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On the largest prime factor of quartic
polynomial values: the cyclic and dihedral cases

Cécile Dartyge and James Maynard

Abstract

Let P(X) € Z[X] be an irreducible, monic, quartic polynomial with
cyclic or dihedral Galois group. We prove that there exists a constant
cp > 0 such that for a positive proportion of integers n, P(n) has a prime
factor > nlter.
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1 Introduction

Let P(X) € Z[X] be an irreducible degree polynomial with d > 2. As-
suming that there is no local obstruction, it is widely believed [I7] that
P should take on infinitely many prime values, but unfortunately this
conjecture remains completely open for all non-linear polynomials P.

As an approximation to this problem, one can look for integers n for
which P(n) has a large prime factor. For general polynomials P, the
best known bound is due to Tenenbaum [I8], who shows that there are
infinitely many integers n such that P(n) has a prime factor of size at
least nexp((logn)®) for any a < 2 —log4. When the degree of P is 5 or
more, this is the best known result, but for some low degree polynomials,
one can produce bounds which are much stronger.

Hooley [9] proved the first result of this kind, showing that the largest
prime factor P (n? + 1) of n? + 1 satisfies Pt (n? 4 1) > n''/*0 infinitely
often. The exponent 11/10 has been improved by Deshouillers and Iwaniec
[5], next by La Bretéche and Drappeau [2] and the current record due to
Merikoski [I5] is that P (n? + 1) > n'-2™ infinitely often. Heath-Brown
[8] showed that P+ (n®+2) > 107 infinitely often. Irving [10] proved
fifteen years later that exponent 1+ 1073% can be replaced by 1+ 10752,
It seems plausible that the underlying methods could be adapted to more
general degree 2 or degree 3 polynomials.

For degree 4 polynomials, results can currently only be obtained when
the Galois group G of P(X) takes a simple form. When P(X) = X*— X2+
1, the twelfth cyclotomic polynomial, Dartyge [4] proved that there are
infinitely many n such that P*(n*—n?41) > n' 107 1 Bretoche [
generalised this result to quartic irreducible even monic polynomials with
Galois group isomorphic to the Klein group V := Z/2Z x Z/2Z. For such



polynomials P, he proved that there exists cp > 0 such that P (P(n)) >
nteP for a positive proportion of integers n. It seems plausible that the
methods of [I] and [4] may be adapted for some more general quartic
polynomials, but the condition that the Galois group is V' is crucial to the
method.

In this work we obtain results for irreducible quartic polynomials with
Galois group isomorphic to the cyclic group Cy := Z/4Z or the dihedral
group Dy = Z/27Z x Z/AZ. Our method doesn’t work for polynomials
with Galois group A4 or S4 which are the most frequent Galois groups for
quartic irreducible polynomials. However, the fifth cyclotomic polynomial
O5(X) = X*+ X3+ X2+ X 41, X* —5X% 45 X* 4+ 13X + 39 are
examples of polynomials with cyclic Galois group and X*+2, X4 43X 43,
X* —5X? + 3 are polynomials with Galois group Da4. (cf. [3] for other
examples of quartic polynomials with dihedral or cyclic Galois group).

Theorem 1.1. Let P(X) be a monic quartic irreducible polynomial with
Galois group Ca or Ds. Then there exists a constant cp > 0 such that for
x > zo(P), we have

Hz <n < 2z: PY(P(n) >z TP} >z

The key new technical innovation behind our proof of Theorem [I1]is
to incorporate ‘Type II’ or ‘bilinear’ information into the method of de-
tecting large prime factors; previous approaches had relied solely on ‘Type
I’ information. This Type II information allows us to handle polynomi-
als with Galois groups C4 or D4 which were out of reach of the Type I
approach. In principle one could hope to handle the remaining possibil-
ities A4 or Sy to cover all Galois groups by a similar procedure, but we
do not know how to handle the relevant Type II estimates in this case,
and so our paper is limited to C4 and Ds. Following the approaches of
Heath-Brown [§], Dartyge [4] and La Bretéche [I], the key to obtaining
estimates like Theorem [[[T] is showing that a certain multivariate poly-
nomial ¢ associated to P(X) has a convenient prime factorisation for a
positive proportion of its values.

For quartic P(X), this associated polynomial ¢ = ¢(a1,a2,a3) is a
ternary sextic form. If P has a Galois group V, then ¢(ai,a2,a3) =
qi(a1,az2,a3)q2(a1,az,as)qs(a1, az,as) is a product of 3 ternary quadratic
forms, and the methods of [4] and [I] could then produce many suitable
prime factorisations by showing equidistribution of ¢; and g2 in suitable
arithmetic progressionsEl. (This is why we refer to their methods as ‘Type
I’ methods.) When P has a larger Galois group, then the form ¢(a1, a2, as)
is the product of a quartic and a quadratic (if G = Cy4 or D4) or is an
irreducible sextic (if G = A4 or S4). Unfortunately one cannot obtain
a suitable factorisation by just considering analogous equidistribution in
arithmetic progressions in these cases, since one would need to work with
moduli which are too large for equidistribution to occur.

We find that if G = C4 or D4, the ternary quartic factor of ¢ has
the additional algebraic structure of being an ‘incomplete norm form’.

1Similarly, in the work of Heath-Brown [8] dealing with cubic P(X), the associated form
q is a binary cubic, and it suffices to just obtain distribution estimates for ¢ in arithmetic
progressions



Maynard [14] produced various Type II estimates which were used to
count prime values of incomplete norm forms. By adapting the ideas
underlying these estimates to our situation we are able to show that ¢ has
a convenient prime factorisation for a positive proportion of its values.
This part corresponds to Theorem [£.1] announced in Section [4

Combining this result with the previous machinery (suitably gener-
alised to our situation) then yields Theorem [I.T]

1.1 Outline of the proof of Theorem [1.1]

The proof of Theorem [Tl takes three key steps. Step 1 is an argument due
to Heath-Brown [§] (see also [6]), which reduces the problem to showing
the existence of many integers where P(n) has an unusually large friable
part (i.e. a part without large prime factor).

Step 2 follows and generalises [8] [4], [I] and shows that by using the
g-analogue of Van der Corput’s method, it suffices to show that a cer-
tain ternary form q(ai,a2,as) associated to P takes many values with
a suitable prime factorisation. This step makes use of the fact that P
is a quartic polynomial. The key new ingredient in our work is Step 3,
where we establish that g(a1, a2, as) takes on many values with the suit-
able prime factorisation when P has Galois group Cs or Ds. For this final
step we incorporate ideas of Maynard [14] on prime values of incomplete
norm forms.

Step 1: Reduction to many integers with large friable part.

Let 1 € Q be a root of P(n), K = Q(r1) and Np = Ng/q the
associated norm. Then we see that Np(n — r1) = P(n), and so we are
interested in counting integers n such that the ideal (n — r1) has a prime
ideal factor of large norm. In particular,

> 1= > 1>>1051;x > > log Ne(p).

né€(z,2z) né€(z,2z) nelz,2z] p€l(n—r1)
P (P(n)>a!™n 3pl(n—r1): Np(p)>a't" Np(p)>a't7

By inclusion-exclusion and the fact that Zpe\(nfn) logp = log P(n), we
have that the double sum on the right hand side is given by

> logP(m)— Y > logNe(p)— > > logNe(p).

ne€z,2z] nelz,2z] p€|(n—r1) ne€z,2z] p¢l(n—mry)
Np(p)<2z 20<Np(p)<zltn

Since P(n) =< n*, the first sum is (4 + o(1))zlogx. Swapping the or-
der of summation and applying the Prime Ideal Theorem shows that the
second sum is (1 + o(1))xlogz. Let A be the set of integers n with
2 pl(n—r),Np(p)<2s 108 NP(p) > (1 + do)logz. We split the third sum
according to whether n € A or not. Therefore the above expression is

(3+o(1)zlogz — > logNp(p)— > > log Ne(p).

n€fz,2z]  pel(n—r1) n€fz,2x]  pel(n—ry)
neA 20<Np(p)<z!tn n¢A 20p<Np(p)<z't?

If n € A then since prime ideals with Np(p) < 2z contribute at least

(1+do)logz to >2, ) log Np(p) = (4 4 o(1)) logz, the contribution



from prime ideals with Np(p) > 2z must be < (3 — do — o(1)) logz. If
n ¢ A then we note from size considerations there can be at most 3 prime
ideals with Np(p) > 2z dividing (n — r1), and so the inner sum over p is
at most 3(1 + n) log . Substituting these bounds into the above, we find

Z Z log Np(p) > do#Alogz — (3n+ o(1))zlog x.
n€lz,2z] p°|(n—r1)
Np(p)>a'tn

In particular, if #.4 > x then choosing n = do#.A/(4x) shows that the
left hand side is > xlog x. Thus it suffices to show

#{n € [z,2z] : H Np(p) > :cH‘SO} > x.
p°|(n—r1)
Np(p)<=
Step 2: Reduction to values of a polynomial with convenient
factorisation.
By concentrating on multiples of friable principle ideals J = (a0 +
airy + azr% + a3r§) of norm < £Cl+60, where r1 is a root of P, we find it
suffices to show there is some dense set A C Z* N [1, z27%)/4] such that

Z Z 1>z

(ag,a1,a2,a3)€A nelz,2x)
(ao+a1r1+a2'rf+a3r§)\(nf'rl)

The condition (ao+a171+a2ri+asrs)|(n—r1) is equivalent to a congruence
condition n = ka (mod Np(ao+air1 +agr? —|—a3r§)), and so by completion
of sums and swapping the order of summation, it suffices to obtain a
power-saving in the exponential sums (for small integers h # 0 and with
the standard notation e(t) = exp(2int))

Z e( hkaoyal,amas )

2 3) )
woa arased Np(ao + air1 + azri + asr?)
This is complicated by the fact that the variables ao,a1,az2,as appear
in both the numerator and denominator. However, for quartic P we
find that there are polynomials Bi4(ao, a1, a2, as), Bis(ao, a1, az2,a3) and
q(a1, az,as) with no common factor such that

e( hkag.a;.a3.a3 ) -~ e<h313(a07alyaz,aa)BM(ao,al, azyaa))
Np(ao + a1r1 + azra + asrs) q(a1,az,as) '

and now the denominator is independent of ap. We wish to obtain a
power-saving estimate for the sum over ag, but this is complicated by the
fact that the modulus of the expression g(a1, az,as) < 28(14%0)/4 is much
larger than the length z(11%0)/4 of summation of ag. To estimate such
short exponential sums, we can use the g-analogue of Van der Corput’s
method provided the modulus ¢(a1,az2,as) consists only of small prime
factors.

Thus our task has reduced to showing that for a positive proportion
of integers ai,a2,a3 € [17x(1+60)/4] we can ensure that the polynomial



g(a1,a2,a3) has a convenient prime factorisation. Specifically, we will
require that
q(a17a27a3) - d()dl"'dr (11)

where dy < £27°, max(dy,...,d,) < '7°, min(do, ...,d,) > z° for some
fixed € > 0.

Step 3: Counting factorisations of incomplete norm forms

So far we have followed a similar approach to the works 4] [d]. If
the Galois group of P is the Klein group, then it turns out that the
polynomial ¢(a1,az2,as) is the product of three quadratic polynomials.
By considering the distribution in suitable residue classes one can then
guarantee that each quadratic has a suitable factor, and so ¢(a1,az2,as)
then has a suitable prime factorisation.

When the Galois group of P is Cy or Dy, it turns out that g(a1, az,a3) =
qi(a1,az2,a3)q2(a1,az,as) is the product of a quartic polynomial and a
quadratic polynomial. Unfortunately the fact that one factor is quartic
means that one cannot guarantee a suitable prime factorisation by looking
at variables in residue classes to reasonably small moduli. The difficulty
here is that qi(a1,a2,a3) ~ (max; a,—)47 so the size of the values consid-
ered are very large compared to the size of the variables a;. Indeed, it is
not known that an arbitrary ternary quartic form ¢; takes infinitely many
values compatible with the factorisation (II).

Fortunately in our problem the form ¢; is not arbitrary, and in fact we
can show that g1 corresponds to an incomplete norm form of a number
field. More precisely, we prove that there exist a number field K of degree
4 over Q depending only on P and some elements v1,v2,v3 € K such that
q1(a1,a2,a3) = Ncjo(37_, aivi).-

Maynard [I4] gave asymptotic formulae for the number of primes
represented by incomplete norm forms; that is primes p such that p =
N(a1 + asw + -+ - + an,kwnfkfl) where ai,...,a,—_ are integers, w is
a root of monic and irreducible polynomial f € Z[X] of degree n > 4k
and N is a norm of the corresponding number field. For k = 1 and
n = 4 this result counts values quartic norms in 3 variables with a par-
ticular type of prime factorisation. We adapt the methods of [I4] to our
situation to count representations of the type ([I). Unfortunately we
require various additional technical conditions (such as a localized ver-
sion of Maynard’s estimates where the variables lie in suitable arithmetic
progressions), which means that large parts of [14] have to be generalised
to our specific situation. Once suitable technical estimates have been ob-
tained, we find (L)) is satisfied for a positive proportion of a1, az, as, as
required.
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3 Initial steps

Following the argument of Heath-Brown sketched as ‘step 1’ in our outline,
we have the following result.

Lemma 3.1. Let P € Z[X] be an irreducible quartic and monic polyno-
mial of degree 4 with root r1, and let

E@)={X<n<2X: [] Nep)>x"} (3.1)
pel(n—r1)
Np(p)<=
If 60,61 > 0 are such that for all X large enough in terms of do, 01, P we
have |E(do)| > 61X, then we have for sufficiently large X

%041

Hn €]X,2X]: PT(P(n)) > X" 5 }| > (6165 + 0(1))X.

Proof. This is essentially [8] Lemma 2], (or [I, Lemme 4.1]) after noting
that 32, p(n),p<z 1082 2 2 (nry),Np ()<= 108 NP (P). O

Thus it suffices to show that |E(dp)| > X for some small absolute
constant dop > 0. To do this we will choose a set of ideals 7 (the explicit,
technical choice is made in Section [A]) such that

I New) > xtte vyeJ. (3.2)
PeI3
Np(p)<X
Let Jo:={J € J: P (Np(3)) > X%} for some small absolute constant

0o > 0. Then we see that for any n € [X,2X] there are at most 2400 "
ideals J € J2 with J|(n —r1), since (n —r1) can have at most 40~ prime
ideal factors with norm bigger than X%. We then see that

|€(80)| > [{X < n <2X :3J € J such that J|(n —r1)}|
Z;}eJQ |53|
T SUPx<p<ox T € T2 1 Jl(n — 1)}

> Y el

JeJg
P (Np(3)=xP

where & = {X < n < 2X : J|(n —r1)}. Every ideal J has at most
ay' representations as § = KL for K a prime ideal with Np(K) €
[X 40 x520] Thus we see that

|€(d0)| > Z Z |ExL,

KeK p=(Np(L))>Xx%
KLeTg

where
K= {K prime ideal, Np(K) € [X4a0,X5a°]}- (3.3)

We apply a linear sieve of level X% to bound the condition P~ (Np(L)) >
X% from below, giving

POEDD ( > Ad)wm

KeK KLeJ \d|Np (L)



where \; are the usual Rosser-Iwaniec lower bound linear sieve weights
([12] and [I1]) supported on d < X3% with p|d = p < X%. We see that
if X is large enough &5 has density pp(Np(J))/Np(J), where

op(J) :=card{0 < n < Np(J) : n=r1 (mod J)}. (3.4)

With this in mind, we define the error Rj in the approximation by

or(Np(J))
Ry := & — X ————2. 3.5
J | 3| NP(J) ( )
Thus
|51| > XSo + 51,
where
— -\ er(KL)
DM (DY =)
KEK KLeJ(K) \d|Np(L) (3.6)
S = Z Z < Z )\d>RKL-
KeK KLeJ(K) \d|Np(L)

To obtain Theorem [Tl we see it suffices to prove the following two key
propositions.

