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Abstract

The powerful mathematical equations known as nonlinear ordinary differential equations are
used in both theoretical and practical applications. Since they are used to simulate problems
in the actual world, their answers are quite significant. However, not all of them can be ana-
lyzed to find the precise solution. To acquire and approximative solution, researchers rely on
several alternative methodologies. However, there are several methods that can be utilized to
guarantee the circumstances in which a precise and singular answer exists. To ensure existence
and uniqueness, one of them involves defining a sequence that converges toward a solution and
combining this with the fixed-point theory. In recent decades, names like Picard, Tonelli, and
numerous more have been proposed. We have successfully proposed an iteration that converges
more quickly than the Picard iteration in this study. We demonstrate that the analysis of this
iteration of the ordinary differential equation uses the conventional Caputo-Fabrizio derivative
and one or more orders. We found precise solutions to a few linear and nonlinear equations.

Keywords: Existence and uniqueness; nonlinear differential equations; New iteration, Picard
iteration, convergence.

1 Introduction

The study of nonlinear ordinary differential equations spans both theoretical and practical areas of
engineering, physics, and pure mathematics. The characteristics of differential equations of different
sorts are a topic that is addressed by all these professions. While applied mathematics emphasizes
the thorough explanation of the methods for approximating solutions, pure mathematics emphasizes
the existence and uniqueness of solutions. Virtually every physical, technological, or biological
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process ranging from celestial motion to bridge construction to interactions between neurons can
be modeled using nonlinear ordinary differential equations. It’s possible that nonlinear ordinary
differential equations employed to address real-world issues are not always immediately solvable
or may not have closed form solutions. Numerical techniques can be used to approximate the
solutions instead. Differential equations are not solved in the same way as algebraic equations.
Their answers are frequently ambiguous, but whether they are unique or even exist at all is a major
subject of inquiry. The Peano existence theorem[1] provides one set of conditions under which a
solution exists for first order initial value problems. An ordinary differential equation’s condition of
existence and uniqueness can be determined using a variety of methods. One method is to design a
sequence and demonstrate that it converges to a solution. In addition, the Lipschitz condition and
boundness are utilized. In particular, the Picard-Lindelöf theorem in differential equations provides
a set of circumstances in which an initial value problem has a singular solution[2]. The existence
and uniqueness theorem, Cauchy-Lipschitz theorem, and Picard’s existence theorem are some other
names for it[[3]-[6]]. This iteration has been employed with great success for the past ten years, but
several other iterations have been proposed and found to be more suitable for supplying a condition
of existence and uniqueness, such as the Tonelli sequence[7], which has been employed even within
the context of fractional calculus. In this study, we propose a Picard-like iteration and use it to
demonstrate that a particular Cauchy problem with a classical Caputo-Fabrizio derivative has a
unique solution[8]. The study is organized as follows: in section 1, we offer some analysis and then
compare the suggested sequence to the Picard version. We solve several fundamental linear and
nonlinear ordinary differential equations in section two, compare our findings to those of Picard and
even Taylor series[9], and note that the comparisons are based on iterations. In Section 3, we focus
on sequence analysis using the growth linear property. In the final section, we offer an analysis for
the situation of Cauchy problems with the Caputo-Fabrizio derivative. The first four sections will
be devoted to Cauchy problems with high orders.

2 Derivation of the iteration and comparison with Picard

We consider the following Cauchy problem{
y′ (t) = f (t, y (t))

y (t0) = y0
. (1)

Here f : I × R → R is assumed to be Lipschitz and bounded. We wish to prove that the
differential equation (1) has a unique solution. One of the most used iterative methods is from
Picard who suggested that, the equivalent of equation (1)

y (t) = y (t0) +

∫ t

t0

f (s, y (s)) ds (2)

could be used to obtain the following sequence.

y′n (t) = f (t, yn−1 (t)) (3)
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or equivalently

yn (t) = y (t0) +

∫ t

t0

f (s, yn−1 (s)) ds. (4)

It is clear that by imposing this, we use the previous functions to calculate the next. While this
iteration has gained interest in many fields due to its accuracy, it is alleged that in the definition
some terms may be making the iteration less accurate as could be. In this paper, we suggest an
iterative or sequence and compare it with the Picard version. To construct the sequence, we start
with

dy1

dt
= f (t, y1) , y1 (t0) = y0, (5)

...
dyn
dt

= f (t, yn) , yn (t0) = y0.

Indeed, this is a bit complex owing the fact that yn (t) is not known. Therefore, we replace yn (t)
on the right hand side by yn (t) to have

dyn (t)

dt
= f (t, yn (t)) . (6)

yn (t) will be defined using the terms of the past, here, we borrow the Picard

dyn (t)

dt
= f (t, yn−1 (t)) . (7)

Indeed, the key part of this process is to show that, the suggested iteration converges and may be
accurate than the Picard version. To differentiate between the Picard iteration and the suggested
one, we put yPn (t) for Picard and yAn (t) for the suggested one. Then, we write

yPn (t) = y (t0) +

∫ t

t0

f (s, yn−1 (s)) ds, (8)

and

yAn (t) = y (t0) +

∫ t

t0

f (s, yn (s)) ds. (9)

We now evaluate ∣∣yAn (t)− yPn (t)
∣∣ =

∣∣∣∣∫ t

t0

(f (s, yn−1 (s))− f (s, yn (s))) ds

∣∣∣∣ (10)

≤
∫ t

t0

|f (s, yn−1 (s))− f (s, yn (s))| ds.
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Using the Lipschitz condition of f , we get

∣∣yAn (t)− yPn (t)
∣∣ ≤ L

∫ t

t0

|yn (s)− yn−1 (s)| ds (11)

≤ L

∫ t

t0

∣∣∣∣y0 (s) +

∫ t

t0

f (s, yn−1 (s)) ds− yn−1 (s)

∣∣∣∣ ds
≤ L

∫ t

t0

|yn (s)− yn−1 (s)| ds

≤ L

∫ t

t0

∣∣∣∣{∫ τ

t0

|(f (l, yn−1)− f (l, yn−2))|
}
dl

∣∣∣∣ ds
≤ Ln

∫ t

t0

∫ τ

t0

...

∫ λ

t0

|y1 − y0| dλ...ds

≤ LnM
(t− t0)

n

n!

Thus, we get ∣∣yAn (t)− yPn (t)
∣∣ ≤ LnM (t− t0)

n

n!
. (12)

If f is a contraction, then
lim
n→∞

∣∣yAn (t)− yPn (t)
∣∣ = 0. (13)

Moreover,

∞∑
n=0

∣∣yAn (t)− yPn (t)
∣∣ ≤ M

∞∑
n=0

[L (t− t0)]
n

n!
(14)

≤ M exp (L (t− t0)) .

Now, an analysis of yAn (t) is presented. We shall present the well-defined{
yn (t) = y0 (t) +

∫ t
t0
f (s, yn (s)) ds

yn (t) = y0 (t) +
∫ t
t0
f (s, yn−1 (s)) ds

(15)

or {
d
dtyn (t) = f (t, yn (t))
d
dtyn (t) = f (t, yn−1 (t))

. (16)
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Then, we have

|yn (t)− y0| =

∣∣∣∣∫ t

t0

f (s, yn (s)) ds

∣∣∣∣ (17)

≤
∫ t

t0

|f (s, yn (s))| ds

≤ M (t− t0)

≤ M δ < ε

where

δ = min

{
1

2L
,
ε

M

}
. (18)

We now evaluate the difference of two consecutive terms

ζn (t) = yn (t)− yn−1 (t) (19)
d

dt
ζn (t) =

d

dt
yn (t)− d

dt
yn−1 (t)

= f (t, yn (t))− f
(
t, yn−1 (t)

)
.

