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Abstract

In this paper we study the Casimir energy of a sample made by N cavities, with IV > 1, across
the transition from the metallic to the superconducting phase of the constituting plates. After
having characterised the energy for the configuration in which the layers constituting the cavities
are made by dielectric and for the configuration in which the layers are made by plasma sheets,
we concentrate our analysis on the latter. It represents the final step towards the macroscopical
characterisation of a “multi cavity” (with N large) necessary to fully understand the behaviour of
the Casimir energy of a YBCO (or a BSCCO) sample across the transition.

Our analysis is especially useful to the Archimedes experiment, aimed at measuring the interac-
tion of the electromagnetic vacuum energy with a gravitational field. To this purpose, we aim at
modulating the Casimir energy of a layered structure, the multi cavity, by inducing a transition
from the metallic to the superconducting phase. After having characterised the Casimir energy of
such a structure for both the metallic and the superconducting phase, we give an estimate of the
modulation of the energy across the transition.

PACS numbers: 12.20.Ds, 12.20.-m, 74.72.-h
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1. INTRODUCTION

The principal goal of the Archimedes experiment [I] is to measure the coupling of the
vacuum fluctuations of Quantum Electrodynamics (QED) to the gravitational field of the
Earth. The coupling is obtained, as usual in Quantum Field Theory in Curved spacetime [2-
5], assuming the Einstein tensor to be proportional to the expectation value of the regularized
and renormalized energy-momentum tensor of matter fields, in particular, for the Archimedes
experiment, of the electromagnetic field. The idea is to weigh the vacuum energy stored in a
rigid Casimir cavity [6], made by parallel conducting plates, by modulating the reflectivity
of the plates upon inducing a transition from the metallic to the superconducting state [1J.
The “modulation factor” is defined as n = % were AFE is the difference of Casimir energy
in the normal and in the superconducting state.

In Ref. [1] it was shown that, in order to measure such an effect, 7 must be of the order
1 ~ 1075 and that, to this purpose, a multi cavity, obtained by superimposing many cavities
must be used. This structure is natural in the case of crystals of type-II superconductors,
particularly cuprates, being composed by Cu-O planes, that undergo the superconducting
transition, separated by nonconducting planes. A crucial aspect to be tested is the behavior
of the Casimir energy [6] for a multi cavity when the layers undergo the phase transition
from the metallic to the superconducting phase. In a previous paper [7] a careful study for
such a type of structure has been carried out for a sample made by up to three “relatively
thick” (of the order of ten nanometer) dielectric layers. In the present paper we extend the
analysis to any number of cavities for both situations: layers consisting of “thick” dielectric
slabs and layers consisting of “thin” plasma sheets.

Indeed, in Ref. [§], considering a cavity based on a high-T, layered superconductor, a
factor as high as 1 =4 x 10~ has been estimated (for flat plasma sheets at zero temperature
and no conduction in the normal state, so that AFE corresponds to the energy of the ideal
cavity, and charge density n = 10 cm=2). The Archimedes sensitivity is expected to be
capable of assessing the interaction of gravity and vacuum energy also for values lower than
n =4 x 107, up to 1/100 of this value [I]. It is then crucial to understand the level of
modulation achievable with layered superconducting structures. This is the scope of the
present paper.

Considering in particular the multi cavity, the general assumption adopted so far has been
that the Casimir energy obtained by overlapping many cavities is the sum of the energies of
each individual cavity. This is true if the distances between neighboring cavities are large
(in the sense that the thickness of each metallic layer separating the various cavities is very
large with respect to the penetration depth of the radiation field). Of course, this is no
longer true if the thickness of these metallic inter-cavity layers gets thinner and thinner.

Sec. IT studies the Casimir energy of a multilayered cavity, assuming either dielectric or
plasma sheet matching conditions at each interface between the layers. In Sec. I1I, numerical
calculations are carried out and an analytic model capable of describing the Casimir energy
at finite temperature is given. Finally, in Sec. IV, a possible model for describing the vari-
ation (and the modulation) of the Casimir energy across the transition is introduced. Our
concluding remarks are found in Sec. V.



2. THE CASIMIR ENERGY OF N COUPLED CAVITIES

In this section we deduce the Casimir Energy of N coupled cavities, even though in the
present paper we are interested in applying our results to plasma sheets, we will discuss the
case of dielectrics first and then recover the plasma sheets results as a suitable limiting case.

