfaces Flbf and I“be (see Fig. 1) are defined by: ntl7 = —ngf = {0, 1}7, the interface conditions
may be expressed as follows:

fly + 1y = — 8p™, VxelY (n=1,2), (24a)
Pnw

p=p", vxer? (n=1,2), (24b)

t={0,—p"", vxer”n=1,2), (24c¢)

where £ is the traction vector and is defined by £ = L}§ = {612, 62}".
3. Finite element formulation
3.1. Weak formulation

The weak formulation of the boundary value problem given by Eq. (19) and the boundary conditions (24a)-(24c) may
be now carried out by using an usual procedure. Let ¥%¢ be the set of admissible functions constituted by the sufficiently
differentiable complex-valued functions such as: x, € H? = ] —h, 0] — &v(x,) € C* where C is the set of complex
numbers. Upon multiplying (19) by a test vector function §v and applying the Gauss theorem, then using the boundary
condition (24c), the weak formulation of Eq. (19) reads:

0 0 0
- wzf SV*ALV dx, + k%/ SV*AV dxy + ik1/ (3(8vF )ALV — 8v*A3dv) dx,
—h —h —h
(25)

0
+ / 3,(8V* )ALV dx, + Sv*(0)d p(0) — v (—h)d p(—h) = 0,V v € ¥,
—h

where 8v* denotes the conjugate transpose of §vand d = (0, 1,0, 1)".

In the weak formulation given by Eq. (25), the pore pressure p at x, = 0 and at x, = —h are unknowns but may be
determined in terms of the displacement by using the conditions (24a)-(24b) and by taking into account the forms of the
general solution in fluid domains presented in Appendix A. At the upper interface between £2° and Q{ (x2 = 0), we have:

. R ikt
Iy + 1y = —2% 5 (=Pi + Pg), (26a)
1w

p=Pi+Pr, (26D)

which leads to an impedance boundary condition:

2

p(0) = W(ﬁz(o) + w,(0)) + 2P;. (27)
2
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Similarly the impedance boundary condition at the lower interface (x, = —h) reads:
2
~ L2007 A
Ph) = == o (o) + a(—h). (28)
L)

By noting that i, + @, = d"v and by substituting (27)-(28) into (25), we obtain:

0 0 0
- a)Z/ SVFALV dx; + K3 / SV*Ayvdxy + ik / (32(8v*)ALv — 8v*A3dv) dx,
—h “h —h
0 (29)
+ / 3,(8V*)A4d,vdx, + SV (0)DV(0) + SV (—h)DV(—h) = —2P,8v*(0)d, Vv € ¥,
“h

where D = dd’.
3.2. Finite element discretization

The domain [—h, 0] is discretized into n¢ elements: [—h, 0] = U, 2 withe =1, ..., n°. By mapping each element
£2, to the reference domain £2, = [—1, 1], the ith component of v is approximated by:

q
v = D NEW(E), (30)
j=1

where q is the number of nodes used for this approximation, N;(§) is the jth shape function, & is the position of jth node
and v{(§;) is the nodal solution at jth node. Using the standard Galerkin method, the test function of §v{ is approximated
by the same shape function. These approximations may be expressed as follows:

v(€) =N°(§)V",  dv(§) = N(§)8V", (31)

where N¢ is the interpolation matrix constructed from 1D shape functions given by Eq. (30), V¢ and 8V* are the vectors
of nodal solutions of v and dv within the element §2,, respectively.
Substituting (31) into (29) and assembling the elementary matrices leads to a system of linear equations:

(K +K")V=F, (32)

where V is the global nodal solution vector; K’ is the global “stiffness matrix" of the poroelastic layer; K represents the
coupling operator between the fluid and poroelastic layers; the vector F is the external force vector due to the incident
waves. Note that the element number of the vectors V and F is n = 4(n® x q — 1) because each node has 4 degrees of
freedom. Thus, the sizes of K® and K' equal to n x n and are defined by:

K = —0® Ky + 12 Ky + iky Kz + Ky (33a)
2
pz% if (j, k) = (2,2),(2,4),(4,2), (4, 4)
ik
2
Kl = % if (G, k)= (n—2,n—2), (n—2,n), (33b)
1
’ (n,n—2), (n,n)
0 otherwise
—2P, ifj=n—2,n
K= 0 I otherwise (33¢c)
where the matrices K, K5, K3 and K, are defined by:
1
k= f (N°(&))" A (EN(E)T () . (343)
. /-1
1
k= / (N(8)) Aa(&N(E)7 () s, (34b)
e -1
1
K= / 2[(0N(6)" Ao N(8) (340)
e -1 a
1
K=J / (B:N°(5))" As(8) (32N°(8)) 71 (6) dt, (34d)
e -1

in which 7 is the Jacobian operator and [x], designates the anti-symmetric part of [x].
6
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By using the standard finite element method (FEM) to solve Eq. (29), the elements’ size of the spatial discretization has
to be sufficiently refined, i.e. a sufficient number of grid points per wavelength has to be adjusted, to be able to capture
the oscillation of the solution. Thus, the quality of numerical solutions depends on the wave-number k;. When solving a
Helmholtz-type equation, the rule that must be respected is that the ratio k;£¢ must be constant where ¢¢ is the element
size. However, as shown in studies on the error bound estimation when the FEM is used for solving Helmholtz equation, as
k1 increases, the accuracy of FE solution still significantly decreases while the ratio k{£¢ is kept to be constant, due to the
so-called “pollution effect”. It has also been shown that for large wave-number problems, using high-order interpolation
polynomials would be better to reduce the pollution effect than use lower-order ones with refined element sizes. To do
so, we propose to use two different high-order approximation techniques: the first one uses the spectral element method
(SEM) and the second one uses the isogeometric analysis (IGA) method.

3.3. On the use of high-order spectral-elements
The high-order spectral-element method (SEM) has been widely used for wave propagation simulation (see e.g. [29]).

Like standard FEM, the SEM uses the Lagrange polynomials as interpolation functions. In the reference element [—1, 1],
one may define g Lagrange polynomials of degree (q — 1) based on g-nodes &; (for —1 < & < 1):

q
Nl - T €8 35
e i=l;-[#j(-fj—ff> (35)

which imposes the condition given by qufl(s,-) = §;; where §;; denote the Kronecker symbol for which §; = 1if i = j else
8 = 0 if i # j. One important difference between FEM and SEM is the node distribution within an element. In SEM, the
coordinates of nodes are chosen to be located at the g Gauss-Lobatto-Legendre (GLL) points which are the roots of the
following equation:

(1—&*P;_4(&) =0, (36)

where P;q(%‘) denotes the first-order derivative of the Legendre polynomial of degree (q — 1) with respect to &. It is
worth noting that in the time-domain simulation, this choice is motivated by the fact that the mass matrix will become
a diagonal matrix which is very convenient for employing an explicit time integration scheme.

3.4. On the use of NURBS basis functions

In the framework of the SAFE approach, we consider the non-uniform rational B-spline (NURBS) basis functions [25,30]
for discretization of the weak problem presented in Section 3.1. A two-dimensional plate only needs to be described by
one-dimensional NURBS curve elements. The NURBS are defined from B-spline. In a parametric approach, B-spline basis
functions of order q are constructed using a sequence of non-decreasing set of coordinates called knot vector defined
as & = {&1,&,&s, ..., &nq1), where & € R (where R denotes the set of real numbers and i = 1,2, ...,n) is the ith
knot and n is the number of basis functions used to construct the B-spline curve. The B-spline basis functions B; 4 can be
defined recursively by:

—0- B 1 g <& <&,

9=0: Biol§)= {O otherwise, (372)
(&6 —&) (Eivgr1 — &)

>0: B = — B4 + ————Bi 14 . 37b

q I,Q(éj) ($i+q —E) i,q 1) (§i+q+1 &) i+1,q 1) ( )
NURBS basis functions N; 4(§) can be defined by assigning a weight w; to every B-spline function B; 4(¢):
B; wj

Nigl6) = pat (38)

T Y Big® )y

3.5. Reflection and transmission coefficients

By solving the linear system of Eqs. (32), one obtains the displacement at all the nodes. Then, the reflection and
transmission coefficients, denoted R and T respectively, can be computed by using the displacement values at the upper
and the lower surfaces, respectively (see Egs. (26a) and (28)):

_ P pie? 112(0) + @(0)

