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Abstract: This work proposes a simplified control method to stabilize the model of a nonlinear Planar
Vertical Take-Off and Landing (PVTOL) system when a constant force is applied in the horizontal
axis. Since the stability analysis is based on a Lyapunov function, exponential stability is guaranteed
when the initial conditions fall inside a domain of attraction that is also specified. The performance
of the suggested control algorithm is demonstrated using numerical simulations.

Keywords: PVTOL; Constant Force; Lyapunov

1. Introduction

PVTOL (Planar Vertical Take-Off and Landing) have been the subject of extensive
research over the years. Multiple control techniques have been applied to these vehicles. For
example, in (Aguilar-Ibañez, 2017) [1] a sliding mode controller is proposed. The altitude of
the PVTOL is stabilized using feedback linearization technique. The sliding mode controller
is used to stabilize the horizontal and angular variables. Another example is given in
(Hernandez et al., 2020) [2] and (Aguilar-Ibañez et al., 2018) [3] where the Immersion and
Invariance (I&I) control technique is used to design a controller that stabilizes the PVTOL
aircraft system. The controller prioritizes control of the aircraft’s altitude over control of
the lateral displacement. In (Aguilar-Ibañez et al., 2020) [4] an output-feedback regulation
control law for a PVTOL based on the shaping of an energy function is introduced. To
that purpose, a variant of the matching control energy approach is utilized to build the
Lyapunov candidate function and the controller used to regulate the system. Finally, even
the interaction between two PVTOL vehicles performing together an activity has been
studied in (Escobar et al., 2020) [5] were the proposed method employs a decentralized
control scheme based on the concept of passivity, in which no explicit communication
occurs between agents, utilizing instead the physical link that exists between the agents
and the load.

One of the attractive aspects of these PVTOL nonlinear systems is that they provide a
first two-dimensional approach to the intricate dynamics of a three-dimensional quadrotor.
PVTOL may face undesired interactions, such as turbulence in the environment. (Aguilar-
Ibañez et al., 2019) [6] provides a robust controller for solving the trajectory-tracking
control problem of a PVTOL in the presence of a crosswind where input–output feedback
linearization and active disturbance rejection control techniques are used in the controller.
Moreover, (Yao, 2021) [7] shows the trajectory tracking control problem of a PVTOL in
the presence of position constraints and external disturbances. It is usual to task aerial
vehicles with obstacle avoidance, as shown in (Kobayashi et al., 2009) [8] where the authors
formulate the obstacle avoidance problem as an optimal control problem. It is also desirable
in some instances to interact with an object, as long as it is under control. The interaction
of a PVTOL with an object through the application of a controlled force is a subject being
researched for a variety of applications where contact with the environment is required.
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The subject of modeling and control of a specific configuration of Ducted-Fan Aerial
Vehicle (DFAV) is addressed in (Marconi et al., 2008) [9], with explicit consideration given
to the interaction with the environment. A controller capable of performing a tracking task
when the DFAV comes into contact with a wall, in particular, is designed under certain
conditions based on the trajectory to be tracked and the initial conditions associated to the
movement of the DFAV when it is flying freely and approaching the wall. Robustness issues
have been considered in the preliminary stages, and an adaptive algorithm to estimate
system friction has been designed. Later, Marconi and Naldi presented control solutions for
UAVs that were physically interacting with the environment [10]. Likewise, the problem of
modeling and controlling a DFAV equipped with a fully-actuated robotic arm is addressed
in [11]. Following the introduction of a detailed dynamical model, a control law based
on the impedance control paradigm is proposed. This system is capable of performing
complex operations that necessarily require physical interaction with its environment.
Experimental results of this study are presented later in [12]. A final example is mentioned
in the conducted experiments for the project presented by Huerzeler et al. in [13], where a
Double DFAV was created by combining two ducted–fan prototypes to develop a novel type
of system with fully actuated longitudinal dynamics. This vehicle has an aerial manipulator
and uses an impedance controller to retain safe physical interactions while minimizing the
negative effects of elastic collisions.

Albers et al. [14] presented a quadrotor system stabilized by an inertial measurement
unit. A second actuator was incorporated as a new method to generate forces during
physical contact while the UAV remained in a horizontal position. The authors suggest a
control architecture based on ultrasonic distance sensors and a CMOS camera. Flying tests
show that flight stability can be achieved while applying a horizontal force to a surface.
Likewise, Fumagalli et al. [15] investigated a quadrotor aerial vehicle equipped with a
manipulation system that was designed to interact with a vertical wall. The paper focuses
on the dynamics and control of an underactuated flying robot during interaction tasks. As
a result, the aerial vehicle can perform interaction tasks while in flight.