In the following, referring to Fig. 1, d; is the distance of the i-th cavity from the (i-1)-th,
(thickness of the i-th cavity), within the slabs 1,3 and 5 there is vacuum while the regions
0,2,4 and 6 are dielectric. The thickness of the regions 0 and 6 is assumed to be infinite.

SONNNNN NN

0 di d2 d3 d4 ds

FIG. 1: A N layer cavity. For the dielectric case in the 0, 2, 4, ..., and all even-numbered

regions there is a dielectric and in the 1, 3, 5, ..., and all odd-numbered regions there is

vacuum. d; is the thickness of the ¢-th slab. In the case of plasma-sheet there is vacuum
everywhere and the layer are simple interfaces (of zero thickness) at z = dy, ds, ...

The general expression for the Casimir energy (per unit area), at finite temperature, will
be written in the usual manner [9-11]

-’ dki TE T™
E=@T;f@ﬂAmA(®H%A(®] (1)

where the A are the so called generating functions (in the following we will omit the subscript
TM(TE) if no ambiguity is generated), (; = 2nlkgT are the Matsubara frequencies, kp is
the Boltzmann constant, [ =0,1,2, ..., and the superscript ’ on the sum means that the zero
mode must be multiplied by a factor % The generating functions are obtained by computing
the determinant of the most general boundary conditions at each singular layer located at
do,do +dy,do + dy + dy...ete. (see Fig.[I} see also the appendix) [12].
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For the sake of clarity, we only give here the general argument about the procedure for
obtaining the generating functions, referring the reader to the appendix for the complete
computation. In the appendix we show that the A functions can be written in terms of a
sort of generalised reflection coefficients:

B & (I0)K; - &(i0) K; - 25 K K; K- K20
™ Ej(iCI)Ki‘l'ei(iCl)Kj+2%Kin’ TE Ki-i-Kj—i-QQ,
GO+ (G K + 23 KK, T K+ G+ 29

g & (1G) K + &(i0) K; - 25 K K L K+ K20
™ Ej(iCl)Ki+€i(iCl)Kj+2%Kin’ TE Ki+Kj+QQ’

where K; = \/k? +¢;,(1()¢7, k) = (ko ky), Q = %’iqﬂ, o is the magnetic permeability of
vacuum, nsp is the two dimensional carrier density in the layer, and ¢* and m*, respectively,
their charge and mass. The standard dielectric boundary conditions (dbc) will be recovered
by imposing €2 = 0 and the plasma sheet boundary conditions (psbc) by requiring €;(i¢;) =
1, Vi (in this case, K; = Kj).

After introducing the auxiliary functions

Evzyk — e—?dejSLkRZJ +1,

ik _ eadeij,JTJ,k_,rRJJC7
szk — e—2dejsj,sz,] +SZ’],
Hijk — Si,jRj,k +e—2d]-K]-Ti,jTj,k

and (henceforth, we will assume all the cavities to be equal and consider only the indices

{ijk} ={012})

_ 012, _ 17012 ,-2d2 K2 (012
[1 = F ) [2 = "% G s

_ _ n—2
[n — F0126 2ds Ko (H0126 2d2K2) G012, for n > 3’

we can proceed to compute the generating functions.

2.1. The dielectric case

Let us consider Casimir cavities made of dielectric layers (of thickness d;). To obtain the
general expression for the A functions we can proceed inductively (a very detailed discussion
up to three cavities can be found in Ref. [7]). For the cavity characterised by the numbers
(012) in Fig. 1, with € = €5, the generating function, for TM and TE modes, respectively,
is obtained in the usual manner [7, [10] (see appendix). After regularization, i.e., setting
to zero the Casimir energy when the two cavities are infinitely far away, the result can be
written as Ay = E%2 = [;. Let us now consider two cavities [(012), (234) in Fig. 1]. In this
case, the generating function is the determinant of the 8 x 8 matrix made by the first rows
and columns of the matrix given in the appendix [7]. It can be written as a 2 x 2 block



matrix, thus [17, 1§]

A B

A:det(c D

) =det(A)det(1 - A BD™ ') det(D),

where {A, B,C, D} are 4 x 4 matrices, with det(A) = det(D) = A;.

