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Abstract

In this paper, we consider a semiconducting device with an active zone made of a
single-layer material. The associated Poisson equation for the electrostatic potential (to
be solved in order to perform self-consistent computations) is characterized by a surface
particle density and an out-of-plane dielectric permittivity in the region surrounding
the single-layer. To avoid mesh refinements in such a region, we propose an interface
problem based on the natural domain decomposition suggested by the physical device.
Two different interface continuity conditions are discussed. Then, we write the cor-
responding variational formulations adapting the so called three-fields formulation for
domain decomposition and we approximate them using a proper finite element method.
Finally, numerical experiments are performed to illustrate some specific features of this

interface approach.

Keywords: Poisson equation, interface model, domain decomposition, saddle-point problem,
finite element method, single-layer material, graphene Field-Effect Transistor.
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1 Introduction

Two-dimensional (2D) materials such as the most well-known graphene are crystal structures
made of a single layer of atoms. With the recent progress to isolate, stack and characterize
them, they are promising for a wide range of applications (see e.g. the reviews [30, 10]). In
particular they become an option to design post-silicon nanoelectronic devices. Field-Effect
Transistors (FETSs) based on graphene (GFETSs) or, more generally, on semiconducting 2D
materials (2D-FETs) give the possibility to have a channel thickness on the atomic scale which



ideally should reduced short-channel effects while maintaining high carrier mobility. However,
the performance of various 2D-FETSs is still difficult to predict and accurate numerical simu-
lations can take part in a better understanding.

A first focus is on transport properties in such a device. For instance, graphene is charac-
terized by a zero bandgap and chiral massless carriers. It leads to unusual transport properties
such as integer quantum Hall effect or Klein tunneling [11]. Different transport models have
been recently derived or investigated ranging from the two dimensional Dirac equation [11, 16]
to sophisticated drift-diffusion and hydrodynamical systems such that e.g. [31, 32, 23, 26].
Another focus is on the Poisson equation for the electrostatic potential that has to be solved
to perform self-consistent computations. In particular, the dielectric response of 2D layered
structures has to be properly taken into account. It is this aspect that we tackle in this work
proposing to model the single-layer as an interface and leading to a Poisson problem that can
be solved numerically in an efficient way.

More precisely, we consider a device with an active zone made of a single-layer material
sandwiched between two thick insulator regions (oxide). The associated Poisson equation is
characterized by a surface particle density and an out-of-plane dielectric permittivity exhibited
in a region of effective dielectric thickness surrounding the single-layer material, as discussed
in [15]. Both these characteristics require an extremely fine mesh around the 2D material in
order to provide an accurate approximate solution of this equation. To avoid it, we propose,
averaging the potential across the dielectric effective region, an interface problem based on
the natural domain decomposition suggested by the physical device. It is made of two Laplace
equations in the oxide subdomains coupled with an effective Poisson equation on the interface
with an extra source term that represents the contribution of the surrounding environment
to the channel material. This approach is inspired by [1] where it is used to model fractures
in porous media. It is worth mentioning that, contrary to compact models of GFETs (e.g.
[20, 29]), it leads to a full multidimensional Poisson problem.

For the treatment of the Poisson equation in self-consistent models for graphene based
devices, we recall also [26], where authors assume that the carrier charge is uniformly dis-
tributed in the volume between the two oxide regions and [19], where authors prove existence
and uniqueness results for a Dirac-Poisson problem and consider the self-consistent potential
as the trace in the plane of the graphene of the 3D Poisson potential and thus as the solution
of a fractional Laplacian equation. Finally, we mention [27] where the Poisson equation is
written in an integral form and the method of moments is used.

In order to match the interface potential to the oxide potentials, we first consider a simple
continuity condition, obtaining an interface model that indeed takes into account the effective
dielectric thickness, but it does not retain the information of the out-of-plane permittivity
when a channel dielectric diagonal tensor is considered. That is why we also introduce a
Robin type continuity condition, following a work on fractured porous media [24] again.

A discrete fracture-matrix model for flow in porous media is considered in [21], where the



exchange between the fracture and the matrix is imposed using a Lagrange multiplier, in the
spirit of a fictitious domain approach. Here, to analyze and discretize our interface model, we
write the corresponding variational formulations adapting the so called three-fields formula-
tion for domain decomposition in the form introduced and analyzed in [4] (see also [8, 5]).
It is a non conforming formulation of non-overlapping domain decomposition that introduces
the space of traces of functions in H'(Q) on the interface. The weak continuity between the
2D subdomains and the interface is then imposed by means of Lagrange multipliers. This
variational formulation enters in the framework of saddle point problems [7] which gives ex-
istence and uniqueness results as well as error estimates when the problem is approximated
using a proper finite element method. Interestingly, the interface discretization does not need
to match with the one of the subdomains and we take advantage of this flexibility in the
numerical experiments we are performing to illustrate the approach.

The paper is organized as follows. The interface model with the two continuity conditions
are introduced in Section 2. The variational formulation of the problem with the simple
continuity condition adapted from the so called three-fields formulation is presented and
analyzed in Section 3 and then discretized in Section 4. Section 5 is dedicated of the Robin
type continuity condition that can be used to tackle an anisotropic permittivity. Finally, some

numerical experiments are performed in Section 6.

2 Interface model presentation

As we said, we consider a device with an active zone made of a single-layer material sandwiched
between two oxide regions. We assume the single-layer is large enough to be just considered
as a one dimensional (1D) line along the direction z, the transport along the other direction
being free and boundary effects being neglected. We denote by y the direction perpendicular
to the single-layer plane made of oxide/single layer/oxide slices. It gives a 2D domain 2 =
10, L[x] — L, L[ where L is the longitudinal device length and [ the transversal one.

The electrostatic potential u created by such a device is solution to the 2D Poisson equation

V- (e@.y)Vule,y)) = p@)d(y), O (1)

where p is the surface particle density, ¢ the Dirac distribution imposing that the particles are
confined to the single-layer plane and e the dielectric permittivity. This equation is completed
by boundary conditions. We assume that the boundary 02 splits into two parts: the Ohmic
contacts I'p and the insulating parts 'y, with 9Q = I'p Uy and I'pNI'y = 0. The potential

is prescribed on I'p while there are no-flux boundary conditions on I'y:
U = Up, on I'p, (2)

Vu-v=0, on I'y, (3)



where v is the outward unit normal on I'y and up represents Source, Drain and Gate poten-
tials. Since Source and Drain contacts touch the single-layer material, we assume that I'p
contains the single-layer boundary points.

Due to single-layer/oxide interactions, the permittivity in the oxide is affected in a region
surrounding the single-layer material. The choice of the permittivity e(x,y) is a delicate
modeling issue. Here, we introduce an effective dielectric thickness d and we assume one

dielectric constant for the channel and another one for the oxide:

(2. y) = €an for |y| < 4
€0 Otherwise

Such an approach has been used in [28, 17], e.g, and it is often referred to as “box assumption”.
The somehow arbitrariness in the choice of the discontinuity lines in [28, 17] is mitigated by
using the results in [15], where studies of the atomic-scale Poisson equation provide values for
the dielectric thickness, validating somehow the “box assumption”.

