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Stochastic approximation of eigenvectors and eigenvalues of the
Q-symmetric expectation of a random matrix
Jean-Marie Monnez “*

“Université de Lorraine, CNRS, Inria’, IECL?, F-54000 Nancy, France

*jean-marie.monnez(@univ-lorraine.fr

Abstract. We establish an almost sure convergence theorem of the stochastic
approximation process of Oja for estimating eigenvectors of the Q-symmetric expectation
of a random matrix, under a correlation model between the incoming random matrices.
This theorem generalizes previous theorems and extends them to the case where the
metric @ is unknown and estimated online in parallel. We apply it to streaming PCA of
a random vector Z, when a mini-batch of observations of Z is used at each step or all the
observations up to the current step. We deal with the case of streaming generalized

canonical correlation analysis, with a metric estimated online in parallel.

Keywords: big data; online learning; stochastic approximation; streaming gCCA;

streaming PCA

1. Introduction

Let Q be a positive definite symmetric p X p matrix called metric, (.,.) be the inner
product and [|. || the norm induced by Q. For vectors in R?, Q-orthogonal and Q-normed
respectively denote orthogonal and normed with respect to the metric Q. Recall thata p X
p matrix B is Q-symmetric if @B is symmetric; then B has p real eigenvalues and there
exists a Q-orthonormal basis of RP comprised of eigenvectors of B. Let RP* be the dual
space of RP. Let ||B|| denote the spectral norm of B. Let A" denote the transpose of a
matrix A. Let (+) denote a sequence of matrices or vectors or reals depending on the

context. The abbreviation a.s. stands for almost surely.
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In the context of streaming data or big data since one can process the latter sequentially
as a data stream, stochastic approximation algorithms can be used to estimate online, for
example, parameters of a regression function (Lallou¢, Monnez and Albuisson 2022),
centers of clusters in unsupervised classification (Cardot, Cénac and Monnez 2012),
principal components in a principal component analysis (PCA) (Cardot and Degras
2018). Each incoming observation vector is used to update the estimate sequence until
the latter converges to the quantity of interest. When using such processes, it is not
necessary to store the data and, due to the relative simplicity of the computation involved,
a much greater number of data than with non-sequential methods can be taken into
account during the same amount of time. Moreover, this type of method uses less memory
space than a batch method (Balsubramani, Dasgupta and Freund 2013). In this context,
we deal with the problem of estimating by a recursive process eigenvectors and
corresponding eigenvalues in decreasing order of the unknown Q-symmetric expectation
B of arandom p X p matrix.

Many articles have been devoted to this problem when B is a symmetric matrix (Q = I).
See among others the algorithms of Benzécri (1969), Krasulina (1970), Oja (1982),
Karhunen and Oja (1982), Oja and Karhunen (1985), Brandic¢re (1994, 1995, 1998),
Brandiére and Duflo (1996) and Duflo (1997) in the case of PCA. Oja and Karhunen
(1985) proved the a.s. convergence to a normed eigenvector V;, corresponding to the

largest eigenvalue A; of B of unit multiplicity, of the process (X,) defined recursively at

(I+anBn)Xn

, assuming the random p X p matrices B,,,n = 1, mutuall
10+ @nBr) X & pxp n y

stepnby X, 41 =

independent with expectation B and a.s. bounded (||B,|| <b € RY), with a, >
0,Y% ,a, =,Y_ a? < . They proved the convergence of processes (X,il), 1<i<
p, of the same type, for estimating, after orthonormalization, eigenvectors V;
corresponding to the eigenvalues A; in decreasing order. The assumption of independence
of the random matrices B, may not hold, for instance in the streaming PCA of a random
vector Z in RP, when the expectation of Z and the metric M in R? are estimated online
(Section 4). Using different methods of proof, Monnez and Skiredj (2021) studied two
cases where the matrices B, are not independent, the first when E[B,,|T,] converges a.s.
to B, T,, being the o-field generated by By, ..., B,_1, the second when B,, converges a.s.
to B.

The present study extends and generalizes previous results in two directions - the metric

Q is supposed unknown and the matrices B,, not independent -, proves in a single theorem



the convergence of processes using a mini-batch of observations at each step and of those
using all the observations up to the current step, and gives applications to streaming PCA
and generalized canonical correlation analysis (gCCA). The unknown metric Q is
estimated online. We use a correlation model between the matrices B,, defined by
assumptions on the weighted averaging process (U,) such that U,,; = (1 —a,)U, +
a,B,, U; = 0. In the vector case, this model was used for Robbins-Monro type processes
for example by Ljung, Pflug and Walk (1992) and Monnez (1991, 2006). This model has
for particular cases those studied by Monnez and Skiredj (2021). In Section 2, we define
processes (X,il), 1 <i <r < p, which converge to eigenvectors corresponding to the r
largest eigenvalues of B in decreasing order under assumptions on (U,,); a Gram-Schmidt
orthonormalization is made at step n with respect to a metric Q,, 44 such that Q,, converges
a.s. to Q as n goes to infinity; in the same theorem, we prove the convergence of specific
processes to the eigenvalues (Theorem 1). In Section 3, we give sufficient conditions on
(B,,) to verify the assumptions on (U,) and deduce corollaries of Theorem 1. In Section
4, we give another corollary in the application to streaming PCA of a random vector Z,
using a mini-batch of current observations of Z at each step of the processes or all the
observations up to the current step. In Section 5, we study the application to streaming
generalized canonical correlation analysis (gCCA) interpreted as a PCA with a specific
metric that is estimated online by a stochastic approximation process parallel to the

processes (X,ll) All the proofs are in Section 6.