When the two cavities are infinitely far away from each other (dy - o), C' =0, A =
det(A)det(D) =: Ay and the Casimir energy will be simply the sum of the energies of the
two cavities, log (Ay) =log (A?) = 2log (A1). When they are brought at a distance dy from
each other, in addition to the previous energy, there is the interaction energy accounted
for by the term det(1 - A-1BD-1C). In this case Ay = det(A)det(D)det(1 - A1BD1C)
and, after regularization, it can be written (see appendix) as Ay =: I? + I5, so that the
corresponding Casimir energy depends on log Ay = log (I + I3) = log (1?) +log (1 + I,/1?).
The first term is simply the sum of the energies of the two cavities taken independently, the
second term is the interaction energy between the two [7]. Therefore we can always reduce
ourselves to the computation of determinants of products of 4 x 4 matrix. The interaction
in the case of n > 3 cavities is accounted for by the term I,,.

In this manner, using the inductive principle, it is not difficult to convince oneself that
the generic Ay functions for the case of N dielectric cavities can be obtained in the fol-
lowing manner (a sort of Feynman diagram for the generating functions): let us define
{ki,ko,...,ks} to be the J-th integer partition of N and @, its multiplicity (the number of
combinations that contain the same type of Iy but in a different position) then

AN:ZQJ([kllkg---[kJ)-
J

So, for example,

Ay = 14,

Ay = (I)*+ 1y,

Ag = (1) + I Iy + Iy + Is = (11)% + 21, I + I3,

Ay = i+ LIs+ 3L+ I3+ L L o+ L1 + L1 I, + I}

I+ 2015 + I3 + 3121, + I,

and, e.g.,

Ay = IO+ 918, + 281013 + 3511 I3 + 151205 + I3 + 8IT I + 4217 I, I3 + 6013 I2 15 + 201, I3 5 +
ISIHI2 + 30121502 + 61212 + A1 I3 + TIST, + 301 Iy 1y + 3012121, + AL 1, + 2013 151, +
241 Iy Isly + 3121, + 61213 + 31,12 + 61715 + 2013 [y 05 + 121, 1215 + 1212 1515 + 6151515 +
61 1,05 + 12 + 51 I + 1213 o0 + 31216 + 61, I3 + 2141 + 413 17 + 61, I I7 +
21317 + 3135 + 21515 + 21, Iy + I,

for ten cavities.



2.2. The Plasma Sheets case

These formulae can be extended to the case in which the layers are characterised as
plasma sheets. For example, the two dielectric cavities (012) and (234) can describe three
plasma-sheet cavities, (012), (123), (234), by imposing ¢; = 1, and Q # 0. In other words,
two dielectric cavities needs four layers located at 0, dy, dy +ds, d; +ds +d3 but the same four
layers correspond to three cavities having plasma sheet as boundaries. Consequently N,
(odd) plasma sheets can be obtained by n = 2221 standard dielectrics by simply imposing
€;(i¢) = 1, and the extension of the previous formulae to the case of an odd number of plasma
sheets is straightforward.

The case of an even number of plasma sheets is more involved. It can be obtained
starting with N,s + 1 (N,s even) cavities and moving the last layer to infinity. From the
mathematical point of view, this procedure corresponds to introducing a term I/ (which
describes the interaction of the last interface with all the others), defined like as

=1 1I= GIL%II"’ if n>2; with G’ ¥ =89, (2)
In this manner, we have for two and four plasma sheet (please note that it is necessary to
perform the limiting procedure first and then to group together the various terms)

AR = Jim, A% = dig, As = fig [(h) + B = hli+ k= hov Iy (3
AP = lim AY = lim Ay = lim [(1)? + Lo + I + 1)
= ]1.[1.[{"‘.[1]5"‘]2]{'}‘]?,):]12+IQ+_[1]£+_[§. (4)

The fact that only one term at a time takes the prime corresponds to the fact that the last
cavity only must be sent to infinity.

3. NUMERICAL RESULTS

We are now in the position to discuss the dependence of the Casimir Energy of a N-cavity
made of N-plasma sheets.
We start by considering the variation of the Casimir energy as a function of the number

of cavities for fixed thickness d; = 2nm and Q = %ﬁ’qﬂ =49593.3m™! (see Refs. [16, 19]).

