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Abstract. Because of the recent applications to distributed storage sys-
tems, researchers have introduced a new class of block codes, i.e., locally
recoverable (LRC) codes. LRC codes can recover information from era-
sure(s) by accessing a small number of erasure-free code symbols and
increasing the efficiency of repair processes in large-scale distributed stor-
age systems. In this context, Tamo and Barg first gave a breakthrough
by cleverly introducing a good polynomial notion. Constructing good
polynomials for locally recoverable codes achieving Singleton-type bound
(called optimal codes) is challenging and has attracted significant atten-
tion in recent years. This article aims to increase our knowledge of good
polynomials for optimal LRC codes. Using tools from algebraic function
fields and Galois theory, we continue investigating those polynomials and
studying them by developing the Galois theoretical approach initiated by
Micheli in 2019. Specifically, we push further the study of a crucial pa-
rameter G(f) (of a given polynomial f), which measures how much a
polynomial is “good” in the sense of LRC codes. We provide some char-
acterizations of polynomials with minimal Galois groups and prove some
properties of finite fields where polynomials exist with a specific size of
Galois groups. We also present some explicit shapes of polynomials with
small Galois groups. For some particular polynomials f, we give the exact
formula of G(f).

Keywords: Finite fields - Algebraic function fields - Galois groups - Good poly-
nomials - LRC (Locally Recoverable) codes - Coding theory - Dickson polyno-
mials.

Mathematics Subject Classification: 12E05, 11C08, 94B05.

1 Introduction

Locally recoverable (LRC) codes can recover information from erasure(s) by
accessing a small number of erasure-free code symbols and increasing the effi-
ciency of repair processes in large-scale distributed storage systems. LRC codes
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and their variants have been extensively studied in recent years. In 2014, Tamo
and Barg proposed in a very remarkable paper [?] a family of locally recoverable
codes via so-called good polynomials. For an LRC code of locality r, a polynomial
f over the finite field F, of ¢ elements (where ¢ is a prime power) is called a
good polynomial, if

1. the degree of f is r + 1;

2. there exists a partition {Aq,... 7A%} of a set A CF, of size N into sets of
size r + 1 such that f as a polynomial function is constant on each set A; in
the partition.

A good polynomial is a key ingredient for constructing optimal linear LRC codes.
Tamo and Barg also constructed some polynomials with some restrictions. If
there is an additive or multiplicative subgroup of order n of F, (ie., ¢ = 0,1
(mod n)), then the annihilator polynomial of the subgroup is constant on each
of its cosets. Based on their work, Liu, Mesnager, and Chen ([?]) presented more
general construction approaches using function composition. Also, Liu, Mes-
nager, and Tang ([?]) have proved that the well-known Dickson polynomials and
their composition with some functions are good candidates for good polynomials.
Very recently in [?], good polynomials of low degree over finite fields have been
characterized completely, leading to optimal LRC with new flexible localities.

In the sense of coding theory, if there exists m number of such subsets of
F, on which f is constant, then one can construct a locally recoverable code of
length mmn. Obviously, those polynomials with m large are preferred. Therefore,
it is natural to introduce a parameter indicating how “good” a polynomial is.
For a polynomial f of degree n over Iy, define

G(f)=|{ceF,| f(T)— chas n distinct roots in F,}|

(where |E| denotes the cardinality of a finite set E). By a simple investigation we
have G(f) < |g/n|. Micheli ([?]) discussed this problem in the context of alge-
braic function fields and Galois theory, pointing out that G(f) can be estimated
by the order of its corresponding Galois group. In short, given an extension of
rational function fields Fy(x)/Fy(t) defined by f(z) =t with Galois closure M,
if some condition is satisfied, then G(f) is close to ¢/[M : Fy(t)], with an error
term O(,/q). Note that up to the error term, the quantity G(f) must be g/m for
some divisor m of n!. We can then characterize the Galois closure M, working on
the function fields defined by the polynomial f, instead of studying the algebraic
structure of IF,.

The remainder of the paper is organized as follows. In Section 77, we provide
some background on algebraic function fields and notation used through this
study. In Section 7?7, we characterize those polynomials with minimal Galois
groups and prove some properties of finite fields where polynomials exist with
a specific size of Galois groups. By showing that, we know that expected good
polynomials do not exist under several circumstances. In Section ??, we present
some explicit forms of polynomials with small Galois groups by considering the
Dickson polynomials of the first kind and powers of linearized polynomials. For
some particular polynomials f, the exact formula of G(f) is given.



2 Preliminaries

Let us first recall some basic concepts on algebraic function fields (see [?] for
details). For an algebraic function field F/K (F is a finite extension of K (t) for
some t transcendental over K), the full constant field consists of all algebraic
elements over K in F. For a place of F//K, let Op be its valuation ring and vp its
discrete valuation. There is a one-to-one correspondence between the places and
the discrete valuations of F//K. The triangle inequality for a discrete valuation
is
vp(a+ b) > min{vp(a),vp(b)},

for all a,b € F, where the equality holds if vp(a) # vp(b). The place P is called
a zero of a € F if vp(a) > 0, and a pole if vp(a) < 0. Note that P is the unique
maximal ideal of Op and K C Op, so K can be embedded into Op/P. The
degree of P is defined as deg(P) = [Op/P : K], and a place of degree one is
called a rational place.