2. Extended almost sure convergence theorem

For a random metric Q,, in RP, let (., . ),, be the inner product and ||. ||,, the norm induced
by Q. For i € {1,..,7},7 < p, we recursively define the processes (X%), (%), (Xi) in
RP such that, forn > 1:

er+1 =+ aan)Xriu

i _ Vi Al J J P Khia
Tll+1 - r:+1 - Zj<i(Yr§+1an+1>n+1Xn+1’ Tll+1 - ||)’Z1L‘L:1” .
n+1

The set of vectors (X1, 4, ..., X", ,) is obtained by Gram-Schmidt orthonormalization with
respect to Q41 of (17,}“, s 17,f+1). The assumptions on B, respectively By, U, a,, Qn,
X {, are denoted H1, respectively H2a, H2b, H3, H4, HS. Assume:

(H1a) B is Q-symmetric. (H1b) The r largest eigenvalues of B are simple.



(H2a) For all n, I + a,B,, is invertible.
(H3a) aTl > 01220 an = OO’Zio a% < co. (H4) Qn - Ql Zio an”Qn - Q” < o0 a.s.
(H5) X{,i € {1, ...,7}, is an absolutely continuous random variable with respect
to the Lebesgue measure, independent of the sequence (By,).

We recursively define the weighted averaging process (U,,) in the set of p X p matrices

and for i € {1, ...,r}, 7 < p, the process (A‘n) in R, such that, forn > 1:
Uns1 = (1= ap)Up + anBy, Uy = 0. For an = =, Upyy = 231 B:
Aln+1 = (Un+1XTll+1'X‘rll+1)n+1'
We assume H2b on U,,;:
(H2b) U, = B, X7 anllUy — Bll < 0, X7 all(Unyy — B)Byll < 0 as.

Theorem 1. Under Hla,b on B, H2a on B,,, H2b on U,,, H3a on a,,, H4 on Q,, and H5
on Xi for i€{1,..,r}, XL converges to V; or —V; AL converges to A

Y7 an|(BXL, XL), — 4| < 00 and X7 ay |AL — 4| < 0 as.

In the proof, we use Theorem 1ii of Monnez and Skiredj (2021) as a lemma:

(I+anBn)Xn
|(I+anBp)Xnll

forr=1on B, H2a on B,, H3a on a,, H5 on X! and ¥.¥ a,||B, — B|| < © a.s., X,
converges to Vy or =V, X7 a,(A1 — (BXp, X)) < 0, 3.7 anlAy — (BpXp, Xn)| < 0 as.

Lemma 1. Consider the process (X,) in RP such that X, 41 = . Under Hla,b

3. Particular cases of the correlation model

3.1 Lemmas

We establish sufficient conditions on B, to ensure the assumption H2b on U,,. T;, being
the o-field generated by X;,Q,, B, B%,Q,,...,B:_1,B2_,,Q,, assume B, = B} + B2,
E[B|T,] =0, U, =Ui +UZ, Uty = (1—a Ui+ a,Bt, i €{12},Ul +UZ =0,
and:
(H2c) ¥ a,, ||BL — B|| < 0 a.s. (H2d) E[B|T,,] = 0 a.s., sup,E[||B2]|?] < 0.
(H2e) X1 anll(Unyq — B)BRIl < 00 as. (H2f) suppl|Bll < 0 a.s.

(H3b)an>0,Z§°an=00,Z‘{°a,3/2<oo —<14+ya,+v,0<y <2,

an+1

Yn =0, X7 V0 < .



Assumption H3b implies H3a. Note that, when a,, = %, H3b is verified from a certain

rank n for§<a< 1andifa>%fora= 1.

Lemma 2. Under H2c on B}, a, > 0, a, = 0(1) and ¥ a,, = o, we have: UL - B,

YPayllUt — B|| < o0, ¥ a,ll(Uky; — B)BL|| < © a.s. For U2 = 0, H2b holds.

an

Lemma 3. Under H2d on B2, H3a, <l1l+vya,+y, 0<y<2,y,=>0 and

an+1

Y Vn < o, we have: Uz = 0 as., %.¥ a,E[||UF||?] < o0, 3b > 0: E[||UZ]I?] < bay,
3
fOVZiO afl < oo;z(io an”U',%” < 0 a.s.

Lemma 4. Under H2c on B}, H2d on B? and H3b on a,, we have: U, — B,
Y a,|lU, — Bl < o a.s.; if H2e or H2f on B also holds, Y. a,||(Ups1 — B)By|| < o

a.s.

