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Abstract

The purpose of this work is to present an improved energy conservation method for hyperelastody-

namic contact problems based on specific normal compliance conditions. In order to determine this

Improved Normal Compliance (INC) law, we use a Moreau–Yosida α-regularization to approximate

the unilateral contact law. Then, based on the work of Hauret–LeTallec [1], we propose in the

discrete framework a specific approach allowing to respect the energy conservation of the system in

adequacy with the continuous case. This strategy (INC) is characterized by a conserving behavior

for frictionless impacts and admissible dissipation for friction phenomena while limiting penetra-

tion. Then, we detail the numerical treatment within the framework of the semi-smooth Newton

method and primal-dual active set strategy for the normal compliance conditions with friction. We

finally provide some numerical experiments to bring into light the energy conservation and the effi-

ciency of the INC method by comparing with different classical methods from the literature throught

representative contact problems.
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1. Introduction

Dynamic problems involving contact between deformable bodies or between a body and a foun-

dation still remain today an important subject of study for mathematical and numerical analysis.

In the literature, many references offer different approaches for the usual contact conditions with

friction [2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. As a matter of fact, the equations resulting from frictional

contact problems are difficult to solve both mathematically and numerically due to their inherent

non-linearity and the non-smoothness. In order to handle these issues, several methods have already

been successfully tested. They rely on handling the original conditions by normal compliance meth-

ods [12, 13, 14] or by other relevant methods such as the quasi-augmented lagrangian method [2],

the bi-potential method [15, 16], the conjugate gradient method [8, 11], Uzawa method [9, 17] and

Nitsche finite element method [18, 19, 4] and references therein. Moreover, Newton’s semi-smooth

method with Primal-Dual Active Set (PDAS) procedure appears as one of the most relevant methods

to solve contact problems with friction because of their efficiency and their simplicity of implemen-

tation [20, 21, 22]. Some works have been dedicated to studying the efficiency of PDAS methods, as

well as to solve linear elasticity problems with unilateral boundary conditions [20, 23, 24], or even

to solve non-linear multi-body contact problems in elastodynamics [21, 22, 25].

However, when considering impact problems whether in small or large deformations, even the

standard implicit schemes (θ-method, Newmark schemes, midpoints or Hilber-Hughes-Taylor type

methods [26]) lose their unconditional stability, which leads either to an energy explosion or to a

numerical dissipation which is neither realistic nor acceptable mechanically, as explained in [26, 27,

28, 29]. Therefore, it is necessary to use appropriate implicit schemes providing energy conservation

type properties. To this purpose, many references [1, 8, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36] propose

relevant approaches to solve these impact problems with balance energy properties.

This work proposes two traits of novelty. The first one arises from the improved frictional contact

model we consider, which provides intrinsic energy-controlling properties. Contact is modeled with

a general Moreau–Yosida regularization [37, 38, 39] of the unilateral condition. The Moreau–Yosida

regularization seems to be an appropriate tool to find a regular contact model (Normal Compliance)

which respects the kinetic energy of the system while preserving the non-interpenetration of contact.

The discrete Improved Normal Compliance (INC) will be well suited to respect energy conservation

in adequation with the continuous framework. The second trait of novelty consists in the analysis

and the implementation of an energy-controlling method, based on a semi-smooth Newton method

combined with an active set method via the complementarity functions for normal compliance with

friction models. In summary, the major novelty comes from the combination of the Active Set

approach with the Improved Normal conformance method and the fact that such a combination

is also useful and relevant for the conservation of the energy in hyper-elastodynamics. Based on

representative examples from the literature [8, 33, 40], we study and analyze numerically this Im-

proved Normal Compliance method for dynamic hyperelastic problems with the main objective of

respecting the conservation of energy and the non-interpenetration condition during impacts.

The remainder of the article is organized as follows. In Section 2, we present and explain the

physical framework and the mathematical model studied, then we recall the formulation of hyper-

elastic problems with frictional contact. We present in detail various contact models as unilateral

contact, persistent contact, and normal compliance conditions. After formulating the strong and

variational problems, we detail the energy conservation and dissipation properties in the continuous

case using the specific properties of the normal compliance conditions. Section 3 is devoted to the

discretization of the hyperelastodynamic problem with contact and the approach (INC) adapted to

respect the energy conservation in adequation to the continuous framework. In Sections 4 and 5,

we propose an innovative, fast and efficient Primal Dual Active Set (PDAS) method to solve a hy-

perelastodynamic problem with Improved Normal Compliance and Coulomb friction. Contact and

friction conditions are realized by applying an Active Set strategy via a non-linear complementarity

function based on the semi-smooth Newton iterative scheme. In the last section, we provide the
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numerical experiments of the hyperelastodynamic problems in contact with and without friction

carried out with a dynamic elastic ball, then a hyperelastic ring both launched in the direction of a

rigid foundation. We present comparative studies between different numerical energy conservation

methods during the impacts of the systems [1, 2, 31, 32].

2. Hyperlastic problems for low velocity impact with friction

2.1. Hyperlastic framework

A hyperelastic body occupies a bounded domain Ω ⊂ Rd (d = 1, 2, 3) with a continuous Lipschitz

boundary Γ, divided into three disjoint measurable parts Γ1, Γ2, and Γ3. We denote by x = (xi) the

point in Ω∪Γ used and we designate by n = (ni) the unit outward normal over Γ. The indices i, j,

k, l vary between 1 and d (d is the space dimension), and unless otherwise specified, the summation

convention on repeated indices is employed. We denote by Md the space of second-order tensors on

Rd or, equivalently, the space of square matrices of order d. The scalar product and the norm on

Rd and Md are defined by

u · v = uivi , ‖u‖ = (u · u)
1
2 ∀u,v ∈ Rd,

σ : γ = σijγij , ‖σ‖ = (σ : σ)
1
2 ∀σ,γ ∈Md.

Let u and Π denote the displacement field and the first Piola–Kirchhoff stress tensor, respectively,

and the normal and tangential components of u on Γ, which are given by un = u ·n, uτ = u−unn,

where n is the unit normal outside Γ. We consider that an index following a comma represents the

partial derivative with respect to the corresponding spatial variable of x, ui,j =
∂ui
∂xj

. Dots above a

function represent partial derivatives with respect to time, i.e. u̇ =
∂u

∂t
and ü =

∂2u

∂t2
. Moreover,

we recall that the divergence operator acting on a tensor field τ is Div τ = (τij,j).

In the problems studied later, the behavior of the material is described by a hyperelastic constitutive

law. We recall that hyperelastic constitutive laws are characterized by the first Piola–Kirchhoff tensor

Π, which derives from a deformation energy density W : Ω ×Md
+ → R, Π(x,F) = ∂

∂FW (x,F) =

∂FW (x,F), for all x ∈ Ω and F ∈ Md
+, where Md

+ = {F ∈ Md : det F > 0}. Here F is the

deformation gradient defined by F = I +∇u and ∂F represents the differential with respect to the

variable F, for more details on hyperelasticity see [41, 42, 8]. In what follows, we consider a dynamic

problem with contact and friction in which the hyperelastic body comes into contact with a perfectly

rigid obstacle Ωobs ⊂ Rd (d = 1, 2, 3) which is a rigid bounded domain with a continuous Lipschitz

boundary Γobs, the so-called foundation (see Figure 1). The hyperelastic body is subjected to the

(a) (b)

Figure 1: Reference (a) and deformed (b) configurations of a body.

action of volumetric forces with density f0 and surface tractions with density f2 which act on Γ2.
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In the rest of the paper, we consider the time interval of interest [0, T ] with T > 0. We denote by

t ∈ [0, T ] the time variable.

2.2. Frictional contact conditions

Suppose the body is fixed on Γ1 and can come into contact at Γ3 with the foundation. In

the following, the frictional contact conditions are based on the combination of normal compliance

conditions with a Coulomb law of dry friction on Γ3. We denote by ϕ : Ω × [0, T ] → Rd the

deformation field, with ϕ(x, t) = x+ u(x, t) the position at time t ∈ [0, T ] of point x ∈ Ω. For any

point x ∈ Γ3, we define the point y(x, t) of the foundation closest to x:

y(x, t) = arg min
y∈Γobs

‖ϕ(x, t)− y‖2.

In this way, one can define the minimal allowed contact distance (gap) between a point of Γ3 and

its orthogonal projection on the rigid foundation as follows:

gν = (ϕ(x, t)− y(x, t)) · ν, ∀x ∈ Γ3,

where ν is the inner unit normal vector to the rigid foundation. The normal force of contact Πν ,

assumed to be negative, can be written in the direction ν:

Πν = ν ·Πn.

In the same way, the tangential force of contact can also be expressed according to the first tensor

of Piola–Kirchhoff:

Πτ = Πn−Πνν,

With these definitions in place, the tangential contact velocity ġτ of a point x ∈ Γ3, relative to the

opposite surface of the foundation, is given by

ġτ = [Id − ν ⊗ ν]u̇(x, t),

The conditions of contact and friction are posed on the boundary Γ3 or Γ3 × [0, T ] in a time-

dependent problem and pertain to the normal and tangential components Πν and Πτ of the surface

contact force, respectively, and the displacements uν , uτ . With these considerations, the unilateral

conditions on the boundary of contact Γ3 are given in the following section.