We now evaluate ∣∣∣∣ ddtζn (t)

∣∣∣∣ =
∣∣f (t, yn (t))− f

(
t, yn−1 (t)

)∣∣ (20)

≤ L
∣∣yn − yn−1

∣∣
≤ L

∣∣ζn−1

∣∣
≤ LΠn−1

where
Πn = max

t0−δ<t≤t0+δ
|ζn (t)| . (21)

Here indeed |ζn (t0)| = 0, then ∀t ∈ (t0 − δ, t0 + δ) , we have

|ζn (t)| < LδΠn−1. (22)

Indeed from the definition of ζn (t) the maximal value |ζn (t)| satisfies

Πn ≤ LδΠn−1. (23)

If we choose δ ≤ 1
2L , thus Lδ ≤

1
2 and then

Πn ≤
1

2
Πn−1 ≤

(
1

2

)2

Πn−2 ≤ ... ≤
(

1

2

)n−1

ε. (24)
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We note that
∑
yn (t) converges, the sequence ζn (t) also converges because

|ζn (t)| ≤ Πn (t) ≤
(

1

2

)n−1

ε. (25)

We have that
∞∑
n=1

|ζn (t)| ≤
∞∑
n=1

Πn ≤
∞∑
n=1

(
1

2

)n−1

ε = 2ε (26)

which is achieved via geometric series. Since the series
∑∞
n=0 |Πn| converges by the property of

absolutely convergence
∑∞
n=0 Πn also converges. Therefore

y (t) = lim
n→∞

yn (t) = y0 (t) +

∞∑
n=1

ζn (t) (27)

exists, the sequence of yn (t) converges.

y (t)− yn (t) =

∞∑
l=n+1

yl (t) . (28)

We evaluate

|y (t)− yn (t)| ≤
∣∣∣∣∣
∞∑

l=n+1

yl (t)

∣∣∣∣∣ ≤
∣∣∣∣∣
∞∑

l=n+1

(
1

2

)l−1

ε

∣∣∣∣∣ =

(
1

2

)n−1

ε (29)

Then, we write

lim
n→∞

yn (t) = y0 (t) + lim
n→∞

∫ t

t0

f (s, yn (s)) ds (30)

= y0 (t) +

∫ t

t0

lim
n→∞

f (s, yn (s)) ds

= y0 +

∫ t

t0

f (s, y (s)) ds

= y (t) .

2.1 Application of the iteration for solving some ODE

We shall solve some ordinary differential equations with the suggested iteration and the Picard
version.

Example 1 We consider a simple decay equation{
y′ (t) = −λy (t)

y (0) = 1
. (31)
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We recall that the Picard iteration and suggested one are given as

yPn (t) = y (t0) +

∫ t

t0

f (s, yn−1 (s)) ds, (32)

and {
yAn (t) = y (t0) +

∫ t
t0
f (s, yn (s)) ds,

yn (s) = yPn
. (33)

We use the initial condition as initial guess

yPn (t0) = yAn (t0) = 1. (34)

Then, we write

yP1 (t) = y (0) +

∫ t

0

f (s, y0 (s)) ds (35)

= 1− λt.

However, we write

yA1 (t) = y (0) +

∫ t

0

f
(
s, yP1 (s)

)
ds (36)

= 1− λ
(
t− λt2

2

)
= 1− λt+

λ2t2

2

Next iteration can be done as

yP2 (t) = 1 +

∫ t

0

f
(
s, yP1 (s)

)
ds (37)

= 1− λt+
λ2t2

2
.

and

yA2 (t) = y (0) +

∫ t

0

f
(
s, yP2 (s)

)
ds (38)

= 1− λ
(
t− λt2

2
+
λ2t3

6

)
= 1− λt+

λ2t2

2
− λ3t3

6
.
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Using the iterations ∀n ≥ 1, we have the following:

yPn (t) =

n∑
j=0

(−λt)j

j!
(39)

while

yAn (t) =

n+1∑
j=0

(−λt)j

j!
. (40)

Therefore ∣∣yAn (t)− yPn (t)
∣∣ =

∣∣∣∣∣ (−λt)n+1

n!

∣∣∣∣∣ . (41)

The Cauchy sequence comparison test between Picard and our iteration is presented in Figure 1 and
2.

Figure 1. Cauchy sequence comparison test for Picard and our sequences.
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Figure 2. Cauchy sequence comparison test for Picard and our sequences.

The red dot in the above figures shows that the suggested ietration converges than the Picard.

Example 2 We consider the following equation{
y′ (t) = 1 + y (t)

y (0) = y0
. (42)

For y (0) = 1, the exact solution is
y (t) = 2et − 1. (43)

The initial guess is as follows:
yPn (t0) = yAn (t0) = 1. (44)

We get iterations

yP1 (t) = y (0) +

∫ t

0

f (s, y0 (s)) ds (45)

= y (0) +

∫ t

0

(1 + y0 (s)) ds

= 1 +

∫ t

0

2ds = 1 + 2t.
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while

yA1 (t) = y (0) +

∫ t

0

f
(
s, yP1 (s)

)
ds (46)

= 1 +

∫ t

0

(
1 + yP1 (s)

)
ds

= 1 +

∫ t

0

(1 + 2t+ 1) ds

= 1 + 2t+
2t2

2
.

For next step, we have

yP2 (t) = y (0) +

∫ t

0

(
1 + yP1 (s)

)
ds (47)

= 1 + 2t+
2t2

2

and

yA2 (t) = y (0) +

∫ t

0

f
(
s, yP2 (s)

)
ds (48)

= 1 +

∫ t

0

(
2 + 2s+ s2

)
ds

= 1 + 2t+
2t2

2
+

2t3

6
.

For ∀n ≥ 1, we have the following:

yPn (t) = 1 + 2

n∑
j=1

tj

j!
= 2

n∑
j=0

tj

j!
− 1 (49)

while

yAn (t) = 1 + 2

n+1∑
j=1

tj

j!
= 2

n+1∑
j=0

tj

j!
− 1. (50)

It can be easily seen that
lim
n→∞

yPn (t) = 2et − 1 (51)

and
lim
n→∞

yAn (t) = 2et − 1. (52)

Therefore ∣∣yAn (t)− yPn (t)
∣∣ =

2tn+1

(n+ 1)!
. (53)
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Example 3 We consider the following equation{
y′ (t) = 1 + y2 (t)

y (1) = y0
. (54)

By choosing y (1) = 0, we have the exact solution

y (t) = tan (t− 1) . (55)

We write

yP1 (t) = 0 +

∫ t

1

f
(
s, y2

0 (s)
)
ds (56)

= t− 1.

while

yA1 (t) = 0 +

∫ t

0

f
(
s,
[
yP1 (s)

]2)
ds (57)

=

∫ t

1

(
1 + (s− 1)

2
)
ds

=
t3

3
− t2 + 2t− 4

3
.

Note that

(t− 1) +
(t− 1)

3

3
=
t3

3
− t2 + 2t− 4

3
. (58)

Therefore

yA2 (t) = (t− 1) +
(t− 1)

3

3
. (59)

Then, we have

yP2 (t) = (t− 1) +
(t− 1)

3

3
, (60)

yA2 (t) = (t− 1) +
(t− 1)

3

3
+

2 (t− 1)
15

15
.

or ∀n ≥ 1, we have the following:

yPn (t) =

n∑
j=1

(−1)
j−1

22j
(
22j − 1

)
B2j (t− 1)

2j−1

(2j)!
, |t− 1| < π

2
(61)
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where B2j is Bernoulli number. For suggested one, we can have the following:

yAn (t) =

n+1∑
j=1

(−1)
j−1

22j
(
22j − 1

)
B2j (t− 1)

2j−1

(2j)!
, |t− 1| < π

2
. (62)

Therefore, we get

∣∣yAn (t)− yPn (t)
∣∣ =

(t− 1)
2n+1

1.3.5... (2n+ 1)
(63)

=
2n! (t− 1)

2n+1

(n− 1)
(

2
n−1
2

)
!
.

In the next example, we shall compare Taylor’series method, Picard and our iteration.

