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Abstract

We prove that skew systems with a sufficiently expand-
ing base have approximate exponential decay of corre-
lations, meaning that the exponential rate is observed
modulo an error. The fiber maps are only assumed to
be Lipschitz regular and to depend on the base in a way
that guarantees diffusive behaviour on the vertical com-
ponent. The assumptions do not imply an hyperbolic
picture and one cannot rely on the spectral properties of
the transfer operators involved. The approximate nature
of the result is the inevitable price one pays for having
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so mild assumptions on the dynamics on the vertical
component. However, the error in the approximation
goes to zero when the expansion of the base tends to
infinity. The result can be applied beyond the original
setup when combined with acceleration or conjugation
arguments, as our examples show.
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1 | INTRODUCTION

One of the main questions of modern dynamical systems theory is: to which extent a deterministic
chaotic system resembles a random process? This question has been addressed in various contexts
from different point of views (see [53] for a review). Here we study it in relation to forcing, and in
particular we investigate the similarities between random and (sufficiently chaotic) deterministic
forcing focusing on the statistical properties of the forced system.

A forced system is a system whose intrinsic dynamics is affected by an external influence typ-
ically coming from the interaction with another system or the surrounding environment. The

© 2022 The Authors. Journal of the London Mathematical Society is copyright © London Mathematical Society. This is an open access article
under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided
the original work is properly cited.
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forcing can be modelled to be random, for example, obtained by adding to the dynamics a noise
term independent in time, or deterministic, that is, dependent on a variable that evolves in time
following a deterministic law’.

In the random case, classical results from the theory of Markov chains show that if there is
enough diffusion, for example, if the forcing adds smooth unbounded noise to the dynamics, then
the forced system has a stationary measure that describes its asymptotic statistical behaviour, and
exhibits memory loss and annealed exponential decay of correlations (among others [4, 21]). In
contrast, if the forcing is deterministic, it is well known that even just to prove existence of a phys-
ically relevant invariant measure one needs to impose strong assumptions both on the intrinsic
dynamic and on the forcing, often leading to some degree of hyperbolicity of the system and/or a
good spectral picture of the operators involved (see literature below).

In this paper we prove that, if the forcing has a “diffusive effect” and is generated by a uniformly
expanding map with high expansion, then the deterministic system has an approximate stationary
measure and exhibits approximate decay of correlations. We postpone rigorous definitions to later
sections. Loosely speaking, an approximate stationary measure describes the asymptotic statistical
properties of the system modulo a controlled error, and by an approximate exponential decay of
correlations we mean that measurements of observables along orbits exhibit exponential decay of
correlations also modulo an error. Most importantly, these errors go to zero when the expansion
of the map generating the forcing goes to infinity. In other words we could say that, when the
expansion of the map generating the forcing goes to infinity, the deterministic forcing becomes
indistinguishable from random forcing with respect to the statistical properties we analyze.

It is important to remark that our requirements do not ensure global hyperbolic properties or
a good spectral picture, and even the existence of a physically relevant invariant measure cannot
be deduced from the assumptions. The price that we pay is the approximate nature of the result.
Its relevance, however, is clear when having an eye to applications; here decorrelation estimates
come from observations of real-world systems and are intrinsically affected by a measurement
error: if this error is larger than the approximation error in the decorrelation estimate, exact and
approximate decay of correlations are indistinguishable.

Our approach is quite flexible and we expect it to be adaptable to a variety of situations
beyond the current working assumptions, for example in situations with lower regularity, or in
combination with various conjugations arguments (see Section 5 for some generalizations).

1.1 | Literature review

In mathematical terms, a forced system in discrete time can be described by a skew-product
transformation whichisamap F : Q XX — Q X X such that

F(w,x) = (9(w), f(w,x)) (1.1

where g : Q - Qand f : Q XX — X. The set Q is called the base of the skew-product, while X
is referred to as the vertical fiber. The main characteristic of a skew-product is that the evolution
on the base Q does not depend on the vertical fiber X.

The literature on skew-products is vast to the extent that there are entire research trends study-
ing particular aspects of these systems (e.g., iterated function systems, random dynamical systems,

¥ For precise definitions and a comparison between deterministic and random forcing see Section A.3 in Appendix.
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smoothness of invariant graphs over skew-products, etc.). Here we focus on those works deal-
ing with statistical properties of skew products that have a “deterministic” base, such as [6-8, 11,
22-26, 28, 29, 34, 38, 41, 44, 47, 51] and references therein. These works usually only require g to
be a measure preserving ergodic transformation or, at most, to exhibit some uniform hyperbolic-
ity. However, they restrict the fiber map f to one of some particular classes to ensure contraction
or hyperbolic properties (exact or averaged) of the vertical fiber. Skew-products with nonuniform
hyperbolicity can still be studied but in a more qualitative sense [5, 12]. In contrast, our results
make only mild regularity assumptions on f, but require that g is uniformly expanding with large
minimal expansion.

As a consequence of our requirements, the map F is likely to have a dominated splitting of
the tangent space and be partially hyperbolic (see, e.g., [32, 40]) with an expanding direction
roughly aligned with the base dominating the other invariant directions. To put our work under
this perspective, let us remind that available results on existence of physical measures and decay
of correlations for partially hyperbolic systems often assume low dimensional geometry either of
the phase space or of some invariant directions, and/or nonvanishing Lyapunov exponents [1, 2,
15, 18, 19, 46, 48] which, in general, are not granted in our setup. More recent results give suf-
ficient conditions for partially hyperbolic systems to have exponential decay of correlations by
turning qualitative topological conditions such as accessibility [10], into quantitative properties
of the operators involved [13, 27]. The systems we consider do not fit in these results due to lack
of smoothness, but it is even unclear if these results can be applied to those systems in our setup
that have the required regularity.

As the base map is much more chaotic than the vertical fibers, our setup is reminiscent of
fast-slow systems (see [13, 14, 17, 33, 35] among many others). However, the dynamic of our
skew-products does not present separation of time-scales since at each time step it can produce
displacements of the same order both in the base system and in the vertical fibers.

1.2 | Organization of the paper

In Section 2 we present the setting, the results, some examples, and a sketch of the proof. In Sec-
tion 3 we prove our result in the simpler situation where the map in the base has no distortion
and the phase space is 2D. In Section 4 we prove our main theorem in full generality. In Section 5
we discuss some generalizations and limits of our approach. In the appendices we gather some
background material and results on Markov chains (in Appendix A), disintegration of measures
(in Appendix B), and some computations involving the Kantorovich-Wasserstein distance that
are used throughout the proofs (in Appendix C).

2 | SETTING AND RESULTS

2.1 | Setting

Let’s consider a map F as in (1.1) where we set Q = T"™ and X = T™2, here T = R/Z is the 1D
torus and m;, m, two positive integers. In the following we will denote by |p; — p,| the dis-

tance between p,, p, € TV regardless of the specific N € N. For I C T™, we denote by Op(I) its
open part.
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211 | Thebasemap g

Consider g : T™ — T"™ a C? local diffeomorphism. In particular, thereisd € Nand I = {Il-}»?=1
a partition of T™ such that: Op(I;) =I; mod 0, {g; := gl }le with g; : I; > T™ are invertible
branches of g, and g; |0P(Ii) isC%. Call{h; := gl._l}lfi=1 the corresponding inverses.

We assume that ¢ satisfies the following assumptions:

do > 1 s.t. ||Dg,v|l = ol Yo e T™, v e R™, (HO0.1)
where || - || is the Euclidean norm on R™, and
IDgp, el
ID > 0 st — L GDler-esl vy ) € T and Vi (H0.2)
IDgp, (el

where |Dgj, ()| denotes the determinant of Dgj, ). Condition (HO.1) states that the differential
of g expands vectors in tangent space of a factor at least ¢ > 1, while (H0.2) imposes a uniform
bound on the distortion. It is well known that ¢ has a unique absolutely continuous invariant

probability (a.c.i.p.) measure (see [9],[49] and references therein). We call v, this measure and

dv

Py 1= Trp— its density, where Lebym, is the Lebesgue measure on T™1.
"1

2.1.2 | The vertical fiber maps f

We assume f @ T"™1 X T"™2 — T"™2 to be at least Lipschitz, and denote by L > 0 the Lipschitz
constant, namely

I = |f(co1,x1)—f(co2,x2)|.

= in (HO0.3)
(@rxDE@x) (@1, %) — (@3, X5)|

Let {f,},em be the collection of maps f, : T™ — T™, that is, f,(-) 1= f(w,-). We write
f(, x) for the maps f(-,x) : T™ — T"™2 obtained by fixing x € T™2 and letting w € T™ vary.
We let r; : T™ X T™2 — T™ be the projection onto the horizontal T"™ -coordinate and, given a
measure u on T™ X T"2, we refer to m,,u as the horizontal marginal of u. We also denote by
7, ¢ T™M X T™2 — T"™ the projection onto the vertical T™2-coordinate and refer to ITu := 7, u
as the vertical marginal of the measure u.

213 | P, the random counterpart of F
In the following, M, (Y) denotes the space of Borel probability measures on the compact metric
space Y.

For 4 € M, (T™2), define the push-forward f . u(A) = u(f ;1(A)) for any measurable A C Tz,
and define the operator P : M, (T"2) - M;(T™2)

Pui= [ dv,@fap = [ dop,@)fuun @1
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Notice that P is the generator for a discrete time stationary Markov process with transition kernel

P(x,A) ::/ dcoéfw(x)(A)pg(co).
™

where & () denotes the Dirac mass at f,,(x). These operators are well studied in the literature
and sufficient conditions under which P has a spectral gap in various functional spaces are known
(see, e.g., [30, 42, 45] and Appendix A).

It is important to notice that if at each time step one was to apply a map {f,},crm sampled
independently with respect to v, then the operator P would describe the evolution of the vertical
marginal. In other terms, one can think of the Markov chain generated by P as the “random
counterpart” of the deterministic evolution given by F which instead selects the map f,, at each
time-step according to the deterministic process w, g(w), g*(w), ... generated by g.

