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Singular limit of an Allen-Cahn equation with nonlinear diffusion

PERLA EL KETTANI*, TADAHISA FUNAKI*, DANIELLE HILHORST”,
HYUNJOON PARK', AND SUNDER SETHURAMAN®

June 22, 2022

Abstract

We consider an Allen-Cahn equation with nonlinear diffusion, motivated by the study of the scaling
limit of certain interacting particle systems. We investigate its singular limit and show the generation
and propagation of an interface in the limit. The evolution of this limit interface is governed by mean
curvature flow with a novel, homogenized speed in terms of a surface tension-mobility parameter
emerging from the nonlinearity in our equation.

MSC 2020: 35K57, 35B40.
keywords: Allen-Cahn equation, Mean curvature flow, Singular limit, Nonlinear diffusion, Interface,
Surface tension

1 Introduction

The Allen-Cahn equation with linear diffusion

1
up = Au — 8—2F'(u)

was introduced to understand the phase separation phenomena which appears in the construction of
polycrystalline materials [4]. Here, u stands for the order parameter which describes the state of the
material, F' is a double-well potential with two distinct local minima a4 at two different phases, and the
parameter € > 0 corresponds to the interface width in the phase separation process. When ¢ is small, it
is expected that u converges to either of the two states u = oy and v = a_. Thus, the limit ¢ | 0 creates
a steep interface dividing two phases; this is a phase separation phenomenon and the limiting interface is
known to evolve according to mean curvature flow; see [1, 7].
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In this paper, we prove generation and propagation of interface properties for an Allen-Cahn equation
with nondegenerate nonlinear diffusion. More precisely, we study the problem

up = Ap(u) + géf(u) in D x R

(P9) el _, in 0D x R*
v
u(z,0) = up(x) forx € D

where the unknown function u denotes a phase function, D is a smooth bounded domain in RV, N > 2,
v is the outward unit normal vector to the boundary 0D and € > 0 is a small parameter. The nonlinear
functions ¢ and f satisfy the following properties.

We assume that f has exactly three zeros f(a_) = f(as) = f(0) = 0 where a_ < 0 < a4, and

feC*R), flla_) <0, fi(ap) <0, f/(0)>0 (1)
so that
f(s)>0for s <a_, f(s)<O0fors>ay. (2)

The conditions (1)-(2) express the fact that f is a bistable function, so that the a are the stable steady
states of the corresponding ordinary differential equation, whereas 0 is an unstable steady state. ~ We
suppose that

¢ € C*R), ¢ >C, (3)

for some positive constant C,,, so that the partial differential equation (P¢) is uniformly parabolic. We
impose a relation between f and ¢, namely

ay
| e@reis=o (4
This condition implies the existence of the standing wave solution, which we will use extensively in the
proof of Theorem 1.2. An experimental example is the case that ¢(s) = e°, f(s) = e *s(1 — s?) [19].
Note that in the case of the standard Allen-Cahn equation with linear diffusion, the condition (4) becomes
[ f(s)ds = 0.

As for the initial condition ug(z) we assume that ug € C?(D). Throughout the paper, we define Cy and
Cy as follows:

Co = lluol oo ) + 11Vl loo () + | Auoll o) o
Cr:=maxle(o)l + maxel(s) T maxlet(s)l, T=Co+max(jat o) ®)

Furthermore, we define I'y by
Fo:={x € D:uy(x) =0}
In addition, we suppose Iy is a C**”,0 < v < 1 hypersurface without boundary, which is needed such that

L'y @ D,Vuy(z) -n(x) #0if x € Ty (7)
ug > 0 in D, up < 0 in Dy, (8)

where D, denotes the region enclosed by Ty, Dy is the region enclosed between 9D and 'y, and n is the
outward normal vector to Dy . It is standard that the above formulation, referred to as Problem (P¢),
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possesses a unique classical solution u®. The regularity of the hypersurface I'y is needed to insure the
existence, up to a certain time, of a smooth interface I'; which moves according to mean curvature (13).

The present paper is originally motivated by the study of the scaling limit of a Glauber+Zero-range
particle system. In this microscopic system of interacting random walks, the Zero-range part governs the
rates of jumps, while the Glauber part prescribes creation and annihilation rates of the particles. In a
companion paper [9], we show that the system exhibits a phase separation and, under a certain space-
time scaling limit, an interface arises, in the limit macroscopic density field of particles, evolving in time
according to the motion by mean curvature. The system is indeed well approximated from macroscopic
viewpoint by the Allen-Cahn equation with nonlinear diffusion (P¢), or more precisely by its discretized
equation. Although, in this paper, we study (P¢) under the Neumann boundary conditions, the formulation
under periodic boundary conditions, used in the particle system setting in [9], can be treated similarly;
see Remark 1 below.

In some other physical situations, it is expected that the mathematical modeling also involves nonlinear
diffusion. In the experimental article [19], Wagner suggested that for metal alloys the diffusion depends on
the concentration. In [2, 8], the authors considered degenerate diffusion such as porous medium diffusion
instead of linear diffusion. In [11], Fife and Lacey generalized the Allen-Cahn equation, which leads them
to a parameter dependent diffusion Allen-Cahn equation. Recently, [12] considered an Allen-Cahn equation
with density dependent diffusion in 1 space dimension and showed a slow motion property. However, no
rigorous proof on the motion of the interface in the nonlinear diffusion context has been given for larger
space dimensions N > 2.

In this context, the purpose of this article is to study the singular limit of u® as ¢ | 0. We first present
a result on the generation of the interface. We use the following notation:

£ = el /£(0), no = min(la_], ay). (9)

Theorem 1.1. Let u® be the solution of the problem (P®), n be an arbitrary constant satisfying 0 < n < ng.
Then, there ezist positive constants ey and My such that, for all € € (0,¢q), the following holds:

(i) for allx € D

a- —n<u(@,6°) <oy + (10)

(11) if uo(x) > +Moe, then
ut(z, %) = o — (11)

(73) if uop(x) < —Moe, then
ut(z,t%) < a_ +n. (12)

After the interface has been generated, the diffusion term has the same order as the reaction term. As
a result the interface starts to propagate. Later, we will prove that the interface moves according to the
following motion equation:
Vo=—(N—-1)Axk onl
Ft|t:0 = FOa

where I'; is the interface at time ¢ > 0, V,, is the normal velocity on the interface, x denotes its mean
curvature, and \g is a positive constant which will be defined later (see (26) and (30)). A typical example



is a case of spherical symmetry, where we assume that Iy is the circle, namely I'y = {z € RV, |z| = 1}.
Then the circle shrinks with the motion equation

dt R
R(0) =1,

dR (N —1)X

where R(t) denotes the radius of the circle. It is well known that Problem (I P) possesses locally in time
a unique smooth solution. Fix 7" > 0 such that the solution of (I P), in (13), exists in [0,7] and denote
the solution by I' = Up<t<r(I'y X {t}). From Proposition 2.1 of [7] such a T' > 0 exists, and one can deduce
that I' € C*™*%" in [0, T], given that Ty € C4*.

The second main theorem states a result on the generation and the propagation of the interface.

Theorem 1.2. Under the conditions given in Theorem 1.1, for any given 0 < n < ng there exist £g > 0
and C > 0 such that

l[a- —myay +m  forzeD
u €S oy —maq +n]if e € D\ Nee(Ty) (14)
[ —n,a_+n] ifxe D \ Nee(Ty)

for all e € (0,&0) and t € [t°,T), where D; denotes the region enclosed by T'y, D;" is enclosed between O D
and Ty, and N.(T;) .= {xz € D, dist(z,T) < r}.

This theorem implies that, after generation, the interface propagates with a width of order O(e). Note
that Theorems 1.1 and 1.2 extend similar results known for linear diffusion Allen-Cahn equations [1].

Figure 1: The interface of time ¢

We now state an approximation result inspired by a similar result proved in [3].

Theorem 1.3. (i) Let the assumptions of Theorem 1.2 hold and p > 1. Then, the solution u® of (PF)

satisfies
(2, 1) — Us (da(“”t)) ‘ o, (15)

3

lim sup
=0 pte<t<T, zeD

where Uy is the standing wave solution defined in (20) and d® denotes the signed distance function
associated with I'; := {x € D : u(x,t) = 0}, defined by

(1) dist(z,1¢)  if x € DJ™
w? = . . £,—
—dist(x,I%) if v € Dy

where Dy~ denotes the region enclosed by TS and D™ denotes the region between D and Iy.

