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PGD Reduced-Order Modeling for Structural Dynamics
Applications
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Avenue Paul Langevin, 59655 Villeneuve d’Ascq, France
® Department of Mathematics and Industrial Engineering, Polytechnique Montréal,
C.P. 6079, succ. Centre-ville, Montréal, Québec H3C 3A7, Canada

Abstract

We propose in this paper a Proper Generalized Decomposition (PGD) approach for the solution
of problems in linear elastodynamics. The novelty of the work lies in the development of weak
formulations of the PGD problems based on the Lagrangian and Hamiltonian Mechanics, the main
objective being to devise numerical methods that are numerically stable and energy conservative.
We show that the methodology allows one to consider the Galerkin-based version of the PGD and
numerically demonstrate that the PGD solver based on the Hamiltonian formulation offers better
stability and energy conservation properties than the Lagrangian formulation. The performance
of the two formulations is illustrated and compared on several numerical examples describing the
dynamical behavior of a one-dimensional bar.

Keywords: Proper Generalized Decomposition, Wave Equation, Lagrangian and Hamiltonian Me-
chanics, Law of Conservation of Energy

1 Introduction

Applications in structural dynamics often require fast methods to efficiently estimate solutions
for real-time simulations such as in digital twins, for uncertainty quantification analyses or multi-
query optimization. In order to do so, we are interested here in constructing a priori reduced-basis
representations of the solutions to a second-order hyperbolic system that describes the linear elas-
todynamics behavior of a bar, basically the propagation of a wave in a one-dimensional medium.
There exist several approaches for model-order reduction, for instance the Proper Orthogonal De-
composition (POD) [1, 2], the Proper Generalized Decomposition (PGD) [3, 4], the Reduced-Basis
(RB) [5, 6] methods, among others. The reduced-order method that we consider here is the Proper
Generalized Decomposition (PGD) approach, which provides a straightforward method to build a
reduced basis on-the-fly, without any a priori knowledge of the solution to the problem at hand.
The PGD method is akin to the method of separation of variables, in the sense that one assumes
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that the solutions to differential equations are separable with respect to the independent variables
and/or the model parameters. We will assume in this work that the solutions to the wave equation
are space-time separable, in other words, that they can be approximated by a sum of products of
functions in space by functions in time. The space and time functions, which will be referred to as
the modes, are the unknowns of the PGD formulation.

Several efforts have been deployed in recent years towards building separated approximations
of solutions governed by second-order hyperbolic equations. In general, methods differ from each
other depending on the form of the solutions that are chosen to describe such systems, on the
choice of the PGD formulation used to build the reduced model, or on the numerical scheme used
for the discretization in time. Low-rank separable representations in space and time for elastody-
namics were proposed and extensively studied in [7, 8] even though it was known that constructing
these representations in an efficient manner could sometimes be challenging [9, 10]. The authors
considered either the displacement alone or both the displacement and velocity as the unknown
fields. The first approach led to a PGD formulation in which only a separated representation for
the displacement was considered while the second approach introduced two distinct representations,
one for the displacement and one for the velocity, and was called the Multi-Field PGD (MF-PGD).
They also investigated the Galerkin-based and the minimal residual versions of the PGD. Numerical
experiments showed that their Galerkin-based version would diverge while the minimal residual-
based version would consistently converge for all test cases and time integration schemes that were
implemented, namely the Newmark, Time Continuous Galerkin (TG), and Time Discontinuous
Galerkin (TDG) methods. In fact, the minimal residual-based version of the PGD was proven
in [11] to converge in the case of greedy rank-one update algorithms. In [12], the authors developed
a space-time representation using a PGD approach based on a non-incremental Newmark integra-
tion scheme. They considered the discretized wave equation, both in space and time, within the
Newmark equation to obtain an algebraic system. Then, the fully discrete space-time separated
representation of the displacement (rank two tensor) was introduced into the algebraic system,
which was alternatively solved for the spatial and the temporal modes in a fixed point procedure.
Different approaches have also been proposed in order to circumvent the difficulty one encounters
when using a separated representation in space and time. For instance, an approach that assumes
a good space separation, was presented in [13]. It consists in estimating, in an adaptive manner,
the number of spatial modes at each time step. Alternatively, space-frequency separated repre-
sentations were developed for a fairly wide range of applications: 2D acoustics [14, 15], non-linear
soil mechanics [16], linear and non-linear structural dynamics [17, 18] and transient electronics [19].
The space-frequency separation was shown to be particularly efficient if additional parameters (ma-
terial, geometric, etc.) were accounted for. PGD has also been successfully used in the context of
structural dynamics with the objective of building parametric solutions for industrial problems in
a non-intrusive manner [20, 21].

In this paper, we develop novel space-time separated representations for the wave equation with
the objective of devising numerical methods that are stable and energy conservative. Particular
attention is paid to the derivation of weak formulations, at the continuous level, following the
application of the Hamilton’s Weak Principle [22]. The first formulation is based on the Lagrangian
description of Mechanics [23], where only the displacement field is considered as an unknown of
the problem. The second one is based on the Hamiltonian theory [24, 25|, in which both the
displacement field (generalized coordinates) and the conjugate field (generalized momenta) are
treated as unknown fields. We thus derive two weak formulations that allow us to implement the
Galerkin-based version of the PGD, which will be referred to as L-PGD and H-PGD, respectively.
In particular, the Hamiltonian approach naturally leads to a mixed weak formulation that allows
one to introduce two separated representations, one for the displacement field and the other for the



conjugate field, in a manner similar to the MF-PGD [7], but using the Galerkin-based PGD.

Regarding the discretization in time, several integration schemes have been adapted to linear
elastodynamics [26, 27, 28]. Only stable, energy conservative discretization schemes are considered
here, namely the Crank-Nicolson method [29, 30, 31] (also known as the implicit trapezoidal rule),
and the Newmark method [32] with v = 1/2 and § = 1/4. Moreover, we apply two post-processing
procedures that aim at improving the convergence of the Galerkin-based version of the PGD [4, 33],
namely 1) the orthogonalization of the spatial modes via a modified Gram-Schmidt algorithm, and
2) the update procedure of the temporal modes. These procedures are applied to both the L-PGD
and H-PGD. We will show in the numerical examples that the H-PGD solver has a better numerical
stability and produces solutions with better energy conservation than the L-PGD, and this for all
implemented test cases. One reason is that the orthonogonalization and update procedures for the
H-PGD truly work in synergy. Moreover, we propose an adaptive fixed-point algorithm for the
H-PGD that independently controls, and thus accelerates, the convergence of the fields. Finally, we
will show through a numerical example that the methodology can be extended in a straightforward
manner to the case of the wave equation involving a linear damping term.

The paper is organized as follows: in Section 2, we describe the model problem and provide an
analytical solution by the method of separation of variables for a specific set of initial and boundary
conditions. In Section 3, we present the weak formulations of the problem based on the Lagrangian
and Hamiltonian formalism and derive discrete counterparts using the Finite Element method in
space and numerical integration schemes in time. The L-PGD and H-PGD approaches are described
in Section 4 along with the orthogonalization and updating procedures as well as the fixed-point
algorithms. Numerical experiments are presented in Section 5 to illustrate the performance of the
proposed approaches. We finally provide some concluding remarks in Section 6.

2 Model problem

2.1 Strong formulation

The model problem we shall consider consists of a 1D bar in traction or compression under the
assumption of infinitesimal deformation. The bar has density p, Young’s modulus E, length ¢, and
cross-sectional area A. We will assume that E and A are constant but that p could possibly vary
in space. Let = (0,¢) be the open interval in R occupied by the bar and let Z = (0,T") denote
the time interval. The displacement u = u(z,t) is governed by the 1D wave equation:

0%u 82

and subjected to the initial conditions:

u(@,0) = uglx),  Vw e, (2)
% e0) = wla),  Vaeq Q
ot
as well as to the boundary conditions:
u(0,t) =0, Vt eI, (4)
ou
BAZN(G1) = gt),  VET, (5)

where the functions f = f(x,t), up = uo(x), vo = vo(z), and g = ¢(t) are supposed sufficiently
regular to yield a well-posed problem. In the following, we will denote the time derivatives by



@ = Ou/Ot and i = 0%u/0t? and the space derivatives by v/ = du/dz and u” = 9?u/0z%. Moreover,
we introduce the wave speed as ¢ = /E/p.

