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Extracting the morphology of gold bipyramids from SAXS experiments via form factor modeling
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Accurate shape description is a challenge in material science. Small-angle X-ray scattering (SAXS) can provide the shape, size and polydispersity of nanoparticles by form factor modeling.

However, simple geometrical models such as the ellipsoid may not be enough to describe objects with complex shapes. In this work we show that the form factor of gold nanobipyramids is accurately described by a truncated bicone model, which is validated by comparison with transmission electron microscopy (TEM) data for nine different synthesis batches: we obtain the average shape parameters (width, height, and truncation) and the sample polydispersity. In contrast, the ellipsoid model yields worse fits of the SAXS data and exhibits systematic discrepancies with the TEM results.

I. INTRODUCTION

Recent progress in materials chemistry has allowed the synthesis of nanoparticles with very well defined shape and size [1]. In order to stay relevant, characterization techniques must also evolve to keep up with this progress. Form factors for a wide variety of shapes have therefore been implemented in many small-angle scattering software suites [2][3][START_REF] Doucet | SasView version 4.0[END_REF][START_REF] Ginsburg | [END_REF][6], but their analytical expressions can be quite complicated and the numerical evaluation very time-consuming, especially since a double integral over the orientation is usually required.

An alternative (model-free) strategy consists in describing the objects as a collection of small beads (also referred to as dummy atom models, or DAMs) [7]. The number and positions of these "atoms" are then adjusted until the scattering signal of the model approaches the experimental data. Initially developed for the study of biological macromolecules, this approach has recently been applied to inorganic nanocrystals [8][9][10]. We do not consider these models here, for two main reasons: the difficulty of converting between DAMs and geometrical shapes (which are very good descriptions for the nanoparticles we are interested in) and that of accounting for polydispersity, although some progress has been made on the latter aspect [11].

A natural question to ask in this context is: how detailed must the models be in order to extract as much information as possible about the morphology of the objects? Is it really useful to go beyond simple shapes, such as spheres or ellipsoids? The answer is a resounding "yes" in the case of cubes. Previous work [12] has shown that the difference between cubes and rhombocuboctahedra in composite Au@Ag objects is both detectable by SAXS and important in view of applications. In our group, we have followed by SAXS the morphological transition from spheres to cubes in such objects and confirmed these results by TEM [13]. A noteworthy conclusion is that both the asphericity and the polydispersity reduce the amplitude of the characteristic oscillations of the sphere form factor, but in slightly different ways: the former reduces the contrast of the fringes and preserves their number and overall profile, while the latter "smears" them in the manner of a Debye-Waller factor. Although both are isometric, cubes and spheres are easily distinguished if monodisperse enough. Moreover, these shapes are instances of a more general family, that of the superball. The position of the nanoparticles along the continuum defined by the associated shape parameter can be estimated via SAXS [14] and modulates the particle packing in supercrystals [15].

Introducing anisometry (by elongating or flattening the object of interest) renders the problem more complicated, unless the resulting object has a constant section (as in a rod or a plate). Since they are amenable to factorization, these limiting cases are easily treated analytically and have been extensively used in the literature. Let us note that factorization can also be used in the case of curved plates, considerably simplifying the calculations [16].

Here, we are specifically interested in spindles, elongated objects whose section varies along the length (so factorization does not apply): are they adequately described by their equivalent ellipsoids (with an appropriate polydispersity), or would we benefit from using more realistic models? The experimental system we have investigated consists of gold nanobipyramids (Au NBPs). The synthesis of these objects was refined over the last decade and the interest in their optical properties and subsequent applications has grown constantly [17][18][19]. Advanced modeling and simulations have shown how the optical response of the objects (e.g. the position of the surface plasmon resonance) depends on shape features such as the truncation [20][21][22]. The precise morphology of the NBPs influences their assembly in two [23,24] or three [25] dimensions, which in turn further modulates their optical properties.

Accurate characterization of the Au NBPs is therefore imperative in view of any applications. The shape information can of course be obtained by TEM, but SAXS and other scattering techniques exhibit two major advantages: they are non-intrusive (and thus can investigate synthesis, reshaping or assembly processes) and they average over a large collection of objects (obviating the statistical issues that might affect imaging techniques). On the downside, they only yield indirect and orientation-averaged information: the comparison with TEM is of course needed for validating the models.