3.2 Corollaries
Let A be the set of the assumptions Hla,b on B, H2a on B,,, H3b on a,,, H4 on Q,,,
HS5 on X{. By Lemma 4, H2b holds under H2c, H2d, H2e or H2f, H3b; then:

Corollary 1. Under A, H2c on B}, H2d on B? and H2e or H2f on BZ, Theorem I holds.

I)LetB! =B,B% = B, — B. Let U] = B, then Ul = B forn > 1. H2c,e hold.
Corollary 2. Under A, E[B,|T,]] = B and sup,E[||B,, — B||*] < o, Theorem I holds.
This corollary is an extension of Theorem 2 of Oja and Karhunen (1985), which was
demonstrated by the ODE method assuming Q = I, the r largest eigenvalues of B are

positive and ||B,|| < b a.s.

2) Let By = E[By|T,], B = By, — E[By|Tnl.

Corollary 3. Under A, Y5 a,||E[B,|T,] — Bl| < o, sup,E[||B, — E[Bn|T,]lI*] < o
and sup,||B, — E[B,|T,]Il < o a.s., Theorem 1 holds.

This corollary, applying when E[B,|T,,] converges a.s. to B, is an extension of Theorem
li and Corollary 2i of Monnez and Skiredj (2021), which was demonstrated using a

method of Duflo (1997, 343) and arguments of exterior algebra, assuming @ known,



Y7 a,E[|E[B,|T,] — Bll] < oo, there exists b > 0 such that sup,||B,|| < b a.s. and

another assumption not used here.

3)LetBl =B,,B2=0,U?=0,then U2 =0 forn > 1.

By Lemma 2, H2b on U,, holds under H2c and H3a. Thus };7° an|(BX,il, Xiy, — Ai| <
a.s. by Theorem 1; under H2¢ and H4, }.7° an|(BnX,il, Xby, — Al-| < o a.s.

Corollary 4. Under A with H3b replaced by H3a and .3 ay ||B, — B|l < © a.s.,
Theorem 1 holds and for i € {1, ...,r}, 7 an|(Bu XL, X — 4| < 0 as.

This corollary, applying when B,, converges a.s. to B, is an extension of Theorem 1ii and
Corollary 211 of Monnez and Skiredj (2021) demonstrated using the theorem of Robbins
and Siegmund (1971) and arguments of exterior algebra, assuming Q known.

For example, assume that the random matrices B, are i.i.d. with E[B,] = B, E[||B,||?] <

. Let V, == %7 B;. Then E[V,] = B, E[||lV, — BII*] = 0 (%) V, > B as. Assuming

X7 f/l—% < o0, we have Y.¥° a, ||V, — B|| < o a.s. Defining the processes (F!) by replacing

B, by V,, in the definition of the processes (X,il), we can apply Corollary 4 to these new
processes.

Likewise, by Lemma 4, under H2c, H2d and H3b, U,, —» B, Y.7 a,||U, — B|| < o a.s.
Defining the processes (F,{) by replacing B, by U,, in the definition of the processes (X,il),

we can apply Corollary 4 to these new processes.

4. Application to streaming PCA

4.1 Formulation of PCA

Let Z1, ..., ZP be the components of a random vector Z in RP defined on a probability
space (Q, A,P) and C = E[(Z — E[Z])(Z — E[Z])"] its covariance matrix. Let M be a

metric in RP defining a distance between two observations of Z.

Formulation of PCA. For l € {1, ...,r},r < p, determine at step | a linear combination
of the centered components of Z,U, = cI (Z — E[Z]), ¢, € RP*, called Ith principal
component, which is uncorrelated with Uy, ..., U;_1 and of maximum variance under the

constraint c; M~ ¢; = 1.



Thus we have to maximize the quadratic form ¢” Cc under the constraints ¢’ C ci=0,j€
{1,..,1 =1}, and c"M~1c = 1. ¢; is an eigenvector of the M ~1-symmetric matrix B =
MC (Q = M~1) corresponding to its [th largest eigenvalue A;.

u; = M~ ¢, is an eigenvector of the M-symmetric matrix CM corresponding to A; and
maximizes the quadratic form u’MCMu=u"ME[(Z - E[Z]))(Z — E[Z])"|Mu =
E[((Z — E[Z])" Mu)?] under the constraints u" Mu; = 0,j € {1, ...,] — 1}, and u" Mu =
1. The axis (E[Z], u;) with origin E[Z] and M-unit vector u; is called the [th principal
axis. For all w € Q, (Z(w) — E[Z])T Mu, is the abscissa of the M-orthogonal projection
of Z(w) — E[Z] on the axis (E[Z],u;). The subspace generated by uy, ..., u,, maximizes
E[IITI(Z — E[Z])]|?] with I the M-orthogonal projection operator on a r-dimensional
subspace containing E[Z].

A particular case of PCA is normed PCA, in which M is the diagonal matrix of the
inverses of the variances of the components of Z. Normed PCA is equivalent to using
standardized data, i.e. observations of M/2(Z — E[Z]), and the identity metric, hence the

same importance is given to each of the components of Z in this PCA.