Example 4 We now consider the following problem{
y′ (t) = t2 − y (t)

y (0) = 1
. (64)

Taylor series formula is achieved as

y′ = t2 − y, y′ (0) = −1

y′′ = 2t− y′, y′′ (0) = 1

y′′′ = 2− y′′, y′′′ (0) = 1

yiv = −y′′′, yiv (0) = −1

yv = −yiv, yiv (0) = 1.

Then, we have

y (t) = 1− t+
t2

2!
− t3

3!
+
t4

4!
− t5

5!
.

By choosing y (1) = 0, we have the exact solution

y (t) = tan (t− 1) . (65)

We write

yP1 (t) = 0 +

∫ t

1

f
(
s, y2

0 (s)
)
ds (66)

= t− 1.
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while

yA1 (t) = 0 +

∫ t

0

f
(
s,
[
yP1 (s)

]2)
ds (67)

=

∫ t

1

(
1 + (s− 1)

2
)
ds

=
t3

3
− t2 + 2t− 4

3
.

Note that

(t− 1) +
(t− 1)

3

3
=
t3

3
− t2 + 2t− 4

3
. (68)

Therefore

yA2 (t) = (t− 1) +
(t− 1)

3

3
. (69)

Then, we have

yP2 (t) = (t− 1) +
(t− 1)

3

3
, (70)

yA2 (t) = (t− 1) +
(t− 1)

3

3
+

2 (t− 1)
15

15
.

or ∀n ≥ 1, we have the following:

yPn (t) =

n∑
j=1

(−1)
j−1

22j
(
22j − 1

)
B2j (t− 1)

2j−1

(2j)!
, |t− 1| < π

2
(71)

where B2j is Bernoulli number. For suggested one, we can have the following:

yAn (t) =

n+1∑
j=1

(−1)
j−1

22j
(
22j − 1

)
B2j (t− 1)

2j−1

(2j)!
, |t− 1| < π

2
. (72)

Therefore, we get

∣∣yAn (t)− yPn (t)
∣∣ =

(t− 1)
2n+1

1.3.5... (2n+ 1)
(73)

=
2n! (t− 1)

2n+1

(n− 1)
(

2
n−1
2

)
!
.

In the next example, we shall compare Taylor’series method, Picard and our iteration.

13



Example 5 We now consider the following problem{
y′ (t) = t2 − y (t)

y (0) = 1
. (74)

By choosing y (0) = 1, we have the exact solution

y (t) = t2 − 2t+ 2− e−t. (75)

Taylor series formula is achieved as

y′ = t2 − y, y′ (0) = −1

y′′ = 2t− y′, y′′ (0) = 1

y′′′ = 2− y′′, y′′′ (0) = 1

yiv = −y′′′, yiv (0) = −1

yv = −yiv, yv (0) = 1.

Then, we have

y (t) = 1− t+
t2

2!
+
t3

3!
− t4

4!
+
t5

5!
. (76)

Using Picard and our iteration, we write

yP1 (t) = 1 +

∫ t

0

(
s2 − y0 (s)

)
ds (77)

= 1− t+
t3

3
.

while

yA1 (t) = 1 +

∫ t

0

f
(
s, yP1 (s)

)
ds (78)

= 1 +

∫ t

0

(
s2 − 1 + s− s3

3

)
ds

= 1− t+
t2

2
+
t3

3
− t4

12
.

Then, we have

yP2 (t) = 1− t+
t2

2
+
t3

3
− t4

12
, (79)

yA2 (t) = 1− t+
t2

2
+
t3

6
− t4

12
+
t5

60

14



and

yP3 (t) = 1− t+
t2

2
+
t3

6
− t4

12
+
t5

60
, (80)

yA3 (t) = 1− t+
t2

2
+
t3

6
− t4

24
+
t5

60
− t6

360
.

3 Investigation of Picard and our iteration under linear growth
condition

In this section, we examine the convergence of Picard iteration and the suggested iteration. the If
the function f (t, y (t)) satisfies the linear growth condition that is ∀t ∈ [t0, T ], then, by recursive,
we have {

y′ (t) = f (t, y (t))
y (t0) = y0

. (81)

With Picard iteration, we have equivalently

|y1 (t)|2 =

∣∣∣∣y (t0) +

∫ t

t0

f (s, y0 (s)) ds

∣∣∣∣2 (82)

≤ 2 |y (t0)|2 + 2

∣∣∣∣∫ t

t0

f (s, y0 (s)) ds

∣∣∣∣2
≤ 2 |y (t0)|2 + 2

∫ t

t0

|f (s, y0 (s))|2 ds.

Using the linear growth condition of f yields

|y1 (t)|2 ≤ 2 |y (t0)|2 + 2

∫ t

t0

K
(

1 + |y0 (s)|2
)
ds (83)

≤ 2 |y (t0)|2 + 2K (t− t0) + 2K

∫ t

t0

|y (t0)|2 ds

≤
[
2 |y (t0)|2 + 2K (t− t0) + 2K (t− t0) |y (t0)|2

]
≤

[
2 |y0|2 (1 + 2K (t− t0))

+ (1 + 2K (t− t0))

]
We now evaluate y2

|y2 (t)|2 =

∣∣∣∣y (t0) +

∫ t

t0

f (s, y1 (s)) ds

∣∣∣∣2 (84)

≤ 2 |y (t0)|2 + 2

∫ t

t0

|f (s, y1 (s))|2 ds.
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Using the linear growth condition of f yields

|y2 (t)|2 ≤ 2 |y (t0)|2 + 2

∫ t

t0

K
(

1 + |y1 (s)|2
)
ds (85)

≤ 2 |y (t0)|2 + 2K (t− t0) + 2K

∫ t

t0

[
2 |y0|2 (1 + 2K (t− t0))

+ (1 + 2K (t− t0))

]
ds

≤


[

2 |y (t0)|2 + 2K (t− t0)

+4K2 (t−t0)2

2 + 4K (t− t0) |y0|2

]
+2K

[(
(t− t0) + 2K (t−t0)2

2

)]


≤

 2 |y0|2
(

1 + 2K (t− t0) + 4K2 (t−t0)2

2

)
+
(

1 + 2K (t− t0) + 4K2 (t−t0)2

2

)  (86)

We next evaluate y3

|y3 (t)|2 =

∣∣∣∣y (t0) +

∫ t

t0

f (s, y2 (s)) ds

∣∣∣∣2 (87)

≤ 2 |y (t0)|2 + 2

∫ t

t0

|f (s, y2 (s))|2 ds.

Using the linear growth condition of f yields

|y3 (t)|2 ≤ 2 |y (t0)|2 + 2

∫ t

t0

K
(

1 + |y2 (s)|2
)
ds (88)

≤ 2 |y (t0)|2 + 2K (t− t0) + 2K

∫ t

t0

|y2 (s)|2 ds

≤ 2 |y (t0)|2 + 2K (t− t0) + 2K

∫ t

t0

 2 |y0|2
(

1 + 2K (t− t0) + 4K2 (t−t0)2

2

)
+
(

1 + 2K (t− t0) + 4K2 (t−t0)2

2

)  ds

≤


2 |y0|2

(
1 + 2K (t− t0) + 4K2 (t−t0)2

2

+8K3 (t−t0)3

6

)

+

(
1 + 2K (t− t0) + 4K2 (t−t0)2

2

+8K3 (t−t0)3

6

)


When we proceed for n, we can get the following
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|yn (t)|2 ≤ 2 |y (t0)|2 + 2

∫ t

t0

K
(

1 + |yn−1 (s)|2
)
ds (89)

≤ 2 |y (t0)|2 + 2K (t− t0) + 2K

∫ t

t0

|yn−1 (s)|2 ds

≤
[
2 |y (t0)|2 + 2K (t− t0) + 2K

∫ t

t0

|yn−1 (s)|2 ds
]

≤
[
2 |y (t0)|2 + 2K (t− t0) + 4K2

∫ t

t0

|yn−1 (s)|2 ds
]

After arranging, we can get

|yn (t)|2 ≤ 2 |y0|2
n∑

m=0

(2K)
m

(t− t0)
m

m!
+

n∑
m=0

(2K)
m

(t− t0)
m

m!
(90)

≤

 exp
[
2K (t− t0) Γ(n+1,2K(t−t0))

Γ(n+1)

]
|y0|2

+ exp
[
2K (t− t0) Γ(n+1,2K(t−t0))

Γ(n+1)

]  .
Taking the limit n→∞, we have

|yn (t)|2 ≤

 exp
[
2K (t− t0) Γ(n+1,2K(t−t0))

Γ(n+1)

]
|y0|2

+ exp
[
2K (t− t0) Γ(n+1,2K(t−t0))

Γ(n+1)

]  (91)

≤ exp (2K (t− t0)) + exp (2K (t− t0)) |y0|2

≤ exp (2K (t− t0))
(

1 + |y0|2
)
.

