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Modelling quantum particles falling into a black hole: the deep interior limit

In this paper we construct a solvable toy model of the quantum dynamics of the interior of a spherical black hole with falling spherical scalar field excitations. We first argue about how some aspects of the quantum gravity dynamics of realistic black holes emitting Hawking radiation can be modelled using Kantowski-Sachs solutions with a massless scalar field when one focuses on the deep interior region r M (including the singularity). Further, we show that in the r M regime, and in suitable variables, the KS model becomes exactly solvable at both the classical and quantum levels. The quantum dynamics inspired by loop quantum gravity is revisited. We propose a natural polymer-quantization where the area a of the orbits of the rotation group is quantized. The polymer (or loop) dynamics is closely related with the Schroedinger dynamics away from the singularity with a form of continuum limit naturally emerging from the polymer treatment. The Dirac observable associated to the mass is quantized and shown to have an infinite degeneracy associated to the so-called -sectors. Suitable continuum superpositions of these are well defined distributions in the fundamental Hilbert space and satisfy the continuum Schroedinger dynamics.

The fate of the singularities of general relativity is a central question for quantum gravity that concerns important physical situations such as those arising in (big-bang) cosmologies and black hole formation and evaporation. One of the central features of loop quantum gravity is the inherent discreteness of quantum geometry at the Planck scale. The lack of smoothness of the geometry at the fundamental level challenges the classical view of the singularities of general relativity as a frontier of spacetime geometry, and strongly suggests the possibility of a microscopic dynamical description that could define dynamics beyond the limit where classical description fails.

The history of the approach starts with the discovery of Ashtekar's connection variables which first suggested that the quantum dynamical evolution equations of gravity might admit a background independent finite and non perturbative formulation [START_REF] Ashtekar | New Variables for Classical and Quantum Gravity[END_REF][START_REF] Ashtekar | New Hamiltonian Formulation of General Relativity[END_REF]. This initial suggestion grew into the approach of loop quantum gravity (LQG) with the contribution of many (for reviews and text books see [START_REF] Perez | Introduction to loop quantum gravity and spin foams[END_REF][START_REF] Ashtekar | Background independent quantum gravity: A Status report[END_REF][START_REF] Rovelli | Cambridge Monographs on Mathematical Physics[END_REF][START_REF] Thiemann | Modern Canonical Quantum General Relativity[END_REF][START_REF] Agullo | Loop Quantum Cosmology[END_REF]). The LQG approach has produced insights about the possible nature of matter and geometry at the Planck scale and has led to new ideas about the origin of black hole entropy, the generation of quantum effects in early cosmology, and stimulated hopes about the possible regularizing role of Planckian granularity (for quantum field theory and gravity). However, a clear understanding of the question of the fate of singularities in realistic physical situations has remained a difficult one, as addressing it would actually require the (still lacking) complete dynamical control of LQG in situations involving matter and geometry degrees of freedom in the deep ultraviolet regime in full generality.

Nevertheless, the view that the evolution across singularities should be well behaved has become consensual in the field over time thanks to the accumulated experience in simple low dimensional as well as symmetry reduced models of black holes and cosmology. Professor Abhay Ashtekar has been one of the key leading driving forces along this path, and main defender of the view (to which we adhere) that dynamics across the would-be-singularity should be well defined in the quantum theory. It is a pleasure to contribute to this special issue with this work that, we believe, is representative of this standpoint.

The first examples of singularity avoiding models where found in the context of quantum cosmology by Martin Bojowald [START_REF] Bojowald | Absence of singularity in loop quantum cosmology[END_REF]. This seminal work grew later into a large number of contributions in the field now known as loop quantum cosmology [START_REF] Bojowald | Loop quantum cosmology[END_REF][START_REF] Ashtekar | Mathematical structure of loop quantum cosmology[END_REF][START_REF] Ashtekar | Loop Quantum Cosmology: A Status Report[END_REF]. Even in these simple models the quantum dynamics can be rather involved. However, it was soon realized [START_REF] Taveras | Corrections to the Friedmann Equations from LQG for a Universe with a Free Scalar Field[END_REF] that effective semiclassical equations could be used to describe the dynamics across the singularity and that these equations were quite easy to describe. The domain of applicability of these techniques was extended in a variety of manners to models involving black holes [START_REF] Modesto | Disappearance of black hole singularity in quantum gravity[END_REF][START_REF] Ashtekar | Quantum geometry and the Schwarzschild singularity[END_REF][START_REF] Modesto | Loop quantum black hole[END_REF][START_REF] Gambini | Loop quantization of the Schwarzschild black hole[END_REF][START_REF] Gambini | Black holes in loop quantum gravity: The Complete space-time[END_REF][START_REF] Gambini | Quantum black holes in Loop Quantum Gravity[END_REF][START_REF] Gambini | Quantum shells in a quantum space-time[END_REF][START_REF] Ashtekar | Quantum Transfiguration of Kruskal Black Holes[END_REF] (for reviews see [START_REF] Olmedo | Brief review on black hole loop quantization[END_REF][START_REF] Gambini | Quantum geometry and black holes[END_REF][START_REF] Ashtekar | Regular black holes from Loop Quantum Gravity[END_REF], for quantum modifications inspired by other approaches see [START_REF] Nicolini | Quantum Corrected Black Holes from String T-Duality[END_REF][START_REF] Koch | Black holes within Asymptotic Safety[END_REF][START_REF] Saueressig | Black holes in Asymptotically Safe Gravity[END_REF]). In many of the latter cases the natural starting point has been to consider the quantum dynamics of the interior of spherically symmetric and static spacetimes of the Kantowski-Sachs type (the Schwarzschild black hole interior in the vacuum case). In all these cases the interior singularity is removed and replaced by a quantum transition across what would have been the singularity in the classical description realizing aspects of existing scenarios [START_REF] Bardeen | Non-singular general-relativistic gravitational collapse[END_REF][START_REF] Hayward | Formation and evaporation of regular black holes[END_REF][START_REF] Lorenzo | On the Effective Metric of a Planck Star[END_REF][START_REF] Frolov | Notes on nonsingular models of black holes[END_REF].

Simple models are nice as they illustrate possibly generic features of the general situation. However, they carry the drawback of being often removed, by the very symmetry assumptions that simplify them, from the realistic physical situations about which one would like to gain non-trivial insights. Moreover, when it comes to black holes, most of the studies have focused on effective dynamical descriptions, while quantum dynamics has received less attention due to its often unsurmountable complexity even in simple models. For instance, concerning the first drawback we know that real black holes are not time translational invariant due to the expected presence of Hawking evaporation (in contrast with the static nature of many of the quantum black hole models) and that all symmetry assumptions must fail near the singularity when the back-reaction of Hawking particles correlated with the outside radiation would be properly taken into account (see [START_REF] Perez | A dialog on the fate of information in black hole evaporation[END_REF] for further discussion of this issue). When it comes to the second drawback, even when effective descriptions can provide the dynamical evolution of the spacetime geometry with matter fields on it, its classical nature precludes the analysis of genuine quantum phenomena such as entanglement and other quantum information issues of highest interest from the perspective of Hawking's evaporation (e.g. the longstanding information puzzle or the question of the fate of unitarity in black hole evaporation). Even when our model will not resolve the first limitation, we believe that it provides a humble small step in the right direction. Concerning the second, we will see that the quantum dynamics is fully accessible in our simple model opening the road for exact calculations in the quantum realm. The interior region r < 2M of a Schwarzschild black hole of mass M can be seen as a homogeneous anisotropic cosmological model where the r=constant surfaces (in the usual Schwarzschild coordinates) are Cauchy surfaces of homogeneity where any two arbitrary points can be connected along orbits of the isometry group that involves spacelike translations along the staticity Killing field ξ = ∂ t and the rotations associated to spherical symmetry. Models with these isometries will be refereed to as Kantowski-Sachs (KS) models [START_REF] Kantowski | Some spatially homogeneous anisotropic relativistic cosmological models[END_REF]. They include not only the Schwarzschild black hole interior geometry (vacuum case) but also the Reissner-Nordstrom black hole interior geometry (in the Einstein-Maxwell case) and other solutions depending of the type of matter that one decides to couple to the system. In this paper we would like to emphasize the fact that Kantowski-Sachs models (with a massless scalar field coupling) define a natural toy model capturing some (possibly interesting) aspects of the dynamics and back-reaction of matter near the singularity of realistic black holes that Hawking radiate and evaporate. The model can certainly not replace the full dynamical description of a generic gravitational collapse in the full theory as it remains a toy model with finitely many degrees of freedom. However, we will argue, it can handle in a simplistic way some dynamical aspects that might be relevant when discussing questions in the context of evaporating black holes.