(i1) For small enough € > 0 and for any t € [pt.,T], I'{ can be expressed as a graph over T';.
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Remark 1. Theorems 1.1, 1.2 and 1.3 hold not only for the Neumann boundary condition of Problem
(P?) but also for periodic boundary conditions with D = TN | with similar proofs as given in Sections 3, 4
and 5.

The paper is organized as follows. In Section 2, the interface motion (IP) is formally derived from
the problem (P¢) as € | 0. In particular, the constant Ag is obtained. Section 3 studies the generation
of interface and gives the proof of Theorem 1.1. In a short time, the reaction term f governs the system
and the solution of (P¢) behaves close to that of an ordinary differential equation. Section 4 discusses
the propagation of interface and Theorem 1.2 is proved. The sub- and super-solutions are constructed
by means of two functions Uy and U; formally introduced in asymptotic expansions in Section 2. Section
5 gives the proof of Theorem 1.3. Finally, in the Appendix, we define the mobility usc and the surface
tension o4¢ of the interface, especially in our nonlinear setting, and show the relation \g = pacoac.

2 Formal derivation of the interface motion equation

In this section, we formally derive the interface motion equation corresponding to the Problem (P¢) by
applying the method of matched asymptotic expansions. To this purpose, we first define the interface I'y
and then derive its motion equation.

Suppose that u® converges to a step function u where

(1) = {a+ in D}

a_ in D, .
Let
= DFnDr.DF UDr =D, e [0.7].

Let also d(z,t) be the signed distance function to I'; defined by

I P z
Assume that u has the expansions
uf(x,t) = ag + eut(z,t) + 2uf (2, t) + - - -
away from the interface I' and that
uf(x,t) = Up(x,t,€) + Uy (x,t, &) + e2Us(z,t,&) + - -- (17)

d
near I', where £ = —. Here, the variable ¢ is given to describe the rapid transition between the regions
€
{uf ~ ot} and {u® ~ o }. In addition, we normalize Uy and Uy so that
Up(z,t,0) =0
Uk(z,t,0) = 0. (18)

To match the inner and outer expansions, we require that

Up(z,t,+00) = ay, Up(w,t,+00) = uf (z,t) (19)



for all £ > 2.
After substituting the expansion (17) into (P¢), we collect the 72 terms, to obtain

¢(Uo)== + f(Us) = 0.

Since this equation only depends on the variable z, we may assume that Uy is only a function of the
variable z, that is Up(x,t,z) = Up(z). In view of the conditions (18) and (19), we find that Uy is the
unique increasing solution of the following problem

{(w(Uo»zz + f(U)

=0
Up(—o00) = a_, Up(0) =0, Up(+00) = . (20)

In order to understand the nonlinear effect more clearly, we set

g(v) = fl¢™'(v)),

where ! is the inverse function of ¢ and define Vy(2) := ¢(Up(z)); note that such a transformation is
possible by the condition (3). Substituting V4 into equation (20) yields

Vo(—00) = p(a-), Vo(0) = ¢(0), Vo(+00) = p(ay).

Condition (4) then implies the existence of the unique increasing solution of (21).
Next we collect the e~ terms in the asymptotic expansion. In view of the definition of Uy(z) and the
condition (18), we obtain the following problem

{(w'wo)mz + F(UOT; = dUg, — (p(Up)).Ad )

Uy(2,t,0) =0, ¢'(Uy)U, € L=(R).

To prove the existence of solution to (22), we consider the function Vi = ¢'(Uy)U;, which satisfies the
problem

— — Vo - _
Vie. +d(Vo)Vi = —F——di — Vo Ad

_1 g Vo)l _SO,(SO_I(VO)) t 0 (23)
Vi(z,t,0) =0, Vi e L*(R).

Now, Lemma 2.2 of [1] implies the existence and uniqueness of V; provided that

1 _ _
———d,— Ad ) V. =0.
/]R (sO’(sO‘l(Vo)) t ) ’
Substituting Vo = ¢(Uy) and Vy, = ¢'(Uy) Uy, yields

g flR V02z Ad — fR(SOI(UO)UOZ)Z

dy =
VE / 2
Jx 7w Jo 2T}

Ad. (24)

It is known that d; = —V},, where V}, is the normal velocity of the interface I';, and Ad is equal to (N —1)x,
where x is the mean curvature of I';. Thus, we obtain the motion equation Iy,

Vo=—(N—=1)Xk onTy, (25)



with
f]R UO UOZ
fR(p UO UUz '

In the appendix, the constant )\ is interpreted as the surface tension o 4¢ multiplied by the mobility pac
of the interface. In particular, (I P) coincides with the equation (1) in [4].
Finally, we derive an explicit form of A\g. Indeed, we multiply the equation (20) by ¢(Uj),, yielding

@(Uo)..0(Uo), + f(Uo)p(Us), = 0.

Integrating from —oo to z, we obtain

Ao =

(26)

;[ (Uo / on Uo) dz =10
or alternatively "
Up(z

WL+ [ fe)e s =0,

Hence,

p(U0):(2) = V2¢/ W (U(2)) , (27)

[ sopas= [ e (28)

where the last equality holds by (4). It follows that

/RSO(UO)ZUOZ(Z)dZZ ﬁ/}R\/W(UO(z))UOZ(z)dz

where W is given by

so that also o
/cp'(Uo)UgZ(z)dz = \/5/ Vv W (u)du.
R a_
Similarly, since

/R (& (Uo)Up.)?dz = V2 / (& (Vo) T (Tal2) Uns )z

we get

/R (& (Uo)Uo.)2dz = /2 / " )TV () du, (29)

so that we finally obtain the formula

o ' (u)/W(u)du
J VW de

Note that if ¢(u) = u, the case of the linear diffusion Allen-Cahn equation, we recover the value \g = 1 as
expected.

3 Generation of the interface

In this section, we prove Theorem 1.1 on the generation of the interface. The main idea, based on the
comparison principle Lemma 1, is to construct suitable sub- and super-solutions. The proof of Theorem
1.1 is given in Section 3.4.



3.1 Comparison principle

Lemma 1. Let v € C*(D x R*) satisfy

vy > Ap(v) + %f(v) in D x Rt

(P) § 220 in 0D x R
v(x,0) > ug(x) forxz e D.

Then, v is a super-solution of Problem (P®) and we have
v(z,t) > u(x,t), (z,t) € D xR

If v satisfies the opposite inequalities in Problem (P), then v is a sub-solution of Problem (P¢) and we
have

v(z,t) <ut(z,t), (z,t) € D xR
Proof. Consider the inequality satisfied for the difference of a super-solution v and a solution u®. Apply

the maximum principle to the function w := v — u® to deduce that it is positive. O

3.2 Solution of the corresponding ordinary differential equation

In the first stage of development, we expect that the solution behaves as that of the corresponding ordinary
differential equation:

{YT(T, O =fY(r.¢) 7>0 (31)
Y(0,0) =¢ (ER.

We deduce the following result from [1].

Lemma 2. Let n € (0,19) be arbitrary. Then, there exists a positive constant Cy = Cy(n) such that the
following holds:

(i) There exists a positive constant T such that for all T > 0 and all ¢ € (—2Cy, 2Cy),

e < Ye(r,() < Cyel" O, (32)

(i1) For all 7> 0 and all ¢ € (—2Cy,2C)),

Yee(7. ) o
Ycu,o‘SCY(e T

(iii) There exists a positive constants €y such that, for all ¢ € (0,ep), we have
(a) for all ¢ € (—2Cy,2C))
a- = <Y(f(0) e, () < ay +mn; (33)
(b) if ¢ > Cye, then
Y(f'(0) M nel,¢) = ay —n; (34)
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(c) if ( < —Cye, then
Y(f'(0)"|Inel,¢) < a_ +n.

Proof. These results can be found in Lemma 4.7 and Lemma 3.7 of [1], except for (32). To prove (32), we
follow similar computations as in Lemma 3.2 of [1]. Differentiating (31) by ¢, we obtain

{Yw, O=FY(FHOYe >0
Ye(0,0) =1,

which yields the following equality,
vin o =em | [ 16.0)] (35)
0

Hence, for ( =0,

er0) =exp | [ 1 (0p] =eror,

where the last equality follows since Y (7,0) = 0. Also, for { = a4, by (1), we have
Ye(r,ax) < 'O,

For ¢ € (a_ +n,a4 —n) \ {0}, Lemma 3.4 of [1] guarantees the upper bound of Y, in (32). We only need
to consider the case that ¢ € (—2Cy,2Cy) \ (a— +n,ay —n). It follows from (1) that we can choose a
positive constant n and 7 such that

f/
where [ := (a_ —T,a_ +n) U (ay — 1,04 +7

(s)<0,s€el, (36)
)

Y(7,Q) € J, (37)
for ¢ € J where J := (min{—2Cy, a_ — 77}, a_ +n) U (ay — n,max{2Cy, oy + 7}). Thus, (35), (36) and
(37) guarantee the upper bound of (32) for ¢ € I, which only leaves the case ¢ € (—2Cy,2C)) \ I.

