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Wave correlation approaches to analyse
vectorial velocity fields: application to a
honeycomb core sandwich panel

Q. Leclere ! F. Marchetti 2 N. B. Roozen 2 K. Ege !
M. Kersemans *

Abstract

Last decades wave correlation methods have been developed for the analysis of
structural vibrations. The high spatial resolution that can be obtained nowadays by
scanning laser vibrometry offers very dense measurement grids allowing the char-
acterization of vibrating structures over a very wide frequency range. The principle
of wave correlation approaches is to calculate the correlation between the vibration
field measured at a given frequency and a vibrational field computed by means of
an analytical model. he study reported in the present work concerns the applica-
tion of wave correlation techniques to vectorial velocity fields (i.e. the 3D velocity
vector measured on a 2D grid). The measurement of the tangential components of
the velocity of the structure gives access to waves associated to in-plane motion,
involving membrane and shearing deformation. A specific processing is required to
correctly interpret such data, in order to properly separate the different wave types
and to extract their specific dispersion laws.

1 Wave correlation

The idea of wave correlation approaches is to compare a measured field f(x,w)
captured at a given set of observation points x depending on the frequency w
to an analytic representation of the field provided by a wave solution of the
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Fig. 1. Scheme of the vectorial velocity field and associated coordinate system.

medium g(z, ). A general expression of the correlation reads

_ W @w), gz, )1
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where (,) represents the scalar product and where ¢ stands for the set of
parameters describing the wave. At a given frequency w, the correlation is
calculated for a wide range of potential wave parameter sets &, significant
maxima implying an actual contribution of the corresponding wave. Note that
Eq. 1 is used for numerous applications in vibration and acoustics testing, one
may cite the Modal Assurance Criterion where wave solutions are calculated
modes, or acoustic beamforming where acoustic waves on the microphone
array are parameterized typically by a direction of arrival.
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When dealing with a scalar (mono-component) vibration field measured on
a surface (typically the normal velocity measured on a plane structure), the
waveform can be either plane’ [1] (which is usually valid at some distance
from the source) or 'cylindrical’ [2] (which is a better approximation of the vi-
brational field close to a point source). In the specific case where the waves are
plane, the scalar product is equivalent to a 2D Fourier Transform, wavenum-
bers k, and k, being the wave parameters. If the measurement grid is rectan-
gular and regular, the 2D DFT is given by

Ulks, ky) = 3 ula, y)e s esbon, (2)
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When the velocity of the structure is measured not only in the normal direc-
tion as a scalar quantity but also in the two in-plane directions as a vectorial
quantity (see Fig. 1), the scalar product of the correlation formula has to
include all three directions. The considered plane wave types may thus mix
the displacements along the three directions. For instance, the flexural wave
induces an in-plane displacement related to the rotation of the cross section.
In-plane waves are characterized by a vibration either along or perpendicular
to the propagation direction (compression/longitudinal and transverse waves,
respectively). The compression wave also generates an out of plane displace-



ment by Poisson’s effect. These three wave types may be written as follows

ok, cos() sin(s)
1 —avik 0

where k = | /k2 + k2, cos(0) = k,/k, sin(0) = k,/k. a is a coupling coefficient,
standing for the half-thickness of the plate, at least for a low-frequency and
homogeneous modelling (thin plate, no shearing). At mid or high frequencies,
and for multi-layer plates, a tuning of this coefficient may be necessary.

Denoting the Fourier coefficients of the 3 components of the vibration field u
by Uy, Uy, and U, (k,, k,), one can write, at a given frequency w and for each
wavenumber plane coordinate (kg, k,) °

ve o< [(u, F)? = |U, + ik, U, + aik,U,|?
77 o |[(u, L)|* = | cos(#)U, + sin(0)U, + iavkU,|? (4)
73 o |(u, T)|* =| — sin(0)U, + cos(0)U,|?

It is worth noting that, because of in-plane and transverse coupling (o >
0), the flexural and longitudinal propagation modes are not orthogonal. The
coherence between these two modes can be calculated as:

2 ‘<L7F>’2 _ (1—U)2C¥2k’2 (5)
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The flexural and transversal components, and the transversal and longitudinal
components are orthogonal to each other, resulting in coherences that remain
null: 42, = 2, = 0.