Assume that K is the full constant field of F/K and let F'/K', with full
constant field K', be a finite separable extension of F//K. We say a place P’ of
F'/K' lies above P (or P lies below P’) if P C P’. In this case, there exists a
positive integer e = e(P’ | P) such that vp/(a) = e-vp(a) for all a € F, called
the ramification index of P’ over P. With Op//P’ regarded as an extension of
Op/P, the relative degree of P’ over P is f(P'| P) = [Op//P': Op/P]. These
two numbers satisfy

Y elP' [ P)f(P'| P)=[F: F], (1)

p

where the sum is extended over all places P’ of F'/K' lying above P. If e(P’ |
P) > 1, then P’ is said to be ramified in F’/F, and if there exists a ramified place
of F'/K' lying above P, then P is said to be ramified in F’/F. Furthermore, a
place P of F is said to split completely in F’ if e(P’ | P) = f(P' | P) =1 for
any place P’ of F'/K' lying above P. If there is a place of F'/K’ lying above
a rational place of F//K with relative degree one, then K’ = K. Particularly,
if F'/F is Galois, then the Galois group Gal(F’/F) acts transitively on the set
of places of F'/K' lying above P, where each place has the same ramification
index and relative degree over P. As a consequence, (?7) becomes

r-e(P"| P)f(P"| P) = [F": F], (2)

for the number r of places of F'/K’ lying above P.

If F = K (t) for some t transcendental over K, then F/K = K(t)/K is called
a rational function field. A place of K(t)/K is either the infinite place (the pole
of t), or the place corresponding to the localization of K[t] at an irreducible
polynomial p(t). The latter is simply denoted by (p(t)) if there is no ambiguity.
We have special interest in a class of extensions of rational function fields. For
two relatively prime polynomials fy, f1 over K, let x be an element in some
extension of K (t) satisfying fo(z)/fi(z) = t. Then K(x), as an extension of



K(t), is also a rational function field. The minimal polynomial of x over K(t)
is fo(T) — tf1(T) € K(t)[T], so that [K(z) : K(t)] = max{deg(fo),deg(f1)}.
If fi(x) = 1 and K(x)/K(t) is separable, then a place of K(x) is ramified
in K(z)/K(t) if and only if it is the infinite place or a zero of fj(z), where
1§ denotes the formal derivative of fy. In general, for ¢ € K, if fo(T) — c is
factored into irreducible polynomials in K[T] as [],_; ¢;(T)%, then exactly the
r places (¢1(x)), ..., (pr-(x)) of K(z) lie above the place (t — ¢) of K(t), with
(i) | (¢ — ) = e and F((:(x)) | (¢ — €)) = dea().
For our purpose, the two lemmas are also necessary.

Lemma 1 ([?, Lemma 3.9.5]). Let F'/F be a finite separable extension of
function fields and let L be the Galois closure of F'/F. If a place P of F splits
completely in F'/F, then P also splits completely in L/F.

Lemma 2 ([?, Lemma 6.8]). Let K be an arbitrary field and t = f(x) € K[z]\
K for a polynomial f over K, such that K(z) and K(t) are rational function
fields. Then every intermediate field of K(x)/K(t) is of the form K(h(x)) for
some polynomials g, h over K such that f = go h.

Throughout this paper, we use the notation as follows. Given a finite field I,
with characteristic p, let f be a polynomial of degree n < g over [F,. Consider the
rational function field F,(¢) with ¢ transcendental over F,, and its finite extension
F,(z) defined by f(z) = t. Note that if f(T') € F,[T?], then f(T) — ¢ will never
have n distinct roots in F, for any ¢ € F,. Therefore, suppose f(T) ¢ F,[T?],
so that F,(x)/F,(t) is a finite separable extension. Then the splitting field of
f(T) —t over Fy(t) is exactly the Galois closure of Fy(x)/F,(t), denoted by M.
In this sense, the Galois group of f is defined to be Gal(M/F,(t)). We also
assume that f is monic and f(0) = 0, since Fy(t) = Fq(at + b) for any a,b € F,
with a # 0.

The properties of f as a mapping on [F, are often associated with the structure
of its Galois group. Specifically speaking, for ¢ € F,, if f(T) — ¢ splits into n
distinct linear factors in Fy[T], then the rational place (¢ — ¢) of F,(t) splits
completely in F,(z). In 1970, Cohen showed the distribution of f(T') — ¢ with
prescribed factorization as ¢ varies over F, ([?]), and recently Micheli gave a
more specific description in [?]. The main result we need is presented in the
following lemma.

Lemma 3 ([?]). If the full constant field of M/Fy is Fy, then
q
=————40 .

More precisely,

q+1+2g9./q
[M :Fq(t)]

+1-2 R
arl-29va I <g(f) <
[M :F,(t)] 2
where R is the number of ramified places of M/F,(t) of degree one, and g is the

genus of M/F,, both bounded by a constant independent of q.



The error term O(,/q) is neglectable when ¢ is sufficiently large. Therefore,
in what follows, we study the splitting field M of f(T') —t over F,(¢), as well as
the corresponding Galois group. To construct a good polynomial, we can turn to
find a polynomial f with [M : Fy(t)] as small as possible, such that Fy is the full
constant field of M/F,. Meanwhile, by showing these polynomials’ properties, it
is clear that good polynomials do not exist in some cases.

3 Properties of Polynomials with Certain Size of Galois
Groups

By Lemma ??, the number G(f), which we are interested in, is approximately
q/[M : Fy(t)]. For the Galois group G of f, we have n! > |G| = [M : Fy(t)] =
n[M : Fy(x)] > n. In most cases, |G| is close to n!, so it is significant to discover
the properties of f with |G| small enough. Then we can assert that the desired
polynomials do not exist with some given conditions. To begin with, we study
the extreme case |G| = n, or equivalently M = F,(z).