As a result, the innovative force control application of the quad-rotor system is pro-
vided in (Jung, 2012) [16] to perform a possible constrained task against a ceiling. To change
the desired trajectory in relation to the applied force, a contact force control scheme is
added to the attitude control loop. Force control is easy to accomplish by adding another
loop to the trajectory level’s position controlled loop. A similar scenario of changing a light
bulb on the ceiling is modelled in (Jeong et al., 2014) [17]. Along with position control, the
contact force control application of a quadrotor system with the desk that simulates the
task on the ceiling is demonstrated. The force in the altitude direction is controlled. The
haptic device, which constitutes the bilateral teleoperation system, controls the quadrotor
system remotely.

So far, only problems involving quadrotors and DFAV have been presented, so this
paper provides a simplified control approach for stabilizing a nonlinear PVTOL system
when a constant force in the horizontal axis is applied by the vehicle. Figure 1 depicts
the concept of force application as a displacement of a spring attached to the PVTOL
system. Since the stability analysis is based on a Lyapunov function, exponential stability is
ensured when the initial conditions fall inside a specified domain of attraction. Numerical
simulations are used to demonstrate the performance of the proposed control algorithm.

It is worth to notice that the current proposal is a multibody system equipped with
vectorized thrusters. Thrust vectoring is a technology that uses orientable thrusters to
control the force and torque applied to an aircraft [18]. A more detailed explanation is
provided by Nguyen et al. [18], where the main focus is that thrust vectoring is applicable
to multibody systems as well as single vehicles. Similarly, since the proposed vehicle in this
work is spring-attached to a wall, it can be considered a multi-link aerial robot as described
by Shi et al. in [19].
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Figure 1. PVTOL configuration. The red component represents the actual force applied by the PVTOL,
acting in the opposite direction of the desired force with which the spring resists elongation.

The present work is organized as follows: Section 2 presents the PVTOL model with
constant force. Section 3 presents the desired modes for the horizontal displacement
dynamics. Section 4 develops the control strategy for the orientation angle. The proposed
algorithm is tested in numerical simulations in Section 5. Final remarks are given in the
Section 6.

2. PVTOL Model with Constant Force

Given that there is no coupling between the roll moment and the lateral force [6,20],
the model of the PVTOL applying a constant force Fd is given by the following:

mẍ =u sin θ − Fd (1)

mz̈ =u cos θ −mg (2)

θ̈ =τ (3)

where m is the mass, θ is the angle of the aircraft with respect to the horizontal, g is the
gravitational acceleration, x is the horizontal displacement, z is the vertical displacement,
u is the total thrust and τ is the torque. The desired force Fd to be applied is given by
the following:

Fd = kxd (4)

where k is the spring constant and xd is the desired displacement. Let us assume that the
altitude dynamics is linearized by using the following thrust control input:

u =
[−2ż− (z− zd)]m + mg

cos θ
(5)

Introducing the above into (2) and provided that cos θ is different from 0, we obtain
the following closed loop system for the altitude dynamic.

0 =z̈ + 2ż + (z− zd) (6)

Introducing (5) into (1), the following is the case.

mẍ =([−2ż− (z− zd)]m + mg) tan θ − Fd (7)

Assume for simplicity that the altitude has already reached its desired value z = zd.
Then, the PVTOL system equations is reduced to the following.
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ẍ = (g) tan θ − Fd
m

(8)

θ̈ = τ (9)

3. Control Strategy for the Horizontal Displacement

The present paper is mainly devoted to present a control strategy for the above
nonlinear system such that the orientation angle θ remains strictly inside the interval
(−π/2,+π/2). A new variable x̃ is defined to represent the difference between the current
displacement x and the desired displacement xd.

x̃ = x− xd (10)

Let us define the following desired dynamics for horizontal displacement:

v = ˙̃x + k1 x̃, k1 > 0 (11)

where k1 is a positive constant which defines the convergence rate. Therefore our objective
is to reach the value v = 0. Differentiating the above, the following is the case.

v̇ = ¨̃x + k1 ˙̃x (12)

Considering that xd is constant, from the second derivative of (10), we obtain ¨̃x = ẍ
and introduce it into the above equation.

v̇ =ẍ + k1 ˙̃x (13)

=g tan θ − Fd
m

+ k1 ˙̃x (14)

Let us define a virtual input θv and the error e as follows.

e = tan θ − tan θv

Then, introducing the error into (14), we obtain the following.

v̇ = g(e + tan θv)− Fd
m

+ k1 ˙̃x (15)

Let us choose the virtual input as follows.