Our objective is not to deal directly with the computationally demanding transmission
problem that consists in imposing, along v+ = {(z, £%),  €]0, L[}, continuity of the potential

and of the transversal electric displacement, as summarized in the following equations:

_v ' (EOLDVU:I:) = 07 iIl ]07 L[X (:l:]gu é[)a (4>
-V (Gchvuch) = p(l’)é(y), n ]Oa L[X]_%u 5[7 (5>
Ut = Uch, Eowayu:t = Echayuch on Vi (6)

where ¢ is the Dirac delta function.
Instead, inspired by [1] to model fractures in porous media, we propose to consider an
interface problem obtained by averaging the potential across the dielectric effective region

and considering d small enough to assume a matching between v, and «_. Introducing

[SlI=H

uy(z) = cll/_ Uen(,y) dy,

[NJIsH

performing integration in the transversal direction of equation (5) and using the flux continuity

in (6), we obtain the 1D effective equation
—d(ecpul)) = p — €o (Vul(x, 0) - nq + Vug(z,0) - n2>, in -,

where v =]0, L[ represents the single-layer line, u;, i = 1,2, are the potentials associated
to each oxide subdomain €; (Q; =0, L[x]0, [ and @y =]0, L[x] — L,0[) and n; are the two
outward unit normals on 0€2; N . One should notice in this 1D equation the presence of
the dielectric thickness d. Indeed, —dechu’7 represents the electric displacement through the

cross section of the dielectric effective region. Also, we emphasize that the extra source term
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appearing in the right-hand side (in addition to the 1D charge density p) represents the
contribution to the interface of the transversal electric displacement from the surrounding
environment.

Consequently, the interface model that we analyze and discretize in the next sections

consists in two Laplace equations in the oxide subdomains

—V (€ Vu;) =0, infy, i=1,2, (7)
and the effective Poisson equation in the single-layer line

—d(echu;)’ = p—€e(Vuy -n1 + Vug - ny), in-, (8)
the potentials associated to the three domains being connected by the continuity conditions
U =1uy, onvy, =12 9)
This system is completed by the following mixed boundary conditions for the oxide potentials
u; =up, onl%H=00NTp, i=1,2, (10)
Vu,-v; =0, onl% =00NTy, i=1,2, (11)
v; being the outward unit normal on 92 N 0€);, and by the following Dirichlet boundary

condition for the interface potential
uy(0) =up(0,0), wu,(L)=up(L,0). (12)

In a more physically relevant setting the channel dielectric permittivity is given by a

0
€ch = (6// > (13)
0 €1

rather than by a dielectric constant, introducing an in-plane permittivity ¢,, and an out-of-

diagonal tensor

plane permittivity e, . In that case, in the effective equation (8) only €,, appears. To retain
the information about €, , we replace the continuity conditions (9) by a Robin type condition
as done in [24] to model fractures in porous media. Formally, we say that

d, d d
U»Y(LC) ~ uch(x, :I:g) F anuch(l', :|:§)

and we use this approximation into the continuity of the transversal electric displacement

along v (6). It gives
Ut — Uy

d/2
Assuming a matching between ~, and y_, we obtain the Robin type condition

€oxOylsr = €1 Oylien, = Fe€ |

(wi —uy) + €V -m; =0, onvy, =12 (14)

with a =
slightly th
conditions (9) and (14) will be performed in Section 6.

%. As we will see in Section 5, this Robin condition at interface changes only
e mathematical analysis. Moreover, a numerical comparison of the two continuity
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3 Variational formulation

Let us first introduce some notation needed in the rest of the paper. For any domain Q and
m > 0, we denote by || - [|,, 5 the H™(Q) norm. For a convex Lipschitz Q C R2, we denote by
Iy and I'; two subsets of the boundary, with 9Q = I'yUT; and I'yNT; = (). We shall employ
the notation Hjp (Q) = {v € H'(Q),v =0 on I'} and define Hy*(T'y) as the trace space of
Hjr, (Q) equipped with the norm

loll/2,r, = —_— o]0, (15)

1 —
0,I'y° v|F0—U

and we shall denote by (.,.)1/2r, the corresponding inner product.
/
Finally, duality between H&éQ(FO) and its dual space (HS({Q(FO)> is written < .,. >p, and

we shall use as norm in the dual space the equivalent norm ||.||_1/2,r, defined as:

< U,V >1

gl =1/200 = sup (16)

veH] 1 (Q) [v]l1.0
Also, we denote by C' > 0 a generic constant with values that may change from line to line.

Remark 3.1. Notice that the norm (16) is equivalent to the dual norm defined by

< W, 0 >1,
sup ———2

geHééQ(FO) H0—H1/27F0 .

Indeed, on one hand, given v € Hjp , its trace on Ty (still denoted v) is in HééQ(Fo) and

verifies

v]l1/2,00 < Cllvf10-

Therefore, for all v € Hjr (),

< U,V >1 < W, 0 >1,

<C sup ——m—.
Ple = semiony Toliar

On the other hand, given o € Hééz(Fo), we can construct a lifting function in Hé,l“u denoted

Uy, Such that vy|r, = 0 and —Av, +v, =0 in Q. Then, we have

<y, 0 >1y=< [, Us|ry >T,

and
lollizre = l[vellie.
Therefore, for all o € HSéQ(FO),
< W, 0 >1, < I,V >1q
lollore ~ vemy @ vlhe



For simplicity of the presentation, we consider the problem (7)-(12) with homogeneous Dirich-
let conditions on I'p. It writes

Find (uy, ug, u,) s.t.

([ —V - (€eVu) = 0 inQ, i=12
—d(entt,) = p—€ox(Vuy-ny+ Vuy - ny) on 7,
U = u, on 7, (17)
u = 0 on I't,,
€oxVUi-n; = 0 on 'y,

( uy(0) = u, (L)

The functional setting we choose in order to write a variational formulation of the interface
problem (17) is the following. We define the spaces:
-V =VIxV2x V7 with Vi=H!, (Q),i=1,2 and V7 = H}(v), equipped with the norm

0,1

2 ) L, \1/2
Ml = (3 lal B, + Nl 3,)
=1

- A=A x A? with A" = (Héf(fy))/ equipped with the norm

2 1/2
Il = (DI es)
i=1

< Aj,v >
where ||Ai||Z1/2,, = sup 07

veEH,

é,BQi\—Y(Qi) ||U||1,Ql-

For u = (uy,u,uy) € V, v = (v1,03,v,) € V and p = (11, p12) € A, we define the bilinear

forms
2
a(u,v) = Z/ €ox VU; - Vv; drdy + d/ echufyv; dx,
i=1 ¥

2
b(p,u) = Z < iy Wil — Uy >

i=1
Notice that u; € V* implies ;| € H&éQ(W) (see [22, 14]). Therefore, with u., € V7, the duality
pairing is meaningful. In the following, we will use u; instead of u;|, in the duality pairing

unless it might create some confusion.