We consider now the case ¢ € (ay +7,2Cy); the case of ( € (—2Cy, «_ —7) can be analysed in a similar
way. By (3.13) in [1], we have

. Moreover, (1) and (2) imply

Y(r,0) _ B ! o
Yelr. Q) = flag)r+ [ flopds, and i) = L) (38)
¢ f(s)
Note that f (s) — §/£a+; as s — a,, so that f may be extended as a continuous function. We define
ot

F = Hf"Loo(oz+,max{QCo,a++ﬁ})'

Since (2) yields Y (7,() > ay for ¢ € (ay +7,2C)), by (38) we can find a constant Cy large enough such
that

YC<T> C) < Cyef'(a+)r < Cyef'(())‘r'

Thus, we obtain the upper bound of (32).
For the lower bound, we first define

7= — miln f'(s), I' = [-2C,2C] U [a_, ay].
sel’

Note that 7 > 0 by (1). Thus, by (35), we obtain
Ye(r, Q) z e ™.



3.3 Construction of sub- and super-solutions

We now construct sub- and super-solutions for the proof of Theorem 1.1. For simplicity, we first consider
the case where
8U0

In this case, we define sub- and super- solution as follows:

wE(z,t) = Y (é,uo(x) £6°C, (e — 1)) _y (;—Z,uo(x) + P(t)>

for some the constant Cy. In the general case, where (39) does not necessarily hold, we need to modify w=
near the boundary dD. This will be discussed later in the proof of Theorem 1.1; see after equation (41).

Lemma 3. Assume (39). Then, there exist positive constants gy and Cy, Cy independent of € such that,

for all e € (0,&0), wE satisfies

Llwo) < —Che % < Coe™ # < L(w}) in D x [0, ] "
owZ  Owt _ 40
- v =0 on dD x [0, t°].

Proof. We only prove that w! is the desired super-solution; one can show that w_ is a sub-solution in a
similar way. The assumption (39) implies
owF

= =0on 0D xR".
ov

Define the operator £ by
1
Lu=u; — Ap(u) — g—gf(u)

Then, direct computation with 7 = /&2 gives

1 / /! / / 1
£lu) = 5Y+ POV~ () TuP 00 + A, + ) Tu Yo + /1))

1

= B0 SOV (PO (VYo ) + w’(w;nwf)f%» |

By the definition of Y, the first term on the right-hand-side vanishes. By choosing ¢, sufficiently small,
for 0 <t <t., we have

P(t) < P(t) = 20y (e /¥ — 1) = 2Cy(e7 1 = 1) < Co.
Hence, |ug + P(t)| < 2Cy. Applying Lemma 2, (5) and (6) gives
Lwt > Y (Copetl = (CELCy el + CoCy + CRCICy (21 — 1))
~ Y, ((Cgu —C2C,Cy — C2C1Cy )t 4 C2C,Cy — 0001> .
By (32), for C5 large enough, we can find a positive constant C'y independent of ¢ such that
Ew: > 626_%.

Thus, w? is a super-solution for Problem (P*). O

10



3.4 Proof of Theorem 1.1

We deduce from the comparison principle Lemma 1 and the construction of the sub- and super-solutions
that

w_ (z,t°) < u(x,t°) < wl(z,t°) (41)

under the condition (39).

If (39) does not hold, one can modify the functions w* as follows: from condition (8), there exist
positive constants dy and p such that (i) the distance function d(z,dD) is smooth enough on {z € D :
d(x,0D) < 2dp} and (ii) ug(z) > pif d(z,0D) < dy. Let & be a smooth cut-off function defined on [0, +00)
such that 0 <& < 1,£(0) =¢(0) =0 and £(z) =1 for z > dy. Define

+

ug = &(d(x,0D))ug(x) + [1 — &(d(z,0D))] max to
ug = &(d(z,0D))ug(x) + [1 — £(d(z,0D))] p.

Then, u; < up < uf and ug satisfy the homogeneous Neumann boundary condition (39). Thus, by using
a similar argument as in the proof of Lemma 3, we may find sub- and super-solutions as follows,

t / 2
wE(z,t) =Y <—2,u0i(x) + 20, (ef O/e% _ 1)) .
€

We now show (10), (11) and (12). By the definition of Cj in (5), we have

—Cy < minwug(z) < p.
z€D

Thus, for g9 small enough, we have that
—2C < u(x) £ (Coe — Cye?) <20, forx € D

holds for any € € (0,&¢). Thus, the assertion (10) is a direct consequence of (33) and (41).
For (11), first we choose M large enough so that Mye — Cye + Cye? > Cye. Then, for any x € D such
that u, () > Mye, we have

ug () — 20y <ef,(0)t/€2 - 1) > g (z) — (Che — Cre?) > Moe — Cae + Cye® > Cye.

Therefore, with (34) and (41), we see that

u (z,t°) > ar —n

for any « € D such that u, () > Moe, which implies (11). Note that (12) can be shown in the same way.
This completes the proof of Theorem 1.1. O

4 Propagation of the interface

The main idea of the proof of Theorem 1.2 is that we proceed by imbrication: By the comparison principle
Lemma 1, we show at the generation time that u™(z,0) > w'(x,t°) and v (z,0) < w™(z,t%) so that
we can pass continuously from the generation of interface sub- and super-solutions to the propagation of
interface sub- and super-solutions.

To this end, we first introduce a modified signed distance function, and several estimates on the
functions Uy and U; useful in the sub- and super-solution construction, before showing Theorem 1.2 in
Section 4.4.
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4.1 A modified signed distance function

We introduce a useful cut off signed distance function d as follows. Recall the signed distance function d
defined in (16), and interface I'; satisfying (13). Choose dy > 0 small enough so that the signed distance
function d is smooth in the set

{(z,t) € D x [0,T),|d(z,t)| < 3do}

and that
dist(T'y,0D) > 3dy for all ¢t € [0, T7.

Let h(s) be a smooth non-decreasing function on R such that

s if |s| < dp
h(s) =4 —2dy if s < —2d,
2d0 if s 2 2d0

We then define the cut-off signed distance function d by
d(x,t) = h(d(z,t)), (z,t) € D x[0,T).
Note, as d coincides with d in the region
{(z,t) € D x [0,T] : |d(z,t)| < do},
that we have
di = MoAd on T.

Moreover, d is constant near D and the following properties hold.
Lemma 4. There exists a constant Cy > 0 such that

(1) |de] +[Vd] + |Ad| < Cq,

(i) |dy — ANoAd| < Cyld|

in D x [0,T].

4.2 Estimates for the functions Uy, U,

Here, we give estimates for the functions which will be used to construct the sub- and super-solutions.
Recall that Uy (cf. (20)) is a solution of the equation

(¢(Uo))== + f(Us) = 0.
We have the following results.
Lemma 5. There exists constants C’o, A1 > 0 such that for all z € R,
(i) 1Usl, |Uosl, |Uszz| < Co,
(ii) |Un:l, |Uozz| < Coexp(—Ai|2)).
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Proof. Recall that Vy = ¢(Up) satisfies the equation (21) with ¢ € C*(R). Lemma 2.1 of [1] implies that
there exist some positive constants Cy and A; such that, for all z € R,

|Vb|7 |%Z|7 |%zz| Séo,
Vo, [Voe-| SGOGXP(_/\JZD;

and therefore similar bounds hold for Uj. n

In terms of the cut-off signed distance function d = d(x,t), for each (x,t) € D x [0,T], we define
Ui(z,t,-) : R — R as the solution of the following problem:

{(@’(Uo)m)zz + P UL = Oolos — (o(Un)).)Ad )

Ul(flf,t,()) = 07 SOl(UO)Ul € LOO(R)

Existence of the solution U; can be shown in the same way as that for U in (22). Finally, we give the
following estimates for Uy = U, (2,1, 2).

Lemma 6. There exist positive constants Ci and \; such that forall z € R
(i) [Uh], (U], (U], [VULLL VUL, (AU, [Uy] < G,
(it) Ur:], (U], [VUL] < Crexp(=lz)).