θv = arctan
{−k1 ˙̃x− k2v + Fd

m
g

}
, k2 > 0 (16)

In the following, we present the first and second derivatives:

θ̇v =
g(−k1 ¨̃x− k2v̇)

g2 +
(
−k1 ˙̃x− k2v + Fd

m

)2 (17)

θ̈v =
g(−k1 x̃(3) − k2v̈)

g2 +
(
−k1 ˙̃x− k2v + Fd

m

)2

+
g(k1 ¨̃x + k2v̇)

[
2
(
−k1 ˙̃x− k2v + Fd

m

)
(−k1 ¨̃x− k2v̇)

]
(

g2 +
(
−k1 ˙̃x− k2v + Fd

m

)2
)2

(18)
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where the following is the case.

¨̃x =ẍ = tan θ (19)

x̃(3) =x(3) = θ̇sec2θ (20)

v̇ = ¨̃x + k1 ˙̃x (21)

v̈ =x̃(3) + k1 ¨̃x (22)

Introducing the virtual input (16) into (15), we obtain the following:

v̇ =ge− k2v (23)

where k2 is a positive constant that defines the rate of convergence of the second desired
mode for the horizontal displacement. From Equation (11), we obtain the following.

˙̃x = −k1 x̃ + v (24)

Equations (23) and (24) can be expressed in the following state space representation:[ ˙̃x
v̇

]
=

[
−k1 1

0 −k2

][
x̃
v

]
+

[
0
g

]
e (25)

A1 =

[
−k1 1

0 −k2

]
; B =

[
0
g

]
(26)

which satisfies the following Lyapunov equation

AT
1 P1 + P1 A1 = −Q1 (27)

where P1 and Q1 are positive definite matrices given by the following.

P1 =

[
k2(k1 + k2) k2

k2 1 + k1(k1 + k2)

]
(28)

Q1 =2k1k2(k1 + k2)I2 (29)

Let us define the following positive function.

V1 =
[
x v

]
P1

[
x
v

]
(30)

Differentiating the above leads to the following.

V̇1 =−
[
x v

]
Q1

[
x
v

]
+ 2
[
x v

]
P1Be (31)

=− 2k1k2(k1 + k2)(x2 + v2) + 2
[
x v

]
P1Be (32)

Notice that the last term above satisfies the following inequality:∣∣2[x v
]
P1Be

∣∣ ≤
2
∥∥[x v

]∥∥√k̄

∥∥P1B
∥∥

√
k̄
|e| ≤ k̄(x2 + v2) +

∥∥P1B
∥∥2

k̄
e2 (33)

where the following is obtained.

k̄ = k1k2(k1 + k2) (34)

Introducing inequality (33) into (32) leads to the following.
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V̇1 ≤ −2k1k2(k1 + k2)(x2 + v2) +

∥∥P1B
∥∥2

k̄
e2 (35)

4. Control Strategy for the Orientation Angle

The error between the virtual and the actual angle is defined as follows.

θ̃ = θ − θv (36)

Differentiating it twice provides the following.

¨̃θ = θ̈ − θ̈v (37)

By introducing (3) into the above, we obtain the following:

¨̃θ = τ − θ̈v (38)

Then, torque τ is proposed such that error θ̃ converges to zero.

τ = θ̈v − c2
˙̃θ − c1θ̃ (39)

The above is introduced into (38) and provides the following:

¨̃θ + c2
˙̃θ + c1θ̃ = 0 (40)

which can be expressed in the following state space representation[
˙̃θ
¨̃θ

]
=

[
0 1
−c1 −c2

][
θ̃
˙̃θ

]
(41)

where

A2 =

[
0 1
−c1 −c2

]
(42)

satisfies the Lyapunov equation

AT
2 P2 + P2 A2 = −Q2 (43)

for the following positive definite matrices.