If y0 = 0, then
|yn (t)|2 ≤ exp (2K (t− t0)) . (92)

We analyze the suggested sequence holds the linear growth condition. If the function f (t, y (t))
satisfies the linear growth condition that is ∀t ∈ [t0, T ], then, by recursive, we have{

y′ (t) = f (t, y (t))
y (t0) = y0

. (93)

or equivalently

|y1 (t)|2 =

∣∣∣∣y (t0) +

∫ t

t0

f (s, y1 (s)) ds

∣∣∣∣2 (94)

≤ 2 |y (t0)|2 + 2

∣∣∣∣∫ t

t0

f (s, y1 (s)) ds

∣∣∣∣2
≤ 2 |y (t0)|2 + 2

∫ t

t0

|f (s, y1 (s))|2 ds.
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Using the linear growth condition of f yields

|y1 (t)|2 ≤ 2 |y (t0)|2 + 2

∫ t

t0

K
(

1 + |y1 (s)|2
)
ds (95)

≤ 2 |y (t0)|2 + 2K (t− t0) + 2K

∫ t

t0

(
|y (t0)|+

∫ s

t0

|f (l, y0 (l))| dl
)2

ds

≤
[

2 |y (t0)|2 + 2K (t− t0) + 4K
∫ t
t0

[y (t0)]
2
ds

+2K
∫ t
t0

2
∫ s
t0

[f (l, y0 (l))]
2
dlds

]

≤
[

2 |y (t0)|2 + 2K (t− t0) + 4K (t− t0) [y (t0)]
2

+4K
∫ t
t0

∫ s
t0
K
(

1 + |y0 (s)|2
)
dlds

]

≤
[

2 |y0|2 + 2K (t− t0) + 4 (t− t0)K |y0|2

+4K2
(

1 + |y0|2
)

(t−t0)2

2

]

≤
[

2 |y0|2 + 2K (t− t0) + 4 (t− t0)K |y0|2

+4K2 (t−t0)2

2 + 4K2 |y0|2 (t−t0)2

2

]

≤

 2 |y0|2
(

1 + 2K (t− t0) + 4K2 (t−t0)2

2

)
+
(

1 + 2K (t− t0) + 4K2 (t−t0)2

2

) 
≤

 |y0|2
(

1 + 2K (t− t0) + 4K2 (t−t0)2

2

)
+
(

1 + 2K (t− t0) + 4K2 (t−t0)2

2

) 
We now evaluate y2

|y2 (t)|2 =

∣∣∣∣y (t0) +

∫ t

t0

f (s, y2 (s)) ds

∣∣∣∣2 (96)

≤ 2 |y (t0)|2 + 2

∫ t

t0

|f (s, y2 (s))|2 ds.

Using the linear growth condition of f yields

|y2 (t)|2 ≤ 2 |y (t0)|2 + 2

∫ t

t0

K
(

1 + |y2 (s)|2
)
ds (97)

≤ 2 |y (t0)|2 + 2K (t− t0) + 2K

∫ t

t0

(
y (t0) +

∫ s

t0

f (l, y1 (l)) dl

)2

ds

≤

 2 |y (t0)|2 + 2K (t− t0) + 2K
∫ t
t0

2 [y (t0)]
2
ds

+2K
∫ t
t0

2
(∫ s

t0
f (l, y1 (l)) dl

)2

ds


18



≤
[

2 |y (t0)|2 + 2K (t− t0) + 4K (t− t0) |y (t0)|2

+4K
∫ t
t0

∫ s
t0
K
(

1 + |y0|2
(

1 + 2K (t− t0) + 4K2 (t−t0)2

2

))
dlds

]

≤


[

2 |y (t0)|2 + 2K (t− t0)

+2K2 (t− t0)
2

+ 4K (t− t0) [y (t0)]
2

]
+4K2

[
|y0|2

(
(t−t0)2

2 + 2K (t−t0)3

6 + 4K2 (t−t0)4

4

)]


≤


|y0|2

(
1 + 2K (t− t0) + 4K2 (t−t0)2

2

+8K3 (t−t0)3

6 + 16K4 (t−t0)4

4

)

+

(
1 + 2K (t− t0) + 4K2 (t−t0)2

2

+8K3 (t−t0)3

6 + 16K4 (t−t0)4

4

)
 .

We next evaluate y3

|y3 (t)|2 =

∣∣∣∣y (t0) +

∫ t

t0

f (s, y3 (s)) ds

∣∣∣∣2 (98)

≤ 2 |y (t0)|2 + 2

∫ t

t0

|f (s, y3 (s))|2 ds.

Using the linear growth condition of f yields

|y3 (t)|2 ≤ 2 |y (t0)|2 + 2

∫ t

t0

K
(

1 + |y3 (s)|2
)
ds (99)

≤ 2 |y (t0)|2 + 2K (t− t0) + 2K

∫ t

t0

(
y (t0) +

∫ s

t0

f (l, y2 (l)) dl

)2

ds

≤

 2 |y (t0)|2 + 2K (t− t0) + 4K
∫ t
t0

[y (t0)]
2
ds

+2K
∫ t
t0

2
(∫ s

t0
f (l, y2 (l)) dl

)2

ds



≤

 2 |y (t0)|2 + 2K (t− t0) + 4K (t− t0) [y (t0)]
2

+4K2
∫ t
t0

∫ s
t0

(
1 + |y0|2

(
1 + 2K (t− t0) + 4K2 (t−t0)2

2

+8K3 (t−t0)3

6 + 16K4 (t−t0)4

4

))
dlds



≤


|y0|2

(
1 + 2K (t− t0) + 4K2 (t−t0)2

2 + 8K3 (t−t0)3

6

+16K4 (t−t0)4

24 + 32K5 (t−t0)5

5! + 64K6 (t−t0)6

6!

)

+

(
1 + 2K (t− t0) + 4K2 (t−t0)2

2 + 8K3 (t−t0)3

6

+16K4 (t−t0)4

24 + 32K5 (t−t0)5

5! + 64K6 (t−t0)6

6!

)

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When we proceed for n, we can get the following

|yn (t)|2 ≤ 2 |y (t0)|2 + 2

∫ t

t0

K
(

1 + |yn (s)|2
)
ds (100)

≤ 2 |y (t0)|2 + 2K (t− t0) + 2K

∫ t

t0

(
y (t0) +

∫ s

t0

f (l, yn−1 (l)) dl

)2

ds

≤

 2 |y (t0)|2 + 2K (t− t0) + 4K
∫ t
t0

[y (t0)]
2
ds

+2K
∫ t
t0

2
(∫ s

t0
f (l, yn−1 (l)) dl

)2

ds


≤

[
2 |y (t0)|2 + 2K (t− t0) + 4K (t− t0) [y (t0)]

2

+4K2
∫ t
t0

∫ s
t0

(
1 + |yn−1 (s)|2

)
dlds

]

After arranging, we can get

|yn (t)|2 ≤ |y0|2
2n∑
m=0

(2K)
m

(t− t0)
m

m!
+

2n∑
m=0

(2K)
m

(t− t0)
m

m!
(101)

≤

 exp
[
2K (t− t0) Γ(2n+1,2K(t−t0))

Γ(2n+1)

]
|y0|2

+ exp
[
2K (t− t0) Γ(2n+1,2K(t−t0))

Γ(2n+1)

]  .
Taking the limit n→∞, we have

|yn (t)|2 ≤

 exp
[
2K (t− t0) Γ(2n+1,2K(t−t0))

Γ(2n+1)

]
|y0|2

+ exp
[
2K (t− t0) Γ(2n+1,2K(t−t0))

Γ(2n+1)

]  (102)

≤ exp (2K (t− t0)) + exp (2K (t− t0)) |y0|2 .

