Paul Benacerraf once claimed that "[t]he philosophy of mathematics is

[…] perhaps best taken in short sips" (Benacerraf 1996: 10). It certainly doesn't look like philosophers of mathematics have followed his advice as far as his own work in that area of philosophy is concerned. A great number of them have either taken many such short sips or much longer ones than advised. The truth is that they've been living on a diet of themes and puzzles out of "What Numbers Could Not Be" (1965) and "Mathematical Truth" (1973), to mention only two of Benacerraf's most influential articles. Both will soon appear in French translation in an 1. This is a revised version of the introductory talk to the Paul Benacerraf Workshop given on May 10 2012 at the Collège de France. I was then junior researcher at the Institut d'Histoire et de Philosophie des Sciences et des Techniques (IHPST). The revision was completed in January 2023.

2. See Benacerraf 2014a and Benacerraf 2014b, respectively.

3. See Benacerraf's unnumbered footnote to his [START_REF] Benacerraf | Tasks, Super-Tasks, and the Modern Eleatics[END_REF] 1983 in the Benacerraf and Putnam anthology, at page 403. If you look at who's mentioned there -Richard Grandy, Hartry Field, Adam Morton and Mark Steiner -, you get a clear although incomplete sense of the scope of the influence of these articles. They triggered both inquiries into which way out of the dilemma might be available to the platonist anthology of key articles in the philosophy of mathematics, thanks to Sébastien Gandon, Brice Halimi, Sébastien Maronne and Ivahn Smadja. 2 This is more than welcome. It would make no sense today, almost 50 and 40 years, respectively, after their original publication, to propose an overview of the discipline in which these articles wouldn't play a central role. You may add six as far as the influence of the second is concerned since early versions of various segments of it were read in many philosophy departments in the US and commented upon by many people from 1967 on. 3 They play that role both for contingent or historical reasons and for philosophical ones pertaining to content and arguments. Benacerraf says the papers were "revolting" (Benacerraf 1996: 19) and even taking a "skeptical turn" in reaction to the Ayer-Hempel view, still discussed in the nineteen-sixties when the first edition of the Benacerraf & Putnam anthology was published (1964), according to which -this is a mixed Ayer-Hempel quote -"there is nothing mysterious about the apodeictic certainty of […] mathematics [START_REF] Ayer | Language, Truth and Logic[END_REF] 3. See Benacerraf's unnumbered footnote to his [START_REF] Benacerraf | Tasks, Super-Tasks, and the Modern Eleatics[END_REF] 1983 in the Benacerraf and Putnam anthology, at page 403. If you look at who's mentioned there -Richard Grandy, Hartry Field, Adam Morton and Mark Steiner -, you get a clear although incomplete sense of the scope of the influence of these articles. They triggered both inquiries into which way out of the dilemma might be available to the platonist [START_REF] Steiner | Mathematical Knowledge[END_REF]) and inquiries into anti-platonist alternatives (Field 1980). The work of many others, of course, bears witness to the legacy. For a (still incomplete) list, see Maddy 1996: 61.

[a priori] true by virtue of the definitions of the mathematical concepts involved [START_REF] Hempel | On the Nature of Mathematical Truth[END_REF]]."

Quine had challenged that view as early as 1936 in his "Truth by convention," the very year Ayer's Language, Truth and Logic was published and almost ten before Hempel's article "On the Nature of Mathematical Truth," from which half of the mixed quote is extracted, was published in the American Mathematical Montly (1945). He would attack it again, straight on, in 1951 in "Two Dogmas," one of the most influential and anthologized articles of twentieth century philosophy ; but already in 1936 Quine concludes:

