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Abstract

We review how to simulate continuous determinantal point pro-
cesses (DPPs) and improve the current simulation algorithms in sev-
eral important special cases as well as detail how certain types of
conditional simulation can be carried out. Importantly we show how
to speed up the simulation of the widely used Fourier based projec-
tion DPPs, which arise as approximations of more general DPPs. The
algorithms are implemented and published as open source software.

Keywords: spatial point process, condition simulation, Ginibre pro-
cess, Mercer decomposition, prolate spheroidal functions.

1 Introduction
Since the seminal work by A. Kulesza and B. Taskar [22], discrete DPPs
defined on a finite set t1, . . . , Nu have become popular objects in the machine
learning community to generate diverse random subsets, the main application
being for recommandation systems. Discrete DPPs are defined through a
kernel matrix of size N ˆ N , which is often assumed to be Hermitian. The
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default algorithm to make perfect simulation of discrete DPPs, the so-called
spectral algorithm of [21], starts from an orthonormal eigendecomposition
of this matrix. Since this decomposition may be costly to obtain, and even
unfeasible for large N , other options have been developed, from approximate
algorithms [2; 28] to alternative perfect simulation strategies [15; 14; 36; 23].

On the other side, continuous DPPs generally refer to DPPs defined on
the Euclidean space Rd. They constitute the initial setting of O. Macchi
[30] who introduced these processes in their current form to model the dis-
tribution of a fermion system in statistical physics. Continuous DPPs find
applications in machine learning [1], spatial statistics [25], telecommunica-
tions [13; 31] and Monte Carlo approximations [4; 5; 10]. They are defined
through a kernel K which in this setting is a function Kpx, yq, x, y P Rd,
that must satisfy some properties to ensure existence of the continuous DPP
as detailed in Section 2. The spectral algorithm of [21] to simulate contin-
uous DPPs on a compact set S Ă Rd is in general feasible only if we know
the spectral representation (also called Mercer representation) of K on S.
While this representation always exists in theory, it is in general intractable.
Unfortunately, the aforementioned alternative perfect simulation strategies
developed in the discrete case do not apply to the continuous case, and their
extension to this setting is a difficult open challenge. For these reasons,
there is still an avenue to improve simulation of continuous DPPs. This pa-
per addresses this question for projection DPPs and other important classes
of DPPs, including the β-Ginibre process, the Gaussian-type DPP and the
Bessel-type DPP.

A projection DPP on a bounded subset S Ă Rd corresponds to the spe-
cial case where K satisfies the identity

ş

S
Kpx, zqKpz, yqdz “ Kpx, yq. This

class of DPPs is of particular interest for several reasons. First, unlike gen-
eral DPPs, projection DPPs generate a fixed number of points in S, equal to
n “

ş

S
Kpx, xqdx. Second, they correspond to the most repulsive DPPs, since

their (non null) eigenvalues in their spectral representation are all identically
equal to 1, the maximal possible value. Third, the simulation algorithm of
[21] for a general DPP, provided its spectral representation is known, boils
down to the simulation of an associated projection DPP. A first contribution
of this paper, carried out in Section 3, is to review and improve the simu-
lation algorithms of projection DPPs. An important particularity of these
processes is that they can be perfectly simulated without knowing the spec-
tral representation of their kernel; see Algorithm 1. Nonetheless, if we have
access to this representation, then the well-known spectral algorithm (Algo-
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rithm 2) is more efficient. As a special case, we give a particular account
of the case when the eigenfunctions of the spectral decomposition are the
Fourier basis functions on S. This case plays an important role both because
it gives rise to an homogeneous projection DPP on S and because it is at
the heart of the spectral approximation of general invariant-translation ker-
nels in [25]. For this basis, we refine the spectral algorithm to decrease the
computation time by up to 45% in dimension d “ 1 and up to 25% in d “ 2;
see Algorithm 3. Finally, we show how Algorithm 1 and Algorithm 2 can
be combined to perform conditional simulation of a projection DPP given a
subset of points on S, including in-painting conditional simulation.

For general (non projection) DPPs, the standard simulation procedure
consists in approximating the spectral representation of their kernel in order
to apply the algorithm of [21]; see [25; 1]. We do not discuss these kinds of
approximation here, but as a second contribution, we rather focus on impor-
tant classes of DPPs for which the spectral representation can be obtained
explicitly on some subset S. In particular, we investigate in details in Sec-
tion 4 the β-Ginibre process [17; 13], a generalisation of the famous standard
Ginibre process [16]. For this model, we provide a simulation algorithm based
on the exact spectral representation of the kernel, and we compare it to the
simulation based on the eigenvalues of a random matrix (sometimes referred
to as the truncated β-Ginibre approximation). Moreover, we also derive in
Section 5 the spectral representation of Gaussian kernels and Bessel-type
kernels, two widely used parametric models in spatial statistics, opening the
way of perfect simulation for these models.

All algorithms presented in Sections 3 and 4 are available in an R-package
[37] currently available on https://github.com/rubak/dppsim and planned
for submission to the Comprehensive R Archive Network (CRAN). The pack-
age includes functions for simulation and conditional simulation of any pro-
jection DPP, and simulation of the β-Ginibre process by the spectral algo-
rithm and the truncated β-Ginibre approximation.

2 Preliminaries
Throughout the manuscript the notation |.| has different meanings: for a
complex number z P C, |z| denotes its modulus; for a vector x, |x| is its
infinite norm; if J is a finite set, then |J | stands for its cardinality; if S is an
infinite set, then |S| is its volume. On the other hand, }.} will either refer

3

https://github.com/rubak/dppsim


to the vectorial `2 norm, or to the functional L2 norm, depending on the
context. For two vectors x and y, x ¨ y denotes their inner product. For a
matrix A, we denote by A1 its transpose and by A˚ its conjugate transpose.

2.1 DPPs and basic properties
Let X be a point process on Rd (we refer to [33] for background material on
spatial point processes). If there exists a non-negative function ρn : pRdqn Ñ

R such that

E
‰
ÿ

x1,...,xnPX

fpx1, . . . , xnq “

ż

pRdqn

fpx1, . . . , xnqρnpx1, . . . , xnqdx1 ¨ ¨ ¨ dxn,

for all locally integrable functions f : pRdqn Ñ R, where the symbol ‰
means that the sum is done for distinct xi, then ρn is called the n-th order
joint intensity function of X. Intuitively, ρnpx1, . . . , xnq is the infinitesimal
probability that X contains points (among others) located at x1, . . . , xn.

We say that X is a DPP on S Ď Rd with kernel K : S ˆ S Ñ C if for all
n ě 1, the joint intensity ρn of X exists and is of the form

ρnpx1, . . . , xnq “ detrKpxk, xlqs1ďk,lďn (1)

for all tx1, . . . , xnu Ă S, where rKpxk, xlqs1ďk,lďn denotes the matrix with
entries Kpxk, xlq.

Some conditions on K are necessary to ensure the existence of X, which
depend on whether X is defined on all of Rd or a compact subset S Ă Rd.
First, assume that S is a compact set and that K is Hermitian and continuous
on S ˆ S, then by Mercer’s Theorem it admits the spectral representation

Kpx, yq “
ÿ

kě1
λkΦkpxqsΦkpyq, x, y P S, (2)

for some eigenvalues λk and orthonormal eigenfunctions Φk on S, for k “
1, 2, . . . . (In typical applications k P Zd, but for convenience we use a natural
number index here.) A necessary and sufficient condition for existence of a
DPP X on S with kernel K is that λk P r0, 1s for all k “ 1, 2, . . . . We refer the
reader to [21] for details and more results. Second, assume that K is invariant
under translation on Rd, i.e. Kpx, yq “ K0px´ yq for some function K0, then
a sufficient condition for existence of the DPP with kernel K on Rd (and
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then on any subset S Ă Rd) is that K0 is a continuous covariance function
on Rd whose Fourier transform is less than 1; see [25]. Note that to check the
latter condition it is not necessary to know the spectral representation (2)
of K on any subset S. In the following, we will assume that the considered
DPPs exist (conditions will be recalled for each specific example).

Let us recall some important properties of DPPs [25].

(i) The (first order) intensity of a DPP X on S is by definition ρpxq “
Kpx, xq, x P S. We say that X is homogeneous if ρpxq is constant.

(ii) Its pair correlation function, defined by gpx, yq “ ρ2px, yq{pρpxqρpyqq,
reads

gpx, yq “ 1´ |Kpx, yq|2

Kpx, xqKpy, yq
, x, y P S,

whenever K is Hermitian, which we assume henceforth. The fact that
gpx, yq ď 1 reflects that DPPs are models for repulsiveness in a point
pattern.

(iii) Suppose we apply an independent thinning of X with retention prob-
abilities ppxq, x P S, then the resulting process is still a DPP with
kernel Kpx, yq

a

ppxqppyq. In particular, the restriction of X to any
subset S 1 Ă S is the DPP with kernel Kpx, yq1xPS11yPS1 .

(iv) Any smooth transformation of X remains a DPP. For example, let
T pxq “ Ax`b, x P Rd, be an affine transformation on Rd with detpAq ‰
0, then T pXq is the DPP on T pSq with kernel KpA´1px ´ bq, A´1py ´
bqq{| detpAq|.

As mentioned in the introduction, an important special class of DPPs is
the class of projection DPPs on bounded S Ă Rd. Their kernel K satisfies
ş

S
Kpx, zqKpz, yqdz “ Kpx, yq and they generate a fixed number of n points

in S, where n “
ş

S
Kpx, xqdx. Their eigenvalues in (2) take only two possible

values, 0 or 1, exactly n of them being 1, the others being 0.
Assume now that all eigenvalues of K in (2) are strictly less than 1.