A. Scalar excitations falling inside a Schwarzschild black hole: the deep interior regime

Let us consider a free test point particle (with no angular momentum) falling into the interior of a Schwarzschild black hole. As the particle approaches the singularity-in a description on an r equal constant slicing of the interior-one expects its wave function to become better and better approximated by a translational invariant wave function since the expansion in the spacelike Killing direction ξ = ∂ t diverges for r → 0. If this conclusion is correct then it means that zero angular momentum test particles can be approximated by the type of excitations that can be accommodated in the dynamical framework of the KS cosmologies (at least in the sense of a near singularity approximation). One can be quantitative about this intuition as follows: free test particles with four wave vector k a on the Schwarzschild background are associated with the conserved Killing energy E ≡ -k a ξ a . We are assuming that the particle has zero angular momentum which implies that its wave function is already translational invariant in the directions transversal to ξ a on the r-slices. The wave function can only vary in the direction of the Killing ξ a and the component of the physical momentum in this direction is given by

p ξ ≡ k a ξ a √ ξ • ξ = -E r 2M -r , (I.1)
which vanishes in the limit r → 0. The wave length of such a particle diverges, and thus particles without angular momentum are better and better represented by translational invariant excitations as one approaches the singularity. These are precisely the kind of homogeneous configurations that can be described in the KS framework. This simple implication deduced from the idealized notion of test particle can be made more precise by looking at the analogous features of scalar field excitations (solutions of the Klein-Gordon equation). Indeed, the simplistic argument given here can be made precise in the field theoretical context as we will show in what follows.

Solutions of the Klein-Gordon equation in the deep interior region

Here we argue that the Kantowski-Sachs model (described in detail in Section II) coupled to a massless scalar field faithfully captures the dynamics of a Klein-Gordon excitation falling into the deep interior region of a Schwarzschild black-hole. We will do this by analysing the behaviour of solutions of the Klein-Gordon equation on the Schwarzschild background in the r 2M regime. We will focus on the spherically symmetric solutions and show that they become homogeneous on r=constant surfaces as r → 0 and thus can be accommodated in the framework of KS configurations. This implies that the KS system can be used to model the dynamics and (most importantly) the back-reaction of such (zero angular momentum) scalar configurations falling into the deep interior region of spherically symmetric black holes.

Let us first start by approximating the Schwarzschild metric in the deep interior region r 2M as

ds 2 = 2M r dt 2 - r 2M dr 2 + r 2 dΩ 2 . (I.2)
We will choose coordinates such that the time-radial part of the metric is conformally flat. Remarkably, in the deep interior region, this is achieved by switching to area variables a = 4πr 2 (the well known tortoise coordinate r * is actually proportional to r 2 near the singularity). With these variables the metric becomes

ds 2 = 1 16π √ a H a dτ 2 -da 2 + a 4π dΩ 2 , (I.3)
with a H = 16πM 2 , τ = √ 16πa H t, and a = 4πr 2 . The Klein-Gordon equation for a massless scalar field then reads

Φ = 1 √ -g ∂ µ √ -gg µν ∂ ν Φ = 0 (I.4) ⇐⇒ - ∂ 2 Φ ∂a 2 - 1 a ∂Φ ∂a + ∂ 2 Φ ∂τ 2 + 1 4 √ a H aa 1 sin θ ∂ sin θ ∂Φ ∂θ ∂θ + 1 sin 2 θ ∂ 2 Φ ∂ϕ 2 = 0. (I.5)
To solve it, we make the usual ansatz

Φ m = e iωt Y lm (θ, ϕ)φ l (a) = e i ωτ √ 16πa H Y lm (θ, ϕ)φ l (a) (I.6)
which reduces the Klein-Gordon equation to

φ l + φ l a + ω 2 16πa H + l(l + 1) 4 √ a H aa φ l = 0. (I.7)
For the spherical modes l = 0 one obtains

φ 0 (a) = c 1 J 0 ωa √ 16πa H + c 2 Y 0 ωa √ 16πa H , (I.8)
with J 0 and Y 0 Bessel functions and c 1 and c 2 constants. As we will prove in Section II that these solutions match nicely with solutions of the KS model (mentioned at the end of the introduction). This follows from two complementary properties of the solutions of the Klein-Gordon equation. On the one hand, the near singularity limit of the quantity (simply related to the KS momentum variable as we will see in Section II)

lim a→0 a ∂φ 0 ∂a = - 2c 2 π (I.9)
is finite and independent of ω. On the other hand, the t dependence of the Klein-Gordon solutions is 'ironed' by the infinite expansion of the geometry in the ∂ t direction: the region 0 ≡ ∆t = 2πω -1 where the solution has a significant (order-one) change corresponds to a length scale ∆d ≈ 2πω -1 M/r (in agreement with the infinite redshift effect captured in equation (I.1)). Therefore, in a length scale p ∆d along the background Killing field direction ξ = ∂ t , and in the deep interior region a M 2 , the solutions of the Klein-Gordon equations can be considered as homogeneous and therefore compatible with initial data that would be admissible in the KS model.

We will see in Section II that the momentum variable p φ in the KS model is simply related to the quantity whose limit was considered in the previous paragraph as it is defined as

p φ ≡ -8πM 0 r ∂Φ 00 ∂r = -0 a H a ∂Φ 00 ∂a , (I.10)
where the pre-factors arise form the hamiltonian analysis of Section II and 0 is an IR cutoff scale naturally associated in the previous discussion to the scale ∆t = 2πω -1 . It follows from the previous considerations that

lim a→0 p φ = constant (I.11)
in the region of interest. One can relate the previous quantity to the average 'energy density' on the r=constant hyper-surfaces as one approaches the singularity (this will be simply related to the KS Hamiltonian that will be defined in the following section). Namely,

1 0 t0+ 0 t0 dt dθdϕ |g|T µν ∂ µ r ∂ ν r = p 2 φ 64πM 2 2 0 , (I.12)
where the scale 0 enters the definition of the average in the time direction. For concreteness one can match 0 to the wavelength 2πω -1 of the excitation and the previous result will already hold (of course it holds for 0 > 2πω -1 ).

For completeness we give the limiting behaviour of solutions in the non-spherical case. For the non-spherical modes, one can neglect the term containing the frequency in equation (I.7) in analysing the small a behaviour of solutions. If we do so, we obtain for l = 0

φ l (a) = c 1 J 0 4 a π l(l + 1) M + 2c 2 Y 0 4 a π l(l + 1) M . (I.13)
Solutions diverge logarithmically (as log[a]) for a → 0. This holds both for spherically symmetric as well as for non spherically symmetric solutions as it follows from the asymptotic behaviour of the Bessel functions or from the finiteness of p φ in the spherical case. The mild character of the divergence was emphasized in [START_REF] Ashtekar | Probing cosmological singularities with quantum fields: Open and closed FLRW universes[END_REF][START_REF] Ashtekar | Space-like Singularities of General Relativity: A Phantom menace?[END_REF] as an attractive possibly interesting property when one considers the definition of the associated quantum operators in quantum field theory (in view of a possible definition of semiclassical gravity). Here we simply point out that such simple behaviour allows for bridging to a solvable KS model to understand aspects of the back-reaction of classical (as well as quantum) excitations falling into a spherically symmetric black hole.