2.2.1. Law of unilateral contact with friction

The law of unilateral contact of a solid on a rigid obstacle was proposed in 1933 by Signorini

[43] and is written in the form of three conditions: a condition of non-penetration, a condition of

compression and a condition of complementarity. Thereafter and for convenience, we will change

notation for the contact variables: δν = gν and λν = −Πν . Therefore, the unilateral contact

conditions read
Non-penetration condition: δν ≤ 0,

Compression condition: λν ≥ 0,

Complementarity condition: λνδν = 0.

(2.1)

From a mechanical viewpoint, this amounts to considering a perfectly rigid foundation; no matter

how much compressive force is applied, no penetration occurs.

Coulomb’s law of friction involves the tangential friction stress Πτ , the normal contact pressure Πν ,

and the tangential contact velocity u̇τ that we now denote δ̇τ = u̇τ , as well as the tangential stress

λτ = −Πτ , as follows:

‖λτ‖ ≤ µ |λν | stick status,

‖λτ‖ = µ |λν |
δ̇τ

‖δ̇τ‖
if δ̇τ 6= 0 slip status.

(2.2)
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where µ ≥ 0 is the coefficient of friction.

If the norm of the tangential stress λτ is less than the friction threshold µ |λν |, then there is sticking

between the body and the foundation. If, on the other hand, this threshold is reached, then the

body slides on the foundation while the tangential stress is constant and depends on the unit tangent

τ = δ̇τ/‖δ̇τ‖.

Note that it is possible to write conditions (2.1) as the following subdifferential inclusion:

λν ∈ ∂ΨR−(δν) on Γ3 × (0, T ), (2.3)

where ∂ represents the sub-differential operator in the sense of convex analysis and ΨA denotes the

indicator function of the set A ⊂ R. A similar consideration for frictional stress leads to

λτ ∈ µλν∂‖δ̇τ‖ on Γ3 × (0, T ). (2.4)

2.2.2. Law of persistent contact with friction

Such a law is slightly on the margins of the previous one insofar as its main interest resides in

its natural properties of energy conservation. The persistency condition is expressed as a comple-

mentarity condition between the normal stress λν and the tangential velocity δ̇ν , namely:

λν δ̇ν = 0. (2.5)

This condition alone is sufficient to guarantee that the work of the contact normal force

∫
Γ3

λν δ̇ν = 0

vanishes. By combining with the unilateral contact law, it takes the following form:{
if δν < 0, λν = 0,

if δν = 0, λν ∈ −∂ΨR+(δ̇ν).
(2.6)

We refer the reader to [8, 1, 33] for more details.

2.2.3. Normal compliance law via a α-Moreau–Yosida regularization

We briefly present the α-Moreau–Yosida regularization [37, 38] of the unilateral condition of

Signorini and begin with a reminder of the concepts of variational analysis. Let S be a subset of a

Hilbert space H endowed with the norm ‖·‖.

Definition 2.1. Let f be a lower bounded semicontinuous function defined by f : H→ R ∪ {+∞}.
For all r > 0, the α-Moreau–Yosida envelope [37, 38, 44, 39] of f , with α ≥ 2, is defined by:

fαr (z) = inf
y∈H

(
f(y) +

1

r
‖y − z‖α

)
, ∀z ∈ H. (2.7)

Theorem 2.2. Let f : H → R ∪ {−∞}, the regularization of ∂f for all r > 0 is the gradient ∇fαr
associated with the envelope fαr .

For the details of proof, see [37, 38, 44, 39].

If we take f = ΨR− , for r > 0 and α ≥ 2, we have

(ΨR−)αr (z) = inf
y∈H

(
ΨR−(y) +

1

r
‖y − z‖α

)
= inf
y∈R−

(1

r
‖y − z‖α

)
=:

1

r
distαR−(z).

Proposition 2.3. Let α ≥ 2 on;

∇(ΨR−)αr (z) = ∇
(1

r
distαR−(z)

)
=

1

r
projR+(z)‖projR+(z)‖α−2. (2.8)
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The contact with a deformable foundation is modeled by the normal compliance condition. It

attributes a reactive normal pressure depending on the interpenetration of the foundation; this

means that the normal stress λν is a function of the normal displacement δν . A general expression

for the normal compliance condition is then given by

λν = p(δν) on Γ3 × (0, T ) (2.9)

where p(·) vanishes for negative arguments. The normal compliance condition was first introduced

in [14, 45]. This standard condition can be considered as a Moreau–Yosida regularization of the

unilateral contact condition of Signorini with α = 2 and z = δν :

Standard Normal Compliance (SNC) with friction

λν = cν
α

2
([δν ]+)α−1 on Γ3 × (0, T ), (2.10)

where [x]+ is the positive part of x ∈ R, and cν = 1
r can be assimilated to the stiffness coefficient

of the foundation. This law of normal compliance (2.10) has two particularities: first, it allows

to reduce the interpenetration while the second aspect lies in its natural quasi-energy-conservation

properties (see energy balance in section 2.5), which is critical from a physical point of view. In

adequacy with this regularization process, it is assumed that the law of friction can expressed as
if ||λτ || < µ|λν | λτ = cτ δ̇τ , stick

if ||λτ || = µ|λν | λτ = µλν
δ̇τ

‖δ̇τ‖
, slip

on Γ3 × (0, T ), (2.11)

where cτ > 0 is the tangential compliance parameter.

2.3. Strong formulation of the mechanical problem

With the preceding notation, the strong formulation of the problem is the following one.

Problem P. Find displacement field u : Ω × [0, T ] → Rd and the stress field Π : Ω × [0, T ] → Md

such that

Π = ∂FW (F) in Ω× (0, T ), (2.12)

Div Π + f0 = ρü in Ω× (0, T ), (2.13)

u = 0 on Γ1 × (0, T ), (2.14)

Πν = f2 on Γ2 × (0, T ), (2.15)

λν = cν
α

2
[δν ]α−1

+ on Γ3 × (0, T ), (2.16)


||λτ || < µ|λν | λτ = cτ δ̇τ

||λτ || = µ|λν | λτ = µλν
δ̇τ

‖δ̇τ‖
on Γ3 × (0, T ), (2.17)

u(0) = u0, u̇(0) = u1 in Ω. (2.18)

with α ≥ 2, µ the coefficient of friction depending on the sliding rate and cν , cτ the compliance

parameters.

Equation (2.12) represents the hyperelastic constitutive law of the material, (2.13) represents the

equation of motion in which ρ > 0 is the material density and is assumed constant, for simplicity.

The conditions (2.14), (2.15) represent respectively the boundary conditions of displacement and

traction. Conditions (2.16) and (2.17) respectively represent the conditions of contact with normal

compliance and friction described in the preceding section. Finally, (2.18) represents the initial

conditions in which u0 and u1 are respectively the initial displacement and velocity.
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2.4. Variational formulation of the problem

In order to derive the variational formulation of Problem P, additional notation and some

preliminary elements are necessary. The classical notation for the Sobolev and Lebesgue spaces

associated with Ω and Γ is used. We consider a closed subspace of H1 as follows: Following the

approach of Duvaut and Lions [46], we introduce the following Hilbert spaces:

V = {v ∈ H1(Ω;Rd) : v = 0 on Γ1} and H = L2(Ω;Rd)

they are Hilbert spaces endowed with the scalar products (u,v)V and (Π, τ )H and their associated

norms ‖·‖V and ‖·‖H respectively.

Note that the Lagrange multipliers λν and λτ are taken equal to −Πν and −Πτ , respectively. In

order to introduce a variational formulation of the mechanical problem, we consider the following

spaces [46, 47]:

X = { v|Γ3
: v ∈ V } ⊂ H1/2(Γ3;Rd)

Xν = { vν |Γ3 : v ∈ V } , Xτ = {vτ |Γ3 : v ∈ V }
and their topological dual spaces X

′
, X

′

ν and X ′τ . We assume that Γ3 is sufficiently regular so

that Xν ⊂ H1/2(Γ3;R), Xτ ⊂ H1/2(Γ3;Rd−1), X
′

ν ⊂ H−1/2(Γ3;R) and X
′

τ ⊂ H−1/2(Γ3;Rd−1).

Moreover, we denote by 〈·, ·〉X′ν ,Xν and 〈·, ·〉X′τ ,Xτ the corresponding duality products. For more

details on the operators traces, we can refer to [48, 47].

We move on to the variational formulation (or weak formulation) for Problem P. Multiplying

(2.13) by any virtual velocity v and applying Green’s formula, we get

−
∫

Ω

Π(t) : ∇v dx+

∫
∂Ω

Π(t)n · v da+

∫
Ω

f0(t) · v dx =

∫
Ω

ρü(t) · v dx ∀v ∈ V. (2.19)

To establish the variational formulation of Problem P (2.12)–(2.18), we need some additional

notation. Thus, we consider the function f : (0, T ) → V ∗ where the exterior volume and surface

force densities are assumed to be such that

f0 ∈ L2(0, T ;L2(Ω)), f2 ∈ L2(0, T ;L2(Γ2)), (2.20)

so that

(f(t),v)V = (f0(t),v)H + (f2(t),v)L2(Γ2), ∀v ∈ V. (2.21)

Using the duality between V ∗ and V , Green’s formula and the contact conditions with friction on

the boundary Γ3, the equation (2.19) becomes:

〈ρü(t),v〉V ∗×V + 〈Π(t),∇v〉V ∗×V = (f(t),v)V +

∫
Γ3

Πν(t)vν da+

∫
Γ3

Πτ (t) · vτ da.