Proposition 3.2 (Estimate for So). Let 0y be sufficiently small, and J
be the set of ideals described in Section[@. Then we have

So > 1.

Proposition 3.3 (Estimate for Si). Let 0o be sufficiently small, and J
be the set of ideals described in Section[B. Then we have

51 = O(X)

Together these propositions rely heavily on our key technical result,
Theorem (4.1l Section [7is devoted to establishing Proposition B3] which
uses the fact that 7 is a set of ideals with small prime factors to bound
the relevant exponential sums. Section[§is devoted to establishing Propo-
sition [3:2] assuming Theorem LIl The rest of the paper is then devoted to
establishing Theorem [£J] which asserts that 7 is a set of nonzero density.

4 Localised divisors of values of incom-
plete norm forms

As described in the outline, the key to the proof of Theorem [l is to
show that for a positive proportion of a1, az2,as (in a box like [A, 24]?)
an auxiliary polynomial g(ai,a2,a3) = qi(a1,az2,as3)q2(a1,az2,as) takes
values where PT(g2(a1,a2,a3)) < A*>7¢ and P (qi(a1,az2,a3)) < A7C.
The term g2 will be a quadratic form, and so PT (g2(a1,az2,a3)) < A%
if p|g2(a1, a2, as) for some p € [142571435]7 which occurs if a1, a2, as lie in
suitable residue classes (mod p). Thus it suffices to show that there



are the expected number of (a1,a2,as) such that P+(q1(a17a27a3)) <
A'"¢ and (a1, a2, a3) lies in a suitable residue class modulo p on average
over p € [A%, A%]. Since ¢; will be an incomplete norm form for a
quartic extension, we see that we are therefore counting friable values of
an incomplete norm form (with some additional congruence constraints).
The aim of this section is to introduce the notation to state Theorem [4.1]
and then to explain how this technical statement relates to our specific
problem by giving a suitable asymptotic for such friable values of auxiliary
forms.

Let K be a quartic extension of Q with a Z-basis {v1, v2, vs, v} for Ok
such that 11 = 1 and K = Q(v2). Given a large value X, we wish to count
the number of (a1, az, az) in a small box such that N q(a1v14a2v2+a3v3)
has only small prime factors, and such that an auxiliary quadratic form
f(a1,a2,a3) is a multiple of some fairly small p € [XT,XT/].

With this in mind, we consider the box X given by

X=X X (U +m)l, (4.1)

i=1

where 171 € R and X1, X2, X3 € Z are parameters satisfying

m = (logX)flOO, (4.2)
X1, X2,X3 € [771X, X], (43)
NK/Q(Xllll + Xovg + X3V3) > 77%/10 mlax(X;l) (4.4)

We are then interested in the sets
A= {(a1,as,a3) € Z° N X},
A(ug, m,p) := {(a1,a2,a3) € A:a=ug (mod m), p|f(a1,a2,as3)},
Aa(uo, m,p) == {(a1,az2,a3) € A(ug, m,p) : d|Ng,g(arv1 + azva + asvs)}.
(4.5)

Since we wish to count points when NK/@(alz/l + azv2 + azvs) has small
prime factors, we will count how often d|NK/Q(a1 v1 + azve + asvs) for an
integer d of the form d = ¢1 - - - ¢/ where each ¢; is a prime localised to lie
in an interval [X % X 0;] for some fixed constants 0;,0;. We will require
0,05 satisfy the following conditions.

e (Non-trivial intervals counting primes which are not too large)
§<0;<0;<1-8 VI<i<UL (4.6)
e (q1; are distinct primes)

[0:,0;)N[0;,0;] =0 V1<i<j<L (4.7)

. (l_[;z.:1 q1; is not too large to divide N)

2
> 0i<4a—s. (4.8)
=1



e (Impossible for qu to divide N(aiv1 + az2ve + asvs))

4
0;+> 0:i>4+46 VI<j<i (4.9)

i=1

e (The product of the first gi; is of controlled size) There exists Ve
[1,¢ — 1] such that

o o
145<) i<y 0;<2-4. (4.10)
i=1 i=1

The conditions (£6)-(£9) are minor constraints to avoid some technical
issues and to ensure that we expect that d|NK/Q(a1 v1 + a2 + asvs) can
actually occur; these constraints could be significantly weakened at the
cost of some effort. The condition ([@I0) is a technical condition which is
vital for our method.

To avoid some further technical issues we will focus on the case when
the quadratic form f is irreducible but not geometrically irreducible, and
so the condition f(a1,az2,as) becomes a product of two linear factors over
F,, after restricting p to an arithmetic progression. Again, this setup could
be relaxed at the cost of additional technical effort, but is the situation
that arises when dealing with Theorem [Tl It would be also interesting to
have a more general result for incomplete norm forms and ternary forms
f.

Finally we are in a position to state our counting result.

Theorem 4.1 (localised factors of values of incomplete norm forms). Let
(X1, X2, X3) € Z[X1, X2, X3] be a homogeneous quadratic polynomial
which splits into two distinct linear factors

f(X1, X2, X3) = L1(X1, X2, X3)La(X1, X2, X3)

over a suitable extension of Q. Let Dy € N such that if p=1 (mod Dy)
then the Fp-reduction of the two linear forms L1(X1, X2, X3), L2(X1, X2, X3)
are in Fp[X1, X2, X3].

Let K be a quartic extension of Q with {v1,v2,v3,va} being a Z-basis
for Ok such that vi = 1 and K = Q(v2). Let X1, X, X3 satisfy ([@3)
and [@4). Let £,0' € N such that 1 < ¢ < ¢ and 61,01, ...,0.,0; be reals
satisfying [@6)-@I0). Let 0 < 7 < 7' satisfy
4-207 —...—20) 01+ +0p—1

100 ’ 100 )

Let Aq(u,m,p) be as given by [@H).
Then for any choice of up (mod m) and A > 0, we have

Z Z |-ACI1"'¢Ze (1107m7p)|

pe[XT, X" Q1seeqe prime
, ool
p=1 (mod D) q;e[x%,x"I]v1<j<e

_ 2108(5) 17)00(%) 1 o X1XeXs
= anlXQXSW(Df) Z_l:[llog<0_i) + O<W)'

< min( (4.11)

The implied constant depends on f, K, A,5 and the 0,0, only.
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At first sight Theorem [l looks like a Type I estimate since we are
counting a1, a2, as such that NK/Q(alz/l + asv2 + asvs) is a multiple of
q1 - - - qe. However, since there are typically no values of a1, a2, as such that
this occurs (it is only a thin set of g;’s when there is a solution), we instead
are required to view this as a Type Il estimate counting N K/@(alz/l +
azvz + asvs) = mimz where m1 = ¢1---qp is a product of /' primes of
constrained size and ma = g1 - - - ge7 is the product of £ — ¢’ primes and
some other integer 7.

4.1 Application to Theorem [1.7]

If P is an irreducible monic quartic polynomial, then (generalising previ-
ous works) there is an auxilliary sextic form g(a1, a2, as) such that pro-
vided ¢ takes suitably friable values a positive proportion of the time,
then we can use exponential sum methods to establish Theorem [[.Il If P
has Galois group C4 or Dy, then it turns out that the roots r1,72,73,74
of P can be ordered such that rirs + r3rs € Q (c.f. Lemma [£9), and
that g factorises as g1¢2 for a quartic form ¢; and a quadratic form g2 (c.f.
Lemma [5.10)) which split completely in the splitting field of P.

Moreover, we find that for the quartic extension K := Q(r1 + r3) of
Q, the form ¢; satisfies

q1(a1,a2,a3) = £ Nk g(a1 + az(r1 +73) + a3(7'% +rirs + 7’?,)),

and so takes the shape of an incomplete norm form (c.f. Proposition [5.1T]).
The quadratic g2 takes the form

q2(a1,az,a3) = [a1 + (r1 + r2)az + (T% +rire + T%)as]

, ; (4.12)
x [a1 + (rs +74)az + (r5 + rsra + r3)as)].

Since the two polynomials P (X) := (X — (11 +72))(X — (r3 + r4)) and
Po(X) = (X — (2 +rira+73))(X — (r3 + rara+13)) are in Z[X], 71 + 12
and r% +rire + r% are of degree at most 2 over Q. Let A1 and Az be the
discriminant of these two polynomials and

[8, Ay, Ag] if A1A2 #0,
Dg, :=

4.13
[8, A1 + Az] otherwise. ( )

Since P is irreducible of degree 4, we don’t have A; = Ay = OEl If

p =1 (mod Dg,) and A1Az # 0, then (A1/p) = (A2/p) = 1 where (n/p)

is the Legendre symbol. Thus the polynomials P; and P> modulo p factor

into products of two degree one polynomials. The linear factors of g2 in
([#I2) have their coefficients in F,,. We also verify that it is still the case
when p =1 (mod Dy, ) and A1Az =0.

Then NK/Q(Zle a;v;) is a quartic form in the integer variables a1, a2, as, a4,

and we have for all a1,a2,a3,a4 € Z

4 4

NK/Q(;aiVi) = H ( - ajUi(Vj))v

i=1  j=

2If A1 = As = 0 then the roots of r1 + o and riro are in Q. This contradicts the fact
that [Q(r1) : Q] = 4.
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where o1, 02, 03,04 are the different embeddings of K/Q.

Given an irreducible quartic polynomial P € Z[X] with Galois group
Cy or Dy it is the case (see Lemmal[5.9) that the distinct roots 71,72, 73,74
of P can be ordered such that rire + r3rs € Q. We are interested in the
auxiliary polynomial g2 (see (5.23)), given by

To ensure that g1 (a1, az,a3) = Ni/g(a1v1 + azve + asvs) is composed
only of suitably small prime factors, we will look for a1, a2, as such that

119129134914 - - - QIZlNK/Q(alVl + azv2 + asvs)

for some suitable primes qi1, 12, q13, q14, - - ., qre < X' ~° with Hﬁ:l qij >
X3+° In the application to Theorem 1] we will only need the case £ = 6,
but the proof in this particular case is exactly the same as in the general
case.

5 Algebraic properties of auxilliary poly-
nomials

5.1 Ideals

Let r1 be a root of P. We define for any ideal J of Z[r:] the function
or(J) =card{0 <n < Np(J) : n=r1 (mod J)},

where Np = Ng(r,)/q is the norm on Q(r1). If J is principal, J = («), we
will write simply op () in place of gp((c)).

Lemma 5.1. Let J be an ideal of Og(,,) such that (Np(J), Disc (P)) = 1.
If the equation n = r1 (mod J) has a solution with n € Z then T is
a product of prime ideals whose morm is a prime number. Furthermore
J can’t be divisible by two different prime ideals with the same norm.
Conversely, if J satisfies these different conditions then this congruence
admits some solutions and op(J3) = 1. Finally if J is an ideal such that
op(J) =1 then for m € Z, Jjm < Np(J)|m.

Proof. This is [I, Lemma 3.1]. The particular case P = ®12 is handled in
[4l Lemma 3.1]. a

5.2 The roots of P modulo m

In this part only we suppose that P(X) = X" +c,—1 X" 1+ 4co € Z[X]
is monic, irreducible of degree n. In our problem, the degree of P is 4 but
the argument of this part is valid for all irreducible and monic polynomials
and might be used in other contexts. Throughout the rest of the paper
we fix a root r1 of P.

For a € Z[r1], we write a« = ap+aim1 +aoritasri+-- ~+an,1r’f*14 Let
ma : Q(r1) = Q(r1) be the multiplication-by-a map: mea(z) = az. Let
M., be the matrix of m, with respect to the basis {1,r1,71,75,..., 777}
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and Np(a) = Ng(y)/e(@) its determinant. For P(X) = X* 4 2 the
corresponding matrix is

ao —2(13 —2(12 —2(11
a1 ao —2a3 —2a2
az al ao —2(13
as asz al ao
. -1
More generally since i = —cog — c171 — -+ — ¢n—177 , We have
ao —CoQn—1 * e *
al apgp — C1an—1 * *
M, = . . . . . (5.1)
an—1 Qan—-2 — Cp—1An—-1 * - -- *

In this section we prove results analogous to [4, Lemma 4.1] or [I}
Lemma 3.2]. As in these two papers, we let B;; = B;;(«) be the cofactor
formed by taking the determinant of the (n — 1) x (n — 1) matrix formed
by removing line i and column j from M, and multiply it by (—1)”3'4 If
a=a+air1+---+ anflr;%l then B;; is a polynomial in the a;. By an
abuse of notation we will sometimes use B;; to refer to this polynomial,
and sometimes the value attained at a particular point (ao, a1,...,an—1).
The intended usage should be clear from the context.

Lemma 5.2. Let o =ao+airi +---+ an,ﬂ{“l, with ag,...,an—1 € Z
be such that (Np(a),Bin) = 1. Then there exists an integer ko, with
0 < ko < Np(a) such that we have

n—r; =0 (mod () & n =k (mod Np(a)).
This integer ko satisfies the congruence
ko = BonBin (mod Np(a)).

Furthermore, if J is an ideal of Z[r1] containing a principal ideal (o) with
a as above then there exists a unique ky with 0 < ky < Np(J) and

n—ry €J < n=ky (mod Np(J)).
Proof. The starting point is the following trivial observation: ar{ € (o)
forall j =0,1,2,3,...,n— 1. Let (m4,;)1<i,j<n be the coefficients of M,.
We obtain the equations

mi,; +ma i+ -+ mn,jr;“l =0 (mod (), V1< j<n.

This system can be represented as

me1 M31 ... Mal T1 —mi,1
2
ma 2 mas,2 . mn,2 1 —mi,2
= . (mod (a)) (5.2)
n—1
ma2n M3n ... Mnpn T —Min
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If we remove the i-th line in this system and apply Cramer’s rule, we find

ma,1 ms3,1 Mn,1 —mi ms3,1
mai—1 m3;i—1 oo Mingi—1 —MmMi,i—1 ma3;i—1
ridet | mait1 M3g41 ... Mparr | =det | —maigsr1 M3t
man—1 M3n-1 ... Mnn-1 —Min—-1 M3 n-1
mamn m3n e Mn,n —Min m3,n
(5.3)

The transpose of the matrix on the left is the submatrix of M, obtained
by removing the first line and the ‘" column. The matrix on the right
is the submatrix of M, obtained by removing the second line and the ‘"
column and by multiplying all elements of the first column by —1.

