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ABSTRACT

The Gaussian distribution is a popular choice of density for the modeling of continuous observations,
often combined with a specific prior in the context of Bayesian inference. When this prior is conjugate
(e.g., the normal-gamma inverse distribution in the univariate case), it can be proved that the posterior
and predictive distributions have analytically tractable expressions. While these derivations are readily
available in the literature for the univariate case, the multivariate case derivations are significantly
harder to find. This short technical note proposes a detailed derivation of these closed-forms in the
multivariate case with a conjugate Normal Inverse Wishart prior.
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The Gaussian distribution is a popular choice of density for the modeling of continuous observations, often combined
with a specific prior in the context of Bayesian inference. When this prior is conjugate (e.g., the normal-gamma inverse
distribution in the univariate case), it can be proved that the posterior and predictive distributions have analytically
tractable expressions. The most cited source [1] (e.g., cited in [2, 3]) proves the equivalence in the univariate case.

However, the multivariate case derivations are significantly harder to find. In the following we propose a detailed
derivation of the multivariate distribution, based on the exponential family expressions of the Gaussian and Normal
Inverse Wishart distributions.

Lemma 1. The probability density function of the multivariate normal distribution N (µ,Σ) can be written as

p(y | η) = h(y) exp
(
ηTT (y)− 1T g(η)

)
,

Proof. First, observe that yTΣ−1y = Tr(Σ−1yyT ) = vec(Σ−1)T vec(yyT ). As a consequence, using the usual
definition of the density function yields

p(y | µ,Σ) = (2π)−
d
2 |Σ|− 1

2 exp

(
−1

2
(y − µ)TΣ−1(y − µ)

)
= (2π)−d/2 exp

([
Σ−1µ

− 1
2 vec(Σ

−1)

]T [
y

vec(yyT )

]
− 1

2
µTΣ−1µ− 1

2
log |Σ|

)
= h(y) exp

(
ηTT (y)− 1T g(η)

)
where

h(y) = (2π)−
d
2 , η =

[
Σ−1µ

− 1
2 vec(Σ

−1)

]
, g(η) =

[
1
2µ

TΣ−1µ
1
2 log|Σ|

]
, T (y) =

[
y

vec(yyT )

]
,

and vec is the vectorization operator.



Lemma 2. The probability density function of the Normal Inverse Wishart distribution NIW (µ,Σ | ξ), with ξ =
(µ0, κ0,Σ0, ν0) can be written as

p(µ,Σ | Ψ, ν) = f(Ψ, ν) exp
(
ηTΨ− νT g(η)

)
.
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, Ψ =

[
κ0µ0
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and ν =
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ν0 + d+ 2
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.

Theorem 1. The prior predictive distribution of a random variable y drawn according to

y ∼ N (µ,Σ), (µ,Σ) ∼ NIW (ξ), ξ = (µ0, κ0,Σ0, ν0),

is the multivariate t-distribution

y | ξ ∼ tν0−d+1

(
y|µ0,

(κ0 + 1)Ψ0

κ0(ν0 − d+ 1)

)
.

Proof. According to Lemmas 1 and 2, we find that

p(y | Ψ, ν) =
∫
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=
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The integral part is obtained by considering the Normal Inverse Wishart density with hyper-parameter (Ψ+T (y), ν+1):
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This last expression yields the following equality
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. Introducing these parameters into the last expression of p(y | ξ) gives the result of the lemma.
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On one hand, Γd(ν1/2)/Γd(ν0/2) simplifies using the definition of the multivariate Gamma function Γd(a) =
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On the other hand, |Ψ0|ν0/2/|Ψ1|ν1/2 reduces because
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Substituting these expressions into Eq. (2) gives the density
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which is the density of a multivariate t-distribution tν0−d+1

(
y|µ0,

(κ0+1)Ψ0

κ0(ν0−d+1)

)
.