2.2 | Main assumption

Assumption H below requires that the Markov chain generated by P is geometrically ergodic with
respect to the Total Variation (TV) distance dy, (see Appendix A for definitions).

Assumption H. There are C > 0 and 4 € (0, 1) such that
dry(P"u, P"v) < CA"dry (U, v),
for all u, v € M, (T™2).

By a standard Krylov-Bogolyubov argument, it follows that there is a unique 7, € M,(T™2)
invariant under P, that is, such that Py, = 7,, which is called a stationary measure for the Markov
chain generated by P. Also notice that Assumption H is a condition on P, and therefore it depends
on f : T™ XT™ — T™2and v, only.

2.3 | Main results

For a randomly forced system whose evolution is given by geometrically ergodic Markov chain,
any initial measure evolves exponentially fast towards the stationary measure of the Markov
chain. Our first result shows that something similar happens also for the deterministic skew-
product F, modulo a controlled approximation error. Loosely speaking, under Assumption H,
we show that there is a probability measure 7 € M;(T™2) such that, under iteration of the
push-forward F,, the vertical marginal of any sufficiently regular initial measure enters a small
neighbourhood of 7 (w.r.t. dy,) at exponential speed. The size of the neighbourhood can be made
arbitrarily small increasing the minimal expansion of g. To rigorously states the result we need
two definitions given below.

Recall that the Kantorovich-Wasserstein distance between two probability measures y;, 4, on
T™2 is defined as

dy () 1= inf / Ix = yldy(x, ) 22)
YEC(U1,H2) J Tm2 M2
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where C(u;, u,) is the set of couplings of u; and u,, that is, the set of all probability measures on
T™2 x T™2 with marginals u; and u, respectively on the first and second factor.

Definition 2.1. Given u € M(T™ X T"2), we say that u has Lipschitz disintegration along ver-
tical fibres, or simply Lipschitz disintegration, if there is a disintegration {u,},crm of u, with
respect to the measurable partition {{w} X T2} ym; , such that the map w — , from (T™1, | - |)
to (M, (T™2), dy,) is Lipschitz. Let

. . dW(Mwl > Mm2)
00 e, Tl

the Lispchitz constant of w ~ p,,."

The class of probability measures with Lipschitz disintegration plays a central role in this
paper. In Appendix B we gather statements about disintegration of measures that will be used
throughout. We are now ready to state our first result.

Theorem 2.1. Let F satisfy assumptions (H0.1)-(HO0.3) and Assumption (H) with datum m,, m, €
N,D, L, C>0,0>1, A€ (0,1). Then there is a probability measure n € M,(T™2) and constants
1€ (0,1),C > 0, ¢, > Osatisfying: forevery > 0, there is g, > 0 (depending on € and all the datum
but o) such thatif o > o,

dy (IF" . 7) < CA" +¢

for all n eN and any u € M{(T™ X T™2) with horizontal marginal equal to Lebym,, Lipschitz
disintegration, and Lip(u) < £

The measure 7 plays a role analogous to that of the stationary measure of an ergodic Markov
chain, however is neither the vertical marginal of some invariant measure for F, nor is an exact
limit for ITF” u. For these reasons, we call it an approximate stationary measure. In the case with
no distortion, for example, g(w) = cw mod 1with o > 2, 7 can be taken equal to 7, the stationary
measure of the Markov chain P, and C and 1 equal C and 1 from Assumption (H) (see Section 3).
As shown in Section 4.3, when ¢ has nonzero distortion, 7 can be different from 7, and is related
to the fixed point of another operator, called L, introduced in Section 4.2.

Remark 2.1. In Theorem 2.1, the assumption that u has horizontal marginal equal to the Lebesgue
measure can be relaxed and one can consider ¢ with horizontal marginal absolutely continu-
ous with respect to Lebesgue and with sufficiently regular density (see Proposition 4.5). For what
concerns ¢, an explicit expression is given in (4.3).

From Theorem 2.1 one can deduce information on the statistical properties of the dynamics
defined by F. When describing the statistical properties of a skew-product such as F, we adopt
the annealed point of view, that is, we assume to have access to observations of measurable func-
tions ¢ : T™2 — R along the orbits of the system. Picking as reference measure on T"1 X T2 the

1t is easy to check that if u admits a Lipschitz disintegration, this is the only Lipschitz disintegration admitted by p,
therefore Lip(u) is well defined
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Lebesgue measure, Lebym, . ym, , gives rise to the sequence of dependent random variables

+o00
n=1

{pom,oF"}

on (T™ X T™2, Lebym; ypms ).
For ¢, : T™ — R in suitable functional spaces, we ask if there are constants A € Rand 4 €
(0,1) such that

/ (71, F™(w, X))p(x) dewdx — A| = OA™) (2.3)
T xT™M2

When (2.3) is satisfied, the system is said to have exponential annealed decay of correlations. The
term annealed refers to the fact that the observables ¢, 3 depend on the vertical T"2-coordinate
only, and therefore the correlations are averaged with respect to the horizontal T"1-coordinate.

As already argued in the introduction, our systems have little hope to satisfy (2.3), but the fol-
lowing theorem shows that F exhibits exponential annealed decay of correlations, up to a given
precision that depends on the expansion of the base system.

Theorem 2.2. Under the assumptions of Theorem 2.1, for 1,C, 7) given there, it holds

< C,y(CT" +¢)

/ e, F"(w, x)p(x) dewdx — /
T T2

™2

p()dn(x) [ Pp(x)dx
T2

forallyp € LY(T™;R) and ¢ € Lip(T™2; R) where Coy > 0 depends on ¢,y but not from n, e.

Remark 2.2.

- Given D and L, one might need a large minimal expansion o, to ensure that ¢ > 0 in the the-
orems above is small. Examples of base maps g with given distortion, and arbitrarily large
minimal expansions o, can be constructed easily by fixing any map g, : T™ — T™ satisfying
(HO.1)-(HO0.2), and considering g := gg with high n € N. With this definition, ¢ has mini-
mal expansion equal to the minimal expansion of g raised to the power n € N, and distortion
uniformly bounded with respect to n.

- In the simpler case g(w) = ow mod 1, one gets that € can be chosen of the order of o~7 with y
depending on C, L, and A (see also Remark 3.1).

- Existence of an invariant measure which is physical or with some smoothness such as an SRB
measure (see [52] for definitions) has little hope in general. One reason is the low regularity of
F which is only Lipschitz. However, imposing higher regularity, for example, F globally C1*%,
would not be enough: The domination that (possibly) results from the high expansion in the
base, even if it can lead to existence of positive Lyapunov exponents, cannot ensure existence
of an SRB or physical measure by itself — all the more reasons not to expect exact exponential
decay of correlations for the dynamical system F.

- We can give an explicit bound for the constant C,, . Letting ¢ — [w2 Y =19, —, withp;, 9, >
0 being the positive and negative components of 1) — /W"z Y,

Cop < 2|19l (Lip(e) + D).

- As mentioned in the introduction, whenever one has additional information on the fiber maps
{fo}wer, other approaches could lead to more precise statements.
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2.4 | Examples

One way to ensure that Assumption H holds is by imposing two main regularity requirements on f
with respect to the horizontal variable w, that is, with respect to the forcing: 1) Regularity condition:
f is C¥ in the variable w for a sufficiently large k. 2) Non-degeneracy condition: the differential of f
with respect to w is invertible which, for every x € T™2, makes the function f(-,x) : T™ — T™
a local diffeomorphism on its range (notice that for this requirement to hold m; has to be equal
to m,).

Example 2.1. Let’s consider m; = m, = m, and assume that for any x € T” f(-,x) : T" —> T™
is a C? local diffeomorphism or, equivalently, {f},cy= is a family of maps with C? dependence
on the parameter w such that the differential (Df(-, x)),, is bijective for every x,w € T™.

From Equation (2.1) one can deduce that

Ps, = f(,x).v,

and since f(-, x) is a non-singular transformation, the expression of its Perron-Frobenius operator
gives

dp 3 Py(Vk)
dLebTm( )= 2 |Df(-,x)yk|

where the sum is over all the preimages y, of y under the map f(-, x). # is in C! since

IDf(-,x)| and p, are C! functions. It is also uniformly bounded away from zero, as there is
¢; > 0 such that p, > ¢ (see, e.g., [49]), and there is K, > 0 such that [IDf(-, x),| < K, for every

w,x € T™. This implies that for every x € T™ X_(y) > cKy, that is, the densities of the tran-

> d Leb
sition probabilities are all uniformly bounded away from zero. It is well known that the Markov
chain generated by P is geometrically ergodic, that is, satisfies Assumption (H) (see Theorem A.1

in the Appendix).

The following example is a subcase of the example above and shows one of the simplest
nontrivial setups.

Example 2.2 (System with additive deterministic noise). f(w,x) = T(x)+ h(w), where
T : T™ — T™is any Lipschitz map, and h : T™ — T™ is a local C? diffeomorphism.

Let us stress that these sufficient conditions for Assumption H: 1) are by no means necessary;
2) give no control on a single fiber map f, beyond the requirement that it is Lipschitz regular; 3)
do not imply good spectral properties for F,.

2.5 | Sketch of the proof

To prove Theorem 2.1 and Theorem 2.2, we are going to study the evolution of probability measures
on T™ x T™2 that have a Lipschitz disintegration with a focus on the evolution of their vertical
marginals. To do so we follow the steps below.
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1) First of all we show that under the assumptions of the main theorem, if u € M, (T"™ X T™2)
has Lipschitz disintegration, so does F'u for any n € N, and Lip(F”' ) is bounded uniformly
in n € N (see Proposition 4.2). This is a consequence of the uniform (high) expansion of the
map g. This result shows the existence of an invariant class of measures whose disintegra-
tion is smooth along the T" -coordinate, and is proved by using an explicit expression for a
disintegration of F, u in terms of a disintegration of u (see Proposition 4.1).

2) Next, we use the above fact to show that the vertical marginal of F”u can be approximated
by looking at the action of an auxiliary operator, L, that acts on a suitable decomposition of u
and that, unlike F,, has good contraction properties (see (4.6) for the definition of L, Propo-
sition 4.3, and Proposition 4.4). The contraction properties of L are inherited from those of P
and imply a nice spectral picture (see Remark 4.5). Loosely speaking, when g(w) = cw mod 1,
L can be taken to be equal to P, see Section 3.