Here, the operators V and A act on the variable x.

Proof. Define Vi(z) := ¢'(Up(2))Ur(2). As in (22), we obtain an equation for Vi:

Vo
Viee +9'(Vo)Vi = [)\090/(80—?(‘/0))

Vi(z,t,0) =0, Vi€ L®(R).

a VOZ] Ad (43)

Applying Lemmas 2.2 and 2.3 of [1] to (43) implies the boundedness of Vi, Vi,, Vi,,. Moreover, since d is
smooth in D x [0, 7], we can apply Lemma 2.2 of [1] to obtain the boundedness of VV;, AVj. The desired
estimates for the function U; now follows via the smoothness of ¢ as in the proof of Lemma 5. O

4.3 Construction of sub- and super-solutions

We construct candidates sub- and super-solutions as follows: Given € > 0, define

T e O G (44

where
p(t) = —e P L 4 K,
q(t) =0o <ﬁe"8t/€2 -+ €2L6Lt) ,
in terms of positive constants ¢, 3,0, L, K. Next, we give specific conditions for these constants which will

be used to show that indeed u* are sub- and super-solutions. We assume that the positive constant &
obeys

A 1
ggLe"” <1, eoCh < 5

. (45)
We first give a result on the boundedness of f/(Uy(2)) + (¢’ (Up(2))..-

13



Lemma 7. There exists b > 0 such that f'(Uy(2)) + (¢'(Up))z» < 0 on {z: Up(2) € [a—, a_ + b U oy —
b7 Oé+]}-

Proof. We can choose by, F > 0 such that
f'Uo(2)) < =F
on {z:Uy(z) € [a—, a_ +b]U[ag — by, ayl}.

S
Note that (¢'(U)).. = " (Up)UE, + " (Up)Up,-. From Lemma 5, we can choose by > 0 small enough
so that

(@' (Uo):| < F, U (Wo))ze| < F
on {z:Up(z) € [a_, a_ 4+ bs] U[ay — by, ay]}. Define b := min{by, by}. Then, we have
f'(Uo(2)) + (¢'(Uo))ze < F = F = 0.
[

Fix b > 0 which satisfies the result of Lemma 7. Denote J; := {z : Up(z) € [a—, a_ +b] U [ay —
b, ail}, Jo ={2z:Us(z) € [a— +b, ay —b]}. Let

['(Uo(2)) + (¢'(Uo(2)))= .
3 1z e Jl} .

— w

The following result plays an important role in verifying sub- and super-solution properties.

Lemma 8. There exists a constant oy small enough such that for every 0 < o < g, we have

Uo: — o(f'(Uo) + (¢'(U))z2) > 30B.
Proof. To show the assertion, it is sufficient to show that there exists oy such that, for all 0 < o < oy,

U()z

o

— (f' (o) + (¢'(U0))=2) > 3B (47)

We prove the result on each of the sets Ji, Js.
On the set Ji, note that Uy, > 0 on R. If z € Jy, for any ¢ > 0 we have

Yo _ (f'(Uo) + (¢'(Uo))z2) > — sup(f'(Uo) + (¢'(Up))2) = 36

g zeJ1

On the set Jo, which is compact in R, there exist positive constants ¢y, co such that

Uo. > c1, |f'(Uo) + (¢'(Uh))::] < o

Therefore, we have

Uy, c
0(,) — (f'(Uo) + (¢'(Wh))=2) = ;1 —cy—ooasol0,
which implies (47) on J, for o small enough. O

14



Before we present the rigorous proof that u* are sub- and super-solutions, we first give detailed com-
putations needed in the sequel. Recall (44). First, note, with Uy and U; corresponding to u™, that

o(ut) = (Vo) + (Us + q) (Uo) + (U + g)? /0 (1= 8)" (U + (Uy + q)s)ds

(eU + q)*

S () (18)

fu™) = f(Us) + (Ui + q) f'(Uo) +

where 6 is a function satisfying 6(x,t) € (Uy, Uy + €Uy + ¢(t)). Straightforward computations yield

(u™); = Uy, (dt tspt> + Uy + Uy, (dy +epy) + ¢
Ap(u™) =V - ((@(Uo))z%l + Up¢' (Up)Vd + VU (Up) + (eUs + q)(gpl(UO))z%l + VR>
— (00 YA 4 (o)), 2

Vd[*

+ (Ur,¢' (W) + U@ (Do) Ad + 2VU,,¢' (Uy) - Vd 4 VUL (¢ (Up))- - Vd 4 e AU (Up)

+ 005 ¢ g0V 4 w0, - va
(U ) 00)- 20+ AR (19)
where R(z,t) = (eU; +q)? fo Yo" (Ug+ (eUy +q)s)ds. Define r(z,t) fo ©"(Uy+ (eUy +q)s)ds.

Then, we have

AR(z,t) =V -V [<(€U1)2 + 2eqU; + q2>r}
=V- [(25U1 (U1,Vd+eVU) +2¢ (U,,Vd + eVU;) ] r(z,t) + ((5(]1)2 + 2eqU; + q2> Vi(z, t)}

[Vd[*

= |:2 (UlZVd‘I'SVUl)Z +26U1 (Ulzz + Uled—i-QVUlZ Vd+€AU1):| T(l‘,t)

d2
+ 2(] (Ul‘zz@ + UlZAd+ QVUlz . Vd+ €AU1) T(l‘,t)

2 [25(]1 (U1.Vd + eVU,) + 2¢ (U Vd + eV ] Vr(z,t)

+ <(£U1)2 + 2eqU; + q2>Ar(:c, t) (50)

where
! " Vd
Vr(z,t)= [ (1—29)¢"(Us+ (eUs + q)s) | (Up+¢cUys), — eVUs | ds
0

Ar(z,t) = /0 (1= 5)"(Uy + (eUy + q)s) <(U0 + <<5U15)Zﬁ
|V ®

+(Uy + eUr5)... + (2VUL, - Vd + eAUY)s > ds

2

! vd
+ / (1—5)pW(Uy + (eUy + q)s) ((U() + sUls)Z? + €VU13) ds.
0
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Define I(x,t),r;(x,t) for i = 1,2,3 as follows:

Vd|®
l(l’,t) = UIZZT + UlZAd + QVULZ -Vd + €AU1
r(z,t) = [2(U1,Vd + eVUL)? + 22U (x, )] r(z,t) + 4eUy (U1,Vd + eVU;) Vr(z,t) 4 (eU1)*Ar(z, t)
ro(x,t) = 2ql(z, t)r(x,t) + 4q (U1, Vd + eVU,) Vr(x,t) + 2eqU  Ar(z, t)
r3(z,t) = ¢*Ar(x,t)
Thus,

AR =T + T2 + Trs. (51)
We have the following properties for r;.

Lemma 9. There exists C,. > 0 independent of € such that

q ¢’
|T1| S Cra |7”2| S ng |T3| S ?Cr (52)

Proof. Note that, by Lemmas 5, 6 and (45) the term U, := Uy + (eU; + ¢)s is uniformly bounded. Hence,

the terms ¢”(U,), ¢ (U,), o™ (U,) are uniformly bounded, and in particular r is bounded. By a similar
reasoning for Vr and Ar, it follows that there exists some positive constants cy, ca such that

vl <, jar < .
€ e2

Moreover, by Lemmas 5, 6 there exists a positive constant ¢; such that

¢
i) < 2.
Combining these estimates yields (52).
O
Let o a fixed constant satisfying
0 < o0 < min{oy, 01,09}, (53)
where o is the constant defined in Lemma 8, and o; and oy are given by
Ny T EaGT P W e o

Note that, since o < o1 and (45), we have
a —1<|uf| <ay +1.