Then, the probability density that X has n points located at x1, . . . , xn
(sometimes called likelihood or Janossy density of X) is proportional to
detrLpxk, xlqs1ďk,lďn, where L is the kernel defined by

Lpx, yq “
ÿ

kě1

λk
1´ λk

ΦkpxqsΦkpyq, x, y P S.
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It is common in the machine learning community to define X from this L-
kernel, instead of its K-kernel, meaning that X is defined through its Janossy
densities instead of its joint intensities ρn. If λk ă 1 for all k, both point
of views are equivalent and the spectral representation of K can be deduced
from that of L, and vice-versa. On one hand, the advantage of defining X
from L is that the eigenvalues of L are not restricted to be less than 1 for X
to be well defined and the likelihood function is easier to understand. On the
other hand, defining X through L implies that the moments of X become
unknown, contrary to (i) and (ii) above. Moreover some DPPs, including
projection DPPs for which λk P t0, 1u, cannot be defined through a L-kernel.
Note however that in [42], extended L-ensembles are introduced and fill this
gap (the main setting of that paper concerns discrete DPPs but it is is argued
in conclusion that the extension to the continuous setting is straightforward).
In this paper we start from the K-kernel and we consider the simulation of
X given K.

2.2 Overview of simulation methods
2.2.1 Projection DPPs

For projection DPPs on a compact set S Ă Rd, perfect simulation algorithms
are available, whatever the spectral representation of the kernel is known or
not. We detail these algorithms in Section 3.1. The idea is to generate the
first point of the DPP with respect to the unnormalised density Kpx, xq on S,
then to generate the second point given the first one with respect to the as-
sociated conditional density on S, and so on. The difficulty in this procedure
is to be able to simulate, at each step, a point with respect to the condi-
tional density given the previous points. Figure 1 shows examples of such
conditional densities at intermediate steps of the algorithm when simulating
a homogeneous projection DPP having 121 points on the unit square with
Kpx, yq “

ř

|j|ď5 e
ij¨px´yq for x, y P r0, 1s2 and j P Z2 (where i “

?
´1 and the

unit square in R2 is identified with the unit square in C). The top left hand
plot is the density of the 20th point given the 19 first points while the top
right hand plot shows the density of the last (121st) point given the first 120
points. The bottom row plots are the same plots on log scale. The simulation
with respect to these conditional densities is commonly achieved by rejection
sampling where the proposal is the unnormalised density Kpx, xq. This pro-
cedure can be extremely costly in the last steps of the algorithm where many
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Figure 1: Conditional density pi at intermediate steps of Algorithms 1 and 2,
for the Fourier basis and n “ 121 on the unit square. Top row is untrans-
formed values while the bottom row is in log scale. Left: density of the 20th
point given the 19 first ones (superimposed as white circles); right: density
of the last point given the preciding 120 points.

rejections may occur due to the complicated shape of the conditional density.
Currently there seems to be no general way to avoid the costly rejection

sampling step, but in Section 3.2 we show how to significantly accelerate it
in the important particular case where the eigenfunctions of K correspond to
the Fourier basis functions. Moreover, the fact that it is possible to simulate
a projection DPP without knowing its spectral representation opens the way
to perform conditional simulation, including in-painting, as we discuss it in
Section 3.3.
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2.2.2 Non-projection DPPs

If the DPP is not a projection DPP, then the standard algorithm to generate
it on S, due to [21], starts from the spectral representation (2) of K on
S. It consists in first, generating a sequence of Bernoulli variables Bk with
respective rates λk (note that only a finite number of Bk’s are non-zero since
ř

kě1 λk ă 8), and second, given pBkqkě1, generating the projection DPP
with kernel

ř

kě1 BkΦkpxqsΦkpyq.
In Sections 4 and 5, we show that the exact spectral representation (2)

of the β-Ginibre kernel, the Gaussian kernel, and the Bessel-type kernel is
available on some sets S, opening the possibility of perfect simulation for the
associated DPPs on these sets (and any subset thereof). We in particular
treat in detail the β-Ginibre process, for which we provide efficient simulation
algorithms in Section 4.

However, for most kernels and sets S, the expansion (2) is not known. To
overcome this issue we may:

• Consider an approximation of (2). For any translation invariant kernel
on a rectangular set S, a Fourier series approximation is proposed in
[25], and when the DPP is defined through the L-kernel, a Nyström
based approximation is suggested in [1].

• Using property (iv) of the previous section, consider a smooth trans-
formation Y “ T pXq, where the spectral representation of Y on T pSq
is known or can be approximated, then generate Y on T pSq and de-
duce X “ T´1pY q. In particular, by this property, the simulation of a
DPP on any rectangular (resp. any ellipsoid) set S boils down to the
simulation on the unit square (resp. on the unit disc).

• Using property (iii), view X as an independent thinning of some DPP
Y whose spectral representation is known or can be approximated, then
generate Y and get X by thinning. This includes in particular the sim-
ulation of X on any subset S 1 of S, provided we know how to generate
X on S. This strategy is also possible for any non-stationary DPP X
whose kernel reads K0px´yq

a

ρpxqρpyq with K0p0q “ 1, provided ρpxq
is uniformly bounded on S.

If X is defined through its L-kernel, the simulation challenge is similar:
one needs to know or approximate the spectral representation of L in order to
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deduce K and use the procedure above. Let us however mention an alterna-
tive solution that does not require the spectral representation of L: knowing
L on S allows one to have access to the Papangelou intensity of X on S. This
opens the possibility to use a CFTP algorithm to simulate perfectly X on S,
provided

ş

S
Lpx, xqdx ă 8, as considered in [11, Section 5.2]. Unfortunately

this procedure can be very slow.

3 Simulation of a projection DPP

3.1 Basic algorithms
Assume that X „ DPP pKq is a projection DPP with cardinality n on a
compact set S Ă Rd. Then we can simulate X on S with Algorithm 1 below.
This algorithm is justified in [21]; see also [29, Section 3.5] and Appendix A.1.
Note that explicit knowledge of the spectral representation (2) of K is not
required. This is useful in some situations where we know that DPP pKq
exists but no spectral representation, and even no accurate approximation of
it, is available for K. This will be the case for the kernel K involved in the
inpainting conditional simulation of Section 3.3.

Algorithm 1 Projection DPP without using the spectral representation
sample Xn from the distribution with density pnpxq “ Kpx, xq{n, x P S
for i “ pn´ 1q to 1 do

set k˚i pxq “ pKpx,Xnq, . . . , Kpx,Xi`1qq and Ki “ pKpXj, Xlqqněj,lěi`1
sample Xi from the distribution with density

pipxq “
1
i

“

Kpx, xq ´ k˚i pxqK´1
i kipxq

‰

, x P S (3)

end for
return tX1, . . . , Xnu

On the other hand, if we have access to the spectral representation of
K, the conditional density pi in (3) can be recast to get the more efficient
Algorithm 2. Some justification for this is given in Appendix A.1 and more
details can be found in [25]. Here, we assume without loss of generality that
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the spectral representation of K reads

Kpx, yq “
n
ÿ

k“1
ΦkpxqΦ̄kpyq, x, y P S, (4)

and we set vpxq “ pΦ1pxq, . . . ,Φnpxqq
1.

Algorithm 2 Projection DPP using the spectral representation (4)
sample Xn from the distribution with density pnpxq “ }vpxq}2{n, x P S
set e1 “ vpXnq{}vpXnq}

for i “ pn´ 1q to 1 do
sample Xi from the distribution with density

pipxq “
1
i

«

}vpxq}2 ´
n´i
ÿ

j“1
|e˚jvpxq|

2

ff

, x P S (5)

set wi “ vpXiq ´
řn´i
j“1

`

e˚jvpXiq
˘

ej, en´i`1 “ wi{}wi}

end for
return tX1, . . . , Xnu

To appreciate why the computation of pi is faster with Algorithm 2 than
with Algorithm 1, take for instance the evaluation of the second term in (3).
For each proposed x it requires the computation of kipxq that itself requires
n ´ i evaluations of the vector vpxq along with the n ´ i vectors vpXjq for
i ` 1 ď j ď n. In contrast, only one evaluation of vpxq is required for the
same term in Algorithm 2 since the ej’s are stored from the previous step.

From a practical point of view, we need to be able to generate a point
with respect to pi, whether we use Algorithm 1 or 2. This is in fact the
bottleneck of these simulation methods. The standard procedure consists
in rejection sampling, where the proposal can be deduced from the bound
ipipxq ď Kpx, xq. Two strategies are then possible:

• Strategy 1: If we know how to simulate with respect to the distribution
on S with density Kpx, xq{n, then this distribution can be chosen as
the proposal. Specifically, if Z is a point generated by this proposal and
U „ Upr0, 1sq independent of Z, we accept Z if ipipZq{Kpx, xq ą U .
The probability of acceptance is i{n.

10



• Strategy 2: If we only know an upper-bound for Kpx, xq, i.e. Kpx, xq ď
M for all x P S, then pipxq ďM{i and rejection sampling can be applied
where the proposal is the uniform distribution on S. Specifically, if Z
is generated uniformly on S and U „ Upr0, 1sq independent of Z, we
accept Z if ipipZq{M ą U . The probability of acceptance is i{pM |S|q.

The second strategy is always an option in practice, provided we initially
approximate the upper-bound M numerically. Note that given S and K,
this bound can be found offline and once for all.

Remark 3.1. A natural and commonly used idea in spatial statistics consists
in leveraging the local contribution of a point process to generate a new point
given the other ones. Unfortunately, the conditional density pi is not well
localised, especially in presence of many conditional points, which corresponds
to the smallest values of i or equivalently to the last (most time consuming)
steps of the simulation algorithms, ruling out the idea of localisation. This
is clearly illustrated in Figure 1: While in the first steps of the algorithm
(left hand plots) pi seems to be localised around the conditional points, the
picture looks different in the right hand plots, where some “empty” regions
are associated to very small values of the density pi, whereas other seemingly
similar regions are associated with a high density. This effect is particularly
evident in the bottom right hand plot on log scale, that shows quite stunning
long range dependencies in pi. This demonstrates that not only the neighbour
points of these regions impact the values of pi, but really the whole point
pattern.