Proposition 4. The splitting field of f(T') —t over F,(t) is Fy(z), if and only
if

F(T) = (h(T) +o)F = ",
where n = kp' for k,1 € N with ¢ = p' =1 (mod k), h(T) = > ,c5(T — b) for
an additive subgroup B of order p' in Fy such that wB = B, w a primitive k-th
root of unity in F,, and ¢ = h(a) for some a € Fy,.

Proof. Suppose n > 2. Since z is one root of f(T")—t, and all other roots, denoted
by g1(2),...,gn-1(), lie in Fy(x), one has

(=D)"zg1(2) - gn1(z) = —t = —f(2). 3)

For i = 1,...,n — 1, it follows from the equation f(g;(x)) — f(x) = 0 that
gi(z) is integral over F,[z]. The fact that F,[z] is integrally closed then implies
gi(z) € Fyfa], and then deg(gy) = [Fy(x) 5 Fy(g:(2))] = 1. Now gi(z) = azz +b;
for some a;,b; € F, with a; # 0. Note that the Galois group G = {0g,...,0n-1}
of Fy(x)/F4(t) is given by oo(z) = = and o;(z) = g¢;(x), with ¢ = o¢. By
induction it is easily seen that

r=0"z)=alz+ (a4 4 a; + )b,

so a; = 1.

Suppose ged(n, g—1) = 1, which means a; = 1 for each i. For j =0,...,n—1,
we have 0;(g;(x)) = ¢:(gj(z)) = = + b; + b; is also a root of f(T') —¢. Since G
acts transitively on {z, ¢1(x),...,gn-1(x)}, for each ¢ we have b; + b; = 0 for
some j. It follows that the distinct n elements, 0,b1,...,b,_1, form an additive
subgroup of F,. This happens only if n divides ¢. From (??) it follows that

f(@) =a(x—b1) (& — bp_1).



Now let ged(n,g — 1) # 1. By the same argument, the n (not necessar-
ily distinct) elements 1,ay,...,a,—1, where each occurs the same time, form
a multiplicative subgroup of F,. While they are all n-th roots of unity, the
subgroup is generated by w, a primitive k-th root of unity for some integer k
dividing n. If n = k, then G is cyclic and the n roots of f(T) — ¢ are given by

gi(z) = Wiz + %bl, and according to (?7?),

n—1 i
= T (e Sgm).

and then

b pome b
o 1 —(_1\n—1 [ 1
f(x w—l) (-1) H}(wfc w—l)
e Wb
—(_1yn—1 l4-tn—1 _ 1
=(-1)""w g (m - 1)

b \"
=" — .
”- (&)

If n > k, then there are exactly n/k roots of f(T) — ¢ in the form: z,z +
Bis-wos @+ Buyr—1, With B1,..., Bu/k—1 € Fy. Apparently 0, 81, ..., Bp k-1 form
an additive subgroup B of order n/k, so n = kp' for some | € N. The corre-
sponding automorphisms of F,(z)/F,(¢) also form a subgroup H of G. More
precisely, it is a normal subgroup. If ¢ € G \ H, i.e., o(z) = w'z + B for
some B € F, and w® # 1, then (o%)(z) = wz + “:;:C__llﬂ = z. The order of
o then divides k, while gcd(k,p') = 1, so there is no other conjugate of H.
Since H is normal, we have 0 ~'Ho = H. Provided o’ € H with ¢'(z) =z + j;
(0 < j <ph, and o(z) = w™tz + B, it follows that o~!(z) = w(z — ) and
(07t0'0)(z) = w(w™ 'z + B;) = v + wp;. Then wB = B, which happens if and
only if B is a vector space over F,(w). Thus p! is a power of the order of F,(w),
and p! =1 (mod k). Subsequently we determine the specific form of f.

By Lemma ?? and the fundamental theorem of Galois theory, there exists
an intermediate field F,(u) of Fy(x)/F,4(t) such that t = g(u) € Fqlu] and u =
h(z) € Fylxz]. Moreover, H = Gal(F,(z)/F,(u)) and F,(u)/F,(t) is a Galois
extension of degree k = deg(g). Without loss of generality, let g and h be monic.
As discussed before, h(z) — h(0) =3, c5(z —b), and g(u) — g(0) = (u+c)k — "
for some ¢ € F,. Hence

k
f() = (Z«v —0)+ h(0) +c> — k4 g(0).

beB

It then suffices to set g(0) = h(0) = 0 for convenience. If one root of f(T) —t is
wz + f for some B € F,, then

(h(z) + ) = c* = (h(wz + B) + o)* — ¥,



which means
(h(z) + ¢)F = (h(wz) + h(B) + ¢)* = (wh(z) + h(B) + ¢)".

It follows that ‘
w'(h(z) +¢) =wh(x) + h(B) +c

for some integer i. Since x is transcendental over F,, one has w’ = w and ¢ =

(w=1)"th(B) =h(w—1)"18).

With the above discussion, the converse is obvious. a

Now we have characterized those polynomials with minimal Galois groups. It
turns out that they coincide with those constructed in [?]. The following result
is already known, but it can be immediately derived as a consequence of the
above proposition (cf. Proposition 3.2 and Theorem 3.3 in [?]). The converse is
also true when ¢ is sufficiently large with n fixed.

Corollary 5. For the polynomial f of degree n over ¥y, G(f) = | L] if the
condition in Proposition 77 is satisfied.