3) The above approximation allows to show that under application of F,,, the system exhibits
approximate exponential memory loss’ on its vertical marginal. By this we mean that given
any two probability measures u;, u, € M;(T™ X T"2) with Lipschitz disintegration, the
Kantorovich-Wasserstein distance between vertical marginals IIF”u; and ITF"u, shrinks
exponentially fast modulo an approximation error (see Proposition 4.5).

4) Finally, we use the above approximate memory loss to prove the existence of an approximate
stationary measure and of approximate decay of correlations.

Remark 2.3. Picking a metric on M, (T™2) as weak as the Wasserstein metric dy, is crucial to
our arguments. Measures having Lipschitz disintegration with respect to other stronger metrics
— for example the TV distance — may not be invariant under F, without further assumptions on

{fco}weﬂ'

In Section 3, we give a proof of Theorem 2.1 and Theorem 2.2 in the simpler case where: m; =
m, = 1; the dynamics in the base is smooth and has no distortion, that is, D = 0. Under these
assumptions ¢ : T — T can be written as

g(w)=0cw mod 1, o € N\{1}. (HO+)

This is for the sake of presentation since in this case the treatment of points 2) and 3) does not
require the introduction of the auxiliary operator L, and IIF? can be approximated directly, in
some sense made precise below, with . This makes the proof much easier than in the general
case with D > 0 and it allows for explicit bounds for e w.r.t o.

3 | CASE WITHOUT DISTORTION

In this section we work under Assumption HO+ and Assumption H. Namely we consider g : T —
T defined as g(w) = ow mod 1, where o € N\{1}. Recall that under these assumptions v, = Leby
and p , is constant equal to one. Take u € M; (T X T) having horizontal marginal Leb;. We study
the evolution of y under applications of F,.

First of all notice that as a consequence of the skew-product structure of F and invariance of
Leb under g, also F,u has horizontal marginal equal to Leby. Secondly, the evolution of the
disintegration along vertical fibres, is given by the following proposition.

* For a definition and an example of exact memory loss see, for example, [39].
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Proposition 3.1. Let u be a probability measure on T X T with horizontal marginal equal to Leby.
Let {u,},cr be a disintegration of u along vertical fibres, then a disintegration of F, t along vertical
fibres is given by {(F,.1t) , },e1 With

o—1
1
(Fupt)y = = 3 fori Hosi. 3D
i=0 ° ’

This statement is a particular case of Proposition 4.1 below, therefore we omit the proof. It is
sufficient to say that, in this setting one has
(F . p)([w — 8,0+ 8] X I)

26

(F.),(D = lim

for any interval I, where the numerator can be easily controlled.

Next, recall Definition 2.1. In the proposition below we use (3.1) to deduce that if ¢ has Lipschitz
disintegration, then so do all its iterates F'u, and if o is sufficiently large, then their Lipschitz
constants are all uniformly bounded and small when o — oo.

Before moving to the next proposition we recall for the reader’s convenience a property of the
Kantorovich-Wasserstein distance (see, e.g., [50] for details). Given a Borel signed measure £ on
T with £(T) = 0, consider the Wasserstein norm

I€llw = sup /<0d§-

peLip!(T)

Recall that we denoted by Lip!(T) :={p : T = R : Lip(¢) < 1} the Lipschitz functions on (T, | -
|) with Lipschitz constant less or equal to one (we write Lip* when there is no risk of confusion).
The Kantorovich-Wasserstein distance defined in (2.2) can be rewritten as

) = =Vl = sup | 900 dlu =)0
anLip1

This characterization will simplify the notation later in the proofs.”

Proposition 3.2. Let u be a probability measure on T X T with horizontal marginal Leby and Lips-
chitz disintegration{u,},cy. Then the disintegration of F, u defined in Equation (3.1) is also Lipschitz
and

Lip (F,u) < Lo~ Lip(u) + Lo™!

Proof. Forw,w’ € T

o—-1 g—1
1 1
dy (F i)y (Fopt)y) = sup <E Z fwTH*l«‘wTﬂ e ; f%;ﬂ%)

¢>€L1p i=0

//\

sup / <fw_+l*#w_+l —f@*/«‘ﬂ>
i= 0 peLip! g g o o

"1In this section, the absence of distortion keeps the proofs of the next propositions rather classical and expert readers
could skip to the general case. However, we included the details here to highlight and estimate the dependence of € on o.
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) .
Calling w; := 2, and o/ := £* for brevity, we have
g 1 g

sup /§0d <fwl-*luwl- - fcof*#cu() = dW(fwi*#coi’fw{*lua){)
(PeLlpl -I]' L L 1 L

< dW(fwi*#coi’fwlf*:uwi) + dW(fwlf*:ua)l—’fwlf*:ucu{)'

For the first term above, notice that for any & € M;(T) and ¢ € Lip*

[ 040t =18 = [(@0 00— 90 FuydEC0) < Lo o= o,
where L is the Lipschitz constant of f, implying
Ay (f b, Fafb) S Lo o — @],
The second term can be bounded using an analogous computation
Ay (f o ables» ol b)) < Lty (o, o) < LLip()0 ™ o — @)

where we used that the Lipschitz constant of f, is equal to the Lipschitz constant of f, (see
Lemma C.1 in the Appendix) which is upper bounded by L as in (HO0.3).
Putting all the estimates back together we obtain

dy ((Fof)es (F o) < Lo~ [1 4+ Lip()] @ — '] O

As a corollary to the previous proposition, for o sufficiently large, we obtain the existence of
an invariant class of measures whose disintegration has Lipschitz dependence on the variable
w € T, and whose Lipschitz constant goes to zero as o — co. More precisely, let us define the set
M, Lep, (T X T) of probability measures on T X T with horizontal marginal Leby. Let's call I’y C
M 1ep, the set of those probability measures that have Lipschitz disintegration with Lipschitz
constant at most £

Ly = {M € My e, © Lip(w) € f}-

Corollary 3.1. If o > L, then the set T, is invariant under the push-forward F, for every £ > ¢,
with

Lot

ly i= ——.
0 1—Lo!

Actually one can show more: For # > £, I', is mapped by F,, into I',, with #/ < # and so F,
“regularizes” the Lipschitz constant of the disintegration.

The following proposition controls the evolution of vertical marginals for two probability mea-
sures in I, under application of F,.. In the statements below, the constants C and A are the same
as those in Assumption (H).
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Proposition 3.3 (Approximate Memory Loss). For every ¢ > 0 there is oy(¢) > L such that if o >
0y(€) then

i) dy (TIF" g, TIF" 11,) < CA" + &, Vi, py €Ty

ii) dy (TIF" 1, my) < CA™ + ¢, VuEeTy,;
where 1), is the stationary measure for P.

Proof. Let u := u; — u, and recall that ITu = fT U, dw is the vertical marginal of u. Since
dW(lucouua)’) < folw - C(-),| <7
then dy, (1, ITu) < ¢, (see Lemma C.2 in the Appendix). Therefore,

P = [ dofn, = P00 + [ dof,Ge, - ),
T T

where P is defined in Equation (2.1) and, by Lemma C.1,

”/dwfw*(:uw - H,Lt)” < LfO'
T w

For higher iterates, one gets the telescopic sum

F'u = / dwy_1fo, (FI0),  —TFIw)+ / dewy_1fo, F 1)
T

n—1
= P"(Iu) + Z /wan—lfwn_l* .../Tdcoifwi*((Fi,u)w — HFIM) 3.2
i=0

and by triangle inequality

n—1
IE2 iy < WPl + | 3 [ s o [ denfu iy TP - 33)
T

i=0

w

For the first term in the above inequality,
IP" @iy < A"

since dy, < dr (see Lemma C.3) together with Assumption H. For the second term, each
summand can be treated as follows

<

/wan—lfa)n_l* "'/waifcui* [(Fi/ll)cu (Fl /'{2)50 HFiMl + HFf»I’Q]

w

< SUp Lip(f,. )" sup [|(FLpt ), = (FLptdo, = TIPSy + TF s |
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2L gy (3.4)

Now, one can pick n, € N such that CA™ < ¢/2, and o, > 0 so that

ng—1 ng—1

Logl Z 11— — £y Z Lol < g/2
—1 <X .
1-Lo;" i3 =0

This way, if n < n,

n—1
ITIF  ullyy < CA™ +2£, Y L7 < CA" +¢/2
i=0
andifn > n,

dy (IIF" iy, TIF" 1) = dyy (IIF°F, " uy , TIF°Fy "p,) < CA™0 +¢/2 < CA™ + ¢,

since F, "u, and F, " u, both belong to T';, which proves point i).
For point ii), going back to (3.2) and picking n, and o, as above, for any u € T, and n < n,

dy (ITF p, 1) < dyy (TIF e, P*TI) + dyy (P T, ) < CA™ + /2
while for n > n, we use an analogous computation and get
dy (ITF" u,my) < CA" +¢ ]
We can now proceed with the proof of the main theorems in the case without distortion.

Proof of Theorem 2.1. under condition (HO+). The statement of the theorem is an immediate
corollary of point ii) of the proposition above. O

Proof of Theorem 2.2. under condition (H0+). Assume that / 3(x)dx = 0. Thent) = 1, — 1, where

1,9, > 0 are the positive and negative parts of  and [ ¢, = [ ¢, =: M. Take u the measure on
T X T defined as

du(e, x) = M\ (%, (x) — %, (x))deodx. (35)
It follows that u = u; — u, where u;, u, are probability measures having constant disintegrations

M1, = M~ (x)dx and u, ,, = M~'9,(x)dx. In particular, p;, 4, € Ty, .
Now, picking o, as in Proposition 3.3, if o > o,

/T P(x)d(IIF u)(x)

/ ® °Fn(CU,X)I,b(x)dxda)' =M
TXT

< M Lip()(CA™ +¢) (3.6)

where we used that ¢ does not depend on w € T, and Proposition 3.3.
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If /% # O consider ¢ :=p — [ 9.