Lemma 10. Let 5 be given by (46) and let o satisfy (53). Then, there exists g > 0 and a positive constant
Cp, which does not depend on e, such that

Lu™)<-C,<C,< L(uT) inDxI0,T]

ou~  Ou* (55)
E_E_O on 0D x [0,T]

for every e € (0, ).
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Proof. In the following, we only show that u™ is a super solution; one can show that u~ is a sub-solution
in a similar way.
Combining the computations above in (48), (49), (50) and (51), we obtain
1
Lut = (W), — Ap(™)) — 5 /()
=FE1+ Ey+ B3+ By + E5 + Eg,

where

1 VdE-1 Vd -1
2

By = == ((¢(lh))=| V[ + f (1)) a(¢'(Up))= (U1¢'(V0))=
By = éUozdt - é ((e(U0))-Ad + (Ur¢' (Uo)): + (Ur¢'(Uo)2)- + U f'(Uo))
Es = [Uo.pr + @] — 6% [qf’(Uo) +q(¢'(Un))=- + q;f”(@] —r3(z,1)

By = eUrpe = 2{(#/ (Vo). Ad + Ur f"(0)| = rafa. 1)
E5 = EUlt — €AU1QOI(U0)

Eg = U, dy — 2VU.,¢' (Up) - Vd = 2VU (¢ (Uy)), - Vd — (Ur¢'(Up)).Ad — ry(x,t) — (Tf”(ﬁ).
Estimate of the term E,. Using (20) we write F; in the form
vdP? -1 Vd|? -1
B = Y () + ol Wn)-) — Y 0 (00).o
, Vd]* — 1 , .
We only consider the term e; := T(Ulgp (Up)).- ; the other terms can be bounded similarly. In the

region where |d| < dy, we have |Vd| =1 so that e; = 0. If, however |Vd| # 1, we have

(U9 (Uo))-| < ﬁe—hlfﬂa(wl < ﬁe—h[%’—p(w] < ﬁe—xl[%“—(mww)]_

€ e € 9

Choosing ¢y small enough such that

d,
20 (1—|—€LT+K> >0,
280
we deduce A
!
WO Ol Ctn ey
£ 19

Thus, £|(U1¢'(Uy)):-| is uniformly bounded, so that there exists C, independent of &, L such that
le1] < Co.

Finally, as a consequence, we deduce that there exists C, independent of ¢, L such that
|Ey| < Ch. (56)

Estimate of the term E,. Using (42), we write Ey in the form

%ﬂ@—%Aa

1 1
EQ - _U()zdt - —AoUOZAd —
£ £
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Applying Lemma 4, 5 and 6 gives
~ |d .
Bl < GGy Delsl < ¢ max ¢fe 7,
€ €

Note that maxecp [£]e  IEFPL < |p| + %1 (cf. [13]). Thus, there exists Cy such that
|Ey| < Cy(1 + ). (57)

Estimate of the term FEs3. Substituting p;, = 21 and then replacing ¢ by its explicit form (cf. (44))
elo
gives
2

B= L [Uoz — o (f(U) + (¢ (U0))=2) — g (lf"<e> " q—)} ra

20 2

- 5% (Be % +<2LeM) {UOZ — o (F(Uy) + (& (Ug)ss) — 02(Be % + Le2el) (_ £160) + Z_Zr?,)}

1 _Bt
— —20526 2 4202l
€

1 ¢
= ;567%(1 —0f) + Le™[I + %01
where

I = Uy, — o(f'(Uo) + (¢ (Un))::) — 02(Be™ + Lee™) (%f”@ - %r3> ‘

Applying Lemma 8, using (45) and (53), yields

2
I > 308—o00y(B+ Le’e™) (|f”(9)| + %Ir:ﬂ)

Y

2
308 — 003 (84 1) (If”(9)| n ;m)
> 200,

where the last inequality follows from (54). This implies that

2 t
E5 > “gize—? + 208Le". (58)

Estimate of the term E,. Substituting again p; = 2i, with ¢ in its explicit form (44) gives
g0

E0

Bi=L (Ulz (¢ (T0)).Ad + ULS"(60)) — 05>

= 2 (s weneh) (e~ ol WAL+ UL 0) =07

Applying Lemma 4, 5, 6 and 9 gives the uniform boundedness of the last factor in parenthesis. Thus, there
exists a constant Cy such that

1 .
|Ey| < Ciz (561% + €2L6Lt> : (59)

Estimate of the terms E5 and Eg. Applying Lemma 4, 5 and 6, it follows that there exists C such that
|Bs| + | Es| < Cs. (60)
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Combination of the above estimates. Collecting the estimates (56),(57),(58),(59),(60), we obtain

. Py L
(ut) > 5_2_042 e 52+[20BL—504L 02] — G~ Cy— Cs
2 . ~
= [@ — é4é:| S_g + |:20BL - 804[/} €Lt
€ € 3
+ |:2O—36 B 02:| eLt_I_ |:20_36L B C~'6:|

where Cg = C, + Cs + C5. Choose ¢ small enough and L large enough so that
o8 > 3Cye0, 0BL > Smax{é'2, éﬁ}.

Then, we deduce that there exists a positive constant C,, independent of €, such that L(u") > C,. O

4.4 Proof of Theorem 1.2

The proof of Theorem 1.2 is divided in two steps: (i) For large enough K > 0, we prove that v~ (z,t) <
uf(w,t +1°) < ut(w,t) for v € D,t € [0,T — t°] and (ii) we employ (i) to show the desired result.

Step 1. Let n € (0,19) be arbitrary. Fix o, 8 that satisfy (46), (53) and

n
< —.
of 5

Theorem 1.1 implies the existence of constants €y and My such that (10)-(12) are satisfied with the constant
n replaced by o /4. Conditions (7) and (8) imply that there exists a positive constant M; such that

if d(z,0) < —Me, then ug(z) < —Moe,
if d(z,0) > Mye, then ug(x) > +Moe.

Hence, we deduce, by applying (10), (12), that

ap + — if d(z,0) > —Me
() <H @) =] 4 1
a_ + 1 if d(z,0) < —Me.
Also, by applying (10), (11)
oy — b if d(x,0) > Me
ut(x,t°) > H (x) := U4ﬁ
a- = if d(z,0) < Me.

Next, we fix a sufficient large constant K such that

UO(MI—K)ga_—I—% and  Uy(— M1+K)>oz+—?

For such a constant K, Lemma 10 implies the existence of coefficients g and L such that the inequalities
n (55) holds. We claim that

u (z,0) < H (z) < HY(x) < u'(z,0). (61)
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We only prove the last inequality since the first inequality can be proved similarly. By Lemma 6, we have

|Uy| < Cy. Thus, we can choose €y small enough so that, for € € (0,¢), we have eCy < %. Then, noting
(44),

ut(z,0) > Uy (d(x, O);— 5p(0)) — ey + o +e?cL

> U, (d(i’ U K) + 206.

In the set {z € D : d(z,0) > —M,e}, the inequalities above, and the fact that Uy is an increasing function
imply

3
ut(z,0) > Up(—M; + K) + 106 > ay + ? > H*(z).

Moreover, since Uy > a_ in the set {z € D : d(z,0) < —M,e}, we have
3
ut(z,0) > a_ + 105 > H*(x).

Thus, we proved the first inequality in (61) above.
The inequalities (61) and Lemma 10 now permit to apply the comparison principle Lemma 1, so that
we have

u (z,t) <u(w,t+1t°) <u'(x,t) for z€D,tel0, Tt (62)

Step 2. Choose C' > 0 so that

Up(C — " — K) >o¢+—g and Uy(—C+ e + K) < a_ +

N3

Then, we deduce from (62), noting (44), that

if d(z,t) > eC, then u®(x,t +1t°) > ay —n
if d(z,t) < —eC, then v (z,t+1t°) <a_+n

and since ay £ n are respectively sub- and super-solutions of (P?), we conclude that
u&(x7 t+ ts) < [Oé_ =, 04 + T]]
for all (x,t) € D x [0,T —t],¢ € (0, &y). O
>

Remark 2. These sub and super solutions guarantee that u® ~ o (respectively, u® ~ «_) for d(z,t)
c(respectively, d(x,t) < —c) with t > pt®,p > 1 and € > 0 small enough. In fact, by the definition of q(t),
we expect

elUy £4q(t) = O(e)
fort > (p—1)t*. Also, by Lemma 5, we expect
0<Uy(z) —a_ < ée forz> g, 0<ay —Up(z) < ée for z < —g.
These estimates yield that there exists a positive constant ¢’ such that
luf(z,t) — ay| < de ford(z,t) > ¢, |u®(x,t) —a_| < de ford(x,t) < —c

fort > pt°.
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5 Proof of Theorem 1.3

We now introduce the concept of an eternal solution. A solution of an evolution equation is called eternal
if it is defined for all positive and negative times. In our problem, we study the nonlinear diffusion problem

wy = Ap(w) + f(w), ((2,2M),7) e RN x R, (63)
where 2/ € RV~! and 2™ € R. In order to prove Theorem 1.3, we first present two lemmas.
Lemma 11. Let S be a domain of RNV x R and let u be a bounded function on S satisfying
up = Ap(u) + f(u), (z,t) €S, (64)

where o, f satisfy conditions (1), (3). Then, for any smooth bounded subset S" C S separated from 0S by
a positive constant d we have

||U||Cz+9,1+9/2(§ < Cl, (65)

for any positive constants 0 < § < 1 and C" which depends on ||ul|L=(s), ¢, f, d, 0 and the size of S, where

N
HUH k+6,k/+6! (TTy — HUH K,k (T T sup { z x
¢ ) ) ]Zl (@), (1) ES" ay |z =yl

+ s { [DF (1) = D u(e. )] }
(x,t),(z,t") €S’ t£t! it — ¢/

where k, k' are non-negative integers and 0 < 0,6 < 1.