3.2 Refinement for the Fourier basis
The Fourier basis plays an important special role in continuous DPPs for its
simplicity, the homogeneity and the repulsiveness it yields [10], and the fact
that it is at the heart of the spectral approximation of invariant-translation
kernels in [25]. Let us assume for simplicity that S “ r0, 1sd (remember that
the simulation on any rectangular windows boils down to this case). The
kernel of a projection DPP on S based on the Fourier basis reads

Kpx, yq “
ÿ

jPJ

e2iπj¨px´yq,

where J Ă Zd is some finite subset of Zd with cardinality |J | “ n.
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In this case, the more efficient Algorithm 2 is feasible and the two afore-
mentioned strategies for the simulation with respect to pi are similar since
Kpx, xq “ n (then M “ n in Strategy 2). The Algorithm builds on rejection
sampling with the uniform distribution as a proposal. The costly part in this
procedure is the evaluation of pipZq for any proposed point Z generated from
the uniform distribution on S, which becomes all the more problematic in the
last steps of the i-loop in Algorithm 2 when many rejections are expected,
the probability of acceptance then being of order 1{n.

To accelerate the procedure, we suggest to exploit the following bound;
see Appendix B:

ipipxq{n ď min
i`1ďkďn

p1, P px´Xkq{nq , (6)

where

P pxq “ 4π2
ÿ

jPJ

pj ¨ xq2 ´
4π2

n

˜

ÿ

jPJ

j ¨ x

¸2

is a second-order polynomial depending on d-variables. Note that the coeffi-
cients of P only depend on the index set J and can thus be computed offline
before running Algorithm 2. The inequality (6) provides a simple first bound
to test against in the rejecting sampling procedure, avoiding the more costly
evaluation of pi for many proposed points. The refined rejection sampling
procedure is detailed in Algorithm 3.

Algorithm 3 Refined rejection sampling for pi with the Fourier basis
repeat

sample Z from the uniform distribution on S
generate U „ Upr0, 1sq independent of Z
if mini`1ďkďn P pZ ´Xkq{n ă U then

reject Z
else if ipipZq{n ą U then

accept Z
else

reject Z
end if

until Z is accepted

We tested the performance of this refinement by simulation. Table 1
reports the fraction of time needed to generate different point patterns in
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dimension d “ 2 by using Algorithm 3 compared to using simple rejection
sampling. The entries are averaged over 500 replications. The tested models
are first, the projection DPP with kernel Kpx, yq “

ř

|j|ď` e
ij¨px´yq, that leads

to a cardinality of n “ p2``1q2 points, which we call “most repulsive” kernel
with intensity ρ “ n in Table 1, and second, the Gaussian-type DPP (see
Section 5.1) with a comparable intensity ρ “ n and an interaction parameter
α “ αmax (strong repulsion) and α “ αmax{2 (mild repulsion). Here αmax “

1{?ρπ is the maximal possible value of α for a Gaussian-type DPP with
intensity ρ, and the simulation exploits the Fourier approximation of (2) as
introduced in [25], making the use of Algorithm 3 relevant. Table 1 also
reports the “bound rate” which summarises how often the bound (6) was
used on average. This rate was empirically quite stable across the different
values of ρ that we implemented and this is why only a single number is
given. Specifically, a bound rate of 0.40 means that 40% of the rejections in
the algorithm was done directly thanks to the bound (6). This rate can be
viewed as the maximal theoretical gain we can expect thanks to Algorithm 3,
if the only computation time was due to this rejection step in Algorithm 2.

Intensity (ρ)
DPP model Bound rate 25 81 289 625 1089
Most repulsive 0.41 1.10 1.00 0.96 0.77 0.72
Gauss (α “ αmax) 0.24 0.99 0.93 0.93 0.85 0.85
Gauss (α “ αmax{2) 0.06 1.02 0.97 0.99 0.99 0.96

Table 1: For three DPP models (detailed in the text), generated 500 times on
S “ r0, 1s2: fraction of rejections due to (6) when using Algorithm 3 (Bound
rate) and fraction of time needed for the simulation using the refinement of
Algorithm 3 compared with not using it, for different values of the intensity
ρ of the DPP models.

From Table 1, we conclude that using Algorithm 3 in dimension d “ 2
may lead to a speed improvement up to almost 30% (for the most repulsive
kernel and about 1000 points), and never really slows down the simulation
even when no clear improvement can be expected (as for the mild repulsive
Gaussian-type DPP for which the bound rate is only 0.06). We have carried
out similar simulations in dimension d “ 1, not detailed here, where we
observed a bound rate of 65% and a gain up to 45% for the most repulsive
kernel with 1000 points. In dimension d “ 3, comparable simulations showed
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a bound rate of 25% and a speed improvement up to 16% for the most
repulsive kernel with 1000 points. We expect the improvements to be smaller
in higher dimensions, making the use of Algorithm 3 superfluous in this case.

Finally, let us mention an additional possible refinement in dimension
d “ 1. In this case, the bound (6) can be manipulated to provide a more
efficient proposal than the uniform distribution, that can be easily simulated
by the inversion method. The details are given in Appendix B.1. With this
new proposal, the acceptance probability in the rejection sampling for the
last step of Algorithm 2, i.e. for the simulation of the last point given the n´1
first ones, can be 3 times higher that one associated to a uniform proposal;
see Appendix B.1. Unfortunately, this procedure does not generalise easily
to higher dimensions, in the sense that it seems difficult to derive a similar
efficient proposal from (6) in dimension d ą 1.

3.3 Conditional simulation
Let again X be a projection DPP on S Ă Rd with cardinality n.

By construction, the last i steps of Algorithms 1 and 2 provide an exact
simulation of XrtXn, . . . , Xi`1u given that tXn, . . . , Xi`1u Ă X. This con-
ditional simulation may be useful in practice if we observe a point pattern in
S with missing points and we wish to generate some realisations of the full
point pattern in S. This is possible if we agree that the complete unobserved
point pattern can be modelled by a projection DPP, to be chosen, and that
the missing points are due to an independent thinning with known retention
probability qpxq, x P S.

As an example, assume that X is a projection DPP on S “ r0, 1s2 with
kernel Kpx, yq “

ř

|j|ď` e
ij¨px´yq, so cardinality n “ p2` ` 1q2, where we need

to choose ` (or equivalently n), and we observe only m points of X, m ď n,
coming from an independent thinning of X with known retention probability
qpxq, x P S. Using the relation Epmq “

ş

S
qpxqKpx, xqdx “ n

ş

S
qpxqdx, we

deduce a plausible value of n by replacing Epmq by the observed value of
m. Then we can use Algorithm 2 to generate the n ´ m remaining points
given the m observed ones. This example is illustrated in the leftmost plot
of Figure 2 where the red triangles represent a possible realisation of the
unobserved points in S “ r0, 1s2 given the observed point pattern formed by
the black circles. Here we assumed that qpxq “ 1{2, so that n is twice the
number of observed black points.
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We chose in the above example a specific form of K, up to n, that may not
be relevant for other applications. A general procedure to select a projection
DPP X that fits well with the observed conditional points is discussed in
Appendix A.3.

Alternatively, we may consider in-painting conditional simulation, that
is the simulation of X X A given that X X Ac “ tX1, . . . , Xmu, m ď n,
where A and Ac constitute a partition of S. (Here we agree that if m “

0, X X Ac “ H.) Since X is a projection DPP, it is easily verified (see
Appendix A.2) that the latter conditional point process is a projection DPP
with cardinality n´m and kernel, when m ą 0:

KX1,...,Xmpx, yq “ Kpx, yq ´ k˚mpxqK´1
m kmpyq, x, y P A, (7)

where k˚mpxq “ pKpx,X1q, . . . , Kpx,Xmqq and Km “ pKpXj, Xlqq1ďj,lďm. If
m “ 0, KHpx, yq “ Kpx, yq1Apxq1Apyq. The spectral representation of the
conditional kernel (7) is unlikely to be known, even if the spectral represen-
tation of K on S is explicitly given. Nonetheless the simulation can be done
by Algorithm 1.

As an illustration, we have generated in the rightmost plot of Figure 2
the red triangles in the inner square r1{4, 3{4s2 given the point pattern in
black circles outside this square. The full point pattern was assumed to be
the same DPP as before, where n was fixed to the number of observed black
circles times 4{3 (that is the ratio of the volume of the full region to the
volume of the observed region). A more adaptive choice of K based on the
observed points is discussed in Appendix A.3.

4 β-Ginibre process
The β-Ginibre process, for β ą 0, is the DPP in the complex plane C with
kernel

Kpx, yq “ ρ exp
ˆ

xȳ

β
´
|x|2 ` |y|2

2β

˙

, x, y P C. (8)

Note that we could equivalently consider this process in R2 but it is commonly
defined in C, a point of view which we will respect in the following. The β-
Ginibre process is a stationary and isotropic point process with intensity
ρ ą 0, that exists if and only if ρβπ ď 1. The standard Ginibre process
introduced in [16] corresponds to the particular case ρ “ 1{π and β “ 1.
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Figure 2: Conditional simulation of the red points (shown as triangles) given
the black points, assuming that the full point pattern formed by the union of
the black and red points is a projection DPP. Left: simulation in the whole
domain. Right: simulation in the inner square (in-painting).