/ @ o F'(w, x)(x)dxdw = / @ o F"(w, x)p(x)dxdw
TXT TXT

+ </wr TgooF”(co, x)dwdx — /Tgo(x)dno(x)> </1r 1,b(x)dx>
d dx ).
¥ ( [ o no<x>) ( [ vox)

For the first term, we use (3.6); for the second term

- ‘ / P(OA(TIF" Lebyyr —1,)(x)
T

/ @ o F"(w, x)dwdx — / P(x)dno(x)
TXT T

< Lip()dy, (ITF" Lebryr, 77)

and from point ii) of Proposition 3.3 the above is less than Lip(¢)[CA" + €]. By triangle inequality

/ 00 F"(@, x)p(x)dxde — ( / ¢(x)dno(X)> ( / z/)(x)dx>
TXT T T

where C,,y < 3|91 (Lip(e) + 1). O

< C¢7¢(C/1n + E)

Remark 3.1. As a remark, note that if one tries to estimate the quantifier ¢ in Theorem 2.2 for
a given datum, by inspecting the proof of this simpler case, one realizes that a bound for ¢ is
proportional to the smallest number one gets from the sequence {max{CA", 25 1L"}}, o Since
the first sequence is decreasing, while the second is increasing, the optimal trade off is achieved
when they are of about the same size. Imposing CA" = 20~ L" gives the estimate ¢ < o7 for some
y > 0 which depends on C, 4, and L.

4 | GENERAL CASE: PROOF OF THEOREM 2.2
4.1 | Control on the disintegration along vertical fibres

Below we assume that F satisfies assumptions (H0.1)-(H0.3) and Assumption (H).

Take a measure u, on T"™ x T™2 with horizontal marginal equal to v, € M,;(T"™) which is
absolutely continuous with respect to Lebesgue, and let u; := F,u,. It follows from the skew-
product structure of F that the horizontal marginal of u; equals v, := g¢,v,. We will denote by
p; the density of v, ". Recall from Section 2 that g is a local diffeomorphism, g; are its invertible
branches, and h; their inverses. Then an explicit expression of p; in terms of p, is given by

d

pPo(@;) m
p1(w) = Yo € T™
; IDge, |

where we denote by w; = h;w the preimages of w and |Dg,, | .

T Since g is a local diffeomorphism is in particular nonsingular, its push-forward sends absolutely continuous measures to
absolutely continuous measures.
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For k € {0, 1}, let {g; ,,},ecrm be a disintegration of w; w.r.t. the measurable partition {{w} x
T™2},crm . For a definition and some results on disintegrations see Appendix B.

Proposition 4.1. A disintegration {4 ,},,em of w, is given by

Po(@;)
Z IDga, |fw* 0,00 * (4'1)

l,w

Pl(w)

Proof. Let Bs(w) C T™ be the Euclidean ball centered at w of radius §. By Theorem B.1 in
Appendix B, for Lebym, -a.e.

- fgé(w) dspl(s):ul s

4.2
5_’0 /B (w)dspl(s) “-2)

where the limit is with respect to the weaks topology. Using the definition of disintegration and
that ; (Bs(w) X I) = uy(F~'(Bs(w) x I)), for every measurable set I on T2 and § > 0 sufficiently
small, one gets

/ dS,Ol(S),Lll S Z / dSPo(S)fs*l"o s*
Bs(w) h;(Bs(w))

By changing variables, s = h;(s), and multiplying and dividing by p, (s), the above equals

pPo(s ’)

d / /
/Ba(cu) Spl(s)lm(S’)Z IDgy Ifs *#05]

where we denoted slf = h;(s"). Applying Lebesgue’s differentiation theorem, Equation (4.2)
becomes

1 po(@;)
:ul,cu P1(w) ; |Dgco, fwl* Oco |:|

The formula for the evolution of disintegrations in (4.1) depends on v, and v;, the horizontal
marginals of the measures y, and u,. Thanks to assumptions on g, the evolution of the horizontal
can be controlled (see Lemma 4.1 below).

Consider for a > 0, the cone of log-Lipschitz functions,

@) o
Y o= N LSRN + . alco wl}'
@ {¢’ PR @ S

The following lemma gathers some standard facts about uniformly expanding maps with bounded
distortion, such as g.

Lemma4.1. Let g : T™ — T™ be a C? local diffeomorphism satisfying (H0.1)-(HO.2), and let p,
and p, be as above.
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1) Ifpg € Yy, then py € Vy-144p. In particular, ifa > ay 1= —— 71, then p, € V;
i) If pg € Vg, calling p,, the density of v, := g!v,, thereare C;, > 0 and 4, € (0,1) such that

llon = Pyllee = sup |pn(@) —p (@) < C,A7.

weT™

Proof. See, for example, [36], [49]. [l

Remark 4.1. In point ii) of Lemma 4.1, one can choose C, := C (D,0)and 4, := 1,(D, 0). More-
over, fixed D, C, and 1, can be chosen to be decreasing with respect to ¢. This implies that fixed

D > 0 and o, > 1, there are constants Cand 1€ (0,1) such that Cg < C and /19 < 1 for any g
satisfying (H0.1)-(H0.2) with 0 > o,

From now on we will restrict our analysis to probability measures on T X T"2 whose
horizontal marginals belong to V, for some a > 0.

Proposition 4.2. Assume p, € V, for some a > a, and that u, has Lipschitz disintegration. Then
the disintegration of , given in (4.1) is Lipschitz and

Lip (4;) < 07 'LLip (ko) + [Co + 07 'L]

where C,, = e(a+07'a+D)C1 gnd C| is the diameter of T™.

Proof. The proofis analogous to that of Proposition 3.2, although one has to work with (4.1), rather
then the simpler formula (3.1). For w,w’ € T™,

dy ) / d f L_eo@) , LA,
M1,0> M10r) = SUP ® Mo — . ) oMo
WL P peLip! i=1 pl(w) |Dgcoi| 0w pl(a),) |Dgcolf| w0

< sup /god i L po(wi)f Mo, — 1Al )f M
S etip! £ (@) [Dg, I % py(@") Dy [ 470

¢€Lip i=1

d ’ ,
1 Po@) 1 o)
+ sup /god ——— 0 Mo, — —— [ oMo
<oeLipllZf (Pl(w’)ngw;I YOS py(@) [Dgy |7 4T
=: A+ B,

where to get the inequality we added and subtracted the same quantity and distributed the sup.
Upper bound for A. To bound the first term

1 po(w)
d @) g1
1 polw) i - /
A= sup Z o Pt
p (CU) |Dg | 1 Po(wi) iU,
peLip! i=1 F1 @i p1(@) [Dgy,|

Z Po(@;) 1 e[a+cr’1a+D]|w—cu’||

pl(co) 7 [Dgy,|

-1
< e[a+a a+D]Cy lw — wll’
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where C; > 0 is the diameter of T™1. To estimate the ratio in parenthesis, we used that: p, € V,
with a > a, implies p; € V,, |¢| < 1, and (HO.2).
Upper bound for B. The second term can be bounded by

d / d /
1 pO(wi) 1 pO(wi)
d z,——f M .,z —— ———furitoe | Smaxdy(fo cMow s folsMow )s
W<i=1 pl(w,) |Dgw£| w;#0,0; & pl(w,) |Dga)l{| w;#H0,0; ; WA ;0,0 J 00 5140,00;

d 1 po@))
i=1 p; (') |Dg,|
L

convex combinations of measures. The distance dy, (f,.Mow,> fo/+Hoe!) can be estimated as in
? i i

where we used that ), =1, and Lemma C.4 on the Wasserstein distance between

the proof of Proposition 3.2 and gives
B <o 'L[1 + Lip(uy)] | — @'].
Putting together the estimates for A and B
Lip (14;) < o 'L Lip (i) + [C, + o7 'L]. ]
As a corollary to the previous proposition we obtain the existence of an invariant class of mea-

sures, ', ,, that have a Lipschitz disintegration with constant at most # and horizontal marginal
with density in V,:

d
T,, =4 ueM T xT™): Lip(u) < and ——2H ey L
’ dLeb-[rml

Corollary 4.1.
i) IfpeV,witha<a, := 1_’% ando > L, then F,(T'y ;) C T, forevery? > £, with
0L +Cq (1+D)

= (1 — o——lL) . (4.3)

2o

ii) Iftherearea > 0 and ¢ > 0 such that u € T, ,, then for every § > 0 there is N € N such that
Lip(Fiu) < ¢y +6
foralln > N.

Proof. To prove i), recall that the horizontal marginal of F, u is the push-forward under g of the
horizontal marginal of u. Since the horizontal marginal of u has density in V, , by the inclusion
Y, C V,, and Lemma 4.1, the horizontal marginal of F, u belongs to V, . By Proposition 4.2 and
the choice of ¢, it follows that if Lip(u) < ¢, then also Lip(F,u) < &,.

For point ii) notice that Fu belongstoI', , for some a, and ¢, such thata, — ayasn — oo
by Lemma 4.1, and ¢,, — £, as n — oo by Proposition 4.2. The claim follows easily. O
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4.2 | Tracking the evolution of the vertical marginal

Let’s consider Mly,,g (T™ x T"2) the set of Borel probability measures on T™1 X T™2 having hori-
zontal marginal equal tov e the invariant measure for ¢, and recall that for u € Ml,,,g (T x T™2),
the vertical marginal is given by

Oy = / dawp (@),
T2

Foreveryi=1,...,d, call
ﬁpmmm=/mww>
I;

the measure of I; with respect to the invariant measure of g. Define the map A : Ml’vq (T™ x
T™2) — (M;(T™))? in the following way

@A), =5, / dawp , (@)t

that is, (Au); is the average of the disintegration {u,},crm on I; with respect to the invariant
measure of g. The map A gives a decomposition of u which can be viewed as a coarse-graining of
the disintegration of {u,},,cym . Moreover, for any u € M.qu(T’"l X T™2)

d
My = pi(Aw);,
i=1

therefore, by keeping track of A(F” 1), we can keep track of ITF! .
Consider also

Fi = Ei_l /I dwpg(w)fw*’ (4-4)

which is the average of the operators {f,.},erm onI; w.r.t. v, restricted to I; and normalized. A
lemma below shows that F; is an approximation of f . for w € I;. The smaller is the size of I;, i.e.
the larger is o > 0, the better is the approximation.