We consider the following variational problem:
Variational formulation:
Find (u,A) € V x A s.t.

a(u,v) —bA,v) = [ pv,dz, VWwev,
b(p,u) = 0, Y e A.
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In this formulation, the continuity u; = u, on 7 is imposed as a constraint through the
Lagrange multipliers A. The first equation is associated to the two Laplace equations in the
oxide subdomains as well as the effective Poisson equation on the interface. Indeed, a regular
solution (u, A) to (18) is linked to a solution to (17) in the following sense. Taking v, = 0 in
the first equation of (18) gives

/ €ox VUi - VU dxdy— < N, v; >,=0 Yo, eV i=1,2.
Q;

Since FN N7 is empty, a Green formula gives for v; € V*

€ox VUi - VU; drdy = —/ V- (€0x Vi) v; drdy+ < €5, Vi -n, v; >y + < €5, Vu;-ny, v; >pi
Q; Q;
Choosing first v; € H}(Q;) C V', we obtain —V - (€,,Vu;) = 0, a.e. in §;. Then, for

v; € Hgﬂu% (Q;) C V', we have v;

ri, € Hy*(T",) and consequently
< €V -y, v; >y =0, for all v; € Hep*(T'y).
Next, for v; € V', we obtain
<N, U >=< €0, VU; - My, v >, forall v; € HoléQ(fy). (19)

It links \; to €,,Vu; - n;. Finally, taking v; = 0 for ¢ = 1,2 in the first equation of (18) and

using (19), we obtain

2
Lo, 7
d/egruwvﬁ{ dx + Z < € VU; * Ny, Uy >4= /pv7 dx
v i=1 Y

which is a weak form for the second equation of (17). The second equation of (18) imposes

the continuity u; = u, on v in a weak form.

Remark 3.2. Formulation (18) is an adaptation to the interface problem of the so called
three-fields-formulation in the form introduced and analyzed in [4] (see also [8, 5]). We notice
however, that, for the peculiarity of our setting that provides directly coercivity of the bilinear
form a(u,v) on the whole space V, we don’t really introduce three fields, but rather work with
two spaces only: V (space for the potentials on €;’s and on ) and A (Lagrange multipliers

for the Dirichlet BC’s on vy, to be interpreted as conormal derivative of u; as seen in (19)).

Existence and uniqueness results follow from the theory for saddle point problems [7] as stated
by Theorem 3.5, thanks to the properties of the bilinear forms a(u,v) and b(u, v) collected

in the next Lemma.



Lemma 3.3. The bilinear form a(u,v) is continuous on V. x V and coercive, that is
dag > 0:a(u,v) < aql|ullv||vllv, forallueV, forallveV, (20)

Jag > 0:a(u,u) > ay|lu]l3, forallue V. (21)

The bilinear form b(w,v) is continuous on A x V, that is
M > 0:b(p,v) < M||p||allv]]v, forall pe A, foralveV (22)

and 1t satisfies the inf-sup condition

38 > 0: inf sup b, v)

> 23
AT (23)

Proof. Properties (20)-(22) follow easily. It is also the case for the inf-sup condition (23)

since, choosing successively v = (v1,0,0) and v = (0, v3,0), we obtain

sup b(A, V) = sup Do < AU — vy >y 1( sup < A1, U1 >y + sup < Ag, Vg >7>
Vv e IV 2\ et Torlhan  weve Tl
> 1 sup < )\1,1}1 > sup < )\2,1)2 >7)
2 v1€H} 5o\ (1) il v2€H} 50\, (22) [|v2]]1,0,
1 1
= S (IMlvze + Iell-1/20 ) = 1Al

]

Remark 3.4. A constant 5 =1 could be obtained following [5] where a constant independent
of the number of subdomains is needed. It relies on the definition of a lifting function for
functions in H&éQ(fy) as introduced in Remark 3.1. Since for our application this constant

does not play any role, we do not present this computation.

Theorem 3.5. For p € L*(7), there exists a unique solution (u,\) € V x A to problem (18).
Moreover, the following bounds hold

1
lullv < —llpllos, (24)
1 Qaq
IAlla < B(1+a—)llp||07 (25)
Proof. Existence and bounds (24)-(25) follow simply from the general theory [7] thanks to
Lemma 3.3. [l

Remark 3.6. Notice that Theorem 3.5 needs only an inf-sup condition relating the Lagrange
multipliers space A* to V', space of functions on Q;. This fact, together with the coercivity
of a(u,v) on the whole V, will allow us to choose the finite dimensional subspace of V7

independently of the other spaces.



4 Finite element approximation

We introduce here a Galerkin discretization of problem (18), with care in the need of compat-
ibility between the discrete approximations of V* and A’. Let {7,(€;)}x, be a shape regular
family of decompositions of €); into triangles and {&, (v)}s, be a regular family of decompo-
sitions of v into intervals. Moreover, we denote by {7y,(7)}s, the family of decompositions of
v induced by {7, (%) }n,-
The discrete spaces for the potential in the domains €2;’s and on v are chosen as follows:

Vi ={veC'Q),v|lr € PYT) for all T € Ty, (), v =0o0n T},

VL ={veC’®),vlc € Pl(e), for all e € &, (7),v(0) = v(L) = 0},

Vi, =V, x V2 x Vi, CV.
On the interface ~ the discrete spaces for the Lagrange multipliers are made of linear functions
on the intervals e € Ty, (), modified to be constant in the limit intervals. Therefore, denoting
by e} and e’ the first and the last interval of Ty, (y), we introduce

A, ={re€C°(7), A € Pe) for all e € {ef,e}}, Al € P'(e) for all e € Ty, (v)\{ef, e} }

Ap =AM\, x A} CA.
Since the elements of A;L are p.w. polynomials, the duality pairing is an integral and we can

write, for X, € Aj |

<AV = / Lovidr, Y eV (26)
Y

In the following, to simplify the presentation, we use the notation h instead of h;, unless it

might create some confusion.

4.1 Discrete problems

The discrete variational problem corresponding to (18) is
Discrete variational formulation:
Find (uh,)\h) €V, x A s.t.

{ a(uy,vy) —b(Ap,vi) = prvzW dz, Vv, € Vy, (27)

b(uh,uh) = 0, Vp,h € Ay.

First of all we want to enlighten the interface structure of formulation (27), starting from its

algebraic form. We introduce the following bilinear forms
ai(uy,v) = Jq, €V, - Vi, dudy, a,(uj_,vp) = df7 een(uy, ) (v ) da,

bigy up) = [ ey, da, O (o) = [ iy, da,

10



with ¢ = 1,2. Then, problem (27) can be written in matrix form as follows

(A, 0 —BT 0 0] [w] [o0]
0 Ay, 0 BT 0 ||u 0
B, 0 0 0 B |\ 0l, (28)
0 0 By 0 B2 |\ 0
100 (BDT (Bz/)T A, 1 %y N

where u;, A;, u, denote the unknown coefficient vectors of ul A uzw, respectively, A;, A, B;,
B, correspond to the different bilinear forms defined above, and r is the vector corresponding
to the right hand side.

Since A;’s are obviously positive definite, we can first eliminate the unknown vectors w,’s.
Then, we can eliminate the unknown vectors );’s since it is easy to check that Ker BY = 0.

It leads to the following linear system acting only on the unknown vector w,

2

(A + Y (BT (BiA'B]) B! u, = .

i=1

(29)

We can reinterpret (29) in terms of a bilinear form acting on V;/ x V;!. It is not difficult to

see that, starting from the first equation of (27), with v, = (0,0, UZW), we obtain the following
problem:
Find v} €V, s.t.