The β-Ginibre process, initially considered in [17] and [13], can be viewed
as an independent thinning of the Ginibre process with retention probability
ρβπ, followed by the homothety with ratio

?
β. Given ρ ą 0, the β-Ginibre

process includes the Poisson point process with intensity ρ as a limiting case
when β Ñ 0, and when β “ 1{pρπq, it is one of the most repulsive stationary
DPPs with intensity ρ in the sense of [32].

We discuss and compare in this section two strategies to generate the β-
Ginibre process on the ball BR “ t|x| ă Ru in C, for any R ą 0. Remember
that the simulation on any compact set S Ă BR can then be performed by
removing the points in BRrS. The first strategy is a standard procedure
that takes advantage of the representation of the Ginibre process as the dis-
tribution of certain eigenvalues of an infinite matrix. The second strategy
exploits the (unusual) fact that the spectral decomposition (2) of K is ex-
plicitly known on BR, and so the spectral algorithm of [21] can be employed.

Remark 4.1. The second order properties of the Ginibre process, i.e. the in-
tensity and the pair correlation function, are similar to those of the Gaussian-
type DPP with parameters ρ and α (see Section 5.1) with the correspondence
β “ α2{2. Note however that the Ginibre process can reach more repulsive-
ness in view of the existence condition β ď 1{pρπq, while α2{2 ď 1{p2ρπq is
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required for existence of the Gaussian-type DPP.

4.1 Approximation by the truncated β-Ginibre process
The Ginibre process can be viewed as the distribution of the eigenvalues of an
infinite matrix with i.i.d. standard complex Gaussian entries [16]. To simulate
(approximately) the Ginibre process on BR, the standard procedure consists
of generating a finite n ˆ n matrix of i.i.d. standard complex Gaussians,
where n has to be chosen according to R, and then computing its n complex
eigenvalues. The simulation of the β-Ginibre process is easily deduced by
the thinning and rescaling steps explained in the beginning of this section.
Given the importance of this procedure, we provide some details below and
we discuss the choice of n.

The distribution of the n eigenvalues above (followed by the thinning
and scaling steps) corresponds to the distribution of the truncated β-Ginibre
process, which is the DPP on C whose kernel is the truncation at k “ n´ 1
of (11) defined in Section 4.2 below, that is

Knpx, yq “
n´1
ÿ

k“0
ρβπΦkpxqsΦkpyq, x, y P C. (9)

We refer to [12] for some discussion of this process and on other modified
versions of the Ginibre process. As already noticed in [16], this DPP is not
stationary and is mostly concentrated on the disc with radius

?
nβ. Inside

this disc the truncated β-Ginibre process and the genuine β-Ginibre process
are very similar, their differences arising mostly close to the border. In
particular the intensity of the truncated β-Ginibre process reads

ρpxq “ Knpx, xq “ ρe´|x|
2{β

n´1
ÿ

k“0

p|x|2{βqk

k! , x P C.

This intensity is always less than ρ (the intensity of the β-Ginibre process)
and we have for any |x| ď

?
nβ (see [16]):

0 ď ρ´ ρpxq

ρ
ď e´|x|

2{β p|x|
2{βqn

n!
n` 1

n` 1´ |x|2{β :“Mβp|x|, nq. (10)

To simulate approximately the β-Ginibre process on BR, the standard pro-
cedure consists in simulating the truncated β-Ginibre process for n large
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enough so that R ď
?
nβ and so that the approximation is satisfying. To

our knowledge, there is no clear recommendation for the choice of n. Choos-
ing n “ rR2{βs would lead to a poor approximation close to the border of
the disc. We instead suggest to choose n so that the upper bound in (10)
is uniformly less than a prescribed error ε on BR. Specifically, we choose
n “ rnεs where nε is such that MβpR, nεq “ ε. In the simulations presented
in Section 4.3, we fixed ε “ 10´10. The full procedure is summarised in
Algorithm 4.

Algorithm 4 β-Ginibre process on BR by the eigenvalues method
set n “ rnεs where nε solves MβpR, nεq “ ε; see (10)
sample the matrix M “ rpAk,l ` 9ιBk,lq

a

β{2s1ďk,lďn where 9ι “
?
´1 and

Ak,l and Bk,l are all independent N p0, 1q random variables
compute the eigenvalues tZ1, . . . , Znu of M
set X “ tHu

for i “ 1 to n do
generate U „ Upr0, 1sq
if U ă ρβπ and |Zi| ă R then
X Ð X Y tZiu

end if
end for
return X

4.2 Spectral algorithm
Starting from

ř

kě0pxȳ{βq
k{k! “ exppxȳ{βq, it is not difficult to verify that

the spectral representation of the β-Ginibre kernel (8) on C reads

Kpx, yq “
ÿ

kě0
ρβπΦkpxqsΦkpyq, x, y P C, (11)

where
Φkpxq “

xk
a

πk!βk`1
e´|x|

2{p2βq, x P C.

As noticed in [12], the functions Φk satisfy the unusual property to remain
orthogonal on the ball BR for any R ą 0. So the spectral representation of
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K on BR is simply the restriction of (11) to BR:

Kpx, yq “
ÿ

kě0
ρβπ}Φk}

2
R

Φkpxq

}Φk}R

sΦkpyq

}Φk}R
, x, y P BR,

where }Φk}
2
R “

ş

BR
|Φkpxq|

2dx is introduced to normalise the eigenfunctions
on BR. Some algebra yields }Φk}

2
R “ γpk ` 1, R2{βq{k! where γpa, zq “

şz

0 t
a´1e´tdt is the incomplete gamma function. Finally the spectral repre-

sentation of K on BR is

Kpx, yq “
ÿ

kě0
λkΦ̃kpxq

sΦ̃kpyq, x, y P BR, (12)

where
λk “ ρβπγpk ` 1, R2

{βq{k! (13)
and

Φ̃kpxq “
xk

a

πβk`1γpk ` 1, R2{βq
e´|x|

2{p2βq, x P BR. (14)

To apply the spectral algorithm of [21], we need to first simulate a se-
quence of Bernoulli random variables Bk, with respective parameters λk,
k ě 0. We know that M “ maxkě0tBk ‰ 0u is finite because

ř

λk ă 8, but
the simulation of M is not straightforward; see [24, Appendix D]. A simple
solution consists in setting a maximal number kmax of Bernoulli variables that
we generate. This amounts to truncate the representation (12) to kmax ´ 1,
which gives exactly the same kernel as in (9) but restricted to BR. A clever
choice of kmax can then be carried out as for the choice of n in (9), that is
kmax “ rkεs where kε is the solution of MβpR, kεq “ ε. Here ε is a prescribed
error (ε “ 10´10 in Section 4.3) that guarantees through (10) that the choice
of kmax has a little impact on the expected number of points. The details of
this spectral approach are given Algorithm 5.

4.3 Simulation study
In order to compare Algorithms 4 and 5, we have performed several simula-
tions of the β-Ginibre process, for different values of the parameters ρ and
β, on the ball BR of area 1 where R “ 1{

?
π, so that the expected number

of points coincide with the intensity ρ. An example using each algorithm
is shown in Figure 3, where the gray points on the left correspond to the
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Figure 3: Realisations of two β-Ginibre processes generated with Algo-
rithms 4 (left) and 5 (right). In all cases ρ “ 200. In the top row β “ βmax
and in the bottom row β “ βmax{2. For Algorithm 4 on the left the gray
points represent the points deleted by the algorithm.
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Algorithm 5 β-Ginibre process on BR by the spectral method
set kmax “ rkεs where kε solves MβpR, kεq “ ε; see (10)
sample independently B0 „ Bpλ0q, . . . , Bkmax´1 „ Bpλkmax´1q where the
λk’s are given by (13)
if Bk “ 0 for all k “ 0, . . . , kmax ´ 1 then

return the empty point configuration tHu
else

Given B0, . . . , Bkmax´1, generate the projection DPP with kernel

kmax´1
ÿ

k“0
BkΦ̃kpxq

sΦ̃kpyq, x, y P BR,

using Algorithm 2, where the Φ̃k’s are given by (14)
end if

deleted points in the process of Algorithm 4, while the black points represent
the final simulated point pattern.

Table 2 displays the average computation time (over 500 replications) of
each algorithm. The picture is quite clear: the spectral algorithm 5 is more
efficient to generate a moderate number of points, while Algorithm 4 becomes
preferable for a high number of points. On the other hand, the effect of β
is mild for the spectral algorithm, whereas it has a strong impact on the
efficiency of Algorithm 4 (the smaller β is, the less efficient it is), which is
consistent with the fact that when β is small, many points are generated to
be afterwards deleted by the thinning step of Algorithm 4, slowing down the
process.

Algo. 4/5 ρ “ 100 ρ “ 200 ρ “ 400 ρ “ 800
β “ βmax{3 0.58/0.09 2.99/0.36 19.21/6.63 130.14/96.44
β “ βmax{2 0.17/0.07 0.59/0.27 3.11/4.58 18.43/68.83
β “ βmax 0.09/0.07 0.28/0.23 1.32/3.43 6.45/50.09

Table 2: Average computation time (in seconds) for a single realization of
a β-Ginibre process on BR, R “ 1{

?
π, with the given parameters, where

βmax “ 1{pρπq, using Algorithm 4 (left value) and Algorithm 5 (right value).
The fastest method is boldfaced.
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5 Exact spectral expansion for other kernels
This section aims at paving the way to (nearly) perfect simulation of the
Gaussian-type DPP and the Bessel-type DPP, two widely used DPPs in
spatial statistics. In both cases we provide the explicit spectral representation
of the kernel on the unit ball, which opens the way to perfect simulation by
the spectral algorithm. The numerical evaluation of the detailed spectral
representations may pose some separate numerical challenges which are left
for future research.