Finally, we obtain the variational formulation of the contact problem with friction P using the

Lagrange multiplier λν , related to the normal contact stress Πν , and the Lagrange multiplier λτ ,

related to the tangential contact stress Πτ , in terms of two unknown fields (here and in the following,

we drop explicit mention of time dependence for ease of presentation).

Problem PV : Find the displacement field u ∈ L∞(0, T ;V ), with u̇ ∈ L2(0, T ;V ) and ü ∈ L2(0, T ;V ∗),

the normal stress field λν : (0, T ) → X
′

ν and the tangential stress field λτ : (0, T ) → X
′

τ such that,

∀v ∈ V ,

〈ρü,v〉V ∗×V + 〈Π,∇v〉V ∗×V + 〈λν , vν〉X′ν ,Xν + 〈λτ ,vτ 〉X′τ ,Xτ = (f ,v)V , in (0, T ), (2.22)

λν = cν
α

2
[δν ]α−1

+ on Γ3 × (0, T ), (2.23)


||λτ || < µ|λν | λτ = cτ δ̇τ

||λτ || = µ|λν | λτ = µλν
δ̇τ

‖δ̇τ‖
on Γ3 × (0, T ), (2.24)
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and, moreover,

u(0) = u0, u̇(0) = u1. (2.25)

According to Hadamard’s definition of the meaning of well-posed problems, it is known that the

variational problem PV is ill-posed. Indeed, this problem is very complex due to the multiplicity of

its solutions for several reasons: hyperelastic medium, dynamic process, and friction conditions. For

further details on the existence of solution in particular hyperelastic cases and with more regularity,

one can refer to the following references: [41, 42, 49].

2.5. Energy conservation properties in the continuous case

From a physical point of view, the solution of a hyperelastic problem should satisfy some conser-

vation properties like conservation of energy, conservation of kinematic momentum, and conservation

of linear momentum. We are now particularly interested in the energy conservation properties. In

the absence of contact and friction, the conservation of energy can be written as follows:∫ t

0

Ė(s)ds = E(t)− E(0) =

∫ t

0

∫
Ω

f0 · u̇ dx ds +

∫ t

0

∫
Γ2

f2 · u̇ da ds, (2.26)

where (s, t) ∈ (0, T ) × (0, T ) and E(t) denotes the internal energy of the system at time t, defined

as

E(t) =
1

2

∫
Ω

ρ|u̇|2dx+

∫
Ω

W̃ (C)dx (2.27)

where C = FTF is the Cauchy-Green tensor and W̃ (C) := W (F) .

Moreover, the conservation of energy for hyperelastic phenomena with frictional contact is written

in the following way:

E(t)− E(0) =

∫ t

0

∫
Ω

f0 · u̇ dxds +

∫ t

0

∫
Γ2

f2 · u̇ dads

−
∫ t

0

∫
Γ3

λν δ̇ν dads−
∫ t

0

∫
Γ3

λτ · δ̇τ dads
(2.28)

Using the variational formulation of the problem by taking v = u̇(t,x), we obtain the frictional

contact reaction work given by

Wc+f =

∫
Γ3

(λν δ̇ν + λτ · δ̇τ ) da. (2.29)

where δ̇ν and δ̇τ represent the time derivatives of δν and δτ respectively.

When the volume and surface forces are not taken into account, and with the presence of the normal

contact compliance law without friction, the expressions of the energy allow us to obtain

E(t)− E(0) = −
∫ t

0

∫
Γ3

λν δ̇ν da ds. (2.30)

Using the general normal compliance condition (2.23), we get:

E(t)− E(0) = −
∫ t

0

∫
Γ3

cν
α

2
(δν
]α−1

+
δ̇νda ds = −cν

2

∫
Γ3

([
δν
]α
+

(t)−
[
δν
]α
+

(0)
)
da (2.31)

The difference
[
δν
]α
+

(t)−
[
δν
]α
+

(0) in (2.31) is very small since the penetrations
[
δν
]
+

(t) at any time

t are also small as long as the compliance parameter cν is sufficiently large. Therefore, the energy

of the system is “almost” conserved: E(t) ≈ E(0).

Considering now the friction, we obtain

λτ · δ̇τ ≥ 0⇒ −Wc+f ≤ 0 ⇒ E(0) ≥ E(t) (2.32)
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Concerning the expression (2.32), we note a dissipation of energy between the instants 0 and t because

of the friction, which is physically acceptable due to the dissipative nature of this phenomenon.

When we take these energy expressions with the “persistent” conditions (2.5), we get the following

results:

Case without friction : λν δ̇ν = 0, λτ · δ̇τ = 0⇒Wc+f = 0⇒ E(0) = E(t), (2.33)

Case with friction : λν δ̇ν = 0, λτ · δ̇τ ≥ 0⇒Wc+f ≥ 0⇒ E(0) ≥ E(t). (2.34)

Here, (2.33) expresses the conservation of total energy when the persistence condition is applied,

whereas by (2.34), because of friction, we observe a dissipation of energy between the instants 0

and t.

3. Discrete formulation of the frictional contact problems

3.1. Variational approximation

In this section, we introduce a discrete approximation in time and space of the problem PV ,

based on arguments similar to those used in [33, 50, 36, 51, 49, 48, 5]. First of all, we recall some

preliminary elements concerning the time discretization step.

Let N be an integer, and ∆t = T
N a time step. For a continuous function f with respect to time, we

will use the notation fj = f(tj) for 0 ≤ j ≤ N . In what follows, we consider a collection of discrete

times {tn}Nn=0 which defines a uniform partition of the time interval [0, T ] =
⋃N
n=1[tn−1, tn], with

t0 = 0, tn = tn−1 + ∆t, and tN = T . Using truncated Taylor expansions, we find

un = un−1 +
∆t

2
(u̇n + u̇n−1) + θ(∆t2), (3.1)

Finally, for a finite sequence {un}Nn=1, we denote the divided differences of the midpoints by:

u̇n− 1
2

=
un − un−1

∆t
=

1

2
(u̇n + u̇n−1), (3.2)

Then we use the notation �n− 1
2

= 1
2 (�n +�n−1), where �n represents the approximation of �(tn).

For regularity in time of the solution, see [26, 8, 11]. Let us note that the time integration scheme

employed is based on an implicit scheme of order 2 which one finds in (3.2).

We now present some elements concerning the spatial discretization step. Let Ω be a polyhedral

domain. Consider a regular partition {T h} of triangular finite elements of Ω which are compatible

with the boundary decomposition Γ = Γ1 ∪ Γ2 ∪ Γ3, i.e., if one side of an element T ∈ T h has more

than one point on Γ, then the side lies entirely on Γ1, Γ2 or Γ3. The space V is approximated by

the finite dimensional space V h ⊂ V of continuous and piecewise affine functions, that is:

V h = {vh ∈ [C(Ω)]d : vh|T ∈ [P1(T)]d ∀T ∈ T h,
vh = 0 at nodes on Γ1},

where P1(T) represents the space of polynomials of degree less than or equal to 1 in T and h > 0 is

the spatial discretization parameter. Let us consider the following spaces [48, 47]:

Xh
ν =

{
vhν |Γ3 : vh ∈ V h

}
, Xh

τ =
{
vhτ |Γ3 : vh ∈ V h

}
and their topological dual spaces X

′h
ν and X

′h
τ . We assume that X

′h
ν ⊂ X

′

ν ∩ L2(Γ3;R) and

X
′h
τ ⊂ X

′

ν ∩ L2(Γ3;Rd−1). For the discretization of the Lagrange multiplier spaces Xh
ν and Xh

τ ,

we use piecewise constant functions as done in [2, 7, 48, 36, 52, 53]. The discrete Lagrange multi-

plier spaces, denoted by X
′h
ν and X

′h
τ , are related to the discretization of the normal stress λν and

the discretization of the friction stress λτ , respectively.
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With these previous notation and the midpoint scheme (3.2), we have the following discrete approx-

imation for the problem PV at time tn− 1
2
:

Problem PhV . Find a discrete displacement field uh = {uhn}Nn=0 ⊂ V h, a discrete normal stress field

λhnu = {λνhn}Nn=0 ⊂ X
′h
ν , and a discrete tangential stress field λhτ = {λτ hn}Nn=0 ⊂ X

′h
ν such that, for

all n = 1, . . . , N ,

ρühn− 1
2

+B(uhn− 1
2
) + λν

h
n− 1

2
νn− 1

2
+ λτ

h
n− 1

2
− f = 0 (3.3)

λν
h
n− 1

2
= cν

α

2
[δhν

n− 1
2

]α−1
+ , (3.4)

‖λτ hn− 1
2
‖ < µ|λνhn− 1

2
| λτ

h
n− 1

2
= cτ δ̇τh

n− 1
2

‖λτ hn− 1
2
‖ = µ|λνhn− 1

2
| λτ

h
n− 1

2
= µλν

h
n− 1

2

δ̇τ
h

n− 1
2

‖δ̇τ
h

n− 1
2
‖

(3.5)

uh0 = ūh0 , u̇h0 = ūh1 .

where B(·) is the internal stress operator representing the first Piola–Kirchhoff tensor Π. The initial

values ūh0 ∈ V h and ūh1 ∈ V h are discrete values resulting from the finite element approximation of

u0 and u1, respectively.