The […] restricted thesis […] that mathematics is a conventional transcription of logic, is far from trivial; its demonstration is a highly technical undertaking and an important one, irrespectively of what its relevance may be to fundamental principles of philosophy. […] [A]s to the larger thesis that mathematics and logic proceed wholly from linguistic conventions, only further clarification can assure us that this asserts anything at all. W. V. O. [START_REF] Quine | Truth by convention[END_REF] 1983: 354 Typically, the puzzles and challenges Benacerraf has proposed since the mid-sixties, in reaction to the Logical Positivist's views rejected early on by Quine, have survived the collapse of the kind of general or quasigeneral agreement that recedes into the past as everyone calls into question the theories on which they rest and abandon them. They have also survived the recasting or reframing of theses and arguments that have proved to be much more resilient than, say, the outmoded causal theory of knowledge. I shall briefly comment on two such puzzles and challenges. 4 Case 1. A fairly typical case of resilient challenge or puzzle is that of the so-called "Benacerraf dilemma" [START_REF] Benacerraf | Tasks, Super-Tasks, and the Modern Eleatics[END_REF] 1983) which will be discussed today: as the causal theory of knowledge fades away, the reliabilist account takes center stage, so that, as Maddy remarks, the former "turns out to be inessential" (Maddy 1996: 62), and not just to the project of naturalizing the epistemology of mathematics. To take the dilemma's other horn: as the correspondence theory of truth fades away and deflationist, redundancy, pleonastic and disquotational theories take center 4 There is a third case, namely that of supertasks, i.e., of tasks which "require that an infinite number of acts or operations be performed in a finite span of time" (Earman & Norton 1996 : 231). Benacerraf and Putnam remarked that if such nonconstructive procedures are conceivable, or at least conceptually possible, then there exists, at least in principle, a verification procedure or a refutation procedure for number theory. The second conclusion to be drawn from the first would be that "the notion of truth in number theory is not a dubious one" (Benacerraf & Putnam 1989: 20).

I did not take this case into consideration in my introductory talk. Jacques Dubucs took up the issue in the talk he gave at the workshop: "Motionless Gödel's long strides -Note on the contemporary versions of Zeno's arguments." The talk was devoted to the case of proof supertasks and discussed the possibility of actually going in a finite time through each of the steps that are required by applications of the ωrule -just what "accelerating machines" are supposed to be able to do. Unfortunately, the corresponding paper wasn't ready for publication in the volume that gathered the papers given at the Paul Benacerraf workshop :Truth, Objects, Infinity -New Perspectives on the Philosophy of Paul Benacerraf, F. Pataut, ed., Logic, Epistemology and the Unity of Science, Vol. 28, Springer International Publishing, Cham, Switzerland. For Benacerraf's own take on supertasks, see [START_REF] Benacerraf | Tasks, Super-Tasks, and the Modern Eleatics[END_REF] stage, the dilemma gets reformulated so that the very idea of correspondance turns out to be inessential. 5

One might ask: what is essential, then? Are we just collecting modified

Benacerraf dilemmas along the way, not really making any progress? Or is there a feature common to all of them that might account for the resilience of what's at the core of the puzzle?

We may perhaps look at a stronger kind of disagreement for a clue, i.e., not at competing yet benevolent construals of the dilemma, but, on the contrary, at disagreements to the effect that the very idea of there being any "tension" (Stalnaker's phrase, perhaps somewhat too weak, in Stalnaker 1996: 104), let alone any incompatibility or antinomy involving epistemology and metaphysics, is entirely misguided.

5 Some have argued that the Tarskian notion of truth (and perhaps the very notion of truth simpliciter) is inessential. Tait, for instance, remarks that Tarski's account of truth cannot have any significant bearing on the issue of platonism because "it consists of a definition in mathematics of a concept of truth for a model in a formal language L, where the concept both of a formal language and of its model are mathematical notions" [START_REF] Tait | Truth and Proof: the Platonism of Mathematics[END_REF]1996: sect. 4-5). But that seems unfair. The fact that Tarki's semantic conception proposes criteria that any definition of "true sentence" must meet and yields definitions for particular formal languages that appeal indeed to mathematical or metamathematical notion such as that of recursion, doesn't exclude a bearing of theories of truth on platonism conceived either as a metaphysical or a semantical doctrine (or somehow a mixture of both).

Moreover, Tarski's criterion of material adequacy, Convention T, is usually taken to have a significant bearing on platonism. As a matter of fact, not only does Convention T has, as a consequence, that a truth definition for L must be given in a metalanguage stronger than L, but this in turn, has as a consequence that a truth definition cannot be given in set theory (i.e., in ZF). If platonism is to be construed in terms of semantics, broadly speaking as a philosophical standpoint that takes truth to be independent of provability, then Tarski's theory is indeed at the heart of the issue, if only because it isn't "combinatorial" in Benacerraf's sense (see [START_REF] Benacerraf | Tasks, Super-Tasks, and the Modern Eleatics[END_REF] 1983 : 406-407 on what is meant by "combinatorial").