2.2 Analytical solution

In the case that the speed c is chosen constant, it is well known that the general solution to
the homogeneous wave equation (1) in an infinite domain, i.e. with f(x,t) = 0 and 2 = R, can be
recast, using the d’Alembert formula, as u(z,t) = p(z+ct) + ¢(x —ct), where ¢ and ¢ are identified
from the initial data ug and vy. The solution is therefore interpreted as two waves with constant
velocity ¢ moving in opposite directions along the z-axis. In the particular case that vo(xz) = 0, the
solution is given by u(z,t) = uo(z + ct) + uo(xz — ct). It follows that the solution may not always
be represented in a separated form with respect to both space and time depending on the choice
of uQ.

We nevertheless provide the analytical solution in the case of a simple problem, that is, taking
f(z,t) =0, vo(z) =0, g(t) = 0, and ¢ constant. Moreover, the initial condition on the displacement
is chosen as ug(x) = Fx/(EA), which corresponds to the equilibrium state of the bar when subjected
to a force F' at x = ¢. The displacement u satisfies the following system of equations:

i — c*u” =0, V(z,t) € QA x I, (6)
u(z,0) = up(z), Vo € Q,
u(z,0) =0, Vo € Q,
w(0,6) =0, VteT,
EAY (0,t) =0, Vtel.

Using the method of separation of variables, we search for solutions in the separated form:

u(z,t) = x(@)i(t).
Substituting the above expression for u in (6) yields:
V@) _ 190
x(x) ()’

It follows that one has to find constants A € R such that the function x(z) satisfies the eigenvalue
problem:

V(z,t) € @ x T.

X'(z) + Ax(z) =0, Ve,
x(0) =0, (7)
X'(6) =0,
and such that the function () satisfies the ordinary differential equation:

Y(t) +ENp(t) =0, Vel (8)

The solutions to the eigenvalue problem (7) consist of the eigenvalues Ay and associated eigenfunc-
tions x:

Ap = [Wr x&(z) = sin (m@ . VE=1,2,...

while the solution to (8) for each eigenvalue A is given as:
Y (t) = ay cos (c\/)\kt> + B sin (c\/)\kt> )
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The general solution to the problem thus reads:

+oo +oo
. (2k = D7z (2k — 1)mct . (2k = 1)met
u(z,t) = ;Xk(x)zﬂk(t) = kzzjlsm% Qg COS + B sin —— | -

Using the initial condition on the velocity, i.e. @(x,0) = vo(x) = 0, implies that §r = 0 for all

k =1,2,... Moreover, the coefficients «; correspond to the coefficients of the sine Fourier series

associated with the initial displacement ug(z) = Fz/(FA). It follows that the displacement field

reads:

8FC X (1)L (2k—1 2%k — 1)met
D JLE )me

T EA & (2k —1)? 2 20

u(x,t) = V(x,t) € Q x T. (9)
We observe in this case that the solution can be represented in a separated form and that the
coefficients of the series decrease with a quadratic rate. We shall use this analytical solution to
assess the accuracy of our calculations in some of the numerical examples.

3 Weak formulations of the problem

The construction of weak formulations of the problem is not unique. We present below two formu-
lations based on the Lagrangian and the Hamiltonian approaches. We first recall the Hamiltonian’s
principle that will be used in the derivation.

3.1 Hamilton’s Weak Principle

Let ¢ denote the generalized coordinates of the system, corresponding here to the displacement
field u, and let t4 and tp be two specified times. We note that the principle was originally stated
assuming that the initial and final states of the system under study were known, ¢(z,t4) = qa(z)
and ¢(x,tp) = qp(z). Given a Lagrangian functional £ of the system, the action functional of ¢,
denoted by SJq|, is defined as [24, 25]:

sm-lmcmm«mww (10)

A
The Hamilton’s Weak Principle states that the evolution of ¢ followed by the physical system
between the states g4 and gp is a stationary point of the action functional:

S'lgl(¢*) =0,  Vg* eV, (11)
where Vj is the space of perturbations ¢* that vanish at t4 and tg. The precise definition of V
depends on the choice of the Lagrangian. Here, S’[q](¢*) is the Gateaux derivative of S[q| defined
at ¢ with respect to the perturbation ¢*, i.e.

8'lal(a") = lim 7 (Sla + 04") — Sla)).

In the particular case where the states ¢ at times t4 and tp are unknown, the principle of least
action can be recast as [34]:

tp
Sl = |5er] " wrev (12)
ta

We note here that the perturbations ¢* in V' do not necessarily vanish at t4 or tg. Later in the
manuscript, all our test cases consider the initial displacement g4 to be known while ¢p remains
unknown.



3.2 The Lagrangian formalism

The evolution of the generalized coordinates function ¢, describing the displacement as a function
of z and t, defines a so-called trajectory of a system in the configuration space. The trajectory of a
physical system is thus entirely determined by the knowledge of q. The objective of Joseph-Louis
Lagrange in his seminal treatise Méchanique Analitique first published in 1788 [23] was to lay down,
once and for all, the foundations of analytical mechanics. In fact, he introduced as early as 1756
the action functional S as defined in (10).

3.2.1 Continuous formulation

For our problem (1)-(5), the Lagrangian functional £ reads:

B
E(q,q,t)Z;/QpAqux—;/QEA <6i) d:v+/qu dz + g(t)q(¢,t), (13)

~
Kinetic Energy Potential Energy External Energy

where the field ¢ satisfies the initial conditions (2)-(3). In other words, the space of trial fields g is:

Uy = {q € LT, H'(Q)) N HY(T, L*());

. (14)
q(0,t) =0, Vt € Z; q(z,0) = up(x), ¢(x,0) = vo(x), Yz € Q}.

Requiring that the trajectory ¢ be a stationary point of the action functional S leads to the so-called
Euler-Lagrange equations. Using the Lagrangian (13), the Gateaux derivative of S is given by:

S'lal(q” )—gg% [/E q+0q",¢+04",t) dt—/ﬁ 4,4, )dt]

1
= lim - [ﬁ(q 00" 4+ 64", 1) — L£(g,d,1)] dt
6—0 0

*0
/ / pAGG—E aq +q" f dudt + / (4, t)g(t) dt,
A

where the space of perturbations ¢* is given by:

Vp = {¢" € LX(Z, H'(Q)) N H'(Z, L*(Q));

15
¢*(0,t) =0, Vt € T; ¢*(2,0) =0, ¢*(z,0) =0, Vz € Q}. (15)

Then, using (12), we obtain the equation:

P T
//pAq q— Aaq 8(] +q fdxdt—l—/q"(ﬁ,t)g(t) dt = {/pAq*tjdx] , V¢t eVr.
T Q 0

It follows that a weak formulation of the problem reads:

Find q € Uy, such that
- 0q" 0q / .
A¢*q— FEA Aq* (z, T)q(x,T) dz
/I/quq 5% B qu( )i(x,T) (16)

——//q*fdxdt—/q*(&t)g(t)dt, Vg* € V.
ZJQ T




We note that the above formulation is equivalent to the strong form (1)-(5) of the problem for
sufficiently smooth data. Indeed, integration by parts with respect to the time variable yields:

//pAq*(j+EA 99 4y — // fd:cdt+/ “(,t)g(t)dt, Yg*eVi.  (17)
7)o ox Ox

Moreover, following an integration by parts with respect to the space variable, one obtains:

2
//q* <pAQ'— EAa—Z — f) d:rdt—I—/q*(E,t) (EAa (4,t) — (t)) dt =0, V¢ eV,
7)o ox T 15)

which allows us to recover the strong form of the wave equation (1) and the Neumann boundary
condition (5).

3.2.2 Discrete formulation

The objective here is to define the discrete problem using a Finite Element method in space and a
finite difference approach in time. In order to do so, we consider the semi-weak formulation instead
of the weak formulation (16):

Find ¢(-,t) € V, Vt € Z, such that

[ porac @i + A% @ J w0 o

=L¢uv&wmw@wmw,eru vier

and that satisfies the initial conditions
q(z,0) = up(z), Ve,
q(z,0) = vo(x), VaeQ,

where V' is the vector space of functions defined on € as:
V={ve H(Q); v(0)=0}.