4.2 Stochastic approximation of the principal components of PCA

Let (le,...,Zlml,...,an,...,ann,...)be a sequence of i.i.d. observations of Z,

Zn1s - » Znm,, being taken into account at step n of the processes. Let Z_n be the mean of
the sample (le, ...,ann) and C, its covariance matrix, C, = Zm‘ ZiiZi; —

Zn ZF with u, = ¥, m;; let a random matrix M, be an estimator of M recursively
computed from this sample.

We define the processes (¥!), (X5), (X5), (Ain), i €{1,...,7}as in Section 2:
Yri+1 - (I + ay n)Xrlla X711+1 = n+1 Z]<1(YT:+1' ]+1)n+1X7]1+1;

Xn
Tll+1 T Uns1 = (1 - an)Un +a,B,,U; =0,

|| +1||n+1

Npv1 = (Uns1Xpi1, Xppadner, With

B, = Mn(wln(sln ~Z Z;FL) + wZn(SZn - ZnZ_;FL))

Son = —— Zm"Z Znj

nj»

= Mn(w1n51n+w2n52n - Z_nZ_;FL): Sin = _n 1Zml Z; Z;r] )

(Uln 2 O, (L)Zn 2 0, (Uln + (L)Zn = 1.
At step n, the orthonormalization is made with respect to the metric Q,,,,. The matrix B,

is a convex combination of two matrices. Different time-varying weights can be assigned



to the set of past observations and the set of current observations. For w,,, = 0, past and
current observations of Z are used at step n; for w;, =0, only the m, current
observations are used at step n. We consider the decomposition:
B, — B = B! — B + B2 with B2 = w,,M(S,, — E[ZZ™)),
Br% -B=(WM, — M)(w1n(51n - Z_nZ_rTz) + W2 (S2n — Z_nZ_rTz))
+ WinM(S1n — E[ZZ7]) = M(Z,, — E[Z]DZ7, — ME(Z)(Z, — E[Z])".

Assume:

(H3¢) an > 0,57 ay = 0, X7 2 < 00, T aj < .

(H6a) M, » M a.s. (H6b) X.7°a,||M, — M| < o a.s.

(H7a) Z has 4" moments. (H7b) Z is a.s. bounded.
Under H7a:
Zn = E[Z), Sin > E[2Z7] as., ElZy, — E[Z]I] = 0(1/Vn), EllIS:, — E[ZZ"]I]] =
0(1/vn); since X7 7= < 00, B anllZ, — E[Z]I| < 0, £ aylIS1n — E[ZZ7]]| < ® as.
Then, by H3c, H6b and H7b, Y.{° a,, ||BE — B|| < « a.s. Moreover, E[BZ|T,] = 0 and,
by H7b, ||BZ|| is a.s. bounded, thus assumptions H2d,f hold. When w,, = 0 for all n,
H7b can be replaced by H7a, B,, — B under H6a and H7a, then (B, X}, X}), — A; when

X! = +c; a.s. Applying Corollaries 1 and 4 yields:

Corollary 5. Under HIb on B, H2a on B,,, H3b on a,, H4 on Q,, H5 on X{, Hb6a,b on
M, and H7b on Z, for i € {1,...,r}, X converges to c; or —c;, A, converges to A;,
>y an|(BX,il, Xb), — /1i| < oo ¥a, |Aln — /1i| < o0 a.s. When wy, =0 for all n, the
same conclusions hold with H3b replaced by H3c and H7b by H7a; moreover, for i €
{1,...,1}, (B XL, XL),, converges to A;, ¥ an|(BnX,il,X,il)n — /1i| < o a.s.

Note that, when w,, = 0 for all n, the assumption “Z is a.s. bounded” is not required.
5. Application to streaming generalized canonical correlation analysis

5.1 Formulation

Consider the generalized canonical correlation analysis (gCCA) defined by Carroll
(1968). We use here a probabilistic formulation. Suppose the set of components of a
random vector Z in R? is partitioned in q subsets of real random variables {Z*1, ..., Z*"k},

ke€{l,..,q}, X}, = p. Let Z¥ be the random vector in R™* whose components are



Zk1 .., Zkx C* = Covar[Z¥] be the covariance matrix of Z¥, C = Covar[Z] that of Z,
Ck = Covar[Z¥,Z] that of Z¥ and Z. Assume:

(H7c) There is no affine relation between the components of Z.
Then the matrices C*, k € {1, ..., q}, and C are invertible.

Formulation of gCCA. For L€ {1,..,1},r < min(rl, ...,rq), determine at step |l a
linear combination U; = 0] (Z — E[Z]) of variance 1 of the centered components of
Z, uncorrelated with Uy, ..., U;_4, called lth general component, and for k € {1, ...,q}, a
linear combination V¢ = (n{‘)T(Z k — E[Z¥]) of variance 1 of the centered components
of Z¥, called Ith canonical component of the kth subset of variables, which maximize

Z=1 p? (Ul, Vlk), p denoting the linear correlation coefficient.