3.2. Usual discrete framework of energy conservation

In the rest of the section, to simplify notation and readability, we do not indicate the dependence

of the different variables on the discretization parameter h, i.e., we write u instead of uh. We begin by

recalling some preliminaries regarding discrete energy conservation in the hyperelastodynamic con-

tactless framework. In order to solve a hyperelastic dynamic problem, we have to use adapted time

integration schemes. When considering nonlinear dynamical problems, standard implicit schemes

(θ-method, Newmark schemes, midpoint methods or HHT methods) lose their unconditional stabil-

ity, as explained in [26, 28, 8]. Therefore, it is necessary to use implicit energy-conserving schemes

like those used in [29, 28, 1, 8, 27, 33, 36, 35] which are appropriate due to their long-term time

integration accuracy and stability. In all these methods, the corresponding discrete mechanical

conservation properties are satisfied. By taking into account the implicit second-order temporal

integration scheme of midpoint (3.2), we obtain the weak form of a nonlinear hyperelastodynamic

problem integrated between times tn−1 and tn:Find un ∈ U such that
1

∆t

∫
Ω

ρ(u̇n − u̇n−1) · v dx +

∫
Ω

Πalgo

n− 1
2

: ∇v dx−
∫

Γ2

f2n− 1
2
· v dx−

∫
Ω

f0n− 1
2
· v da = 0.

(3.6)

There, the discrete tensor Πalgo is introduced in order to satisfy the exact properties of the discrete

energy. This tensor, defined by Gonzalez in [28], takes the form:
Πalgo

n− 1
2

= Fn− 1
2
Σalgo

Σalgo = 2
∂W̃

∂C
(Cn− 1

2
) + 2[W̃ (Cn)− W̃ (Cn−1)− ∂W̃

∂C
(Cn− 1

2
) : ∆Cn−1]

∆Cn−1

∆Cn−1 : ∆Cn−1

(3.7)

with ∆Cn−1 = Cn −Cn−1 and Cn−1 = F Tn−1F n−1. Using the arguments of [28] and as shown by

the axiom of material indifference which implies that W̃ (F ) = W̃ (C), it follows that (3.7) verifies

the exact conservation of energy characterized by the following condition:

Πalgo

n− 1
2

: (F n − F n−1) = Πalgo

n− 1
2

: (∇un −∇un−1) = W̃ (Cn)− W̃ (Cn−1). (3.8)
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For more details on the standard energy conservation framework, we refer the reader to [29, 28, 1, 8,

27]. Much work has been devoted to extending the conservative properties of the frictionless contact;

more precisely, Lauren and Chawla [30] and Armero and Petocz [31] showed the advantage of the

persistence condition to conserve energy in the discrete setting. Nevertheless, in all these works,

the numerical method shows that the interpenetration only disappears when the time step tends

towards zero. In order to overcome this drawback, Laursen and Love [32] have developed an efficient

method, by introducing a discrete jump in velocity; however, this method requires the solution of

an auxiliary system in order to compute the velocity update results. Furthermore, Hauret and Le

Tallec [1] have considered a specific penalized enforcement of the contact conditions which allows to

provide energy conservation properties. Then, Khenous, Laborde and Renard [40] have introduced

the Equivalent Mass Matrix method (EMM), based on a procedure of redistribution of the mass

matrix. Interpretations and extensions of this method can be found in [54]. The resulting problem

exhibits Lipschitz regularity in time and achieves good energy evolution properties, due to the fact

that the persistency condition is automatically satisfied. The EMM approach was studied and used

in many works; for instance, theoretical and computational aspects related to this model can be

found in [55, 40].

3.3. Improved approach to “almost” conserve the energy

In what follows, based on the papers [1, 36], we present a improved energy conservation method

for hyperelastodynamic contact problems with its extension to dissipation phenomena with friction.

This method allows to enforce the general normal compliance law during each time step with “min-

imal” contact penetrations and with conservation properties which respect “almost” the energy.

In order to take into account contact at time tn− 1
2
, we choose to implicitly approach the term of

contact with friction; thus the weak formulation integrated between the times tn−1 and tn is
Find un ∈ V such that
1

∆t

∫
Ω

ρ(u̇n − u̇n−1) · v dx+

∫
Ω

Πalgo

n− 1
2

: ∇v dx−
∫

Γ2

f2n− 1
2
· v dx−

∫
Ω

f0n− 1
2
· v da

+

∫
Γ3

[λν
n− 1

2

δ̇ν
n− 1

2

+ λτ
n− 1

2

· δ̇τ
n− 1

2

] da = 0

(3.9)

In order to obtain energy conservation properties, we propose to change the normal constraint λνn− 1
2

by an improved discrete value (3.11) which will respect the energy balance of the continuous case

(2.31).

Discrete form of Improved Normal Compliance (INC) conditions

In order to “almost” conserve the energy and to respect the energy balance of the continuous case,

we replace the normal contact distance (δnν )α−1 by

δ̃nν :=

[(
δnν
)

+

]α − [(δn−1
ν )+

]α
α
(
δnν − δn−1

ν

) (3.10)

We then obtain the normal stress value λν
n− 1

2

of the improved normal compliance condition in the

discrete case:

λν
n− 1

2

= cν
α

2
δ̃nν . (3.11)

Discrete Energy Evolution Analysis

This part is devoted to establishing the energy conservation properties induced by the improved

normal compliance described in the previous paragraph. We use above the notation En and En−1

for the energy E of the hyperelastic system of contact with friction evaluated at times tn and tn−1

respectively. For example, the discrete energy at time tn can be written as follows:

En =
1

2

∫
Ω

ρ|u̇2
n| dx+

∫
Ω

W̃ (Cn) dx. (3.12)
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The general evaluation of the discrete energy of the contact problem with friction between times tn
and tn−1 is based on the following proposition.

Proposition 3.1. The following discrete energy balance holds between times tn and tn−1:

En − En−1 = ∆t〈fn− 1
2
, un− 1

2
〉V ∗×V −∆t

∫
Γ3

[
λν

n− 1
2

δ̇ν
n− 1

2

+ λτ
n− 1

2

· δ̇τ
n− 1

2

]
da (3.13)

Proof. Using the variational formulation (3.9) with

v = u̇n− 1
2

=
un − un−1

∆t
=
u̇n + u̇n−1

2

we get the following equality

1

2∆t

∫
Ω

ρ(u̇n − u̇n−1) · (u̇n + u̇n−1) dx +
1

∆t

∫
Ω

Πalgo : ∇(un − un−1) dx

= 〈fn− 1
2
,un− 1

2
〉V ∗×V +

∫
Γ3

[
λν

n− 1
2

δ̇ν
n− 1

2

+ λτn · δ̇τn− 1
2

]
da (3.14)

Also, using the identity (u̇n − u̇n−1) · (u̇n + u̇n−1) = [u̇n]2 − [u̇n−1]2 and the conservation property
of the Gonzalez scheme given in equality (3.8), we get that

1

2∆t

∫
Ω

ρ
(
[u̇n]2 − [u̇n−1]2

)
dx+

1

∆t

∫
Ω

(
W̃ (Cn)− W̃ (Cn−1)

)
dx

= 〈fn− 1
2
,un− 1

2
〉V ∗×V −

∫
Γ3

[
λν

n− 1
2

δ̇ν
n− 1

2

+ λτ
n− 1

2

· δ̇τ
n− 1

2

]
da (3.15)

By using the definition (3.12) of the discrete energy at times tn−1 and tn, we obtain the assertion.

Using the previous proposition, we can give an estimate of the discrete energy balance for the

contact law with Improved Normal Compliance (3.11). When the external forces are assumed to be

zero, by using
δnν−δ

n−1
ν

∆t = δ̇ν
n− 1

2

and considering the formula (3.10), the energy balance is

En − En−1 = −
∫

Γ3

cν
2

(
[(δnν )+]α − [(δn−1

ν )+]α
)
da−∆t

∫
Γ3

λτ
n− 1

2

· δ̇τ
n− 1

2

da. (3.16)

We notice that the condition of Improved Normal Compliance allows in the case without friction an

evaluation of the discrete energy which is in agreement with the continuous case (2.31).

Case without friction

The difference [(δnν )+]α− [(δn−1
ν )+]α is very small since the penetrations (δnν )+ and (δn−1

ν )+ are also

small. So the energy of the system is “almost” conserved, i.e. En ≈ En−1.

Case with friction

In this case the product λτ
n− 1

2

· δ̇τ
n− 1

2

is always positive due to the friction law, so we observe a

dissipation of the energy: En ≤ En−1. In other words this strategy limits the dissipation of energy

between times tn and tn−1.

In summary, the INC strategy respects the dissipation in the case of friction and “almost” conserves

the energy in the case of contact without friction, and this is achieved by limiting the penetration.