There is one due to David Lewis [START_REF] Lewis | On the Plurality of Worlds[END_REF] which consists in denying that there should be any kind of connection between an object or our conception of its nature (say, that it is "abstract" or "causally inert," or whatever) and our account of how we may come to know anything about it. (See [START_REF] Benacerraf | Tasks, Super-Tasks, and the Modern Eleatics[END_REF] 1983: 415 and Lewis op. cit.: 82n56 for a stark contrast, and note that Lewis also rejects the idea while commenting on Dummett's proposal that we distinguish between abstract and concrete things in terms of "how we understand their names," this according to Lewis providing no information whatsoever about the ontological divide.)

The attack goes much deeper because by refusing to grant this, it disposes not only of the epistemological horn of the dilemma construed along either causalist or reliabilist lines, but of the very idea that there should be any need for an account of mathematical knowledge conceived as an account of a link between our cognitive faculties and the objects known in the first place. So that, to quote Bernays "[…] the tendency [of] viewing the objects as cut off from all links with the reflecting subject" [START_REF] Bernays | On platonism in mathematics[END_REF] 1983: 259) is quite OK, in tune with "the costumary manner of doing mathematics, which consists in establishing theories detached as much as possible from the thinking subject" (Bernays op. cit. : 267). In the first part of the quote, Bernays is commenting on the difference between Euclid requiring that geometrical figures be constructed [italics provided by Parsons] and Hilbert making existence claims when stating the axioms ("exists" referring here to existence in a system). In the second he is commenting on "the characteristic general feature of intuitionism [of being founded] on the relation of the reflecting and acting subject to the whole development of science."

It isn't simply that one would reject the idea that the mathematician investigates a realm of entities that cannot be "heard, smelled, or tasted, even with the most sophisticated instruments" (Chihara 1990: 5), or the idea that we should provide an account of how our beliefs "can so well reflect the facts about them [emphasis mine]" (Field 1989: 27). Lewis's view branches into two claims: (i) a causal requirement for knowledge depends not on the kind of thing claimed to exist, but "only on whether it is claimed to exist in the knower's own part of reality" [START_REF] Stalnaker | On What Possible Worlds Could Not Be[END_REF] 106) ; (ii) a theory about the nature of objects known should at least be compatible with an explanation of how our knowledge of them is acquired.

Two remarks. To begin with, the compatibility claim is very weak. One may reasonably ask for something more substantial in terms of a relation between the knower and the known.

Moreover, as Stalnaker (op.cit.: 112) convincingly remarks: "[…] there seems to be a conflict between the insistence that possibilia are things of the same kind as physical objects, and the claim that they are things whose existence we can know about in the way we know about things of avery different kind, such as numbers, functions and sets."

If that is so, the modal realist has neither solved nor dissolved the dilemma. There remains indeed a very strong disanalogy between a defense of existential commitments without the need for causal (or reliabilist) connections in the mathematical case, and the very same defense in the case of possibilia existing in spatio-temporal disconnected parts of reality.

The attack might prompt us to look the other way, by reaction as it were.

Charles Parsons has proposed to draw a parallel between Benacerraf's dilemma and Kant's puzzlement as to how intuition can be a priori (Parsons [1979(Parsons [ -1980] ] 1996: 99). The idea is that just as mathematical truth involves the postulation of objects such that we must explain how we know them (Benacerraf), mathematical truth requires applicability to the physical world and this conflicts with the idea that mathematics is a priori (Kant). We can't intuit both spontaneously and a priori, because "an intuition is such a representation as would immediately depend on the presence of the object" (Kant, in the Prolegomena, §8).

One could be ungenerous with Parsons here and object that a puzzle which doesn't require that the semantics of mathematical language involve quantification over abstract objects may not be a genuine variant of the original dilemma. One could argue that what philosophers who believe in Benaceraff's dilemma have done is to take abstracta into consideration by what David Lewis has called the "Way of Negation" (Lewis 1986). They have defined or identified such objects as those that lack features possessed by paradigmatic concrete objects, i.e., objets which we ordinarily think of as "material" or "physical." Three features are usually taken into consideration in this respect: spatiality, temporality and causal efficacy. Abstract objects are exactly those which do not occupy any determinate region of space, of time, or of space-time, and make nothing happen. By doing so, philosophers have looked at objects which are, by their very nature, abstract, if only for negative reasons, and not at possible empirical instantiations of mathematical concepts, as Kant does. In Benacerraf's dilemma, what would make mathematical knowledge both possible and reliable, i.e., causal interactions with the truth-conditions of mathematical existence assertions, is precisely what we're denied if we also hold that such assertions are true. We have a contradiction in terms, more than a challenge. In Kant's puzzle, what would make that knowledge possible, i.e., intuition, is what we're denied if we also argue that such assertions (or the propositions expressed by them) are a a priori. Obviously, any believer in Benacerraf's original dilemma will object that an account of mathematical knowledge in terms of an intuition that contains only the form of sensibility typically depict[s] the truth-conditions of mathematical statements in terms that places them "beyond the reach of the better understood means of human cognition" such as sense perception (Benacerraf op. cit. : 409). In this respect, at least, Parsons's similarity claim is correct. Time, as a pure form of sensory intuition and as an a priori condition of all phenomena in general (Kant [1781,1787] 1965: §6) may not be the kind of thing that could ever fall under perception, for it is, on the contrary, what makes the reality of phenomena possible (Kant, op. cit., § 4, point 2).