5.2 Interpretation of gCCA as a PCA

Let IT* be the projection operator on the subspace of L?((,A,P) with inner product
(X,Y) = E[XY] generated by the centered components of Z¥,
Let 6, = ((811)T (qu)T)T, 0k € R,k € {1, ..., q}. Let M be the block diagonal metric
in RP whose kth diagonal diagonal block is (C*)~1.
Suppose U, is determined; then:

1 p2(U, V) max & p?(U, V) = cos?(UL V) max, k € {1, ..., q}

k _ _Iky
e V= T, ke{1,..,q}

It is shown that:

Proposition 1. For [ € {1, ...,1}, 0, is a C-normed eigenvector of the matrix B = MC

) 2D e

((6})"ckef)?

Thus for [ € {1, ..., 7}, the Ith general component of the gCCA of Z, U; = 0/ (Z — E[Z])

corresponding to its Ith largest eigenvalue A, and VF =

of variance 1, is collinear with the Ith principal component of the PCA of Z with the

metric M, ¢(Z — E[Z]) of variance 4;, and 6; = \/C—/_ll_ A particular case of gCCA is
l

normed PCA when 1, = 1 for all k, the diagonal metric M being that of the inverses of

the variances of the components of Z.



5.3 Stochastic approximation of the general and canonical components of gCCA

Let (le, s Zimys w1 Lnty oo r Lnmy ...)be a sequence of i.i.d. observations of Z with
Zijj = ((Zi (Z ) ) Zk i(re, 1), k € {1, ..., q}, the mini batch (an, ...,ann) being

taken into account at step n of the processes. For k € {1, ..., q}, let Z¥ be the mean of the

sample (Zfy, ..., ZK, ) of Z¥, Cr’fzﬂi

S ZE(z) - Zk BT with py, =
Y., m; be its covariance matrix, both recursively computed.

Let M,, and Q,,,1 be the block diagonal matrices of order p whose kth diagonal blocks
are respectively M¥ defined below and CJ. The matrix Q,, is positive definite symmetric

from a certain rank. Under the assumption H7a, CF¥ — C* as., E[||CF — C¥||] =

1) = 1 . .
0(7=) = 0 (). since pn = n. Since £F % < oo under Hc, EF alICK — CH1| < o0

as. Thus Qu » M™%, X aullQnis — M7 < oo and X apllQn — M7 < oo as;
assumption H4 on Q,, holds.
For k € {1, ...,q}, to obtain an estimation of M* = (C¥)~, we define the stochastic

approximation process (M¥,n > 1) such that:

M = My_y — an(CEMy_y —I); thus My, = My,_; — ay(Que1My—y — ).

Theorem 2. Under the assumptions a, >0, a, = 0(1),X" a, = o and H7a,c, M,
converges to M and }.7 a,||M,, — M|| < o a.s.

Thus assumptions H6a,b on M,, hold. We define the processes (Y ) (Xn) (X,ll) (A )
i €{1,..,r}, used for PCA (Section 4). Applying Corollary 5 with the additional

assumption H7c¢ yields:

Corollary 6. Under HIb on B, H2a on B,,, H3b on a,, H5 on X} and H7b,c on Z, for
i€f{l,..,r}, X. converges to c;= \/Z-Hi or —c;, AL, converges to A,
Y7 an|(BXL, XE), — 4| < o0, XF an |AL — 4| < 00 as. When w,, = 0 for all n, the
same conclusions hold with H3b replaced by H3c and H7b by H7a; moreover, for i €
{1, ..., 7} (Bo XL, X1 ) converges to Ay and ¥5— an|(Bp X5, Xidn — 4| < o0 as.

At step n, we obtain an estimation of ¢; and A;, thus of 8;. We can estimate E[Z*] by Z¥

and C* by C¥, thus estimate the general and canonical components of gCCA..



6. Proofs of theorems

6.1 Some concepts of exterior algebra
Let (el, s ep) be a basis of RP. For r < p, let "ARP be the exterior power of order r of
RP, generated by the Cj exterior products e; Ae;,A--Ae; iy <i; < <i, €
{1,...,n}.
Let Q be a metric in RP. The inner product (.,.) in "ARP induced by Q is such that
(e, Ae, A+ Aey e ey, A+ Ney ) = Tpeq, (=15 (ey,, €50e)) -+ (€1, €501
G, being the set of permutations o of {ki, ..., k;} and s(o) the number of inversions of o.
Let |I.1l denote the associated norm. Note that if x4,..., x,, are Q-orthogonal, then
21 A=+ Axe,.[|=TTi<1 |1 || and if (el, s ep) is a Q -orthonormal basis of RP, then the set
of the Cj exterior products e; Ae;,A-:- Ae;_is an orthonormal basis of "ARP.
Let U be an endomorphism in R?. For j € {1, ..., 7}, the endomorphism "IU in TARP is
such that:
TUCe A Ax) = sty <ip<ociysr X1 A AU A AUX A -+ Ay
forj =1, " U QA Ax,) = X1y x A AUX;A -+ Ax,..
The following properties hold.
(P1) Assume U has p real eigenvalues A4,...,4, and, for j € {1,...,p}, let V; be an

eigenvector corresponding to A;. Then the Cj vectors V; AV, A---AV; iy <ip <+ <
i, €{1,..,p}, are eigenvectors of "y ; for j = 1, the corresponding eigenvalues are
Ai, +-++ +4; andfor j = r, the products A;, - -- A; ;thus if U is invertible, so is "' U.
(P2) If U is Q-symmetric, "Iy s symmetric with respect to the metric induced by Q
in "ARP.