II. THE KANTOWSKI-SACHS SPACETIME COUPLED WITH A MASSLESS SCALAR FIELD

In this section we revisit the construction of the phase space of the KS model by perforing the canonical analysis of the associated symmetry reduced model where staticity and spherical symmetry are imposed from the onset (in Section II A). To improve the clarity of the presentation we simply start from the vacuum case-whose solutions are isomorphic to the interior Schwarzschild solutions-and later couple the system to a scalar field without mass. We express variables in terms of the usual Schwarzschild-like coordinates. In Section II B we present a truncation of the Hamiltonian and show, in Section II C, that it defines a tractable approximation of the dynamics in the r M region of the interior of physically realistic black holes. We call this regime the deep interior dynamics. In Section II D we show that the regime of applicability of the model includes the physically interesting situation of Hawking scalar excitations with zero angular momentum falling inside of the black hole.

A. Symmetry reduced covariant phase space

It is well known that for a spherically symmetric and static spacetime, the line element can be written without any loss of generality as

ds 2 = -f (r)dt 2 + h(r)dr 2 + r 2 dΩ 2 .
(II.1)

It follows that the Eintein-Hilbert action (with the appropriate boundary term that renders it differentiable) becomes

S geo = 1 16π R d 4 x √ -gR + 2 ∂R K = 0 2 2 p dr f h + f h + ḟ r √ f h , (II.2)
where the dot denotes the derivative with respect to r and 0 is a cut-off in the non compact spacelike ∂ t direction that regularizes the dynamical system. The cut-off will be associated a natural meaning in modelling the fate of zero angular momentum excitations falling inside the black hole. In the deep interior region r M and we will take 0 ∼ ω -1 for ω ≈ 1/M (the typical frequency in the Hawking spectrum of a macroscopic black hole of mass M ). One can easily verify that the variations of the action lead to the Schwarzschild solutions

ds 2 = -p 2 M 1 - 2M r dt 2 + dr 2 1 -2M r + r 2 dΩ 2 , (II.3)
and the symplectic potential (stemming from the on-shell evaluation of the action variation)

θ = - 0 2 p (c 1 dM + 2M dp M -2dp M r), (II.4)
and symplectic structure

ω = 0 2 p dp M ∧ dM . (II.5)
Instead of working directly with the physical phase space parametrized by the Dirac observables p M and M it will be convenient for us to work with kinematical variables and constraints for the moment. This is because of the usual difficulty in linking the timeless physical phase space with a classical intuition based on spacetime geometry. To avoid such difficulties we would like to have a notion of parametrized 'time evolution' which in our context will take the form of an area radius evolution. Thus we take the integrand of (II.2) as the Lagrangian L geo of the spacetime subsystem

L geo = 0 2 2 p f h + f h + r ḟ √ f h . (II.6)
On the other hand, we will couple the system to a massless scalar field by adding the matter action

S m = - 1 2 R d 4 x √ -g∂ a φ∂ a φ = -2π 0 drr 2 φ2 f h . (II.7)
The conjugate momenta to f, h and φ are given by

p f = 0 2 2 p r √ f h , p h = 0 and p φ = -4πr 2 0 f h φ, (II.8)
and the primary Hamiltonian, defined by

H = ḟ p f + ḣp h + φp φ -L φ -L geo , becomes H 1 = - 0 2 2 p f (h + 1) √ f h - hp 2 φ 8πr 2 0 √ f h . (II.9)
From the expression of the conjugate momenta (II.8) we identify the constraints

ξ ≡ p f - 0 2 2 p r √ f h = 0 and p h = 0, (II.10)
and the secondary Hamiltonian

H 2 = H 1 + λξ + ηp h , (II.11)
where λ and η are Lagrange multipliers. One can show that the stability of the two constraints (II.10) can be ensured by fixing the associated Lagrange multipliers, i.e., the constraints (II.10) are second class and can be explicitly solved leading to

p h = 0 and h = 2 0 4 4 p r 2 f p 2 f . (II.12)
Thus, the secondary Hamiltonian (II.11) reduces to

H 2 = - 1 r f p f + 1 16π 2 p p 2 φ f p f + 2 0 4 4 p r 2 p f . (II.13)
The previous encodes the KS dynamics of geometry coupled to a massless scalar field. The relevant solutions for physical applications correspond to small departures from the vacuum Schwarzschild solutions representing macroscopic black holes with scalar field perturbation falling inside. We will further simplify the system by focusing on, what we call, the deep interior region r M where M is the mass scale defined by the corresponding black hole solution perturbed (in the sense of Sections II C and Section II D) by the presence of matter. It is in this regime where the solutions of the KS system faithfully describe the dynamics of a spherically symmetric scalar perturbation (representing for instance a Hawking particle) as it falls towards the interior singularity. The KS Hamiltonian evolution matches, in this sense, the test-field evolution (the Klein-Gordon solutions on the Schwarzschild background fixed non dynamical background) and incorporates, as a simplified model, aspects of the back-reaction that are expected to become more important as one approaches the singularity.

B. The deep interior dynamics

We are interested in the dynamical evolution in the r 2M regime. In addition we will use the present dynamical system to model (in a suitable approximation) the back-reaction of a Hawking quantum falling into a black hole singularity. Hawking particles do not correspond to static excitations as the one we can model with the symmetry assumptions of the present section. However, as argued in Section I A, when spherically symmetric, these particles look more and more static as seen by a radially freely falling observer in the limit r → 0. This is the reason why we are interested in such regime of the present dynamical system. In the next section we will study the classical solution of the model using perturbation theory in the parameter p 2 φ /M 2 -as p 2 φ will be assumed to be much smaller to M 2 in applications-and show that the dynamics simplifies in the deep interior region. The simplification occurs due to the negligible effect of the last term in the expression of the hamiltonian (II.13): more precisely, in the deep interior region, the Hamiltonian is well approximated by

H di = - 1 r f p f + 1 16π 2 p p 2 φ f p f . (II.14)
This toy theory reflects the dynamics of the leading order in an expansion near r = 0. Order O(r) effects could be included in perturbation theory near r = 0 in which case the term we dropped would correspond to the perturbation Hamiltonian. The consistency of this truncation will be shown in Section II C.

The system we are dealing with has no gauge symmetries as the radial reparametrization symmetry has been gauged fixed with the metric ansatz (II.1) by choosing the area radius as time. In order to recover the structure of a gauge theory, with a clear analogy with the full theory of LQG, it will be convenient 'reparametrize' the system by promoting the area radius r to a degree of freedom with conjugate momentum p r and add a scalar constraint C = p r -H 2 = 0. The phase space is therefore extended to (f, p f , r, p r , φ, p φ ), and the number of degrees of freedom is preserved by the inclusion of the Hamiltonian constraint

C r = p r - 1 r f p f + p 2 φ 16π 2 p f p f ≈ 0. (II.15)
In this approximation one can show that we have the following Dirac observables 

D 1 = f p f , D 2 = f r - p 2 φ 4f p 2 f +1 , D 3 = p φ ,
C a = p a + 1 2a m + p 2 φ 16π 2 p m ≈ 0. (II.20)
The previous constraint is central in the rest of the paper. We will see that it leads to a fully controllable dynamics both at the classical as well as the quantum level. Indeed, the dynamics is exactly solvable in the vacuum case while it can be dealt with in perturbation theory for the case where the scalar field is excited. In the next section we will justify the truncation that took us from (II.13) to (II.14) (and finally to the constraint (II.20)) using perturbation theory. In Section II D we will show that the perturbative regime is consistent with the conditions that make our model applicable to the description of a spherically symmetry Hawking particle falling into a Schwarzschild black hole during evaporation.