Ezample 6. Let ¢ = 64 and n = 12 = 3 x 22, Note that 64 = 22 = 1 (mod 3),
and w® = 1 implies w* —w = 0. Set f(T) = (T* — T)3, so that M = F,(z) and
G(f) = 5.

Observe that all those polynomials in Proposition ?? split completely over
F,. In fact, we can prove more.

Theorem 7. For some c € Fy, if f(T')—c has an irreducible factor of multiplic-
ity 1 in Fy[T], then the multiplicity of every irreducible factor of f(T')—c divides
[M : Fy(x)]; if f(T) — c has a root in Fy, then the degree of every irreducible
factor of f(T') — ¢ divides [M : F,(z)].

Proof. Let ¢1(T') be an irreducible factor of multiplicity 1 of f(T) — ¢ in F,[T)
and assume that there is another irreducible factor ¢2(T) of f(T) — c¢. Then
(p1(z)) and (p2(z)) are places of Fy(x)/F, lying above the rational place (¢t —c¢)
of Fy(t)/Fq, with e((¢1(z)) | (t —¢)) = 1. Let P, and P, be places of M lying
above (p1(z)) and (p2(z)) respectively. Since M /Fq(x) and M /Fq(t) are Galois,
it follows from (??) that e(P1 | (¢1(x))) divides [M : F,(z)], and

e(Py | (p2(2)))e((p2(2)) | (= ¢))
=e(Py | (t=0))
=e(P1 | (t = ¢))
=e(P1 | (pr(2))e((wr(2)) | (8 =¢))
=e(P1 | (p1(2)))-

Hence, the multiplicity of p2(T'), equal to e(p2(z) | (t —¢)), divides [M : Fy(x)].
Consider the relative degree, and then the second assertion follows immediately.
O



This theorem gives an easy way to determine a lower bound of [M : Fy(z)]
for some polynomial f. Note that f(0) = 0, and we may suppose that f(T)/T
has irreducible factors of degree di,...,dg. Then [M : Fy(x)] is a multiple of
lem(dy, ..., dg). For instance, if ¢ = 19 and f(T) = T(T? + 1)(T3 + 2T + 1),
where T2 + 1 and T3 + 2T + 1 are irreducible in F19[T], then [M : Fy(z)] is
divisible by 6. On the other hand, we also learn that it is more likely to obtain
a good polynomial for LRC codes, if choosing a polynomial splitting completely
over IFy.

It has been shown that only a few polynomials satisfy the condition for
F,(x)/F,(t) being Galois. Now we investigate those for which [M : F,(z)] > 1.
If this is the case, then there must exist another root y of f(T') —t lying outside
F,(x), such that Fy(z) is isomorphic to Fy(y). We will start with the minimal
polynomial of y over Fg(x).

Lemma 8. Let y € M \ Fy(z) be a root of f(T') —t with minimal polynomial
T™+am—1(x)T™ 1+ +ag(x) over Fy(z). Then a;(x) € F,[x], deg(a;) < m—i
for 0 <i < m and deg(ag) = m.

Proof. Note that a;(z) can be written as a;(x) = u;(x)/v;(x) for relatively prime
polynomials u; and v; over F,. Then y™ + ap—1(2)y™ ' + -+ + ag(z) = 0 is
equivalent to

sy 4 B ) )
Um—1() vo(z)
where v(z) = vo(x) - - vm—1(2). Let d = ged(v, 7=, ..., %2%), so that

R0 = gy (v Rt

is a polynomial in F[y][T]. Assume that F'(T') is reducible over F,(y). By Gauss’s
Lemma, it is also reducible over F[y]; that is, F(T) = Fy(T)F2(T) for some
Fi(T), Fo(T) € Fyly][T) \ Fyly], with Fy(z) =0 or Fao(x) = 0. If F1(T), F>(T) ¢
F,[T], then y is a root of a polynomial of lower degree over F,(z). Hence, we
may suppose Fi(T') € Fy[T]. According to the definition of d(T), this happens
only if F1(T) € F,. The contradiction shows that F'(T) is irreducible over F,(y),
with a root z. The degree of F(T) is

[Fo(x,y) : Fg(t)] _ [Fy(z,y) : Fy(D)]
[y (2.0) : By (0)] = - = [Fyf9) : By )
! ! [Fy(x) : Fq(t)] [Fq(y) : Fy(t)] ! !
so deg(ug) — deg(vg) + deg(v) — deg(d) < m.
Let P be a place of Fy(z,y) lying above the infinite place Pu, of F,(x) with
vp the corresponding discrete valuation of P, and let e be the ramification index
of P over P. Note that f(z) = f(y), i.e.,

xn+an_1xn—1+,..+a0:yn+an_1yn—1+'.'+a0’



for some ap, ..., an—1 € Fy. If vp(y) > 0, then vp(f(y)) > 0, but vp(f(z)) =
—n-e < 0. As a result, vp(f(z)) = vp(f(y)) = n-vp(y), by the triangle
inequality, and then vp(y) = —e. The same argument applies to the conjugates
Y1, .., Ym of y with respect to Fy(z). It follows that

vp(ag(z)) =vp(y1) +--- +vp(ym) = —me,

and

vp(ai(x)) > vp(y1) + -+ vp(Ym—i) = —(m —i)e,
fori =1,...,m—1, using the formula of the elementary symmetric polynomials.
This indicates deg(ug) — deg(vg) = m and deg(u;) — deg(v;) < m — i. Recalling
that deg(ug) — deg(vo) + deg(v) — deg(d) < m and d divides v, we have deg(v) =
deg(d). Then v divides “2%, ..., %=1 and clearly ag(), ..., am—1(z) € Fylz].
This completes the proof. a

Remark 9. The inequality 0 < deg(a;) < m—1i for 0 < i < m is sharp in general.
For example, let f(T) = (T® + 1)? over F,, where ged(2,q) = ged(3,q) = 1.
Then there are elements z and y such that f(z) = f(y) =t and 2® +y3 +2 = 0.
The minimal polynomial of y over Fy(x) is T3 + 2% + 2. On the other hand,
let f(T) = T3 + T over Fy, where ¢ = 1 (mod 3). It is easy to verify that if
fly) = f(z) =t and y # =, then the minimal polynomial of y over F,(z) is
T? + 2T + 2 + 1.