The coherence 7. is drawn in Fig. 2 for ka < 3 and v = 0.3. It can be seen
that the correlation coefficient between the two waves can reach values up
to 0.25 to 0.3 for ka > 1. However, ambiguities that could result from this
correlation is expected to be cleared up by the fact that their wavenumber
signatures are expected to be significantly different in most cases.

> Note that the inner product involves the complex conjugate operation on the
second input function.
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Fig. 2. Correlation between flexural and longitudinal waves caused by in-plane and
out of plane motion coupling effects.

2 Application to a honeycomb core composite panel

2.1 FExperimental setup

The studied sample is a rectangular (52 x 73cm?) composite panel made of two
aluminium plates (thickness 0.6mm) encapsulating a nomex honeycomb core
(thickness 9mm). A piezoelectric actuator is glued around the center of the
sample. The sample is supported by means of elastic ropes that are connected
to a frame, thus approximating free-free boundary conditions. The vectorial
velocity field is measured using a 3D laser vibrometer, scanning a regular and
rectangular grid of 187 x 270 points (spatial resolution of 2mm).

2.2 Wavenumber content of measured fields

The wavenumber spectra of velocity fields at 49kHz, a frequency close to the
upper bound of the studied frequency range, are shown in Fig. 3. Wavenum-
ber circles corresponding to different propagation modes clearly appear, with
different magnitudes in the three directions. Circles at the low wavenumbers,
that correspond to compression and transverse in-plane propagation modes,
are logically more energetic on the k-maps of in-plane motion, but also appear
on both the U, and U, directions. The high wavenumber circle, more ener-
getic on the out-of-plane vibration, correspond logically to the flexural waves.
However, it is also quite strongly contributing to in-plane motion, because of
the coupling coefficient « discussed in the previous section.

To contruct the wavenumber distribution as a function of the frequency, an
average power for a wavenumber k at each frequency is obtained by interpolat-
ing and averaging the maps on a circle of radius k. The results for U,, U, and
U, are shown in Fig. 4. The three circles visible in Fig. 3 correspond to three
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Fig. 4. Frequency-Wavenumber map of U,, U, and U..

different ridges that clearly appear in the k — f maps, following the dispersion
laws of the different propagation modes. The two ridges in the low wavenum-
ber domain for which the wavenumber is proportional to frequency correspond
to longitudinal and transverse in-plane motions, mainly visible in the x and y
directions. The ridges at higher wavenumbers for which the wavenumber is not
proportional to frequency correspond to the flexural waves, mainly contribut-
ing to z motion but also noticeable in the z and y motions over the whole
frequency range. Note that this particular ridge correspond to an elliptic pro-
file in the wavenumber plane (Fig. 3), due to an orthotropicity of the core
material, which explains a widening of the ridge in Fig. 4. Moreover, some-
thing emerges on the z direction at lower wavenumbers around and above
30kHz, where a fourth ridge seems to appear and to join the flexural ridge
when increasing the frequency. This ridge may be related to an antisymmetric
flexural behavior of the skins, as it will be discussed in section 2.4.
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Fig. 5. Wavenumber representation of v7, 42 and 7% at 49kHz.

2.3  Correlation indicator for Longitudinal, Transversal and Flexural waves

The wave correlation for the three wave propagation types, calculated by
means of Eq. 4, are drawn in Fig. 5 for a frequency of 49kHz. Note that the
a coefficient being not known a priori for such structures, its value is initially
set to 0. Its estimation from measurements is discussed in section 2.5.

A first observation is that the two circles at low wavenumbers, corresponding to
in-plane longitudinal and transverse modes, are very well separated : the first
circle with the lowest wavenumber appears only on the longitudinal coherence,
while the second one with a slightly higher wavenumber appears only on the
transverse coherence map. A second observation concerns the contribution of
the flexural waves to the longitudinal and transverse coherences. The flexural
wave circle, that was similarly contributing to U, and U, in Fig. 3, is now
much more energetic on the longitudinal coherence than on the transverse one
(of about 10 to 20dB). This is logical, because the in-plane motion caused by
the rotation of the cross section is generated along the propagation direction
of the flexural wave. Theoretically, the flexural wave should not contribute to
the transverse correlation (7%, = 0 as seen in the theoretical section). Even
if it still appears on these results, it is strongly attenuated as compared to
U, and U, wavenumber maps. The transverse waves ridge, well seen on the
74 = 0 map, is completely absent on % and 7% maps.