We recall that the B;j, 1 <14,j < n, are the cofactors of M,, so that

Bi1 Bo1 ... Bm

= 1 Bia B2 ... Bp2
o« = . . - 5.4
Np(a) | - S (54

Bln B27L cee Bnn

With this notation, (53) becomes
(—=1)""' By = —(—=1)""?Ba; (mod (a)).
In particular, this gives
Biir1 = Bz; (mod («)). (5.5)

By Lemmal57] if an integer is congruent to 0 (mod («)) then it is divisible
by Np(«). Therefore considering ¢ = n now gives the claim of the first
part of Lemma

For the second part when J|(«a), thus it suffices to take ks € [0, Np(J)]
such that k; = ko (mod Np(J)). The claim now follows from (55). O

We end this subsection by observing some connection between the
cofactors Bi; and Bg; with 1 <14, j < n. Since (maf1 =m,-1, we have

_ 1 n—
a = Nr(a) (B11 + Bi2r1 + - -+ + Binry 1)7

and the columns of M ! satisfy the same relations (5-I)) as the one in M,,.
By the relations (G.1) for M, -1, we see that

B —coBin
Bao Bi1 — c1Bin
: = : (5.6)
Ban-1) Bi(n—2) — cn—2Bin
Bon Bi(n—1) — cn—1Bin

14

Mn,1

Mn,i—1

Mn,it1

Mnn-1

)

’

(mod (a)).



In particular the last line implies that
Ban = Bi(n—1) — ¢n—1DB1n. (5.7)

For n = 4, and c3 = 0, we recover the formula B1471 = B4 = Bis (mod («)),
proved in [I] and in [4].

5.3 Elimination of qg

The aim of this subsection is to approximate the fraction k3/Np(a) by a
fraction whose denominator depends only on a1, a2,as. Now and for the
rest of this paper we restrict our attention to P having degree 4. In this
subsection we prove the analogue of [1, Lemma 3.3], or [4 Lemma 6.2].
A natural way to proceed is to work with some resultants of the different
forms defined previously.

Lemma 5.3. There is a homogeneous polynomial g3 = qs(a1,az2,a3) in
ai,az,as such that

B34 Bis — B14Ba23 = gsNp(a). (5.8)
Proof. Applying (B8] with ¢ = 3,4, n = 4 we find
313324 = 314323 (mod Np(a)).

Since this holds for all ao, a1, a2, a3, we deduce that there exists a form
g3 = g3(ao, a1, a2, as) such that

B34 Bis — B14Ba23 = qsNp(a). (5.9)

Therefore we just need to show that gz actually doesn’t depend on ao.
Np(a) has degree 4 in ap while the polynomials Bjj, i # j are of degree
2 in ao, and so by equating the coefficients of ag we see that gz must not
depend on ag. O

Remark. One can explicitly compute q3 in terms of the coefficients ¢; of
P; it is given by

gs(a1,a2,a3) = a5 — aras — csazas + c2a3. (5.10)

When c3 = 0 this coincides with the form —qu given in [1, equation (2.7)].

Remark. Lemmalid makes important use of the fact that P is a quartic
polynomial. For polynomials P of degree d > 4 the form g3 would have
degree d — 4 in ao, and so would no longer independent of ao.

Following the notation of [I] and [4], we write Resultant(Py, P2;x) for
the resultant of the polynomials P;, P> with respect to the variable x. We
will be interested by the two following resultants

R := R(a1,a2,a3) = Resultant(Bi4, Np(a); ao)

(5.11)
Ro := Ro(a1, a2, a3) = Resultant(B13, Bi4; ao)

3In [I] and [4] this form corresponds to the form g4.
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Lemma 5.4. With the previous notation we have
@R = R;.

Proof. The proof of Lemma 4] is the same as that of [I, Lemma 2.1].
Since Bia is of degree 2 in ao, we have

@R = Resultant(Bi4, gsNp(a); ao) = Resultant(B14, Baa Bis— B14Bas; ao).
But Baa = Bisz — ¢3Bi14 and B3 is also of degree 2 in ag. We deduce that
@GR = Resultant (B4, B%; ap) = RZ.
This ends the proof of Lemma [5.41 O
We see that the polynomial g3 divides Ro, and so we can write
Ro = qqs (5.12)

for some homogeneous polynomial ¢ = ¢(a1,az,as). Moreover, since Ro
is the resultant of Bis and Bis, there are two polynomials U and V €
Zlao, a1, a2, a3] such that

UBI3 + VB14 = qq3. (513)

We are now ready to state the main result of this section. It is analogous
to [4l Lemma 6.2] or [1, Lemma 3.3].

Lemma 5.5. Suppose ao, a1, az,as are such that (B14(ao, a1, az, as),q(a1, az,as)) =
1. Then (Np(a), Bia(ao,a1,a2,a3)) =1 and for h € Z we have

e( —hke ) _ (—hU(CLO,al,0427(13)314(0407@170'27043)

hR(ao,a1,02,a3) ),
N (o) d(ar,a2,3) a0, 02, 02)
where U = Ulao, a1, az,a3) is defined by (5I3) and R is given by

v Bas
qBia  Np(a)Bia'

R(ao,a1,a2,a3) =

Proof. To simplify notation, for the proof let q, g3, U, Bi4, B14, B23, Baa, Np(«)
denote the values of the polynomials evaluated at ao, a1, az, as.

Since ¢ divides the resultant R defined in (5I1)), if ¢ is coprime with
Bia, we have (Np(a), Bi4) = 1. By Lemma [52]

(wie) = (S )

We use the Bézout relation

1
uv

Np(a), Bis) = 1. This yields the formula

+ (mod 1) for (u,v) =1, (5.14)

S|
S|

and the fact that

—

e(N];?a)) = e( — B24glz(a) + B14ﬁf2; (a))‘ (5.15)
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Combining (5.7)), (5.8) and (5I3]), we obtain
UNp(a)qs = U[B13(B1s — c3B14) — B14Bas]

= U(B%3 — B14(Ba23 + ¢3Bi13))
= Bi3(q3q — VB14) — UB14(B23 + c3B13)).

This rearranges to give
(UNp(a) — qB13)q3 = B14(—=V Bis — U(B23 + c3B13)).
Since g3 and Bi4 are coprime, we deduce that
UNp(a) — gB13 =0 (mod Bia). (5.16)

Since B4 = Bis (mod Bi4), we obtain

B24NP(05) = BlgNP(Oé) (mod B14) =Uq (mod B14).

We insert this in (515 and apply (5I4]) one more time. This gives the
desired result. O

5.4 Explicit computations of B3, By4, U, V.

We have used SAGE to explicitly compute the polynomials ¢, Bi3, Bia,
U and V. The cofactors Bis and Bi4 are of degree 2 in ag

Biz = — azag + (af + czaraz + (—c3 + c2)aj + (—2¢2)a1as
+ (¢ — cacs + c1)azas + (—caci + 5 + cres — CO)ag)ao
c:;)aéf + cga%ag + (—0263)a1a§ + (c1es — co)ag

3 2 2
c3 + 2cac3)ajas + (cacz — 3cics + 2c0)arazas

+ (-
+ (-
+ (—clcg + 20003)a§a3 + (—0303 + 20103 — 20003)a1a§
+ (cicacs — cocg — cocz)agag + (—6%63 + cocacs + cocl)ag, (5.17)
Bis = — azaj + (Qalaz — c3a3 — csaras + ciazas + (—cacs + 2c1)a§)ao
— a? + cyﬁag — czalag + clag + (—cg + 202)(1?(13 + (c2cs — 3c1)arazas
+ (—cies + Co)llgas + (—Cg + 2c1c3 — cO)a1a§

+ (e1c2 — cocs)azal + (—ci + cocz)al. (5.18)
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The quantities U and V' are of degree 1 in ao. In some step we will need
the explicit formula for the coefficient in ap in U and in V'

2 2 2 2 3 3
U =ao (—alag + 2a1a3a3 — 2c3ara20a3 + 2c2a1a3 — czaxaz+

(203, - cz)agag + (—cg + cl)azag + (ché —c —cies+ co)ag)
+ 3a§a2a3 — 203a?a§ — 4a§ag + 403a%a§a3
+ (cg — 602)a%a2a§ + (fcg + 3cacs + 261)a%a§,
+ 403a1a§ + (796% + 3cz)a1aga3 + (602 + coc3 — 3cl)a1aga§
+ (—cj3 1 50203 + 303 + 2c1c3 + co)alazag + (chg + clcg —4cico — 6063)a1a§ — cgag
(3(:3 — cocs — cl)a2a3 + (= 3¢5 + Beies — 2co)a§a§
+ (c3 + 3cacs — 2c3es — Teich + ciea + 46063)a§a§’,
+ (= 20203 + 0203 + 30103 + 2c1c203 — 20003 — 01 — 20002)a2a3
+ (c c — 0203 — 3010203 + 20102 + 0103 + 2cpcacs — cocl)ag7 (5.19)

2 2 2 4
V =ag (alagag - 2a1a§ + 2c3aiasas — 2c2aiaza3 + cz3ag

+ (—20§ + cz)agag + (cg — cl)agag + (—chg + cg 4+ cie3 — co)agag)
—alas +dla3 — 2csalazas + dcaaial + 2csaial + (—cg - 4cz)a§a§a3
+ (—¢5 + 5eacs)alazaj + (2c2¢3 — 6¢3 — 2c1es + 2c0)aial + (—3c; + c2)aias
+ (65 — cacs — cl)a1a2a3 + (= 3¢5 — Teacs + 5ca + 6eies — 5co)a1a§a§
70203 40203 — 5c1c3 + 50003)a1a2a§ + (- 40203 + 403 4+ 4cicac3 — 40002)a1a§

C3 — coc3 + cl)a2 + (- 3c3t + 40203 — 02 — 3ci1c3 + 200)&%&3

6
c3 — 20203 + 50203 + 30103 — 202 — 4c1c2c3 — 20003 + 40002)a2a3

(

+(

+ (5

+ (362 — 3265 + 165 + cre2 — 20003)a§a§

+ (=

+ (20203 — 30203 — 20103 + 0203 + 016203 + 20003 + clcg — 2cpcacy — coc1)a2a3

+ (- Cich 4+ 263¢2 + 2c1cact — ¢ — 2e1chcs — Chcs — 2cpcach + 2c0ch + 2cocics — cg)ag
(5.20)

We don’t write the expression for ¢ because it would take more than one

page and we won’t need to know its precise shape during the proof. Let

U = aoU1 4+ Uy, V = aoVi + Vo. Then U; satisfies:

2 2 2 2 3 3
Ui = —aja3z + 2a1a3a3 — 2c3aiaza3 + 2c2a1a3 — c3asra3+

(26§ - cz)agag + (—cg + cl)agag + (chg — 2 —cies+ co)agl

2 2 2 3
as (—alag + 2a1a3 — 2c3a1az2a3 + 2c2a1a3 — czas+

(20§ - cz)agag + (—cg + cl)agag + (CQCg — 2 —cies + co)ag).
(5.21)

We observe that
axU1 + a3V = 0. (5.22)

18



5.5 Factorisation of ¢

Lemma 5.6. Let P € Z[X] be an irreducible monic quartic polynomial
and r1,72,73,74 1ts roots. Let R and Ry be the two resultants introduced
in I). Let a(r) := ao + a1r + asr? + asr®. Then there exists tp € Q*

such that
R(ar,a2,a3) =tp  [[ (a(r:) — a(ry))>.

1<i<j<4

Furthermore, the resultant Ro is divisible by

II (atrs) =a(ry)).

1<i<j<4

Proof. This is [I, Lemme 7.1] in the special case of quartic polynomials.

a

Lemma 5.7. The coefficient tp in Lemmali 8 is given by

1
= 1 e=r

1<i<j<4

Proof. The proof follows the argument of La Bretéche and Mestre, but
for completeness we repeat the main steps.

We note that Np(«) is the determinant of the linear map g, : Q[X]/P(X) —
Q[X]/P(X) given by go(H(X)) = a(X)H(X) where a(X) = ao + a1 X +
a2 X? +a3X?3 Let L1(X),..., Lsy(X) be the Lagrange interpolation poly-
nomials for the roots r1,..., 74 of P. Thus Li(z) = [];,(x—r;)/(ri —r;)
and in particular L;(r;) =1if i =7, 0if ¢ # j. Then for all i = 1,2, 3,4,

9a(Li(X)) = a(X)Li(X) = Y a(r;)L;(X)Li(X) = a(r:) Li(X),

Jj=1

in Q[X]/(P), since P(X)|Li(X)L;(X)ifi # j and P(X)|(L}(X)—Li(X)).
Thus the matrix of g, with respect to the basis {L1(X), L2(X), L3(X), L4(X)}
is diagonal with coefficients a(r1),a(rz2), a(rs), a(rs) on the diagonal.

Let T be the matrix of the polynomials L1(X), L2(X), L3(X), La(X)
with respect to the standard basis {1, X, X2 X3}. Then the matrix of
Np(a)ga' with respect to the standard basis is Np(a)My ' with M;*
given by (54)). Thus have

Bii Ba1 Bsi Ba [T a(rs) 0 0 0

Biz Bz Bsz Bax| _ T 0 [0 a(rs) 0 0

Biz B2z Bss Baa 0 0 [1;25a(rs) 0

Bi4 Bosa B3a Baa 0 0 0 [1,.4a(r))
(5.23)

The form Np(a) = [[-_, a(r;) is quartic and monic in ag. If we write
Bia = Bia(ao) as an element of Z[a1, az, as][ao], the resultant R satisfies

4
R=]]Bia(d),
i=1
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where d; = —air; — azrf — agr? for i+ = 1,2,3,4 are the roots of y —

Np(y + air1 + asr? + a3r§). Let Pi(X) := di + a1 X + a2 X? + as X3,
Formula (523 with di in place of ag, gives

Bii(d1) B2i(di) Bsi(di) Buai(dy) Hhﬂ Pi(re) 0 0 O
Bi2(d1) Baa(di) Bsa(di) Baa(di) | T 0 0 0 O
Bis(di) Bas(di) Bas(di) Bsa(di) | — 0 0 0 0
Bia(d1) Ba2a(di) Bsa(di) Baa(di) 0 0 0 O

We have similar formulas for the polynomials P>, P3, Pis. The first
column of the matrix of the left corresponds to the coordinates in the
standard basis of the image of the constant polynomial 1 by the map
Np(a)gs'. The decomposition of the polynomial 1 in the Lagrange basis
is 1 = L1(X) 4+ L2(X) + L3(X) + La(X). The first column of the left
matrix is then

Bui(d) [lop Pr(re) 0 0 0\ /1 [T;_, Pi(ry)
Bia(di) | T 0 0 0 O 1| T 0
Bi3(d1) 0 0 0 0 1|~ 0
Bua(dy) 0 00 0/ \1 0

In particular we deduce that Bi4(d1) is the coefficient of X? in the poly-
nomial H?:Q Py (rj)L1(X). Since Li(X) = H?:Q(X —r;)/(r1 —1rj), we
get

oo Piry) ] ) =atr)
[joolri—r) % ri—m

In the same way we prove for i = 2,3,4 :

Bia(di) =

[l Pi(ry) a(rj) — a(ri)
Bu(di)==—"""—=—-|| ——.
() [Lzi(ri —75) Jl;[z A

This completes the proof of Lemma (.71 O

Remark. Lemma [5.77 is stated for quartic polynomials but is in fact
also wvalid for irreducible polynomials of degree n > 2. For these poly-
nomials, if the resultant is between Np(a) and the cofactor Bin, then
tph = (=1)" [Ticicjen(ri — r;)2. For the resultant between Np(a) and
By for some 1 < ¢ < n —1, we may also have for tp an explicit but
more complicate formula, involving the coefficients of X* in the Lagrange
interpolation polynomials associated with the roots r1,...,rn of P(X).