P3)TU+U) =1+35., U

(P4) There exists ¢(r) > 0 suchthat, forl < j <r|l "y < c(r) N U IV.

6.2 Proof of Theorem 1

The writing of fixed w belonging to the intersection of the a.s. convergence sets is
omitted. Let W,, = U, — B; W41 = (1 — a,)W,, + a,,(B,, — B). Since W,, converges to
0 by H2b, I — W, is invertible from a certain rank, assumed equal to 1 without loss of

generality. We use Lemmas 1 and 5. Let 'X,, = X34 --- AXL.



|1, | ] o (Zn"B Rn) _ (En"'B Znn
R R ] I Y W

Lemma 5.

HA4.

Outline of the proof. In Step 1, we prove Lemma 5. In Step 2, defining, for i € {1, ..., 7},
Zh= (U —-W)XL, 'Z, =7\ AZL,
we show that there exists a p X p random matrix C,, such that
Tnsr = U+ anCy) 'Zn,
C, — B and ).7° a,||C, — B|| < o under H2b.
In Steps 3, 4, using a proof similar to that of Corollary 2ii of Monnez and Skiredj (2021),
we deduce by Lemma 1, with A;; = 4; + -+ 4;,

iz iz i iz
— = +V;; = VA AV, a (/1 — (=1 — )<00,
” LZ ” 1i 1 l Zl n 1i (” LZn” ” LZn”>
then —== — +V,;, X} - +V;, AL, - A;.

|| ‘% ||

In Step 5, we infer that }.7° a, (All (” an|| ip % ”)) < oo, then by Lemma 5,

X7 an|/11i —{ an; gt n)n| < o0,
therefore .3 an|A; — (X5, BXL),| < o0 and TP a, |AL — 24| < oo.

Step 1. Proof of Lemma 5

o 3
. &% g, (%) @-owxk _ || all,
1) Since Q, — 0Q, ||X,{'L||||X,’{|| = ||X,{||||X,’{|| - 0; thus, for j = k, ]” — 1, and,
since the vectors }?,Jl are Q,-orthogonal, % — 8/ (Kronecker symbol). Therefore
n n
| %] R AP AL
T (—1)s0) Zntn N s 1,
T T R =1 F i B T Pl

G; being the set of permutations ¢ of {1, ..., i} and s(¢) the number of inversions of a.

2)( 'Kn, "B 'Xp) = Bhor(XiA - AXL, XIA - ABXEA - AX)
= The1 Zoeq (-1 (X3, X7 “)> (XK, BX; (")> - (XL, X7O).
Replacing each inner product (X a(])) by (X} 0(1 ))n + ( ) (Q — QDX, () , and

using Landau notation O(.),



x),279) ZpZg )

e = g+ 0Ule, — @l = 877V + o(lle, - @ll)
2 g o n n
L IEOT, ~ TR I,
and (xk, BXU(k)) _ (% B)?g(k))n +0(l10,, — Q|D; then:
el e~ Tk, =] n el e
(X X7 D)k BE7 )% X7 D) (X ZTD) 2 BXT ) (XL XT D)
: o B + 0(1Qx - Q).
TR AT 1%z, -~ lI%R1,
. ~ 7 P~ 2 ~ 2 ~:n2
Since the vectors X; are Q,,-orthogonal, || an” = ||X,11||n ||X,‘1||n Thus:
(%'B %) (Z'B Rn)  (%n''B 'Ry)
= —— - - ==+ 0(I1Q, — QID.
I Znll, IZAIZ NGl
LX iX- ,ilB i)? i)? ,ilB i)?
Likewise, ” n” =1+ 0(||Q, — QI]). Then: Y7 a, ( e al _{ T — zn)n
| Zall; | *%nll I *Znll,,
- (1%, 1B i%,) ” L~n|| (%, 0B %) (% 1B R,
221 an o 12 1- ; P o 12
I Xl I Zall’ I %l I Zall,

= X7 a,0([|@n — Q) < oo by H4.

Step 2. Let, fori € {1, ..,7}, Z, = (I — W,)XL..

~ ~ i (Y’n_ Xn >Tl
Zrlz+1 =- Wn+1)Xrl1+1 =- Wn+1)Yr:+1 - Zj<z+1—+1+127]1+1

1%l
iZn+1 = Zrll+1A"‘AZ~ri1+1 =~ Wn+1)?r}+1A"'A(I - Wn+1)er+1-

U = Wos)¥) = U = W)U + auB)K, = (I = Wiy )U + anB)U — W) 22,
= (I = Wy + ayWy + 0B — ayWh1 By) (I = Wo) 22} = (I + a,C)Z),
Cp=(B+ W, —Wy1B)U = W)™" =B+ (BW, + W,, — W1 B[ — W)™

By H2ab, X aullC, — Bl <o, I+ayCy=(I~Wp)U +ayB)(I — W)™t
invertible.
o1 = U+ anCYZEA AU + a,C)ZE = "I + a,Cp) "Z,= (I + a,D}) 'Z,,

DL = "¢, + ¥, a Ve, by P3.