For every 1 < i, j < d, define the operators

- Py(@;)
C;i=p; " /dco—g L) Fs (4.5)
L Pi ( I |Dgcuj | J
and consider the operator £ : (M, (T™2))4 — (M, (T™2))4

d
(Lp); = z L) (4.6)
i=1

J
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Remark 4.2. Before moving on, let us stress why the above mappings A and L are important:
A(F, ) and L(Au) are very close when the expansion of g is very large’. This will let us prove
that for fixed n, we can approximate A(F” ) with L"(Au) when the expansion of g is sufficiently
large, with the advantage that £ has good contraction properties (thanks to its relation with P,
see Remark 4.5).

Remark 4.3. Notice that both operators A and L depend on d, the number of branches of g, and
therefore on o. Since we ultimately want to let o be large in order for the RHS of (4.7) to be small,
we will have to keep o and d explicit in all our estimates.

The remarks above is formalized in the following proposition. For u,,u, € (M,(T"2))? we
define

dy (M, 4p) = maX Ay ((11);> (2);)-

.....

Proposition 4.3. Ifu €T, ., with £, and a, as in Corollary 4.1, then there is a constant K > 0
uniform in o, and there is C5 : (1,+o0) — R* decreasing such that

n+1

L —L _
dy (AFT ), £"(Ap) < Ky =77 (4607 + C3(@llog = p, o ). (4.7)
where p,, is the density of the horizontal marginal of u.

Proof. Let’s call v, the horizontal marginal of u, and p, € V, its density. Let’s denote by v, :=

Fl'vgand by p, := dLb eV, foreveryneN0
First, let’s prove (4.7) forn = 1. Recalhng the dlslntegratlon 4.1),

@AEW) =5 /I dewp ,(@)(F, ),

__ (w) d Po(w;)
v Py j
/1 Wilhacs

= pi Pl(CU) b= |Dgwj| a)j*l"{wj
=5! Py(@) Po(w )
- /I,-d <pl(w) > Z fo jiHo; (4.8)
d
= -1 Po(wj)—pg(cuj)
+p; /I, dw ;1 waj*#wj (4.9)

51 / pg( )fw* o, 4.10)

I;

where in the last equality we added and subtracted the same terms. We denote by A the term in
(4.8) and by B the term in (4.9). Call Lip})(T’”Z; R), Lip(lJ for brevity, the set of Lipschitz functions

¥ One can think of £ as an approximation for the action of F,, on measures u having constant disintegration on the intervals
I.

i
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from T™2 to R with zero integral. When computing || - ||, taking the supremum over Lip® or Lip(l)
the same, as the integrals of ¢ and that of ¢ — [ ¢ are the same. This has the advantage that for
pE Llpo, lp| < C,, where C, is the diameter of T™2.

d
- w;)
dy (A(F,1));, (LAR);) = sup / ®d (A +B+ Z ?; / Py(@; (fw ),

(peLip(l) j=1 |D
d
R pg(wj)
+ I /dco Filu, —@AW;:) |- (4.11)
j;l i L |Dgcuj| j( @y J)

Let us call
8y 1= llpn —Pylle = sup |p,(@) — p (@)l
weT™

Since p; € V,, |p;| = e~C1P where C; > 0 is the diameter of T Therefore

Py _ oD
1- ——|p, (@) — py(@)] < e"176;.
‘ Pl(w) P1( w) ! ! !
Now we distribute the sup among the four terms on the RHS of (4.11), and estimate each of them
separately.
- po(w ) p,(e)
swp [ pda<p” / sup |/ qo(x)d[( 2 1>fwj*uw.]<x>
qoeLipé "2 I; a)j ¢€Lip(1) Tm2 ,01(0)) J
d
— - Po(e;)
<P / do Y ——Lc,e0105,

=CzeC1D515i_l/de1(w)
I

v (I)
v, (I;)

<C,e30Ps,.

sup /qodB = sup /an qo(x)dl / Z Po(w ) P (w; )fwj*ij] )

(peLip(l) (peLipé

/ PORo(@)) — Py @) b ()

L

d
-1 1
<p /dw —C
1 Il. ng |D wjl 2%0

d
<5i_1/dcuz Dl sup
I; j=1 | gw |cpeL1p
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_ g, Leb-u—ml (Il)
v,(I;)

21D
< e“M17C,0,

€280

For the third term in the big parenthesis of Equation (4.11), using the definition of F;

py(@;)
;Y Jeo, |

'/ P(x) Z o /

d
-1z / a0, @), "5, /
‘}:

/dwp (@p;~ i_l/dw

Z / 4o p, (@B, B, /

d
<Lo'C, Y5, v, (e / do
j=1 I;
__ py())
ste 1C12 1/ Ilggj
w
<Lo_1C1,

where we used that Ej =v,(I); that

I(pofwj(x)_qoofcu’(x)l <

d(fo,s

d _ (w;)
= Z/ do’ ,Og(CU )P] 1P1 - / dwf]; = /(P(x)d(fcu)-* - fco’*):uwj(x)
j=1 I; gwjl ’

| 09 = fur(0)] < Loy = |

Fj)“wj(x)

py( J)

“Da 1 / (0 fu,(¥) = P 0 fur (X))t (x)
/l(P fco x) - §0°fw/(x)|d,uw (x)

py(w;)

Dy % |Ld iam(I;)

IDg.,;!

< Ldiam(I;) < Lo™'Cy,

recall that L is the Lipschitz constant of f and C; = diam(T™); and that

51 py(@))
/ Z Ilggw,

l

=5 /1 dwp, () = 1. (4.12)

i

For the last term on the RHS of Equation (4.11),

Py,

1

< ;)
[ Y57 / F Ap),
/ p(x) <j§=lpl s wIDngI (e = ( M),))(x)
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d
-Y5" / il [ w6, - @0

& “TDg 1
d
__ py(@;)
<Y5" / deos 2 Lip(F iy (1, (40, (4.13)
j=1 I; |Dgcu]|
<Ltyo™'cy, (4.14)

where in the last step we used that Lip(F;) < sup,, Lip(f,,) < L and that
dW(/ij, (Au)j) <7 diam(Ij) < foc_lcl.

Putting all of the above together we conclude that there is K, > 0 (independent of o > 0) such
that

dy (A(F, w);, (LAW),;) < Ku(o™! + 8, + 67).

Now, since for every k €N, F if,u € My, (T™ xXT™)NT, , by repeated applications of the
triangle inequality

n—1
dy (AF 1, £"Ap) < Y dyy (L A F ), £ AF* 1)
k=0

n—1 n—k—1
<) <sup Lip(fw*>> dy (A(F Fw), LAFY )
k=0 \ ®

n-1
<Ky ) LK [0 + 8 + O
k=0

n—-1 n-1
<Ky lfoa‘l + )8+ 5k+1] >k
k=0

k=0
n—1
<Ku(too™' +C380) Y LK,
k=0

where we used that by Lemma 4.1, §;, < CHA§50, and C; 1= —-. O

The operator L has good spectral properties. To prove it, we are going to need the lemma below.

Lemma 4.2. Foreveryi,j=1,...,d,

R pa— Pg(w)
; ; dw >
Pi Pj / Dy 0o, | b,
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with

p = e_CID[#“] €(0,1),

where D is the bound on the distortion of the map g, and C, is the diameter of T™.

Proof. Recall that w j is shorthand notation for h j (w). Since

1
do—— = Lebym (I;) =: |I;],
/m Dy, | e

and |Dg o k| is continuous, there is w, such that

1

=1
1D g, wy)]

Recalling the notation w; = h;(w), the bound on the distortion (10.2) gives

IDgn (o)l
|7 Dg,, |7 = > e7Plemenl 5 7P,

IDgp; o

where C, equals the diameter of T™ w.r.t. the Euclidean distance.
Also, recall that p, € V, with a, = 1_'%, therefore e=C1% < p, < e©1% and p; < e“1%|1;].
Putting the above considerations together

(N —C
ﬁi_lﬁ'_l/dw‘og( ) ;e—cla0|1_|_1e—cla0|ll_|—1/dwe -
DU IDgy | . i IDg

o)

>e_3C1a0|Ii|_l/da)e_DC1

I;
—3C,ay—DC

>e 140 1,

g

Remark 4.4. Notice that p depends on o, but for D fixed, p increases with o > 1. In particular,
assuming that o > o, > 1, we get the bound

—C1D |14+ _]
=0
p=ze o4,

which is independent of o.

Lemma 4.2 implies that £ can be decomposed in the following way: there are p;; > 0 such that

(L) =Ly =p / deop,(@)f . + DT (415)
I.

J
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Define £, : (M, (T"2))¢ — (M, (T™2))¢ as

(‘C’l)ij:/ldwpg(w)fw*s

J
and £, : (M, (T"2))4 > (M, (T™2))d as
(L5)ij 1= pijF),
sothat L = pL, + L,.

Remark 4.5. Notice that (£,);; does not depend on i, and summing over j
2(£1)i ji=P.
J

When L acts on a vector of measures » = v(1, ..., 1) having all identical entries, one has

(L), = pPv + ) (L2);v.
J

The spectral properties of 7 and the lower bound on p found in Lemma 4.2, will be used in a
coupling argument, Proposition 4.4 below, that ultimately yields the spectral properties of L.

In a proposition below we show that the operator £ has good contracting properties with respect
to dry,. First we state a couple of lemmas.