2.4 Comparison with the Lamb model

The Lamb waves model describe the natural vibration mode of a plate struc-
ture. The model uses the Helmholtz decomposition to decouple the longitu-
dinal and transverse components of the displacement field and solve their re-
spective wave equations independently. The coupling between the longitudinal
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Fig. 6. Frequency-Wavenumber map of 72, 2 and 4.

and transverse solutions is introduced by stress-free boundary conditions on
both side of the plate. In case of a multilayer, additional stress and displace-
ment couplings at the interfaces of the layers can be obtained. The dispersion
curves of the structure are then identified by solving these coupled equations
(see [3] for more details).

In the figure below, the dispersion curves estimated by the Lamb wave model
are compared with the correlation coefficients in the frequency-wavenumber
map. The flexural mode, which has the highest natural wavenumber over the
whole frequency band, corresponds to the first antisymmetric mode of the
Lamb wave model. The curve which has a cut-off frequency of approximately
33 kHz and reaches the flexural mode at higher frequency corresponds to the
first symmetric mode (breathing mode). This mode is also visible on the cor-
relation map. Finally, the dispersion curves of the longitudinal and transversal
waves are also well identified by the Lamb wave model.

2.5 Ezperimental estimation of the coupling coefficient

It is clear, looking at the wavenumber content of the three components of the
velocity field, that there exist a significant coupling effect between in-plane
and out-of-plane vibrations, especially concerning the flexural waves that con-
tributes quite strongly to in-plane vibration. At low frequency, for homoge-
neous thin plates without shearing, the coupling coefficient « correspond to
half the plate thickness. For multi-layer structures, at mid and high frequen-
cies, the coefficient can be significantly different because of in-plane shearing
effects. The vectorial (3D) measurements allow the experimental estimation
of a. For the wavenumber components corresponding to flexural waves (see



600 [ 600 i i i 600

a
o
o

500 |

N
o
o

400

300

n
o
o

200

wavenumber (rad/m)
w
o
o

100 |

10 20 30 40 50 10 20 30 40 50 10 20 30 40 50
Frequency (kHz) Frequency (kHz) Frequency (kHz)

Fig. 7. Comparison of the estimations of the Lamb waves model with the Frequen-
cy-Wavenumber map of 77, 42 and v%.

Eq. (3), F), one can write
Uy = —aik, U, , U, = —aik,U.. (6)
Writing as a system of equations these two equations for a subset of the

wavenumber map corresponding to flexural waves, one can get a least square
estimate of o

oz (kU0 + kU0, U (k,Us + k,U,)
s (UL 2R AR

where U denotes the complex conjugate of U.

At each frequency, a subset of wavenumber components is selected based upon
an energy criterion, and arg is calculated. The result is drawn in Fig. 8,
separating the real and imaginary parts. The LS estimate is normalized with
respect to the theoretical value for a homogeneous thin plate without shearing

(h/2).

The first observation is that the LS estimation of « is relatively stable as a
function of the frequency, and turns out to be a positive real coefficient, as
expected. However, its value lies around 0.2 and 0.3, which is significantly
lower than unity that would have been expected for a homogeneous thin plate
(at low frequencies). This observation confirms the importance of the role of
the shearing of the core in the dynamic of the sandwich structure on the whole
studied frequency range. The comparison of this result with advanced models
is left for future work.
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measurements, normalized by its value for a thin homogeneous plate without shear-
ing (half plate thickness h/2).

3 Conclusion

This work proposes a wave correlation approach for vectorial velocity fields
measurements. First results are presented, illustrating the ability of the method
to properly separate longitudinal and transverse in-plane waves. The experi-
mental estimation of the coupling coefficient is another interesting result. It
can help understanding the dynamics of waves travelling into the structures
and validating models.
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