4 High order ordinary differential equations

In this section, we examine the case of high order ODE. We consider the following IVP{
y(n) (t) = f (t, y (t))

yj (t0) = yj0, 0 ≤ j ≤ n− 1.
. (103)

The above equation using the fundamental theorem of calculus is equivalent to{
y (t) =

∑n−1
j=0 y

j (t0) (t−t0)j

j! +
∫ t
t0

∫ τ1
t0

∫ τ2
t0
...
∫ τn−1
t0

f (τn, y (τn)) dτn...dτ1

yj (t0) = yj0, 0 ≤ j ≤ n− 1.
. (104)
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Assuming that f satisfies the condition under Cauchy formula of repeated integral, the above yields{
y (t) =

∑n−1
j=0 y

j (t0) (t−t0)j

j! + 1
(n−1)!

∫ t
t0

(t− τ)
n−1

f (τ , y (τ)) dτ

yj (t0) = yj0, 0 ≤ j ≤ n− 1.
. (105)

Let ỹ0 (t) =
∑n−1
j=0 y

j (t0) (t−t0)j

j! . Thus, we have{
y (t) = ỹ0 (t) + 1

(n−1)!

∫ t
t0

(t− τ)
n−1

f (τ , y (τ)) dτ

yj (t0) = yj0, 0 ≤ j ≤ n− 1.
. (106)

To start our iterative method, we choose

y0 (t) = ỹ0 (t) , (107)
ym (t) = ỹ0 (t) + 1

(n−1)!

∫ t
t0

(t− τ)
n−1

f (τ , ym (τ)) dτ,

ym (t) = ỹ0 (t) + 1
(n−1)!

∫ t
t0

(t− τ)
n−1

f (τ , yn−1 (τ)) dτ

yj (t0) = yj0, 0 ≤ j ≤ n− 1.

. (108)

We shall prove that (ym (t)) is well-defined. However for simplicity, we show the proof when t ∈
[t0, t0 + a]

|ym (t)− ỹ0 (t)| =
1

(n− 1)!

∣∣∣∣∫ t

t0

(t− τ)
n−1

f (τ , ym (τ)) dτ

∣∣∣∣ (109)

≤ 1

(n− 1)!

∫ t

t0

(t− τ)
n−1 |f (τ , ym (τ))| dτ

Providing that f is bounded

|ym (t)− ỹ0 (t)| ≤ M

(n− 1)!

∫ t

t0

(t− τ)
n−1

dτ (110)

≤ M

n (n− 1)!
(t− τ)

n |tt0

≤ M

n!
(t− t0)

n ≤ M

n!
an

≤ M

n!
an < b, a ≤

(
bn!

M

) 1
n

.
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We shall show that (ym (t)) is uniformly bounded.

|ym (t)| =

∣∣∣∣ỹ0 (t) +
1

(n− 1)!

∫ t

t0

(t− τ)
n−1

f (τ , ym (τ)) dτ

∣∣∣∣ (111)

≤ |ỹ0 (t)|+ 1

(n− 1)!

∣∣∣∣∫ t

t0

(t− τ)
n−1

f (τ , ym (τ)) dτ

∣∣∣∣
≤ |ỹ0 (t)|+ 1

(n− 1)!

(t− t0)
n

n
M

≤ |ỹ0 (t)|+ M

n!
an.

Indeed ỹ0 (t) is continuously differentiable

ỹ0 (t) =

n−1∑
j=0

yj (t0)
(t− t0)

j

j!
, (112)

then we apply absolute value on both sides

|ỹ0 (t)| =

∣∣∣∣∣∣
n−1∑
j=0

yj (t0)
(t− t0)

j

j!

∣∣∣∣∣∣ (113)

≤
n−1∑
j=0

∣∣yj (t0)
∣∣ aj
j!

≤ max
0≤j≤n−1

∣∣yj (t0)
∣∣ n−1∑
j=0

aj

j!

≤ max
0≤j≤n−1

∣∣yj (t0)
∣∣ ea.

Replacing all above together yields

|ym (t)| ≤ max
0≤j≤n−1

∣∣yj (t0)
∣∣ ea +

M

n!
an

≤ ea
(

max
0≤j≤n−1

∣∣yj (t0)
∣∣+M

)
. (114)
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Therefore, (ym (t)) is uniformly bounded. We now show that (ym (t)) is equicontinuous. Then, we
write the following such that t1 > t2 ∈ [t0, t0 + a]

|ym (t1)− ym (t2)| =

∣∣∣∣∣∣∣
∑n−1
j=0 y

(j) (t0) (t1−t0)j

j! −
∑n−1
j=0 y

(j) (t0) (t2−t0)j

j!

+ 1
(n−1)!

∫ t1
t0

(t1 − τ)
n−1

f (τ , ym (τ)) dτ

− 1
(n−1)!

∫ t2
t0

(t2 − τ)
n−1

f (τ , ym (τ)) dτ

∣∣∣∣∣∣∣ (115)

≤

∣∣∣∣∣∣
n−1∑
j=0

y(j) (t0)
(t1 − t0)

j

j!
−
n−1∑
j=0

y(j) (t0)
(t2 − t0)

j

j!

∣∣∣∣∣∣
+

1

(n− 1)!

∣∣∣∣∣∣∣
∫ t2
t0

(t1 − τ)
n−1

f (τ , ym (τ)) dτ

−
∫ t2
t0

(t2 − τ)
n−1

f (τ , ym (τ)) dτ

+
∫ t2
t1

(t1 − τ)
n−1

f (τ , ym (τ)) dτ

∣∣∣∣∣∣∣

≤

∣∣∣∣∣∣
n−1∑
j=0

y(j) (t0)
(t1 − t0)

j

j!
−
n−1∑
j=0

y(j) (t0)
(t2 − t0)

j

j!

∣∣∣∣∣∣
+

1

(n− 1)!

∫ t2

t0

∣∣∣(t1 − τ)
n−1 − (t2 − τ)

n−1
∣∣∣ |f (τ , ym (τ))| dτ

+
1

(n− 1)!

∣∣∣∣∫ t2

t1

(t1 − τ)
n−1

f (τ , ym (τ))

∣∣∣∣ dτ
≤

∣∣∣∣∣∣
n−1∑
j=0

max
0≤j≤n−1

∣∣yj (t0)
∣∣{ (t1 − t0)

j

j!
− (t2 − t0)

j

j!

}∣∣∣∣∣∣
+

1

(n− 1)!

∣∣∣∣ (t1 − t0)
n

n
− (t1 − t2)

n

n
− (t2 − t0)

n

n

∣∣∣∣M
+

1

(n− 1)!

(t1 − t2)
n

n
M.
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Noting that the function (t− t0)
j is differentiable, therefore, by the Mean value theorem, we can

find c ∈ [t1 − t0, t2 − t0] such that j (c− t0)
j−1

(t1 − t2) = (t1 − t0)
j − (t2 − t0)

j
. Therefore

|ym (t1)− ym (t2)| ≤

∣∣∣∣∣∣
n−1∑
j=0

max
0≤j≤n−1

∣∣yj (t0)
∣∣{j (c− t0)

j−1

j!
(t1 − t2)

}∣∣∣∣∣∣
+

1

(n− 1)!