Tz ||
verifies the assumptions of Lemma 1 with B,, replaced by D} and B by B

(1+anDi)Sn
[|(1+anD})snl

Step 3. With S, we have S, = Let us show that the process (S,,)

By P2, since B is Q-symmetric, 1B is symmetric with respect to the metric induced by

Q in ‘ARP. By P1, under H1b, the largest eigenvalue 1;; = A; + ---+ A; of 1B is simple;



a corresponding normed eigenvector is V;; = V3 A -+ AV;. Thus assumptions Hla and H1b
of Lemma 1 hold for “'B.
By P1, since | + a,C, is invertible, so is “(I + a,C,) = I + a,,Di; H2a holds.
By P4, there exists c(i) > 0: for1 < j <, ||”(C -B)|| = cWlc, - BI;
by P3, since Y.° anl|C, — Bll < o0 and [|C, |V < 277 (I|C, — BIV + |IBIV):
Zn=1 an”Dril o ilB” = Xn=1 an”il(Cn —B)+ Z§'=2 a{l_lijcn”
< c() (o1 anllCo = Bll + Tj=2 277" Ty ap (6o = BIV + 1IBIV)) < oo
H2b holds. Then by Lemma 1:
iz,
(A
By P3, Zy = (I = W) Ky = (I + Zjey 1 W, 'Ry

S, = - 1V = 2V A AV, 57 an (A — (Sp, MBS,)) < oo.

7 i)?n L'Zn i)?
Wl = MR =0 then | ] 0 1 = e
X 1
Step 4. Assume ——— ” 7 ” - Viio =0 = Vi, 7= ~]” Vi,j €{1,...,i — 1}, prove /== ” l”

”Xn”

i o e s(0) e
(” i)?n”!Vll) - ” lX ” ZO’EG( 1) <” 1” a(l)) (||X1§L||;V0'(i)) - 1.

1%z 1%5]

Vo(i)) = §/90) je{1,..,i—1}; by Lemma 5, A

— 1, then:

K
(”Xn )
G

~l: - V;, and since —* ||~’|| ns 1, X = Fn_
g Ve =~ T L

Aln = <Uanian)n - A

V) -1,

Fk — V; and by H2b and H4,

Step 5. Let R, = TR ” By Step 3, X.7° an(lu (Sn ilBSn)) < oo, Let us show that
7 @n|(Sn, "BSn) = (Rp, "BRy)| < oo, Let B} = Thy (1) i,

Zn _ _(I+ER)Ry

By Step 3, 'Zy = (I + Ey) Ko, then S, = 5t = prgit.

Since "B is symmetric with respect to the metric induced by Q in ‘ARP,
(7 + E&)Ral|* (45w, BSw) = (Rn, "BRy))
= (I + EDRy, “B(I + EDRy) — || (I + EL)Ru||* Ry, *BR,,)

= (Ru, "BRy) (1 = [|(1 + EL)Rull") + 2(ELRy, BRy) + (EiRy, "BELR,,)



= (Ru, "BRy) (= 2(Ry, E4Ry) — [|ESR|") + 2(E&Rn, "BRy) + (EiRy, "BELR,,).
Since W, = 0 and X3 a, W, |l < o0, EL - 0 and X7 a,||EL|| < oo. Since [IR,Il = 1,
(1 + EL)R,|| = 1 and £7 a,|(Sn, "BSy) — (Ry, "BRy)| < oo. Then:

oo i o) ( i)?n'ilB i)?n)
¥7 an(A; — (Rp, "BR,)) = XF a, <Ali - —2> 00;

I %]
[e) ( an'ilB an)n : Ui
: T T o ; -
by Lemma 5: .7 a,, |A4; | % < 00; since vectors X;, are Q,-orthogonal and
Zall,
Xi=Z Rl = 18R] IR X = XAA - AXE = 2 thus:
n ||X1L”L||n’ n n n n n n’ n n n ” LXTI”n, .

TP an|A — { X, B Xp)p| < o0
Since (X, "B Xy = Thea IXENZ -+ (X, BXEYy - | XL = They (XK, BXE)y, for
{ € {1, s}, By Q| Theos (i — (XE, BXE))| < o0, then 2y a4 — (Xh, BXh)n| <
co. By H2b and H4,
Y=t anl/li - (Xriu U‘H.X‘ril)n| = Ym=1 an|Al;1 - Ai' < oo.

6.3 Proofs of Lemmas 2, 3, 4.

Lemma 6 is a deterministic version of the convergence theorem for nonnegative almost

supermartingales of Robbins and Siegmund (1971).

Lemma 6. Assume (z,,n=>1),(a,,n=>1),(Bpn=1) and (5,,n=1) are four
sequences of non-negative numbers such that for alln > 1, z, 1 < z,(1 + a,) + B, —
On, 27T Ap < 0, 32 By < 00. Then the sequence (z,,) converges and 3.7 6, < .