R=—= x +1, (39a)
PV Py
P 2 lp(—h)+ wy(—h

r_Pr_ _po” Uz(—h) + wa( ). (30b)
Py ik Py
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Table 1
Values of the parameters for cortical bone.
Mass density of the fluid pf 1000 kg.m—3
Bulk modulus of the fluid Ky 2.25 GPa
Mass density of the solid ps 1722 kg.m>
Young's modulus of the solid E 20 GPa
Poisson’s coefficient of the solid v; 0.3 -
Viscosity of the fluid n 103 Pas
Characteristic length in e;-direction A, 2 pm
Characteristic length in e,-direction A, 0.2 pm
Tortuosity in aj°-direction e, 1 -
Tortuosity in a3°-direction e, 1 -
Table 2
Parameters of poroelastic materials with different porosities.
[ Cit Cy Ci2 Ces o 022 M K11 K22
[-] [GPa] [GPa] [GPa] [GPa] -] [-] [GPa] [m—2] [m—2]
0.05 26.668 20.252 8.452 6.294 0.1083 0.1463 35.574 2.5 x 10712 2.5 x 1071
0.5 12.672 5.708 2.327 1.865 0.6605 0.765 4.1941 2.5 x 1071 2.5x 10713

4. Numerical results
4.1. Material parameters

As an example of the capability of the method presented, we have studied the effect of porosity on the dynamic
response of cortical bone while using ultrasound diagnostic devices. Many of the past studies have focused on the
modeling of guided waves in long bones by using fluid-loaded homogeneous/multilayer/functional graded plate models.
The understanding of wave phenomena involved in the long bone structures has been studied by many authors in the
frequency-domain [3,31] or in the time-domain [32-34]. In these studies, the cortical bone material has been considered as
an equivalent (visco-)elastic medium of which the effective macroscopic mass density and effective macroscopic elasticity
tensor are estimated from its porosity. The presence of the interstitial fluid, which was considered in many works for
the analysis of the behavior of cortical bone (e.g. [35-37]) or of ultrasonic wave propagation through cancellous bones
(e.g. [38-41]), has usually been neglected when studying ultrasonic wave propagation in cortical bones.

The observations at all ages and for both genders show that the mean porosity in the endosteal region (inner part of the
bone) is significantly higher than the porosity in the periosteal region (outer part of the bone) [42]. This observation may be
explained by the fact that the cortical bone is affected by age-related bone resorption and osteoporosis, causing reduction
of bone shell thickness as well as an increase in porosity, namely in the endosteal region. Moreover, the macroscopic
mechanical properties of bones have proved to strongly depend on their porosity [43,44]. As a consequence, the cortical
bone may naturally be considered as a functionally graded material.

In this study, both surround fluid domains .Q{ and .Q£ are also assumed to be the water with the mass densities and
wave celerities given by p; = p; = 1000 kg.m > and ¢; = ¢; = 1500 m.s~!, respectively. The material properties and the
pore geometry of the poroelastic plate are determined by assuming that the solid skeleton is an isotropic elastic material
and the pores have a cylindrical shape. Here, the poroelastic constants (see Eqgs. (10)-(11), C, « and M) are determined
following a micro-mechanical approach presented in [45]. Moreover, the permeability is calculated depending on the
porosity, the pore surface area and the cross section parameters by using the Kozeny-Carman law (see details in [46]). In
all the examples that follow, the solid and fluid phases’ parameters are fixed as shown in Table 1 and only the porosity
¢ varies. The poroelastic constants are determined for each value of ¢. For example, Table 2 shows the numerical values
of the poroelastic constants computed for ¢ = 0.05 and ¢ = 0.5, respectively.

4.2. Cases of homogeneous poroelastic plates

4.2.1. Reference solutions

We first consider a homogeneous anisotropic poroelastic bone plate with thickness h = 5 mm immersed in water
for which the analytical solutions may be determined using the procedure described in Appendix A. For illustration
purposes, we present in Figs. 2(a,b) the variation of the coefficient R as a function of the incidence angle 6 at two
frequencies (f = 0.25 MHz and f = 1 MHz). For each frequency, the graphs of |[R(6)| of plates with different porosities
(¢ = 0.01, 0.05, 0.2, 0.5) are shown. When ¢ is very small (case of ¢ = 0.01, shown by solid black curves), the poroelastic
plate behaves similarly to an elastic plate. On the other hand, when ¢ increases, the behavior of a poroelastic plate is very
different from an elastic plate. Note that the reflection coefficient R gets the minimum values (close to zero) at some angles
of incidence corresponding to the guided-wave modes of which the phase velocities are given by Cpr, = ¢1/siné [47]. For
example, when f = 250 kHz (see Fig. 2a), three zero-peaks found at & ~ 12.5°, 25° and 51.5° correspond to the A;, So and
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Fig. 2. Reflection coefficient |R| versus incident angle 6 for a homogeneous plate.
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Fig. 3. Case of homogeneous plates: reflection coefficient |R| versus incident angle (6) and frequency (f = w/2m).