1 Posterior Predictive Distribution

With the same notation, and denoting x = (xi)n a set of observations, the posterior distribution follows a NIW
distribution [4, 1]:

p(µ,Σ | x, µ0, κ0,Σ0, ν0) = NIW (µ,Σ | µn, κn,Σn, νn),

with the updated hyper-parameter values obtained by:

µn =
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,
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With Ψ′ =
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]
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[
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]
, the posterior predictive distribution can be written as:

p(y | Ψ′, ν′) =

∫
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=
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)
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After integral simplification (c.f. Eq. 1), the posterior can be written as:

p(y | x,Ψ, ν) = h(y)
f(Ψ′, ν′)

f(Ψ′ + T (y), ν′ + 1)
. (3)

These expressions are similar to the ones of the prior distribution, with updated hyper-parameter values obtained from:

Ψ′ + T (y) =
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As in the prior predictive case, injecting the updated hyper-parameters values into Eq. 3 gives the following expression:
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)
2 Joint Predictive Distribution

The previous sections presented the derivations of the predictive distributions of one multivariate observation y. The
following section details the derivations of the predictive distribution of a set of multivariate observations y = (yi)m,
i.e., the joint predictive distributions. These distributions also have closed-forms when the prior is conjugate. In the
joint prior predictive case, this expression is given by:

p(y | Ψ, ν) =
∫
µ,Σ

p(y, µ,Σ | Ψ, ν)d(µ,Σ)

=

∫
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=
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∏
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∏
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∫
η

exp
[
ηT (Ψ + T (y))− (ν +m1)T g(η)

]
dη,

with T (y) =
∑

i T (yi). After simplifying the integral (c.f. Eq. 1), the posterior can be written as:

p(y | Ψ, ν) =
∏
i

h(yi)
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, (4)

with Ψ + T (y) =

[
κmµm
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=

[
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vec(κ0µ0µ
T
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]
+
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]
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]
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m

]
, which yields the same hyper-parameters update expressions than in the

posterior predictive case detailed in the previous section Sect. 1.

Injecting the values of h, f and the prior hyper-parameters in Eq. 4 gives the closed-form of the joint prior predictive
distribution:

p(y | Ψ, ν) = π
−md

2
κ
d/2
0

κ
d/2
m

· Γd(νm/2)

Γd(ν0/2)
· |Ψ0|ν0/2

|Ψm|νm/2
.

The same derivations yields the following joint posterior predictive distribution expressions:

p(y | x,Ψ, ν) =
∏
i

h(yi)
f(Ψ′, ν′)

f(Ψ′ + T (y), ν′ +m1)
,
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Distribution Expression Closed-form

prior predictive p(y | Ψ, ν) π−d/2 · κ
d/2
0

κ
d/2
1

· Γd(ν1/2)
Γd(ν0/2)

· |Ψ0|ν0/2

|Ψ1|ν1/2

posterior predictive p(y | x,Ψ, ν) π−d/2 · κd/2
n

κ
d/2
1

· Γd(ν1/2)
Γd(νn/2)

· |Ψn|νn/2

|Ψ1|ν1/2

joint prior predictive p(y | Ψ, ν) π
−md

2 · κ
d/2
0

κ
d/2
m

· Γd(νm/2)
Γd(ν0/2)

· |Ψ0|ν0/2

|Ψm|νm/2

joint posterior predictive p(y | x,Ψ, ν) π
−md

2 · κd/2
n

κ
d/2
m

· Γd(νm/2)
Γd(νn/2)

· |Ψn|νn/2

|Ψm|νm/2

Table 1: Summary of predictive distributions closed forms.

that reduces to the following closed-form:

π
−md

2 · κ
d/2
n

κ
d/2
m

· Γd(νm/2)

Γd(νn/2)
· |Ψn|νn/2

|Ψm|νm/2
.

The prior and posterior predictive distributions closed forms are summarized in Tab. 1.
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