If, as Kant holds, all we need in order to be able to add units is the inner sense of time (Kant op. cit.: [B182]), the solution offered to the original puzzle in the case of the arithmetic of natural numbers is no better, then, from the point of view of anyone working within the framework of the perceptual-causal model, than the kind of standard so-called "platonist" account which originally yields the dilemma. It does one thing, though: it points to the possibility of reframing the resilient Benacerraf dilemma so that the account of a link between our cognitive faculties and the objects known is construed in a different way.

Case 2. Another recurring theme in Benacerraf's work is the problem of knowing what we may learn from metamathematical results and if so, how. That's also a major problem of twentieth-century philosophy, a very resilient one that hinges on theses, arguments and intuitions that seem to be much more enduring than the causal theory of knowledge or the reliability requirement.

Benacerraf has repeatedly pointed to the fact that "alleged consequences" that are supposed to follow from "clear mathematical results" depend "on a crucial extra philosophical premise, not always easy to identifiy, but without which there would be no argument" (Benacerraf 1996: 31). For instance, you just can't go straight from Gödel's Incompleteness Theorems to the contentious philosophical conclusion that we're not machines or that computational psychology fails. You must add a so-called "Princess Margaret" premise that does the other half of the job.

There are two reasons why so-called "arguments" against computational psychology or the mechanistic conception of the mind may be found wanting: either they attribute to the mind capacities the mind doesn't possess, or they deny that machines are able to perform what they are indeed are capable of performing.

We may take a look at one part of Gödel's first incompleteness theorem, or rather at a very simple minded version it: the part containing the steps leading to the conclusion that some formula A is unprovable in P (leaving on the side the remaining steps leading to the conclusion that it is irrefutable in P, given its ω-consistency). We get this:

(1) A formula A is constructed by diagonalization, which asserts its own unprovability in P.

(2) The consistency of P being taken as a hypothesis, it is proven that A is unprovable in P.

(3) We may then conclude that A is true since it asserts its own unprovablity in P.

Note that Gödel's "richtig" could be translated by "correct" instead of "true." Gödel doesn't indeed use the word "wahr" in this instance. Jean van Heijenoort resorts to the English equivalent of the german word in his translation. Kleene, in his presentation of Gödel's article in the Collected Works, claims that A is "unprovable, hence true" (Kleene 1986: 128). As far as the informal presentation is concerned, the undecidable formula says truly of iself that it is not provable for it is indeed not provable.

What the first part of the proof doesn't show is that the truthconditions of A transcend its conditions of justification. It is possible, for any metamathematical property φ which can be expressed in the system, to construct a proposition which says of itself that it has that property (Gödel [1934]: 21 ;1986: 362-363). So if we choose as a metamathematical property the property of non-provability in P, expressed in P by the appropriate predicate, we may then construct a formula that asserts its own unprovability, and to which we refer by means of its Gödel number.

What this indeed shows is that our capacities for justification or assertability go beyond what is strictly speaking provable in a formal system: there exists, for each system which is sufficiently rich [i.e. such that the property "provable in the system" is expressible in the system],

undecidable elementary statements which we nevertheless have cogent reasons to hold as true.

So what that part of Gödel's first incompleteness theorem shows isn't at all that the extension of the predicate "true" (or "correct") is larger than the extension of the predicate "recognizable as true" (or "recognizable as correct"). What we might perhaps say -and I hope some extra Princess Margaret Premisse isn't somehow missing here -is that there is a finer-grained distinction to be drawn between: In other words, we haven't yet drawn any anti-mechanistic or mentalist conclusions from Gödel's purely metamethematical results to the effect that "For every ω-consistent recursive class k of FORMULAS, there are recursive CLASS SIGNS r such that neither v Gen r nor Neg(v Gen r) belongs to Flg(k) (where v is the FREE VARIABLE of r)", but a much more restricted claim.