C. Perturbative solutions in p φ /M and the dynamics in the deep interior region

Exact KS solutions with scalar fields have been studied in the past (see for instance [START_REF] Xanthopoulos | Kantowski'ÄìSachs metrics with source: A massless scalar field[END_REF]). KS coupled to scalar fields does not lead necessarily to (asymptotically flat) back hole spacetimes globally speaking. However, we will show here that solutions can be interpreted in terms of perturbations of a vacuum Schwarzschild solution in the deep interior region r 2M in the regime where p φ /M 1. We will also show that in that regime the Hamiltonian (II.13), and the equations it generates, can be well approximated by (II.14). This will lead to a simple solvable system, both at the classical and quantum levels, which can be used to model aspects of the physics of (zero angular momentum) scalar particles falling into a spherically symmetric black hole (possibly useful in view of describing aspects of Hawking radiation). We will analyze the system in first order perturbation theory in p φ /M . In order to best organise the perturbative equations we replace p 2 φ by 2 p 2 φ where is a smallness parameter. We introduce the following expansion of the relevant dynamical quantities

f (r) = f 0 (r) + 2 f 1 (r) + O( 4 ), (II.21) p f (r) = p f 0 (r) + 2 p f 1 (r) + O( 4 ) , (II.22)
and write the equations of motion for them by keeping terms up to order 2 . Starting from

ḟ = {f, H 2 } = - f (r) r + 2 p 2 φ 16π 2 p rf (r)p f (r) 2 + 2 0 r 4 4 p p f (r) 2 , ṗf = {p f , H 2 } = p f (r) r - 2 p 2 φ 16π 2 p rf (r) 2 p f (r) , (II.23)
with H 2 given in equation (II.13), one can solve the equations order by order with solutions

f 0 (r) = p 2 M 1 - 2M r , f 1 (r) = - 2 p p 2 φ 8πr 2 0 M 2 2M + (M -r) log r 2M -r , (II.24) p f 0 (r) = 0 4 2 p p M r, p f 1 (r) = - p 2 φ r 32π 0 M 2 p 3 M 2M 2M -r + log r 2M -r . (II.25)
The function h(r), is recovered from the constraint (II.10) and gives

h 0 (r) = 1 1 -2M r , h 1 (r) = - 2 p p 2 φ r log r 2M -r 8π 2 0 p 2 M M (2M -r) 2 .
(II.26)

Note that the Schwarzschild solution with mass M and conjugate momentum p M -as in (II.3)-is recovered in the leading order. Consistency of the perturbative treatment requires the ratio of first-to-leading order contributions to remain small, namely

f 1 (r) f 0 (r) = 2 p p 2 φ 32π 2 0 M 2 p 2 M log r 2 4M 2 + O r M 1, h 1 (r) h 0 (r) = 2 p p 2 φ 32π 2 0 M 2 p 2 M log r 2 4M 2 + O r M 1 (II.27)
in the regime r < M . The logarithmic behaviour of the right hand side of the previous equations is not a threat, as the classical solutions are not to be trusted for r near the Planck scale. Therefore, assuming r > p , we conclude that our analysis is consistent as long as

2 p p 2 φ 32π 2 0 M 2 p 2 M log 2 p 4M 2 1 (II.28)
which is always valid in the usual macroscopic black hole regime p /M 1. Similarly, note that the ratio of the last term in the Hamiltonian (II.13) to the leading first term is exactly h(r) which in the same regime is O( 2 p /M 2 log( p /M )) as seen from (II.26). This suggests that one can simplify the dynamics (if interested in the deep interior region r M ) and use the Hamiltonian

H di = - 1 r f p f + 1 16π 2 p p 2 φ f p f . (II.29)
This expectation is confirmed by the analysis of the Hamiltonian flow generated by H di in the relevant regime. One might be slightly uncomfortable with the UV cut-off used in devising conditions such as (II.28), after all the classical equations predict a singular evolution when r → 0 and in this limit the right hand sides of the equations (II.27) actually blows up invalidating in appearance the perturbative analysis. We will see that the quantum dynamics across the classical singularity is actually well defined. Moreover, we will also see that there are exact effective equations describing the evolution of the expectation value of semiclassical states across r = 0 as well. These equations imply that the counterpart of the right hand side of (II.27) not only does not diverge but rather tends to zero when quantum effects are included. Here we argue for the validity of the perturbation theory analysis of the previous section in the context of applications of the KS model to the quantum dynamical description of scalar field excitations falling inside a Schwarzschild black hole during Hawking evaporation. The assumptions here are: First the usual assumption that the gravitational collapse has formed a spherical black hole with mass M m p . Second, that the Hawking pairs produced by such a macroscopic black hole can be described as test field excitations on a stationary Schwarzschild geometry far away from the singularity. Finally, we restrict our attentions to spherically symmetric Hawking pairs which are the only that can be mapped to the spherically symmetric KS configurations. This is not a serious restriction given that most of the Hawking radiation is emitted in such modes [START_REF] Page | Particle Emission Rates from a Black Hole: Massless Particles from an Uncharged, Nonrotating Hole[END_REF].

The stationarity of the background implies that the (test field) current j a ≡ T ab ξ b is conserved, where ξ a is the stationarity Killing field that in the adapted coordinates that we use here is simply given by ξ = ∂ t and T ab is the energy momentum tensor of the scalar field 1 . Conservation of energy leads to the expectation that when a Hawking particle is detected at I + with a given energy E = ω (which coincides with the associated Killing conserved quantity), a Hawking partner with (Killing) energy -ω falls into the black hole singularity reducing the mass of the black hole by ω. A more precise field theoretical expression of this is that the flux of the (expectation value of) the energymomentum current j a at infinity in the state of the field after the detection of the particle at I + equals minus the flux of the same current on (for instance) a constant r < 2M hyper-surface Σ r . Namely, Σr j a n a dV (3) = -ω.

(II.30)

Using our coordinates to write explicitly the integrand in the left hand side while pushing Σ r to the region where comparison with the KS regime is possible (a constant r such that r 2M ) we get

8πM 0 0 T r0 (t, r)rdt = 8πM 0 0 ∂ t φ∂ r φrdt = ωp 2 φ 16πM 0 log(r) + O(1) = -ω, (II.31)
where the right hand side of the last equality comes from the evaluation of the energy flux of a Hawking particle, while in the evaluation of the left hand side we used that for r 2M (see for instance (I.11)) the scalar field behaves like

φ = Re e -iωt φ 0 - p φ 8πM 0 log(r) + O r M = cos(ωt) φ R 0 - p R φ 8πM 0 log(r) + sin(ωt) φ I 0 - p I φ 8πM 0 log(r) + O r M . (II.32)
The result in (II.31) follows also from the assumption that 0 > ω -1 ≈ M . By pushing the integral to its largest possible value when r → p , we conclude that energy conservation (encoded in (II.31)) implies the bound

p 2 φ 16πM 2 log p M < 1, (II.33)
which is consistent with the condition for the validity of perturbation theory (II.27). We see that the physical context provided by the problem of Hawking evaporation precisely justifies the simplifying assumptions that led to (II.20). Notice also that the fiducial length scale 0 acquires in such a physical situation an operational meaning as well.