Ao modes, respectively. At a high frequency (f = 1 MHz), as the plate’s thickness is important compared with the incident
wavelength, there exists a critical angle (6 ~ 50°) above which the incident plane wave is nearly totally reflected (see
Fig. 2b). By increasing the porosity ¢, both elasticity and absorption of the poroelastic material are accordingly changed,
causing significant modifications not only in the amplitudes of reflected waves but also in the phase velocity of the modes.
This effect is more pronounced at a high frequency. For higher porosity, when the stiffness of the plate is smaller than
the one of the precedent case, we may check that the reflection coefficient has globally smaller values.

In Fig. 3, we present the variation of modulus of |R| with respect to both incident angle 6 and the frequency f in two
cases of porosity ¢ = 0.05 and ¢ = 0.5. As it would be expected, a greater number of modes may be observed for the
plate with ¢ = 0.5 than the one with ¢ = 0.05 in a same frequency range [0, 1] MHz.

4.2.2. Validation

To validate the proposed numerical methods, we have investigated the reflection and transmission coefficients (R and
T, respectively) obtained for f = 1 MHz with various incident angles as shown in Fig. 4. As the plate is homogeneous,
the reflection and transmission coefficients can be analytically calculated (see Appendix A) and are served as reference
solutions. Three finite element solutions are shown in this figure. The first one has been obtained by using the standard
SAFE method with 6 quadratic Lagrange elements (p = 2). The second one has been computed by using only one high-
order spectral GLL element with p = 12. The third one has been obtained by one NURBS-based element with p = 12.
As a consequence, all of these three FE meshes contain in total 13 nodes with 52 degrees of freedom. At the studied
frequency (f = 1 MHz), both real and imaginary parts of R and T solutions obtained by using the high-order elements
(GLL or NURBS) perfectly match the analytical ones for all values of 6. On the contrary, the R— and T—curves computed
by using low-order elements (p = 2) have proved to significantly be less accurate, namely for the small incident angle
values between 0° and 20°. In particular, some lack precision at some incident angles. For example, the peaks of both
reflection and transmission coefficients at the incident angle & ~ 6° displayed in zoomed windows have proved not to
be precisely evaluated when using the standard quadratic elements.

9



V.-H. Nguyen, F. Seyfaddini and S. Naili

f=1MHz, ¢ = 0.05

Wave Motion 111 (2022) 102914

f=1MHz, ¢ = 0.05

analytical || R e, o,
SAFE (n®'=6, p=2) .
GLL (n°=1, p=12) \
AR I ¥ I T VA W A U s NURBS (n®=1, p=12) — \
g g
T g
e- E-
analytic
SAFE (n°=6, p=2)
GLL (n°'=1, p=12)
NURBS (n°=1, p=12)
15 . . . . . ) 15 . . T
10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90
Incident angle ¢ [deg] Incident angle ¢ [deg]
(a) (b)
; f=1MHz, ¢ = 0.05 f=1MHz, ¢ = 0.05
05t £~
T of =
= =
= >
S osf g.
analytic - analytic
L SAFE (n°=6, p=2) SAFE (n°=6, p=2)
- GLL (n®'=1, p=12) GLL (n®=1, p=12)
----------- NURBS (n°'=1, p=12) - NURBS (n®'=1, p=12)
0 10 20 30 40 50 60 70 80 90 40 50 60 70 80 90
Incident angle ¢ [deg] Incident angle ¢ [deg]
(c) (d)
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Fig. 5. Exact and FE solutions of the refection and transmission coefficients computed with p =4 and p = 6.