∣∣∣∣ (t1 − t0)
n

n
− (t1 − t2)

n

n
− (t2 − t0)

n

n

∣∣∣∣M
+

1

(n− 1)!

(t1 − t2)
n

n
M

≤

∣∣∣∣∣∣
∞∑
j=0

max
0≤j≤n−1

∣∣yj (t0)
∣∣{ (c− t0)

j−1

(j − 1)!
(t1 − t2)

}∣∣∣∣∣∣
+

(c− t0)
n−1

(n− 1)!
(t1 − t2)M +

(t1 − t2)
n

n!
M

≤
{

max
0≤j≤n−1

∣∣yj (t0)
∣∣ e(c−t0) (t1 − t2)

}
+

(c− t0)
n−1

(n− 1)!
(t1 − t2)M +

(t1 − t2)
n

n!
M.

If t1 − t0 ≤ 1, then

|ym (t1)− ym (t2)| ≤
({

max
0≤j≤n−1

∣∣yj (t0)
∣∣ e(c−t0)

}
+

(c− t0)
n−1

(n− 1)!
M +

M

n!

)
(t1 − t2) < ε, (116)

implies
δ <

ε({
max0≤j≤n−1 |yj (t0)| e(c−t0)

}
+ (c−t0)n−1

(n−1)! M + M
n!

) . (117)

If t1 − t2 > 1, then

|ym (t1)− ym (t2)| ≤
({

max
0≤j≤n−1

∣∣yj (t0)
∣∣ e(c−t0)

}
+

(c− t0)
n−1

(n− 1)!
M +

M

n!

)
(t1 − t2)

n
< ε, (118)

implies

δ <

 ε({
max0≤j≤n−1 |yj (t0)| e(c−t0)

}
+ (c−t0)n−1

(n−1)! M + M
n!

)
1/n

. (119)

Under the above condition, uniform continuity holds. By the Arzela-Ascoli theorem, some subse-
quence (ymk

(t)) of ym (t) converges uniformly to y [[10],[11]]. The function f (·, y (·)) is uniformly
limit of f (·, ymk

(·)) on the [t0, t0 + a] . Let ε > 0, since f is continuous on the compact set, we
conclude that it is also uniformly continuous. Thus, by taking δ1 > 0 such that

|f (τ , y1)− f (τ , y2)| < ε if |y1 − y2| < δ. (120)
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But we have that (ymk
(t)) converges uniformly to y, there exists M1 ∈M such that

|ymk
(τ)− y (τ)| < δ1,∀τ ∈ [t0, t0 + a] , k ≥M1. (121)

Thus if k > M, then
|ymk

(τ)− y (τ)| < ε. (122)

Since is uniformly continuous, we have k > M∣∣∣∣∣f (τ , ymk
)

(t− τ)
n−1

(n− 1)!
− f (τ , y)

(t− τ)
n−1

(n− 1)!

∣∣∣∣∣ < ε. (123)

We now fix t ∈ [t0, t0 + a] . For t = t0, we obtain the exact solution. If t > t0,∀k large enough

ymk
(t) = ỹ (t0) +

1

(n− 1)!

∫ t1

t0

(t− τ)
n−1

f (τ , ymk
(τ)) dτ. (124)

Taking limit

lim
k→∞

ymk
(t) = ỹ (t0) + lim

k→∞

1

(n− 1)!

∫ t1

t0

(t− τ)
n−1

f (τ , ymk
(τ)) dτ (125)

and then

ym (t) = ỹ (t0) +
1

(n− 1)!

∫ t1

t0

(t− τ)
n−1

lim
k→∞

f (τ , ymk
(τ)) dτ. (126)

By uniform convergence theorem and uniform of f (·, ymk
(·)) the integral converges to

1

(n− 1)!

∫ t1

t0

(t− τ)
n−1

f (τ , ym (τ)) dτ. (127)

Therefore

ym (t) = ỹ (t0) +
1

(n− 1)!

∫ t1

t0

(t− τ)
n−1

f (τ , ym (τ)) dτ. (128)

Therefore the solution exists. We shall next show the uniqueness.

Example 6 We next consider the following problem{
y′′ (t) = −4y

y (0) = 0, y′ (0) = 2.
. (129)

The exact solution is
y (t) = sin (2t) . (130)
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Using Cauchy formula yields
y1 (t) =

∑n−1
j=0 y

j (t0) (t−t0)j

j! +
∫ t

0
(t− τ) f (τ , y1 (τ)) dτ

= 2t+
∫ t

0
(t− τ)− 8τdτ

= 2t− 4
3 t

3{
y1 (t) = y (0) + 2t+

∫ t
0

(t− τ) 0dτ
= 2t

. (131)

{
y2 (t) = 2t− 4

∫ t
0

(t− τ)
(
2τ − 4

3τ
3
)
dτ

= 2t− 4
3 t

3 + 4
15 t

5 y2 (t) = ỹ0 (t) +
∫ t

0
(t− τ) f (τ , y1 (τ)) dτ

= 2t+
∫ t

0
(t− τ) (−8τ) dτ

= 2t− 4
3 t

3

. (132)

{
y3 (t) = 2t− 4

∫ t
0

(t− τ)
(
2τ − 4

3τ
3 + 4

15τ
5
)
dτ

= 2t− 4
3 t

3 + 4
15 t

5 − 8t7

315 y3 (t) = ỹ0 (t) +
∫ t

0
(t− τ) f (τ , y2 (τ)) dτ

= 2t− 4
∫ t

0
(t− τ)

(
2τ − 4

3τ
3
)
dτ

= 2t− 4
3 t

3 + 4
15 t

5

. (133)

For our iteration, we can have the following:

yn (t) =

n+1∑
j=0

(−1)
j

22j+1t2j+1

(1 + 2j)!
. (134)

It can be easily seen that
lim
n→∞

yn (t) = sin (2t) . (135)

The Cauchy sequence comparison test between Picard and our iteration is performed in Figure 3 and
4.
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Figure 3. Cauchy sequence comparison test between Picard and our iteration.

Figure 4. Cauchy sequence comparison test between Picard and our iteration.
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5 Initial value problems with Caputo-Fabrizio derivative

In this section, we extend the proposed sequence to the Cauchy problem with the Caputo-Fabrizio
fractional derivative. We consider the following nonlinear ordinary differential equation{

CF
0 Dα

t y (t) = f (t, y (t)) , t > 0
y (0) = y0, t = 0

. (136)

Integrating above yields{
y (t) = y (0) + (1− α) f (t, y (t)) + α

∫ t
0
f (τ , y (τ)) dτ, t > 0

y (0) = y0, t = 0
. (137)

We create the following iteration{
yn (t) = y (0) + (1− α) f (t, yn (t)) + α

∫ t
0
f (τ , yn (τ)) dτ, t > 0

y (0) = y0, t = 0
. (138)

To avoid explicit case,we replace for the right hand side yn (t) by yn (t) to obtain{
yn (t) = y (0) + (1− α) f (t, yn (t)) + α

∫ t
0
f (τ , yn (τ)) dτ, t > 0

y (0) = y0, t = 0
. (139)

Here

yn (t) = y (0) + (1− α) f (t, yn−1 (t)) + α

∫ t

0

f (τ , yn−1 (τ)) dτ. (140)

Therefore, the iteration is given as yn (t) = y (0) + (1− α) f (t, yn (t)) + α
∫ t

0
f (τ , yn (τ)) dτ, t > 0

yn (t) = y (0) + (1− α) f (t, yn−1 (t)) + α
∫ t

0
f (τ , yn−1 (τ)) dτ

y (0) = y0, t = 0

. (141)

We should present few step to reach the existence and uniqueness of the equation.

Theorem 7 (Cauchy-Peano): Let us assume that f : [t0 − c, t0 + c]×B (α, β)→ R is continuous
and bounded by M > 0 then the Cauchy problem with Caputo-Fabrizio derivative has a solution.