Y Y

2
ay(uy, v, ) + bey()\fl(uzw),vzw) = /pv,z7 dv Vv, €V, (30)
v

i=1
For a given u;_, )\}L(uzv) in (30) is the second component of the solution to the following 2D
problem :

: i (07 ) N (a7 i A
Find (uj,(up, ), Ay () € Vi x Aj, s.t.

Vi € Vi,

: , (31)
Yy, € Aj,.

b (K )
The matrix form of (30) (with (31)) is indeed (29).

We see that in order to solve the interface problem (30) (which is a well posed problem for
a given X! ), we need to solve the saddle point problems (31) for ¢ = 1,2, for which an inf-sup
condition linking only V)" and Aj is required (without connection with V). It was already
anticipated in Remark 3.6 and it will be explicit in the next subsection, where the analysis of

formulation (27) is done.

Remark 4.1. Notice that the 1D interface problem (30) includes (through A%(“ZW) ) a discrete

Poincaré-Steklov operator that maps the Dirichlet datum uzw on 7y into Xi, which, as explained

11



in (19) at the continuous level, is linked to the conormal derivative of ui, on . Observing
that the Poincaré-Steklov operator is an operator of order 1, with a strict analogy to the 1/2-
Laplacian, it is related to [19], where the specificity of the surface particle density leads to
construct the self-consistent potential for a graphene sheet as the solution on the plane of a

fractional Laplacian.

4.2 Well-posedness and error estimates

To prove existence and uniqueness of a solution to (27) as stated by Theorem 4.4, we resort to
Fortin’s argument. More precisely, in order to obtain the discrete inf-sup condition (written
later on in (44)) as well as some error estimates, we introduce in the following Lemma a

projector 7, : L?*(y) — W/ for the interface functions, where
W;;, = fo |7

is the trace space of V} on 7. Notice that, due to the homogeneous conditions on I'}, in the
definition of V}’, a function wj € W} satisfies w},(0) = w}, (L) = 0. So the dimension of W} is

equal to the number of intervals of 7j.(7) minus 1, matching the dimension of A%.

Lemma 4.2. There exists 7} : L*(vy) — W} defined by

/ No(min —n)de =0, YN € AL (32)

v

such that, for alln € Héf(fy),
Imnll/2 < Clinllyz- (33)

Proof. For any wj, € W}, there exists )\_Z(U)%) € A}, such that

[ iy do = [l 31

Y

which implies uniqueness (and consequently existence) of the linear operator 7. Indeed, by

choosing X (wi)|e = wil. for e € T, (7)\{e}, e}, noting that the constant value A (w}) ¢
coincides with wj, evaluated in the end point of ej (and analogously for A, (w},)|e: ), we can

easily obtain (34) and the following bound
1% (willoy < Cllwllos- (35)
Then, (34) and (35) give o
S, wpdr 1

sup Z———— > —|[wp o (36)
sen, il =€

12



Moreover, by using (32), for each n, € W}, (36) gives

, X (np, — win) da X (np, — n) da
i = 7inllon < C sup J, A i ) _ ¢ sup J, A ! )
X el [1A4]loy xeni ALllos

< Clln = mnlloy-

Consequently, using a triangular inequality and classical approximation results, see [12] e.g.,
we obtain

i . 1/2
In—minllo, < C inf [0 —mllor < ChZ(Inl]1y24- (37)
nmeW,

Next, we can obtain the uniform bound (33) with the same argument as in [4, Lemma 2].
For completeness, we give a sketch of the proof. We introduce 7}, : HééQ(y) — W} as the

projection induced by the HééQ(v) norm, defined by

~i . 1/2
7in = nlljzs = inf |0 =mallijzr 1€ Hoy (7).
nneEW)

Since trivially [[T}n|[1/2, < ClInll1/2,y, by applying triangular inequalities and a classical

inverse inequality, we obtain
i —1/2y) i ~i
Iminlley < Clinlhyay + b7 (lmin = nllos + [In = Finllos). (38)
Using classical duality arguments, it is possible to prove that
~i 1/2
(17 = Finllos < Chi[lnlly 2 (39)

Indeed, let x(f) € H&éQ(v) be the solution of the problem
) Eas = [ fede V€€ HYP). (40)
ol
If f € L*(y) then x(f) € Hy(y) and the following bound holds

X7 < [ fllos- (41)

Since (xn, 1 — Tpn)1/2, = 0 for all x, € W}, starting from (40) with f = £ = n — 7}y, we

obtain

[l = Filla, = Octn =7hm)n = Fimyjzq = b (c(n = Thn) = xo 0 = Tim)ijaq-
Xh h

Then, using a classical approximation result, it gives the following estimate

ln—mmlle, < inf |[x(n—7m) — xalliyzalln — Tnllyz.
XhEW}

1/2 ~i ~i
< ChP|x(n = Tam)liAlln = Fonl1jan-

Thus (39) follows, thanks to (41) and to the boundedness of ||7}7|]1/2,5-
Finally, using (37) and (39) in (38), we obtain the bound (33) and conclude the proof.
[
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Remark 4.3. A projector with similar properties could be also obtained for a more general
definition of A (and of W} ). For instance, A could be defined on a decomposition &, (7)
different from Tp,(y), with the only requirement that all nodes of &, () are also nodes of
Tn, () and W} could be a subspace of the trace space V}fih defined on the same decomposition
Eny (7). Since, for our application, X, plays only the role of a working quantity, we do not

discuss this issue further.

Theorem 4.4. For p € L*(v), there exists a unique solution (uy, A) € Vi, X Ay, to problem

(27). Moreover, the following error estimate holds
— A—A < C( inf — inf ||A— . 42
lu = upflv + ] nlla < (V;thHu vallv +  inf ] talla) (42)
Proof. Since the embedding V; C V implies immediately the coerciveness
a(up, up) > asllwp|3, Vuy, € Vy, (43)

we only have to prove the discrete inf-sup condition

b(A
>0 inf sup PAWYR o (44)
AR€AR v €V, ||Vh||V||>‘h||A

As for the continuous case, it is enough to show that it exists & > 0 such that, for all X} € A}

[, Mvide

[,

[[Ah]l=1/2 < 0 sup ) (45)

viEV;

1,9,

where we used (26). This inequality relies on the existence of a bounded projector IT; :
V¢ — Vj such that, for all v; € V*,
/)\}1( L —v)dr = 0 VAL €A, (46)
N
il < &llville, (47)
with £ > 0 constant independent of h. Given v; € V¥, let us define IT} v; in V} as the discrete
lifting of 7} v;, that is
a;(Il v, v) = 0 Yo, € Vi,
(Hﬁz“i”w = W;L(Uih)-

We emphasize that, due to the homogeneous boundary condition on I'y), such a lifting exists
thanks to the null value of 7}v; at the end points of . (46) is trivially satisfied because of
(32). The bound (47) is obtain combining the classical result ||IL}v;||1,0, < C||7},v;|]1/2,4 (that
can be found e.g. in [6, Lemma 3.2.]), the bound (33) that holds since v;|, € HééQ(y) and the

trace theorem.
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Now, since A} C A;, we have

S, Ayvidz

M < sup
|| h“ 1/2,y |U2H1,Qi

v; €V

Using (46) and (47) , we obtain that, for all v; € V*,

|, Ayvide - [, A vid _ [, A da
: < K sup
[lvil[1.0, [, vil 10 v eV

CALTA

Thus, (45) follows with § = k. The discrete inf-sup condition (44) and the coerciviness (43)

imply existence and uniqueness of the discrete solution as well as the error bound (42). [

Remark 4.5. As for the continuous case and as suggested by the formulation (30)-(31), the
discrete inf-sup condition (44) relates only the Lagrange multipliers space A} to the space
Vi, It allows us to choose Vhﬂi independently of the other spaces. This point is particularly
interesting when the density p appearing in the second member of (27) requires a refinement

of the interface discretization.