In Figs. 5(a,b), we present the R- and T— solutions of the same problem computed by employing two different orders
of interpolation functions (p = 4 and p = 6) but by keeping the same total number of degrees of freedoms to be 52 as
the one used in the previous analysis with p = 12. To clarify the comparison between different solutions, we focused
on the peak found at & ~ 6°. It could be observed that the solutions computed using NURBS-based shape functions are
correctly approached, even when using p = 4 for which both standard SAFE and GLL solutions led to inaccurate results.
Using p = 6 seems to allow improving remarkably the accuracy of solutions computed by using Lagrange elements.

Next, we examine the case of a bone plate with the same thickness but with a higher porosity (¢ = 0.5) whose
poroelastic properties are given in Table 2. As the porosity is higher, the material’s stiffness decreases and the permeability
increases. Again, the FE solutions were computed by using six quadratic elements (standard SAFE) or one 12th-order
element (GLL or NURBS) when f = 1 MHz. The obtained numerical solutions of |R| and of |T| were compared to
the analytical ones as shown in Fig. 6. The results obtained with quadratic elements were shown to have a significant
difference with respect to the analytical solution. The errors of both R and T seem to be more significant than the ones
obtained when ¢ = 0.05 (see Fig. 5. On the contrary, the solutions obtained with only one 12th-order GLL element still
match very well the analytical ones (see Figs. 6a). Interestingly, using NURBS-based shape function with p = 2 leads to a
much more accurate estimation of R and T (see Figs. 6b).
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Fig. 6. Homogeneous plate with ¢ = 0.5: Exact and FE solutions of the refection and transmission coefficients versus the incident angle 6.

4.2.3. Convergence study

The later examples show that the use of high-order GLL or NURBS elements may significantly reduce the numerical
errors when computing the reflection and transmission coefficients. In order to examine this feature in more detail, we
performed a convergence study of R and T computed with different interpolation function’s orders p. For estimating the
error, we introduced a function E™" which is defined as a the mean value of the relative error estimated over the range
of incident angles from 0° to 90°:

1

RFE(Q,‘) _ Rexact(ei) 2

Rexact( 91. ) ’

(40)

1
refl _ [
E™ = nez
i=1

where n? is the number of incident value considered. In Fig. 7, the relative error on R with respect to the total number
of nodes is presented in a logarithmic scale. In Fig. 7(a) and (b), we depict the error obtained by using GLL elements
(spectral element method) or NURBS elements (isogeometric analysis), respectively. For both methods, the computations
were performed withp=2,p=4,p=8,p=10and p = 12.

Regarding the use of GLL elements (see Fig. 7(a)), one may notice that by using lower-order elements (p = 2, 4) the
slopes of the error curves are much smaller than the ones obtained with the high-order elements (p = 8, 10, 12). For a
same total number of nodes (n"°% = 25), while the mesh based on two elements with p = 12 leads to an error of order
1075, the one based on 9 elements with p = 4 leads to an error of order 1072. Thus, using high-order elements (p = 12)
could allow us to improve significantly the accuracy of the estimations R and T compared with the results obtained with
p = 2 or p = 4. However, the accuracy gains are not so significant if we compare the results obtained with p = 8, p = 10
and p = 12, even the one obtained with p = 12 is still the best.

When using NURBS-base shape functions (see Fig. 7(b)), further increasing the order p more than 8 does not lead to a
significant improvement of the convergence, similarly to the previous remark on the use of GLL elements. However, the
convergence could be achieved much faster by using NURBS. For example, in the case p = 4, while using GLL elements
required a mesh of 25 nodes to get E(R) ~ 103, using IGA only requires a mesh with only 15 nodes (control points)
to achieve the same precision. This advantage feature may be explained by the fact that by using NURBS, C!-continuity
condition was always fulfilled over the domain 2 = [—h, 0].
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Fig. 8. Profile of poroelastic properties with respect to the depth-coordinate x,.

4.3. Cases of poroelastic plates with linear gradient of porosity

In this section, the bone plate has a functionally-graded porosity variation. To do so, the porosity at the upper surface
is fixed at the value ¢; = 0.05. A linear-gradient of porosity is defined by giving a value ¢, at the lower surface as follows:

d(x2) = %(fl’l — ¢2)X2 + 1. (41)
Then, one can estimate the physical parameters of the poroelastic material depending on the depth-coordinate x,
following the procedure presented in Appendix B. For example, Fig. 8 depicts the profiles of the components of the
elasticity tensor (given in Voigt notation Cj), the Biot coefficients («;, M) and the permeability «;;.