5.1 Gaussian-type kernels
5.1.1 Inhomogeneous kernel

We call the DPP with the following kernel an inhomogeneous Gaussian-type
DPP:

Kσpx, yq “ ρ e´}y´x}
2{α2a

pσpxqpσpyq, x, y P Rd, (15)
where ρ ą 0 is the intensity parameter, α ą 0 is the range parameter, and pσ
denotes the density of a standard normal distribution in Rd with standard
deviation σ ą 0, i.e.

pσpxq “
1

pσ
?

2πqd
e´}x}

2{p2σ2q, x P Rd.

As verified in Appendix C, this DPP exists if and only if

2ρ1{d
ď 1`

a

1` 8σ2{α2, (16)

or equivalently 2σ2{α2 ě ρ2{d ´ ρ1{d.
Since the intensity is Kσpx, xq “ ρ pσpxq, x P Rd, this DPP is an inhomo-

geneous finite point process on Rd with expected cardinality ρ. Accordingly,
realised point patterns are concentrated near the origin. Specifically, let χ2

dppq
denote the quantile of the chi-squared distribution with d degrees of freedom,
then for any 0 ď ε ď 1, the expected number of points in the centered ball
with radius σ

a

χ2
dp1´ εq is p1´ εqρ. For instance in dimension d “ 2, about

99% of the points are in the centered ball with radius 3σ.
A special property of the inhomogeneous Gaussian-type DPP is that the

spectral representation of its kernel is perfectly known on Rd, as explained
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below (see for instance [43, Section 4.3.1]). This decomposition specifically
reads

Kσpx, yq “
ÿ

jPNd

λjΦjpxqΦjpyq, x, y P Rd, (17)

where, setting a “ σ´2{4, b “ α´2, c “
?
a2 ` 2ab, A “ a ` b ` c and

B “ b{A, for j “ pj1, . . . , jdq P Nd and x “ px1, . . . , xdq P Rd,

λj “ ρ

ˆ

2a
A

˙d{2

B
řd

k“1 jk (18)

and Φjpxq “
śd

k“1 ϕjkpxkq with

ϕkpxq “

ˆ

?
2c

2kk!
?
π

˙1{2

e´cx
2
Hkp

?
2c xq,

Hk being the (physicists’) Hermite polynomial of order k. The spectral de-
composition (17) is a tensorial product and is deduced from the decomposi-
tion when d “ 1. The latter is easily verified since when d “ 1, the identity
ş

RKσpx, yqϕkpxqdx “ ρ
a

2a{ABkϕkpyq is a consequence of equation 7.374-8
in [18], that is

ż

R
e´px´yq

2
Hkptxqdx “

?
πp1´ t2qk{2Hkpty{

?
1´ t2q, |t| ă 1, y P R.

The orthonormality of the eigenfunctions is in turn a consequence of the
relation

ş

RHk1pxqHk2pxqe
´x2

dx “
?
π2kk! if k1 “ k2 and 0 otherwise.

Based on (17), the spectral algorithm is in theory feasible to simulate the
inhomogeneous Gaussian-type DPP on Rd. Two approximations are how-
ever needed in practice. The first one is the truncation of (17) to |j| ď `, for
some ` such that the expected number of generated points

ř

|j|ď` λj is suffi-
ciently close to ρ. In fact, we know in theory the exact distribution of the
index ` of the maximal non-null eigenvalue, and perfect simulation of ` could
in principle be considered, see Appendix D in [24]. But this distribution
is in practice impossible to generate and manual truncation is mandatory.
This truncation allows us to generate the p2` ` 1qd Bernoulli variables Bj

that are needed in the first step of the spectral algorithm. Then, given the
Bj’s, the simulation boils down to generating the projection DPP with kernel
Kprojpx, yq “

ř

|j|ď`BjΦjpxqΦjpyq using Algorithm 2. But in this algorithm,
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the simulation with respect to pi given by (5) cannot easily be performed by
Strategy 1 in Section 3.1 because the simulation with respect to the unnor-
malised density Kprojpx, xq is not straightforward. Instead we need to apply
Strategy 2, where the proposal in the rejection sampling is the uniform dis-
tribution. To do so, we need a second approximation which is the choice of a
compact set S that contains with high probability the generated point pat-
tern. The natural choice for S is the centered ball with radius σ

a

χ2
dp1´ εq

for a prescribed error ε.

5.1.2 Homogeneous Gaussian-type kernel

The homogeneous Gaussian-type kernel is defined for any x, y P Rd by

Kpx, yq “ ρ e´}y´x}
2{α2

, x, y P Rd. (19)

The DPP with this kernel exists on Rd if and only if ραdπd{2 ď 1 [25], and it
is stationary with intensity ρ.

Note that the homogeneous Gaussian-type DPP is the limit in distribu-
tion, when σ Ñ 8, of the inhomogeneous Gaussian-type DPP with intensity
parameter ρσdp2πqd{2. This comes from the fact that the convergence of the
associated kernel holds uniformly on all compact sets, which implies that
the Laplace transforms of the two DPPs asymptotically coincide; see [38,
Proposition 3.10]. Despite this property, the spectral representation of (19)
is not known, neither on Rd or on any subset. For this reason, the standard
approach to simulate the homogeneous Gaussian-type DPP is to resort to
the spectral approximation by a Fourier series.

We explain below an alternative simulation procedure, that is arguably
much more accurate than the Fourier series approximation, although more
time demanding. The idea is to first generate an inhomogeneous Gaussian-
type DPP using the exact spectral representation (17), then apply an inde-
pendent thinning procedure to get the final point pattern.

Assume that we wish to simulate the homogeneous Gaussian-type DPP
with parameter ρ and α on the unit ball B (the procedure extends straight-
forwardly to any compact set). Let

ρ̃σ “ ρ sup
xPB

p´1
σ pxq “ ρσdp2πqd{2e1{p2σ2q.

The main steps of the simulation algorithm are the following:
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(i) Choose σ0 “ argmin
σą0

ρ̃σ subject to σ2 ě α2pρ2{d ´ ρ1{dq{2.

(ii) Generate the inhomogeneous Gaussian-type DPP with intensity param-
eter ρ̃σ0 , range parameter α and standard deviation σ0, on Rd, using
the spectral algorithm (see Section 5.1.1).

(iii) Apply an independent thinning procedure with retention probability

qpxq “
p´1
σ0 pxq

pσ0
?

2πqde1{p2σ2
0q

1Bpxq, x P Rd.

The first step aims at choosing the value of σ that minimises the inten-
sity of the inhomogeneous Gaussian-type DPP, thus optimising the compu-
tational cost, while ensuring the existence of the process through (16). It is
easily verified that the final point pattern is a DPP on Rd with kernel

ρ̃σ0 e
´}y´x}2{α2a

pσ0pxqpσ0pyq ˆ
a

qpxqqpyq “ ρ e´}y´x}
2{α21Bpxq1Bpyq,

that is a homogeneous Gaussian-type DPP on B. This procedure provides a
nearly perfect simulation algorithm of this DPP, up to the two mild approx-
imations discussed in Section 5.1.1 used for the second step. It can however
be very time consuming, and we think that it is to be considered instead of
the Fourier series approximation only if distributional accuracy is of main
concern.

5.2 Bessel-type kernel
The Bessel-type kernel is defined for any x, y P Rd by

Kpx, yq “ ρΓ p1` d{2q Jd{2 p2}x´ y}{αq
p}x´ y}{αqd{2

, (20)

where ρ ą 0 is the intensity, α ą 0 is the range parameter and Jd{2 is the
Bessel function of the first kind. This kernel defines a DPP in Rd whenever
ραdπd{2Γ p1` d{2q ď 1; see [6]. Given ρ ą 0, the maximal possible value of
α corresponds to the most repulsive stationary DPP in Rd with intensity ρ,
while αÑ 0 corresponds to the Poisson point process with intensity ρ.

As explained below, the spectral representation of this kernel is explicit
on the unit ball B and involves the so-called generalized prolate spheroidal
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functions introduced and studied in [40]. This representation opens the way
to perfect simulation, by the spectral algorithm, of the Bessel-type DPP on
any ball, and therefore on any bounded set (by first simulating on an outer
ball and then taking the restriction to the desired set).

The generalized prolate spheroidal functions are the orthogonal eigen-
functions of the truncated Fourier transform, which means that given an
arbitrary c P R, each such function ψ satisfies for a certain γ P C

ż

}y}ď1
ψpyqecix¨ydy “ γψpxq, x P Rd. (21)

The eigenvalues γ and the eigenfunctions ψ depend of course on c. These
functions are proved to be real-valued, so iterating the latter equality and its
transpose we obtain that

|γ|2ψpxq “

ż

}z}ď1
γ̄ψpzqecix¨zdz “

ż

}z}ď1

ˆ
ż

}y}ď1
ψpyqe´ciz¨ydy

˙

ecix¨zdz.

If we let Kc denote the Fourier transform of the unit ball, i.e. (see [19])

Kcpx´ yq “

ż

}z}ď1
eciz¨px´yqdz “ p2πqd{2

J d
2
pc}x´ y}q

pc}x´ y}qd{2
,

this means that
ż

}y}ď1
Kcpx´ yqψpyqdy “ |γ|

2ψpxq.

By choosing c “ 2{α, we deduce that ψ is an eigenfunction of the Bessel-type
kernel (20) associated with the eigenvalue ρΓ p1` d{2q |γ|2{πd{2.

The generalized prolate spheroidal functions ψ and the eigenvalues γ have
rather complicated expressions. In the one dimensional case (d “ 1), these
expressions are obtained in [41] and detailed in [34], where the eigenvalues
form a sequence γn associated to the eigenfunctions ψn. To make the con-
nection with our setting, note that λnpcq in [34] corresponds to c|γn|2{p2πq,
and the associated eigenfunction ψnpc, xq corresponds to ψnpxq. Note finally
that the norm of ψnpc, xq on the unit ball is

a

λnpcq (see (9) in [34]) so that
in dimension d “ 1, the spectral expansion of the Bessel-type kernel on the
unit ball is

Kpx, yq “ ρα
π

2
ÿ

ně0
λ2
np2{αq

ψnp2{α, xq
a

λnp2{αq
ψnp2{α, yq
a

λnp2{αq
, @x, y P r´1, 1s,
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using the notation of [34]. Several algorithms are available to evaluate λn
and ψn; see for instance [34], [35], [8] and the references therein.