Let 7 : Fy(t) — Fq(u) be an isomorphism fixing F, with 7(¢t) = u for some
u transcendental over Fy, and M’ be the splitting field of f(7') — u. Then 7
can be extended to an isomorphism from M to M’. If f(x) = f(y) = t, then
f(r(z)) = f(7(y)) = u, and the minimal polynomial of 7(y) over F,(7(z)) is
obtained by applying 7 to each coefficients of that of y over F,(x). Thus it suffices
to study the function field defined by f(z) = ™. To this end, we introduce the
field of formal Laurent series over F,.

Lemma 10 ([?, Theorem 6.12]). Let F((t)) be the field of formal Laurent
series D s cjﬁfj with ¢; € Fq. If ged(n,q) = 1, then there exists é(th t+
>i>0 cj/t? € Fu((t)) such that f(5(t)) = f(d(wt)) = t", where w € Fy is a
primitive n-th Toot of unity.

Theorem 11. If [M : F,(z)] = m and ged(n, q) =1, then ¢™ =1 (mod n).

Proof. With the notation in the above lemma, it suffices to consider the splitting
field of f(T') —t™ over F,(t"). Now that 6(wt) and §(¢) are different roots of
f(T) —t™, it follows from Lemma ?? that

S(Wt)™ 4 1 (8(1))5(wt)™ 4 - 4 ag(8(t)) = 0,

for some polynomials ag, . . ., am—1 over F, with deg(a;) < m—ifori=0,...,m—
1. Let 7; € F, be the (m — i)-th coefficient of a;. Then the coefficient of ¢™ in
the above equation is

W™ P 1w™ T g = 0,



which means w € Fgm. Since w is a primitive n-th root of unity, n must divide
qm™ — 1. a

If ged(n, q) = 1 and ¢ = 1 (mod n), such polynomial f with [M : Fy(z)] = 2
does exist, and has a unique form. We will leave it in the next section.

Ezample 12. Consider polynomials of degree n = 5. Note that ¢(5) = 4 and
¢* =1 (mod 5). If ¢ = £1 (mod 5), then it is easy to find polynomials such
that [M : Fy(z)] = 2, as will be seen. If ¢ = £2 (mod 5), then [M : Fy(x)] > 4,
since in this case neither ¢> =1 (mod 5) nor ¢ =1 (mod 5).

One may ask what happens if ged(n, q) # 1. In fact, under some conditions,
we can obtain similar results.

Proposition 13. Let [M : Fy(z)] = m and n = kp' for some integer m, k,l with
ged(k, q) = ged(m, q) = 1. If the Galois group G = Gal(M/F,(t)) has a normal
Sylow p-subgroup, then ¢™ =1 (mod k).

Proof. Let P be the Sylow p-subgroup of G with fixed field E, and H = P -
Gal(M/F,(x)). Then H is a subgroup of order mp', as P N Gal(M/F,(z)) is
trivial. The fixed field F of H is ENFy(x), and [F : F,(t)] = |G|/|H| = k.
By Lemma ?7, there exists some polynomials g of degree k over F, such that
F =TFy(u) with g(u) = t. Now E/Fy(t) is Galois by the assumption that P is
normal, so the Galois closure of Fg(u)/F,(t) is contained in F, and its degree
over F,(u) divides [E : Fy(u)] = m. It follows from the above theorems that
q" =1 (mod k). O

4 Instances of Polynomials with Small Galois Groups

4.1 Dickson Polynomials

Let D, (T, a) be the Dickson polynomial (of the first kind) of degree n for some
parameter a € F, defined as

(/2] .
n (n—1i - -
D.(T — _ ZT’I’L72’L.
=3 (")
When a = 0, it is a monomial. A basic property of this polynomial is that

a a”
Dn(u"' Eaa) =u" + ’LL7

for an indeterminate u. Moreover, if n = kp' for some integers k, [ with ged(k, q) =
1, then D, (T,a) = Dy (T, a)pl. For this reason we may assume ged(n,q) = 1.
Let w € Fg2 be a primitive n-th root of unity. Then

(n—1)/2 ‘ ‘
D,(T,a)=T H (T? + a(w’ —w™")?),
i=1

10



if n is odd, and

n/2—1
Dy (T,a) = Dn(0,0) =T J] (T° + a(w’ —w™)?),

i=1

if n is even.

There are many other essential properties of the Dickson polynomials. In
the context of this paper, it turns out that they can be characterized in another
way. First, we shall discuss further the conclusion of Lemma 77, and then extend
Theorem ?7? in the quadratic case, with the explicit form of the polynomial f
(still we always assume that f is monic and f(0) = 0).