In this paper, we describe Au NBPs as truncated bicones: the model is used to extract morphological parameters (from both SAXS and TEM data) and compared to the simpler ellipsoid model. Extensive analysis of the results obtained with nine different synthesis batches shows that the bicone model is accurate enough to capture the width, height opening angle (or, equivalently, truncation) and polydispersity of the particles, while the ellipsoid model exhibits systematic discrepancies or, in the case of the opening angle, simply does not account for this feature.

II. METHODS

A. Materials

Gold chloride trihydrate (HAuCl 4 • 3 H 2 O ≥ 99.9%), silver nitrate (AgNO 3 > 99%), hydrochloric acid (HCl 37%), sodium borohydride (NaBH 4 ≥ 96%), L-ascorbic acid (AA, ≥ 99%), trisodium citrate dihydrate (≥ 99%), cetyltrimethylammonium bromide (CTAB ≥ 99%), cetyltrimethylammonium chloride (CTAC, 25 wt % in H 2 O), and benzyldimethylhexadecylammonium chloride (BDAC 99%) were purchased from Merck. Water purified by reverse osmosis with a resistivity above 15 MΩ.cm) was used in all experiments.

B. Bipyramid Synthesis and Purification

Au NBPs were synthesized as described previously [21,26,27].

a. Seed synthesis 2.65 mL of CTAC (25wt % in water) and 33 mL of water were heated of AA (100 mM) was added, followed by a various amount of seeds: 3.5, 3.5, 3.6, 3.6 mL for samples A to D. After 4 h at 30 • C, the bipyramids were centrifuged twice and purified by depletion during one night at 30 • C in 15 mL BDAC (350 mM) [28]. The supernatant was removed, and the precipitate was redispersed in water and washed twice with 1 mM CTAC.

The Au NBPs were finally redispersed in 2 mL of 1 mM CTAC. c. Growth of particle batches E to I The protocol was in all points similar to that used for samples A to D, except the solution volumes were halved and the final CTAC concentration was 2.5 mM. The seed volumes were: 5, 2, 1, 1 and 0.1 ml for samples E to I.

C. TEM

The solutions were concentrated by slow centrifugation to a final Au 0 concentration of 0.75 mM in 0.55 mM CTAC. 10 µL of this solution was then dropped on a carbon-coated grid and dried at 70 • C. Transmission electron microscopy (TEM) images were obtained with a JEOL 1400 microscope, operating at an acceleration voltage of 120 kV.

The bicone model is defined as in Figure 1: The total width is denoted by W , the total (effective) length by L, and the total length of the bicone (without truncation) is H. The truncation t = (H -L)/2 and the full tip angle is α. These parameters are not independent, so in the following we will use the set (W, L, α) to fully describe the shape of one particle.

The ellipsoid model only has two parameters, the major and minor axes a and b, which correspond to W and L of the bicone model, as the length along the symmetry axis and the transverse diameter, respectively. For a complete description of the particle population in one sample we also need the polydispersity p (to be discussed below).

The TEM images are treated using Igor Pro 7.0 [29]: first, the particles are separated from the background using a bimodal fit: ImageThreshold operation, with the M=(2) option. The contours of each particle are then identified using the ImageAnalyzeParticles operation, with options /E/W/M=3/FILL/EBPC. Option /E computes the equivalent ellipse for each particle, defined by the five parameters (X c , Y c , a, b, θ): x and y coordinates of the particle center, major and minor semi-axes and orientation angle. They are used as a first approximation for the bicone shape (or, more precisely, for its plane projection: a truncated diamond, see Figure 1).

Both the extracted contour and the model are represented in polar coordinates (as R e (φ) and R m (φ), respectively) and the difference between them quantified as χ 2 = dφ|R e (φ) -R m (φ)| 2 . Optimizing χ 2 is not straightforward, but we obtained good results by a twostep approach: simulated annealing (which is more robust, but does not always reach the minimum) followed by line search (to further refine the parameter values). Both steps are performed using the Optimize operation, with options M = {3, 0} and M = {0, 0} (default), 

respectively.

The extracted contour and the model are then presented to the user for inspection. We reject inadequately fitted contours, composite objects (where several particles are superposed and cannot be discriminated), and some round objects (possibly spheres or unreacted decahedral seeds).

D. SAXS

SAXS measurements were performed on the SWING beamline of the SOLEIL synchrotron (Saint-Aubin, France) at a beam energy of E = 16 keV. The sample-to-detector distance was 6.22 m, covering a scattering vector range 0.0014 < q < 0. (affecting all dimensions similarly) with relative standard deviation p.