We get % = -0.000197 Jm~2 and, for the ratio % between the Casimir Energy of N

cavities E[N], and the product NE[1] between the number of cavities and the energy of a
single cavity E[1], we find the values quoted in the following table. (NB We underline the
fact that the contribution of TE modes results various order of magnitude less than the one
from TM modes. For this reason, in the following, it will be simply omitted)

The best fit is given by
1 E[N] 0.034
———=1.034 - 5
N E[1] NO.TL’ (5)
that gives a clear indication of the presence of an asymptote for N — oco. In Fig.[2] a

comparison between the exact numerical result and the analytical fitted behaviour up to
N =19 [Eq. ()] is shown.




E[N

1
N E[1]

=

1.0000
1.0125
1.0181
1.0212
1.0232
1.0246
1.0256
1.0263
9 11.0269
10]1.0274
11]1.0278
13]1.0284
15]1.0288
17]1.0292
19]1.0294

QO | O U x| WD —

TABLE I: The ratio % as a function of the number of cavities

Thus, we obtained an asymptotic expression for the Casimir energy for large NNV,

E[N] =~ (1.034 E[1])N (6)

and deduced that the coupling of the various cavities resulted in an increase of the Casimir
energy of 3.4%. This result is very different from the result in the case of dielectric layers
[7], in which a very strong coupling between different layers was found, mainly due to the
zero Matsubara mode.

Remembering that [15] E[1] = 5 x 10-3hcy /%, with Q = 27;12*23;7 it seems reasonable to
assume E[N]/A = —(1.034 N)thg—;, estimating the best values for K,«a,3. We found
K =5.0x1073, 5 =2.4998 and a = 0.4998, in perfect agreement with Ref. [15]. In conclusion

the Casimir energy (per unit surface) of N plasma sheet at fixed temperature T = 94K is

given by
E[N]/A = —(1.034th£)N (Jm™2) (7)

In Fig. the exact values (dots) of the Casimir Energy as a function of d are shown for
N ={3,11,19} and compared with the fitting formula, Eq. (7).

In Fig.[4] the Casimir Energy is plotted as a function of Q for N = {10,19}.
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E(N)
E()N
1.030F .

1.025 .
1.020 |
1.015}F

1.010

1.005

1.000F ¢
: 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 N
5 10 15

FIG. 2: The exact numerical result (dots) and the fitted results given by Eq. (green
line) of the function E[N]/(NE[1]) for d = 2nm.

E
A

-0.0002 -
— N=3
-0.0004 -

-0.0006 - N=11
-0.0008 |- — N=19
-0.0010

-0.0012 -

FIG. 3: A comparison between exact numerical values of the Casimir energy (dots) and
the approximated formula, Eq. (lines), with d expressed in nm and E/A in J/m?2.

In conclusion, a good approximation for the Casimir Energy (at fixed temperature) for
N plasma-sheet cavities can be written as

E[N] VQ B _28 VO -3
T_—(1.034thW)N_ (-1.63x10 (Jm))(NW(m )), (8)

with E[N]/A measured in Jm=2.

Based on the above formulae, in the following section we give an estimate for the variation
of the Casimir energy across the metal-superconductor transition.

4. THE VARIATION OF THE CASIMIR ENERGY IN THE YBCO

The typical structure of a YBCO cell is represented in Fig., in which ¢ = 4.25A is the
thickness of our plasma sheet and d = 3.18A is the distance between the layers.

8
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I I I I oY
0.00002 0.00004 0.00006 0.00008 0.00010
-0.001 -

-0.002 |-
— N=10
-0.003 |-
— N=19

-0.004 -

-0.005 -

-0.006 -

FIG. 4: A comparison between exact values of the Casimir energy (dots) and the
approximated formula (lines), for d = 2nm, with Q expressed in nm=! E/A in J/m2.

................. cuo 1168k

4—0 :.DS
4—Bs 0.52

................ - Cu0, 7.43

FIG. 5: Typical layered strucutre of Y BasCuzO7 [20].