An optimal order of convergence is obtained for a regular u; as in the next theorem.

Theorem 4.6. Assume u; € H*(S;), i = 1,2. Then,
2 2 2 2 1/2
= wallv + 1A = Alla < (D A2luili3a, + b2l 3, )

Proof. If u; € H*(;) then €,,Vu; - n; € HY/?(y) and u, € H%*(y). Let us introduce the
Lagrange interpolation operators I,ii Vi — Vl;' and IZW VY — Vhl, and the L2-projector
Pt L*(y) — A}, for which the following bounds are classical

Ju; — I}, wilv 0, < Chilluil]20,,

luy =Ty uy iy < Chylus |2,

X = P Ailloy < Chy/ 2Nl 2,

For completing the bound for the A component of the error we again follow [4]. Due to the

regularity of €,,Vu; - n;, equation (19) becomes, for v; € V*,
< )\ia Vi >n= €ox VU; - M V; d.
Y

Thus, we can write

fy €0z VU; - M V; AT

[Ail|-1/2,4 < sup
v eV ||Uz‘|\1,szi
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It gives
fw (onvui Sn; — P,ili(emVui . n,))vZ dx

inf [N = gl <0 osup

ppeny, IR = [lvill1.0,

f7 (onvui L ,P]ili(eoxvui . nl)) (Ui - ,Pflzl (Ul)) dz
= sup
v €V HviHl,ﬂz’
Uv
< hill€ow Vi - ngll1 /2,4 sUp m < Chillug|2,0,-
wevi |[villre;
Recalling then (42), the desired estimate easily follows. O

5 Robin type condition at interface

We now consider the Robin type condition introduced in (14) rather than the condition (9).
It is especially interesting to tackle an anisotropic channel permittivity given by the diagonal
tensor (13). With homogeneous Dirichlet conditions on I'p, the problem writes

Find (uy, ug,u,y) s.t.

( —V - (€xVu;) = 0 inQ,;, i=1,2,
—d(e//u;)’ = p—é€o(Vuy-ny + Vus - ny) on 7,
(Ui —uy) + @ € Vu; -mn; = 0, on 7, | (48)
u; = 0 on I'p,
€z VU; *m; = 0 on FZ}va
\ uy(0) = uy(L) = 0.

We introduce the space Q = (L2(7))2 C A and we consider the following variational problem:
Variational formulation - Robin type condition:
Find (u,A\) € V x @ s.t.

(49)

a(u,v) — bAv) = [ puv,dr Vv ev,
b(p,u) + acAp) = 0, Ve Q,

where c is the bilinear form defined by

2
c(A, p) = Z/)"'“i dx.
i=1 7

Notice that due to the bilinear form c, this formulation requires more regularity on the
Lagrange multipliers A, compared to (18).
The problem is coercive on V' x @, so we easily have existence and uniqueness of the

solution by Lax-Milgram theorem, with the following bound
[ully + aliXg < Clolls.,-
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In order to retrieve a control on A independent on « (and thus on the effective dielectric

thickness d), following [7], we can use the inf-sup condition on the largest space A introduced
in (23). Indeed,

b(A, v a(u,v) — [ pv,dx
BlIAlla < sup ( )Zsup T < C(|Jullv + 1ollon)-
vev ||V||V veV ||V||V

Putting the two estimates together, we obtain the result summarized in the following theorem:

Theorem 5.1. For p € L*(7), there exists a unique solution (u,X) € V x Q to problem (49).
Moreover, the following bound holds

[l + AR + allXlg < Cllpls,- (50)

At the discrete level, we notice that A, defined in Section 4 is contained in Q. Conse-
quently, a discrete variational problem associated to (49) is
Discrete variational formulation - Robin type condition:
Find (up, Ap) € Vi, X Ay, s.t.

{ a(uh,vh) — b(}\h,Vh) = fﬂ/pvzw dZE, VVh EVh, (51>

b(p,,u,) + ac(An,p,) = 0, Yy, € Ay,

Using the coerciveness of a in V and ¢ in @ and the continuity bounds of the three bilinear

forms, we obtain after standard computations
2 2 . 2 . 2
=l + @A = My < Cint u—vilR +a ot A= 3.

Again, an error estimate independent on a can then be obtained using the discrete inf-sup

condition (44). Indeed, for any u,; € Aj, we have

b(X — py,, Vi) + a(u, —u,vy)

b(A, — @, v
Bl — palla < sup DARZ BV gy,
VREV) thHV vREV thHV

< MA = pylla + aaflu = apflv,

IN

where M and «; are positive constants defined in Lemma 3.3. With these estimates, we easily

obtain the result summarized in the following theorem:

Theorem 5.2. For p € L*(v), there exists a unique solution (uy, A) € Vi, X Ay, to problem
(51) and the following error estimate holds

[lu = [l + 1A = Xal[3 +allx = Ml[g

<o( it fu—villf+ inf A= mli+a inf [A-mlE): (2

vVREV)
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As for the case of the continuity condition (9) discussed in the previous section, we can
write the algebraic form of (51), emphasizing the interface structure of the formulation. We

introduce first the bilinear form
Nyt = [ N d,
¥

as well as the associated matrix C;, with ¢ = 1,2. Then, problem (51) can be written in

matrix form as follows

A, 0 -—BY 0 0 Uy 0
0 A 0 -BI 0 Uy 0

B, 0 oaC 0 —IB%% Al = (0] (53)
0 0 By aCy —Bi Ay 0

100 (BwT (Bg/)T A, 1 %y N

Doing the same eliminations than the ones leading to (29) and using the fact that C;’s are

positive definite, we obtain the following linear system acting only on the unknown vector u,

2
(A7 +3 (BT (B:A; BT +acz-)*llaa;) w, =1, (54)
=1

Again, we can reinterpret (54) in terms of a bilinear form acting on th X Vhl. More precisely,

uy, s still solution of (30) depending on )‘Z(U;YW) that is now the second component of the
solution to the following 2D problem:
Find u] €V, s.t.

v il

ai(uj,(up, ), vy) = bi(Ny(ug, ), vp) = 0 Vo, € Vi,
ity wiy (uy, ) + aci(N (up ), i) = 05 (g g, ) Vih € Aj-