Using the notation in Lemma 7?7, we claim that if, in addition, n > 2 and
the term of degree n — 1 of f vanishes, then ¢o = 0 and ¢; € F, for the root
8(t) =t 4350 ¢i/t! € Fy((t) of f(T) — ™. Denote f(T) =T" +~T""2 +---
for v € IF,. It can be checked that

-1
()" ="+ nept" " + <n(n2)c(2) + ncl> T2

S =t""2 4 (n—2cot" B4+,
6(t)7z—3 _ tn—S 4.
Since ged(n,q) = 1 and t" = f(6(t)) = 6()" + y6(¢)" "2 + - -, comparing the

coeflicients we get ¢ = 0 and nc; +v = 0.

Theorem 14. If [M : F,(x)] = 2 and ged(n,q) = 1, then f(T) = D, (T +b,a)—
D, (b,a) for some a,b e Fy.

Proof. Without loss of generality, assume that the coefficients of degree n — 1
of f is 0. Then there is a root §(t) =t + 3,5, cj/th € Fy((t)) of f(T)—t",
where ¢ = 0 and ¢; € Fy. The roots of f(T') — t" are given by ug = 6(t),u1 =
§(wt), ..., up—1 = 6(w™'t) for a primitive n-th root w of unity in Fy2, as shown
in Theorem ??. For an integer ¢, if u; € F,(uo), then u; = aup + 8 for some
o, € Fy with o # 0, as discussed in Proposition ?7?. It follows that 5 = 0 and
w' = o = w™¢, which means w® = —1 with n = 2i.

Now suppose that u; ¢ Fq(uo), and let u; for some integer j be its conjugate
with respect to Fy(ug). For 71,79, $2, 51, 50 € Fy, denote by

T2 + (riug 4+ ro)T + 52u(2) + s1ug + S (4)

the minimal polynomial of u; and u; over F,(ug). Computing the coefficients of
S(wit)? + (r1ug + 7r0)d(w't) + saud + s1ug + So in t and the same for j leads to

W 4wt 4 59 = w¥ + rw? + 59 =0, (5)

row' + 81 = row’ +s1 =0, (6)

2¢; + 1y (Wh Fw ™) 4 2¢189 + 50 = 261+ erry (W +wTI) +2¢185 + 50 = 0. (7)

11



It follows immediately from (??) that rg = s; = 0. Assume ¢y7r; # 0. Then
multiplying (??) by w® or w? yields a quadratic equation with two roots w’
and w?, as well as (??). Thus s = 1 and 2¢; + 2¢152 + 59 = c¢177. Note that
w'-w! =s9=1and w4+ w) = -7y, so
_ .2 _ i 3\2 _ i —i\2
so=cri —da = ((W+w)* —4) = (W —w ).
By (??) we know
o2 _ .2 i —i\2
UU_; = Saug + S1Ug + So = ug + 1 (W' —w ™),

and meanwhile
(71)”’(1,011,1 o Up—1 = 7tn = 7f(U0).

Consequently, if n is odd, then

n—1 "Tfl
Fluo) =uo [ wi = uo ] wiv—s
i=1 i=1

n—1

=ug H (ug + 1 (W' —w™9)?)

i=1
:Dn(’U,Q, Cl).
If n is even, then
n—1 5—1
fluo) =—uo H Uj = —Uoln/2 H UiUl—;

i=1 i=1

1
=u? H (ud + 1 (W' —w™9)?)

i=1

=D, (ug, 1) — Dy (0, c1).

It remains to discuss the case ¢;r; # 0. Note that ¢; does not depend on the
choice of i, j, but r; does. If ¢; = 0, then s1 = 59 = 0 by (??) and (??), and thus
u;uj = soud. This holds for any i such that u; & F,(uo), so f(uo) is a product of
monomials in ug, namely, f(ug) = D, (up,0). Now suppose ¢; # 0 and r; = 0.
Then s = —w? and sy = —2¢; (1 —w?"). The function field Fy(uo, u;)/Fq(uo) is
defined by

u? — wud — 2¢1(1 —w?) = 0.

If 55 =1, then w™% = w/ = —w', and sy = —4e; = ¢;(w' — w™%)?2, and the same
result follows. If s5 # 1, then u; is not the conjugate of u_;. Recall that w®+w’/ =
r1 # 0 implies w' - w? = sy = 1 for any choice of i, j. Therefore, the conjugate
of u_; = §(w~') is §(—w't). Then by the same argument, F,(ug, u_;)/Fy(up) is
defined by

u?, — w Ul — 2¢1(1 —w™?) = 0.

—1
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If ¢ is odd, then Fy(ug,u;) # F4(uo,u—;) (to see this, compare their discrimi-
nants), which gives rise to a contradiction. If ¢ is even, then Fy(ug,u;)/Fq(uo)
is inseparable, also a contradiction. a

Theorem 15. Suppose f(T) = Dn(T,a) — Dn(0,a) for a € Fy, n > 2 with
ged(n,q) = 1. If ¢ = £1 (mod n), then [M : Fy(z)] = 2. Moreover, the full
constant field of M/F, is Fy if and only if ¢ = £1 (mod n).

Proof. Let t; = t" + ’tl—: — D,(0,a), and w € F, a primitive n-th root of unity.
Then the n distinct roots of f(T)—t; € F,(¢1)[T] are given by u; = wit+a(w't)™!,
i=0,...,n— 1. Suppose ¢ = +1 (mod n). Then for 2 < i < n, it is viable to
write w' = ayw + B; for some «;, 3; € Fy. If ¢ = 1 (mod n), set a; = “;:Zl_ji,
and then w™ = w® + o;(w™! —w) = aqw ™' + B;. If ¢ = —1 (mod n), then
wi =wland w™ = (w + B;)? = auw ™t + B;. Tt follows that w't + a(wit) ™! =
a;(wt+a(wt)™1) + Bi(t+at~1), which means the splitting field of f(T) —t; over
Fq(tl) is FQ(UO, ’U,l).