We partltlon the domain into N, elements K, such that Q@ = UYe, K, and Int(K;) N Int(K;) = @,
Vi,j = 1,...,N., i # j. We then associate with the mesh a finite element space V* C V,
dim V" = Nx, based on continuous piecewise polynomial functions defined on 2:

= {Uh eV: /Uh|Kc € Pk(Ke)v e=1,.. -)Ne}v

where P (K.) denotes the space of polynomial functions of degree k on K,. Let ¢;, i =1,..., N,
denote the basis functions of V", i.e. V" = span{¢;}. We then search for finite element solutions

in the form: N
t)=> q;(t)e;(x)
j=1



where the degrees of freedom ¢; depend on time. The Finite Element problem using the Galerkin
method thus reads:

Find g4(-,t) € V", ¥t € T, such that

/Q p(2) Adi ()i (x, ) + £ %%

)29 (5 1) d

ox O

=/@mV@wm+mwmm Vi l,...N, WieT
Q
and that satisfies the initial conditions

Qh(xvo) = uO,h($)7 Vo € Qa
gn(x,0) = vop(z), Vo e Q,

where ug j, and vy j, are interpolants or projections of ug and vy in the space V. The above problem
can be recast in compact form as:

MO@W) + KQ(t) = F(t), WteT (18)
Q(0) = U,
Q(0) = W,

where M and K are the global mass and stiffness matrices, respectively, both being symmetric and
positive definite:

Mij = / pAgqubj d.’E, Kij = / EAQS;@Z); dCL', \V/’L,j = 1, N ,Nz,
Q Q

F(t) is the loading vector at time ¢:

RO = [ 6@)fe0de+ 6000, =1 N
Q
Q(t) is the vector of degrees of freedom:

Q) =[a(t) .- an.(t)]

and Uy and Vj are the initial vectors:
T
Uo = [U0,1 ‘e uo,Nz]
]T

)

Vo=[voq ... wvon,

A classical approach [29, 30] to discretize in time the system of second-order differential equa-
tions (18) consists first in rewriting the system as a system of first-order differential equations by
introducing the vector of velocities W = @), i.e.

Q) —W({) =0, VtelI, (19)
MW (t)+ KQ(t) = F(t), VteT, (20)

and then in applying the Crank-Nicolson scheme (also referred to as the implicit trapezoidal rule) to
both (19) and (20). Dividing the time domain Z into N; subintervals Z" = [t", "], n =1,..., N,



of size hy = t"T1 — ", we evaluate Q™ and W", n = 0,..., N, such that Q° = Uy and W = Vj,
and:
2(Q" T — Q™) — hy(W™ + W) =0, Vn=0,...,N; — 1,
M (WL — W) + h K (Q" 4 Q™) = hy(F™ 4 F™H), Vn=0,...,N, — 1.

The above system of equations can be conveniently recast in matrix form as:

hK  2M Q! -mK 2M | | Q" Fm 4 prtl
= + t ) VTL
oM  —hM | | 2M M| W 0

0,....,N,—1, (21)

where we have multiplied the first row by matrix M. It is worth noting that the scheme is not only
implicit and second-order, but preserves the energy of the system over time [29, 30, 31]. We shall
compare the scheme to that obtained using the Hamiltonian framework presented below.

3.3 The Hamiltonian formalism

We recall that Lagrange described the evolution of a system in terms of the generalized coordinates
¢, and implicitly of its first derivative ¢, in the configuration space. Hamilton extended the work of
Lagrange in 1834 [24] by describing the evolution of the system in the phase space, introducing the
generalized coordinates ¢ and their generalized (or conjugate) momenta p = pAq¢ as independent
quantities. In order to do so, he applied a Legendre transform to the Lagrangian with respect to ¢
(with ¢ fixed) and thus defined the Hamiltonian functional #H as [22]:

H(Qapvt) = /Ipq dt — £(Q7Q>t)' (22)

While the Lagrangian is written in terms of a difference between the kinetic energy and the potential
energy, the Hamiltonian corresponds to the sum of these two energies. In fact, it actually represents
the total energy of the system under study in the case of conservative systems, see below.

3.3.1 Continuous formulation

The action S (10) is defined in terms of the Hamiltonian functional (22) as:

Sla,p] = /QP—H(q,p,t) dt
z

where the Hamiltonian functional for our problem reads:

YR NP o0\
H(g,p,t) = 5 QpAp dﬂf+2/ﬂEA ((%) dx qudvarg(t)Q(f,t)

Kinetic Energy Potential Energy External Energy

The generalized coordinate and momenta are searched in the spaces:

Uy ={q e LA (ZT; H(Q)); ¢(0,t) =0, Yt € T; q(z,0) = up(x), Yz € Q},
Wr = {p € L*(Z; L*(Q)); p(z,0) = pAvy(z), Yz € Q}.



The Hamilton’s Weak Principle then states that the trajectory (g, p) of the system in the phase

space should satisfy:
T
S'la pl(a",p") = [/q*pdaﬁ} :
Q 0

where S’[q, p|(¢*, p*) denotes here the Géateaux derivative of S|q, p] with respect to a perturbation
(¢*,p*) belonging to the spaces:

u = {q" € LX(T; H'(Q)); ¢*(0,t) =0, Yt € T; ¢*(x,0) =0, Yz € Q},

n={p* € L*(Z; L*(Q)); p*(x,0) =0, Vx € Q}.

We easily compute the Gateaux derivative of S|q, p] as:

- R T dq* 0 .
S'lq.pl(q ,p)=//qp+p g— —pp— EASLZL 4 ¢ f dwat +/q (€,t)g(t)dt,
zJQ pA Oz Ox I

so that a weak formulation of the problem reads:

Find (¢,p) € Uy x Wy such that
9q* dq
- — EA —dzxdt — (Tp(T)d
//qp+pq App 5% B /QQ()p()I (23)

- / / o fdudt — / CEDg A, Vahp') € Vit x 2.
TJQ A

Integrating by parts with respect to time and space for sufficiently smooth data, we can rewrite (23)

2
// (Ap q>+q <p—EA§Z£—f)da:dt

+ /Iq*(é, t) (Equ (4,t) — (t)) dt =0, V(¢",p*) € Vi x Zp,

or, in a decoupled fashion with respect to the test functions ¢* and p*, as:

// ( P q> dxdt = 0, Vp* € Zy,
// q* (p— E’A—2 - f> dxdt +/q*(€,t) (EAaq (0,t) — (t)) dt =0, Vg* € Vi

The Hamiltonian formulation (23) can be viewed as a mixed problem for which the coupled differ-
ential equations in strong form are given by:

. 1

q_pAp’
82

p=FEFA— + f, Ve e Q,VteT.

2
We observe that the system of equations is equivalent to (1) by introducing the auxiliary variable
p = pAq. The system of equations (24) is usually referred to as the canonical Hamilton equations.
One advantage of the Hamiltonian formalism is that it explicitly informs one on how to define this
auxiliary variable.

Ve e Q,Vtel,
(24)

10



3.3.2 Discrete formulation

For convenience, we first recast the weak formulation (23) as the system of equations:

// (Ap q>d:pdt—0 Vp* e Zy,  (25)

//q +EAT 04" 4 1t — //q*fdxdt +/q*(€,t)g(t)dt, Vgt €Vy.  (26)
z Ox T7JQ 7

The objective here is to discretize the set of equations using a Finite Element method in both
space and time. For the spatial discretization, we emply the same mesh and FE space V" for ¢ and
p as the ones used in the Lagrangian formulation. In other words, we search for Finite Element

solutions in the form: N
t)=> q;(t);(x)
j=1

Nz
t) =Y pi(t)¢;(x)
j=1

and denote by () and P the vectors of time-dependent degrees of freedom ¢; and p;, j =1,..., N,
respectively. In the same manner, we consider test functions in the form:

Ny

0= i)
z];i

H=3 pit)oix)
=1

Inserting the trial and test functions in (25) and (26), one obtains the semi-discrete set of equations:

/ PT(t) (]\:4P(t) - MQ(t)) dt = 0, (27)
z
[ @m0 (e +kaw)a - [ @TOr0) (28)
z T
where the matrices M and M are the symmetric positive-definite matrices:

_ = 1
Q Q PA

In order to approximate the functions ) and P with respect to time, we follow an approach
similar to the one proposed in [22]. We thus consider continuous piecewise linear trial functions on

each subinterval 7 = [t", "], n =0,..., N; — 1:
tntl ¢ t—tm
t) ~~ n n+1
Q) [ N ]Q [ht}cz
¢t t—t"
Pt) ~ | — | P™ | prtl
Q [ hi ] - [ hy ]

and piecewise constant test functions on each subinterval 77, i.e
Q'(t)=Q™,  Pit)=Pr"

11



Using the above expressions in (27) and (28) gives:

Ny—1

t o _ tn+1—t . t— a1 1 Qn+1_Qn B
Z[P | /nM<[ hy }P +[ hy }P M hy 4 =0,
Al +1 +1

T _ (prtl_ pn gl ¢ t—t"7
M{— K " — Q" dt

Z[Q]/n < e >+ ([ h }Q%ht]Q

n=0
= +1

wenT thTt —t " t—t" n+1

= — | F — | F"TNdt
Z[Q]/n[ ht} +[ht} ’
n=0

which, after integration, yields:

Ni—1 i

1T h’t = n n+1 v n+1 n _
S [i(re o) - ()] <o
n=0 )
Ni—1 i

_ h h

xn T n+l _ pn i3 n nt+l1) T4 n n+1 _
Z[Q ] _M(P P+ SE(QM+Q ) - (P4 F )] 0.
n=0

Since the above equations hold for any arbitrary test fields, the problem consists in solving for Q"
and P", n =0,...,N;, such that Q° = Uy and P° = pAVj,, and:

2MQ" — B MP™ ' = 2MQ" + hyMP", ¥n=0,...,N,—1

)

PEQ™ 2P = —hKQ" + 20 P" + by (F" + F™*1), Wn=0,..., N —1,
which can be conveniently recast in matrix form as:

hK 2M Q! —WK 2M | |Q" Fm 4 prtl
_ _ = ~ _ + Iy , Vn=0,...,N,—1. (29)
oOM —hM| | P 2M M| | P 0

We note that we would have arrived exactly at the same set of equations if we had chosen to
discretize the problem in time by the finite differences Crank-Nicolson scheme. More interestingly,
we observe that (29) has exactly the same structure as (21) except for the fact that matrix M
in (21) has been replaced by either M or M. We shall see in the following how this slight difference
will affect the results within the PGD framework.

Finally, we can conveniently collect the degrees of freedom of the FE solution into the matrix
U of size N, x Ny:

N,
a 4G - @

1 2 N, CJ% q%
U=[Q" @ ... Q%] =|" _
q]lvz q%i

We will use the solutions given by (21) and (29) as reference solutions when assessing the results of
the PGD. In particular, we will perform some Singular Value Decomposition of U to identify the
principal components or modes of the FE solution.

12



4 PGD reduced-order modeling

The PGD framework aims at searching for an approximation of the given field of interest, e.g. the
generalized coordinate ¢, in the separated form:

m

q(:ﬂ,t) ~ Qm($at) = q()(l’,t) + Z)‘l(t)/‘l(x)v

=1

where the truncation parameter m denotes the number of modes in the representation, the A;’s
and the p;’s stand for the temporal and spatial modes, respectively. ¢qq is a lift function that
satisfies the non-homogeneous Dirichlet boundary conditions and initial conditions so that each
mode in the separated representation satisfies the corresponding homogeneous boundary and initial
conditions [3].

The PGD solution is often computed based on a greedy algorithm [7, 3]. Assuming that the
¢m—1 mode has been computed, the approach consists then in finding the m'" enrichment mode as
follows:

(2, 1) = gm—1(z,t) + A(t)u(z),

where the subscript m has been dropped from A, and pu,, for the sake of clarity in the notation.
Inserting the trial solution g, in the governing differential equations using the Galerkin method
or a residual minimization approach [7, 3, 35] leads to the solution of a non-linear system for the
unknown functions A and p. The problem is usually solved by means of an appropriate iterative
scheme, such as a fixed point algorithm that will be considered here, in which one determines in
an alternating fashion at each iteration of the algorithm the solution g with A known and then A
with 1 known [3, 36].

We describe below the derivation of the PGD formulation using the Lagrangian and Hamiltonian
formalism. We will construct first the formulations at the continuous level and then propose some
numerical schemes to discretize the problems.

4.1 Lagrangian-based PGD

We consider first the Lagrangian framework. We start from the formulation (17) as we will use a
Finite Element approach in space and a Finite Differences approach in time.

4.1.1 Continuous formulation

Substituting ¢m,—1(z,t) + A(t)u(x) for ¢mn(z,t) in (17), one gets:

/ / pAq i+ BAZC \ dt
7Jo ox
(30)

g™ Oqy,—
= / / 0 (f = pAijm_1) — EAZL =L gy 4 / (L tg(t)dt, Vgt €V,
7Ja or Ox I

where the vector space Vp, is defined as in (15). In view of using a fixed point approach, we now
derive the problems for y and for A.

We assume first that A is known and search for ;o € V. We thus choose test functions in the
form ¢*(x,t) = A\(t)p*(x) with p* € V. Equation (30) thus reduces to:

[manse + vttt = [ oo+ (o) wo, wceve ey
Q Q T
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with:

my = pA / A dt = pA (A(T)A(T) - / A2 dt) ,
T T

ko = EA/A2 dt,
s

rin) = ([ pxde) i — oA ([ Guoirde) i — Ba( [ 2= nar) o,
T s 7 Oz

where myy, kg, and 7¢,(u*) are possibly functions of the spatial variable only.
Similarly, we assume now that p is known and search for A = A(¢). Choosing test functions in
the form ¢*(z,t) = p(x)\*(t), Equation (30) then becomes:

/ A" (mhhr I%/\> dt = / Nrodt, VAR (32)
A T
or simply: )

Meeh(t) + ke A(t) = ror(t), Ve T, (33)
with:

mZx:/PAMQ dz,

Q

kgx—/EA () da,
Q

) Ot
rex(t)z/fﬂdx—/pflqmwdw—/EA q@gj i da + p(0)g(t),
Q Q Q

where my, and ky, are constant.

4.1.2 Discrete formulation

As before, we discretize (31) by the Finite Element method. In other words, we are looking for an
approximate solution up € V" of u:

Ng
() =~ pu(x) =Y pids(o),
j=1
satisfying:
/ My fbn Oi + k‘gﬁﬁ%(b;div = / ?"m(@') dr + </ Ag(t) dt) @i (L), Vi=1,..., N,
Q Q T
which can be recast in matrix form as:

(Met + Két) Uy = Ryy. (34)

Here, the matrices My; and Ky; are the modified mass and stiffness matrices, respectively:

Mgt:M</5\)\dt), th:K</>\2dt),
T T
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and the vector of degrees of freedom Uy, and the loading vector Ry, are given by:

Up, = Mz , Ry, = fQ reu( i) dr + (fI Ag(t) dt) ®i(0)

For the time discretization, we again reduce the second-order equation (32) to a system of
first-order equations by introducing the new variable w = A, i.e.

At)—w(t)=0, Vtel,
MW (t) + ko A(t) = ron(t), vVt eT.

and apply the Crank-Nicolson scheme to each equation. The scheme consists then in finding the
pair (Ap,wn) € R, n=1,..., N; such that:

hik 2m pNan ik om N gl
thix lx _ thilx lx + hy 1A\ )\  Vn=0,...,N,—1,

n+tl ngm htmh w™ 0

2m€x —htmh w

(35)

where we have multiplied the first row by my,. We observe that the above system of equations has
naturally the same structure as that in (21).

4.2 Hamiltonian-based PGD

The proper-generalized decomposition method applied within the Hamiltonian framework aims at
approximating both the generalized coordinates ¢ and their generalized momenta p in the separated
form:

q(z,t) = qm (2, 1) = gm-1(x,t) + M) (),
p(x,t) = pm(2,t) = pm_1(z,t) + w(t)v(z).

The goal in this section is to construct the problems that satisfy the enrichment modes A(t)u(z)
and w(t)v(x) assuming that both gm,—1(z,t) and p,,—1(x,t) have been calculated. We present first
the continuous formulation of the problems.