In the following sections, we will propose both semi-smooth Newton’s method as well as the Primal

Dual Active Set (PDAS) algorithm in the case of Normal Compliance conditions.
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4. Semi-Smooth Newton approach for solving normal compliance conditions

The semi-smooth Newton/PDAS methods appear to be one of the most relevant methods for

solving frictional contact problems (cf [20, 21, 22]). These methods are based on the following prin-

ciple: the conditions of contact and friction are reformulated in terms of non-linear complementarity

equations whose solution is provided by the semi-smooth iterative method of Newton [20, 23]. To

this end, we need the generalized derivative of complementary functions for contact and friction. In

practice, the conditions of contact with Coulomb’s friction can be formulated in terms of a fixed

point problem related to a quasi-optimization one. From a purely algorithmic point of view, the

main goal of these methods is to separate the nodes potentially in contact into two subsets (active

and inactive) and to find the correct subset of all the nodes actually in active contact (subset A), as

opposed to those that are inactive (subset I). In practice, the semi-smooth Newton/PDAS methods

do not require the use of Lagrange multipliers. In fact, the boundary conditions on the subsets A
and I are directly enforced thanks to the fixed points found by the semi-smooth Newton method,

and consequently, their implementation can be achieved without much effort.

4.1. Standard Normal Compliance (SNC) conditions

4.1.1. Complementary function

The standard normal compliance contact conditions (2.10) with α = 2 can be formulated from

the following non-linear complementary function:

Cλν (δν , λν) = λν − cν [δν ]+, (4.1)

where we have dropped, for the sake of readability, the time index n+ 1.

4.1.2. Generalized derivative of complementary functions

We provide the generalized derivative of the complementary functions in the gap and contact cases.

• Gap case: δν ≤ 0.

According to the complementary function Cλν (δν , λν) = λν we have

dδνCλν = 0, (4.2)

dλνCλν = dλν . (4.3)

• Contact case: δν > 0.

Given the complementary function Cλν (δν , λν) = λν − cνδν , we have

dδνCλν = −cνdδν , (4.4)

dλνCλν = dλν . (4.5)

By combining (4.2)–(4.5), with the generalized derivative DCλν of Cλν , we obtain

DCλν (δν , λν)(dδν , dλν) = −cν(1Contact)dδν + dλν , (4.6)

where

1Contact = 0 if δν ≤ 0,

1Contact = 1 if δν > 0.
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4.1.3. Fixed point conditions from Newton’s Semi-Smooth approach

Using now the semi-smooth Newton formalism (indexed by the superscript k) at the current fixed

point iterate (δkν , λ
k
ν) of the complementary functions Cλν , one can derive the new iterate (δk+1

ν , λk+1
ν )

as follows:

DCλν (δkν , λ
k
ν)(∆δk+1

ν ,∆λk+1
ν ) = −Cλν (δkν , λ

k
ν), (4.7)

(δk+1
ν , λk+1

ν ) = (δkν , λ
k
ν) + (∆δk+1

ν ,∆λk+1
ν ).

• Gap case: 1Contact = 0.

From the equations (4.7) we have

λk+1
ν − λkν = −λkν . (4.8)

Next, the gap conditions of the semi-smooth Newton formalism are as follows

λk+1
ν = 0. (4.9)

• Contact case: 1Contact = 1.

From the equations (4.7) we have

− cν(δk+1
ν − δkν ) + (λk+1

ν − λkν) = −λkν + cνδ
k
ν . (4.10)

Next,

λk+1
ν = cνδ

k+1
ν . (4.11)

4.2. Improved Normal Compliance (INC) conditions

4.2.1. Complementary function

The improved normal compliance contact condition (3.11) can be formulated from the following

non-linear complementary function:

Cλν (δn+1
ν , λn+1

ν ) = λn+1
ν − [cν

α

2
δ̃n+1
ν ]+. (4.12)

For the sake of readability, from now on, we use this equation: Cλν (δν , λν) = λν − [cν
α
2 δ̃

n+1
ν ]+.

4.2.2. Generalized derivative of complementary functions

Now, we provide the generalized derivative of the complementary functions in the gap and contact

cases.

• Gap case: δ̃n+1
ν ≤ 0.

According to the complementary function Cλν (δν , λν) = λν we have the following derivative

dδνCλν = 0, (4.13)

dλνCλν = dλν . (4.14)

• Contact case: δ̃n+1
ν > 0.

Given the complementary functions Cλν (δν , λν) = λν − cν δ̃ν , we have

dδνCλν = −cν
α(([δn+1

ν ]+)α−1 − δ̃n+1
ν )

2(δn+1
ν − δnν )

dδν , (4.15)

dλνCλν = dλν . (4.16)
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By combining (4.13)–(4.16), with DCλν the generalized derivative of Cλν , we obtain

DCλν (δν , λν)(dδν , dλν) = −cν
α(([δn+1

ν ]+)α−1 − δ̃n+1
ν )

2(δn+1
ν − δnν )

(1Contact)dδν + dλν , (4.17)

where

1Contact = 0 if δ̃n+1
ν ≤ 0,

1Contact = 1 if δ̃n+1
ν > 0.

4.2.3. Fixed point conditions from Newton’s Semi-Smooth approach

Using now the semi-smooth Newton formalism (indexed by the superscript k) at the current fixed

point iterate (δkν , λ
k
ν) of the complementary functions Cλν , one can derive the new iterate (δk+1

ν , λk+1
ν )

DCλν (δkν , λ
k
ν)(∆δk+1

ν ,∆λk+1
ν ) = −Cλν (δkν , λ

k
ν), (4.18)

(δk+1
ν , λk+1

ν ) = (δkν , λ
k
ν) + (∆δk+1

ν ,∆λk+1
ν ).

• Gap case: 1Contact = 0

From the equations (4.18) we have

λk+1
ν − λkν = −λkν . (4.19)

Next, the gap conditions of the semi-smooth Newton formalism are as follows

λk+1
ν = 0. (4.20)

• Contact case: 1Contact = 1

From the equations (4.18) we have

− cν
α(([δk,n+1

ν ]+)α−1 − δ̃k,n+1
ν )

2(δk,n+1
ν − δnν )

(δk+1,n+1
ν − δk,n+1

ν ) + (λk+1
ν − λkν) = −λkν + cν

α

2
δ̃k,n+1
ν . (4.21)

Next,

λk+1
ν = cν

α

2
δ̃k,n+1
ν + cν

α(([δk,n+1
ν ]+)α−1 − δ̃k,n+1

ν )

2(δk,n+1
ν − δnν )

(δk+1,n+1
ν − δk,n+1

ν ). (4.22)

4.3. Compliance for friction conditions

4.3.1. Complementary function

The compliance for friction conditions (2.11) can be formulated from the following non-linear

complementary function Cλτ (δn+1
ν , δ̇

n+1

τ , λn+1
ν ,λn+1

τ )

Cλτ (δn+1
ν , δ̇

n+1

τ , λn+1
ν ,λn+1

τ ) = max(µλn+1
ν , ‖cτ δ̇

n+1

τ ‖)λn+1
τ − µλn+1

ν (cτ δ̇
n+1

τ ). (4.23)

For the sake of readability, in the following we use this equation:

Cλτ (δν , δ̇τ , λν ,λτ ) = max(µλν , ‖cτ δ̇τ‖)λτ − µλν(cτ δ̇τ ).
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4.3.2. Generalized derivative of complementary functions

Now, we provide the generalized derivative of the complementary function in the gap and friction

cases.

• Gap case: λτ = 0, Cλτ (δν , δ̇τ , λν ,λτ ) = 0.

• Stick case: ‖λτ‖ < µλν :

Cλτ (δν , δ̇τ , λν ,λτ ) = µλνλτ − µcτλν δ̇τ .

Then

dδνCλν = 0, (4.24)

d ˙δτ
Cλτ = −µcτλνdδ̇τ , (4.25)

dλνCλτ = (µλτ − µcτ δ̇τ )dλν , (4.26)

dλτ Cλτ = µλνdλτ . (4.27)

• Slip case: ‖λτ‖ ≥ µλν

Cλτ (δν , δ̇τ , λν ,λτ ) = ‖cτ δ̇τ‖λτ − µλν(cτ δ̇τ ).

Then

dδνCλτ = 0, (4.28)

d ˙δτ
Cλτ =

(
cτλτ

(δ̇τ )T

‖δ̇τ‖
− µcτλνI2

)
dδ̇τ , (4.29)

dλνCλτ = −µcτ δ̇τdλν , (4.30)

dλτ Cλτ = ‖cτ δ̇τ‖dλτ . (4.31)

4.3.3. Fixed point conditions from Newton’s Semi-Smooth approach

By combining (4.24)–(4.31), with GCλτ the generalized derivative of Cλτ , respectively, we obtain

GCλτ (δν , δ̇τ , λν ,λτ )(∆δν ,∆δ̇τ ,∆λν ,∆λτ ) = 1Stick

(
µλτ

)
∆λν

+ 1Slip

(
cτλτ

(δ̇τ )T

‖δ̇τ‖

)
∆δ̇τ − µcτ δ̇τ∆λν − µcτλν∆δ̇τ

+ 1Stick

(
µλν

)
∆λτ + 1Slip

(
‖cτ δ̇τ‖

)
∆λτ

where

1Stick = 1,1Slip = 0 if ‖λτ‖ < µλν ,

1Stick = 0,1Slip = 1 if ‖λτ‖ ≥ µλν .