Assume a,, < 1 for n > 1 without loss of generality. The abbreviation “a.s.” is omitted.

Proof of Lemma 2. The writing of fixed w belonging to {¥{ a,||B: — B|| < o} is
omitted. Since UL, ; — B = (1 — a,)(UL — B) + a,,(B} — B),
Uz = Bl < I(Uz — B)Il + a,lIBy — Bll — a,llUy — BIl.
Under H2c¢, by Lemma 6:
3T = O such that ||U} — B|| » T and Y3 a, ||UL — B]|| < o;
since ),°a, = o, T = 0.
Y anllUnys — Bl < X7 anllUz — Bl + X7 azl|By — Bl < oo;
X2 anll(Unss — B)Ball < X7 anllUzys — BII(1Bz — Bl + IIBII) < oo



Proof of Lemma 3. Since E[B?2|T,] = 0 and U2, = (1 — a,)U2 + a,BZ,
EUZ1IPITa] = (1 = ap)?UZN? + aRELIBEII?| Ty,
= (1 + a)IUZI? + azE[IIBZ1I?|Tn] — 2a, U112
By H2d and H3a, X.{° a2E[||B2]|?|T;,] < oo. By Robbins-Siegmund theorem (1971),
3T = O such that ||UZ||? - T and Y5 a,,||UZ]|? < oo;
since }.7°a, = o, T = 0.
Moreover, E[|U711I?] = (1 + a) E[IUZ1I?] + azE[IIBZ1I?] — 2a,E[lUZ]I?]. Since
T ai < oo and sup,E[||BF[|?] < o0, by Lemma 6, X7 a,E[|UZ]?] < oo, E[IIUZI?] -
0, thus there exists f > 0 such that:
E[UF4 1] < (1 = 2ay,) E[IUZII?] + fas.

Let u=2-y>0,c, = ua, — yn, thus a, = i(cn + ¥,). Under the assumptions on

(ap) and (¥n), cnp = 0,27 ¢ = oo, [T1(1 —¢,) — 0, there existc > 0 and N; € N such
that forn > N;,c, < 1 and

EMNUZ1117]
dpyr = — . = (A +yan +v)(A—2a,)d, + f(1+ya, +vn)a,
n+1

<A-Q2-y)a,+v)d, +ca, <(1—-c)d, +ca,
<dy, [Ty, (1 —cp) +§ 1=, (e + v Hk=141(1 = ).
2i=n, € k=141 = i) = Xioy, k=41 (L — ) — k(1 —¢) ) =1 -
k=n,(1—cp) <1, then dpyq < dy, + i +£Zf‘;N1 y; = by; thus, for n >N, — 1,

E[llU2]|?] < bya,, and there exists b > 0 such that E[||U2||?] < ba,, for n > 1. Since

® ay/? < o0 by H3b, ¥ a,|UZ]| < oo.

Proof of Lemma 4. By Lemmas 2 and 3, U,, — B — 0 and }.{° a,,||U,, — B|| < oo.
27 anllUns1 = B)Byll = XY anllWysaBoll = ET ay W11 (B + By — B + BR)l.
By H3b, there exists d > 0 such that a,, < da, 4, then
(D) X7 anlWns1Bll <d X5 ans1 Wi llIIBIl < oo
(2) Z7 anllWni1(By — B)Il < ET anllWn4ll1Br — Bl < o0 by H2¢ and W, - 0;
(3) X7 anlWny1 BEll < d XT a1 W4 lHIBEIl < oo by H2f;
(4) Wh41 BEIl < [[(Unyr — BYBEI + U741 B I 25 anll(Unyq — B)Bi Il < o0 by H2e,

1 1
E[IIUZ, B3|l < (E[IIUZ.1I2D2(E[I1B21I?])z = O(\/ans1) by Lemma 3,
2P apllUZ,1B2|| < oo by H3b, then Y3 a, [|Wy, 11 BE|| < oo.



Thus by (1), (2), (3 or4), X.3° a,||W;,+1By|| < o0. H2b holds.

6.4 Proof of Theorem 2

The writing of fixed w belonging to the set {33 a,,||Qpn+1 — M| < o0} is omitted.
My, —M = (I = anQns1)Mp_y — M) — an(Qniy — M~ M. Let My = My, — M.

IMall < (I = anM 7l + anllQnis = MTHDIMa_ 1|l + @nllQpys — MTHIIMII.
Let A,,;, be the lowest eigenvalue of M~t. Since a, =0(1), | —a,M7 || =1-
anAmin for n sufficiently large. Thus
IMall < (1 + anllQ@uer — MTHIDIMa_1 Il + anllQnis = MTHIIMI| = @ndmin |1 My |l.
Since Y3 a,||Qni1 — M71|| < o0, by Lemma 6, 3T > 0 such that ||[M._;|| » T and

YPa,lIME_;|| < oo; since Y3 a, = oo, T = 0; note that .3 a,, || M}]| < o.
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