4.2.1 Continuous formulation

Replacing ¢ and p in (23) by ¢, and py,, respectively, one straightforwardly gets:

1 : 1
//p* (wy — Au) dxdt = — //p* (pm_l — q'm_1> dxzdt, Vp* € Zg, (36)
7J9 pA 7J9 pA
//q*wu+EAaq)\p’dxdt://q*(fpml)EAaqaqml dadt
7Ja ox 7Ja or Or

—i—/q*(ﬁ,t)g(t) dt, Vg* € V. (37)
z

As in the Lagrangian procedure, we first assume that A and w are known and search for the
solutions p € V and v € L?(Q2). We therefore choose test functions in the form ¢*(z,t) = A\(t)u*(x)
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and p*(z,t) = w(t)v*(x). Equations (36) and (37) thus become:

/ mpv — cppvde = | rp, (v W e L2 (),
Q

(38)

J
/Q

/ dpv i + kppt ' dae =
Q

1 2
mp = — | wdt,
=4
cht://'\wdt,
7

dht = /wA dt = I/(T))\(T) — Cht,
T

Thu (1) dx + </ Ag(t) dt> prl), Yutev,
7

with:

En :EA/A2 dt,
A

Th(V*) = (/Iém—lw dt) v — ;A (/pm_1w dt) v
(") = ( / 2 dt) e — ( / Prih dt) Py ( / 3qg”1Adt) e
T T z 0T

We remark that cp; and djp; are constant while my; and kp; could possibly depend on the space
variable.

To construct the problem in time, we suppose that p and v are known and look for A and w.
Choosing the tests functions as ¢*(z,t) = p(x)\*(t) and p*(z,t) = v(x)w*(t) in (36) and (37), one
obtains:

/chw).\w* — mpgww* dt = [ rp,(w”)dt, Yw*,
7 T (39)
/chxw)\* + kp AN  dt = /rh,\()\*) dt + (/ A*g(t) dt) (), YA*,
T T T
with:
Mhy = ; p—AV 2 dx

chz:/,w/dzv
Q
khx:/EA(,u')de
Q
1 .
- ( fire) (o)
A Q
* * aqm—l !/ *
raa(A f,udac A pm_ludac A" — FA——p dx | A
Q oz
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4.2.2 Discrete formulation

For the discretization of Problem (38) in space, we are looking for finite element solutions yj, € V*
and vy, € V" of 1 and v, respectively, such that:

Ny
() =~ pu(z) =Y pids(),
7=1

Ng
v(z) = () = Z vig;(x),
j=1
that satisfy the system of coupled equations:
/ MptVp @i — Chipp @i dr = / Th(¢i) dz, Vi=1,..., N,
Q Q

/ driVnd; + kht//h(b;dx = / Thu(¢i) dx + </ )\g(t) dt) (ﬁi(e), Vi=1,...,Ng,
Q Q T

which can be equivalently written as:

Kni Dpe| |Unp| | B (40)
—Cht Mp| |Uny Ry,

The stiffness and mass matrices are given here as:

Kht:K(/AZdt>, Dht:M</w/\dt>,

A T

Cht:M</wAdt>, Mht:M</w2dt>,
7 A

while the vectors Uy, and Uy, are the vectors of the degrees of freedom associated with pj, and
vy, respectively, and the loading vectors Ry, and Ry, are the residual vectors corresponding to rp,
and 7.

Proceeding as before, the discretization in time of the system of equations (39) using the algo-
rithm described in Section 3.3.2 leads to:

hikpg 2¢chy A\l —hikpy 2Chs A7 O ’I”n+l
- Ry | AT Vn=0,...,Ny— 1.
2y —himpg | [T 2¢hy  hempg | |W" e, et

(41)
We observe that the above system is slightly different from the one obtained by the Lagrangian
approach (35).

4.3 Updating procedure of the temporal modes and Gram-Schmidt process

Let us consider a separable function ¢(z,t). At the m™ enrichment, the PGD approximation of ¢
is given by:

m

q(@,t) ~ gm(@,t) = go(@, 8) + D M(O)pi(@) = dm-1(2,) + An () i ().
i=1
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The algorithm used here to construct the modes is based on a greedy approach; namely, each en-
richment step aims at the determination of the new mode (g, A\p,). The pair (pm, A\p) is thus
computed based on the information contained in (fi, A)1<k<m—1. However, the previously com-
puted modes (g, Ak)1<k<m—1 do not benefit from the new information introduced by (ttm, Am)-

One idea to improve the convergence of the PGD approximation is to update the temporal
modes in a global manner [4, 33, 37, 38]. In other words, after a new mode is found, the updating
algorithm reevaluates the modes (A;)1<k<m in order to obtain a better combination of the spatial
modes ({k)1<k<m:

This procedure will significantly improve the convergence of the PGD at a fairly low computa-
tional cost, which only depends on N; and m [33]. However, this procedure requires the computation
of some matrices that can become ill-conditioned with the increase of the number of modes. If the
later occurs, the procedure causes instabilities.

4.3.1 Lagrangian update

We consider (17) and solve for (Ag)1<k<m, With (pr)1<k<m known, using the following trial and test
functions:

gm(2,t) = qo(x,t) + Y N(Opmi(z), ¢ (z,t) =) A (t)i(x).
i=1 i=1
After discretization, we obtain the following system of equations:
hKpw  2Mg, | | AP —h Ky 2Mg | | AT i 4 et
e “ — | B fh | 2T | wn=1,... N, -1,
2My,  —hi My, wntl 2My,  hiMy, wn 0
where:
A(t) = (A1(t), A2(t), - - -, A1),
w(t) = (A1(t), Aa(t), ..., Am(t)),
roa(t) = (rex1 (), rena(t), - -, roxm (1)),
and:

Ky = [UZLiKUZ/Jj] 1<i,j<m’
Mﬁx = [UZLZMUKNJ]
Mfm = [UZMMUZNJ']

1<i,j<m”’

1<i,j<m

4.3.2 Hamiltonian update

We consider here the system (23) and solve for (Ax, wk)1<k<m, With (ug, Vk)1<k<m known, using the
following trial and test functions:

Qm(x7t) = QO(wvt) + Z)‘i(t)ﬂi(x)a q*(x7t) = Z )\;k(t)'ui(.%'),
=1

i=1

pm (2, t) = po(x,t) + Zwi(t)vi(x), pi(x,t) = Zw:‘(t)yz(x)
; i=1

i=1
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Following discretization of the equations, we obtain:

htKh:E 2Chx ATH-I _ _htKh:E QChx A" +ht TZA + TZ;\FI , VYn = 1’ .. ,Nt — 1,
20}:{; —hi Mp, wntl QC}ZL:E hi Mp w" ’rhw + Tn+1
(43)
where:

At) = (Aw(t), Aa(t), - .-, Am (1)),

w(t) = (wi(t),wa(t), ..., wm(t)),

Tho(t) = (Thw1(8), Thw2(E), - s Tham (1)),
() = (

TaA(t a1 () Tax2(t), o TrAm (1)),
and:
T
- [UthUhujhgi,jgm’
Mhm = [UlalMUhl/J} 1<i j<m ’
_ T x
Che = (Ut MUy

4.3.3 Gram-Schmidt process

The question of the metric with respect to which the spatial basis should be orthogonalized in
the Gram-Schmidt procedure arises: should one orthogonalize with respect to K, M, or any other
symmetric positive definite matrix? The matrices Ky,, My,, Mgy, Kp,, and My, introduced in the
previous section have special properties. They are called Gram matrices. Their coefficients result
from scalar products with respect to discrete metrics associated with the matrices K, M, M, or M.

Let A € RN=XNe be a symmetric positive definite matrix and let (u1,...,u,) be a family of
vectors of RV=. One can then associate a scalar product with A such that (u;,u;) , = u! Au; and
a norm such that ||u;||a = \/(ui, u;) 4. Let G € R™*™ be such that G = [<ui’uj>A]1<z‘,j<m’ the

Gram matrix associated with A and (u1,...,u;). By virtue of the scalar product properties, G is
symmetric positive semi-definite and is invertible if and only if the vectors (us, ..., u,,) are linearly
independent.