III. RESULTS AND DISCUSSION

A. SAXS

A detailed fit example is shown in Figure 2 for sample A. Fits for the other samples (B-I) are shown in Figure 3.
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B. TEM

A fit example is shown in Figure 4 for one particle from sample H. !@%A !@%! !@ A !@ ! !@!A !@!! > +B7C +4'DE-1 +7??'>FE'( 

TEM analysis)

. This parameter is shown in Figure 6. Except for sample C (where the TEM data is lacking) and for sample I (where the fit quality is low), the BC values are always within the standard deviation of the TEM distribution.

Note that the ellipsoid model cannot measure α (or, conversely, the virtual length H).

One could of course build an angle β from the aspect ratio, e.g. as tan(β) = W/L, but this is an arbitrary choice and would severely overestimate the true tip angle, because it neglects truncation: β is between 41 • and 52 • for all our samples.

All fit parameters and some other details are given in Table I. The AS curves are presented in Appendix B and representative TEM images are shown in Appendix C. Both the bicone and the ellipsoid models yield bad fits for sample I: in particular, the polydispersity is severely overestimated (see Figure 3 andTable I), because the particle shape is often irregular (see Figure 9). This is because the attempted particle size (about 150 nm long) is at the upper limit for NBP synthesis: above it, one obtains nanojavelins [21]. 

∆λ c Peak ratio d Unit [nm] [nm] [nm] [nm] • - -[nm] [nm] [nm] [nm] • - - - [nm] [nm] - A 77.

IV. CONCLUSION

The ellipsoid model yields reasonable values for the length and width of the objects, although they are always slightly underestimated. The polydispersity is significantly overestimated, and the tip angle cannot be inferred from this model.

On the other hand, the bicone model clearly yields much better fits to the SAXS data than the ellipsoid one and the resulting coefficients are in very good agreement with the TEM results, in particular for the tip angle α. We conclude that this model is appropriate for describing Au NBPs. Potential applications include monitoring the growth of these objects in solution, but also the evolution of composite nanoparticles obtained by the deposition of a different metal (e.g. silver) onto Au NBPs [30,31].

The SAXS data and the two models presented in this work are available as supporting information.

Appendix A: Form factor models and fit quality

Ellipsoid

The ellipsoid form factor is implemented as in the NIST SANS macros [2]: due to the symmetry of the NBPs, we only consider spheroids (with major axes a = b = c). All fits yield prolate results (with a > b).

Bicone

The form factor for a (full or truncated) cone is given in the literature, e.g. in [32], and implemented in SASFIT [3] and BornAgain [6]. For completeness, we present here its derivation for a truncated bicone, using the notation in Figure 1. Since the body has azimuthal symmetry (around the z axis), we can assume without loss of generality that the scattering vector q is contained in the (x, z) plane: q = (q r , 0, q z ), and makes an angle θ with the z axis. The transverse radius of the complete cone at any height z between -H and H is given by:

r(z) = R 1 - |z| H .
The form factor of the object is:

F (q) = R 3 dr 3 e -iqr ρ(r) = ∆ρ V dr 3 e -iqr
where ρ(r) is the scattering length density (SLD), which depends on the space position. ∆ρ is the SLD difference between the object (which is homogeneous and occupies the volume V)

and the surrounding medium. In cylindrical coordinates, the current vector is: r = (ξ, φ, z),

where the azimuthal angle φ is measured with respect to the x axis and the phase factor e -iqr = e -iξqr cos(φ) e -iqzz . We can express the form factor as:

F (q) = ∆ρ H/2-t -(H/2-t) dz e -iqzz r(z) 0 ξdξ 2π 0 dφ e -iξqr cos(φ) = 2π∆ρ H/2-t -(H/2-t) dz e -iqzz r(z) 0 ξdξJ 0 (ξq r ) = 2π∆ρ H/2-t -(H/2-t) dz r 2 (z) e -iqzz J 1 [q r r(z)] q r r(z) = 4π∆ρ H/2-t 0 dz r 2 (z) cos(q z z) J 1 [q r r(z)] q r r(z) . (A1)
For a fixed amplitude q = |q| of the scattering vector, the formula above yields the form factor for a given orientation θ. In solution, the scattering signal results from an incoherent average over all orientations, so the relevant quantity is:

P (q) = |F (q)| 2 θ = π 0
sin(θ)dθ|F ((q cos(θ), 0, q sin(θ)))| 2 .