A generalization of the analysis of the present Sections II to a wider class of close to stationary black holes is certainly very appealing. Even though it is clear that the tools employed here would not apply to black hole spacetimes with 1 The Hawking effect is a quantum process and the relavant state describing it is a quantum state that corresponds to the vacuum in the far past idealized by I -. Such state can be viewed in the interior as a superposition of particles. Actual particles appear inside in the hypothetical situation of the detection of a partner at I + which, according to the standard interpretation of quantum mechanics, will produce a collapse of the vacuum to a new state containing an actual particle falling into the black hole. The situation after such collapse is the semiclassical situation that we model here with our classical language. A precise description of such a situation in quantum terms is a question that can only be addressed in a full theory of quantum gravity. We argue here that our little solvable model goes a humble little step into that direction. .

angular momentum (due to the breaking of spherical symmetry), one could entertain the possibility of including an electric charge without leaving the general framework of this work. However, such an apparently simple extension will reserve challenging new aspects. The first new feature is that the singularity becomes timelike in the unperturbed black hole. However, when a scalar field perturbation is added its back reaction is expected to produce the phenomenon of mass inflation [START_REF] Poisson | Internal structure of black holes[END_REF] near the Cauchy horizon of the unperturbed background. This completely changes the global features of a realistic charged black hole interior in a way that would seem to preclude the applicability of the present methods. More precisely, if we use the Reissner-Nordstrom background black hole geometry as a basis for the present discussion-noting that the presence of mass inflation already implies that strong deviations from the Reissner-Nordstrom interior solution are to be expected-the true would-be-singularity should materialize near the location of the Cauchy horizon. However, close to the Cauchy horizon scalar field modes with frequency ω are expected to be infinitely blue shifted precluding the type of approximation available in the present case. This makes such exploration highly non-trivial even when certainly interesting.

III. A NATURAL POLYMER QUANTIZATION OF THE DEEP INTERIOR DYNAMICS

In previous sections we have shown that the Hamiltonian constraint (II.20) describes the deep interior dynamics of scalar excitations without angular momentum falling into a macroscopic Schwarzschild black hole. The approximations used are based on assumptions that are satisfied by the (spherically symmetric) Hawking excitations produced during black hole evaporation. Thus, the simplified dynamics in the deep interior region, which will turn out to be analytically solvable (both at the quantum and classical level), offers a toy scenario to analyze key questions of black hole evaporation in a controlled scenario. We will show in this section that there is natural polymer quantization of the deep interior dynamics with remarkable simple properties such as: (like in the full theory of LQG) the discreteness of the area of constant area surfaces, a well defined quantum dynamics across the singularity, an effective classical description, and a direct (to our knowledge novel) link with the continuum representation. The polymer quantization we propose does not suffer from the usual ambiguities associated to the so-called holonomy corrections [START_REF] Amadei | The landscape of polymer quantum cosmology[END_REF] as the Hamiltonian constraint evolution has (in our simple model) a clear-cut geometric interpretation that allows for a unique polymerization that is compatible with the continuum limit (defined by the Schroedinger representation). This special geometric property arises from the fact that the Hamiltonian constraint is linear in the momentum conjugate to the area of the spheres whose spectrum is discrete in our polymer representation. Ambiguities remain in the form of the so-called inverse volume corrections which are necessary if one defines the quantum dynamics across the singularity. where we have chosen the momentum representation for the scalar field for convenience (as p φ is one of the constants of motion of the system). Eigenstates of the a operator are interpreted as distributions (they are not in the Hilbert space) and one usually writes

a |a = a |a (III.2)
with a ∈ R and form an orthonormal basis a, a = δ(a, a ).

(III.3)
The dynamics is imposed by solving the Hamiltonian constraint (II.20) which, in the present representation, takes the precise form of a Schrodinger equation in the area variable a, namely

-i ∂ ∂a + 1 2a m + p 2 φ 16π 2 p m ψ(m, p φ , a) = 0. (III.4)
As usual, solutions of the constraint are certainly not square integrable in the a-direction, thus physical states are outside of the kinematical Hilbert. The physical Hilbert space is defined as the space of square integrable functions of m and p φ at fixed time a-H phys = L 2 (R 2 )-with inner product which is preserved, i.e. it is independent of a, by the Schrodinger equation (evolution is unitary in a). Two important remarks are in order: First note that we are formulating in detail the dynamics of the system in the near singularity approximation. The physical reason for this is that (as argued previously) it is only in this approximation that the system can be compared with a (spherically symmetric) black hole with spherically symmetric excitations falling inside. A side gain is also the simplification of the dynamics which will allow us for a simpler quantization and the analysis of the possibility of a well defined dynamics across the singularity when we undergo the LQG inspired quantization. One could however consider the quantization of the minisuperspace system without the near singularity approximation. In that case one would need to write a Schroedinger equation using the Hamiltonian (II.13), now genuinely time-dependent (r-dependent), for which unitary evolution would involve path ordered exponentials (as the Hamiltonian does not commute with itself at different r values). In addition one would need to work with either r, f, p r , p f variables or a, f, p a , p f variables without the luxury of the simplifications introduced by the use of the near singularity variables (II.17).

B. The polymer quantization

We define now a representation of the phase space variables that incorporates a key feature of the full theory of LQG: the area quantization. Such representation closely mimics the structure of the quantum theory in the fundamental theory in such a way that the area variable a acquires a discrete spectrum. Mathematically, this is achieved by replacing the L 2 structure of the inner product in the variable p a by the inner product of the Bohr compactification of the p a phase space dimension. More precisely one substitutes the kinematical inner product in the Schroedinger representation (III.1) by

ψ 1 , ψ 2 = lim ∆→+∞ 1 2∆ +∆ -∆ +∞ -∞ ψ 1 (m, p φ , p a )ψ 2 (m, p φ , p a )dmdp φ dp a . (III.6)
With this inner product, periodic functions of p a with arbitrary period are normalizable and the conjugate arepresentation acquires the property of discreteness in a way that closely mimics the structure of the fundamental theory of loop quantum gravity [START_REF] Ashtekar | Loop Quantum Cosmology: A Status Report[END_REF]. In particular eigenstates of a exist

a |a = a |a (III.7)
with a ∈ R. These state form an orthonormal basis with inner product a, a = δ a,a , (III.8) in contrast with (III.3). Discreteness of the spectrum of a comes at the prize of changing the kinematical Hilbert space structure in a way that precludes the infinitesimal translation operator p a to exist. Instead only finite translations (quasi periodic functions of p a ) can be represented as unitary operators in the polymer Hilbert space. Their action on the a-basis is given by e iλpa ψ(m, p φ , a) = ψ(m, p φ , a + λ p ).

(III.9)

Eigenstates of the finite translations (or shift operators) exist and are given by wave functions supported on discrete a-lattices. Namely,

ψ k, (a) ≡ exp(ika) if a ∈ Γ ,λ ≡ {( + nλ) 2 p ∈ R} n∈Z 0 otherwise (III.10)
where the parameter ∈ [0, λ) ∈ R. The discrete lattices denoted Γ ,λ are the analog of the spin-network graphs in LQG with the values of a on lattice sites the analog of the corresponding spin labels. With all this one has (using (III.9)) that e iλpa ψ k, (a) = e iλk ψ k, (a).

(III.11)

Note that, unlike the Schroedinger representation where the eigen-space of the momentum operator is one dimensional, the eigen-spaces of the translation operator (labelled by the eigenvalue e iλk ) are infinite dimensional and non separable. This is explicit from the independence of the eigen-values of the continuous parameter ∈ [0, λ) labelling eigenstates. Such huge added degeneracy in the spectrum of the shift operators is a general feature of the polymer representation. We will show that this degeneracy can show up in Dirac observables of central physical importance such as the mass operator in Section III G.

C. Quantum dynamics

The dynamics is dictated by the quantization and imposition of the constraint (II.20). As the operator corresponding to p a does not exist in our kinematical Hilbert space we introduce a polymerized version. Traditionally, this is achieved by replacing the infinitesimal translation operator λ p a -→ traditional sin λp a .