The update procedures described above strongly rely on the fact that the computed Gram ma-
trices are well conditioned. Yet, given the properties of the Gram matrices, some choices regarding
the metric in the Gram-Schmidt procedure are more suitable than others. In order to ensure that
the condition numbers of the matrices are kept small, the Gram-Schmidt procedure is therefore
performed as follows:

e For the Lagrangian update: one spatial basis (U, )1<k<m is built and orthogonalized with
respect to K and then normalized. In other words, following the Gram-Schmidt procedure,
Ky, should be equal to I,,,, where I,,, is the identity matrix of size m. My, and My, will not
have a particular form but their conditioning numbers should remain low as long as the basis
vectors remain linearly independent;

e For the Hamiltonian update: two spatial bases (Up, )i<k<m and (Upn, )i<k<m are built for
g and p, respectively. An optimal choice, which, to the best of our knowledge constitutes
a new result, is to orthogonalize (Upy, )1<k<m and (Uny, )1<k<m Wwith respect to K and M,
respectively, and then to normalize the vectors. Following the Gram-Schmidt procedure,
Ky, = My, = I, and their conditioning remains optimal.
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4.4 Adaptive fixed point algorithm

We briefly describe in this section the fixed point algorithms for the Lagrangian and Hamiltonian
formulations of the PGD approach. In particular, we propose in the case of the Hamiltonian
formulation an algorithm that allows one to accelerate the convergence toward the enrichment
modes associated with the generalized coordinates and the conjugate fields.

4.4.1 Lagrangian fixed point

For the sake of simplicity in the notation, we will simply use pu and A to refer here to the finite
element solution iy, (or the vector of degrees of freedom Uy, ) and discrete solution (A%, AL, ..., AM).
Moreover, we introduce:

e Sy: A p, the operator that solves the system (34) for p with A given;
e Ty :pu— A the operator that solves the system (35) for A with p given.

Let jmax and e denote the user-defined maximum number of iterations and tolerance. The fixed
point algorithm for the Lagrangian approach is described as a pseudocode in Algorithm 1. Note
that the norm subscripted with L? is defined as follows for square-integrable functions:

Hinz://f(a;,t)2 dxdt
JQ

Algorithm 1 Fixed point algorithm for the Lagrangian formulation

1: Initialize A\g and pg, j < 0, s <€+ 1

2: while j < jpax and s > € do

3: Increment the iteration counter: j < j + 1
4: Compute new spatial mode: f1; < Sp(Aj—1)
5: Normalize: pu; < /|15 x

6: Compute new temporal mode: Aj <— Ty(1;)

7: Calculate the PGD difference A < pjA\; — pj—1Aj—1 and average ¥ < % (jNj + pj—1Nj—1)
8: Evaluate the stagnation coefficient: s < ||Al|z2/[|X]| 12
9: end while

10: Return the modes A <— \; and 1 < p;

4.4.2 Hamiltonian fixed point

As before, the notations u, v, A\, w will be used to refer to the finite element solutions u and v, and
the discrete solutions (A%, AL, ... AM) and (w%,w?,...,w™). Moreover, we consider the operators:

e Sy (\w)— (u,v), the operator that solves the system (40) for (u,r) with (\,w) given;

o T (p,v)— (\w), the operator that solves the system (41) for (A\,w) with (i, v) given.
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We have observed in the numerical experiments that convergence of the pairs (p, A) and (v, w) does
not necessarily happens at the same time. We therefore propose to decouple the iterative process
as follows:

e If convergence is reached on the mode pA, we fix the values of p and A and then solve (44)
and (45) for v and w until convergence is reached:

My = Crepp + Rpy (44)
himpew" T = —himpew™ + 2¢he (/\”+1 — )\") + hy (rﬁw + 1"2:51) , VYn=0,...,N,—1. (45)

The operators associated with (44) and (45) will be denoted by Sp, : w — v, Thy : V — w,
respectively.

e If convergence is reached on the mode vw, we fix the values of v and w and then solve (46)
and (47) for p and A until convergence is reached:

Kpipt = —Dpv + Rpy (46)
hikpe A" = =Rk A"+ 2ep, (W' — ") 4 by (i 1Y) Yn=0,.. N — 1. (47)

The operators associated with (46) and (47) will be denoted by Sy, : A — g and Tpy @ pp— A,
respectively.

The fixed-point algorithm for the Hamiltonian approach is detailed as a pseudocode in Algo-
rithm 2. It is essential to notice that the dimensions of the systems to solve with the H-PGD are
twice as big as the ones with the L-PGD. The advantage of this implementation is twofold. On
the one hand, it allows to control the convergence of the fields separately. On the other hand,
this fixed-point algorithm stops iterating on the field that has converged and therefore iterates on
systems twice as small, i.e. of the same dimension as the L-PGD.

5 Numerical results and discussion

5.1 Test cases

The objective of this section is to present several numerical examples in order to compare the PGD
solutions obtained using the Lagrangian formulation and the Hamiltonian formulation. We shall
consider in all experiments a one-dimensional bar of length ¢ = 0.2 m with material properties
E = 220 GPa, p = 7000 kg/m?, and A = 1073 m?. Unless stated otherwise, we will solve the
differential equation (1) with f(z,t) = 0, Vo € Q, Vt € Z, with T' = 1.15 ms. Moreover, we will
assume that the bar is always fixed at x = 0, i.e. u(0,t) = 0, Vt € Z. We shall consider five
scenarios, that may differ one from the other by the choice of initial conditions ug(z) and vy(x) or
the type of boundary condition at the endpoint x = ¢:

1. In the first case, we will consider homogeneous initial displacements and velocities, i.e. ug(z) =
0 and vo(z) = 0, Vt € Z, and the Neumann condition (5) at = ¢ where g(¢) is oscillating for
t < T'/2 and vanishes for t > T'/2. In these experiments, the PGD solutions will be computed
without performing the updating procedure described in Section 4.3;

2. In this case, we will repeat the same experiment as above but using the updating procedure
of Section (4.3) for the calculations of the PGD solutions;
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3. In the third case, we keep the homogeneous initial conditions and replace the Neumann
condition at x = ¢ by an oscillating Dirichlet condition;

4. This experiment will simulate the problem presented in (6) for which one has the analytical
solution (9); however, we will restrict the time interval to 7' = 0.14 ms in order to avoid the
spurious oscillations that appear due to the discontinuity in the solution [27, 39];

5. The last case will consider the exact same scenario as in Case 2, but for the presence of an
extra linear damping term in the wave equation.

In the following, the PGD solutions obtained from the Lagrangian formalism and the Hamilto-
nian formalism will be referred to as “L-PGD” and “H-PGD”, respectively. Moreover, we consider
two versions of the Lagrangian formulation: “L-PGD1” uses the Crank-Nicolson scheme (also called
the implicit trapezoidal rule) for time integration, as presented in the paper, while “L-PGD2” re-
places the Crank-Nicolson scheme by the Newmark method with v =1/2 and 8 = 1/4 [32, 28]. The
solutions in space will be approximated in terms of continuous piecewise linear polynomial functions
for a total of N, = 224 degrees of freedom, i.e. the domain 2 is decomposed into N, = 224 elements
of equal size. Likewise, the time interval Z is divided into Ny = 1025 sub-intervals of equal size
(except in Case 4 where we take N; = 1300). Those values were chosen so that the discretization
errors in space and in time are kept small with respect to the truncation errors from the PGD
formulation.

5.2 Comparison method and performance criteria

In order to assess the accuracy of the PGD solutions, we will use as reference solutions, the
finite element solutions that are described in Sections 3.2.2 or 3.3.2 and obtained using the same
discretization parameters N = 224 and N; = 1025. Given a field v = u(z,t) defined on Q x Z, we
denote by ¢, the relative error in the L? norm:

[, — U?“efHL2

€, =
“ ||uref||L2

where u,,, is the PGD approximation of rank m of u and wu.ef is a very accurate reference solution.

We will study the evolution of the errors with respect to the number of modes m in the PGD
solutions and compare these to the errors that one obtains by performing a posteriori a Singular
Value Decomposition on the reference solutions, except in Case 4 for which we will directly compare
the PGD solutions to the analytical solution of problem (9). We will in particular look at the error
in the energy of the bar over time as the energy (Hamiltonian) in the discrete PGD solution is
supposed to remain constant when the external loading vanishes.