What we need, in order to reach a proper anti-mechanistic conclusion establishing the failure of computational psychology is a so-called Princess Margaret Premise to be deduced from the distinction between (i) and (ii). Some kind of progress has been made, albeit a small one, if it has been convincingly shown that this is where we should start. 6 * Benacerraf's papers are timeless papers for timeless puzzles. They address perennial philosophical perplexities, "perennial" in the sense of enduring, even chronic. Since we are gathered here at the Collège de 6 I propose a detailed response to Benacerraf's complaint about the lack of a Princess Margaret Premise in Pataut 2016. The response wasn't fully worked out in 2012, at the time of the worskshop.

France in order to struggle with these perplexities for two short days in a row, I would like to conclude with a remark about the French context.

Although things have been changing for quite some time now, socalled "analytic philosophy" has often been judged in that context to be overly technical, not really philosophy in any deep sense of the word. To use a Benaceraff quote pertaining to the philosophy of mathematics one last time -one which fits in quite nicely here -it has often been judged to be "philosophy without the sugar coating of a pretense to Relevance to Life" -capital R, capital L (Benacerraf 1996 : 10).

Well, Life capital L goes on. What's relevant to it is a matter on which to exercice our freedom, and since the Collège de France is going to be The passion here will be philosophy. We'll make sure to surrender to nothing but arguments. Thank you for your attention. I now wish everyone a very fruitful workshop.

7 The French excerpt from which the quote is extracted reads as follows : "Rappelez-vous tout simplement qu'entre les hommes il n'existe que deux relations : la logique ou la guerre. Demandez toujours des preuves, la preuve est la politesse élémentaire qu'on se doit. Si l'on refuse, souvenez-vous que vous êtes attaqué et qu'on va vous faire obéir par tous les moyens. Vous serez pris par la douceur ou par le charme de n'importe quoi, vous serez passionné par la passion d'un autre ; on vous fera penser ce que vous n'avez pas médité ou pesé ; vous serez attendri, ravi, ébloui ; vous tirerez des conséquences de premisses qu'on vous aura fabriquées, et vous inventerez, avec quelque génie, -tout ce que vous savez par coeur."

  Let us now look at the solution. Kant gives his solution to the puzzle about the possibility of a priori intuition in §9 of the Prolegomena. (He also develops the solution in the first Critique, of course, in the Transcendental Aesthetics, where he begins by saying that there is intuition only insofar as objects affect our mind [das Gemüth], but since §9 is the passage Parsons relies on let us begin with it: "Therefore in one way only can my intuition [Anschauung] anticipate the actuality of the object, and be a cognition a priori, viz.: if my intuition contains nothing but the form of sensibility, antedating in my subjectivity all the actual impressions through which I am affected by objects." I. Kant, Prolegomena to Any Future Metaphysics, english translation, L. W. Beck, Bobbs-Merrill, Indianapolis [1783] 1950, § 9. "It is a nice question, Parsons remarks, just what this does to the characterization of intuition that gives rise to the puzzle" (Parsons, op. cit. : 99). What it does, clearly, is this: under the assumption that mathematics is a priori, the (alleged) causal or material dependence of our intuition on the objects, or on their presence, either by means of sense perception or in the imagination, has to go. What we have is knowledge by intuition without any causal action on us (either on our sensory apparatus or on our minds) on the part of anything we (not Kant) would call an abstract mathematical object.

  (i) the gap between what is true (correct) in the standard model for arithmetic and what is recognizable as true (correct) on the basis of cogent reasons and (ii) the gap between what is recognizable as true (correct) on the basis of cogent reasons and what is algorithmically recognizable as true (correct) in the standard model of arithmetic.

  our host, we're all going to follow the advice of Paul Valéry, the inaugural holder of the chaire statutaire of Poétique at the Collège from 1937 to his death in 1945. Valéry said with typical elegance and restraint in the celebrated Monsieur Teste: Always ask for proofs, proof is the elementary politeness we owe to each other. If it is denied, remember you're being under attack and that you're going to be coerced into obeying by any means available. You'll surrender to the smoothness or charm of just about anything ; you'll have a passion for somebody else's passion […]. 7Paul Valéry, "Dialogue -Un nouveau fragment relatif à Monsieur Teste"[1946] 1960: 61 

  because its propositions […] are 2. See Benacerraf 2014a and Benacerraf 2014b, respectively.