By observing that Q(0) = =2, at T = 0K, we can write for the Casimir energy of
y g 222, (0)

one cavity in the superconducting state as

E(0) ag [0 1
= . 1 - _
1.63 x 10 W) (9)

Using the BCS relation \(T") = \/% [20], corresponding to the case of d-wave pairing,

as it is suitable for cuprates, for T' < T, and for one cavity we get

E(T) _ s [0 1 s, | 0 1= (T[T
o TLEX 10 [ = 163 x 107 [ e (10)
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Thus, using for YBayCusO7 [19], T, = 92K, A\y(0) = 1415A, d = 3.36 A, and 6 = 5.84 A, we
have

E
(:0) = ~9.51 x 107\/1 - (90/92)%3 = —0.001616 Jm 2. (11)

For the normal phase, T' > T,, we will use the data (and formulae) of Ref.[21], where
particular attention is paid to the treatment of semiconductors with degenerate electron
gases. At T = 100K, we have nzp = 3.1 x 102> m=3, which implies nap = dngp = (5.84 x
10710)(3.1 x 10%) = 1.810 x 10'6m~2, so that at T = 94K, we have nop = 1.317 x 101624 =

1.702 x 10 m=2. Consequently, € = ponape® _ 3)) 505 m~!, and

2m*

E(94) —928 Q -2
—1 - -1.63 x 10 7 -0.001365 Jm™=.

Thus,
AE  E(94) - E(90)
A A
As revealed by an inspection of the table in Ref. [19], it is clear that the previous results
depend in a crucial way on the sample of YBCO used. A typical Resistance vs. Temperature

curve of the YBCO crystals we are planning to use in the Archimedes experiment is reported
in Fig.@. Our reference values are T, = 89 K and Ag;(0) = 1030 A [22], thus, assuming all

=0.000251 Jm™2.

the other parameters unaltered, we have @ =-0.002258 Jm=2 and, in the normal phase,
T=91K, 28 = 0.001343 Jm~2 so that AE = ZOV-EED _ (0009142 Jm-2.
120 1
q
E 60
0 T T T T T
88 90 92 94 96
T(K)

FIG. 6: The transition of the sample of YBCO we are using.

5. CONCLUSIONS

We have proposed a model for computing the variation of the Casimir energy of a YBCO
sample across the metal-superconductor transition.
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We have constructed a powerful procedure to compute the renormalised Casimir energy
both in the case of cavities made of a large number of thick dielectric layers and in the case
of cavities made by a large number of thin plasma sheet layers.

Our main assumption is that the last case can be used to describe the Casimir energy in
YBCO and, more generally in cuprates (BSCCO), because of their natural built-in layered
structure, both in the normal and in the superconducting phase.

We suggested a possible way of characterising the variation of the Casimir energy at the
metal-superconductor transition, giving a numerical estimate for the specific YBCO sample
that we are using in the Archimedes experiment.

The computed value for the relative variation of the Casimir energy, for one cavity, is
% = % = (0.7, which is quite reassuring for the Archimedes experiment.

It must be noticed that our approach to the computation of the Casimir energy is still
macroscopic. In order to fully describe its variation across the metal-superconductor tran-
sition, a microscopic description would be necessary. We do not have such a picture at the

moment, but work is in progress in this direction.

Appendix A

The generating functions are obtained by imposing the most general boundary conditions
at each singular layer located at dy, dy+d;, do+di+ds ... etc. (see Fig.. These are obtained,
as usual, by integrating the Maxwell equations

0B
-D = E+—=0
V p? V X at )
oD
.B=0 H-2-g
v ’ v ot ’
D=cFE, B=puH, (e=e¢y, p=pyp in vacuum),
across the discontinuity layers [12],
(D,-—Di,l)-n:a, (Bi—Bi,l)'HZ(),

nx (E;-E;1)=0, nx (H;-H;4)=J,

where n = Z is the normal to the layers (parallel to the z-axis, going from the i-th to the
i+1-th layer), o is the surface charge density, and J is the surface current density respectively
(in principle they could be different at each layer, but we will not consider this situation).
By virtue of the translational invariance in the (x,y) plane we can set

E = f(z)e®mmD B =g(z)e®raimen.

In the following, when discussing the plasma sheet model, we will consider the so called
hydrodynamic model [13, [14], in which a continuous fluid with mass m* and charge ¢* is
uniformly distributed in the layer with an overall-neutralizing background charge. The fluid
displacement £ is purely tangential, £ = (&;,&,) with surface charge and current densities

11



related to the tangential component of the electric field Ej by

*

q Y . .
m*EH =@k, J=nwpq’§=00§, 0=-n2pq"V|-&=-00V) &,

€=

nsp being the two dimensional carrier density in the layer, and ¢* and m* being their charge
and mass, respectively. Under these assumptions, the most general boundary conditions at
the i = 1,2, 3...-th boundaries are

o0qo Of7
() fi ~ea()f = -2 (A1)
off 9 = 0, for the TM modes, and
0z 0z
dg;  0g; )
A N W A2
0z 0z % (A2)

g —g7, =0,  for the TE modes,

with = pgopqe. With these boundary conditions, the generating functions for the TM and
TE modes, respectively, can be written in terms of the auxiliary functions