Furthermore, we will study the condition numbers of the Gram matrices computed during the
temporal update procedure. Condition numbers of such matrices indirectly indicate how well the
Gram-Schmidt procedure performs. As soon as the linear independence of the spatial basis is
compromised, the procedure does not perform as well and condition numbers may significantly
increase. Indeed, the vectors of the spatial basis are linearly independent if and only if the Gram
matrices are invertible. More particularly, Gram matrices should be equal to the identity matrix
(since the basis vectors are orthonormalized here). Thus, after the 15 enrichment (m = 1), the
condition numbers are equal to unity.

22



Algorithm 2 Fixed point algorithm for the Hamiltonian formulation

1: Initialize Ao, wo, o, and vg, j <=0, sq <€+ 1, sp < e+ 1

2: while j < jmax and (sq > € or 5, > €) do

3: Increment the iteration counter: j < j + 1

4: if s; < € then

5: Compute new spatial mode: v; < Spy(wj—1)

6: Normalize: vj < v;/||vjl|lm

7: Compute new temporal mode: w; < The (V)

8: Calculate the PGD difference A, < vjw; — vj_1wj_1

9: and average ¥, + 3 (vjw; + vj_1wj_1)

10: Evaluate the stagnation coefficient: s), <— ||Ap||2/||2pl 12

11: Update pj < pj—1 and Aj <= \j_; (fixed modes)

12: else if 5, < ¢ then

13: Compute new spatial mode: 1 < Spy(Aj—1)

14: Normalize: puj < /|15 x

15: Compute new temporal mode: Aj <— Tpa(p5)

16: Calculate the PGD difference Ay <= p1jA; — pj—1Aj—1

17: and average ¥ < % (5 Aj + pi—1hj—1)

18: Evaluate the stagnation coefficient: s; <= ||Ag|| 2/ Xq]| L2

19: Update v; < vj_1 and w; < wj—1 (fixed modes)
20: else
21: Calculate new spatial modes: (pj,v;) <= Sp(Aj—1,wj—1)
22: Normalize: pj < p;/||pjllx and v < v;/||villm
23: Compute new temporal modes: (Aj,w;) < Tr(pj, ;)
24: Calculate the PGD differences Ay < p1jA; — pj—1Aj—1 and Ay < vjw; — vj_1wj_1
25: and averages Sq ¢ 5 (1jA; + pj—1Aj—1) and Iy 5 (vjw; + vj_1wj—1)
26: Evaluate the stagnation coefficient: sq < ||Aql|12/]|1ZqllL2 and sp < [[Ap|l2/1|2p] L2

27: end if
28: end while

29: Return the modes A = \j, w = wj, p = pj, and v = v
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Figure 1: Case 1. (Top left) Error between the reference displacement field and the SVD or PGD displacement field.
(Top right) Error between the reference conjugate momenta field and the SVD or PGD conjugate momenta field.
(Bottom left) Error between the energy of the reference system and the energy of the reduced system over time.
(Bottom left) Condition numbers of the matrices introduced in Sections 4.3.1 and 4.3.2.

Then, when additional enrichments are considered, two scenarios may occur:

1. The Gram-Schmidt procedure performs well, the Gram matrices remain equal to I, (the
identity matrix of size m), and the condition numbers remain equal to unity;

2. Linear independence is compromised and not only some of the off-diagonal coefficients of the
Gram matrices become non-null but the Gram matrices are no longer invertible. As a result
the condition numbers drastically increase.

5.3 Case 1: Neumann BC without updating procedure

We approximate in this case Problem (1)-(5) with ug = 0, vg = 0, and the Neumann boundary
condition:
Ou Fy (1 — cos (wt)),
EFA—(t)=9(t) =
G =gl =4

vt € (0,T/2),
vt € (T/2,7).
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Figure 2: Case 1. Absolute errors in space and time between the reference displacement field and the SVD or PGD
displacement field.

where Fy = 105 N and w = 4.4 x 10* rad/s.

We observe in Figure 1 that the L? errors in the generalized coordinates and momenta, of the
PGD solutions barely decrease, if at all, and that their evolution is non monotonic. However, the H-
PGD solution seems to behave slightly better than the L-PGD solutions, especially in terms of the
absolute error in energy that remains smaller. We also observe that the condition numbers x(Ky;)
and R(ng) associated with the matrices Ky, and My, increase as soon as the 5% for L-PGD1 and
as soon as the 8" enrichment for L-PGD2. This indicates that the Gram-Schmidt algorithm fails
to orthogonalize the spatial basis. This is not due to numerical instability and it therefore cannot
be corrected by the modified Gram-Schmidt algorithm. The increase in the condition number is a
consequence of the degeneration of the basis associated with the spatial modes: the added modes
compromise the linear independence of the modes. In other words, the new modes do not provide
any new information that was not already contained in the previous decomposition.

Figure 2 shows the distribution of the errors in space and time for the PGD solutions while
Figure 3 illustrate the evolution of the displacement fields over time and of the total energy for the
FEM solution and the different PGD solutions.
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Figure 3: Case 1. (Top four plots) Evolution of the displacement field over time for the different reduction methods;
the displacements are shown at 23 nodes uniformly distributed along the bar. (Bottom) Evolution of the total energy

of the reference and reduced systems versus time.
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5.4 Case 2: Neumann BC with updating procedure

We repeat here the same experiment of Case 1 using this time the updating procedure of Sec-
tion (4.3) for the calculations of the PGD solutions. We show in Figure 4 the errors in L? norm and
energy and the condition numbers of the matrices introduced in Sections 4.3.1 and 4.3.2. We first
point out that the updating procedure significantly improves the convergence. Nevertheless, we
observe that in the case of the Lagrangian PGD solutions, the matrices for L-PGD1 and L-PGD2
become ill-conditioned as soon as the 14 and 45 modes are reached, respectively. For the L-PGD1
and L-PGD2, the space modes puj are orthogonalized and normalized with respect to Matrix K.
Thus, the condition number of Ky, remains low for a dozen of modes (as long as Ky, = I,;,) while
the condition number of My, increases from the beginning. It follows that the condition numbers
diverge for the L-PGD1 and L-PGD2 around 40 and 60 modes, respectively.

On the other hand, it is remarkable that the matrices in the case of the H-PGD solution always
remain well-conditioned. This is explained by the fact that at each enrichment step, H-PGD
manages to compute a new mode whose information is not already contained in the old spatial
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Figure 5: Case 2. Absolute errors in space and time between the reference displacement field and the SVD or PGD
displacement field.

modes. In other words, the Gram-Schmidt algorithm manages to enforce My, = I,,, and Kp, = I,.
Before divergence of the L-PGD solutions occurs, we observe that the errors ¢, in the L? norm
in the displacement field follow the same behavior for the three PGDs. However, for L-PGD,
the errors in the conjugate momenta €, quickly reach a plateau after the calculation of the first
dozen modes due to the fact that the matrices become ill-conditioned. It follows that the L-PGD
approach fails to identify the relevant modes for p. For the H-PGD approach, we see that ¢, keeps
decreasing since the method is explicitly designed to compute separate decompositions for both ¢
and p. It also implies that the total energy of the system is well approximated for the 223 modes
of the H-PGD solution unlike in the case of the L-PGD solutions. We actually observe in Figure 5
that the distribution of the errors in space and time for the H-PGD solution remain a few orders
of magnitude lower than for the L-PGD solutions, even after the calculation of the 223 modes.
Finally, we show in Figure 6 the evolution of the displacement fields over time and of the total
energy for the FEM solution and the different PGD solutions. We note that we use in these plots
only the first 14 modes for L-PGD1, 45 modes for L-PGD2, and the total of 223 modes for H-PGD.
We see that the energy of the system increases as long as the force applied at the end of the beam is
non-zero and remains constant once the end of the beam becomes free, as expected. In other words,
the Hamiltonian of the system, i.e. the total energy is preserved when the system is conservative.
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Figure 6: Case 2. (Top four plots) Evolution of the displacement field over time for the different reduction methods;
the displacements are shown at 23 nodes uniformly distributed along the bar. (Bottom) Evolution of the total energy
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5.5 Case 3: Oscillating Dirichlet BC

In this section, we replace the Neumann boundary condition at the end point x = £ in the previous
problem by the oscillatory Dirichlet boundary condition:

u(l,t) = Up (1 — cos (wt)), VteZ,

where Uy = 5 mm and w = 1.1 x 10* rad/s.