Lemma 5.8. The polynomial q(a1,az2,as3) € Qla1, az, as] satisfies

P | R R

Ti — T
1<i<j<4 v J

I

where a(r) := ag + a1r + asr? + asrs.

Proof. This follows immediately from putting together Lemmas (.6} (.41
and [5.7] O
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5.6 The factor ¢; as a an incomplete norm form

A key point in the work of [4] and [I] is that the form ¢ may be factored
as a product of 3 quadratic forms whenever P has a suitably small Galois
group. In this section, we prove that if G = C4 or D4 then ¢ is a product
of two forms ¢ = q1q2, where ¢1 has degree 4, g2 has degree 2 and q; is
related to a norm form of a certain number field.

Lemma 5.9. Let P(X) be a monic quartic with Galois group C4 or Da.
Then there is an ordering of the roots r1,72,73,74 of P such that

rira +rara € Q.

Proof. We recall the notation P(X) = X*+e3 X3+ X?4+c1 X +co. The
cubic resolvent of P is

Rg(X) = (X - (7”17'2 + 7”37‘4))(X - (7‘17’3 + 7‘27‘4))(X — (7‘17’4 + 7‘27”3))
= X% — 2X° 4 (cze1 — 4co) X — (3o + ¢f — 4eaco).
We therefore see that the claim of the lemma is equivalent to R3(X)
having a root in Q when P(X) has Galois group G = C4 or Dy4. This fact
(often stated in the form that the splitting field of R3(X) is a degree 2
extension) is a standard fact about cubic resolvants; see for example the

web page of K. Conrad [3] or the book of Jensen, Ledet and Yui [I3] for
some nice expositions on the Galois group of quartic polynomials. |

Lemma 5.10. Let P(X) have Galois group Cs or Ds. Then the form
q € Qla1, az, a3] has the factorisation
q = q1q2

where 1 € Q[ai, az,as] has degree 4 and g2 € Qla1, az,as] has degree 2.
These are explicitly given by

_ (a(r1) —a(rs))(a(r1) — a(ra))(a(rz) — a(rs))(a(rz) — a(rs))

(11 —73)(r1 — ra)(r2 — 73) (12 — 74)

I

(5.24)
and
(a(ry) ~ atr2))(a(rs) — alrs)) 52
(r1—r2)(rs —ra)
where a(X) = a0 + a1 X + a2 X? 4 a3 X3 and r1,72,73,74 are the roots of
P(X), ordered such that rirs + rsra € Q.

Q2 =

Proof. We recall from Lemma [0.8] that the explicit formulae (5:24) and
(E25) give a factorisation ¢ = qig2 over Q. Thus we wish to show that
in fact q1,¢2 € Q[a1, az,as], so that this is also a factorisation over Q. A
direct computation gives for all 1 <7 < j < 4:

a(ri) — a(r;)

p—— = a1 + as(ri + ;) + as(r? + rir; + rjz) (5.26)
]

If G = C4 then G = (o) where o is the permutation o = (rirsrars). (This
choice of o is motivated by the fact that we must have o(rirs + rars) =
rir2 + r3ra.) Since o(q1) = q1 and o(q2) = g2, we have that ¢1 and g2 are
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fixed by all of G = {Id,c,0? 6%}, and 50 q1, q2 € Q[a1, a2, a3], giving the
result in this case.

If G = Dy, then G = (o, 7) with 7 = (r3rs4) and o = (rir3rars). Since
7(q1) = ¢1 and 7(q2) = g2 we also observe that ¢1,¢2 € Qa1,az,as] in
this case. This completes the proof. |

The main result of this section is the following proposition.
Proposition 5.11. Let P(X) € Z[X] be irreducible, monic, quartic with
Galois group Ca or Da. Let r1,72,73,74 be the Toots of P ordered such
that rir2 + 1r3ra € Q and let K := Q(r1 + r3). Then the form g1 defined
in (B24)) satisfies

qi(a1,az,a3) = £Ngg(ar + az(r1 +rs) + as(ri +rirs +73)).

Proof. We consider the cases when G = Cy and G = D4 separately.
Case 1: G = (4. Let G = (o) with 0 = (rirsrara) and r1ir2 + r3ra € Q.
We see that

3
Q= HUi(M) = NQ(rl)/Q(al+a2(7'1+7’3)+a3(7'%+7’17'3+7’§))-
i=0 LT3

To finish the proof, it remains to prove that Q(r1 + r3) = Q(r1) is the
splitting field of P. Since it is obviously contained in the splitting field,
we just need to verify the field is not fixed by o2, But ¢c3 = —(r1+r2+
r3 4+ 1ry) = —(r1 +13) — o%(r1 + r3) so if Q(r1 + r3) is fixed by o2 then
Q(r1 + r3) = Q. But in this case r1 +r3 = o(r1 + 73) = r3 + 72, S0
the roots would not be distinct, which contradicts our assumption. Thus
Q(r1 +73) = Q(r1) as desired.

Case 2: G = D,. Let G = (o, 7) with o as above and 7 = (r3rs). We
work with the permutation o7 = (r1r3)(r2r4). Let L be the splitting field
of P(X) and Ko = {z € L: o7(z) = z}. Then L/Kj is a Galois extension
of degree 2 and [Ko : Q] = 4. We observe that r1 + 3, %ﬁém € Ko.

Now, by looking the orbit of {1, 3} under the subgroup of Ss generated
by {(1324), (34)}, we see that

Ni/g (7“7:3 - zg(rs)) = ¢

and

N, (a(rl) - G(TS)) _ (a(ﬁ) - a(TS))27

rL—7T3 rL—7T3

since % € Ko. By the transitive property of the norms,

NL/Q(M) _ NKO/Q(NL/KO(M)) _ NKO/@(M

L —1T3 TL — T3 1

We deduce that g1 = iNKO/Q(%).

As in the case (i), to finish the proof it remains to check that Q(r1 +
r3) = Ko. We have already seen that Q(r1 + r3) C Ko, and so it suffices
to show [Q(r1 + 73) : Q] = 4. This follows from an identical argument to
that of case 1 because the intermediate extension between Ko and Q is
the subfield of Ko fixed by 02 = (r17r2)(r3r4). O
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We will apply Theorem 1] with K = Q(r1 +73) and v1 = 1, v =
r1 4+ 73, v3 = r? + 2 + r173. In the next lemma, we verify that these
3 vectors 11, vz, v are linearly independent over Q (even though the
situation would be simpler if there was a linear dependence).

Lemma 5.12. With the previous notation, 1,71 + 73,77 + r5 + rir3 are
linearly independent over Q.

Proof. In the proof of Proposition [5.11], we have seen that r1 + r3 € Q,
and so certainly 1 and r; + r3 are linearly independent. Suppose that
there exists u,v € Q such that 7 4+ 73 +rir3 = u+v(r1 +r3). If we apply
o = (r172)(rsr3) to this expression, we find rE4ridrory = u+v(ra+rs).
Summing this two equations gives

4
Zr? + rirs +rora = 2u +v(r1 + 12 + 13 + 14).

i=1

This contradicts the fact that r173+r2rs € Q (since 3, 73,3, 77 € Q). O

5.7 On the solutions of some congruence equa-
tions with By, and ¢

In this section we compute the number of solutions of various equations
involving the factors ¢i1, g2 and the cofactors Bis, Bi4a. These preliminary
lemmas will be applied in several places in the proof of Theorem [I.11

Some parts of this section are similar to [I, Lemma 3.9] or [4], Section
13], but both of these previous approaches relied on the condition G =
(Z./27)* which we do not assume, and so we require a slightly different
approach.

Let §p be the discriminant of the splitting field of P.

Lemma 5.13. Suppose that (p,a3dp Disc P) = 1 and a2 € Z. Let Qp(az, as)
denote the number of integers a1 with 0 < a1 < p such that

qi(a1,az,a3) = q2(a1,a2,a3) =0 (mod p). (5.27)

Then
1, if P((a2 — czaz)az) =0 (mod p);

0, otherwise.

Qp(az; as) —{

Proof. Let L be the splitting field of P and O, its ring of integers. Since
(p,0p) = 1, p is not ramified in O, and so its decomposition into prime
ideals is pOr = Hf:l B; with N, (%B;) = p* for some integers s,t with
st = [L : Q. Formulas (5:24), (525]), (526) give us the factorisation
of the polynomials ¢1 and g2 over Or. The condition ¢i(a1,a2,a3) =
g2(a1,az2,a3) =0 (mod p) is equivalent to one of the factors of g1 and one
of the factors of g2 vanishing (mod 9B,,) for each 1 < m < s.

First we suppose that (5.27) has a solution. Thus for all 1 < m <
there exists (4,7) € {(1,3),(1,4),(2,3),(2,4)} and (k,¢) € {(1,2),(3,4
such that

a1+ ax(ri +r5) +as(ry +rir; +r7) =0 (mod Pim),
a1 + az(rg +1¢) +az(ri +rere+72) =0 (mod PB).

) )
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Eliminating a1, we find
az(ri +rj —ri, —1¢) = as(ri +rere + 77 — 1 —rir; —12) (mod P).

For notational simplicity we concentrate on thecasei =k =1, j=3,¢=
2; the other cases are entirely analogous (noting that {i, 7} N {k, £} # 0).
We obtain

(rs —r2)az = as(ra — r3)(r1 + r2 + r3) (mod Pim,).
Since p { Disc (P) and (r3—r2)| Disc (P), we see that rs—rs Z 0 (mod P ),

and so (recalling c3 = —7r1 — 12 — 3 — r4 € Z) we have a2 = az(c3z +
r4) (mod PB.n). This implies that r4 = (a2 — ascs)as (mod PBrn) and so
P((a2 — azez)az) =0 (mod Po).
Since this argument is valid for all m, we find that P((a2 — ascs)az) =
0 (mod p). Thus if P((az2 — csasz)az) Z 0 (mod p) then Qp(az,as) = 0.
Now we suppose that P((a2 —csas)as) = 0 (mod p). Then there exists
j € {1,2,3,4} such that r; = (a2 — aszcz)az (mod p). We may suppose
that j = 4; the other cases are analogous. We see that this implies that
a2 = az(—r1 — r2 — r3) (mod p) and that r4 € Z + pOr. Moreover, we
check that

as(r1 +73) + as(r; +rirs +73) = az(—ca — cara —r3) (mod p),
az(r1 +1r2) + az(ri + rire +73) = az(r1 4+ 73) + asz(r; +rirs +3) (mod p).
Thus the system (E27) admits the solution a1 = —(a2(r1 +r3) + as(rf +
rirs +13)) (mod p), noting this is in Z 4+ pOr. Thus Qp (a2, as) > 1.
Moreover, there are no other solutions modulo p, because the previous
computations showed that for any {i, 7, k, £} = {1, 2, 3,4}, if we have
a1+ az(ri +r5) + CL3(7‘Z~2 + iy + rjz) =0 (mod Pm),
a1 + az(ri + 1) + as(rf + rirg +77) = 0 (mod P ),
then we must have (a2—csas)az = r¢ (mod B, ). But the roots r1, 72,73, 74
are distinct modulo p when (p, Disc P) = 1, and so we must have ¢ = 4.
Thus the only solution is a1 = —az(r; + ;) — as(r; + rir; +r7) (mod p)
(noting that these are the same for all choices of {7, j,k} = {1, 2, 3}). Thus
Qp(az,a3) =1 when P((a2 — c3as)asz) =0 (mod p). a

Recall that Bi4, Bis are cubic forms in ag, a1, a2, as given explicitly by
(EID) and (BI8). For later estimates, we need to understand the number
of solutions in ap of the equations Bi4 = 0 (mod p) or Biz = 0 (mod p).
Since Bi4 has degree 2 in ag, we can get an explicit formula for its roots
in F, with the discriminant.

Lemma 5.14. Let A4 € Z[a1, a2, as] be the discriminant of Bia viewed
as a polynomial in ap. Then

A1s = —qsh, (5.28)
where h is given by
h(ai,az,a3) = —4a§ + 4c3aias + (—30§ +4cz)aras — csag + (cg — 4c1)azas
+ (—ché + 4cie3 — 4co)a§

= (r1 472 — r3 — r1)°g3(a1, a2, a3) — g2(a1, az, az).
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We remind the reader that gz is the form defined in (EI0) and g2 is
the form given by (£12).

Proof. This follows from explicit computation using the formula for the
discriminant of a quadratic. |

We recall that we have ordered the roots of P, r1,72,73,74 so that
rir2 + 1374 € Q.

Lemma 5.15. Let t1 := rir2 +r3rs and to := (r1 + r2)(rs +74). Then
ti,ta € Z.

Proof. First we note that ts is fixed by the permutations (rirzrars) and
(r3ra), so t2 € Q. Let R(X) be a cubic resolvent associated to P, given
by (see [3])

R(X) :=(X = (r1 4 7r2)(rs +74))(X = (r1 4 73)(r2 + 74))(X = (r1 +74)(r2 + 73))
= X3 2e, X%+ (cg + cge1r — 4eo) X + (cgco + cf — c3cc1).

Then we see that R(X) € Z[X] and it is a well-known fact that when P
has Galois group C4 or D4, R(X) has a unique root over Q, which must
be t2. Since R(X) is monic we see that t2 € Z. Since t1 +t2 = c2 € Z we
see that t; € Z. O

Remark. (i) If to = 0, that is (r1 + r2)(r3s + r4) = 0, then we have in
fact ri + 12 =13+ 14 =0 since o(r1 + r2) = r3 + ra. This implies that
c3 = 0 = c1. This situation is analogous to [1, Lemma 3.9] (or also [},
Lemmas 13.2 and 13.8] for the polynomial X* — X? 41.)

(i1) We have t1 # 0, since otherwise we would have 11 —ry = £(rs—r4).
If we compose with the embedding T = (r3ra), we findri—r2 =r3—r4 =0
which is not possible.

Lemma 5.16. Letai,az,as € Z be such that (¢(a1, a2, as3),qs(a1,a2,a3)) =
1 and q(a1, a2, a3) is squarefree. Let to = (r1 + r2)(r3 +r4) € Z.
Let p be a prime with plq(ai,az,as) and ptazazdp Disc P.