As it can be observed in Fig. 9 in which the cases ¢, = 0.2, ¢ = 0.5 and ¢, = 0.8 are considered, the reflection
coefficient is shown to strongly depend, not only on the porosity at the upper surface, but also on the gradient of the
porosity in the in-depth direction. Moreover, this effect is more significant in the high frequency range. In Fig. 10, the
graphs of R versus 6 computed at two frequencies given at f = 0.25 MHz and f = 1 MHz are plotted. At each frequency,
the comparison between the homogeneous case ¢, = 0.05 and the linear gradient cases (¢, = 0.2, ¢, = 0.5) confirms
that at a low frequency (f = 0.25 MHz), the porosity gradient slightly affects the behavior of the reflection coefficient R.
The minima’s locations of the case ¢ = 0.5 are nearly unchanged compared with the homogeneous plate case. However,
the graphs of R(#) are completely changed when regarding a higher frequency (f = 1 MHz) for which the wavelengths
are shorter and are more sensitive to the porosity variation.

The convergence study has also been carried out for these functionally-graded poroelastic plates in order to check
the performance of the proposed numerical methods. Similarly to the convergence study previously performed for the
homogeneous plate (see Section 4.2.3), in Figs. 11(a) and (b), numerical errors obtained by using GLL and NURBS-based
discretizations, respectively, are presented. As exact solutions are not available for the functionally-graded cases, standard
SAFE solutions using overkill meshes are served as the reference solutions. Once again, using high-order shape functions
(p > 8) for both methods has proved to be efficient to reduce the numerical errors. Moreover, the IGA solutions have
proved to be converged faster than the ones computed by using GLL discretization.
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5. Conclusion

In this paper, an approach based on the semi-analytical high-order finite element method is proposed for the
determination of the reflection and transmission coefficients of a two-dimensional poroelastic waveguide wherein the
material properties could be heterogeneous and anisotropic. Two strategies have been proposed for the discretization
and approximation of solutions: the first one employs the spectral elements based on Gauss-Lobatto-Legendre (GLL)
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nodes and the second one uses the NURBS-based shape functions. The convergence analysis shows that the standard SAFE
method with quadratic Lagrange elements has a relatively slow rate of convergence, especially at the high frequency
range. Using high-order elements has proved to be interesting as it allows us to significantly improve the accuracy of
numerical solutions of R and T. Both proposed methods were shown to be efficient in this context. Even so, the NURBS-
based approximation is likely to lead to faster convergence compared with the one obtained by using spectral element
approximations. For the computation, using a spectral element method, the use of elements with an order more than 8
would be recommended to get a significant effectiveness. When using IGA, the use of a NURBS-based shape function with
p = 4 would be already sufficient to achieve the same accuracy.

It is worth noting that the numerical procedure proposed in this paper is not only limited for long bone ultrasound
characterization but also for other applications in acoustical engineering, in which the functionally-graded material
properties should be taken into account. For example, the proposed methods could be useful for studies on the acoustic
absorption optimization of poroelastic composites [20,21].
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Appendix A. Analytical solution of reflection and transmission coefficients for a homogeneous layer

If the poroelastic layer is homogeneous, the solution of the system given by Eq. (19) may be analytically derived [48,49].
Here, we present a simple procedure for calculating the analytical solution of reflection and transmission coefficients by
using the displacement-based equation (see (19)):

— W*AV + K3Asv — ik (A3 + AL) 9,v — A495v = 0. (A1)

Assuming that v has the form v = Dexp (yx;), where D and y are constants to be determined. The condition for a
non-trivial solution of Eq. (A.1) leads to a characteristic equation:

D(y) = det (—w’A; + kiA; — iky (A; + Al) + y?A4) =0, (A2)

where det is the determinant operator.

The analytical expression of D(y ) may be found without difficulties with the help of symbolic software. In this paper,
Matlab Symbolic Toolbox has been used. It has been shown that although the size of matrices in Eq. (A.1) is 4-by-4, the
derived expression for D(y) is a 6th-order polynomial:

D(y) = boy® + biy* + byy® + bs, (A3)
where b; (j = 0, ..., 3) are constants. Eq. (A.3) allows us to determine 6 roots y;, (j = 1,...,6) verifying y4 = —y,
¥s = —V2, ¥6 = —Y3 and 6 associated to normalized eigenvectors B;, (j = 1,...,6). As a consequence, the general
solution v may be expressed by the linear combination v = ZJ.GZI D;jexp (yjx2), where D; = AB; (j = 1,...,6). The

quantities A; are six unknown constants which will be determined by using the boundary conditions. Without loss of
generality, we may assume that Re(y;) > 0 for j = 1, 2, 3 where Re(y;) stands for the real part of y;.