Next we prove that [F,(uo, u1) : Fg(ug)] = 2. One can verify that

ui — (w4 w Huguy +ud + alw —w H? =0,

so u; is integral over Fy[ug], and a fortiori, over F2[ug]. If u; € Fy2(ug), then
uy € Fy2ug), since Fp2[ug] as a UFD is integrally closed. Noting that ¢ is tran-
scendental over g2, we have u; = ciug + ¢o for some c1,¢yp € Fg2. Comparing
the coefficients yields w = ¢; and w™'a = c1a, so w? = 1 and n = 2. Thus
u1 ¢ Fg2(uo), and consequently [Fy(uo, u1) : Fq(uo)] = 2. If the full constant field
of Fy(uo, u1)/Fq is not Fy, then it must be Fy2. In this case Fy2(ug) C Fg(uo,u1)
and [Fg2(ug) @ Fy(uo)] = 2. Hence Fy(uo,u1) = Fpe(uo), but uy ¢ Fpe(uog), a
contradiction. Then the full constant field is IF,.

Suppose now that the full constant field of M/F, is F,. Then w + w™! =
(u1 4+ un—1)/ug € Fy, as it is an algebraic element over Fy in M. The polynomial
T? — (w+w )T+ 1 in Fy[T] has roots w and w™!, so we have either w? = w or
w9 = w~t. This implies ¢ = 1 (mod n) or ¢ = —1 (mod n). O

Remark 16. Note that in [?], Cohen and Matthews have discussed the mon-
odromy groups of Dickson polynomials. Notably, they showed that Dickson poly-
nomials have a dihedral group as monodromy group in some cases. However, the
converse was not considered and our results cannot be derived from [?]. Fur-
thermore, note that a small mistake has been incorporated in [?] since ¢* = 1
(mod n) is not equivalent to ¢ = £1 (mod n) when n is not a prime.

Remark 17. Let f(T) = Dyn(T,a) for some a € F;. By Theorem 7?7, whenever
there is a root a € F, of f(T') — ¢ for ¢ € Fy, every irreducible factor of f(T) —c
has degree 1 or 2. Furthermore, if n is odd, then f(T) — ¢ is either product of
linear factors, or product of T' — @ and quadratic irreducible polynomials over
F,. To see this, note that for the n roots z,y1, ..., yn—1 of f(T)—t, none of them
except z belongs to Fy(z). If § € F, is another root of f(T') — ¢, then all other
roots of f(T') — ¢ belong to Fy(a, ) = Fy. If n is even, it is not hard to draw
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a similar conclusion that f(T) — ¢ is product of (T' — a)(T + «) and quadratic
irreducible polynomials over F,.

Now that it has been shown that [M : F,(z)] = 2 for Dickson polynomials,
it is natural to ask what the exact value of G(f) is. Before that, we need a basic
fact about squares in a finite field.

Lemma 18. For fized c € Fy, the number of b € Fy such that b% + ¢ is a square
in ¥ is % if —c is a square in F}, and qg—l otherwise.

Theorem 19. If f(T) = D,(T,a)— D, (0,a) fora € F;, n > 2 with ged(n,q) =
1 and ¢ = +1 (mod n), then

LqQ;nSJ if ¢ is odd and g =n(a) =1 (mod n),
G(f) =14 |%"| ifqisodd and g=mn(a) = -1 (mod n),
q

L—nJ otherwise,

where 1 is the quadratic character of Fy.

Proof. Let F,(x,y) be the function field defined by y? — (w + w™ay + 22 +
a(w —w )% = 0. It is indeed the splitting field of f(T) —t € Fy(t)[T]. If a
rational place of Fy(t) splits completely in F,(x), then it also splits completely
in Fy(z,y) by Lemma ??, so there are n rational places (other than the infinite
one) of Fy(x) splitting completely in F,(z,y). Conversely, suppose that (z — b),
a place of F,(x) for some b € Fy, splits completely in F,(z,y). If (x —b) is
unramified in Fy(x)/F,(¢), then the place P of F,(¢) lying below (x — b) splits
completely in Fy(z), for Fy(z,y)/F,(t) is Galois, in which P splits completely. If
(x—b) is ramified, then obviously P can not split completely. Therefore it suffices
to count the number of b € Fy such that (z —b) is unramified in Fq(x)/F,(t) and
splitting completely in Fy(z,y)/Fq(x).

Denote by v the number of b € F, such that (z — b) splits completely in
F,(x,y)/F,(x); that is, T? — (w + w™ )T + b* + a(w — w™1)? has two distinct
factors in Fy[T]. When ¢ is even, that is equivalent to b # 0 and

b2+ a(w —w™1)?2
0 :Tr]Fq/]Fz ( (UJ +w_1)2b2 >

1\ — a
= Tre, e, (0 + ™)) + Tre i, ().