6 Numerical experiments

To illustrate the approach, we present some numerical tests for a Graphene Field-Effect Tran-
sistor (GFET). Self-consistent simulations for such a structure are performed for instance in
[27, 26]. Here, we consider a longitudinal length L = 60 nm and a transversal length [ = 4
nm. In the y direction, it contains a single layer of graphene, characterized by an effective
dielectric thickness d = 0.2 nm and a graphene permittivity constant e¢., = 13.9 ¢y sandwiched
between two layers of dielectric SiOs (€, = 3.9 €p) [15], €y being the permittivity in vacuum.
Only in Subsection 6.4, where the condition (9) is replaced by the Robin condition (14) (as
analyzed in Section 5), the permittivity constant €., is replaced by a diagonal tensor with an
in-plane permittivity €,, = 13.9 ¢y and an out-of-plane permittivity €, = 6.9 . As proposed

in [27] and schematically represented in Fig.1, the transport direction x is composed of a 20
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nm active zone, with a doping concentration Ny, = 10" m~?, sandwiched between a 20 nm

Source region and a 20 nm Drain region, both highly doped (N} = 10'" m~2). Source and

do,
Drain potentials are imposed on the entire vertical edges {0} x (p—%, L) and {L} x (—%,1).
Most of the results presented here correspond to thermal equilibrium (zero applied Drain-
Source voltage Vps = Vp — Vg = 0.0 V). For out-of-equilibrium results, we use an iterative
process, starting with Vpg = 0 V and then incrementing Vpg with an increment step of 0.01
V. Finally, a Gate potential V is imposed on {i%}x]xg,L — zg|, with z¢ = 10 nm, to
modulate the particle transport. Since the effect of changing the gate voltage is as expected
for a double gate device and it does not infer on the interface approach, we only consider here

the case Vg =0 V.

L e
2
95}
0 g
th)p N(Z)p Nd-t)p V
Vs D
At &
2
V.
0 TG N Bews T

Figure 1: Schematic representation of the GFET.

In the experiments presented below, we use a regular uniform discretization. More pre-
cisely, the triangulation {7,(£2;)}s, is obtained defining a cartesian grid with N, and N,
edges respectively in the x and in the y direction. We define h; as the scaled triangle diam-
eter /N%% + %N%g Moreover, the decomposition {& (v)}s, is a uniform decomposition of v

that use N, intervals and we define h, as NL
Y

6.1 Drift-Diffusion Poisson coupling

In this paper, we consider that the surface particle density p is solution of the classical

stationary drift-diffusion equation
J@)=0,  with  J@) = qu(Urp (@) - p(a)ul,(2)). (56)
completed with the neutrality boundary conditions

p(0) = p(L) = Ny

dop* (57)
In the expression of the electron current density J, q is the elementary charge, kg the Boltz-
kT

mann constant, 7' the temperature taken equal to 77 K, Ur = . the thermal potential and

19



p the (constant) electron mobility that we choose equal to 4.5 x 103 cm?.V~1.s7! as proposed
in [13].

Different transport models, that have been recently derived or investigated, can be used to
perform accurate self-consistent simulations of a GFET. For instance, a bipolar drift-diffusion
model with peculiar mobility functions deduced from semiclassical Boltzmann equations have
been considered in [26]. Quantum effects can be added to such a drift-diffusion model or
to a hydrodynamical models (see e.g. [31, 32, 23]). At a microscopic level, a full quantum
description can be done using a Dirac-like equation that describes the chiral character of
massless fermions in graphene [11, 27]. A phase-space formulation can also be considered
thanks to the Wigner formalism as proposed for instance in [25]. Finally, we mention that
different description levels can be spatially coupled deriving quantum interface conditions
as done in [3, 2] in the case of graphene. In this work, since our aim is to focus on the
numerical resolution of the Poisson equation and to present the efficiency of the proposed
interface approach, we have chosen not to enrich the transport description and to perform
(non realistic) self-consistent computations using (56).

Notice that, at thermal equilibrium, the solution of (56)-(57) is explicitly expressed with
respect to u, by

uy (x)

p(z) = NI eUr . (58)

dop

Out-of-equilibrium, we use the decomposition {&},. (v)}n, (same decomposition than the one
used for u;,_ ) to discretize equation (56) by means of a Scharfetter-Gummel scheme (see e.g.
[9] for details).

To treat the nonlinearity of the Drift-Diffusion Poisson coupling, we use the linearized
Gummel iterative process as in [18]. In this interface context, it amounts to solve, for a given

p*, the modified Poisson equation

{ a(ut!,v) = b\ v) + - [ pfuk ey de = [ pPey da + - [ pPube, da (50)

b(uH, k) = 0 |

iteratively followed by the resolution of the transport equation (56). We emphasize that,
in (59), only the interface variable u, appears in the additional terms (compared to (18)).
Consequently, the costly assembling of the matrix can be done once at the beginning of the
code and, at each Gummel iteration k, only few entries have to be updated for taking care of
the non-linearity, as illustrated in Fig.2. The assembling cost is then comparable to the one
for a linear problem, contributing to the computational efficiency of our interface approach.
First, we present the potential and the density profiles obtained for our test case. Fig.3
represents the self-consistent potential at thermal equilibrium, showing that its shape is clearly
driven by the chosen doping profile. Different applied voltages are then considered in Fig.4

revealing the particle transport from Source to Drain.
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Figure 2: Non zeros entries for the case N, = 60, N, = 16 and N., = 240 (variable ordering:

(up,ui, A\, A2, uy_)). Entries affected by the Gummel iterative process are indicated in red.
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Figure 3: 2D potential energy —u(z,y) (left) and interface potential energy —u. () (right) at
thermal equilibrium.
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Figure 4: Interface potential energy —u. (x) (left) and surface density p(z) (right) for different
applied voltages.
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6.2 Convergence history

We study the numerical convergence of our approach. At thermal equilibrium, the density
depends non linearly on the potential as expressed in (58). It fulfills the properties of bound-
edness and monotonicity in the sense that for u,,v, € L*(v) there exist ki, k3 > 0 such
that

HP(uv) - P(%) 0y < "ilHuw - U7H0m (60)

J0t) = ), = 0) e = sl = v, (61)
gl

Thus, results obtained in Theorem 4.4 (and therefore in Theorem 4.6) can be easily extended
to this case. In addition, we are also interested in studying numerically the behavior for

non-zero applied voltages.

We compute the solution for different meshes defined by N, = N, = 60 x 2" and N,, = 2"2,
i =0,...,4 and we choose the one obtained for i = 4 (N, = N, = 960 and N, = 64) as
reference solution. Relative errors corresponding to

I,

2 i i |2 1/2
(2 I, = wili2,)
and Eop = > (62)

. 1/
(=2l 20,

are presented in Fig.5, looking respectively at the interface component uzv (left) and at the

yref UZVHL’Y

Eip =

[, el

oxide components u}l (right). As expected, straight lines of slope 1 are obtained for thermal
equilibrium, in both cases. For non-zero applied voltages, we observe however a slightly lower
slope for the oxide components. This behavior can be explained by a deterioration of the

regularity of the solution at the junctions between the Neumann and the Dirichlet boundary

-4"““" g
S -
710" e [ e
S - > L
g : g e
] 5 [ -
- _._VDS=O V, slope=1.0453 T - +VDS=0 V, slope=1.0493
—a--V__=0.01V, slope=1.046
- vDS—o o v’ Sl°pe_1 0520 ~a--Vpg=0.01V, slope=0.87979
2 - VDS_O-OS V’ sIope_1.058 2l - Vpg=0.04V, slope=0.71818
10 <o Vpg=0.08V, slope=1. 10 0-Vpg=0.08 V, slope=0.707
, , |
1072 102
h h

Figure 5: Relative H! errors with respect to h in logarithmic scale for the interface component
(left) and the oxide ones (right).
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Figure 6: Relative L* errors with respect to h in logarithmic scale for the oxide components.

conditions (and in particular at gate extremities). When considering the L* errors presented
in Fig.6 the loss in the convergence rate for non-zero applied voltages is more evident. Indeed,
the maximum error is located along y = 0 at the end of the channel for thermal equilibrium
and at y = j:é around the gate extremity for non-zero applied voltages.