(i). If plgi (a1, az2,as) or pfc3 — 4ta, then
{0 < ao < p: Bia(ao,a1,a2,a3) =0 (mod p)}| = 2.
(ii). If plgz(a1, az,as) and p|c3 — 4tz then
{0 < ao < p: Bia(ao,a1,a2,a3) =0 (mod p)}| = 1.
(#ii). We have
|{0 < ao < p: Bis(ao,a1,az2,a3) = Bia(ao,a1,a2,a3) =0 (mod p))}| = 1.

Proof. We recall from (5I1) and (5I2) that g|Ro, the resultant of Bis
and B4 viewed as polynomials in ag. Therefore since p|q(a17 az,as), we
have that p|Ro(a1,az2,as3), and so the two quadratic polynomials in ao,
B3 and Bi4 have a common root in some finite extension of Fy,.
If this common root is not in F, then its conjugate is also a common
root of By and B4, and so we would have Ro(a1, a2, as) = q(a1, a2, as3)qs(a1,az2,a3) =
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0 (mod p?). But this is impossible since we assume that g(a1, a2, a3) is
squarefree and coprime to g3 (a1, a2, as) with p|q(ai1,az, as). Therefore the
common root must lie in Fp. This proves assertion (iii).

Since the common root of Bis and B4 is in F), and Bi4 is quadratic,
both the roots of Bisa (seen as a polynomial in ag) are in Fp. Thus the
number of 0 < ap < p with Bis = 0 (mod p) is 1 when p|A14 and 2
otherwise.

If p|g2, by Lemma [5.14] p|A14 if and only if p|(r1+7r2—1r3 —r4)2. This
gives the assertion (i) and (ii) in the case p|g2 because (11 +12—1r3—14)? =
Cg — 4ta.

We now consider the case p|gi. Let L be the splitting field of P, O
its integer ring and pOr = [[] _, Bm, the decomposition of p in Of.
Then for all m there exists (i,7) € {(1,3),(1,4),(2,3),(2,4)} such that
a1 = —az(ri + ;) — as(r + rirj; +r3) (mod Pm). We may suppose that
¢ = 1 and j = 3, the other cases being similar. Substituting —a2(r1 +
r3)—as (r% +7rir3 +r§) for a; in the expression for h in Lemma [5.14] gives

h(ai,az,a3) = —(as(r1 +r2 + r3) + a2)(as(r1 + rs + ra) + az)

X (ri—re+r3— 7"4)2 (mod B ). (5.29)

We have that as(r1 + r2 + 73) + a2 # 0 (mod Pyn). If this were not
the case we would have as(—cs — 74) + a2 = 0 (mod By), and then
P((az — ascz)az) = 0 (mod p). By Lemma [5.13] we would have p|(q1, g2)
which is not possible when ¢ is squarefree. Similarly as(r1+r3+ra)+az #Z
0 (mod Pm).

Thus A4 = 0 (mod By,) if and only if 71 —r2+73 — 74 = 0 (mod Bir)
for all m. But this is equivalent to 71 — r2 + 73 — r4 = 0 (mod p), and
so y(r1 —r2 + 3 —r3) = 0 (mod p) for all embeddings . Applying this
with v = ¢, 7 we see that p|A14 if and only if 71 = r2 (mod p), which is
impossible since p t Disc (P). Thus when p|gi we have p { A4, and so
B4 has two roots (mod p). O

Lemma 5.17. Let ag, a1, a2, as,p € Z be such that (q(a1, az2,as3), g3(a1, az,a3)) =
1, g(a1, a2, as) is squarefree and p|(q(a1,az,as), Bia(ao, a1, az2,a3)). Then
we have

p|Np(a) =4 p|313(a()7 ai,az, a3).

where a = ag + a1r1 + azrs + asrs.

Proof. This is a variant of [4, Lemma 13.3] (or [, Section 6.1]). By (5.6)
and (B.8)), we have

(B13 — ¢3B14)B13 — B14(B12 — caBi4) = @3 Np(a).

The Lemma follows from this formula since (p, gs(a1,a2,as)) = 1. |

6 The set of ideals 7

In this section we define a set J of principle ideals which correspond to
the forms ¢ and ¢» having a convenient prime factorisation. This will
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have a slightly technical definition to ensure that it is compatible with
later arguments.

It is known (see |14, Lemma 4.2]) that there is a fundamental domain
Dp of the units action group such that if & = ag+ai71 —&—agrf —&—agri” € Dp,
then max(|aol, |a1], |az], |as|) < Np(a)*/* and so |o(a)| < Np(a)'/* for
all embeddings o. We recall that the forms q1(a1, a2, as) and ¢2(a1, az, as)
are defined by (5:24) and (23], the polynomials P (X) := (X — (r1 +
r2))(X — (rs-+ra)) and Pa(X) i= (X — (13 +11ra+13)) (X = (r3+rara-+73))
with discriminants Ay and As respectively, Dg, from [@I3), and §p is the
discriminant of the splitting field of P. With this notation we introduce
a constant qo depending only on the polynomial P

qo = 512(1 + ¢3 + |c2| + |t1] + |t2])dp Disc P, (6.1)

where t; and t2 are the integers defined in Lemma [5.151 The set J will
depend on various auxiliary absolute constants

05070117«"7016792177'117«««77'1677'21 S (071).

These constants will be required to satisfy various inequalities, specifically

[Hij70ij + Tij] N [Qi’j’79i’j’ + Ti’j’] =0 for (27]) # (i,mjl)? (62)
0<91j<01j +T1j<7/32 for all1 <5 <6, (6.3)
1
ap < QTS’ (64)
6
Z(&U +7‘1j) < 1—|—a0/2, (65)
j=1
6
011,012,013,014,015,016,6021 > 14+ ap — 291]‘, (6.6)
=1
1+« 24+«
1 0 <011+ 012+ 013 < 1 0—7'11—7'12—7'137 (6.7)
2+ ao 2?21(911' + T14)
021 + 721 < 200 0 ) (6.8)
4(011 + 012 + 013) 24 ap
9 ( - ) 6.9
SR 1+ ao 800 (6:9)

There is reasonable flexibility in how we might choose these constants
(and the above constraints could likely be weakened significantly), but for
concreteness, we can chose the following explicit values of these variables:

ao = 0.00001, 6011 = 0.1398, 012 = 0.1401, 613 = 0.1402,

014 = 0.21, 015 = 0.19, 016 = 0.1799, 621 = 0.001,

755 = 0.0000001 for all (4,7) € Ic.

Now we are ready to define the set J. The set J is the set of all
principal ideals (o) of OQ(M) with generator o = ao + air1 + agrf + agri)’
where (a0, a1, az,a3) € Z*NDp, satisfying the conditions (C1), (C2), (C3),
(C4) and (C5) below.

(C1) q(a1,az2,as) is squarefree.

27



(C2) Size conditions: We have

g(ar,az, az) > X%,
|Bis(ao, a1, az, as)] > X*/*,
Np(a) € [x1Fe0/2 xiteo]

(C3) Factorisation conditions on «: There exists ideals K, L such that
(o) = KL with K a prime ideal satisfying

X1 < Np(K) < X5, (6.10)

(C4) Factorisations conditions of auziliary polynomials: The values of the
forms qi(a1,az,as3) and gz2(a1, az2,a3) evaluated at ai,az,as can be
factored as:

7
qi(a1,a2,a3) = [ [ a1y,
P (6.11)

qg(al, a2, ag) = @21q22 with g1 =1 (mod Dq2),
where ¢21, q11,q12, q13, q14, q15, @16 are prime numbers satisfying
gy € [X0, XO+]

for all (7'7]) € {(17 1)7 (17 2)7 (17 3)7 (17 4)7 (17 5)7 (27 1)}7 and where g22, 16
are integers (not necessarily prime) with

P~ (q22), P~ (q17) > qo

where qo is given by (G.1)).
(C5) Coprimality conditions:
(a) (a2,a3) =30 and a2,a3 = 30 (mod 900), a1 =1 (mod 30).
(b) (Nep(a),q0) =1.
(c) (q(ar,a2,a3),q3(ar,a2,a3)) = 1.
(d) (¢(a1,a2,as3), Bia(ao,a1,a2,a3)) = 1.
(e) (g(a1,a2,as3),aza3) = 1.

With this definition of J, we can verify the property (3:2) if do is chosen
small enough.

Lemma 6.1. We have that for ally € J

H NP(p) > X1+a0/2-

pelld
Np(p)<X

Proof. This is a consequence of (C2) which forces Np(a) > X'+eo/2
and (C3), which forces all ideal factors of () to have norm at most
max (X%, X'73%0) < X. (We note that (6.4) implies that 19a0 < 1). O

The next Lemma says that the congruence n = r; (mod J) can be
solved when J € J. We recall that gp is defined in (34).
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Lemma 6.2. For all § € J we have op(J) = 1.

Proof. Let §J € J. There exists a = ao + air1 + agr% + agr? with

(a0, a1,a2,a3) € Z* N Dp satisfying (C1),(C2),(C3),(C4),(C5) and such
that § = («). By LemmaSland (C5)(d), (Np(3J), Bia(ao, a1,az,a3)) = 1.
The condition (C5)(b) and Lemmas and [51] imply then that op(J) =
1.

O

Remark. As mentioned in Section[3, we will work with the set Jo which
is the set of 3 € J such that P~ (Np(3)) > X%. This condition implies
(C5)(b).

We see from condition (C2) that if a € J then a = (ao + a1v1 +asve +
asvs) for some a € 7Z* which lies in the region

R = {a €R4 NDp: 7X1+a0/2 < N(ao7a17a27a3) < )(1+a07

(6.12)
|Bia(ao, a1, a2,a3)] > X*/*, |q(a1, az, as)| > X3/2}.
Here we have written ]Vp as the extension of Np(«) to ]R4;
B 4 4
N(a1,a2,as3,a4) := H (Zaja'i(l/j)). (6.13)
i=1  j=1

By our choice of Dp we see that if a € R then |a;| < X (+e0)/4 g0 a1
i € {1,2,3,4}. For notational convenience we set I¢ to be the set

Ic :={(1,1),(1,2),(1,3),(1,4),(1,5),(1,6),(2,1)}, (6.14)

so that condition (C4) forces ¢i; € [X%i, X%i*7ii] for all (i,j) € Ic, for
example.

7 Proof of Proposition 3.3: The term 5

In this section we establish Proposition 3.3] by bounding the sum S; de-
fined by (B6]). The overall approach is similar to previous works. First we
reduce to controlling exponential sums, then remove the ag-dependence
in the denominator of the phase which means that we can apply the ¢-
analogue of Van der Corput’s method whenever the denominator of the
phase takes a suitably friable form.

Lemma 7.1 (Reduction to exponential sums). Let S1 be as given by
B6), and no, o, 00 > 0 be such that

9
ag <1mo <1-— ZO(07 1260 + 190 < 1.

Then for X > 2, H= X" we have

|E1(X,h; KA)| + |E2(X, h; KA)|
S1 < (log H) E E E EEy +o(X),
Kek A h<H?
Np(A)|P(x%) ~
Np(A)<x3%

(7.1)
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where for € € {1, 2}

htX hUB14

EoX, s KA) = Y e(N i 14).
(a)eT P a

KA|(a)

Proof. This is [1, Lemma 5.1]. |

To show that S7 is small, our task is therefore reduced to showing
cancellation in the exponential sums F,. Lemma allows us to put the
exponential phase into a form where we can then apply the g-analogue of
Van der Corput’s method. The bounds from this method are summarised
in the following lemma.

Lemma 7.2 (¢-Van der Corput for short exponential sums). Let k, D > 1,
e>0. Let f,g,v € Z|X] of degree < D andr = 1o - - - 7, be squarefree such
that P~ (r) > 2 D. Suppose that for every p|r there is no polynomial w €
Z|X] of degree < k+ 1 such that f(X) = w(X)g(X) (mod p). Moreover,
suppose that v(X) is not the zero polynomial (mod p) for any p|r. Then
for A, B,h > 1 we have

Z € <M> <k,D,e 7“5B[(%)1/2IC+1 + (AT;Q)I/Z’C+1

A<n<A+B
(v(n)g(n),r)=1

(25"

j=1
where A := (1o, h).
Proof. This is [I, Lemme 3.10] (a small variation of [8] Theorem 2]). O

To apply this lemma, the denominator g(a1, a2, as) in our exponential
phase must have a good factorisation. We will apply Theorem F1] to
show that for a positive proportion of (a1, a2,as) the denominator ¢ =
q(a1, a2, a3) has such a factorisation. We want the e(hUB14/q) factor to
oscillate suitably to give this cancellation via Lemma The following
lemma will ensure that this factor is not degenerate.

Lemma 7.3. Let U = aoUr + U, V = aoVi + Vo as in (B2I) and in
G22). If ao,a1,az2,a3 € Z are such that (ao + a1v1 + asve + asvs) € J,
then

(Uo(al,ag,ag),Ul(al,ag,ag),q(al,ag,a3)) =1.

Proof. Imagine for a contradiction that p|g(a1, a2, as),Us(a1, a2, as), Ui(a1, az,as3).
Then Ul(ag, a1, az,a3) = 0 (mod p) for all ap, and so the equation U B13 +
V Bis = qq3 (B13) simplifies to give

V(ag, a1, az,a3)Bia(ay, a1, az,a3) = 0 (mod p)

for all ag. Condition (C5)(d) then implies that Bi4(ag, a1, az,as) does not
identically vanish (mod p), so Vi(a1,az2,as) = Vo(a1,az,as) =0 (mod p).

By conditions (C1) and (C5)(c), a1, az2,as satisfy the hypotheses of
Lemma But this implies that there is a choice of a{ such that
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Bia(ag, a1, a2, as) = Bis(ap, a1, az2,a3) = 0 (mod p). Evaluating (513) at
ag, a1, az2,as then implies that

q(a1,az2,a3)gs(a1,az,a3) =0 (mod p2).

This is impossible since (g(a1, az,a3), g3(a1,az2,a3)) = 1 and q(a1, a2, as)
is squarefree by conditions (C5)(c) and (C1). This gives the result. O

Finally, we need a short lemma to show that we can restrict attention
to g(a1,az,as) being not too small.
Lemma 7.4 (Bounding terms with g2(a1, a2, a3) small). Let 120 > 0 and
for £ = 1,2, Ej(X,h; KA) be the contribution in E(X, h; KA) given by
the (a) € J such that |gz2(a1, as, az)| < X (1F20)/2=720 - Thep

X1+a07720/2

Eg(X7h;KA) < m

Proof. Since Np(AK) is square-free by construction, by Lemmal[5.2] there
exists an integer j such that 71 = j (mod KA). The condition K A|(a) is
therefore equivalent to

ao = —a1j — asj’ — azj® (mod Np(AK)).

Thus, for any given a1, az, as there are O(X(1+O‘“)/4/NP(KA)) terms ao
in Ey(X, h; KA).

We recall that g2(a1,az,a3) = [[1_,

L;(a1,a2,a3) with for i =0, 1:
2 2
Li(a1,a2,a3) = a1 + (T142i + T242i)az + (Tiio; + rigeiTet2i + rape;)as.