Here we are using the fact that Trp_/p, (o) = 0 for o € F, if and only if B2—B =«

for some B € F,. Then clearly either v = %, or v = 4. When ¢ is odd, (z — b)

splits completely in Fy(x,y)/Fq(x) if and only if the quadratic discriminant

(w+w )2 — 4(V* + da(w —w™)?)
=((w+ w_1)2 — 4)b2 —4a(w — w_1)2
:(w — wil)Q(bQ — 4a)
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is a square in F}. Note that if w ¢ F,, then (w —w™")?

this case the number v is obtained from Lemma 77, as

is a non-square in F,. In

-3

&S]

ifg=n(a)=1 (mod n),

| o

=L if g= —n(a) (mod n),

2
% if g=n(a) =-1 (mod n).

Meanwhile, (z — b) is ramified in Fy(x)/F,(¢) if and only if (z — b) is a zero
of f'(z), i.e. f'(b) = 0. There are at most n — 1 such places. Finally we have

vortl g <

SN

n

There is only one integer in the interval [”_7""'1 5]. Note that if ¢ = +1

n ‘n

(mod n), then || = |24 ], and if in addition ¢ is even, then | 42| = [ L.
The desired result then follows. O

Remark 20. In [?], the case ¢ = 1 (mod n) has been discussed, where the formula
is obtained by studying the value sets of Dickson polynomials over finite fields.
Here we can generalize it to all cases, with proof using the language of function
fields. In particular, if ¢ Z 1 (mod n) and ¢ Z —1 (mod n), then G(f) = 0, since
the full constant field of M/F, is not Fy.

4.2 Powers of Linearized Polynomials

In Proposition 7?7, it is shown that powers of linearized polynomials are likely
to have minimal Galois groups. The following proposition is actually a general-
ization.

Proposition 21. Let f(T) = (h(T))", where h(T) = Spen(T —b), n = kp!
for some integers k,l, with B an additive subgroup of order p' in Fq,. Ifg=1
(mod k), with w a primitive k-th root of unity in Fy, let j be the least positive
integer such that w/ = co+crw+--- —|—cj_1wj_1 for some c; € F, with ¢;B = B,
0<i<j. Then

1. [M :Fy(2)] < p'U—1;

2. there ezists some tyg € Fy such that f(T) — to splits completely (without
multiple roots) in Fy[T] if and only if there exists ug € Fy with uF,e C
{h(a) | @ € F,} and p*? < q, where d is the least positive integer such that
p? =1 (mod k);

3. W‘ldﬁ < j <d, and the lower bound is achieved if B = sz.

Proof. (1) Let w = h(xz). For 1 <4 < j, choose an element y; such that h(y;) =

wiu. Clearly f(y; +bo) = uk = f(x) for any by € B and [Fy(z,y;) : Fy(x)] < p.
Accordingly [Fy(z,y1,...,yj-1) : Fy(z)] < p'U=Y.If ¢B = B for some ¢ € F,
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then B is a vector space over F,(c), and thus ¢ € F,i. Let y; = cor+cryr +-- -+
Cj—1Yj—1, SO that

h(y;) =h(cox) + h(cry1) +--- + hicj_1yj-1)
—'h 'y, & h
=cy h(z) +cf h(y1) + -+ h(yj-1)
= (CO +aw+---+ Cj_1wj71) U

=w’u.

Similarly we have yj11 = coy1 + c1ya + -+ + ¢j_1y; with h(yj11) = w/ T,
and so on. By adding each element of B to z,v1,...,yn_1, we obtain n distinct
roots of f(T) —t. Thus M = Fy(x,y1,...,y;—1) and [M : Fy(z)] < p'U~1. This
completes the proof.

(2) Note that f(T) — to splits completely in F,[T] if and only if ¢y = uf for
some ug € F, and h(T) — w'ug splits completely for any integer i. The latter is
equivalent to w'ug € E, where E = {h(a) | « € F,} is a vector space over F,,.
Meanwhile [, is the smallest subfield of F, containing w, as well as the smallest
vector space over IF), in I, containing 1,w, ... ,wk=1 for the minimal polynomial
of w over F;, has degree d. It follows that ugF,« C E. Comparing the dimensions
we have p!t? < ¢.

(3) Let Fpe for some integer e be the largest subfield of Fy over which B
is a vector space. Then it is clear that e divides [, and ¢B = B if and only if
¢ € Fpe; hence j is the degree of w over Fpe, which is exactly the least positive
integer such that p® = 1 (mod k). This implies j = W‘ld’e), and the inequality
follows. ad

With the notation above, we give an example.

Ezample 22. Let ¢ = 64, n = 6, k = 3 and B = {0, c} for some ¢ € F;. Since
w? +w+ 1 =0, applying the proposition we have [M : F ()] < 2, but wB # B,
so M # Fy(x). It turns out that [M : Fy(x)] = 2. On the other hand, w lies in
Fy and *Fy C *F3p = {ala—1) | a € F;} = {a(a —¢) | a € F,}, so there
exists a rational place of Fy(t) splitting completely in Fy(z), and hence in M.
Then the full constant field of M/F, is F,. This example shows that without the
assumption ged(n, g) = 1, Theorem ?7? is not valid.

5 Conclusions

This paper has discussed a property of polynomials over finite fields with appli-
cations to locally recoverable codes and turned to characterize the corresponding
Galois groups over function fields. For a polynomial of degree n with [M : F,(z)]
being a specific integer, some of its properties have been presented in terms of the
polynomial factorization and the arithmetic of ¢ and n. Besides, there are also
some specific forms of polynomials with good properties, especially the Dickson
polynomials. In most cases, we also proved that such polynomials are unique.
The results may be applied to other research on polynomials over finite fields and
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their corresponding function fields. However, there are still many polynomials for
which it is difficult to give a more precise condition with respect to their Galois
groups or splitting fields. This may be an interesting and challenging problem.
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