Lemma 4.3. Forevery u;, i, € (M;(T))¢

dry (Lpy, Lpy) < dpy (p, 1) (4.16)

Proof. By definition of Total Variation distance, transfer operators are weak contractions with
respect to dry; in particular, for any 5,1, € M(T) and any w € T™

dry ([ oy fou2) < dpy(m1,72),

and therefore

dry(Fim, Fimy) < dpy(01,7,) (4.17)

for any j.
By formula 4.12 one gets that for every i

dry ((Lpy);s (Lpy);)

__ py(w;) __ py(w;)
=dTV< ' Pi 1<Adwlbgwj|>er1)j, ' Pi 1(/1idw |Dgwj|>rj(#2)j>

J t J
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— ACH,
Szjlpi 1(/d I]g wj|>dTV(F (1)), Fi(s)))

__ pg( w;)
<37 1( | 5, )dTV((Ivh)y(ﬂz)j)

;|
< dry(py, po)- 0
Lemma 4.4. For every n € N, the following decomposition holds
L' :=p"Llu+ (1~ p")R,u
where R, : (M;(T"™2))¢ — (M, (T™2))? is such that
dry (Rypy, Rypy) < dpy (fy, Bo),
forall puy, py € (M;(T™2))4.

Proof. Let’s start noticing that, by definition, ) ibij= (1 — p) for every i, in fact comparing
equations (4.15) and (4.5) follows that

_ - py(w))
pp;i + pij =p;j 1</1dw|];gw]|>,
i j

and

_ _ py(w))
;(PPJ“FPU p+zp1] Z Pi (/d |Dg |>

Now we prove the statement of the lemma by inductiononn € N. Forn = 1,R; = (1 — p)~'L,
and recalling (4.17)

dry((1 = p)_lﬁzlﬁ, 1- P)_l‘czﬂz)

= max dTV<Z(1 - )Py, Z(l - p)_lpijrj("b)j)

J J

< max 2(1 - p)_lpideV((ﬂl)j’ (M2)))
J

< dry (g, po)-

Now assume that the statement is true for n — 1.

LM =LL" =p"L" + p" (1 - p)R LT + (1 - p" LR,
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Define

_Q=pp"'RL" + (1 - p" LR,

n -

R

1-pn

and by Lemma 4.3 applied to £ and £,, by the inductive step - (1 — p)p" ' + (1 —p* 1) =1-
p"-and by Lemma C.4

dry (R, my, Rypy) < dpy (py, 1) O

We are now ready to show that £ has good contraction properties with respect to the Total
Variation distance. The proof uses a coupling argument.

Proposition 4.4. Thereare C, > 0 and A, € (0,1) such that for any u,, i, € (M, (T2))4
dry (L"py, L7po) < Cpdpdry (i, 1) (4.18)
Proof. Notice that all the rows of the operator L, are equal, therefore, for any u € (M, (T™2))<,

also all the components of £, u are equal, that is, there is u’ € M;(T™2) such that (L, u); = ¢’. By
definition of £, follows that

d d
COEDCVIEDY /I dewp(@)f ot = P,
Jj=1 j=171j

and by induction
(Lrw),; =P, (4.19)
for everyiand n > 1.

Pick n, > 1 such that CA"0~! < % Then it follows from (4.19) and Assumption (H) that for all
n>1

1
dry (L1 py, L11) < EdTV(:“p:“z)-
which implies
dry (L™, £70p,) < podpy (L1, £7°p) + (1 = p"0)dry (R, o, Ry 1)

< <1 - %Pn(’)dTV(ﬂpﬂz)-

1
Define 1, :=(1 — %p"o)no and C, := /12”0. For every n € N there are k € Nand 0 <r < n,
such that n = kny + r, and by Lemma 4.3

dTv(En,up £nﬂ2) = dTv(ﬁrEknol"p £V£kn0”2)

<dpy(L"0uy, L0,
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k
< /120 dry(y, 42)

< Cpldpdry (i, 1s)- O
The contraction properties of £, (4.18), and the weak*-compactness of (M, (T™2))¢ imply the

existence of 1), € (M, (T™2))¢ such that Ly, = 7,.
The following proposition is the analogous of Proposition 3.3 in the case without distortion and
proves approximated memory loss for the vertical marginals under application of F . In this case,
there is an extra difficulty as, in order to prove Theorem 2.2, the class of probability measures we

start from should include those having horizontal marginal equal to Leb;m, which in general can
be different from the invariant measure v, .

Proposition 4.5 (Approximate Memory Loss). Fix D,L > 0. There is C’C’ > 0 such that given any
€ > 0, thereis oy > L such that for any o > o, and any F satisfying (HO.1)-(H0.3) and Assumption

(H)
i)
dy (IF, uy, TIF up) < CHAL +€,  VEEN

forany uy,puy €Ty o, ¢ defined in (4.3);
ii)

d
dW<HFi/", Zﬁi(no)i> < CZ/IZ +¢, VteN
i=1

foranyu €Ty ;. ¢, defined in (4.3).
Proof. Pick any two probability measures u;, u, € I'y . Then forn,m € N

dy (AF}(F uy), AF(F 1)) < dy (L"AF uy, L"AF 1y)+
+dy (L"AF uy, AFIF 1)+
+dy (L"AF u,, AFTF )
< Codry (L"AF !y, L"AF M 1)+
+ 2K, L (0™ + C3(0) 1o — £yl o)
< CyCpAY + 2Ky L (07! + C3(0)llom — Py lloo)-
where we used triangle inequality, Lemma C.3 (recall that C, is the diameter of T2), and

Proposition 4.3.
For every € > 0, pick n, € N, my € N, and ¢, large enough so that C,C L/IZO <¢g/2,and

_ 3
2Ky L™ (0™ + C3(lpm, = Pylloa) < 5
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Notice that m is a transient one waits for the horizontal marginal to get sufficiently close to v,
while n is the time one waits for L to contract by the desired amount.
Calling C), :=C,CpA,™

n+mg

dyy (AF; 0wy AF ™ 1)) < C,CpA +e/2 < CLal, ™ +e.
for every n, in factif n < n,
dyy (AF 0wy, AF ™ ) < CpAp +¢/2

andifn > n,

n+my

dy (AFS ™, AF!

L U) SCLAY +e/2< CLAf e
Recall that

d
+ - +
IF ™ = Y, Bi(AF ™up);
i=1

and since the above is a convex combination, using Lemma C.4

n+my
%

n+mg n+my n+my

dy (ITF, Py, IIF, 0 1p) < dyy (AF, P ug, AF, P 1) < C,£/12+m0 te

which proves point i) with ¢t > m,,. If t < m,,, by the definition of dy,
dy (TIF iy, TTIF 1) < €,
the diameter of T"2. Therefore, picking
"o._ 1 —-m
¢y i=max {cy, CA.™ }
we get

dy (TIF; uy, TIF uy) < CRAL +€

for all t € N which concludes the proof of point i).
To prove point ii), recall that 5, € (M;(T"2))¢ is fixed by L. Now

dy (AF, ™ 1, 10) < dy (AF, ™ p, L"AF 1) + dyy (L"AF 1, £7)
<dy(AF ™ u, L"AF u) + Codpy (L"AF i, £779)
<KL (0™ + Co(0)llp — £y lleo) + CoCe AL

In a way completely analogous to the proof of point i) one can show that for every ¢ > 0 there are
o, sufficiently large and C}; > 0 such that for o > g,

dy (AF' 1, ) < C’ﬂ’/lt£ +¢.
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By definition of dy,, the above means that dy, ((AF! u);, (10);) < C’ﬁ’/ltﬁ + ¢ for all i, which implies
that

dW(Z p; (AF w);, 2 P (Uo)i> < CZ/VE +e.
i i

Since ITF"u = ', p; (AF" u);, the statement follows. O

Proof of Theorem 2.1. The statement of the theorem is the content of point ii) of the proposition
above. O

Proof of Theorem 2.2. With all the work above done, the proof of the theorem is almost iden-
tical to the case without distortion. The only difference is that instead of 7, in the proof of the
case without distortion, one has to substitute ) o; (1,);, and apply Proposition 4.5 in place of
Proposition 3.3. O

4.3 | Fixed point for £ and fixed point for P

Point ii) of Proposition 4.5 shows that if ¢ is sufficiently large, then the vertical marginal of
F"u becomes close to 7 = Zle 0i(ny);- The purpose of this section is to remark that, in gen-
eral, 77 is different (and possibly quite far) from 7,, the stationary measure of P. We prove
this fact in an indirect way by showing that the unique fixed point of P := /1r dawp (@) f o
1o» and the unique fixed point of P := [ dwp je-1(@)(f jk-1(4) © - © fo,)s» that we will call 5/,
can be in general very different for some k > 1. If this is the case, IIF"¥ Leb_, xrm cannot
become close to both 7, and n(’), and since P’ is the random counterpart of F¥, it implies that
Z?zlﬁi(no)i can be far from the fixed points of P or/and P’. At the end of the section we
also give numerical evidence that 7 can be different from 7, when the map g has nonzero
distortion.

For simplicity of exposition, we are going to present an example that does not satisfy the smooth-
ness requirements of Theorem 2.2. However, with a small modification on a set of arbitrarily small
measure, the system can be made as smooth as one likes and all the considerations below carry
over to the smoothed version.

First of all, we define the map g := gy, : T— T where M €N and x € (0,1) are param-
eters. We identify T with [0,1] in the usual way and divide [0,1] into 2M intervals of equal
length

I 2M 2M |’

Letx’ =1 —x.Definefor0< j <M —1

My _ w € [j/2M,(j +x)/2M]
_[He-t 4.20
In (@) {Jk_\/{w _ J+2KK_’K w € [(j+x)/2M,(j +1)/2M] e
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95, 0.00)
(o }
()]

FIGURE 1 Graphof gsg9

andforM < j<2M -1

2 4.21
Mo — 7% o e[(j+x)/2M,(j +1)/2M] 20

x 2K

o@D i {Mw—% w € [j/2M,(j +x')/2M]
M ,x =

The graph of gs ( o9 is presented in Figure 1.

It is easy to verify that g, , is piecewise affine, uniformly expanding, and keeps the Lebesgue
measure invariant. Also, the minimal expansion of g,,, can be made arbitrarily large by letting
M - oo.