In dimension d ě 2, following [40], the sequence of eigenvalues can be
written tγN,n, N ě 0, n ě 0u, where the eigenvalues γ0,n are simple while the
eigenvalues γN,n for N ě 1 have multiplicity hpN, dq “ p2N ` d ´ 2qpN `

d ´ 3q!{ppd ´ 2q!N !q. Accordingly, their associated eigenfunctions form a
sequence ψN,n,l where l “ 1, . . . , hpN, dq. All formulas are given in [40] and
we do not reproduce them in the general case. We only provide some details
in Appendix D for the case d “ 2; see also [39] for this particular case. This
results in the following spectral representation, for any x, y P B,

Kpx, yq “ 2πρα
ÿ

ně0
λ2

0,np2{αqψ0,npxqψ0,npyq

` 2πρα
ÿ

Ně1

ÿ

ně0
λ2
N,np2{αqpψN,n,1pxqψN,n,1pyq ` ψN,n,2pxqψN,n,2pyqq, (22)

where the specific form of λ0,n, ψ0,n, λN,n, ψN,n,1 and ψN,n,2 are given in
Appendix D. Contrary to d “ 1, numerical algorithms to compute these
eigenvalues and eigenfunctions in dimension d “ 2 are not mature yet, but
they are the subject of an active current research and software is becoming
available online [39; 20; 27]. This will hopefully make the computation of the
above spectral representation straightforward in the near future.

A Conditional distributions

A.1 Palm distribution and Algorithms 1 and 2
Let X be a DPP on S with kernel K and let y1, . . . , ym P S. Remember that
the conditional distribution of Xrty1, . . . , ymu given that ty1, . . . , ymu P X
is formally called the reduced Palm distribution of X given y1, . . . , ym. The
intensity function of order n of the reduced Palm distribution is

ρpnqy1,...,ym
px1, . . . , xnq “

ρpn`mqpx1, . . . , xn, y1, . . . , ymq

ρpmqpy1, . . . , ymq
(23)

if ρpmqpy1, . . . , ymq ą 0, and 0 otherwise; see [9]. Since X is a DPP, we may
simplify the expression of ρpn`mq thanks to (1) and the standard formula

det
ˆ

A B
C D

˙

“ detpAq detpD ´ CA´1Bq, (24)
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where detpAq “ ρpmqpy1, . . . , ymq, whereby we deduce that the reduced Palm
distribution of X given y1, . . . , ym is still a DPP with kernel

Ky1,...,ympx, yq “ Kpx, yq ´ k˚mpxqK´1
m kmpyq, x, y P S, (25)

where k˚mpxq “ pKpx, y1q, . . . , Kpx, ymqq and Km “ pKpyj, ylqq1ďj,lďm.
This result is not enough to simulate a general DPP, because it says

nothing about its cardinality. But if X is a projection DPP on S, then
we know its cardinality n “

ş

S
Kpx, xqdx and ρpnq becomes the unnormalised

density of the n-tuple set of points ofX, with respect to the Lebesgue measure
on Sn. In this case, for any i “ n ´ 1, . . . , 1, by (23) where pm,nq is pn ´
i, iq, ρpiqyi`1,...,yn

is the unnormalised density of Xrtyi`1, . . . , ynu given that
tyi`1, . . . , ynu P X. We can thus apply a sequential conditional simulation:
generate the first point yn of X, the marginal density of which is Kpx, xq{n,
then the second point yn´1 given the first one, according to Kynpx, xq{pn´1q,
then the third one given the first two points, according to Kyn,yn´1px, xq{pn´
2q, and so on. This procedure leads to Algorithm 1.

To accelerate this algorithm, the expression of Kyi`1,...,ynpx, xq or equiv-
alently of ipipxq in (3) can be rewritten to get (5) in Algorithm 2, provided
we know the spectral representation of K given by (4). Then it is possi-
ble to calculate the matrix of the projection onto the orthogonal comple-
ment of spantvpXnq, . . . ,vpXi`1qu which is Pi “ In ´VpV˚Vq´1V˚ “ In ´

V K´1
i V˚, where V is the pn, n´ iq matrix with entries ΦipXjq, i “ 1, . . . , n,

j “ n, . . . , i ` 1. Then, starting from (3), it is not difficult to verify that
ipipxq “ }Pivpxq}

2. This means that ipi may be obtained by successive or-
thogonalisation, which is exploited in Algorithm 2 (see [25] for more details).

A.2 Conditional distribution given an outside set
Let A and Ac be a partition of S, i.e. S “ AY Ac and AX Ac “ H. If X is
a projection DPP on S with cardinality n, then the density of X X A given
that X X Ac “ ty1, . . . , ymu, m ă n, is

fA|AcpX X A “ tx1, . . . , xn´mu|X X Ac “ty1, . . . , ymuq “

fSpX “ tx1, . . . , xn´m, y1, . . . , ymuq

fAcpX X Ac “ ty1, . . . , ymuq
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if tx1, . . . , xn´mu Ă A and 0 otherwise. We have excluded the trivial case
m “ n sinceXXA is simply the empty set in this case. SinceX is a projection
DPP on S, the numerator above is (up to a multiplicative constant) the
determinant of the 2ˆ 2 block matrix

ˆ

rKpyi, yjqs1ďi,jďm rKpyi, xjqs1ďiďm,1ďjďn´m
rKpxi, yjqs1ďiďn´m,1ďjďm rKpxi, xjqs1ďi,jďn´m

˙

.

By (24) and using the same notation as in (25), we deduce that

fA|AcpX X A “ tx1, . . . , xn´mu|X X Ac “ty1, . . . , ymuq9

detrKy1,...,ympxi, xjqs1ďi,jďn´m,

where the constant of proportionality does not depend on tx1, . . . , xn´mu.
This proves that given X X Ac “ ty1, . . . , ymu, X X A is a projection DPP
with cardinality n´m and kernel Ky1,...,ympx, yq1Apxq1Apyq.

A.3 How to choose a projection DPP for conditional
simulation?

We start by a simple setting. Assume that we observe m points of a point
process Y that is an independent thinning of a homogeneous point process X
on S “ r0, 1sd with constant thinning probability τ P r0, 1s. Assume moreover
that we know the value of τ . Then a way to model X as a projection DPP
on S that fits with the observed thinned point process Y is as follows.

Choose forX a parametric stationary model of DPP with kernelKpx, yq “
ρKαpx´ yq with Kαp0q “ 1, for which we know the Fourier transform ϕα of
Kα, for instance the Gaussian-type DPP model [25]. Here ρ is the intensity
of X and α stands for the remaining parameters of the model, typically α
is a univariate range parameter. Under this model, Y is a DPP with ker-
nel Kthinpx, yq “ τKpx, yq and so its intensity is τρ while its pair correlation
function is 1´K2

αpx´yq. Consequently we can estimate from Y the intensity
of X by ρ̂ “ m{τ and the remaining parameter α by a contrast estimation
method based on the pcf or the Ripley’s K function of Y to get α̂ (see [25; 7]).
Using the Fourier approximation of [25], we thus have

Kpx, yq « ρ̂
ÿ

kě0
ϕα̂pkqe

ik¨px´yq, x, y P S.
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Following the simulation procedure to generate a DPP with such kernel, a
projection DPP kernel that can be used to approximate the distribution of
X is a realisation of

Kprojpx, yq “
ÿ

kě0
Bke

ik¨px´yq,

conditional on ρ̂, α̂ and
ř

kě0 Bk ě m, where the Bk’s are independent
Bernoulli variables with respective rate ρ̂ϕα̂pkq.

The above setting can be generalized to the case where the thinning
probability is a known function qpxq, x P S. For instance we may have
qpxq “ τapxq{psupxPS apxqq where τ P r0, 1s is known and apxq is an observed
auxiliary variable. Note that inpainting conditional simulation in A given a
point pattern in Ac corresponds to the particular case where qpxq “ 1Acpxq.
Then Y becomes a DPP with kernel Kthinpx, yq “ ρ

a

qpxqKαpx ´ yq
a

qpyq
and we can deduce ρ̂ “ m{p

ş

S
qpxqdxq and α̂ by minimum contrast estima-

tion. The approximation of X by a projection DPP can then be carried out
as above.

A further generalization is possible in the case where X is inhomogeneous
with intensity ρθpxq, where θ is an unknown parameter. As before, we assume
to observe m points of Y , which is a thinning of X with thinning probability
qpxq “ τapxq{psupxPS apxqq where τ P r0, 1s is known and apxq is an observed
auxiliary variable. We can then start with a parametric DPP model for X
with kernel Kpx, yq “

a

ρθpxqKαpx ´ yq
a

ρθpyq from which we deduce that
Y is an inhomogeneous DPP with kernel

a

qpxqρθpxqKαpx ´ yq
a

ρθpyqqpyq.
Based on the observation of Y , we may deduce the estimations θ̂ and α̂ by
a two-step estimation method as in [26]. Remember that X can be seen as
a thinning of a homogeneous DPP X` with kernel K`px, yq “ ρ`Kαpx´ yq
and thinning probability ρθpxq{ρ`, where ρ` is an upper bound of ρθpxq on
S. Following the same scheme as before, we may approximate X` by a
projection DPP with random kernel

Kprojpx, yq “
ÿ

kě0
Bke

ik¨px´yq,

conditional on ρ̂`, α̂ and
ř

kě0 Bk ě m, where the Bk’s are independent
Bernoulli variables with respective rate ρ̂`ϕα̂pkq. A conditional simulation
of X` given Y is then possible. To finally get a realisation of X given Y , it
suffices to thin the realisation of X`rY with thinning probability ρθ̂pxq{ρ̂`.