To solve this problem with the boundary conditions given in (24a)-(24c), we first use the solution of v to calculate
the general solutions of concerning displacement and stress components iy, iiy, Wy and &1y, 622, p respectively. Then, by
making some algebraic manipulations, we are able to write the general solution of these terms under matrix form as
follows:

(O)=[or 5[5 &) na

where v = (i1, {Iy, W2)7, t = (612, 622, —P)7, B11, B1a, B2y and By, are the 3-by-3 matrices which are extracted from D;
(see Eq. (20)). The quantities et and e~ are defined by:

et = diag(exp y1X2, exp yaXa, exp y3xz), € = diag(exp —y1Xz, €Xp —y2Xz, €XP —¥3Xz), (A.5)
where AT = (A, Ay, A3)T anTcl A~ = (A4, As, Ag).
Noting that @i, + @, = d v with d = (0, 1, 1)T, the continuity conditions (see Eq. (24a)) read:
(1)

~T_ ik _ _
d v|y,— = (Pr — PR), tly,—0 = —d(P; + Pg), (A6a)

prw?
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(2
~T_ lk(z)
d V|x2:7h = - >

Q)

Pr, tly——n = —dP; (A.6b)

which becomes

IB(I)PR + aTBnA_ + aTB12A+ = Dt(l)PI, (A7a)
dP; +By;A” +BpAT = —dP;, (A.7b)
BPP; + d'ByefA” +d Byye; AT =0, (A7¢)
(_lPT + B21e,TA_ + Bzze;A+ = 0, (A7d)
where
2 2

p1w P20 . - -1
g = R B = —@r o = diaglexpyih expyoh expysh). e = (ef) (A8)

ik, ik

In order to avoid numerical difficulties due to the exponential term with large values of Re(y;), we make some
arrangements in (A.7a)—(A.7d) to obtain a system of linear equations as follows:

IBEU (_iTBne; (_iTBue,? 0 Pr ,B(I)PI
d B21eh_ Bzzeh_ (_) C}TA_ _ —Pd (A 9)
0 B> Bzzez_h d e}:rAJr 0 ’
0 c_lTB“ C_ITBuez_h ,3(2) Pr 0

The amplitudes of reflected and transmitted waves P; and Pr may be obtained by solving the linear system of equations
(see Eq. (A.9)). Consequently, the reflection and transmission coefficients may be computed by:

P,
R=— and T=—. (A.10)
Py I

Appendix B. Determination of poroelastic parameters

To describe the behavior of the poroelastic bone plate, the drained elasticity tensor C as well as Biot’s effective
coefficients & and M should be provided. For this study, these parameters are derived from the characteristics of the
interstitial fluid and solid skeleton phases by using a continuum micro-mechanics model proposed by Hellmich et al. [45].
According to this model, the micro-pores at the micro-structural scale are regarded as cylindrical pores with a circular
cross section. In drained conditions, the constitutive behavior of the material inside the pores does not possess stiffness.
Hence, the estimated drained micro-structural stiffness of the bone whose solid bone matrix’s elasticity tensor is C™ reads:

-1
<c:(1—¢>)<c'“:{(1—¢)H+¢[H—W’:cm]”} , (B.1)

where I denotes the fourth-order identity tensor; P9 the fourth-order tensor is Hill's tensor for materials with periodical
cylindrical inclusions, which may be derived in closed form [45]. The tensor & the constant M can be then evaluated by
[50]:

1
a=1-C:(S":I), —M=C—a:S:a, (B.2)

where S = (C)~! and S, = (C,,)~! are respectively the drained and solid material compliance tensors, I designates the
second-order tensor identity and the scalar C denotes the effective compressibility of porous matrix material, which is
given by

C= ! ! + ¢ ! ! (B.3)
K Kn K Kn)’ '
where K =(I:S: 1)1, Kf and Ky = (1: Sy I)~! are the bulk moduli of the drained porous matrix and of the interstitial
fluid and of the poroelastic material, respectively.
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