Using now the semi-smooth Newton formalism at the current iterate (δ
(k)
ν , δ̇

(k)

τ , λ
(k)
ν ,λ(k)

τ ), one can

derive the new iterate (δ
(k+1)
ν , δ̇

(k+1)

τ , λ
(k+1)
ν ,λ(k+1)

τ ) as follows:

GCλτ (δ(k)
ν , δ̇

(k)

τ , λ(k)
ν ,λ(k)

τ )(∆δ(k+1)
ν ,∆δ̇

(k+1)

τ ,∆λ(k+1)
ν ,∆λ(k+1)

τ ) = −Cλτ (δ(k)
ν , δ̇

(k)

τ , λ(k)
ν ,λ(k)

τ ),

(δ(k+1)
ν , δ̇

(k+1)

τ , λ(k+1)
ν ,λ(k+1)

τ ) = (δ(k)
ν , δ̇

(k)

τ , λ(k)
ν ,λ(k)

τ ) + (∆δ(k+1)
ν ,∆δ̇

(k+1)

τ ,∆λ(k+1)
ν ,∆λ(k+1)

τ ).

• Stick case: 1Stick = 1,1Slip = 0.
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We have

− µcτλ(k)
ν (δ̇

(k+1)

τ − δ̇
(k)

τ ) + µλ(k)
ν (λ(k+1)

τ − λ(k)
τ ) + (µλ(k)

τ − µcτ δ̇
(k)

τ )(λ(k+1)
ν − λ(k)

ν )

= −µλ(k)
ν (λ(k)

τ + µcτλ
(k)
ν δ̇

(k)

τ .

Next, with λ(k)
τ = cτ δ̇

(k)

τ , we obtain

λ(k+1)
τ = cτ δ̇

(k+1)

τ . (4.32)

• Slip case: 1Stick = 0,1Slip = 1.

We obtain (
cτλ

(k)
τ

(δ̇
(k)

τ )T

‖δ̇
(k)

τ ‖
− µcτλ(k)

ν I2

)
(δ̇

(k+1)

τ − δ̇
(k)

τ ) (4.33)

− µ(cτ δ̇
(k)

τ )(λ(k+1)
ν − λ(k)

ν ) +
(
‖cτ δ̇

(k)

τ ‖
)

(λ(k+1)
τ − λ(k)

τ )

= −‖cτ δ̇
(k)

τ ‖λ
(k)
τ + µλ(k)

ν (cτ δ̇
(k)

τ ).

Therefore, after an elementary computation, with λ(k)
τ = µλ

(k)
ν

˙δ
(k)

τ

‖ ˙δ
(k)

τ ‖
we have

λ(k+1)
τ = µλ(k+1)

ν

δ̇
(k)

τ

‖δ̇
(k)

τ ‖
−
(
λ(k)
τ

(δ̇
(k)

τ )T

‖δ̇
(k)

τ ‖2
− µλ(k)

ν

I2

‖δ̇
(k)

τ ‖

)
(δ̇

(k+1)

τ − δ̇
(k)

τ ).

For a two dimensional case, one obtains a simplified version of the previous condition:

λ(k+1)
τ = µλ(k+1)

ν

δ̇
(k)

τ

‖δ̇
(k)

τ ‖
.

For more details regarding the obtention of such a simplified version, we refer to the proof provided

in [25].

5. Primal-Dual Active Set methods

This section is devoted to the numerical treatment of the contact conditions using a Primal-Dual

Active Set method within the framework of dynamic contact problems. After defining the active

and inactive subsets of all nodes that are potentially in contact, we compute the contact conditions

on each subset only in terms of contact reaction, using the local general equations of motion.

5.1. Primal-Dual Active Set method for standard normal compliance

Let us denote by S the set of potential contact and γ a potential contact node belonging to S. The

standard normal contact condition (2.10) with α = 2 is enforced by applying an active set strategy

which derives directly from the computation of the fixed point on the non-linear complementary

functions Cλν and Cλτ based on the Newton semi-smooth scheme. The active and inactive sets are

defined as follows

Ak+1
ν = {γ ∈ S : δγ,kν ≥ 0},
Ik+1
ν = {γ ∈ S : δγ,kν < 0},

Ak+1
τ = {p ∈ S : ‖λγ,kτ ‖ < µλγ,kν },

Ik+1
τ = {p ∈ S : ‖λγ,kτ ‖ ≥ µλγ,kν }.
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The status of a given potential γ at the non-linear iteration k depends on the set it belongs to. It

can be either in the non-contact or frictional contact status (either stick or slip status). It yields the

following Algorithm 1

Algorithm 1 PDAS for standard normal compliance

(i) Choose (δ(0),λ(0)), cν > 0, cτ > 0 and set k = 0.
(ii) Compute: τγν = δγ,kν and τγτ = −‖λγ,kτ ‖+ µλγ,kν for each γ ∈ S.
(iii) Set the active and inactive sets:

Ak+1
ν = {γ ∈ S : τγν ≥ 0},
Ik+1
ν = S \ Ak+1

ν ,

Ak+1
τ = {p ∈ S : τγτ > 0},
Ik+1
τ = S \ Ak+1

τ .

(iv) Find (δγ,k+1,λγ,k+1) such that

λγ,k+1
ν = 0, λk+1

τ,p = 0 ∀γ ∈ Ik+1
ν , (5.1)

λγ,k+1
ν = cνδ

γ,k+1
ν ∀γ ∈ Ak+1

ν , (5.2)

λγ,k+1
τ = cτ δ̇

γ,k+1

τ ∀γ ∈ Ak+1
τ ∩ Ak+1

ν , (5.3)

λγ,k+1
τ = µλγ,k+1

ν

˙δ
γ,k

τ

‖ ˙δ
γ,k

τ ‖
−
(
λγ,kτ

(
˙δ
γ,k

τ )T

‖ ˙δ
γ,k

τ ‖2
− µλγ,kν I2

‖ ˙δ
γ,k

τ ‖

)
(δ̇
γ,k+1

τ − δ̇
γ,k

τ ) ∀γ ∈ Ik+1
τ ∩ Ak+1

ν . (5.4)

(v) If ‖(δγ,k+1,λγ,k+1)− (δγ,k,λγ,k)‖ ≤ ε, Ak+1
ν = Akν and Ak+1

τ = Akτ stop, else go to (ii).

5.2. Primal-Dual Active Set method for improved normal compliance

Likewise, using similar notation, the improved contact condition (3.11) are enforced by applying

another active set strategy yielding a different Algorithm 2, described below.

Note that the main difference between Algorithms 1 and 2 lies in step (iv), regarding the normal

compliance handling (respectively for 5.2 and 5.6), as one would expect. For the convergence of this

type of Semi-Smooth Newton algorithm, we can refer to the following papers: [2], [20], [23].

6. Numerical experiments

In what follows, we carry out a comparative study of methods of the energy conservation type,

focusing more particularly on the behavior of the discrete energy of the system during and after the

impact. To do this, we consider two numerical examples, the first concerns the impact of an elastic

ball and the second represents the impact of a hyperelastic ring. The goal is to demonstrate that the

Active Set–Improved Normal Compliance method respects the conservation of energy after impact

and practically guarantees non-penetration.
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Algorithm 2 PDAS for improved normal compliance

(i) Choose (δ(0),λ(0)), cν > 0, cτ > 0 and set k = 0.

(ii) Compute: τγν = δ̃γ,k,n+1
ν and τγτ = −‖λγ,kτ ‖+ µλγ,kν for each γ ∈ S.

(iii) Set the active and inactive sets:

Ak+1
ν = {γ ∈ S : τγν ≥ 0},
Ik+1
ν = S \ Ak+1

ν ,

Ak+1
τ = {p ∈ S : τγτ > 0},
Ik+1
τ = S \ Ak+1

τ .

(iv) Find (δγ,k+1,λγ,k+1) such that

λγ,k+1
ν = 0, λγ,k+1

τ,p = 0 ∀γ ∈ Ik+1
n , (5.5)

λγ,k+1
ν = cν

α
2 δ̃

γ,k,n+1
ν + cν

α(([δγ,k,n+1
ν ]+)α−1−δ̃γ,k,n+1

ν )

2(δγ,k,n+1
ν −δγ,nν )

(δγ,k+1,n+1
ν − δγ,k,n+1

ν ) ∀γ ∈ Ak+1
ν , (5.6)

λγ,k+1
τ = cτ δ̇

γ,k+1

τ ∀γ ∈ Ak+1
τ ∩ Ak+1

ν , (5.7)

λγ,k+1
τ = µλγ,k+1

ν

˙δ
γ,k

τ

‖ ˙δ
γ,k

τ ‖
−
(
λγ,kτ

(
˙δ
γ,k

τ )T

‖ ˙δ
γ,k

τ ‖2
− µλγ,kν I2

‖ ˙δ
γ,k

τ ‖

)
(δ̇
γ,k+1

τ − δ̇
γ,k

τ ) ∀γ ∈ Ik+1
τ ∩ Ak+1

ν . (5.8)

(v) If ‖(δγ,k+1,λγ,k+1)− (δγ,k,λγ,k)‖ ≤ ε, Ak+1
ν = Akν and Ak+1

τ = Akτ stop, else goto (ii).