30



B A bound on the conditional probability den-
sity function for the Fourier basis

From [25], we know that the conditional density pi, given the n´i first points
Xi`1, . . . , Xn satisfies

pipxq ď
1
i

min
i`1ďkďn

ˆ

Kpx, xq ´
|Kpx,Xkq|

2

KpXk, Xkq

˙

. (26)

When using the Fourier basis on the unit square of Rd, the projection kernel
reads

Kpx, yq “
ÿ

jPJ

e2iπj¨px´yq

where J Ă Zd with cardinality |J | “ n. The inequality (26) becomes in this
case

pipxq ď
1
i

ˆ

n´ max
i`1ďkďn

|Kpx,Xkq|
2

n

˙

.

But for any x, y we have

|Kpx, yq|2 “

˜

ÿ

jPJ

cosp2πj ¨ px´ yqq
¸2

`

˜

ÿ

jPJ

sinp2πj ¨ px´ yqq
¸2

“
ÿ

j,kPJ

cosp2πj ¨ px´ yqq cosp2πk ¨ px´ yqq ` sinp2πj ¨ px´ yqq sinp2πk ¨ px´ yqq

“
ÿ

j,kPJ

cosp2πpj ´ kq ¨ px´ yqq

“
ÿ

pě0

p´1qpp2πq2p
p2pq!

ÿ

j,kPJ

rpj ´ kq ¨ px´ yqs2p

ě n2
´ 2π2

ÿ

j,kPJ

rpj ´ kq ¨ px´ yqs2,

where the last inequality uses the fact that |Kpx, yq|2 is expanded into an
alternating series. Since

ř

j,kPJ rpj ´ kq ¨ px ´ yqs2 “ 2n
ř

jPJ rj ¨ px ´ yqs2 ´
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2
´

ř

jPJ j ¨ px´ yq
¯2

, we obtain

ipipxq ď n´ max
i`1ďkďn

¨

˝n´ 4π2
ÿ

jPJ

rj ¨ px´Xkqs
2
`

4π2

n

˜

ÿ

jPJ

j ¨ px´Xkq

¸2
˛

‚

`

.

“ min
i`1ďkďn

¨

˝n, 4π2
ÿ

jPJ

rj ¨ px´Xkqs
2
´

4π2

n

˜

ÿ

jPJ

j ¨ px´Xkq

¸2
˛

‚,

which is (6).

B.1 A new proposal in dimension d “ 1
When d “ 1, we have S “ r0, 1s and the inequality (6) simplifies to give

ipipxq ď min
i`1ďkďn

`

n, a2
px´Xkq

2˘

where a2 “ 4π2p
ř

jPJ j
2 ´ p

ř

jPJ jq
2{nq.

Note that a2px ´ Xkq
2 ď n iff |x ´ Xk| ď

?
n{a. The minimum above

thus simplifies greatly if all intervals |x ´Xk| ď
?
n{a, for k “ i ` 1, . . . , n,

are disjoint. This motivates us to consider a thinning of tXi`1, . . . , Xnu such
that all points are at a distance greater than 2

?
n{a from each other and

also at a distance larger than
?
n{a from the borders 0 and 1. This can be

achieved by first removing the points too close to the borders, followed by
a hardcore Matern II thinning procedure [3]. We denote by tx̃1, . . . , x̃pu the
retained points and we assume that they are ordered (x̃1 ă ¨ ¨ ¨ ă x̃p). We
then have

ipipxq ď min
1ďkďp

`

n, a2
px´ x̃kq

2˘

“

p
ÿ

k“1
a2
px´ x̃kq

21Bpx̃k,
?
n{aqpxq ` n1r0,1srŤBpx̃k,

?
n{aqpxq

“

#

a2px´ x̃kq
2 if |x´ x̃k| ă

?
n{a for some k P t1, . . . , pu

n otherwise.

Let us denote by fpxq this upper-bound and by F pxq its primitive. In order to
generate a sample from pipxq on r0, 1s, we can use rejection sampling where
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the proposal has density fpxq{F p1q and the rate of acceptance is i{F p1q.
Simulation from the proposal can be done by the inversion method: if U „
Upr0, 1sq, F´1pF p1qUq is distributed from the proposal.

To complete this procedure, it remains to provide the formulas for F p1q
and F´1pxq. Note that for all k,

ż x̃k`
?
n{a

x̃k´
?
n{a

a2
px´ x̃kq

2dx “
2
3an

3{2.

By construction of tx̃1, . . . , x̃pu, we deduce that

F p1q “ p
2
3an

3{2
` n

ˆ

1´ 2p
?
n

a

˙

“ n´
4p
3an

3{2. (27)

For k “ 1, . . . , p, we denote y´k “ F px̃k ´
?
n{aq, yk “ F px̃kq and y`k “

F px̃k `
?
n{aq and we have

y´k “ pk ´ 1q 2
3an

3{2
` n

ˆ

x̃k ´

?
n

a
´ pk ´ 1q2

?
n

a

˙

“ nx̃k ´
4k ´ 1

3a n3{2,

yk “ y´k `
1
3an

3{2
“ nx̃k ´

4k ´ 2
3a n3{2,

y`k “ yk `
1
3an

3{2
“ nx̃k ´

4k ´ 3
3a n3{2.

For x̃k ´
?
n{a ď x ď x̃k,

F pxq “ y´k `

ż x

x̃k´
?
n{a

a2
pt´ x̃kq

2dt “ nx̃k ´
4k ´ 2

3a n3{2
`
a2

3 px´ x̃kq
3.

The same results holds true when x̃k ď x ď x̃k `
?
n{a. We deduce that for

y´k ď y ď y`k ,

F´1
pyq “ x̃k `

ˆ

3
a2

`

y ´ nx̃k ` p4k ´ 2qn3{2
{a
˘

˙1{3

.

Finally, if x̃k `
?
n{a ď x ď x̃k`1 ´

?
n{a, then

F pxq “ y`k ` npx´ px̃k `
?
n{aqq “ nx´

4k
3an

3{2,
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so that for y`k ď y ď y´k`1,

F´1
pyq “

1
n

ˆ

y `
4k
3an

3{2
˙

.

With this new proposal, the acceptance rate in the rejection sampling for
the last step of Algorithm 2, i.e. for the simulation of the last point given
the n ´ 1 first ones, becomes 1{F p1q instead of 1{n for a uniform proposal.
For the most repulsive kernel (i.e. J “ t´`, . . . , `u implying n “ 2` ` 1),
we obtain a2 ď π2npn2 ´ 1q{3, so that this new rate can be 3 times more
effective, since by (27)

1{F p1q
1{n ě

˜

1´ 4p
π
a

3pn2 ´ 1q

¸´1

,

which is greater than 3 if p “ n´ 1 and n ą 10.

C Existence of the inhomogeneous Gaussian-
type DPP

The existence is equivalent to 0 ď λi ď 1 for any i P Nd, where λi is given by
(18). By this formula, since B ď 1, we have that for any i, λi ď λ0 and the
condition is verified if only if ρp2a{Aqd{2 ď 1. Since A “ a ` b `

?
a2 ` 2ab,

this is equivalent to ap2ρ2{d ´ 1q ´ b ď
?
a2 ` 2ab, which is (16).

D Generalised prolate spheroidal wave func-
tions in dimension d “ 2

We provide in this appendix some details on the spectral representation (22)
of the Bessel type kernel when d “ 2. As explained in Section 5.2, this
amounts to describing the eigenvalues and the associated generalized prolate
spheroidal eigenfunctions in (21), where c “ 2{α. The following formulas
come from [40] and [39]. When d “ 2, the sequence of eigenvalues in (21)
is tγN,n, N ě 0, n ě 0u where the eigenvalues γ0,n, n ě 0, are simple, and
the eigenvalues γN,n for N ě 1 and n ě 0 are associated to hpN, 2q “ 2
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eigenfunctions. Turning to polar coordinates by setting x “ pr cos θ, r sin θq
with r P r0, 1s and θ P r0, 2πs, the eigenfunctions read for any n ě 0,

ψ0,npxq “
1
?

2π
R0,nprq, @x “ pr cos θ, r sin θq P B,

and for any N ě 1 and n ě 0, for all x “ pr cos θ, r sin θq P B,

ψN,n,1pxq “
1
?
π
RN,nprq cospNθq, ψN,n,2pxq “

1
?
π
RN,nprq sinpNθq.

In these expressions RN,nprq is given in terms of a series of Zernike polyno-
mials:

?
rRN,nprq “

ÿ

kě0
dN,nk TN,kprq, @r P r0, 1s. (28)

In our notation the Zernike polynomials are defined for any r P r0, 1s by

TN,kprq “
a

2p2k `N ` 1qrN`1{2PN,0
k p1´ 2r2

q, (29)

where PN,0
k are Jacobi polynomials, and they satisfy ă TN,k, TN,l ą“ δk,l.

(Note that the Zernike polynomials in [40] are not normalised, unlike in [39]
and in our case, explaining a slight difference in the definition). Concerning
the coefficients pdN,nk qkě0 in (28), they satisfy the recurrence relation

bNk,k´1d
N,n
k´1 ` b

N
k,kd

N,n
k ` bNk,k`1d

N,n
k`1 “ χN,ndN,nk ,

where χN,n P R is an unknown quantity that does not depend on k and where
the coefficients bNi,j, the expression of which is given below, are symmetric
(bNi,j “ bNj,i) and do not depend on n. This means that given N , the (infinite)
vector pdN,nk qkě0 is the n-th eigenvector associated to the eigenvalue χN,n of
the symmetric tridiagonal (infinite) matrix BN with entries bi,j:

BN
“

¨

˚

˚

˚

˝

bN0,0 bN0,1
bN1,0 bN1,1 bN1,2

bN2,1 bN2,2 bN2,3
. . . . . . . . .