(A2)

Polydispersity

In both the ellipsoid and the bicone models we account for the polydispersity by introducing a homothetical size distribution: all dimensions are scaled by a parameter λ with respect to their reference (λ = 1) values (W 0 , L 0 , α) or (a 0 , b 0 ) -in which case the scattered signal is I 0 (q)-and λ is distributed along a Gaussian:

g(λ) = 1 √ 2π p exp - 1 2 λ -1 p 2 (A3)
Scaling all sizes by λ or the scattering vector q by the same factor preserves the signal, up to a λ 6 prefactor (easily understood if we recall that the scattered intensity is proportional to the particle volume squared.) The polydisperse signal can then be obtained as:

I avg (q) = dλ g(λ)I λ (q) = dλ g(λ)λ 6 I 0 (λq) (A4)

Relation (A4) applies to any particle shape. In particular, we checked that the sphere model yields very close results to the analytical Schulz distribution as implemented in Igor

Pro [2].

This algorithm has the advantage of being very fast, as it requires only one calculation of the form factor (for the reference values of the dimensions), followed by the averaging step (A4). It is also very general, applying to homogeneous or composite nanoparticles of any shape. Its only disadvantage is the intrinsic limitation to homothetical polydispersity.

Fit quality

There is a significant difference in fit quality between the two models, but it is difficult to discern from the graphs in Figures 2 and3. We give the goodness-of-fit χ 2 for both models in Table II: 
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 30 C. Then, 400 µL of HAuCl 4 • 3 H 2 O (25 mM) and 4 mL of trisodium citrate (50 mM) were added and the mixture was kept at 30 • C for 30 minutes. Under fast stirring, 1 mL of NaBH 4 (25 mM) was added quickly. Stirring was continued for 1 minute and the resulting solution was put in the oven for 5 days at 40 • C prior to use. b. Growth of particle batches A to D 2 mL of AgNO 3 (10 mM), 4 mL of HAuCl 4 • 3 H 2 O (25 mM), and 4 mL of HCl (1 M) were added in 200 mL of CTAB (100 mM). Then, 1.6 mL

FIG. 1 .

 1 FIG.1. TEM image of a particle, with the morphology parameters of the bicone model.

24 Å- 1 .FIG. 2 .

 2412 FIG. 2. Fits to the scattering data for sample A (black dots) with the ellipsoid (red dashed line) and bicone (solid green line) models. The residues are shown in the top panel. A zoomed-in view of the oscillations is shown to the right: for clarity, only one data point in ten is displayed.

FIG. 3 .FIG. 4 .

 34 FIG. 3. Fits to the scattering data for samples B through I (black dots) with the ellipsoid (red dashed line) and bicone (solid green line) models.

FIG. 5 .FIG. 6 .

 56 FIG. 5. Fit parameters for the bicone and ellipsoid models compared with the TEM values. Top panel: polydispersity p (green symbols). Middle panel: total length (red). Bottom panel: total width (black and gray). The symbols are the same for all panels: solid dots for the bicone model, open dots for the ellipsoid model, squares for the TEM data.

a

  Number of particles used in the analysis. b Position of the longitudinal plasmon peak. c Width of the longitudinal plasmon peak. d Between the intensity of the longitudinal and the transverse plasmon peaks.

FIG. 7 .

 7 FIG. 7. AS spectra for all samples.

FIG. 9 .FIG. 10 .

 910 FIG. 9. TEM images for samples F to I. The image of sample H was taken prior to purification, which explains the large number of spheres still present. Most of them are no longer present in the final sample.

TABLE I .

 I Parameters obtained by the three techniques (AS, SAXS and TEM) for all samples.

TABLE II .

 II Goodness-of-fit χ 2 obtained with the bicone and ellipsoid models for all samples (data and fits in Figures2 and 3.).

	Sample χ 2 BC χ 2 Ell
	A	103.2 1112
	B	14.8 51.5
	C	7.4 20.5
	D	2.9 4.0
	E	18.0 22.7
	F	3.6 8.0
	G	19.8 18.6
	H	4.9 8.5
	I	115.8 134.2
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Appendix B: UV-Vis-IR absorbance spectroscopy

Absorbance spectroscopy (AS) is the most common technique for characterizing plasmonic nanoparticles. In Figure 7, we present the spectra of all samples, normalized to an extinction value of 0.5 at 400 nm.

Appendix C: TEM images

We present in Figures 8 and9 representative images for all samples.

Appendix D: Distance distribution function

In Figure 10 we present the distance distribution function P (r) for some samples, computed using the denss.fit data routine in the DENSS suite [33]. For ease of comparison, the curves are normalized to 1 at the mode. We could not obtain reliable P (r) values for curves E, F and I, presumably due to small-q imperfections (for the first two) and to the large particle size for the last one.