(III.12)

The rule consists of making some 'minimal' substitution of p a by a periodic regularization satisfying that in the limit λ → 0 the functional choice will approximate the original function. Such rule is intrinsically ambiguous and, it opens in general the door for an infinite set of possibilities. Such choices are to be interpreted as quantization ambiguities of the Hamiltonian constraint with potential quantitative dynamical consequences (for a general discussion see [START_REF] Perez | On the regularization ambiguities in loop quantum gravity[END_REF]). Dynamical implications of these ambiguities can be analysed in detail in simple models of quantum cosmology [START_REF] Amadei | The landscape of polymer quantum cosmology[END_REF] and black holes [START_REF] Münch | Generic features of a polymer quantum black hole[END_REF].

In the full theory a new perspective on the regularization issue has been introduced motivated by the novel mathematical notion of generalized gauge covariant Lie derivatives [START_REF] Ashtekar | Gravitational Dynamics-A Novel Shift in the Hamiltonian Paradigm[END_REF] and their geometric interpretation allowing for the introduction of a natural regularization (and subsequent) anomaly free quantization of the Hamiltonian constraint [START_REF] Varadarajan | Anomaly free quantum dynamics for Euclidean LQG[END_REF]. Even when the procedure does not eliminate all ambiguities of quantization (choices are available in the part of the quantum constraint responsible for propagation [START_REF] Varadarajan | public and private discussion during LOOPs 22 conference[END_REF]), the new technique reduces drastically some of them in the part of the Hamiltonian that is more stringently constrained by the quantum algebra of surface deformations.

What we want to emphasize here is that the analogous procedure in the case of our symmetry reduced Hamiltoinian has a similar effect. Indeed, because our classical Hamiltonian constraint is linear in the variable p a (whose associated Hamiltonian vector field has a crystal-clear geometric interpretation of infinitesimal translations in a), one has an unambiguous choice of quantization: the obvious choice to replace infinitesimal translations (which do not exist in the polymer representation) by finite translations or shifts. From this geometric perspective the right polymerization is the regularization that make the replacement λ p a -→ e iλpa .

(III. [START_REF] Modesto | Disappearance of black hole singularity in quantum gravity[END_REF] In other words the differential time evolution in the Schrodinger equation must be represented in the polymer Hilbert space by a finite translation with a polymerization scale λ. However, as such an action is associated with a clear geometric meaning, the geometric compatibility with the Schrodinger equation can be preserved if the second term in the classical Hamiltonian (II.20) is exponentiated too in order to produce the well known unitary evolution operator that produces finite area evolution. Disregarding for the moment quantum corrections that will have to be included near the a = 0 region (see Section III E), the quantum constraint is taken to be whose action is well defined in the polymer representation and whose solutions are easily found (by acting on the left with m, p φ , a|) to be wave functions satisfying the discrete dynamics given by

ψ(m, p φ , a + λ 2 p ) = e i 2 log a+λ 2 p a m+ p 2 φ 16π 2 p m ψ(m, p φ , a). (III.15)
The physical Hilbert space is defined via the usual inner product at fixed (discrete) time a via

ψ 1 (a), ψ 2 (a) phys = +∞ -∞ +∞ -∞ ψ 1 (m, p φ , a)ψ 2 (m, p φ , a)dmdp φ , (III.16) 
which independent of the lattice sites as required (a property that we could identify with the intrinsic unitarity of the quantum constraint kernel). More precisely the physical inner product is a constant of the quantum motion associated to the full history represented by the lattice Γ ,λ as implied by unitarity. Explicitly one has

ψ 1 (a), ψ 2 (a) phys = ψ 1 (a + λ), ψ 2 (a + λ) phys ∀ a ∈ Γ ,λ . (III.17)
Ambiguities of regularization that are usually associated with the polymerization procedure are thus completely absent in this model. The reason is the linear dependence of the Hamiltonian constraint in the polymerized variable which allows for a regularization fixed by the geometric interpretation of the classical Hamiltonian vector field associated to the corresponding variable. However, ambiguities remain when one studies the evolution across the would-besingularity of the Kantowski-Sachs model at a = 0. We will study this in the next section. Now we would like to concentrate on the evolution when we are away from the a = 0. In such regime the one step evolution (III.15) can be composed to produce the arbitrary initial to final area evolution

ψ(m, p φ , + nλ) = + nλ + qλ im 2 1+ p 2 φ 16π 2 p m 2 ψ(m, p φ , + qλ), (III.18) 
for arbitrary integers n, q > 1. Evolving across the a = 0 point will be discussed later.

D. The continuum versus the polymer dynamics

The polymer dynamics that arises from the geometric action of the quantum constraint (III.14) enjoys of the appealing feature of being closely related to the dynamics that one would obtain in the continuum Schroedinger representation. This statement can be made precise as follows: any solution of the Schroedinger equation (III.4) induces on any given lattice Γ ,λ a solution of (III.14). Conversely, physical states of the polymer theory represent a discrete sampling of the continuum solutions of (III.4). However, the Schroedinger evolution is ill defined at the singularity a = 0 due to the divergence of the 1/a factor in front of the second term of (III.4). The polymer representation allows for a well defined evolution across the singularity thanks to the deviations from the 1/a behaviour introduced by the analog of the 'inverse-volume' corrections (see next section). Nevertheless, with the appropriate modification of the 1/a factor in the Schroedinger equation the correspondence between the discrete and continuum continues to hold.

E. Quantum evolution across the classical singularity

Quantum evolution in a for all values of a including the singularity is dictated by the quantum corrected version of the constraint (III.14) given by

ψ(m, p φ , a) = e i 2 a a 0 [ 1 a ] q da m+ p 2 φ 16π 2 p m ψ(m, p φ , a 0 ) (III.19) = e i 2 [τ (a)-τ (a0)] m+ p 2 φ 16π 2 p m ψ(m, p φ , a 0 ), (III.20) 
where

1 a q (III.21)
denotes the quantum corrected expression for the operator a -1 (the analog of inverse volume correction in cosmology) that can be implemented in various ways due to inherent ambiguities associated to the polymer quantization. In general this will give deviations of the a -1 behaviour in the region a ∼ 2 p . This modifies the integral of a -1 in a way charaterized by the (to a large extend arbitrary [START_REF] Amadei | The landscape of polymer quantum cosmology[END_REF]) function τ (a) introduced in the second line. One, among the many possibilities, is the one that follows from the so-called Thiemann's trick whose most elementary form is (see [START_REF] Ashtekar | Loop Quantum Cosmology: A Status Report[END_REF] for its application in cosmology, see [START_REF] Amadei | The landscape of polymer quantum cosmology[END_REF] for a discussion of the multiplicity of variants)

1 a Thm ≡ sign(a)   |a + 2 p | -|a -2 p | 2 p   2 = 1 a + O a -3 . (III.22)
Integration leads to the following τ (a) function in (III. [START_REF] Gambini | Quantum shells in a quantum space-time[END_REF])

τ (a) =    |a| |a| -|a| 2 -1 + log |a| 2 -1 + |a| -π 2 + 1 1 ≤ |a| -|a| 1 -|a| 2 -2 -sin -1 (|a|) |a| ≤ 1 , (III.23)
whose graph is presented in Figure 3. The classical theory does not fix the evolution uniquely in this high curvature regime where quantum geometry effects cannot be neglected. Quantum geometry effects regularize the dynamics near the a = 0 singularity; one way of seeing this is that the factor log(a) in the quantum evolution away from the singularity in (III.14) receives inverse volume quantum geometry corrections. As discussed in [START_REF] Amadei | The landscape of polymer quantum cosmology[END_REF] these corrections are ambiguous (as fact that should not be surprising given the expectation that the classical theory cannot guide us all the way to the deep UV in QFT). Instead of proposing one particular UV extension, as in the example shown where Thiemann regularization was used, one might simply keep all possibilities open and assume that the corresponding operator is regularized in the relevant region by some arbitrary function log(a) → τ (a). In regions where τ (a) = log(a) the quantum evolution leads to semiclassical equations that match exactly Einstein's equations in the KS sector (more details in Section III F) In the p m representation the previous equation simply reads

ψ(p m , a) = ψ(p m + τ (a) -τ (a 0 ) 2 , a 0 ), (III.25) 
i.e., a simple translation in momentum space. Such dynamical evolution in a implies in an obvious manner that semiclassical states peaked at classical values (m, p m ) at area a 0 with some given fluctuations will be simply evolved into the translated state with the very same fluctuation properties peaked at (m, p m + (τ (a) -τ (a 0 ))/2) at area a. This is a remarkable property of the quantum system: independently of the quantum gravity effects encoded in the precise form of τ (a), expectation values satisfy well defined effective dynamical equations which are exact (not an approximation), and semiclassical states are not spread by the dynamical evolution (as in the simple case of the harmonic oscillator). Notice that the validity of effective dynamical equations in the context of black hole models have remained a conjecture in other formulations [START_REF] Ashtekar | Quantum extension of the Kruskal spacetime[END_REF].