Notice thatfor1 < j < M,

9m([J/2M, (j +%)/2M]) = [0,1/2] and gy, ([ +%)/2M, (j + 1)/2M]) = [1/2,1]
while for M +1 < j <2M
I (L7 /2M, (j + 1) /2M]) = [0,1/2] and gy, (G +x)/2M, (j + 1)/2M]) = [1/2,1].
Picking x ~ 1, most of the points in the interval [0,1/2] are mapped back to [0,1/2], and also
most of the points of [1/2, 1] are mapped back to [1/2, 1]. More precisely, defining V; :=[0,1/2],

V, :=[1/2,1] and

Vip i={weV;: g]'\‘“(co)eVifor0<k<n—1};
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Vin CV;issuch that, forany n € N,

[Vipl = 1/2 as x - 1. (4.22)

T

Fix € > 0 a small number. Pick ¢ : T —» T a N — S diffeomorphism such that |p(x) — x| < ¢,
and define

2w w €Iy
fo(X) = (4.23)
ptaw wel,.

One can check that P := fv dwf . maps a small closed ball around Leby into itself, with the
diameter of the ball going to zero (in Total Variation distance) when a — 0. This implies that the
unique fixed point of P is close to Leby.

To ease the notation, from now on we write g in place of gy, .. Let’s look at f~! :=
foni@y© - © f, and study P’ := [ dw(f27"),. Fix A > 0 small. For any X, € T and ()]}
with w, € V,, consider (Yk)z;é with X3, = @(x;) + awy. Pick n € N large and a > 0 small so
that for any x, € [N — A, N + A]¢ and (wk)l’z;(l) as above, X,,_; € [S—A,S + A]. One can find x
close enough to one so that |V, ,| = |V, ,| = 0.49, which implies

o= [ et ha [ e [ deti
Vin Van V1,0V )¢
= 0.49 Leb; + / do(f"1),n + / do(f"1),n.
VZ,n (Vl,nUVZ,n)C

Given the expression of P/, if )| is such that Pz = 7 then, 7 = 0.49 Leb +0.51);, where 7, is
some probability measure. This implies that

P'no([S — A, S + A]) = (0.49P" Leb +0.51P'7, )([S — A, S + A])
= 0.49 / da(f"), Leb([S — A, S + A])
V2,n

+(1—=0.49")n,([S—A,S+A))

>0.49%(1 — 2A)

where 7, above is some probability measure. Since A > 0 is arbitrary, 77(’)([5 —AS+A)=1/4
while 74([S — A, S + A]) = 2A which makes 5, and 176 two very far apart measures with respect to
most metrics (e.g., dry, dyys...)-

In Figure 2 below we compare numerical simulations of the distribution of mass on the vertical
marginal after several iterations of skew-products F with different base maps g. For each such
map, we consider several initial conditions sampled randomly and uniformly on [0, 1] X [0, 1], let
F actfor awhile on these points, then take their vertical coordinates, and plot them on a histogram.

T A North-South (NS) diffeomorphism is a diffeomorphism with exactly two fixed points: one attracting, the South Pole
(S), and one repelling, the North Pole (N), such that for any x # N, ¢"(x) — S. Furthermore, ¢’(N) > 1 and ¢/(S) < 1 so
that the two fixed points are hyperbolic.
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5 «10*  g(w)= 5w mod 1 5 w10t 9W=9y 404)
1.5 i1
1 1
0.5 0.5
0 “ 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
5 %x10*  g(w)=51w mod 1 ) w10t W= 95 ¢ o)
1.5 1.5
1 1
0.5 0.5
o AT 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
) «10*  glw)= 101w mod 1 ) w104 9WI= 944 04@)
1.5 1.5
1 1
0.5 0.5
o (T I 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X
4 n
> x10 .0
1t

02 T T
0
0 0.5 1
X

FIGURE 2 For different base maps g, we consider 10* initial conditions {(c, xk)}}{o:1 sampled randomly and
uniformly on [0,1] x [0, 1], let F(w, x) = (g(w), f(w, x)) act for 100 time steps to obtain {F%(wy, xk)}}(‘:l, take the
vertical x-coordinates of these points, and plot them on a histogram. The different ¢ maps used are indicated
above the histograms. The fiber maps are the same throughout and as in (4.23) with ¢(x) = x — 0.01 sin(27zx) and
a = 0.001. The last panel shows a numerical approximation for 7, obtained as in the deterministic case by
applying F to {(wy, xk)},l(‘):1 but where, instead of having g in the base, we sampled the w-coordinate at random
independently (both w.r.t. time and initial conditions) and uniformly on [0,1] using the random number
generator built in the programming language
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When the expansion in the base is large, we expect the distribution given by the histogram to be
close to 7. We compare the case of base maps with no distortion, g(w) = cw mod 1, against base
maps g, defined above. We also simulate numerically 7, the stationary measure for P (as given
by the random number generator of the programme). The fiber maps f, are of the kind described
in (4.23).

In the case without distortion, when the minimal expansion in the base increases, we can see
that the simulated 7 becomes very close to 7, (as per Propostion 3.3 point ii)), while in the case
with distortion, 7 and 7, are different.

5 | GENERALIZATIONS AND LIMITATIONS

In this section we discuss a few generalizations of the results and the techniques presented above,
and also some of the limitations. Before proceeding with the generalizations, we would like to
stress that the goal of this paper was not to give a result in its greatest generality possible, but rather
to present some techniques that we believe can be applied (with different levels of additional
effort) to various setups.

5.1 | Assumptions on the base

The regularity assumptions on the map ¢ can be revised to fit other situations. For example, Q
could be a compact manifold with boundary such as Q = [0, 1]™ with g piecewise C? with onto
branches. By this we mean that there are open sets {Ii}?zl partitioning QO modulo sets of mea-
sure zero, and such that g|; : I; - (0,1)™ is a C? uniformly expanding diffeomorphism with
bounded distortion.

For the system in Section 3, that is, when m; = 1 and no distortion, this corresponds to consid-
ering maps ¢ : [0,1] — [0, 1] for which therearen e Nand 0 =: qy < a; <..<a, <a,,; =1
such that 9l(apaiy) is C? and onto (0,1). It is easy to check that all the proof of statements in
Section 3 hold, mutatis mutandis, for maps g satisfying these assumptions.

Also the assumption that ¢ must be C? (or piecewise C2) is not necessary, and can be substituted
by g being C'*% (or piecewise C'*%), meaning that g is once differentiable and with a—H®older
differential (or same property, but piecewise).

In fact, we expect that our results hold for more general bases. What is needed is g : Q — Q
where Q is a compact Riemannian manifold (with or without boundary), and ¢ is a piecewise
uniformly expanding map with bounded distortion admitting a Markov partition and a unique
absolutely continuous invariant manifold.

5.2 | Robustness under conjugacy
Consider a map § : Q — Q and assume that there is an invertible map h : Q — T™ which is
measurable and with measurable inverse, such that § :=h ' ogoh foramap g : T™ — T™,

Consider f : Q x T™ — T™ and the skew-product system F : Q X T"2 — Q x T

Fw, x) = (§(), f (e, x)).
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Then, if one can show that the skew-system F : T™ X T"2 — T"™1 x T™2

F(w, x) = (9(@), f(w, x))

with f(w,x) := f(h 'w, x), satisfies an approximate decay of correlations (as in Theorem 2.2),
then so does F'. This is made precise in the following proposition.

Proposition 5.1. SupposeF : QX T™ — QX T™ andF : T™ x T™ — T™ x T™2 are as above,
and assume that for some € > 0, n a probability measure, C > 0 and A € (0,1) the conclusion of
Theorem 2.2 holds for F. Then, defining v := (h™!), Lebym

Py (x) / P(0dx| < €, @ + )

T2

/ o0, (@, X)) dxdv(w) —
QxTM2

T2
forallyp € L'(T™;R) and ¢ € Lip(T™2; R).

Proof. Takey € L'(T™2;R) and ¢ € Lip(T"2; R). Define v = (h™1), Lebym, a probability measure
on Q. Let’s call H := h x id which is invertible with inverse H~! = h~! x id.

/ ngoon'zoF”dV(X)Leb:/ YpomyoH ' pom,oF" o H 'dH,(v ® Leb)
QxT™2

QxXTM2

:/ z/)goon'zHoF"oH_ldLeb
QxTM2

=/ Y pom,oF"dLeb.
QxT™M2

Therefore, from the assumptions, there is pr > 0 such that

< C,y(CT" +¢). 0

/ Y pom,oF"dv ® Leb —/ qo(x)dn(x)/ P(x)dx
QxT™M2 my ™2

T

As an example, one can use Theorem 2.2 to prove approximate decay of correlation in case the
forcing is driven by a power of the logistic map g,(x) = 4x(1 — x). In fact, it is well known g, is
conjugate to the tent map

_J2x x €[0,1/2)
P=V1-2x xefi/21]

viaa C' map h : [0,1] — [0, 1]. Analogously, for any n € N, also j := gy 1s conjugate to g := g;f
via h, and g is in the class of maps admitted by the generalization in Section 5.1 for which one can
apply Theorem 2.2.

5.3 | Fiber generalization

We expect that the choice X = T2 for the vertical fiber can be relaxed. As long as an analogue of
Proposition 4.1 holds, one can study F : T" X X — T"™ X X where X is a compact metric space.
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What is needed is that topological conditional measures on vertical fibers {w} X X give a disinte-
gration w.r.t the vertical foliation. From the results in [43], a sufficient condition is for X to be a
compact Riemanninan manifold or a compact separable ultrametric space.

5.4 | More or less regular disintegrations

In Definition 2.1 we have given the definition of Lipschitz disintegration {u,},cq and later we
have shown how, under the hypotheses of Theorem 2.2, certain classes of measures with Lipschitz
disintegration were kept invariant by the dynamics. Measures having Holder disintegration can
be defined in a completely analogous way, and they can be used to define classes of invariant
measures for example in the case where f : Q X X — X is only Holder and not Lipschitz.

Analogously, one could think of defining measures having disintegrations of higher regular-
ity, for example, differentiable for a suitable notion of differentiability for curves in M, (X), and
exploit these classes.