B _ & (I0)K; - ei(iG) K; - 25 KK v K- Kj+29
™ = Gj(igl)Ki-FEZ’(iQ)Kj+2%KZ‘KJ" TE KZ'-FK]‘-FQQ
G _ & (I0) K - ei(iQ) K + 25 K K gig _ Kim K- 20
T GG K+ G (10K + 25 IGK;T T K+ K20
& (IG)K; + e(iG) K - 25 KK K;+ K; - 20

TZ;.] - 7 T’J _
o 6 (1) K, + €,(1¢) K; +2%Kin TE K;+ K; +2Q

with K; = \/k? +¢;(i(;)(?, and k, = (ks, k). Standard dielectric boundary conditions (dbc)
are recovered by imposing 2 = 0 and the plasma sheet boundary conditions (psbc) by
requiring €;(i¢;) =1, Vj (in this case K; = Kj).

Eik = o 20 K;GikRET 4 1,

ik — e—2dejRi,jTj,k+Rjyk’

Gtk — e*QdJKJSj’kTi’j+Si’j,

szk; — Si,jRj,k+e—2dejTi7jTj,k'
Considering henceforth all the cavities to be equal, we consider only the indices {ijk} =
{012}, so that

I, = B2, [,= F012,-2d2K2012.

_ _ n—2
[n — F0126 2da Ko (H0126 2d2K2) GOIQ’ for n > 3.

Let us consider, for the case of the TM modes, three cavities. Letting x; = Y. _, d,,, the
matching conditions give rise to the 12 x 12 matrix of coefficients
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—etoKog, e, emoKig, 0 0 0 0 0 0 0 0 0
—e Ko [y et —eroK1 () 0 0 0 0 0 0 0 0 0
0 eIlKlel 67111{161 *8711}(262 —el'lK%Q 0 0 0 0 0 0 0
0 et K1 el | el |, —eniIa |, 0 0 0 0 0 0 0
0 0 0 e Komae,  Famae,  _eKsrae, e Karae, 0 0 0 0 0
M = 0 0 0 —e e [, efan2 [, —eKsna[(; e Ksu2[(, 0 0 0 0 0
R 0 0 0 0 0 CK31363 071\'31363 *C7K11364 *CK4I3€4 0 0 0
0 0 0 0 0 elss K3 —e Kszs K3 e~ Kazs Ky —elazs Ky 0 0 0
0 0 0 0 0 0 0 e Kavae,  eFamae,  _efstacy e KoTacy 0
0 0 0 0 0 0 0 —eKara |, eFara [, —eKsua(; e Kswa (g 0
0 0 0 0 0 0 0 0 0 eRsuses e Ksusey  —eKetseg
0 0 0 0 0 0 0 0 0 efsrs [ —eKss [( e~ Kows (g

Computing the determinant of the minors of dimensions 4, 8, and 12, we obtain the energy
of one, two, and three cavities, respectively. After regularization, for the single cavity (012)
in Fig. 1, we find

Al = E012 = Il. (A?))

For two cavities (012 —234), we find
Ay = EO2EM o 2dak) 012623 _ (192 4 [, and

log(lf)+log(l+%). (A4)
i

log As

Finally, for the three cavities, we find

A3 — E012E234E456 + e—2(d2k2+d4k4)F012H234G456
+e—2d2k2 E456F012G234 + e—2d4k4 E012F234G456
=: I?+[3+[1]2+11]2, (AE))
21 I I
B 3 112 3
lOgAg = 10g([1)+10g(1+ _[is )+10g(1+m) (A6)

When dQ — 00, [2 — (0 and
log Ay =log I? = 2log I,.

Thus, when the two cavities are far away, their energy is simply the sum of the individual
contributions and I can be seen as the energy due to the coupling of the two cavities
(012) — (234). For the three cavities (012 — 234 — 456), the formulas are written so as to
make evident the contribution to the energy resulting from the sum of the energies of the
single cavities, with respect to the one coming from the coupling of the two possible pairs
of cavities (012 -234), (234-456), and the one coming from the coupling of the three, I(3).
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