In self-consistent computations it is also interesting to look at the error behavior for the
density, as done in Fig.7. The rate of convergence for the H! error is shown to be 1, both at
thermal equilibrium (i.e. when p is explicitly expressed with respect to u, by (58)) and with
different applied voltages.
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Figure 7: Relative H' errors with respect to h in logarithmic scale for the surface density p.
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6.3 Number of discretization points

Next, we discuss the effect of the number of discretization points N,, N, and N, on the

error.

We present results at thermal equilibrium and for Vpgs = 0.04 V. Similar results

are obtained for other non-zero applied voltages. The reference solution is chosen as in the

previous subsection.

First, we fix NV, = N, and we look at the errors varying NV,. Results are presented in Table

1 for N, = N, = 60. The process bringing to the interface model reduces the importance of

the transversal discretization around the single layer material and, indeed, we observe that

the choice of NN, slightly affects the result. It is especially true when we do not consider the

coarser mesh (N, = 8). That is why, in the following, we fix N, = 16 and focus on the

discretization along the transport direction.

Vpbs =0V Vps =0.04 V
Ny glp 52D 51D 52D
8 | 1.9557e-01 || 8.7731e-02 || 1.6695e-01 | 1.6448e-01
16 || 1.9567e-01 || 8.1467e-02 || 1.6707e-01 | 1.5721e-01
32 || 1.9570e-01 || 7.8688e-02 | 1.6711e-01 | 1.5496e-01
64 || 1.9571e-01 || 7.7546e-02 || 1.6713e-01 | 1.5387e-01

Table 1: Relative H' errors varying N, for N, = N,, = 60.

As we mentioned, an interesting point of this approach is that the interface grid does not

need to match with the one of the oxide subdomains. In other words, /N, can be chosen

different from N,. In Tables 2 and 3, we present the H' errors for the interface component
uzv as well as the density p for a fixed N, = 16 either taking NV, = N, (Table 2) or fixing N,
and varying N, (Table 3).

Table 2: Relative H' errors of the interface potential uzv and the density p in the case

N, = N,.

Vps =0V Vps =0.04V
Ne=N, | Ew | ] En | TR
60 1.9567e-01 || 2.5930e-01 || 1.6707e-01 || 2.6920e-01
120 1.0079e-01 || 1.2674e-01 || 8.4934e-02 || 1.3105e-01
240 4.9450e-02 || 6.2400e-02 || 4.1631e-02 || 6.4557e-02
480 2.2167e-02 || 2.7980e-02 || 1.8681e-02 || 2.8969e-02
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Vps =0V Vps =0.04 V
30 || 3.3376e-01 || 5.4465e-01 || 2.7736e-01 || 5.5921e-01
120 || 1.0177e-01 || 1.2709e-01 || 8.7112e-02 || 1.3215e-01
60 | 240 || 5.3930e-02 || 6.4590e-02 | 4.8621e-02 || 6.9023e-02
480 || 3.2494e-02 || 3.3796e-02 || 3.2738e-02 || 3.9536e-02
960 || 2.4381e-02 || 1.9597e-02 | 2.7391e-02 || 2.7634e-02

Table 3: Relative H! errors of the interface potential uzv and the density p for a given N,
and different N,.

We observe that the error for the 1D component decreases when increasing the grid points
on the interface. In particular, the errors obtained for N, = 60 and N, = 240 are smaller
than the ones for N, = N, = 60 and comparable to the ones for N, = N, = 240. Since the
cost of solving the linear system is driven by the number of degrees of freedom in the oxide
region, it is therefore very appealing to use a relatively coarse mesh in the oxide region and
a finer grid on the interface.

6.4 Anisotropic permittivity

We now consider the case where the channel dielectric permittivity is given by the diagonal
tensor (13). We have seen that the effective equation (8) contains only the in-plane permit-
tivity €,, and that a possibility to retain the information of the out-of-plane permittivity €,
is to replace the Dirichlet type continuity conditions (9) by the Robin type condition (14).
In this part, we perform a comparison between these two continuity conditions. To estimate
the differences, we compare them with an approximate solution of the transmission problem
(4)-(6) obtained with a very fine mesh. For that, the delta function in the second member
of equation (5) is approximated by ﬁe_(y/“){z with @ = 0.008 nm (25 times smaller than
d). Since the numerical convergence and the effect of the number of discretization points dis-
cussed in the previous subsections are not affected by the choice of the continuity conditions,
we do not present them again. Instead, we concentrate on the vertical potential slice u(%, Y)
at thermal equilibrium and on the current-voltage characteristics to analyze the effect of the
continuity conditions.

Obtained results are presented in Figs. 8 and 9 for the case N, = N, = 240 and N, = 16.
Solid blue lines correspond to the transmission problem, dashed red lines to the interface ap-
proach with the continuity condition (9) and dashdotted purple lines to the interface approach
with (14). We observe only slightly changes between the three approaches, both at thermal
equilibrium in Fig.8 and with applied voltages in Fig.9. In particular, for Vpg = 0 V, we have
[uen(3,0) — u,(0)] = 3.0 x 107° with (9) and |uen(3,0) — u,(0)] = 9.83 x 107° with (14).
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Figure 8: Vertical potential slice u(%, y) at thermal equilibrium obtained for the transmission
problem (4)-(6) (solid blue line) and for the interface approach with condition (9) (left) or
condition (14) (right) for the case €;, = 13.9 ¢y and €, = 6.9 €.
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Figure 9: Current-voltage characteristics for the case €,, = 13.9 ¢ and ¢, = 6.9 «.

However, to overemphasize the effect of the continuity condition, we then choose an artifi-
cial extreme out-of-plane permittivity ¢, = 0.1 ¢3. Obtained results are presented in Figs. 10
and 11. They clearly show that the discontinuity allowed by the condition (14) between the
interface component ., and the oxide components u; is essential to capture the effects due to

a strong anisotropy.
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Figure 10: Vertical potential slice u(%, y) at thermal equilibrium obtained for the transmission
problem (4)-(6) (solid blue line) and for the interface approach with condition (9) (left) or
condition (14) (right) for the case €/, = 13.9 ¢y and €, = 0.1 €.
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Figure 11: Current-voltage characteristics for the case €,, = 13.9 ¢y and e¢; = 0.1 ¢.