In regions where τ (a) = log a the previous evolution gives p m (a) = log(r) + p m (a 0 ), m(a) = m(a 0 ). (III.26)

From the definitions (II.17 Such solutions can also be obtained from the Hamiltonian constraint given that one replaces the operator a -1 by its quantum regularization (effective equations are in this sense exact). The metric for all values of |a| M 2 but otherwise arbitrary becomes

ds 2 = exp -p m (a 0 ) - 1 2 (τ (a) -τ (a 0 )) dt 2 - 2 0 (4 p ) 4 π 2 da 2 m(a 0 ) 2 + a 4π dΩ 2 . (III.30)
Since the Thiemann regularization produces a τ (a) ∼ a 2 ∼ r 4 near a = 0 we see that the previous metric is just given by a two dimensional Minkowski metric fibrated with two dimensional sphere with time dependent radius r. The shrinking of the spheres leads to a singularity at a = 0 where the spheres collapse and the spacetime geometry (as described by the effective line element) becomes a two dimensional flat one at the singularity in the a-t plane. Despite the singular nature of the effective metric the fundamental quantum evolution is well defined across the singularity.

In the presence of matter the situation is a bit more involved due to the factor p φ /m appearing in matter contribution to the Hamiltonian constraint (III.14). However, in the spirit of applying this analysis to macroscopic black holes and modelling the dynamics of a weak scalar excitation (a Hawking particle) falling into the singularity, it is natural to focus on semiclassical states (Gaussian) peaked on values such that m p φ with fluctuations σ m m. As in the vacuum case m = m 0 , i.e., m is a constant of motion as well as its spread σ m . The dynamics of the conjugate variable (the mean value p m of the variable p m ) can be evaluated using stationary phase methods and the result is

p m (a) = p m (a 0 ) + 1 2 (τ (a) -τ (a 0 )) 1 + p 2 φ m(a 0 ) 2 1 + 3 4 σ 2 m m(a 0 ) 2 + O σ 3 m m(a 0 ) 3 , (III.31)
which can be seen to correspond to the classical solutions found in Section II C. Notice that, as expected from the form of the matter coupling, there are here quantum corrections characterized by terms proportional to σ 2 m /m(a 0 ) 2 . The spread in the variable p m is not time independent if we take into account higher order corrections, namely

σ 2 pm (a) = 1 σ 2 m + σ 2 m p 4 φ 4m(a 0 ) 4 (τ (a) -τ (a 0 )) 2 . (III.32)
The previous equations are derived assuming that the scalar field is in an eigenstate of the momentum p φ . This is an idealization that simplifies the analysis of the dynamical evolution of the geometry. Similarly, if we assume that the geometry state was in an eigenstate of m then we can easily analyze the dynamics of the scalar field assuming that it is initially in a gaussian semiclassical state picked about p φ (a 0 ) and φ(a 0 ). In accordance with the classical solutions we get One way to quickly derive these equations by inspection is to realize that the Hamiltonian constraint (II.20) is that of a non relativistic point particle with mass proportional to our geometric variable m evolving in dτ = [1/a] q da. Note that (III.31) implies that the back-reaction of the scalar field enters only through a simple modification of the exponential conformal factor in front of the 2-metric in the a-t 'plane' in equation (III.30). Unlike the geometry degrees of freedom, the fluctuations in the scalar field grow as one approaches the would-besingularity: for a given geometry semiclassical state picked around the mass M , the spread of the scalar field σ φ in an initially eigenstate of φ at area a grows to a maximum value close to the would-be-singularity such that

M σ φ < M log a/ 2 p 16π 0 , σ p φ < 16πM 0 log a/ 2 p (III.34)
which are small in the interior if we take 0 M as expected from appearance of 0 in the fundamental commutation relations [START_REF] Rovelli | Why are the effective equations of loop quantum cosmology so accurate?[END_REF]. Note that, if we take into account inverse volume corrections of the type suggested by LQG (see Figure 3), the scalar field reaches a critical point at a = 0 where its area velocity vanishes.

G. The mass operator (in the vacuum case)

In this section we concentrate in the vacuum case for simplicity as the mass can be directly read off the form of the metric in this case via a simple comparison with the classical Schwarzschild solution. In this case the result is

M = 2 √ 4π 4 p 2 0 √ a m 2 e pm . (III.35)
where we used the vacuum solution (II.3) (in its r M approximation) and (II.17 where the sum runs over the discrete lattice Γ ,λ defined in (III.10) when introducing the dynamical constraint (III.14). This differential eigenvalue equation is solved by 

φ M (p m , a) ≡ p m , a| M = 2 √ M α(a) e -pm/2 J 1 2 M α ( 
e i 2 (τ (a2)-τ (a1))m φ M (p m , a 1 ) = φ M p m + 1 2 (τ (a 2 ) -τ (a 1 )), a 0 = φ M (p, a 2 ) . (III.42)
When supported on the same lattice, one can show that they satisfy the orthogonality relation

M |M phys = δ(M, M ), (III.43)
where the inner product is computed with the physical inner product (III.16). Thus the spectrum of the mass operator is continuous. It was argued in the context of the full LQG theory in [START_REF] Perez | A dialog on the fate of information in black hole evaporation[END_REF][START_REF] Perez | No firewalls in quantum gravity: the role of discreteness of quantum geometry in resolving the information loss paradox[END_REF][START_REF] Amadei | Unitarity and information in quantum gravity: a simple example[END_REF] that the eigenspaces of the mass should be infinite degenerate due to the underlying discrete structure of the fundamental theory and the existence of defects that would not be registered in the ADM mass operator. Interestingly, the conjectured property is illustrated explicitly in our simple toy model as the eigenvectors (III.39) for a given eigenvalue M there are infinitely many and labelled by a continuum parameter. More precisely they are associated with wave functions of the form (III. where δ , is the Kronecker delta symbol. The existence of such a large degeneracy is a generic feature of the polymer representation. Even when this is a toy model of quantum gravity, this feature is likely to reflect a basic property of the representation of the algebra of observables in the full LQG context. Here we are showing that the mass operator is hugely degenerate suggesting that the usual assumption of the uniqueness of the vacuum in background dependent treatments of quantum field theory might fail in a full loop quantum gravity context. Alternative factor orderings of the quantum operator M could be treated similarly (some simple choices lead to slightly different eigenvectors written also in terms of Bessel functions). Such an ambiguity is not relevant for our purposes (and it does not change the key fact that the spectrum of M is infinitely degenerate) as the aim of the model is not to construct any quantitative physical prediction but rather to use it as a toy model to investigate possibly sufficiently generic features that could actually survive in the full theory. The large degeneracy of the mass spectrum is, in our view, an interesting example of one such feature.