Proof. Without loss of generality, we consider the analysis within [t0, t0 + λ]. For each n ∈ N,
we want to show that (yn) converges toward (y) which is the solution of our equation. For a fixed
n ∈ N,

|yn (t)− y (0)| ≤ (1− α) |f (t, yn (t))|+ α

∫ t

0

|f (τ , yn (τ))| dτ (142)

≤ (1− α)M + αMt

≤ (1− α)M + αMa

≤ M [(1− α) + αa]

≤ M [1 + αa] .
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Then, we get

|yn (t1)− yn (t2)| ≤ (1− α) |f (t1, yn (t1))− f (t2, yn (t2))| (143)

+α

∣∣∣∣∫ t1

0

f (τ , yn (τ)) dτ −
∫ t2

0

f (τ , yn (τ)) dτ

∣∣∣∣
≤ (1− α)L |yn (t1)− yn (t2)|+ α

∫ t1

t2

|f (τ , yn (τ))| dτ

≤ (1− α)L |yn (t1)− yn (t2)|+ αM (t1 − t2) .

Arranging above leads to

(1 + (α− 1)L) |yn (t1)− yn (t2)| ≤ αM (t1 − t2) . (144)

Therefore, we write

|yn (t1)− yn (t2)| ≤ αM

(1 + (α− 1)L)
(t1 − t2) < ε (145)

δ < ε
(1 + (α− 1)L)

αM
.

Here, we needed f to be bounded and Lipschitz with Lipschitz constant L. Therefore, the sequence
is uniform equicontinuous. By the Arzela-Ascoli theorem, there exists some sequence (ynl) of (yn)
that converges uniformly to y (t) on [t0, t0 + λ]. Indeed, the function f (·, yn (·)) is the uniform limit
of f (·, ynl (·)) . Let fix [t0, t0 + λ] . ∀l suffi ciently large

ynl (t) = y (0) + (1− α) f (t, ynl (t)) + α

∫ t

0

f (τ , ynl (τ)) dτ. (146)

Applying the limit on both sides

lim
l→∞

ynl (t) = y (0) + (1− α) lim
l→∞

f (t, ynl (t)) + α

∫ t

0

lim
l→∞

f (τ , ynl (τ)) dτ. (147)

Then we get

y (t) = y (0) + (1− α) f (t, y (t)) + α

∫ t

0

f (τ , y (τ)) dτ. (148)

For uniqueness, we define the following norm

‖ϕ‖Ω = sup
{
e−L(t−t0) |ϕ (t)|

}
| t ∈ [t0 − λ, t0 + λ] . (149)

Let Λ be the set of continuous function from [t0 − λ, t0 + λ] to B (α, β) . The above norm is equivalent
to the common supremum norm ‖·‖∞ on C [[t0 − λ, t0 + λ]] since

M1 ‖ϕ‖∞ ≤ ‖ϕ‖Ω ≤M2 ‖ϕ‖∞ . (150)
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Ω is therefore equipped with
d (y1, y2) = ‖y1 − y2‖Ω (151)

is complete metric space. We next define the following mapping

(Π1y) (t) = y (0) + (1− α) f (t, y (t)) + α

∫ t

0

f (τ , y (τ)) dτ. (152)

Indeed if y ∈ Λ then (Π1y) is valid. Since y ∈ Λ, then obviously (Π1y) is continuous ∀t ∈
[t0 − λ, t0 + λ]

|(Π1y) (t)− y (0)| = (1− α) |f (t, y (t))|+ α

∫ t

0

|f (τ , y (τ))| dτ (153)

≤ (1− α)M + αMλ < β,

λ <
β

αM
+
α− 1

α
.

Therefore, with the above condition (Π1y) (t) ∈ B (α, β) , therefore (Π1y) (t) ∈ Λ. Let y1, y2 ∈ Λ

‖Π1y1 −Π1y2‖Ω = sup

{
e−Lt |(1− α) (f (t, y1 (t))− f (t, y2 (t)))|
+α

∫ t
0
{f (τ , y1 (τ))− f (τ , y2 (τ))} dτ

}
(154)

≤ sup

{
e−Lt (1− α)L |y1 − y2|

+αe−Lt
∫ t

0
{f (τ , y1 (τ))− f (τ , y2 (τ))} dτ

}
≤ (1− α)L ‖y1 − y2‖Ω + αe−LtL

∫ t

0

‖y1 − y2‖Ω e
Lτdτ

≤ (1− α)L ‖y1 − y2‖Ω + α ‖y1 − y2‖Ω
(
1− e−Lt

)
≤ (1− α)L ‖y1 − y2‖Ω + α ‖y1 − y2‖Ω
≤ ((1− α)L+ α) ‖y1 − y2‖Ω .

To have a contraction, we can write

((1− α)L+ α) < 1⇒ L < 1. (155)

Therefore, our equation has a unique solution y (t) .
Notice that all the presented proof presented above, the formula of yn (t) on the right hand side

was not considered. In the next section, we present the proof by taking into account the definition
of yn (t) on the right hand side. However, note that this will effect mostly equicontinuity of the
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defined sequence

|yn (t1)− yn (t2)| =

∣∣∣∣ (1− α) (f (t1, yn (t1))− f (t2, yn (t2)))

+α
∫ t1

0
f (τ , yn (τ)) dτ −

∫ t2
0
f (τ , yn (τ)) dτ

∣∣∣∣ (156)

≤ (1− α) |f (t1, yn (t1))− f (t2, yn (t2))|+ α

∫ t2

t1

|f (τ , yn (τ))| dτ

≤ (1− α)L |yn (t1)− yn (t2)|+ αM |t1 − t2|

≤ (1− α)L

∣∣∣∣∫ t1

0

f (τ , yn−1 (τ)) dτ −
∫ t2

0

f (τ , yn−1 (τ)) dτ

∣∣∣∣+ αM |t1 − t2|

≤ (1− α)L

∫ t2

t1

|f (τ , yn−1 (τ))| dτ + αM |t1 − t2|

≤ (1− α)L

∫ t2

t1

|f (τ , yn−1 (τ))| dτ + αM |t1 − t2|

≤ (1− α)LM |t1 − t2|+ αM

≤ |t1 − t2| ((1− α)LM + αM) < ε.

Then
δ <

ε

M (L+ α)
. (157)

6 Application of the linear growth condition for Picard and
our iteration

In this section, we examine the convergence of Picard iteration and the suggested iteration. the If
the function f (t, y (t)) satisfies the linear growth condition that is ∀t ∈ [t0, T ], then, by recursive,
we have {

CFDα
t y (t) = f (t, y (t))
y (t0) = y0

. (158)

or equivalently

|y1 (t)|2 =

∣∣∣∣y (t0) + (1− α) f (t, y0 (t)) + α

∫ t

t0

f (s, y0 (s)) ds

∣∣∣∣2 (159)

≤ 3 |y (t0)|2 + 3 (1− α)
2 |f (t, y0 (t))|2 + 3α2

∫ t

t0

|f (s, y0 (s))|2 ds.
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Using the linear growth condition of f yields

|y1 (t)|2 ≤ 3 |y (t0)|2 + 3 (1− α)
2
K
(

1 + |y0 (t)|2
)

+ 3α2

∫ t

t0

K
(

1 + |y0 (s)|2
)
ds (160)

≤ 3 |y (t0)|2 + 3 (1− α)
2
K
(

1 + |y0 (t)|2
)

+ 3α2K (t− t0) + 3α2K

∫ t

t0

|y (t0)|2 ds

≤ 3 |y (t0)|2 + 3 (1− α)
2
K
(

1 + |y0 (t)|2
)

+ 3α2K (t− t0) + 3α2K (t− t0) |y (t0)|2

≤ 3

[
|y (t0)|2

(
1 + (1− α)

2
K + α2K (t− t0)

)
+1 (1− α)

2
K + α2K (t− t0)

]

≤

 3 |y (t0)|2
(

1 + 3 (1− α)
2
K + 3α2K (t− t0)

)
+
(

1 + 3 (1− α)
2
K + 3α2K (t− t0)

) 
≤

[
3 |y (t0)|2 (B1 +B1 (t− t0))

+ (B1 +B1 (t− t0))

]

where B1 = max
{

1 + 3 (1− α)
2
K, 3α2K

}
. We now evaluate y2

|y2 (t)|2 =

∣∣∣∣y (t0) + (1− α) f (t, y1 (t)) + α

∫ t

t0

f (s, y1 (s)) ds

∣∣∣∣2 (161)

≤ 3 |y (t0)|2 + 3 (1− α)
2 |f (t, y1 (t))|2 + 3α2

∫ t

t0

|f (s, y1 (s))|2 ds.