Proof. Since S’ is separated from 0S by a positive distance, we can find subsets Si, :5’2 such that S’ C
Sy C S7 C S and such that 95,05, 0S; are separated by a positive distance less than d. By condition (3)
the regularity of u(z,t) is the same as the regularity of v(z,t) = p(u(z,t)). Note that by (64) v satisfies

ve=¢' (07 (v)[Av + g(v)]  g(s) = flp™'(5))
on S. By Theorem 3.1 p. 437-438 of [15], there exists a positive constant ¢; such that
Vo] < ¢ in Sy

where ¢; depends only on N, ¢, ||u||r(s) and the distance between S and S;. This, together with Theorem
5, p 122 of [10], imply that

ol s,y < c2(llvllecsy + 19" (™ (©)g(0)]lze(sy)

for any p > N + 2 where ¢ is a constant that depends on ¢y, p, N, p. With this, by fixing p large enough,
the Sobolev embedding theorem in chapter 2, section 3 of [15] yields

[vll crve.ator2(55) < 63||v||W3,1(52)

where 0 < 0 < 1 — % and c3 depends on ¢, and p. This implies that ¢'(p~!(v)), g(v) are bounded
uniformly in C1+90+9)/2(S,) Therefore, by Theorem 10.1 p 351-352 of [15] we obtain

HUH02+0,1+9/2(S/) S Cy ||U||C1+9,(1+0)/2(52)

where ¢4 depends on co, f and . O]
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Remark 3. Lemma 11 implies the uniform C?' boundedness of the entire solution w in the whole space.
This can be derived as follows: Let

Sapy = {(z,t) e RN x R, |z —a* + (t — b)*> < 2}, Stapy = (1) € RY xR, |z —al* + (t — b)* < 1}

where (a,b) € RN x R. Then, Lemma 11 implies the uniform C*' boundedness of w within Sza,b) where
the upper bound is fized by (65). Since this upper bound is independent to the choice of (a,b), we have
uniform C*' bound of w in the whole space.

Next, we present a result inspired by a similar one in [5].

Lemma 12. Let w((2',2™),7) be a bounded eternal solution of (63) satisfying

lim inf inf  w((,2™M),7) =a_, limsup sup w((¢,z™), 1) =a., (66)
2(N) 5 —o0 2/€RN -1 7€R 2(N) 00 2/€RN-1 7€R
where 2/ = (2, 23 ... 2(N=U) " Then, there exists a constant z* € R such that

w((2, 2, 1) = U (™) — 27).

Proof. We prove the lemma in two steps. First we show w is an increasing function with respect to the
2(N) variable. Then, we prove that w only depends on z¥), which means that there exists a function
¥ : R — (a_,ay) such that

w((Z', ™M), 1) = (™), ((,2),7) e RY xR

From the increasing property with respect to z(N), this allows us to identify v as the unique standing wave
solution Uy of the problem (20) up to a translation factor z*.
We deduce from (66) that there exist A > 0 and 7 € (0,79) such that

Qy — 7 < U}((Z/, Z(N))a 7—) < Qg + 1), Z(N) > A (67)
a —n<w(Z,zM) 7)< a_+n WM< -A
where 7 is defined in (9).
Let 7 € R, p € RV~! be arbitrary. Define
w((#,20), 1) 1= w(( 4+ p, 2N 4 5), 7+ 7)
where s € R. Fix x > 2A and define
b* :=inf {b> 0: p(wX) +b> p(w) in RN xR} . (68)

We will prove that b* = 0, which will imply that wX > w in RY x R since ¢ is a strictly increasing function.
To see this, we assume that this does not hold, that is b* > 0. Note, by (66) and (67) we have

wX>ap —n>a_+n>wif 2V =—A lim  (wX) — p(w) — 0. (69)

2(N) 5400

Let E = {(z,t) € RY x R, p(w) — ¢(wX) > 0}. Define a function Z on E as follows

Z((2,2™M), 1) = e [p(w) — p(wI))((2, 2), 7),
) = max ( ['(w) = ' (w9l Ap(w) + [¢'(w)f (w) = & (W) [(w)] 0) > 0.

s o(w) — p(wx)
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Note that C is bounded, since wX is bounded uniformly in C*!(E) by Remark 3 and in view of (1) and
(3) we have

i P@) =) ") o @ @) -G W) ) (70)

=y () —oly) ¢ (y) =y () — o(y) ¢'(y)

Direct computations give

Zr — ¢ (W)AZ = e () [Ap(w) + f(w)] — e 2T (W) [Ap(w) + f(wY)]
~CzZ — e T (w)[Ap(w) — Ap(w™)]
= (I¢'(w) = ¢ (@N)]Ap(w) + [ (w) fw) = ¢ (W) fw)] )e 7 = C12
<CyZ —-CzZ =
in E. Then, the maximum principle [17] Theorem 5 p.173 yields that the maximum of Z is located at the
boundary of E. By the definition of £, Z = 0 on the boundary of E which implies Z < 0 in E. This

contradicts the definition of E. Thus, we conclude that b* = 0.
Next, we prove that w < wX for any x > 0 (see (73) below). For this purpose, define

X" = inf{xER,w’zzwfor all )sz}. (71)

Then, our goal can be obtained by proving that y* < 0. By the previous argument, we already know that
X" < 2A. Since w((z', —00),T) = a_, it follows from (66) that x* > —oo, since otherwise we would have

a=w*((,z2™), 1) > w,

leading to a contradiction since w((2’, +00),7) = ay > a_. Thus, we conclude that —oco < x* < 2A.
Assume that x* > 0, and define E' := {((/,2™)),7) € RN x R; |z < A}, If infp (wX” — w) > 0,
then there exists dy € (0, x*) such that w < wX ~° in E’ for all § € (0,dy). Since w < wX =% on IF,
we deduce from a similar argument as above that w < wX =% in {((¢/,2™),7) € RY x R; [2(M)| > A}.
This contradicts the definition of x* in (71) so that infz (wX — w) = 0. Thus, we must have a sequence

(2], 2n), tn) and Zo € [—A, A] such that
w((2, 2n), tn) — WX (2, 2n), tn) = 0, 2p — Zoe @S N — 00.

Define w,((2, 2™),7) == w((z' + 2,,2™), 7 +1,). Since w,, is bounded uniformly in C*H1H/2(RN x R)
by Lemma 11, w, converges in C.. to a solution we, of (63). Define Z by

Z((2',2M), 7) = [p(wX) — lwse)((2', 2V), 7).

Since ¢ is strictly increasing, by (71) we have

{Z((z/, 2 7)>0in RY x R (72)

Z((0, 2), 0) = limp oo [o(w)") = @(wn)((0, 20), 0) = limysoo [o(wX") = @(w)]((24,, 20), 1) = 0

Then, direct computation gives
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If Z =0 we obtain Z, — ¢/ (wX)AZ = 0. If Z > 0, we obtain

5w A — ([PWK) = ¢ (we)|Ap(we) + [ (W) f(wX) — ¢ (weo) f(weo)] ) -
%= gtz = ( P — plus) )2
2_027

for some positive constant C', where the last inequality follows from (70) and the fact that Ap(wy,) is
uniformly bounded in the whole space. Since by (72) Z attains a non-positive minimum at ((0, z.),0), we
deduce from the maximum principle applied on the domain RY x (—oc, 0] that Z =0 for all (2,2 €
RY, 7 <0. Hence, Z =0 in RY x R. This implies that

Weo((0,0),0) = weo ((p, X), T) = Waol(20,2X7),27) = - -+ = weo((kp, kX"), kT)

for all k € Z, contradicting the fact that we.((kp, kx*), kT) — ay as k — oo and we ((kp, kx*), kT) — a_
as k — —oo.
Thus, we have x* < 0, and therefore

w((#, Z(N)),T> < w'((¢, z(N)), 7) = w((z' + p, Z(N)),T +7) (73)

hold for any p € RV"1 7 € R.
We now show that w only depends on z™. Suppose w depends on 2z and 7. Then, there exist
2,2 € RN71 (M) € R and t),#, € R such that

w((z1,2™M),81) < w((zp,2™M), ). (74)

Then, by letting 2’ = 2, p =2 — 25 and 7 = t,,, 7 =t} — t} in the inequality (73), we deduce
w((z5,2M), 1) < w((z1,2%),8),

contradicting (74). This implies that w only depends on 2™ namely w((z’, 2™),7) = (™). Finally,

from the definition of x*, we have that ¢ is increasing. O

Proof of Theorem 1.3. We first prove (i). Recall that d(x,t) is the cut-off signed distance func-
tion to the interface I'; moving according to equation (13), and d*(z,t) is the signed distance function
corresponding to the interface

I :={z € D, u(x,t) =0}.