6.1. Impact of a linear elastic ball against a foundation

This representative benchmark problem describes the frictionless impact of a linear elastic ball

against a foundation. The elastic ball is launched with an initial velocity (u1 = (0,−10)m/s)

towards the foundation
{

(x1, x2) ∈ R2 : x2 ≤ 0
}

. The domain Ω represents the cross-section of the

ball, under the assumption of plane stress. The behavior of the material is described by a linear

elastic constitutive law defined by the energy density

W e(ε) =
λ∗

2
(tr ε)2 + µ tr(ε2), ∀ε ∈Md. (6.1)

with

λ∗ =
2λµ

λ+ 2µ
, µ =

Eκ

2(1 + κ)
and λ =

Eκ

2(1 + κ)(1− 2κ)

Here, E and κ are respectively the Young modulus and the Poisson ratio of the material and tr(·)
is the trace operator. Note that ε = 1

2 (∇uT + ∇u) represents the linearized strain tensor within

the framework of the theory of small strains (‖u‖ � 1 and ‖∇u‖ � 1 in Ω). The physical setting

is shown in Figure 2. Here:

Ω =
{

(x1, x2) ∈ R2 : (x1 − 100)2 + (x2 − 100)2 ≤ 100
}
,

Γ1 = ∅, Γ2 = ∅,
Γ3 =

{
(x1, x2) ∈ R2 : (x1 − 100)2 + (x2 − 100)2 = 100

}
.

We assume that the volume forces do not act on the body during the process. For the discretization of

the problem of contact represented in Figure 2, we use 7820 elastic nodes. For numerical experiments,

we use the following data:

ρ = 1000 kg/m3, T = 2 s, ∆t = 0.001 s,

u0 = (0, 0)m, u1 = (0,−10)m/s,

E = 100GPa, κ = 0.35, f0 = (0, 0)Pa,

g = 50m, µ = 0.
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Figure 2: Discretization of the elastic ball in contact with a foundation.

In Figure 3, the successive positions of the deformed ball as well as the contact forces are repre-

sented before, during, and after the impact. The interest of this representative example lies in the

Figure 3: Sequence of deformed ball and contact forces before, during, and after impact.

comparison of the numerical results of the Improved Normal Compliance–PDAS methods (α = 2)

with other classical numerical methods. For this, we consider five existing methods:

- The classical quasi-Lagrangian method with the Signorini contact condition.

- The penalty method with a standard normal compliance condition of the form λν = cν(δν)+.

- The Equivalent Mass Matrix (EMM) method proposed by Khenous [32], which represents a

specific distribution of the mass matrix without any inertia of the contact nodes. This method is

characterized by relevant stability properties of the contact stress.

- Newton’s adapted continuity method, developed by Ayyad and Barboteu [2], which is charac-

terized by enforcing, after two steps, the unilateral contact law and the persistence condition during

each time increment.

- The Active Set method with the persistent contact law.

In what follows, we analyze the methods in terms of discrete energy evolution. For this we

introduce the total discrete energy at time tn which is given by the following formula:

En =
1

2

∫
Ω

ρ|u̇2
n|dx+

∫
Ω

σen : ε(un)dx,

where σe = ∂W e

∂ε denotes the stress tensor for infinitesimal strains.

Figure 4 represents the evolution of the total discrete energy of the dynamical system. We note that

after the impact (i.e. for t ≥ 1.52 s) and for the considered time step ∆t = 1.0 e−3 s, the classical
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Figure 4: Discrete energy behavior of selected time integration schemes during impact (∆t = 0.001, cν = 1
1000

).

quasi-Lagrangian method with Signorini’s law (curve �) as well as the method with standard normal

compliance condition (curve �) are characterized by non-conservation of energy, which is not realistic

from a physical point of view. We also notice that the EMM method (curve H) strongly reduces the

energy dissipation, without obtaining the exact conservation. It turns out the schemes developed by

Ayyad and Barboteu [1] (curve •) and the Improved Normal Compliance–PDAS method (curve �)

do conserve energy after impact. However, for the penalized method, we find energy fluctuations

which disappear after the impact. Besides. for the penalized method and the method used in [1],

the unilateral contact is not exactly satisfied, see Table 1. Indeed, the penalized method (standard

normal compliance) generates a maximum error on the displacement of normal contact of 1.4e−4 m

and 5.1e−3 m for the method of Ayyad and Barboteu [1]. The Improved Normal Compliance–PDAS

method allows to obtain a better energy conservation and in addition to limit the penetration:

5.7e−4 m. The Active Set method for persistent contact (shown by the curve �) enforces exactly

the energy conservation without any fluctuation. Due to the “leapfrog” time step predictor, this

Active Set method generates a maximum error on the normal contact displacement of 1.54e−2 m,

larger than all the other methods. In order to overcome these difficulties, we consider the Active Set

Methods Maximum error on the δν (m)
Quasi-Lagrangian with Signorini law 0.
Scheme with Signorini and persistent (Ayyad–Barboteu) 5.1e−3

Active set with persistent conditions 1.54e−2

Active set with classical normal compliance 1.4e−4

Active set with improved normal compliance (α = 2) 5.7e−4

Active set with improved normal compliance (α = 3 ) 8.05e−3

Table 1: Maximum error on normal contact displacement (∆t = 0.001, cν = 1e3).

method with improved normal compliance, by analyzing the behavior of discrete energy with respect

to several parameters (cν , α, ∆t).

Figure 5 allows to evaluate the influence of the normal compliance parameter cν . We see that, for

cν > 1e4, this method respects the conservation of energy after impact and practically guarantees

the non-penetration for α = 2. Nevertheless, this method generates slight fluctuations of the discrete

energy during the impact. For cν < 1e4, the Active Set method with improved normal compliance
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Figure 5: Discrete energy behavior of the Active Set scheme with Improved Normal Compliance (α = 3) as a
function of cν (∆t = 0.01).

produces more fluctuations which can be explained by energy dissipation during the impact, but

the energy of the system is recovered and conserved after the impact. In Figure 6, we analyze the

Figure 6: Discrete energy behavior of the Active Set scheme with Improved Normal compliance (α = 3) as a
function of ∆t (cν = 1e3).

discrete energy behavior of the Active Set scheme for the improved normal compliance condition

for different time steps. For ∆t varying from 1e−2 s to 1e−4 s, we can notice that the obtained

numerical results are similar and this method is characterized by a dissipation of energy during the

impact, but after the impact the energy of the system is conserved. For ∆t = 1e−2 s, the method

generates even more fluctuations during impact. So taking ∆t below 1e−3 s does not guarantee the

minimization of fluctuations.

In Figure 7, we observe the behavior of the discrete energy given by the Active Set scheme with

classic normal and improved compliance with respects to the parameter α and mesh refinement

related to the contact boundary, that is to say the number of contact points nbc. We notice that
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Figure 7: Discrete energy behavior of Active Set schemes with classic Normal Compliance and with Improved
Normal compliance (α = 3) as a function of the number of contact points (∆t = 0.01, cν = 1e3).

the numerical results obtained by using the classical normal compliance with a different number

of contact points show a strong energy dissipation (between 24% and 28%). Such a phenomenon

is expected in this configuration and can be explained by the discrete energy balance; we refer to

[33, 50] for more details. However, using the Improved Normal Compliance method (α = 3) with the

same contact boundary discretization, we see a remarkable improvement regarding the conservation

of energy in each case after the impact and with less fluctuation during the impact. It is interesting,

albeit expected, to observe to what extent the mesh refinement related to the contact boundary

impacts the energy conservation properties in both cases.

Figure 8: Discrete energy behavior of the Active Set scheme with Improved Normal compliance (∆t = 0.01 s) as a
function of α (cν = 1e3).

23



Figure 9: Discrete energy behavior of the Active Set scheme with Improved Normal compliance (∆t = 0.001) as a
function of α (cν = 1e3).

In Figure 8 with a time step of 1e−2 s, we notice that the Active Set scheme produces a significant

energy dissipation (28%) with the standard normal compliance method. For the improved normal

compliance, we notice some fluctuations, but the system recovers exactly the energy after the impact.

By comparing with Figure 9 (∆t = 1e−3 s) and that of Figure 8, we notice large fluctuations for

different values of α greater than 4 for the improved normal compliance method. Note that, while

it seems at first sight that the classical scheme with normal compliance conserves the energy, that

is not actually the case as there is a slight energy dissipation (1%). Such a phenomena is expected

and can be explained by the smallness of ∆t considered.

Regarding the fluctuations, the results observed seem consistent with the theory. As a matter of

fact, let us consider the following configurations:

• Let α1 and α2 be two values of the α coefficient used in INC, such that α2 > α1;

• Let the associated normal stress values λ1
ν− 1

2

, λ2
ν− 1

2

be given by (3.11).

As the penetrations are very small for this physical setting, for the same penetration we have

λ1
ν− 1

2

> λ2
ν− 1

2

. It means that the penetrations observed with α = α2 are to be larger than with

α = α1 (see Table 1). Therefore, the energy dissipated is expected to be larger with α = α2 and

it turns out to be the case with Figure 9, as the fluctuation amplitude is strictly increasing with

respect to the value of α.

nbc 16 32 64 128 256
dof 50 192 784 3160 12520
CPU time for Quasi-Lagrangian with Signorini law 6.2 25.6 248.9 2950.1 47452.8
CPU time for Active set with persistent conditions 7.2 33.7 159.2 1089.9 10492.8
CPU time for Active set with improved normal compliance 7.2 34.2 158.6 1101.1 10527.1
CPU time for Active set with classical normal compliance 7.9 33.8 159.1 1074.5 10384.2

Table 2: Results of the Active Set method and the quasi-Lagrangian method in comparison with the number of
degrees of freedom (dof), the number of contact nodes (nbc) and the total CPU time (CPU) in seconds (∆t = 0.01 s,

α = 3, cν = 1e3).
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In Table 2, we study the convergence in CPU time of the Active Set method compared to

different methods (persistent contact, classic normal compliance and the quasi-Lagrangian approach

for unilateral contact), depending on the number of degrees of freedom (dof) and the number of

contact points (nbc) on the boundary Γ3. When nbc < 64, the quasi-Lagrangian method is slightly

more efficient than the Active Set method. When we increase the number of degrees of freedom (dof)

we notice that the Active Set method is much faster in terms of CPU time than the quasi-Lagrangian

method; this can be explained by the fact that the Active Set method does not require the use of

Lagrange multipliers, and this method requires less Newton iterations; for more details we refer for

instance to [24, 25].