Using the linear growth condition for the function f (s, y1 (s)) yields

|y2 (t)|2 ≤ 3 |y (t0)|2 + 3 (1− α)
2
K
(

1 + |y1 (t)|2
)

+ 3α2K

∫ t

t0

(
1 + |y1|2

)
ds (162)

≤ 3 |y (t0)|2 + 3 (1− α)
2
K

1 +

 3 |y (t0)|2
(

1 + 3 (1− α)
2
K + 3α2K (t− t0)

)
+
(

1 + 3K (1− α)
2

+ 3α2K (t− t0)
) 

+3α2K

∫ t

t0

1 +

 3 |y (t0)|2
(

1 + 3 (1− α)
2
K + 3α2K (t− t0)

)
+
(

1 + 3K (1− α)
2

+ 3α2K (t− t0)
)  ds
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≤ 3 |y (t0)|2 + 3 (1− α)
2
K + 3 (1− α)

2
K

 3 |y (t0)|2
(

1 + 3 (1− α)
2
K + 3α2K (t− t0)

)
+
(

1 + 3K (1− α)
2

+ 3α2K (t− t0)
) 

+3α2K (t− t0) + 3α2K

 3 |y (t0)|2
((

1 + 3 (1− α)
2
K
)

(t− t0) + 3α2K (t−t0)2

2

)
+
((

1 + 3 (1− α)
2
K
)

(t− t0) + 3α2K (t−t0)2

2

) 
≤

[
B2 +B2 (t− t0) +B2

(t− t0)
2

2

]
+ 3 |y (t0)|2

[
B2 +B2 (t− t0) +B2

(t− t0)
2

2

]

≤ B2

(
1 + (t− t0) +

(t− t0)
2

2

)
+ 3B2 |y (t0)|2

(
1 + (t− t0) +

(t− t0)
2

2

)

where B2 =
{

1 + 6 (1− α)
2

+ 9 (1− α)
4
K, 3α2K

(
1 + 3 (1− α)

2
K
)
, 9α4K2

}
When we proceed for

n, we can get the following

|yn (t)|2 ≤ 3 |y (t0)|2 + 3 (1− α)
2 |f (t, yn−1 (t))|2 + 3α2

∫ t

t0

|f (s, yn−1 (s))|2 ds (163)

≤ 3 |y (tn−1)|2 + 3 (1− α)
2
K
(

1 + |yn−1 (s)|2
)

+ 3α2K

∫ t

t0

(
1 + |yn−1 (s)|2

)
ds

≤ 3 |y (tn−1)|2 + 3 (1− α)
2
K + 3α2K (t− t0)

+3 (1− α)
2
K |yn−1 (s)|2 + 3α2K

∫ t

t0

(
|yn−1 (s)|2

)
ds

After arranging, we can get

|yn (t)|2 ≤
[

3 |y0|2
n∑

m=0

Bα,K
(t− t0)

m

m!
+

n∑
m=0

Bα,K
(t− t0)

m

m!

]
(164)

≤ 3Bα,K exp [K (t− t0)] |y0|2 +Bα,K exp [K (t− t0)] .

where Bα,K is the maximum value of the coeffi cients. Taking the limit n→∞, we have

|yn (t)|2 ≤ 3Bα,K exp [K (t− t0)] |y0|2 +Bα,K exp [K (t− t0)] . (165)

We can verify convergence for our sequence. If the function f (t, y (t)) satisfies the linear growth
condition that is ∀t ∈ [t0, T ], then, by recursive, we have{

CFDα
t (t) = f (t, y (t))
y (t0) = y0

. (166)
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or equivalently

|y1 (t)|2 =

∣∣∣∣y (t0) + (1− α) f (t, y0 (t)) + α

∫ t

t0

f (s, y1 (s)) ds

∣∣∣∣2 (167)

≤ 3 |y (t0)|2 + 3 (1− α)
2
K
(

1 + |y1 (t)|2
)

+ 3α2

∫ t

t0

|f (s, y1 (s))|2 ds.

Using the linear growth condition of f yields

|y1 (t)|2 ≤ 3 |y (t0)|2 + 3 (1− α)
2
K
(

1 + |y1 (t)|2
)

+ 3α2

∫ t

t0

K
(

1 + |y1 (s)|2
)
ds (168)

≤ 3 |y (t0)|2 + 3 (1− α)
2
K +

(
3 (1− α)

2
K

(
|y (t0)|+

∫ s

t0

|f (l, y0 (l))| dl
)2
)

+3α2K (t− t0) + 3α2K

∫ t

t0

(
|y (t0)|+

∫ s

t0

|f (l, y0 (l))| dl
)2

ds

≤ 3 (1− α)
2
K +

(
3α2K + 6 (1− α)

2
K
)

(t− t0) + 3 |y (t0)|2

+6 (1− α)
2
K |y (t0)|2 + 6 (1− α)

2
K (t− t0) |y (t0)|2

+6α2K |y (t0)|2 (t− t0) + 6α2K2 (t− t0)
2

2
+ 6α2K2 |y0 (t)|2 (t− t0)

2

2

≤ 3

(
1 + 2 (1− α)

2
K +

(
2α2K + 2 (1− α)

2
K
)

(t− t0) + 2α2K2 (t− t0)
2

2

)

+3 |y (t0)|2
(

1 + 2 (1− α)
2
K +

(
2α2K + 2 (1− α)

2
K
)

(t− t0) + 2α2K2 (t− t0)
2

2

)
.

We next proceed for n

|yn (t)|2 ≤ 3 |y (t0)|2 + 3 (1− α)
2 ∣∣f (t, yn−1 (t)

)∣∣2 + 3α2

∫ t

t0

∣∣f (s, yn−1 (s)
)∣∣2 ds (169)

≤ 3 |y (tn−1)|2 + 3 (1− α)
2
K
(

1 +
∣∣yn−1 (s)

∣∣2)+ 3α2K

∫ t

t0

(
1 +

∣∣yn−1 (s)
∣∣2) ds

≤ 3 |y (tn−1)|2 + 3 (1− α)
2
K + 3α2K (t− t0)

+3 (1− α)
2
K |yn−1 (s)|2 + 3α2K

∫ t

t0

(
|yn−1 (s)|2

)
ds
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After arranging, we can get

|yn (t)|2 ≤
[

3 |y0|2
n+1∑
m=0

Bα,K
(t− t0)

m

m!
+

n+1∑
m=0

Bα,K
(t− t0)

m

m!

]
(170)

≤ 3Bα,K exp [K (t− t0)] |y0|2 +Bα,K exp [K (t− t0)] .

7 Conclusion

The class with a classical derivative and the class with a fractional derivative based on the Caputo-
Fabrizio derivative were the two types of initial value issues for ordinary nonlinear differential equa-
tions that were taken into consideration. We offered an iterative approach for resolving nonlinear
differential equations. For both situations, we have demonstrated that, under some circumstances,
the sequence converges toward a solution. By resolving a few linear and nonlinear equations, we
were able to compare our findings to those of Picard. The comparison’s findings demonstrated that
the recommended iteration converges more quickly than the Picard iteration.
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