P2 =

[
2c1 + c2

2 c2
c2 2

]
(44)

Q2 =

[
2c1c2 0

0 2c2

]
(45)

Consider the following positive function:

V2 =
[
θ̃ ˙̃θ

]
P2

[
θ̃
˙̃θ

]
(46)

for which its derivative is as follows.

V̇2 =−
[
θ̃ ˙̃θ

]
Q2

[
θ̃
˙̃θ

]
(47)

=− 2c1c2θ̃2 − 2c2
˙̃θ2 (48)
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5. Simulation

Numerical simulations are carried out in Matlab Simulink module to verify the perfor-
mance of the proposed control based on the Lyapunov function. The code consists of the
main blocks that are responsible for taking the necessary data to perform the computation
of θv and its two derivatives (16)–(18), respectively. So, θv and its derivatives are employed
to generate the control input τ (39).

For the simulation, the constants and initial conditions shown in Table 1 were used for
a simulation time of 10 s. The controller parameters have been selected in order to reduce
the convergence time of the error between the vehicle’s force and its desired value. The
parameters have been chosen by trial and error. Measurement noise has been added to the
numerical simulation.

Table 1. Initial conditions and simulation constants.

Initial
Condition Value Constant Value Gain Value

x0 0 (m) ks pring 5 (N/m) k1 20
ẋ0 0 (m/s) Fd 5 (N) k2 5
θ0 0 (rad) m 2 (kg) c1 30
θ̇0 0 (rad/s) g 9.81 (m/s2) c2 30

A comparison with the control algorithm proposed by Wopereis et al. in [21] was
made to better understand the results of the control proposed in this work. The article
proposed for comparison deals with a quadrotor vehicle that exerts a constant force on a
vertical wall through an arm attached close to its gravity center. Due to the fact that the
vehicle is a quadrotor, the necessary simplifications have been made to simulate the results
of a PVTOL under PD control.

6. Results

This section presents a comparison of the results obtained by using the proposed
control strategy with respect to the control algorithm in [21]. Figures 2a, 3a, 4a and 5a
show the results obtained with the control strategy proposed in Sections 3 and 4, while
Figures 2b, 3b, 4b and 5b show the results obtained using the control algorithm in [21].

Figure 2 shows the convergence of the x displacement to the desired value xd. Notice
that the x displacement for the algorithm in [21] is zero because that algorithm is designed
to keep the arm in touch with the environment, while Figure 2a shows the convergence
of the x displacement to the desired value xd in a damped manner, eventually stabilizing
around 4 s. k1 and k2 gains determine the desired rate of convergence to the equilibrium
point of x and ẋ.

Convergence of the interaction force to the desired value Fd is shown in Figure 3a,b;
notice that force converges without overshooting in the case of our control algorithm.

Figure 4 shows the convergence of the θ orientation angle toward the value required
to stabilize the platform and maintain a constant force Fd in the environment. Angle θ is
eventually stabilized at around 2 s in Figure 4a; the c1 and c2 gains determine the desired
convergence rate to the equilibrium point. Meanwhile, in Figure 4b, this angle is stabilized
around 4 s.

Finally, the convergence of control input τ is shown in Figure 5. In Figure 5a, the
proposed control algorithm manages to stabilize the platform in one second, which is
relatively fast. However, the speed of the response involves a lot of energy to stabilize the
system, as shown by the high overshoots. On the other hand, the control input τ in [21]
converges at around 4 s and presents a higher overshoot.
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Figure 2. Behavior of the x displacement. (a) Using the proposed controller. (b) Using the controller
in [21].
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Figure 3. Behavior of the Fd force. (a) Using the proposed controller. (b) Using the controller in [21].
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Figure 4. Behavior of the θ angle. (a) Using the proposed controller. (b) Using the controller in [21].
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Figure 5. Behavior of the τ control input. (a) Using the proposed controller. (b) Using the controller
in [21].

7. Discussion

A PVTOL model applying a horizontal force, modeled as a spring attached between
the system and the environment, was presented in this work. A Lyapunov function was
used to guarantee the nonlinear system’s exponential stability, ensuring that the closed-loop
system state converges exponentially to the origin. The results of numerical simulations
reveal that it is possible to maintain a constant orientation angle by exerting the horizontal
force required to elongate the spring a desired distance. The proposed controller has been
tested in numerical simulations and the force applied to the environment converged faster
to the desired interaction force than when using the controller in [21]. In addition to, results
show good performance of the control strategy based on the proposed Lyapunov function.
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