IV. DISCUSSION

We have shown that test field solutions of the Klein-Gordon equation with zero angular momentum behave like solutions of the KS symmetry reduced model in the deep interior region r M defined in terms of the background Schwarzschild spacetime. This implies that, spherically symmetric scalar matter falling into a spherical black hole can be modelled by the KS solutions near the singularity. Despite the expected limitations of symmetry reduced models in capturing the full physics in the UV regime, the model includes back-reaction of the scalar matter. Focusing in the deep interior region and using perturbation theory in p φ /M we show that it is possible to interpret the solutions of KS with matter as Schwarzschild solutions with matter excitations falling towards the r = 0 singularity (this interpretation is not global but it shown to be correct in the deep interior region). The Hamiltonian dynamics simplifies considerably in that regime becoming tractable both at the classical as well as the quantum level. Perturbation theory applies (we have shown) to the situation involving Hawking particles falling into the singularity.

In close analogy to LQG, we define a quantization of the system describing the deep interior region where the area of the r =constant spheres has a discrete spectrum. This leads to the polymer representation of the area of the orbits of the rotation group and its conjugate momentum that allows for a well defined quantum evolution across the singularity if one introduces customary 'inverse-volume' corrections to the quantum scalar constraint. The Hamiltonian constraint admits a simple geometric interpretation in the to-be-polymerized sector due to the linearity of the Hamiltonian constraint in the momentum variable conjugated to the area of the r =constant spheres. The geometric nature of the action of the classical constraint allows for the introduction of a unique polymerization prescription respecting this action at the quantum level. This reduces the ambiguity usually associated to the procedure of quantization of the dynamical constraints for reasons that resonate with the ones that lead to similar advantages in the full theory [START_REF] Ashtekar | Gravitational Dynamics-A Novel Shift in the Hamiltonian Paradigm[END_REF]. Remarkably, the dynamics is exactly solvable at the quantum level. In the vacuum case, the mass operator is a Dirac observable that we quantize and whose spectrum is given explicitly. Semiclassical states dynamics leads to effective evolution equations that can be characterized exactly in the vacuum case and using suitable stationary phase approximations in the case where matter is present. These effective equations coincide with Einsteins equations in regions where the inverse volume corrections can be neglected.

An important formal aspect of the model is that it presents a concrete example of violation of the 'unicity of the vacuum' assumption that permeates discussions of Hawking's information puzzle for over 40 years. In loop quantum gravity the discrete structure of the theory at the Planck scale suggests that a given (macroscopic) ADM mass configuration need not correspond to a unique quantum state. High degeneracy due to the contribution of microscopic degrees of freedom is expected but hard to prove at the present stage. This leads to a certain degree of disagreement on the status of such statements in the field at large. Although, a key instance where such degeneracy is accepted with little controversy is in the loop quantum gravity models designed to calculate black hole entropy (for reviews and references see [START_REF] Barbero | Quantum Geometry and Black Holes[END_REF][START_REF] Perez | Black Holes in Loop Quantum Gravity[END_REF]) where the statistical origin of the entropy lies precisely in the large multiplicity of underlying microscopic states. Our simple model might still be too simple to represent definite evidence in this direction. Nevertheless, the results of Section III G do provide a toy model to eventually study the implications of the large degeneracy of the mass spectrum in discussion of the fate of information in black hole evaporation.

The model we introduce here is simple and workable, we hope it could provide potentially useful insights in dealing with qualitative questions concerning black hole evaporation. The investigation of these interesting possibilities is left for the future.
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 2 Figure 2: Hawking pairs produced in a black hole spacetime with M mp are described as test field excitations on a background spacetime that is idealized by a stationary black hole solution in the region of the Penrose diagram away from the collapsing matter and containing i+. Stationarity implies the existence of a conserved energy-momentum current used, in this paper, to relate the value of p φ in the KS model to the frequency of the emitted particle at I + and (via Hawking temperature) to the black hole mass M ..
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 1 Sketch of the Schrodinger quantization In the standard Schrodinger representation one would quantize the phase space of Section II A by promoting the variables a, m, p a , p m to self adjoint operators m ψ(m, p φ , a) = mψ(m, p φ , a), p m ψ(m, p φ , a) = -i∂ m ψ(m, p φ , a), a ψ(m, p φ , a) = aψ(m, p φ , a), p a ψ(m, p φ , a) = -i∂ a ψ(m, p φ , a), p φ ψ(m, p φ , a) = p φ ψ(m, p φ , a), φ ψ(m, p φ , a) = i∂ φ ψ(m, p φ , a), in the kinematical Hilbert space is H S = L 2 (R 3 ), equipped with the usual inner product ψ 1 , ψ 2 = (m, p φ , a)ψ 2 (m, p φ , a)dmdp φ da, (III.1)
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F.Figure 3 :

 3 Figure 3: The dynamics across the singularity is regular due to inverse volume corrections. In this picture we show the function τ (a), defining the dynamical evolution across the singularity, in the case of Thiemann's regularization of the inverse-areaoperator..
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 042228 ) we have that f p f = m(a) and f = -exp[-p m (a)]. The constraint (II.12), gives us h(r) and the metric becomes ds 2 = e -pm(a) dt 2 -2 -pm(a) m(a) 2 da 2 III.27) which corresponds to the Schrwarzschild solution with the two Dirac observables M and p M given in terms of the initial conditions by When quantum inverse volume corrections are taken into account then the quantum evolution is perfectly well defined across the classical singularity. The evolution of the mean values of a semiclassical state is also well defined and given by p m (a) = p m (a 0 ) + 1 2 (τ (a) -τ (a 0 )), m(a) = m(a 0 ). (III.29)

p

  φ (a) = p φ (a 0 ) φ(a) = φ(a 0 ) + (τ (a) -τ (a 0 )) p φ (a 0

4 p /( 2 0√ 2 m+

 422 ). It is easy to verify that the previous is indeed a Dirac observable by showing that it commutes with Hamiltonian constraint (II.20). Its non linear dependence on the basic variables anticipates factor ordering ambiguities when it comes to promoting the mass to a quantum operator. Here we focus on the choiceM = α( a)me pm m , (III.36) where α(a) ≡ 2 √ 4π a). The eigenstates equation M |φ M = M |φ M , (III.37) turns into the differential equation α(a)e pm ∂φ M (p m , a) ∂p m + α(a)e pm ∂ 2 φ M (p m , a) ∂p M φ M (p m , a) = 0, (III.38) if we expand the eigenstate in the p m , a basis, namely |M = a∈Γ ,λ φ M (p m , a)|p m |a dp m , (III.39)

2 (

 2 a) e -pm/2 , (III.40) where J 1 is a Bessel function. One can explicitly verify that the quantum dynamics (III.14) preserves the eigenstates by explicitly showing that the evolution between arbitrary lattice points a 1 , a 2 ∈ Γ λ, sends the wave function of the eigenstate at the a 1 lattice point to the a 2 lattice point (as expected for a Dirac observable); or equivalently, the eigenstates of the mass are physical states solving (III.14). Explicitly, e i log(a2)-log(a1))m φ M (p m , a 1 ) = φ M p m + 1 2 (log(a 2 ) -log(a 1 )), a 0 = φ M (p, a 2 ) . (III.41) Now the evolution across a = 0 requires inverse volume corrections which modifies the previous dynamical law by replacing log(a) → τ (a). The mass Dirac observable still exists once inverse volume corrections are turned on. It corresponds to the modification of (III.36) via the substitution a → exp( τ (a)). Eigenstates are also obtained by the same substitution in (III.40) and satisfy the expected Dirac observable condition (which now holds for lattice points at different sides across the singularity)

  40) supported on lattices with different values of . Thus eigenstates of the mass should then be denoted |M, with orthogonality relation M, |M , phys = δ(M, M )δ , , (III.44)
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