7 Conclusion

We discussed on the numerical resolution of a Poisson equation describing the electrostatics
of devices in the presence of a semiconducting single-layer material. The proposed interface
approach provides a good framework for the mathematical analysis and for the approxima-
tion of its variational formulation. A Robin type continuity condition along v (with a Robin
coefficient depending on the effective dielectric thickness d) can be imposed to consider out-
of-plane/in-plane permittivities for a better description of the single-layer/oxide interactions.
The presented numerical scheme has the advantage to avoid the need of a fine mesh in a 2D

region around the single layer material. Moreover, the assembling of the associated matrix
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is done at a cost comparable with the linear case, even when a coupled transport-Poisson
model is considered. Finally, it is worth mentioning the possibility of using a relatively coarse
mesh in the oxide region and a finer grid on the interface. As continuation of this work,
we expect to take great advantage of these interesting features of the interface approach for
the resolution of the Poisson equation in the context of a Dirac-Poisson coupling to perform

self-consistent computations of a GFET with an enriched description of the particle transport.

Acknowledgments: The first author acknowledges partial support of the IDEX-IRS project
NUM-GRAPH “NUMerical simulation of the electron transport through GRAPHene nanos-
tructures” funded by Univ. Grenoble Alpes and Grenoble INP. The second author acknowl-
edges the financial support of Italian Ministry of University and Research (MUR) through
the PRIN grant n. 201744KLJL.

References

[1] C. Alboin, J. Jaffré, J. E. Roberts, and C. Serres. Modeling fractures as interfaces for flow and transport
in porous media. In Fluid flow and transport in porous media: mathematical and numerical treatment.,
pages 13-24. Amer. Math. Soc. 295, 2002.

[2] L. Barletti, G. Nastasi, C. Negulescu, and V. Romano. Mathematical modelling of charge transport in
graphene heterojunctions. Kinet. Relat. Models, 14(3):407-427, 2021.

[3] L. Barletti and C. Negulescu. Quantum transmission conditions for drift-diffusion equations describing
charges in graphene with steep potentials. J. Stat. Phys., 171(4):696-726, 2018.

[4] S. Bertoluzza. Analysis of a stabilized three-fields domain decomposition method. Numer. Math., 93:611—
634, 2003.

[5] S. Bertoluzza and A. Kunoth. Wavelet stabilization and preconditioning for domain decomposition. IMA
Journal of Numerical Analysis, 20(4):533-559, 2000.

[6] J. H. Bramble, J. E. Pasciak, and A. H. Schatz. The construction of preconditioners for elliptic problems
by substructuring. Math. Comput., 47(175):103-134, 1986.

[7] F. Brezzi and M. Fortin. Mized and hybrid finite element methods, volume 15 of Springer Series in
Computational Mathematics. Springer-Verlag, New York, 1991.

[8] F. Brezzi and L. D. Marini. Error estimates for the Three-Field formulation with bubble stabilization.
Math. Comput., 70(235):911-934, 2001.

[9] F. Brezzi, L. D. Marini, and P. Pietra. Méthodes d’éléments finis mixtes et schéma de Scharfetter-
Gummel. C. R. Acad. Sci. Paris Sér. I Math., 305(13):599-604, 1987.

[10] S.Z. Butler et al. Progress, challenges, and opportunities in two-dimensional materials beyond graphene.
ACS Nano, 7:2898-2926, 2013.

[11] A.H. Castro Neto, F. Guinea, N. M. R. Peres, K. S. Novoselov, and A. K. Geim. The electronic properties
of graphene. Rev. Mod. Phys., 81:109-162, 2009.

[12] P. G. Ciarlet. The Finite Element Method for Elliptic Problems. Society for Industrial and Applied
Mathematics, 2002.

28



[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

V. E. Dorgan, M.-H. Bae, and E. Pop. Mobility and saturation velocity in graphene on SiO2. Appl.
Phys. Lett., 97(8):082112, 2010.

B Faermann. Localization of the Aronszajn-Slobodeckij norm and application to adaptive boundary
elements methods. Part I. The two-dimensional case. IMA J. of Numer. Anal., 20(2):203-234, 2000.

J. Fang, W. G. Vandenberghe, and M. V. Fischetti. Microscopic dielectric permittivities of graphene
nanoribbons and graphene. Phys. Rev. B, 94:045318, 2016.

C.L. Fefferman and M.I. Weinstein. Wave packets in honeycomb structures and two-dimensional dirac
equations. Commun. Math. Phys., 326:251-286, 2014.

G. Fiori and G. Tannaccone. Simulation of Graphene Nanoribbon Field-Effect Transistors. IEEFE Electron
Device Lett., 28(8):760-762, 2007.

H.K. Gummel. A self-consistent iterative scheme for one-dimensional steady state transistor calculations.
IEEFE Trans. Electron Devices, 11(10):455 — 465, 1964.

R. El Hajj and F. Méhats. Analysis of models for quantum transport of electrons in graphene layers.
Math. Models Methods Appl. Sci., 24(11):2287-2310, 2014.

D. Jimenez and O. Moldovan. Explicit drain-current model of graphene field-effect transistors targeting
analog and radio-frequency applications. IEEE Trans. Electron Devices, 58(11):4049-4052, 2011.

M. Koéppel, V. Martin, J. Jaffré, and J. E. Roberts. A Lagrange multiplier method for a discrete fracture
model for flow in porous media. Comput. Geosci., 23(2):239-253, 2019.

J.L. Lions and E. Magenes. Probléemes aux limites non homogenes et applications, Volume 1. Dunod,
Paris, 1968.

L. Luca and V. Romano. Quantum corrected hydrodynamic models for charge transport in graphene.
Ann. Phys., 406:30-53, 2019.

V. Martin, J. Jaffré, and J. E. Roberts. Modeling fractures and barriers as interfaces for flow in porous
media. SIAM J. Sci. Comput., 26(5):1667-1691, 2005.

O Morandi and F Schiirrer. Wigner model for quantum transport in graphene. J. Phys. A: Math. Theor.,
44(26):265301, 2011.

G. Nastasi and V. Romano. An efficient GFET structure. IEEE Trans. Electron Devices, 68(9):4729—
4734, 2021.

V. Hung Nguyen, A. Bournel, C. Chassat, and P. Dollfus. Quantum transport of dirac fermions in
graphene field effect transistors. In 2010 International Conference on Simulation of Semiconductor

Processes and Devices, pages 9-12, 2010.

Y. Ouyang, Y. Yoon, and J. Guo. Scaling behaviors of graphene nanoribbon FETs: A three-dimensional
quantum simulation study. IEEE Trans. Electron Devices, 54(9):2223-2231, 2007.

A. K. Upadhyay, A. K. Kushwaha, and S. K. Vishvakarma. A unified scalable quasi-ballistic transport
model of GFET for circuit simulations. IEEE Trans. Electron Devices, 65(2):739-746, 2018.

M. Xu, T. Lian, M. Shi, and H. Chen. Graphene-like two-dimensional materials. Chem. Rev., 113:3766—
3798, 2013.

N. Zamponi and L. Barletti. Quantum electronic transport in graphene: A kinetic and fluid dynamical
approach. Math. Methods Appl. Sci., 34:807-818, 2011.

N. Zamponi and A. Jingel. Two spinorial drift-diffusion models for quantum electron transport in
graphene. Commun. Math. Sci., 11:927-950, 2013.

29