Let T} be an arbitrary constant such that % < Ty < T. Assume by contradiction that (15) does not
hold. Then, there exist n > 0 and sequences ¢; | 0, t; € [pte*,T], z € D such that o —n > 0> a_ +1n
and

w (g, t) — U (MN >, (75)

Ek -
For the inequality (75) to hold, by Theorem 1.2 and Uy(d00) = .y, we need
d* (zg, ty) = Oleg).
With these observations, and also by Theorem 1.2, there exists a positive constant C' such that
|d(zy, t)] < Cey (76)
for € small enough.
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If 5, € I';", then the left-hand side of (75) vanishes, which contradicts this inequality. Since the sign
can either be positive or negative, by extracting a subsequence if necessary we may assume that

u*(zg, t) >0 forall k€N, (77)
which is equivalent to
d** (zg,tp) > 0 for all ke N.

By (76), each x; has a unique orthogonal projection py := p(a,tx) € I'y,. Let yx be a point on I';f
that has the smallest distance from xy, and therefore u® (yx, tx) = 0. Moreover, we have

uF(x,ty) >0 if ||o — k]l < |lyr — k|- (78)
We now rescale u® around (py, tx). Define
wh(z,7) 1= u (p + xRz, te + €57, (79)

where R, is a orthogonal matrix in SO(N,R) that rotates the z(") axis, namely the vector (0,---,0,1) €

Lk — Dk
[z — Pl
1.2 which gives information about u®* for ¢;, + 27 > ¢°*. Then, since T’y is separated from dD by some
positive distance, w* is well-defined at least on the box

R onto the unit normal vector to Ty, at py € Ty, , say To prove our result, we use Theorem

o) =TT

for some ¢ > 0. We remark that B, C Bj11,k € N and limy_,o, By, = RY x R. Writing Ry = (7ij)1<ij<N,
we remark that R;l =R}, which implies that

1 T-T
By = {(z,T)GRNxR: <l (o pyned 1},
Ek

N
ZT’Z- = 1, Z T = 0. (80)
i=1 i=1,j#m

Since

N N
82@(7«0’6) = &} Z Z 7T i O pa; (U ),
7j=1 /=1
we have
N
Ap(uwh) =i Y 92 p(u")
i=1
N N N N
=&} Z Z ”’?iaiﬂ(usk) + &} Z Z 75iT 1Oy, P (U)
i=1 =1 i=1 jl=1,j#¢

Thus, we obtain
wh = Ap(w®) + f(w*) in By.

From the propagation result in Theorem 1.2 and the fact that the rotation matrix R; maps the zV) axis
to the unit normal vector of I'; at pg, there exists a constant C' > 0 such that

M >C=wk(z,r)>ar —n>0, 2N <-C=uwfz1)<a_+17<0 (81)
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as long as (z,7) € By.
It follows from the first line of (14) that a_ —ny < w* < ay + 1y for k large enough. Then, by Lemma
11 we can find a subsequence of (w*) converging to some w € C**(RY x R) which satisfies

w; = Ap(w) + f(w) on RY xR.
From Remark 2 we can deduce (66). Then, by Lemma 12, there exists z* € R such that
w(z, 1) = Up(zN) — 2%). (82)

Define sequences of points {2}, {2} by
1
2= =Ry (e —pr), Zko= — R Uk — pi)- (83)
Ek €k
From (76) and Theorem 1.2, we have

|d(zk, t)| = [|zr — pil| = Oler),
e — prll < Nlye — il + |2k — prll = 1A (g, te)| + |d(2r, tr)| = Oler)

(see Figure 2), which implies that the sequences z; and Z; are bounded. Thus, there exist subsequences
of {z1}, {Zx} and 24, Zo € RY such that

2k~ Zooy 2k, —F 2o, @S k — 00.

\
\ Bi )
£; — *
\ Lk I, ™M =1z
Pk Xk
. e
Vi ‘
utk < a usk > w<a

N)

(a) Points 2, yx, pr. and interfaces Ty, , T';* in- (b) Points 2z and Z and hyperplanes 2
side the box By,. 2% 2V = zc(g).

Figure 2: In (a) the distance between I';, and I'j* is of O(ej). In (b), since we rescale space by ™', the
distance between two hyperplanes is of O(1).

Since the normal vector to I';, at py is equal to x; — pg, and the mapping R,;l sends the unit normal
vector to Ty, at pj, to the vector (0,---0,1) € RY, we conclude z,, must lie on the 2(N) axis so that we
can write

Zoo = (0,--+,0, 2.
Since, by (77),

W(zo0, 0) = kliinoo w* (2,,,0) = kliinoo ukn (T, tr, ) > 0,

we deduce from (82) and the fact that Uy is an increasing function that

W(Zso, 0) = Uo(zgv) -2 >0=> z(()év) > 2.
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From the definition of y;,, and (79), we have

W(Zs,0) = lim w* (%, ,0) = lim u» (yg,, t, ) = 0. (84)
k—o0 k—o0
Next, we show that
w(z,0) > 0f 2 = 2ool| < [|20 — 20| (85)

Choose z € RY satisfying ||z — 2a0]| < ||Z00 — 2oo|| and a sequence ay, € RT such that aj, — ||z — 250|| and
€k Ok, < ||Th, — Yk, || as k — oo. Then, we define sequences ny, and by, by

Z — Zk,

N bkn = aknnkn + an.

n

IEEEN
Note that by, — z as k — oo. Then, by (83), we obtain

w(z,0) = lim wk”(bkn, 0) = lim un(py, + ek, Ry, (ar, kn + 2x,), tk,)

kyn—00 kn—00

: €
= lm u®n (e, ar, Ri, "k, + Tk, , tr,) > 0,
kn—00

where the last inequality holds by (78).

Note that (82) implies {w = 0} = {(2,7) € RY x R, z¥) = 2*}. Thus, we have either z,, = 7, or, in
view of (82) , (84) and (85), that the ball of radius ||Zo — 2 || centered at 2z, is tangent to the hyperplane
2N) = 2% at Z,. Hence, %, is a point on (™) axis. With this observation and (82), we have

Zoo = (0,--+,0,2%).
This last property implies

A (T, o) 2k, —
Ek Ek

= 1Rk, (zy = Zn) 11 = N2, = Zi, | = 2o = Zooll = 287 = 2" (86)

n n

We have therefore reached a contradiction since, by (76), (82) and (86),

0= [w(zec, 0) = Uo (2K = 27))|

ke
lim {wk”(zkn, 0) — Uy (—d (ko tk")>} ‘

kn—00 €k

n

d"Fn t
= | lim [ua’“" (Ths te) — Uo (—<xkn’ k")>] ;
kn—00 €kn
contradicting (75).
For the proof of (ii), we use the same method as in [3]. O

Appendix: Mobility and surface tension

Mobility is defined as a linear response of the speed of traveling wave to the external force. More precisely,
motivated by (4.1) and (4.2) in [18], let us consider the nonlinear Allen-Cahn equation with external force
d on R for small enough |4]:

u =), + f(u) +6, z€R, (87)
and the corresponding traveling wave solution U = Us(z) with speed ¢(9):
©(Us)z. +¢(0)Us, + f(Us) +6 =0, zeR, (88)
Us(£o0) = ag 5,
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where a4 5 are the two stable solutions of f(u) 4+ 0 = 0. Then, we define the mobility by

¢(0)

Hac = ————
Oy — O

with a normalization factor oy — a_ as in [18]; compare (4.6) and (4.7) in [18] noting that the boundary
conditions at +o00 are switched so that we have a negative sign for p4c.
To derive the formula for pac, we multiply ¢(Us), to (88) and integrate it over R to obtain