If |g2 (a1, a2, az)| < X(+@0)/27720 thep

Iil(l)n1 |L2i (CI,17 az, a3)| < X(1+a0)/477—20/2. (72)

For any given as, az, the number of a; satisfying (Z:2)) is O(X (1 +@0)/4=720/2)
Since there are O(X(HO‘“)/Z) choices of a2, as, the total number of terms
in B'(X,h; KA) is O(X'+e0=720/2), O

We are now able to bound S; suitably.

Proof of Proposition[3.3 First we wish to apply Lemma [[1]l By (64,
we have ag < 1/20, so the conditions of the lemma hold if 7o is slightly
larger than ap and 6y is sufficiently small. This gives

|[E1 (X, hy KA)| + | Ea (X, by KA)|
Si < (logH) Y > ey +o(X),
Kek A h<H?2
Np(A)|P(x%) ~
Np(A)<x3%
where _
heX  hUBu
EofX, s KA) = Y e( - )
oyl Np(a) q
KA|(a)
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We write By = E, + E, where Ej; is the contribution from terms in E
with |g2(a1,a2,a3)] < Y, and E} is the contribution from terms with
|g2(a1,a2,a3)| > Y. By Lemma [[4] the contribution to S; from Ej is
O(X* = <t°W) provided

Yy < x(Feo)/2=4mo—e, (7.3)

Therefore we concentrate on the contribution from E;. As in the proof
of Lemma[T4] there exists an integer j such that the condition K A|(«) is
therefore equivalent to

ap = —aij — azj” — azj° (mod Np(AK)). (7.4)

Let ao = ao(a1, az,as; KA) be a solution of the congruence (4). We may
write ap = o + mNp(KA) with m € R'(a1, a2, as) where

R'(a1,a2,as) := {m: (G0 + mNp(KA),a1,az,a3) € R}.

(We recall that R is the domain defined in ([612).) This set R'(a1, a2, as)
can be written as a finite union of intervals I'(a1, a2, as).

Any ap of the above form ensures that conditions (C2) and (C3) are
satisfied. Conditions (C1), (C4) and (C5) parts (a),(c),(e) don’t depend
on ap. Thus we find

B (X b KA) < > | > e(;fé)—%jg—u)‘-

a1,az,az<Xx(1+e0)/4 mel'(ay,a2,a3)
g2(araz,a3)>Y (Np(e),q0)=(q,B14)=1
E1D)

Here by > we mean that the summation is constrained by the fac-
torisation condition (61T .

We now need to control the ged between Np(KA) and gq. We define
t=(Np(KA),q) and t' = q/t. Since q is squarefree, (t,t') = 1. We apply
Bezout formula (5.I4]) to separate the congruence in t and in ¢’ and use
partial summation to remove the factor e(h¢X/Np(«)). This gives for
£=1,2, (asin [II p. 239])

ht
B (X, h; KA) < X?0Feo/t {= max \ S e( f(m)g( ))‘
1+aQ t/
(a1,02,03)€C po X" 4 m<B
q2(ay,a2,a3)>Y Np(KA)  (g(m),t')=1
(7.5)

where C is the projection of R onto the final 3 coordinates and
f(m) :=U(ao + mNp(KA)), g(m):= Bia(ao+ mNp(KA)).

We recall from (611]) that for all a1, a2, as under consideration g(a1, a2, as)
factors as szl Qi H?zl @25 for some integers g;; of constrained sizes. We
now wish to apply Lemma [T.2] which requires that for all a1, as, a3 under
consideration and all p|g(a1, a2, as), there is no polynomial w(X) € Z[X]
of degree less than 10 such that f(X) = w(X)g(X) (mod p).

Let plq(a1, az,as3). By (C5)(e), as is coprime with p, and so by (EI8)),
Bis (mod p) is a polynomial of degree exactly two in ag since its lead
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coefficient is —as. By Lemma[T3l, (p,Uo(a1,az,as),Ui(a1,a2,as3)) = 1,
and so U(ao, a1, az,a3) (mod p) is not identically zero and has degree at
most 1 in ag. This implies that for all p|g, there is no polynomial w € Z[X]
such that U(X, a1, a2,a3) = w(X)B14(X,a1,a2,a3) (mod p) and we can
apply Lemma [[2] with & = 8. We take ro = q22, 11 = @21, ™2 = q17,

r3 = qi6, - .-, s = qi11. By (GII) and (6.6)), we observe that ¢17 < ¢1; for
all 1 <5 <6. Let

Qmaac + Tmaz = SUp (913 + Tij)7 (76)
(i,5)€le

where we recall from (614) that

Ic := {(17 1)7 (172)7 (173)7 (174)7 (175)7 (17 6)7 (27 1)}

Then the sum over m in (73] is bounded by

| oMty

m<B
(g(m),t")=1

R h, 1 1/29 1/29 i\ 1/2°
(o) () (1)),
Q22 B (ij)Elc

We insert this bound into E}' (X, h; KA), and then subsitute this into 5.
Writing go2 = X922, this gives

S < X2”Io+1+ 5:);70 +e (X76222*9 + X(922+7—227 1+2a0 1660+10a0)2~°

+X(9ma1+rmazfl+f° +390+5ao)2*8) 4 xlmeto()

Thus we see that S; = o(X) provided

S50  Oao
2770 + T < ?
(D 1 /14 oo Sa
—_— — —660p) — 1 ) —2n9 — —
29 =9 ( g~ 00— 10a0) =2m0 ==
0ma:v + Tmaz 1 1+ (e 7)) 5O‘O
_— — — 360 —5 ) —2n0 — —.
28 28 ( 1 070 T T Ty

We recall that ga2 = g2(a1, az,a3)/qgz1, that gz2(a1, az,a3) € [Y, X1+20)/2]
and go1 € [Xte,X021+721]. Thus on choosing Y = X (tao)/d=dno—c o4
([T3) is satisfied, we see that the bound S1 = o(X) holds provided

bag 1+ ao 1
2?70+T<( 1 —921—7—21—4770)2—9
1 /14 oo 1 /1+ oo e )
- —021) < o ( — 600 — 1000 ) — 2n0 — 23
29 ( 1 ) < g\ Tg - ~ 6%~ 10a0) =20 = =
gmaz + Tmax 1 14 [e74] 5&()
- ~ 300 — 5o ) — 2m0 — 2.
28 28( 7 S —Sao) =20 ==
These follow from (6.3)), (64) and (6.8]) on taking 0 sufficiently small and
no sufficiently close to ag. O
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8 Proof of Proposition B.2: The sum 5

In this section we estimate the sum Sp from (3.6]) and establish Proposition
all under the assumption of Theorem (.11

8.1 The variable qq in S

With the notation @ = ag + a171 + agrf + a3rf, we consider the subset
R € R* is defined by (E12).

For Sy we proceed in the same way as in [I], [4], [8] but with slight
differences in some steps where a bound in O(X¢) is not always sufficient.

Lemma 8.1 (Removing the variable ag). Let 1200 4+ 22a0 < 1. We have

So = (%10%(5/4) log2+o(1)) I1 (1 _ %)Sm L o(x—e0/),

p<X§
where
So1 = > I(a1,a2,a3)h(q(a1, a2, a3)), (81)
(a1,a2,a3)ECNG

9(p) :== |{B : Np(B) = p}, (8.2)

C:= {(a1,a2,a3) € R* : Jap € R s.t. (ao,a1,az,a3) € R},
(8.3)
G = {(a1,a2,a3) € Z* : ap € Z s.t. (a) € T}, (8.4)

1-2/p)
h(q) := p’(q A=2/p) 4 , 8.5
() H()gl—g(p)/p P~ (9)>q0 ( )
I(a1, as, as) := / . da (8.6)
ap€D(a1,a2,a3) Np(ao,a1,az,as)

D(a1,a2,a3) := {ao € R: (a0, a1,a2,a3) € R}. (8.7)

Here NP(‘lm a1, az,a3) s the quartic form coinciding with Np(ao+air1+
azri + azri) on integers.

Proof. We want to isolate the variable ap. We note that the condi-
tion («) € J implies that (g(a1,a2,a3), Bia(ao,a1,a2,a3)) = 1 and that
(ao,a1,a2,a3) € R but otherwise there are no further dependencies be-
tween ap and a1, az2,as3. We use Md&bius inversion to detect the condition
(¢, Bia) = 1 when evaluated at ao, a1, a2,as. This give rise to a square-
free r|(gq, Bi4) which we decompose as r = riry with r{|Np(KA) and
(ry, Np(KA)) = 1. This yields

So=3 D Ay D > ulrh)

Kek A (a1,a2,a3)ECNG r[|Np(KA)
rilq(a1,a2,a3)

’ 1
Y XY >

rhlq(ay,az,a3) ageS(ry,rh) aOED(al,c}g,ag)
(ry,Np(KA))=1 ag=ag (mod r4jNp(KA))
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where C, G are as in (83) and (84)

S(ri,rs) = {0 < ap < ruNp(KA) : r175|Bia(ao, a1, a2, a3), KA|(a)}.
(8.9)
(We have suppressed the dependence of S(ri,r3) on a1, as,as for nota-
tional convenience.) The inner sum over aop is now over points in an
interval with a congruence constraint, and so by partial summation (and
recalling from [BI2) that Np(a) > X1T20/2 for all a € R), we obtain

1 I{a1,02,a3) 1
Z Np(a)  14Np(AK) +O(X1+a0/2)' (8.10)

ap€D(a1,a2,a3)
ag=ag (mod r4Np(KA))

The O(X ~(1+20/2)) error term in (I0) contributes to So a total

1 —1/4+4360+21cg/4+0(1)
< X 1+ag/2—0(1) Z Z Z <X '
Np(K)<X%* Np(A)<x3% (a1,a2,a3)€C

(Recall that if a € R then ||a]lc < X3F*0)/4 by our choice of funda-
mental domain). This is O(X ~®0/4+°MW) if 1205 4+ 2200 < 1, as in the
assumptions of the lemma.

Thus we are left to consider the contribution from the main term of

(BI0), namely
- o 180, )| (a1, a2, a3)
Z Z Z )‘NP(A) Z p(ry)p(ra) T Np(AK) .

(a1,a2,a3)€C KeK A rirhla(ar,az,a3)

vt [Np (K A)
(rh . Np(KA)=1

(8.11)
By the Chinese Remainder Theorem, we have

ISt = I 1St el (8.12)

plryNp(KA)
where

{0 < ao < p: pl(Bia(ao, a1, a2,a3), Np(a))}, if plri,
|S(r1,r2,p)| == < {0 < ao < p : p|Bia(ao, a1, az,as)}|, if plra,
{0 < ao < p:p|Np(a)}, if p|Np(KA)/ri.

We compute |S(r1, 75, p)| using Lemmas [5.16] and [F.I71 Under the condi-
tion P~ (q) > go we find

2 if plry,

S /7 /7 —
|51, 72, p)l {1 if p|Np(KA).

Using this bound in (812) gives

1S(r, )| = 2°02).
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Inserting this in the previous expression (8II]) for the main term of So,
we see that the sum over ry is 1 if (g(a1,az2,a3), Np(KA)) = 1, and 0
otherwise. Thus the expression ([8I1]) simplifies to

T‘/ 2w(ré)
Z I(a17a27a3)( Z %)hl(q(alya@yaﬁ)x
(a1,az2,a3)€C rhla(ar,az,a3) 2

where

1 AN (A)
h = E —_— E P .
1(Q) < KeKk N ( )>< = N ( )
(Np(A),q)=1
(Np(K),q)=1

Recalling that & is the set of prime ideals with norm between X*“° and
X520 we see that for ¢ < XM

5 ﬁ = log(5/4) + o(1),

KeK
(Np(K),q)=1

ANp () _ Ay 9(d)
(Npg;q)zl Ne(4) dg;eo d
(d,q)=1
_ (2e"log?2 g(p) gp)\~*
,(73 —|—o(1)) Hﬂ (1——p ) I1 (1——p ) .
p<Xx9 plq
p<Xx%

Here we used the fact that the linear sieve lower bound function evaluated

at 3 is 2e” log 2/3. Putting these expressions together now gives the result.
O

8.2 Splitting into small boxes

We see from condition (C2) that if a € J then a = (ap+aim +aor? +a3r:{’)
for some a € Z* which lies in the region R given by (G.12). We recall that
m = (log 1:)71004 We cover the region R by hyper-rectangles of type

H =] Ao, Ao + 11 Ao]x] A1, A1 (1 + m)]x] A2, A2(1 + m)]x] A3, As(1 + m1)].
(8.13)
The number of such hyper-rectangles is O(n;*)(log X)* = O(n7®).
Furthermore the contribution to So1 from hyper-rectangles such that
min(|A;|) < X1/47720/8 5 O(X17«0/8+2) which is sufficiently small.
We will say that H is a ‘good’ hyper-rectangle if H C R and

min(|Aol, [A1], [Az], |As]) > X/*7T0/%,
min(|Ao|, [A1l, |Az|, |As]) > m max(|Ao|, |A1], Az, |As]), (8.14)
q1 (A17 As, AS) > 77}/10 max(|A1|7 |A2|7 |A3|)4«

If H is not ‘good’ then we say H is ‘bad’. We note that the second and
third assertions in this definition corresponds to the conditions (£3) and

@4).
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We denote by 7% the set of all good hyper-rectangles. To each hyper-
rectangle H we associate its projection to R® by ignoring ao:

H' =] A1, Ar(1+m)]x] Az, Az (1 +m)]x]As, As(1+m)]- (8.15)

Lemma 8.2 (Splitting into small boxes). Let So1 be as in Lemma [8]]
We have that

Aom

So1 > — Soz2(H),
Hgfn Np (Ao, A1, Az, A3)
where
Soz2(H) == > > h(g(a1, a2, as)).
ai;€[x %3, x5t 7ij) (a1,az2,a3)€H’
(i,5)€lc 151 a1jla1(a1,a2,a3)
g21=1 (mod Dg,) g21q2(a1,a2,a3)
(a(a1,a2,a3),q3(a1,a2,a3))=1
g,a2a3)=1

(a2,a3)=30, a1=1 (mod 30)
a2,a3=30 (mod 900)

We recall from (613) that Np (ao, a1, az,a3) is the quartic form coin-
ciding with Np(ao + a1r1 + asr? + CL37':13) on integers.