˛

‹

‹

‹

‚

.
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Here, for any k ě 0,

bNk,k´1 “ c2 kpk `Nq

p2k `Nq
?

2k `N ` 1
?

2k `N ´ 1
,

bNk,k “ ´
c2

2 p1`
N2

p2k `Nqp2k `N ` 2qq ´ p2k `N ` 1{2qp2k `N ` 3{2q,

bNk,k`1 “ c2 pk ` 1qpN ` k ` 1q
p2k `N ` 2q

?
2k `N ` 1

?
2k `N ` 3

,

and we recall that we have set c “ 2{α.
For the numerical computation of (28), one needs for each N to truncate

the matrix BN at some size kmax, depending on the expected accuracy, which
allows to deduce all coefficients dN,nk for k ď kmax ´ 1 and n ď kmax ´ 1. The
choice of kmax is discussed in [20]. Note that in view of the orthonormal
property of the Zernike polynomials, i.e. ă TN,k, TN,l ą“ δk,l, the eigen-
functions ψ0,n, ψN,n,1 and ψN,n,2 are orthonormal whenever the coefficients
pdN,nk qkě0 are normalised, i.e.

ř

kě0pd
N,n
k q2 “ 1, which is numerically achieved

by normalising the eigenvectors of the (truncated) matrix BN .
Concerning the eigenvalues in (22), they are equal to 2πραλ2

N,np2{αq
where λN,npcq, c “ 2{α, satisfies (see (12) in [39]):

λN,npcq
?
rRN,nprq “

ż 1

0
JNpcrr

1
q
?
crr1

?
r1RN,npr

1
qdr1. (30)

Using (28) and (29), we have for the left hand side

λN,npcq

?
rRN,nprq

rN`1{2 “ λN,npcq
ÿ

kě0
dN,nk

a

2p2k `N ` 1qPN,0
k p1´ 2r2

q

„
rÑ0

λN,npcq
ÿ

kě0
dN,nk

a

2p2k `N ` 1q
ˆ

N ` k

k

˙

, (31)

where the equivalence comes from the fact that for a Jacobi polynomial,
PN,0
k p1q “

`

N`k
k

˘

. For the right hand side in (30), we have at r “ 0

JNpcrr
1q

rN`1{2

?
crr1

?
r1RN,npr

1
q „

pcr1qN`1{2

2NN !
?
r1RN,npr

1
q,

so that using (28) again
ż 1

0
JNpcrr

1
q
?
crr1

?
r1RN,npr

1
qdr1 „

cN`1{2

2NN !
ÿ

kě0
dN,nk

ż 1

0
r1
N`1{2

TN,kpr
1
qdr1.
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Since TN,0prq “
a

2pN ` 1qrN`1{2 and using the fact that ă TN,0, TN,k ą“
δ0,k, we obtain

ż 1

0
JNpcrr

1
q
?
crr1

?
r1RN,npr

1
qdr1 „

cN`1{2dN,n0

2NN !
a

2pN ` 1q
. (32)

In view of (30), the two right hand side expressions in (31) and (32) are
equal, which gives

λN,npcq “
cN`1{2dN,n0

2N`1N !
?
N ` 1

ř

kě0 d
N,n
k

?
N ` 2k ` 1

`

N`k
k

˘ . (33)

For the numerical aspects, formula (33) may be implemented directly, or only
for λN,0 and then a recursive relation can be used to get λN,n for n ě 1, as
advised in dimension d “ 1 in [35] through their relation (7.13), an approach
generalised in d ě 2 in [27; 20].
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Stochastic Geometry, G. Peccati and M. Reitzner, Eds. Springer Inter-
national Publishing, Cham, 2016, pp. 311–342.

[12] Decreusefond, L., Flint, I., and Vergne, A. A note on the
simulation of the Ginibre point process. Journal of Applied Probability
52, 4 (2015), 1003–1012.

[13] Deng, N., Zhou, W., and Haenggi, M. The ginibre point process
as a model for wireless networks with repulsion. IEEE Transactions on
Wireless Communications 14, 1 (2014), 107–121.

[14] Derezinski, M., Calandriello, D., and Valko, M. Exact sam-
pling of determinantal point processes with sublinear time preprocess-
ing. In Advances in Neural Information Processing Systems 32. Curran
Associates, Inc., 2019, pp. 11546–11558.

38



[15] Gillenwater, J., Kulesza, A., Mariet, Z., and Vassilvtiskii,
S. A tree-based method for fast repeated sampling of determinantal
point processes. In Proceedings of the 36th International Conference
on Machine Learning (Long Beach, California, USA, 09–15 Jun 2019),
K. Chaudhuri and R. Salakhutdinov, Eds., vol. 97 of Proceedings of
Machine Learning Research, pp. 2260–2268.

[16] Ginibre, J. Statistical ensembles of complex, quaternion, and real
matrices. Journal of Mathematical Physics 6, 3 (1965), 440–449.

[17] Goldman, A. The palm measure and the voronoi tessellation for the
ginibre process. The Annals of Applied Probability 20, 1 (2010), 90–128.

[18] Gradshteyn, I. S., and Ryzhik, I. M. Table of integrals, series,
and products. Academic press, 2014.

[19] Grafakos, L. Classical Fourier Analysis. Graduate Taxts in Mathe-
matics. Springer, 2008.

[20] Greengard, P., and Serkh, K. On generalized prolate spheroidal
functions. arXiv:1811.02733 (2018).

[21] Hough, J. B., Krishnapur, M., Peres, Y., and Virág, B. Deter-
minantal processes and independence. Probab. Surv. 3 (2006), 206–229.

[22] Kulesza, A., and Taskar, B. Determinantal point processes for ma-
chine learning. Foundations and Trends in Machine Learning 5 (2012),
123–286.

[23] Launay, C., Galerne, B., and Desolneux, A. Exact sampling of
determinantal point processes without eigendecomposition. to appear in
Journal of Applied Probability (2020).

[24] Lavancier, F., Møller, J., and Rubak, E. Determinantal
point process models and statistical inference : Extended version.
arXiv:1205.4818v5 (2014).

[25] Lavancier, F., Møller, J., and Rubak, E. Determinantal point
process models and statistical inference. Journal of Royal Statistical
Society: Series B (Statistical Methodology) 77 (2015), 853–877.

39



[26] Lavancier, F., Poinas, A., and Waagepetersen, R. Adaptive
estimating function inference for nonstationary determinantal point pro-
cesses. Scandinavian Journal of Statistics 48, 1 (2021), 87–107.

[27] Lederman, R. R. Numerical algorithms for the computation of gen-
eralized prolate spheroidal functions. arXiv:1710.02874 (2017).

[28] Li, C., Sra, S., and Jegelka, S. Fast mixing markov chains
for strongly rayleigh measures, DPPs, and constrained sampling. In
Advances in Neural Information Processing Systems 29, D. D. Lee,
M. Sugiyama, U. V. Luxburg, I. Guyon, and R. Garnett, Eds. Curran
Associates, Inc., 2016, pp. 4188–4196.

[29] Lyons, R. Determinantal probability: Basic properties and conjec-
tures. Proceedings of the International Congress of Mathematicians,
Seoul, Korea IV (2014), 137–161.

[30] Macchi, O. The coincidence approach to stochastic point processes.
Advances in Applied Probability 7 (1975), 83–122.

[31] Miyoshi, N., and Shirai, T. A cellular network model with Ginibre
configured base stations. Advances in Applied Probability 46, 3 (2014),
832–845.

[32] Møller, J., and O’Reilly, E. Couplings for determinantal point
processes and their reduced palm distributions with a view to quantify-
ing repulsiveness. arXiv preprint arXiv:1806.07347 (2018).

[33] Møller, J., and Waagepetersen, R. Statistical Inference and Sim-
ulation for Spatial Point Processes. Chapman and Hall/CRC, Boca Ra-
ton, 2004.

[34] Moore, I. C., and Cada, M. Prolate spheroidal wave functions,
an introduction to the slepian series and its properties. Applied and
Computational Harmonic Analysis 16, 3 (2004), 208–230.

[35] Osipov, A., Rokhlin, V., and Xiao, H. Prolate spheroidal wave
functions of order zero. Springer Ser. Appl. Math. Sci 187 (2013).

[36] Poulson, J. High-performance sampling of generic determinantal point
processes. Philosophical Transactions of the Royal Society A 378, 2166
(2020), 20190059.

40



[37] R Core Team. R: A Language and Environment for Statistical Com-
puting. R Foundation for Statistical Computing, Vienna, Austria, 2022.

[38] Shirai, T., and Takahashi, Y. Random point fields associated with
certain Fredholm determinants I: fermion, Poisson and boson point pro-
cesses. Journal of Functional Analysis 205 (2003), 414–463.

[39] Shkolnisky, Y. Prolate spheroidal wave functions on a disc-integration
and approximation of two-dimensional bandlimited functions. Applied
and Computational Harmonic Analysis 22, 2 (2007), 235 – 256.

[40] Slepian, D. Prolate spheroidal wave functions, Fourier analysis and
uncertainty–IV: extensions to many dimensions; generalized prolate
spheroidal functions. Bell System Technical Journal 43, 6 (1964), 3009–
3057.

[41] Slepian, D., and Pollak, H. O. Prolate spheroidal wave functions,
Fourier analysis and uncertainty–I. Bell System Technical Journal 40,
1 (1961), 43–63.
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