(0) [ Usnp(Us)od + 5(p(a) = (o) = O, (59)
by noting that
Us) .. (Us) (Us) dz =0,
[ ooz =5 [ 1o} s
[ o8z = plas) = a-s) = pla) - pla) + OG),
/f (Us)p(Us) dz—/f (Us)'(Us)Us,dz = — / W (u)du = O(5?).
The last line follows by the change of variable u = Us(z), W'(u) = — f(u)¢/(u) (recall (28)), [** W (u)du =

0 and W'(ax) = 0, W’ € C'. However, since one can at least formally expect Us = Uy + O(§) (recall (20)
for Uy), by (27),

/R Us.o(Uy)udz = /R Uneo(Un)dz + O(6)
_ / Uou/2W (Ta(2))d + O(5)
_ / /AW Wdu + 0(5)

by the change of variable u = Uy(z) again. This combined with (89) leads to

CI(O) _ ¢(a+) So(a )

/A

Thus, the mobility is given by the formula

[ AW wdu P )V (2)d=’
where
. play) —pla)
Y+ = .
Oé+ — _

On the other hand, surface tension is defined as a gap of the energy of the microscopic transition
surface from o to a, in the normal direction and that of the constant profile a_ or a,. More precisely,
define the energy of a profile u = {u(z)}.,er by

E£(u) = /R {%((p(u)zf—l—W(u)}dz.
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Recall that the potential W is defined by (28), and W > 0 and W (ax) = 0 hold. In particular, W is
normalized as min,ecg W(u) = 0 so that min,—,) £(u) = 0. Then, the surface tension is defined as

1
oac:=— min  &(u),
A (,D*i wu(oo)=at ( )
by normalizing the energy by ¢%. We observe that £ is defined through ¢.
Note that the nonlinear Allen-Cahn equation, that is (87) with 6 = 0, is a distorted gradient flow
associated with & (u):
o0&
Uy = —ﬂ, z € R,
dep(u)

where the right hand side is defined as the functional derivative of £(u) in ¢(u), which is given by

o = el — F(ul),

Indeed, to see the second term —f(u(z)), setting v = p(u), one can rewrite W(u) = W(p ' (v)) as a
function of v so that

(W™ () =W @) (e ()
~1 11 1
= _f<(70 (v))gp (90 <U))g0/(g071(’0))
= —fl¢™(v) = —f(u).

We call the flow “distorted”, since the functional derivative is taken in ¢(u) and not in u. One can
rephrase this in terms of the change of variables v(z) = p(u(z)). Indeed, we have £(u) = £(v) under this
change, where

&) = [ {5+ Wie @)}

and ~
Y (R () e}
Therefore, in the variable v(z), the nonlinear Allen-Cahn equation can be rewritten as
v = @ = (67 (W) B = ¢ () o+ 0(0)).

This type of distorted equation for v is sometimes called Onsager equation; see [16].
Now we come back to the computation of the surface tension o4¢. In fact, it is given by

1 1 At
me=— [V == [ ¢ vaT i, (91)
Y+ Jr P+ Ja_

where Vj = ¢(Up) and satisfies (21). Indeed, the second equality follows from (29). To see the first equality,
by definition,

1 1 ~
oac =— min  E(u) = — min E(v)
YL uu(Eoo)=at YL viv(Foo)=p(at)

and the minimizers of € under the condition v(£00) = p(ay) are given by V4 and its spatial shifts. Thus,

1 - | / 1, B
oac = —E(Vp) = — {—VZ+W¢ Vo)) pdz.
o %u) L[ we o
However, since Vo, = 1/2W (Up(2)) by (27), we have [, W(o ™' (Vo))dz = [ 5Viidz. In particular, this

implies the first equality of (91)
By (30) combined with (90) and (91), we see that A\g = pacoac.
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Remark 4. The linear case p(u) = Ru is discussed by Spohn [18], in which & is denoted by k. In this
case, since ' = R and p1 = K, by (90) and (91), we have pac = | [5 ngdz}_l and oac = R [ Ug,dz.
These formulas coincide with (4.7) and (4.8) in [18] by noting that Uy is the same as w in [18] in the
linear case except that the direction is switched due to the choice of the boundary conditions.

Acknowledgement

The authors are grateful to the professors Henri Berestycki and Francois Hamel for a useful discussion.
P. El Kettani, D. Hilhorst and H.J. Park thank IRN ReaDiNet as well as the French-Korean project
STAR. T. Funaki was supported in part by JSPS KAKENHI, Grant-in-Aid for Scientific Researches (A)
18H03672 and (S) 16H06338, and also thanks IRN ReaDiNet. S. Sethuraman was supported by grant
ARO WI11NF-181-0311, a Simons Foundation Sabbatical grant, and by a JSPS Fellowship, and thanks
Waseda U. for the kind hospitality during a sabbatical visit.

References

[1] Matthieu Alfaro, Danielle Hilhorst, Hiroshi Matano : The singular limit of the Allen-Cahn equation
and the FitzHugh-Nagumo system. Journal of Differential Equations 2 (2008), 505-565.

[2] Matthieu Alfaro, Danielle Hilhorst : Generation of Interface for an Allen-Cahn Equation with Non-
linear Diffusion. Mathematical Modelling of Natural Phenomena 5 (2010), 1-12.

[3] Matthieu Alfaro, Hiroshi Matano : On the validity of formal asymptotic expansions in Allen-Cahn
equation and FitzHugh-Nagumo system with generic initial data. Discrete and Continuous Dynamical
Systems Series B, Volume 17, Issue 6 (2012), 1639-1649.

[4] Samuel M. Allen, John W. Cahn : A microscopic theory for antiphase boundary motion and its
application to antiphase domain coarsening. Acta Metallurgica, Volume 27, Issue 6 (1979), 1085-
1095.

[5] Henri Berestycki, Francois Hamel : Generalized travelling waves for reaction-diffusion equations.
Contemporary Mathematics 446 (2007), 101-124.

[6] Danielle Brochet, Xinfu Chen and Danielle Hilhorst : Finite dimensional exponential attractor for
the phase field model. Applicable Analysis 49, 3-4 (1993), 197-212.

[7] Xinfu Chen : Generation and propagation of interfaces for reaction-diffusion equations. Journal of
Differential Equations Volume 96, Issue 1 (1992), 116-141.

[8] Roberta Dal Passo, Lorenzo Giacomelli, Amy Novick-Cohen : Existence for an Allen-Cahn/Cahn-
Hilliard system with degenerate mobility. Interfaces and Free Boundaries Volume 1, Issue 2 (1999),
199-226

[9] Perla El Kettani, Tadahisa Funaki, Danielle Hilhorst, Hyunjoon Park and Sunder Sethuraman : Mean
curvature interface limit from Glauber+Zero-range interacting particles, arXiv:2004.05276v2.

[10] N. V. Krylov : Lectures on Elliptic and Parabolic Equations in Sobolev Spaces. American Mathemat-
ical Society, 2008.

[11] Paul C. Fife, Andrew A. Lacey : Motion by curvature in generalized Cahn-Allen models. Journal of
Statistical Physics 77 (1994), 173-181.

30



[12]

[13]

[14]
[15]

[16]

[17]

[18]

[19]

Raffaele Folino, César A. Herndndez Melo, Luis Lopez Rios, Ramén G. Plaza : Exponentially slow mo-
tion of interface layers for the one-dimensional Allen-Cahn equation with nonlinear phase-dependent
diffusivity. Zeitschrift fiir angewandte Mathematik und Physik (2020), 71:132

Danielle Hilhorst, Yong-Jung Kim, Dohyun Kwon, Thanh Nam Nguyen : Dispersal towards food :
the singular limit of an Allen-Cahn equation. Journal of Mathematical Biology 76 (2018), 531-565.

Gary M. Lieberman: Second Order Parabolic Differential Equations. World scientific, 1996, 452 pp.

O. A. LadyZenskaja, V. A, Solonnikov, N. N. Ural’ceva : Linear and quasilinear equations of parabolic
type. Vol. 23 American Mathematical Society, 1968.

A. Mielke : On evolutionary I'-convergence for gradient systems. In: Macroscopic and large scale
phenomena: coarse graining, mean field limits and ergodicity, 187-249, Lect. Notes Appl. Math.
Mech., 3, Springer, 2016.

Murray H. Protter, Hans F. Weinberger : Maximum Principles in Differential Equations. Springer

Herbert Spohn : Interface motion in models with stochastic dynamics. Journal of Statistical Physics
volume 71, (1993), 1081-1132.

Carl Wagner : On the solution of diffusion problems involving concentration-dependent diffusion
coefficients. JOM 4 (1952), 91-96.

31