6.2. Impact of a hyperelastic ring on a foundation

The interest of this example is to give a validation of the Active Set method with the improved

normal compliance conditions on a hyperelastodynamic problem. This non trivial example, intro-

duced by Laursen [8] concerns an academic problem of frictional impact of a hyperelastic ring against

a foundation. The details on the physical setting of the problem are given below:
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hyperviscoelastic ring

foundation

Figure 10: Sequence of the deformed hyperelastic ring before, during, and after impact.

Ω ,=
{

(x1, x2) ∈ R2 : 81 ≤ (x1 − 100)2 + (x2 − 100)2 ≤ 100
}
,

∂0Ω = ∅, ∂gΩ =
{

(x1, x2) ∈ R2 : (x1 − 100)2 + (x2 − 100)2 = 81
}
,

∂cΩ =
{

(x1, x2) ∈ R2 : (x1 − 100)2 + (x2 − 100)2 = 100
}
.

The domain Ω represents the cross-section of a three-dimensional deformable body under the as-

sumption of plane stress. The ring is launched with an initial velocity towards a foundation, as

shown in Figure 10. The foundation is given by
{

(x1, x2) ∈ R2 : x2 ≤ 0
}

. For the discretization, we

use 1664 elastic nodes. For numerical experiments, the data are:

ρ = 1000 kg/m3, T = 10 s, ∆t = 0.01 s,

u0 = (0, 0)m, u1 = (10,−10)m/s, f0 = (0, 0)N/m2, f1 = (0, 0)N/m,

c1 = 0.5MPa, c2 = 5.0e−3MPa, c3 = 5.0e−5MPa, D = 100MPa,

cν = 1000, a = 1.5, b = 0.5, α = 100.

The response of the compressible material, considered for Ogden’s constitutive law [56] is character-

ized by the following energy density:

W (F) = c1(I1 − 3) + c2(I2 − 3) + d(I3 − 1)− (c1 + 2c2 + d) ln I3,

25



with c1 = 0.5MPa, c2 = 0.5 · 10−2MPa and d = 0.35MPa and, using the Green-Lagrange tensor

defined by C = FTF, the invariants I1, I2 and I3 are defined by

I1(C) = tr(C), I2(C) =
(tr(C))2 − tr(C2)

2
, I3(C) = det(C).

Figure 11: Discrete energy behavior of selected time integration schemes during frictionless impact (∆t = 0.01,
cν = 1e3).

Methods Maximum error on the δν
Quasi-Lagrangian with Signorini law 0.
Scheme with Signorini and persistent (Ayyad–Barboteu) 7.1e−2

Active set with persistent conditions 8.9e−2

Active set with classical normal compliance 1e−5

Active set with improved normal compliance (α = 2) 3.4e−4

Active set with improved normal compliance (α = 3) 4.9e−3

Table 3: Maximum error on normal contact displacement (∆t = 1e−2, cν = 1e3).

nbc 32 64 128 256 512
dof 192 384 1792 4608 15360
CPU time for Quasi-Lagrangian with Signorini law 8.59 18.03 139.69 428.80 2693.86
CPU time for Active set with persistent conditions 7.3 16.2 99.5 301.8 1252.7
CPU time for Active set with improved normal compliance α = 3 6.9 17.3 107.0 274.7 1251.8
CPU time for Active set with classical normal compliance 6.3 13.4 87.9 221.9 1056.8

Table 4: Results of the Active Set method and the quasi-Lagrangian method in comparison with the number of
degrees of freedom (dof), the number of contact nodes (nbc) and the total CPU time (CPU) in seconds

(∆t = 0.01, cν = 1e3).

In Figure 11, we observe the evolution of the total discrete energy of the frictionless dynamic sys-

tem depending on selected time-integration schemes, i.e, leapfrog scheme with persistent conditions,
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Figure 12: CPU time of the Active Set method and the quasi-Lagrangian method in comparison with the number of
degrees of freedom (∆t = 0.01, cν = 1e3).

Figure 13: Discrete energy behavior of the Active Set scheme with Improved Normal compliance (∆t = 0.01) as a
function of α without friction (cν = 1e3).

classical normal compliance, quasi-Lagrangian method, two-step scheme [33] and improved normal

compliance. We find that the leapfrog scheme and the two-step scheme (Signorini and persistent

condition) conserve the energy of the system unlike the quasi-Lagrangian method with unilateral

contact (9% of energy dissipation) and the classical normal compliance (9% of energy dissipation)

which generates maximum error on the normal contact displacement of 1e−5m (cν = 1e4). Due to

the increment step of the leapfrog scheme, this method generates a maximum error on the normal

contact displacement of 8.9e−2m (see Table 3), therefore higher than the other methods. Moreover,

the improved normal compliance method is characterized by an exact conservation of energy after

the impact. This method also allows to minimize interpenetration with α = 2 (3.4e−4m, see Table

3).

In Figure 13, with a time step of 1e−2 s, we present the evolution of the total discrete energy of the
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frictionless dynamic system with the Active Set scheme with improved normal compliance conditions

according to the parameter α. We observe an exact conservation of energy after the impact. However,

the method generates some fluctuations during impact. Based on these observations, the choice α = 3

seems to perform at best.

In Table 4, we study the convergence in CPU time of the Active Set–INC method compared with

different methods (persistent contact, standard normal compliance and quasi-Lagrangian method for

unilateral contact) depending on the number of degrees of freedom (dof) and the number of contact

points (nbc) on the boundary Γ3. For different values of nbc, the Active Set–INC method is better

than the quasi-Lagrangian method in terms of CPU time; as in the elastic ball numerical example,

this can be explained by the fact that the Active Set–INC method does not involve Lagrange mul-

tipliers and that it generates fewer nonlinear Newton iterations.

Figure 14: Discrete energy behavior of the Active Set scheme with Improved Normal compliance (α = 3) as a
function of ∆t (cν = 1e3).

In Figure 14, we are interested in the Active Set–INC method (α = 3) depending on the time

step. For ∆t = 1e−3 s, we notice that the method is characterized by a better conservation of energy

during the impact. On the other hand, for a time step ∆t ranging from 1e−1 s to 1e−2 s, we notice

that the method generates some energy fluctuations during the impact, but it conserves energy after

the impact.

In Figure 15, we observe the behavior of the discrete energy using an Active Set scheme with

normal compliance condition with friction (µ = 0.2). This method is characterized by a slightly

dissipative behavior of friction; this is consistent with the physical dissipative nature of the friction

phenomenon. The difference of the dissipative behavior comes from the model of frictional contact

according to the parameter α.
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Figure 15: Discrete energy behavior of the Active Set scheme with Improved Normal compliance (∆t = 1e−2 s) as a
function of α with friction (µ = 0.2, cν = 1e3, cτ = 1e3).

7. Conclusion and perspectives

In this work, we investigated a new energy conservation method for hyperelastodynamic contact

problems, from a theoretical and numerical point of view. We first introduced the mathematical

framework for general frictional contact problems in large deformations, and demonstrated how the

Improved Normal Compliance (INC) condition can be applied in order to obtain energy conservation

properties during impact. Next, we assessed these conservation properties in the continuous case

and in its space-time discrete counterpart. Then, we derived two semi-smooth Newton Primal Dual

algorithms to handle respectively the Standard Normal Compliance (SNC) and INC conditions.

The following section presents numerical results on two classical representative academic test cases,

namely the impact of an elastic ball and the impact of a hyperelastic ring on a foundation. The aim

was to compare the performances of the INC with respect to the SNC and the classical methods used

within the literature. It turned out that the methods implemented are at least just as much relevant

as several other methods, regarding energy conservation properties after impact, as they display

physically realistic behaviors. In the second test case, even more challenging from a numerical point

of view, the energy is even almost perfectly conserved during and after the impact. Also, one of

the interesting and well-known advantages when using the Active Set approach is the numerical

efficiency. Indeed, in both test cases, this method is much more efficient (CPU time-wise, between

twice and five times as fast for large problems) than the classical quasi-Lagrangian approach.

At this stage, we outline some future perspectives. As the results in 2D cases seem quite promis-

ing, an extension to 3D ought to be considered in order to assess the behavior of this approach

on more complex cases. We can reasonably expect the performances with respect to the quasi-

Lagrangian approach in 3D to be of an even greater order of magnitude than in 2D. Regarding an

underlying practical use case, it could be interesting to investigate a potential application to gran-

ular media. Finally, this method was only applied for hyperelastic and elastic material so far, and

provided quite successful results, which suggests to consider alternative constitutive laws. Amongst

them, in particular, an extension to viscosity and plasticity would make sense as such materials

involves energy dissipation phenomena.
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