Proof. By splitting the sum over a1, a2,a3 and the integral over ao into
the hyperrectangles H, and then restricting only to good hyperrectangles
for a lower bound, we find

So1 > Z So1(H),

HeHr
where
So1(H) = Z h(q(a1,az2,as3))In(a1,az,as),
(a1,a2,a3)ECNH'NG
Ao (14+n1) da A 14001
IH(al,ag,ag) ::/ — 0 = — 0771( ( )) .
Ao NP(U/()7G,17 a27a3) NP(A07A17A27A3)

We recall from (617)) that if (a1, az, as) € G then ¢1 (a1, a2, as) and ¢2(a1, az, as)
factor as H?:l q1i and @21g22 respectively with g21,q11, 912, ¢13, q14, Q15
primes satisfying ¢;; > X %; . In particular, we see that for any choice

of a1, a2, as there are O(1) choices of gi; such that gi(a1,az2,a2) =], gi;.
Thus, summing over these representations, we find

Aom

So1(H) > =
Np (Ao, A1, As, A3)

Soz2(H),

say, with So2(H) as given by the lemma and Ic defined in (6I4). This
gives the result. O
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8.3 Preparation for the application of Theorem

(4.7

Following [Il Section 6.2] or [4] Section 15|, we do several manipulations
in order to take care of the different coprimality conditions and the multi-
plicative weight h(g). In our situation it is important that we are slightly
more careful than these previous works. We do not impose congruence
conditions to moduli larger than (log X )O(l) since this would cause issues
related to Siegel zeros (the argument of the previous papers would intro-
duce a congruence constraint of modulus X to for some to > 0). This means
we need to be careful not to lose the fact that when (ao, a1,a2,a3) € H,
the a; are in small intervals. Let

Z = (log X)), 7' = X0/10000 (8.16)

where g is the constant used to define the set K (which will be chosen
sufficiently small later on) and Ao is a fixed constant (which will be chosen
sufficiently large). From the bound (BI4]), we certainly note that since
ap < 1 we have

ZlOOO < Z/lOO < IIliIl(Ao7 Al7 A27 A3) (8.17)
For brevity we will write
Ny = Np(Ao, A1, Az, A3). (8.18)

Lemma 8.3 (Removing the condition (g,q3) = 1). Let So2(H) be as in
Lemmal[8Z Then we have

3
N A1A2A3
SOQ(H) = So3(H) + 0(7)7
where
Soa(H) =Y ) > > h(q(a1, az,as)).
<z ai; €[x %3, x5+ 7 (a1,a2,a3)€H’
(i,5)€lc H?:l q14lq1(a1,a2,a3)
g21=1 (mod Dg,) g21lq2(a1,a2,a3)

dlq(a1,a2,a3)
d|qs(a1,a2,a3)
(q(a1,a2,a3),q3(a1,a2,a3))=1
(g,a2a3)=1
(a2,a3)=30, a1=1 (mod 30)
az,a3=30 (mod 900)

Proof. First, we detect the condition (g, g3) = 1 via Mobius inversion

So2(H) = > > h(q(ar,az,as)) Y p(d).

QijE[Xeij,Xeij+Tij] (a1,az2,a3)€H’ dlq(ay,a2,a3)
(i,5)€lc [15-1 a1jla1(a1,a2,a3) dlgz(a1,az2,a3)
g21=1 (mod Dg,) g21q2(a1,a2,a3)
(qa(a1,a2,a3),q3(a1,az2,a3))=1
q,aza3)=1

(az2,a3)=30, a1=1 (mod 30)
as,a3=30 (mod 900)

We split So2(H) into three sums,

So2(H) = Sos(H) + U1 (H) + U2 (H),
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where So3(H) is the contribution of the terms in So2(H) with d < Z,
Uz1(H) is the contribution from Z < d < Z' and Us2(H) is the contribu-
tion from d > Z’. We note that Sos(H) is as given in the lemma, so we
are left to bound Usi (H) and Uz (H).

First we bound Us:1. Recall that g3(a1,az2,a3) = —aias +a%—c3azas —
c2a3, so the condition g3 = 0 (mod d) implies that a; = @3(a3 — czazasz —
c2a3) (mod d). (We restrict ourselves to (as, g(a1, az,a3)) = 1 so (a3, d) =
1.) Inserting this into the condition (a1, az2,a3) = 0 (mod d) and multi-
plying by a§ gives Q(as, a3) := q(a3 —csazaz —c203, azas,a3) = 0 (mod d),
for a polynomial Q(az2,as) which is of degree 12 in a2 (and non-zero).
For any given a3 the number of roots of Q(az,a3) (mod d) is O(12*(?).
For any choice of a1, az2,as under consideration, there are O(1) choices
of primes ¢;; € [ X%, X%iT7ii] with qi;|q1 (a1, a2, as)gz(a1, az,as). Thus,
letting b(az, a3) = a3(a3 — czazas — c2a3), and noting Z’ < A?% (recall

@I7), we deduce
mie Y% > >

Z<d<Z’ az€[A3,Az3(1+n1)] a2€[A2,A2(1+m1)] a1€[A1,A1(1+n1)]
(a2,a3)=0 (mod d) a;j=b(agz,a3) (mod d)

19« (d)
42

< A1A2A377? Z < A1A2A3n?273/4.

z<d<z’

We now consider Usz. Since Q(az,a3) = 0 (mod d), if Q(az,a3) # 0
there are O(X°€) choices of d given a2, as. We have Q(az,a3) = 0 if and
only if 3(4, ) such that

(ag — c3a2a3 — 02(13) + (rs + 7j)azas + ag(r? +riry + 7‘]2) =0,
which rearranges to
a3 + agaz(r +1; — ¢3) + a3 (r; + rirj + 7'32- —c2)=0.

Since as # 0, az/as is a root of X + (r; +1; — c3) X + 7] +rirj + 17 — 2
and there are at most two such roots. Thus for each choice of as there are
at most 2 choices of as such that Q(az,a3) = 0. Moreover, in this case
we still have d|gs(a1,a2,as) # 0, so there are O(X°) choices of d given
ai,asz,asz. We deduce that (using Z' < A1, As)

Un() < Y @) Y 1+ Y @)

>z’ (a1,a2,a3)€H’ d>Z’ (ay,as,a3)€H’
Q(az,a3)#0 Q(az,a3)=0
a1=b(az,a3) (mod d) d|g3(a1,a2,a3)

< > 2 > > 1

a2€[A2,A2(1+m1)] a3€[A3,A3(1+m)]  d>Z’ a1 €[A1,A1(1+m1)]
Q(az,a3)#0 d\%(azyas) a1=b(az,a3) (mod d)
p=(d)=1

D SEED SRR DR

a1 Ay,a2<K Ay 0<a3z< A3 d|g3(ay,a2,a3)
Q(az,a3)=0

A
<L Z 7(Q(az,a3)) + A1 A2 X° <

!
ag€[Az, Az (1+n1)]
az€[Az,Az(1+n1)]
Q(az,a3)#0

A1A2A3X°
A ’
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This gives the result. |

Lemma 8.4 (Removing the condition (q,az2a3) = 1). Let So3(H) be as
giwen in Lemmal8.3 Then we have

3
771A1A2A3
Soa(H) = Sos(H) + O( L7252,
where
Soa(H) = > p(d)u(s2ss) > > h(g(a1, s2a3, s3a3)).
dﬁgz qije[xeijyxeijJrTij] (a1,s2ah,s3a5)EH’
5283% v (i,5)€lc H?:l q1jlq1(a1,s2a5,53a5)

q21=1 (mod Dgy) q21lq2(a1,s2a,53a%)

[d,s2s3]lq(a1,s2a5,53a3)
dlgz(a1,a2,a3)
(szalz,53a/3):30, a1=1 (mod 30)
sza'2,53af0’£30 (mod 900)

Proof. We remove the condition (azas,g(a1,az,as)) = 1 via Mobius in-
version, giving

Sos(H) = p(d) > > Y. nl(9)h(alar, az,a3)).

azZz ai; €1x %3, x %5 Tig) (a1,a2,a3)EH’ slazas
(i,5)€lc H?:l q1jlq1(a1,a2,a3) [d;s]lg(a1,a2,a3)
g21=1 (mod Dg,) 92192 (a1,a2,a3)

(a2,a3)=30, a;=1 (mod 30)
as,a3=30 (mod 900)
d|qg(ay,az,a3)

We write s as s = s2s3 with s2]as and ss|as, and write as = s2ah, as =
ssas. Let Us(H) denote the contribution given by the s > Z and So4(H)
the remaining contribution with s < Z. Thus we are left to bound Us(#).

Since each g¢;(a1,s2a5,s3a3) has a finite number of prime factors in
[X%3, X%3F7ii] there are O(1) choices of the g;j, so

Us(H) < > p?(d) > pP(s2s3) > L

d<Zz Z<3233<N;{/4 (al,SQalz,Sg,aé)EH/
[d,s]la(a1,abs2,a553)
d|q3(a1,als2,a%s3)

The form ¢ is monic of degree 6 in a; (by (5:24), (525)) and [d, s2s3]
is squarefree, so given s2,s3,a5,a% there are 0(6“’([d’s2s3”) choices of

a1 (mod [d, s2s3]) such that g(a1,a5s2,a3s3) = 0 (mod [d, s2s3]). Since
(a1, as2,ass3) € H' we obtain

Us(H) < S i) Y0 p(sasg)e et (A2 ) (A2 g (DAL )

i<z S2 S3 [5233, d]

Z<5253<<N71{/4

A1 Az Az

— = _7X*
IIliIl(Al7 A27 A3)

K ZNME + ZNG[ (| A + |Aa| + |As]) +
6w([d78])

+ n?AlAZAB Z Z m

d<Z s>7Z
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This final term is seen to be O(n? A1 A2 Asz(log Z)°™W /Z). Since max (A1, Az, Az) <
N;{/4 and Z = (log X)°W this gives
U%A1A2A3
Z1/2
This gives the result. O

Us(H) < + N}/

Lemma 8.5 (Simplifying the function h). Let Sos(H) be as in Lemma
Then we have

3
A1 A A
Soa(H) = Sos (W) + O L2222,
where
Sos(H) = > p(d)p(s253)0(u) > > 1,
u<z20 as;€[x %3, x5t 7ij) (a1,s2a},s3a%)EH’
Sjsféz v (i,j)€le H?:l q1jlq1(a1,s2a,s3a%)

421=1 (mod Dgy) 92192 (a1,s2a5,s30a%)

[d,s2s3,u]lg(a1,s2a5,53a3)
dlgz(a1,a2,a3)
(saab,s3a%)=30, a1 =1 (mod 30)
sza/z,33a§£30 (mod 900)

and ¢ is the multiplicative function defined by

p?(f);(;7 ifp>qo andv =1,
é(pu) o _17 Zf7§p§qo CL’I’LdV:l7
. —h(p)7 ifl/:27
0, ifv>3,

with qo given by (G.1)).

Proof. Recalling ([83]), we see that h = 1 % £ where £ is as given by the
lemma. In particular,

h(q(ar, saa3, s3a3)) = > ().

ulg(a1,s2ah,s3a%)

Since a1 = 1 (mod 30) and 30|(az, as), (u,30) = 1. We substitute this into
our definition of So4(#), and consider separately the contribution Sos(H)
from u < Z?° and the contribution Uy (H) from u > Z2°.

Since £(u) = 0 when there exists p such that p®|u, we may write
u = v®w with p?(vw) = 1. Since Us(H) has u > Z*°, it suffices to
separately bound the contribution of terms Us; (H) with w > Z'0 and the
contribution Us2(H) of terms with 02 > 710 > .

First we bound Ui (H) with w > Z19. Since qo > 10, we see that
[¢(u)] < 10“®%) /. Following an entirely analogous argument to our
bound for Uz(#H) in Lemma [83] we can find that

Un(H) < Z Z Z e (vw)(

$258<Z w>2z'0
p=(s2s3)=1 wv?|q

60)“)(”“)) (?71A1 )W%AzAs
7 1
w wv S283

A1A2A3

& A2 A3X® + i A1 A2As(log X)Z 72 < ~
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Thus we are left to bound U2 () involving terms with v > 7%, We see

Un(M) SV'(H) + > Vi(H),

(i.9)€lc

where Vi;(H) denotes those terms with gs; |v for some q;; € [X %3, X% +7i],
and V'(H) denotes those terms with (I jyer, @isv) = 1 for all gi; €
(X% x%5TTi] (i,5) € Ic.

First we consider V21(H). By (G.6]), we have Z?:l 01; + 6021 > 1+
ao. We recall gi(a1,az2a3) < X't for all (a1,a2,a3) € H and that

6

H?zl q1j]q1 (a1, az,a3) with H?zl qj > X>i=1%3_ Therefore we must
have that (ga1,q1(a1,a2,a3)) = 1. Since ag < 1/19 by ©4) and ¢3; <
X22142m21 < x1/4=T00/8 < min( Ay, As, Az) by 68) and [®I4), we de-

duce that
Vor (M) < X° > oo

g21€[X921,X921+721] (aj,az,a3)eH’
2
9311q2(a1,a2,a3)

< XTIt A A, A5,

We now consider Vi;(H). As with Va1(H), we can’t have ¢i;]q1 (a1, az, as)

by size considerations and (@.6). Therefore if ¢%; |q(a1, az, a3) then q1;|(qi (a1, a2, a3), ¢2(a1, az, as)),
and so Lemma [5.13] shows that P((a2 — csas)az) = 0 (mod ¢1;). Again,

we have that ¢i1; < min(A1, A2, A3). Thus we have

Vii(H) < X° Z Z Z 1

q1:€[x%1i,X%1F714] (az,a3)€[A2, A2 (1+m1)] X [A3,A3(1+m1)] a1 €[A1, A1 (14n1)]
P((az—czaz)az)=0 (mod q1;) q1ilq1(a1,a2,a3)

< X791i+€A1A2A3.

Finally, we are left to bound V'(#). Each v counted in V'(#) may fac-
tored as v = viv2v3, with

v
v = I I D, Vg = | | D, v3 1= .
V1V2

, plv , plv/v1
p=lg1(a1,a2,a3) p~lgz(a1,az,a3)

Since v was squarefree, we see that vi,v2,v3 are pairwise coprime and
squarefree.

By Lemma [5.13] again, P((az — csaz)az) =0 (mod vs). In V'/(H), v is
coprime with all the g¢;;, and so for any a1, a2,a3 € H

5
vivs < M < XMreomXisi 0 <oy Ay (8.19)
Hj:l qij
vy L0209 grro0 2t (8.20)
21

Thus we have

w(w)
Vs Y Y S % > > o

) S»d§Z w<Z10 vivaug>Z° az€[A2, Az (1+m1)] a1€[A1,A1(1+m1)]
p=(d)p= (s)=1 u2(w111112113):1P ‘ZSE[ASiS(_1+”11)]d U%US\QI(‘ZLGQJS)
((az—c3a3)az)=0 (mod v3) v3v3lgz(a1,az,a3)
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Let di € Z[az, a3] denote the discriminant of ¢; (viewing g1 as a polyno-
mial in a1), and ds € Z[az, a3] denote the discriminant of g2. By Lemma
[5.13] we see that the inner sum restricts a1 to one of 0(6“’(”1”2”3)) residue
classes modulo va%vg/(m7 di(az,as3))(ve,d2(az,as)). Thus

Z 1< 6w(111v2v3)(nlAl(Ulydl(a272a32))(v27d2(a27a3)) i 1)'
a1€[A1,A1(1+m1)] vivavs
vivszlai(a1,a2,a3)
v3v3lga(al,az,a3)

(8.21)

Let I; = {(1,3),(1,4),(2,3), (2,4)} be the set of the indexes (i, j) such
that (r;,r;) is involved in the factorisation of ¢;. We note that

di(az,a3) = H (ag(ri + 715 — 1K —70) +a3(r,-2 + v +r12- —r;% —r? )
(4,3),(k,1) €Ty
(4,9)# (k1)
da(as, a3) = —(aa(r1 + 12 —r3 — ra) + az(ri + rire + 15 — 13 — 1374 —73))°.