We collect the numerical results in Figures 7, 8 and 9. We essentially observe the same behaviors
as in the previous test case, except that the matrices associated with the Lagrangian approaches
become ill-conditioned after a larger number of computed modes than before and that the relative
errors €, in the displacement and €, in the conjugate momenta quickly diverge rather than reaching
a plateau. It is also clear from these results that the H-PGD formulation produces superior results
in terms of convergence and accuracy.
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Figure 8: Case 3. Absolute errors in space and time between the reference displacement field and the SVD or PGD
displacement field.

5.6 Case 4: Comparison with analytical solution

We solve in this section the problem formulated in (6) where the initial displacement is given by
uo(x) = Fx/(FA), Vo € Q, with F//(FA) = 0.05. This test case describes a shock-type wave
featuring a discontinuity in the first derivative, see Figure 12.

Errors and condition numbers for this test case are shown in Figure 10. We observe that the
matrices for the L-PGD approaches eventually become ill-conditioned again. Nevertheless, the
errors for the three PGD seem to decrease at the same rate. In the analytical solution provided
in (9), the error in the truncated displacement retaining only the first m modes is of the order
O(1/m?). In comparison, the error in the computed PGDs seems to be approximately of the order
O(1/m?3).

We show in Figure 11 the distribution of the absolute errors in space and time for the FEM
SVD solution, the L-PGD1 and L-PGD2 solutions, and the H-PGD solution. We observe on the
one hand that the errors in the FEM SVD solution are negligible. On the other hand, the errors
in the last three solutions are of the same order and locally concentrated around the wavefront.
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These errors are essentially due to the presence of the discontinuity in the solution, which make
them difficult to capture. This is out of the scope of this study but we mention that the use of
a time-discontinuous Galerkin (TGD) integration scheme could possibly address this issue [7, 27].
As a last remark, it seems that the H-PGD solution away from the location of the discontinuities
seems to be less polluted by the large errors than for the L-PGD solutions, in particular in the

vicinity of the end point x = /.

5.7 Case 5: Damped bar with Neumann BC

The last case considers the exact same scenario presented in Section 5.4, but for the presence of an
extra linear damping term in the wave equation, i.e.

0% ou 0%u

where ¢ = 15 x 10 P1 (1 Poiseuille = 1 kg/m/s) is the so-called damping coefficient.
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Figure 11: Case 4. Absolute errors in space and time between the reference displacement field and the SVD or PGD
displacement field.

The results are shown in Figures 13, 14, and 15. These are qualitatively very similar to those
presented in Section 5.4, except that the total energy of the bar decreases after t > T'/2, as expected.
The main objective of this example is to illustrate that the H-PGD framework is also suitable for
the study of linear elasticity problems accounting for energy dissipation. First, the H-PGD model
reduction provides better stability and energy conservation of the original system than the L-PGD
approaches. Moreover, reduced-order modeling methods for problems with damping based on modal
decomposition [28] lead to an eigenvalue problem that requires a more elaborated treatment [40, 41]
than the eigenvalue problem obtained without damping. The Rayleigh hypothesis is often used to
circumvent the issue introduced by the damping matrix [40]. However, the hypothesis does not have
an unequivocal physical meaning [42, 43] and may produce underdamped or overdamped behaviors
in certain frequency ranges [40] (although this may be convenient in some cases). In contrast to the
modal decomposition, it is not necessary in the PGD framework to resort to a special treatment in
order to account for the damping term in the wave equation.
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Figure 13: Case 5. (Top left) Error between the reference displacement field and the SVD or PGD displacement
field. (Top right) Error between the reference conjugate momenta field and the SVD or PGD conjugate momenta
field. (Bottom left) Error between the energy of the reference system and the energy of the reduced system over time.
(Bottom left) Condition numbers of the matrices introduced in Sections 4.3.1 and 4.3.2.

5.8 Further discussion

Non-symmetry and ill-conditioning of the matrices are issues that are also mentioned in [8, Pages
4 and 15]. The authors briefly discuss the eventual ill-conditioning of the operator A (non-
symmetric), which represents the discretization of the space-time bilinear form of the problem.
This operator is constant and its conditioning results from the fineness of the space-time discretiza-
tion and the mechanical properties of the problem (FE, p, etc.). In our case, the matrices Ky, My,
My, Kpp and My, (Gram matrices) not only depend on the discretization and mechanical prop-
erties but are also non-constant. Indeed, their size grows with the number of enrichment m. Their
ill-conditioning results mainly from the fact that the basis vectors may become linearly dependent.
In conclusion, the nature of the matrices we studied is not the same as that of A and the reasons
of their bad conditioning are different.

From a numerical point of view, we would like to emphasize that the only numerical difference
between the Lagrangian update (42) and the Hamiltonian one (43) is the scaling factor pA. One
may wonder whether this factor has an influence on the convergence of the H-PGD solver and the
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Figure 14: Case 5. Absolute errors in space and time between the reference displacement field and the SVD or PGD
displacement field.

conditioning of the system. Multiple tests were run in the case where all parameters of the problem
were set to unity: F=p=A=/0(=1.

In this case, the scaling factor is equal to unity and the systems (42) and (43) are numerically
identical. However, H-PGD remains numerically stable and still provides more accurate solutions
than L-PGD. Therefore, it is not just the Hamiltonian formulation as a standalone formalism that
enables improvements over the Lagrangian approach, but also the new possibilities that it offers in
terms of algorithmic design.

Moreover, it is worth noting that the numerical values of the Young’s modulus E and the
density p play a major role in the non-symmetry. The non-symmetry is due to the temporal
derivation. In other words, non-symmetry dominates if inertial effects are preponderant, i.e. when
p > E or, similarly, when the velocity ¢ = \/E/p is small. One can find the same reasoning with
the Heat Equation and the thermal diffusivity in [3] (Page 68). Yet, in structural dynamics, E > p
in general. For instance, in our test cases, the material properties are chosen as those of steel with
E =220 GPa, p = 7000 kg/m3, similarly to [8]. These numerical values are actually advantageous
because they are not favorable to non-symmetry. Thus, the case of unitary parameters also enabled
us to test our algorithm in examples where matrices become asymmetric and validate its robustness.
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Figure 15: Case 5. (Top four plots) Evolution of the displacement field over time for the different reduction methods;
of the reference and reduced systems versus time.
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Energy conservation is related to the time integrators. Nevertheless, the computed PGD modes
also play a significant role. This is best illustrated in the case of the problem with a Neumann
boundary condition (see Figures 4 and 13). In particular, we observe on the top right plot that
after the 5*" enrichment, L-PGD fails at recovering the modes with respect to the momentum field
(i.e., error €,). This results in a bad energy conservation. We conclude from these results that
energy conservation is also sensitive to the PGD formulation and that H-PGD performs better that
L-PGD by several orders of magnitude (as shown on the bottom left plot of the figures).

6 Conclusion

Galerkin-based PGD formulations based on the Hamilton’s weak principle have been developed
to derive reduced-order models of second-order hyperbolic systems. One of the objectives was in
particular to compute a reduced model that preserves the energy of the system by means of stable,
energy conservative integration schemes. We have considered in this work two approaches, namely
the L-PDG and the H-PGD. The former is based on the Lagrangian formalism while the latter
follows from the Hamiltonian formalism. The H-PGD approach describes the system dynamics in
terms of the generalized coordinates and the generalized momenta. The two fields can then be
represented as two distinct expansions whose modes are solutions of coupled problems. The proce-
dure brings some flexibility, in particular, it enables one to design orthogonalization and updating
processes that ensure computational stability. Moreover, we have designed an adaptive fixed-point
algorithm for the H-PGD approach that controls the convergence of the two fields separately. The
combination of these procedures does improve convergence and eliminates redundancy in the en-
richment modes of the H-PDG approach. As a result, for the test cases considered here, the H-PGD
formulation showed a much better behavior in terms of stability and energy preservation than the
L-PGD formulation. Finally, the Hamiltonian framework would allow one to recast the problem
as a minimization problem with respect to the total energy of the system, i.e. the Hamiltonian,
which makes it a suitable framework for the adaptive construction of goal-oriented PGD models as
described in [44]. This will be the subject of a future work.
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