5.5 | Limitations of the approach

A more substantial and also natural step forward from Theorem 2.2, would be considering ¢g an
invertible uniformly hyperbolic map, like an Anosov diffeomorphism or a map with an Axiom
A attractor. Unfortunately it seems hard to extend the techniques in this paper to this case. The
main reason is that one needs the contraction properties of the inverse branches of g: for invertible
uniformly hyperbolic systems, instead, some directions are contracted when taking preimages,
but others are expanded and this spoils the arguments.

For the same reason our approach is evidently ill-suited to treat skew-products with quasi-
periodic base (see, e.g., [20]).

APPENDIX A: MARKOV CHAINS AND RANDOM DYNAMICS

In this section we report some classical results about geometric ergodicity of Markov chains
[16, 21 31, 37], and we relate this to random dynamical systems in discrete time.

A.1 | Markov chains and geometric ergodicity

Definition A.1. Given a Polish space S, the state space, endowed with a countably generated
o—field B(S), a discrete time Markov process is a sequence of random variables {X,};cy, defined
on a probability space (Q, Z, P) such that foralln € N

Ep[X,1X0o1, s Xol = Ep[X, | X, 1]

The Markov process is called stationary if Ep[X, | X,_,] does not depend on n, and P : S X
B(S) — R is the associated transition kernel satisfying

P(X,;1 € AlX, = x) = P(x, A).

For every x € S, P(x, -) defines a probability measure with the following meaning: P(x, A) is
the probability that X, ; € A given that at time n one has observed X, = x.
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Given a stationary Markov process and n € N, one can extend the notion of kernel to higher
iterates: Define P™ : S x B(S) - R*

P"(x,A) =P(X,1, € AlX, =X).

n+m

For any n € N, P" generates an action on the set of measures on (S, 3(S)) in the following way.
Given y a measure on S, define

Pu(A) = /S P(x, A)dp(x),
and

Pu(A) = /SP”(x,A)d,u(x).

Using the properties of transition kernels one can prove that, {P"} satisfies the semi-group
property

prl o pm — pn+m
making P the generator of a semi-group action on probability measures on (S, B(S)).

Definition A.2. A stationary Markov chain is said to be geometrically ergodic if there are C > 0
and A4 € (0,1) such that

dpry(P™(xq, ), P"(x,,-)) < CA", Vx;, X, €S.
For a definition of the Total Variation distance dr see the beginning of Sec. C. From Defini-
tion A.2 follows that if a Markov chain is geometrically ergodic, then there is a probability measure
7, such that, for every probability measure u on (S, B(S)),

dry(P*u,my) < CA™.

The measure 7, satisfies P(7,) =7, and is also called a stationary distribution or stationary
measure.

A.2 | Sufficient conditions for geometric ergodicity

In this subsection we give a sufficient condition that ensures geometric ergodicity of a stationary
Markov chain. Weaker conditions working in more general setups are available and involve petite
sets [21] or Lyapunov functions [31].

Theorem A.1 [37]. Let {Xn}nENO be a stationary Markov chain on (S, B(S)) with transition kernel
P : Sx B(S) — R*. Assume there is v a probability measure, € > 0 and n, € N such that

Po(x,-) > ev(-), Vx € S.

Then the Markov chain is geometrically ergodic.
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A.3 | Randomly forced systems and Markov chains

In this section we discuss the difference, in terms of mathematical definitions, between random
and deterministic forcing.

By random forcing, we mean that given a probability space (Q,v) and f : Q XX — X, at the
n—th iteration we apply the map fy := f({,,) : X - X, where {{,},cy Is an i.i.d sequence
of random variables defined on some probability space (E, P) with values in Q and distributed
according to v. Fixed w € E, the forward orbits of the system are given by

O(X) = {f{n(w) o .. °f§1(w) Ofgo(w)(X) . ne NO}’ Vx € X.

An important example of random forcing is given by additive i.i.d. noise: Consider X = T™,
or any other set with an additive structure, amap T : X —» X and {¢ n}neNO an i.i.d. sequence of
random variables with values in X and distributed according to v, then taking Q = X define f :
OxX — Xas

flw,x) :=T(x) + w.
Composing at time n € N by f ¢, corresponds to considering the recursive equation
X, =T+, Vn e N,

where X, is the state of the system at time n. What the above means is that, calling (8, P)
the underlying probability space where {{,},cy, are defined, {X,},c\, are random variables
satisfying

P(X,, € AlX, = x,) = P(§, € (A—T(x,))),

and thus {Xn}neNO is a Markov chain. In the above, T denotes the intrinsic dynamics, that is, the
dynamics the system would have if it did not receive any forcing, while &, is the random forcing
noise term.

Deterministic forcing is also represented as application at time n € N of the map f(¢,,-) : X -
X. However, in this case the sequence {¢,},cy is not required to be independent, but it should
satisfy {,,.; = ¢g(¢,,) for some transformation g : Q — Q that preserves the measure v. This cor-
responds also to the general definition of random dynamical system usually given in the literature
(see [3]).

The difference between random and deterministic forcing is not a stark one. In fact one can
show that random forcing is a particular case of deterministic forcing where ¢ is an appropriate
shift map: Given f : QXX — X and {{,;},,e, an i.i.d sequence with values in Q distributed as v,
we can construct the probability space (Q',v") with Q' := Q" and v’ := v»®Y, Now define the
sequence of identically distributed random variables { }ien, in Q' with & 1= {{, i e, and
fl:OxX-X

f1€. %) 1= f(($)o, %),

where (¢), denotes the first term of the sequence ¢ € Q'. With this definition we also have

Skar = a-k+1({§n}neN0) = 0($k-1)

where o : Q' — Q' is the left shift which is easy to check that keeps the measure v’ invariant.
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APPENDIX B: DISINTEGRATION OF MEASURE AND ROHLIN’S THEOREM
The following definitions and results are taken from [43], adapted to the level of generality needed

in this paper.

Definition B.1. Let (X, u) be a topological probability space, Y a metric spaceand 7 : X - Y
a measurable function. Call &t := 7, u. A system of conditional measures of u with respect to
(X,7,Y) is a collection of measures {u,},cy such that

1) For fi—almost every y € Y, u, is a probability measure on ().
2) For every measurable subset B C X, y — u,(B) is measurable and

WB) = [ b1y B,

When Y in the above definition is a measurable partition of X and 7(x) is the unique element
of the partition to which x belongs, then we also call {1}y a disintegration of .

Definition B.2. In the same setup of Definition B.1, the topological conditional measure of u
with respect to (X, 7, y, Y) is the weak: limit (if it exists)

py = lm pop.0)
where B(y, €) is the ball centered at y with radius € with respect to the metric on Y and

w1 (B(y,e))n1I)
u(m=Y(B(y,¢))

M1 (B(y,end) =

Theorem B.1 (Theorem 2.2 [43]). Let (X, u) be a compact metric probability space, let Y be a sep-
arable Riemannian manifold. Let w : X — Y be measurable.Then for ji—almost every y € Y, the
topological conditional measure of p with respect to (X, ,y,Y) exists as in Definition B.2. Further-
more the collection of measures {u,},cy is a system of conditional measures as in Definition B.1. (If
My, does not exist, set p,, = 0).

APPENDIX C: WASSERSTEIN DISTANCE: SOME COMPUTATIONS

Consider a compact metric space (Y, d). Then the Kantorovich-Wasserstein between u,, u, €
M, (Y) is defined as

dyGuo) = swp [ dGs.s)dy(s.s)
yeC(iy,uy) J YXY

where C(u,, 4,) is the set of all couplings between u; and u,. If we consider instead of the metric
d the discrete metric d; defined as

a0 (s.5) 1 s=¢
. (s,8) =
dis 0 s+ s/
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‘We have that

dry(py, 1) :=  sup / dgis(s,s)dy (s, s).
YEC(Hy 1) J YXY

Lemma C.1. Let (Y,d) be a metric space, T : Y — Y a Lipschitz transformation with Lipschitz
constant Lip(T). Then for any &,, &, € M;(T)

dw (T,§1,T,.§) < Lip(T)dy (&3, §).

Proof.
dy (T &, T,E) = sup / POAT.E, — T E)Y)
peLip!(v) /Y
= Ssup / §0°Td(§1 - fz)(J’)
peLip' () /Y
< sup  Lip(goT)dy(§,6,)
ELip!(Y)
and Lip(¢ o T) < Lip(¢) Lip(T). O

Remark C.1. The above lemma can be read in the followingway: If T : (Y,d) — (Y, d) is Lipschitz,
then T, : (M(Y),dy) - (M,(Y),dy,) is Lipschitz with Lip(T,) = Lip(T).

Lemma C.2. Consider (S,v) a measurable space with v a probability measure, and Y a compact

metric space. Assume that {ii;}.cs is a family of measures belonging to M,(Y) and that 37 > 0 s.t.
dy (U, ug) < € for for every s, s’ € S. Then the measure i € M, (Y) defined as

A(A) := /S dv(s)ps,(A)

is such that dy,(u, u,) < € foralls € S.

Proof. Picks e S

(i) =  sup / e — 1))
peLip! () /Y

= sup / / (s o)y — 1))
YJS

p€ELip! ()

< /S d(s') sup /Y oty — 1))

p€ELip'(Y)
< / (s )yt )
S

N m
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Lemma C.3. Let (Y, d) be a bounded metric space and call diam(Y) its diameter. Then
dyy (g, 4p) < diam(Y)dry (py, p)-

Proof.

dyGuom) = swp [ dessdrGs.s)
YEC(u1,up) J YXY

< sup / diam(Y)d ;,(s, s )dy(s,s")
YEC(u1,up) J YXY

= diam(Y)dry (41, 4y)- O

Lemma C.4. Assume {y;} | and {ui’}i"=1 are probability measures in M,(Y) and {b;}!_, b; > 0,
are weights with 3. | b; = 1. Then

n n
dyy (Z bittis biu;> < max dy (s 1)
i=1 i=1
Proof.

n n n n
dyw (Y by, Y b)) < sup /Y¢d<z b — ), bi#§>
i=1 i=1 i=1 i=1

peLip!

< ). b; sup /Yqod(#i—u{)

n
i=1  peLip!

M=

<, bidw (ui, 1)

Il
_

< max dyy (1, 1) 0
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