We remark that the coefficient in a%z in di is non zero because we
can’t have r;+r; —rip —r; = 0 for two different (3, 5), (k,£) € I1. The case
{i,7} N {k, £} # 0 is clear, the other case was noticed in Remark (ii) after
the proof of Lemma 5151

For d2, it may be the case that r1 + r2 — r3 — r4 = 0. However in
this case we can’t also have r% +rire + r% —7r3 —1T3rg — ri = 0 since this
would imply that r1 + r2 = r3 + r4 and r172 = r3r4 which is not possible
when the roots of P are distinct. Thus either the coefficient of a2 in do is
non-zero or the coefficient of a3 is non-zero.

To estimate the sum over v1, v2, v3, az, as of the terms with di (a2, as), d2(az2, as)
in B2I)), we write w; = (vi,di(az,a3)) for ¢ = 1,2 and next forget the
coprimality between v; /w; and d;(az,a3)/w;. This sum is thus bounded
by

gw(vivavs)
> o w1z > 1.
vivsU3

vivavg> 20 wl}”l azE[[AzyAz((Hm))]

_v6 . wa |v az€[A3,A3(14+n

1+ >0 2|v2 3 3,43 1
U%USSX >0~ 27=1 1 di(az,a3)=0 (mod wi)
v3vz<x(1+a0)/2=021 da(az,a3)=0 (mod wy)

12 (v1 vovz)=1 P((az—cgagz)az)=0 (mod v3)
If the coefficient in a3 in d2(az,as3) is non zero, then the inner sum over
az, asz is
A
< mAs (1 + M) 12“’(“’1“12713)7

wi1wW2vV3
otherwise the condition wsz|d2(az2,as) is equivalent to wz|dpas for some
dp € Z depending only of P (we recall that ws is square free) and thus
the inner sum over asg, az is bounded by

2
< (1+771A3) <1+771A2)12w(1,11,21,3) < 12w(w1w21,3)<1+771A3+771A2+7]1A2A3)‘
w2 wi1v3 w2 wi1v3 Wi1wW2v3

43



Finally we obtain that

V'(H) < Z*(log Z)™° 3 6= (viv2vs) [anzAg
vivavz>Z°
S IR et
1,gvg§A><(1+f¥o)/2*921
12 (vivavg)=1

129 (W1wava) p Ay A 2A2A
+Z vv1)12112(A+w1v2+ij2v3)]
wr o1 1 U3 3 1Ww2U3

wa |vay

- A1 AzA3 3(14ag)/4-3, . 0::/2
Z 3 log Z 10 SA Ax A ZS—X 0 (i,g)€le Vil =,
< (log Z)"ny A1 A2 Az + min(A;, Az, A3) c

By (8I4) and (6.6]) we see that X 30te0)/A=2ijere ii/? < min(Aq, Az, Ag) X €.
Putting everything together then gives the result. O

Lemma 8.6 (Removing (a2,a3)/30 = 1). Let Sos(H) be as given in
Lemmal[8.3 Then we have

3
A1A2A
Sos(H) = Sos(H) + 0(”117223)7
where
Sos(H) = Y p(d)u(s2ss)e(uw)u(t) > > L.
<250 aijelx%i,x%itTij) (a1,a2,a3)eM’
u<z20 v (i,5)€lc 5= a1jla1 (a1 az2,a3)
Szdsfgz g21=1 (mod Dg,) y 921/q2(a1,a2,a3)
(£,30)=1 l ’Sgﬂsqsﬂ\f{gg;)vas)
[t,s2]]az
(t,s3]las

as,a3=30 (mod 900)
a;=1 (mod 30)
Proof. Since we have a2, a3 = 30 (mod 900), we can detect (az,as3)|30 us-
ing Mébius inversion 1, a5)30 = D t|(as,a5) #(t) and separately consider
30

the contribution Soe(#) from terms with ¢ < 7% and the contribution
Us(H) from terms with ¢ > Z°°. Since there are O(1) choices of the g;;
given a choice of a1, az, a3, we see that

<y > > ow

t>250 4 <720 (aj,az,a3)eH’
d,s3s3<Z  t|(az,a3)

3
< 7% > mAl(mAz +1) ("“43 +1) < 7’71A1;2A3.
750 <t<min(Agz,As3)

This gives the result. O

8.4 Application of Theorem [4.7]

Lemma 8.7 (Application of Theorem ). Let Sos(H) be as in Lemma
Then we have
Sos(H) > i A1 Az Asz.
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Proof of Lemmal87 assuming Theorem [{.1} Recalling the definition of Soe
from Lemma [B:6] we remark that the different conditions modulo 30 on

a1, az,as imply that (g(a1,az2,as3),30) = 1 and thus we may impose that
(dsasstu, 30) = 1. Splitting (a1, az, as) into residue classes (mod [t, u, d, s2, s3]),
we see that

Sos(H) = > p(d)u(sass)(u)p(t) > So(wo, [d, 52, 83, ¢, u]),

t< 250 upg€S(d,s2,s3,t,u)
u<z20
i<z
s053<7
(dsgsztu,30)=1
(8.22)
where
So7(ug, m) := E E : 1,
a;;€[Xx %, x5+ Tij ) . (a1,a2,a3)eM’
v (i,5)Elc ITj=1 q1jlq1(a1,a2,a3)
g21=1 (mod Dg,) g21 92 (a1,a2,a3)

(a1,a2,a3)=ug (mod m)
ag,a3=30 (mod 900), a1=1 (mod 30)

S(d, s2, s3,t,u) = {(u17u2,u3) (mod [d, s2s3,t,u]) : [d, s2s3,u]|q(u1, uz,us),
dlgs(ur, uz, us), [s2,]|uz, [83775”“3}-

We now apply Theorem ] on incomplete norms with K = Q(r1 + 73),
vi=1,1ve =7r1+7r3, V3 = r% + r% + r1r3 and v4 such that v4 is in the
ring of integers of K and (v1,v2,v3,v4) is a Q-basis of K. By Theorem
i} (taking X; = Ai, { =25, ! = 3,0, = 911'M ‘9: = (‘917,‘ + Th‘) log X

og Ay’ log Ay ?
T= 4921%7 7' = (021 + 7'21)%)7 we have that
3
_ ni A1 Az Az
507(1107 m) = (1 + 0(1))m . 11[ log(l + 7'”/913)
¥ C

Here we have used the fact that (@3]) and (£4) hold by (8I4). Similarly

(£8) holds by (63), (Z1) holds by (62), (£8) holds by (63), (£3) holds
by (@6), (£I0) holds by (61) and (EII) holds by (8] and ([E.9) and

by noticing that 1+4a0 < llg’ggj(l < 1+:0/24 Substituting this into our

expression ([822) for Soe, we find that

3
_ ni Aid2As o L(m)
Sos(H) = (1 +0(1) 50555t 1 log(1+7,/05) D =,
(3,9)€lc m<Z72

(8.23)
where

L= Y (s )u(OIS(d 52,55t u).
d<z
50537
w< 720
(dsgsztu,30)=1
t<z50
[d,s253,t,ul=m
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We wish to remove the upper bound constraints on d, sz2, s3,u, t,m so we
can understand Y., L(m)/m?® via an Euler product. Let

L'(m):= > |u(du()u®)e(w)] Y [S(d,s2,s3,t,u),
[d,s,t,u]l=m S283=8
(dsgsatu,30)=1

Pm)= Y wduptiw) S 1S sz ss,t,w)
[d,s,t,u]=m sp83=s
(dsgsatu,30)=1

which are multiplicative functions of m. We note that L*(m) > max(|L(m)|, |L(m)))
for all m and that L(m) = L(m) for m < Z. From the support of u,
we have L*(p®) = 0 for k > 3. We easily check that L*(p) < 2°p and
L*(p?) < 3p* for p > qo since [£(p)| < 2/(p — 2) in this range. We deduce
that L*(m)/m® < 7(m)®/m?. We note that L(p*) = 0 for k > 2 and

2 < p < qo, and that L(p") = 0 for any k > 1 when p = 2,3,5. We find

> U5 M oy Ll

m<Z72 m<Z m>Z
-$ i vo(3 1)
I (1+%)p§0(1+%)+0<2b2).

7<p<qo

From our bounds on L* we see that [[ . (1 + L(p)/p®) > 1 and the
product over p < go converges. We wish to show that the product con-
verges to a strictly positive constant, and so need to check that 1+I~/(p) /p®
doesn’t vanish for some small prime p with 7 < p < qo. If p|[d, s2, s3] then
for u =1 or p, we have

|S(d7 52,83, U, 1)| = |S(d7 827537u7p)|‘

Since ¢(p) + £(1) = 0 when 7 < p < qo, we deduce

> > uld)p(s2ss)p(t)(w)|S(d, 51, 52,8, u)| = 0.
[d,s2,s3]=p [d,s2,83,t,u]=p

The value L(p) is then

L(p) =1 —p— [{(u1,u2,us) (mod p) : plq(ua, uz, us)}.

Then _

L+ L(p)/p" = (0" = 6p° —=p +1)/p" > 0,
when p > 7. Thus 3°, _,72 L(m)/m® > 1, and so substituting this into
(B23) and using the fact 7;;/0;; > 1 we obtain the result. O
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8.5 Proof of Proposition

Proof of Proposition[3.2 assuming Theorem [ By LemmasET] B2 B3]
84 B5 and R7 in turn, we see that

1 Ao A1 Az Asnt 1
SO>>1 X Z ——— 2 O(zl/z)'
og HE A Np(Ao,Al,AQ,A:;)
(Note that in this application Lemma [87] we are assuming Theorem [£.]
and that we have 126y + 22a0 < 1 required for Lemma [R]] since we are
taking 6o sufficiently small and assuming that ao satisfies (?77).) We note
that

3 AoA1AsAsnt Ao A1 Az Az Ao A1 Az Azt

Np(Ao, Ay, Ay, A) Np(Ao, A, Az, Ag) =% Np(Ao, Ay, Az, Ag)

H bad

HeAr HCR
If H is bad, then max (A1, A27A3)477}/10 > q1(Ai1, A2, A3) or there exists
i € {0,1,2,3} such that |A;| < nmax(|Ao|, |A1|,|Az2|,|As]). The first
inequality implies that there exists (¢, j) € I¢ such that

Lij (A1, A, As) i= | A+ (ritry) As(ribrer+r7) As| < ny/*” max(A1, Az, As).
Thus, by partial summation

Ao A1 Ay Asni 1
2 o e A A 2 > > yo
HCR VP20, 41, A2, A3 (i,5)€lc A=2t (ag,a1,a2,a3)ER
H bad Ta 1+

1/40
leTQ<<A<<X% Li,j(alva2;a3)§n1/ A
max(ap,a1,a2,a3) <A

> 1
+ > > e
i=0 A=2f (ap,a1,a2,a3)€ER
1_ T 1tag a;<m A
X 8 AKX 4 max(ag,a1,a2,a3)<KA
1/40
< 771/ log X.

Similarly, we find by partial summation

4
L (0D DI S
Np(Ao, A1, Az, A3) Np(ao,a1,a2,a3)

HCR (ap,a1,a2,a3)ER
> log X.
Putting everything together now gives Proposition O

Thus we are left to establish Theorem [Z11

9 Incomplete norm forms

In this section we perform our initial reductions to reduce the proof of
Theorem Tl to that of establishing Proposition [@.13]and Proposition
We roughly follow the argument of [I4] in this section, but require a
number of small technical modifications.
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Let K be a quartic number field, Ok its integer ring, Clk its class
group. Let v1,v2,v3,va € Ok such that v = (v1,v2,v3,v4) is a Q-basis
of K. We suppose for convenience that 11 = 1 and K = Q(v2). We then
define Oy = Z[v1, v2, V3, v4] the order generated by v.

Welet N(-) = Nk (-) be the norm on K, and note that this is a different
norm to Np on Q(r1) encountered earlier.

There exists an integral basis of Ox, w = (w1, w2, ws,ws) and some
integers w;j;, 1 <14 < j <4, such that

J
vi=Y wiyw (j=1,2,3,4). (9.1)
i=1
(cf. for example [16] Proposition 2.11]).

9.1 From Ok to O, and vice-versa

We denote by Lwv = (wij)1<i,j<4 the matrix of v in w so that for all
1<j<4,v; =31 wjwi.
By (@) this matrix is upper triangular and the absolute value of its
determinant is
W = |w11w22w33w44| €z (92)

Lemma 9.1. For all a € Ok, there exist a1, a2, as,as € Z, with

1 4
o= — a;V;
2>

Conversely, there exists a subset Vo C {0,...,W — 1}* such that for all
a € Z* we have

4
%Zaiwe(’)xéﬂuevo:azu(mod W).

i=1

Proof. Let a € Ok. There exist (a1, a2, a3,a4) € Z* and (a}, ah, a3, a}) €

4 4 . . .
Q* such that o = 377 aiwi = >_;_, ajv;. With our previous notation,

’

ay ai
/

Qo -1 | a2
’ = (va)

as as

a) n

The matrix (Lwy) " is of type 1 (wi;)1<ij<4 Where the coefficients wy,
are integers. This implies the first part of the lemma.

The second part of the lemma is also a direct consequence of the change
of basis formula. With our previous notation we have

4 4

4
E a;v; = E ( wijaj)wi.
j=1 1

i=1  j=
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Then for any a = (a1, a2,a3,a4) € zZ*, % Zle a;vi € Ok if and only if
for all 1 <1 < 4, we have

4
Zwija]‘ =0 (mod W).

Jj=1

The set Vo is the the subset of {0, ..., —1}* formed by all the solutions
of these congruences. O

Lemma 9.2. Let a be a principal ideal. Then there is a generator « of a
such that
0% < N(a)"/*

for all embeddings o : K — C. Furthermore there exists V > 0 depending
only on v such that
4
o = % Z a;V;
i=1

for some integers a; < N(a)*/*.

Proof. The first part is a particular case of [14] Lemma 4.3]. The last
part follows also from this lemma combined with Lemma 0.1 O

Lemma 9.3. Let C be an hypercube of side length 6o B which contains a
point by € Z* such that ||bo|| < B. We suppose that bg = (W' 3°%_ (bo)ivs)
is an integral ideal whose norm satisfies N(bo) = By > B*. Let q such
that Wq and 10gW < §oB.

Then there exists a set W(bo) of W* elements 8y € O with 8§ =
WS (bh)svs and with b € C, such that for allb € C, b = bo (mod q)
if and only if B = + Z?:l bivi € Ok and there exists By € W(bo) with
8= Bb (mod q).

Proof. This is variant of an argument used in the proof of |14, Lemma
9.4].

Let B0 := S (bo)ivi. Forall v = (vi,...,v1) € {0,..., W — 1}
there exists u = u(bg,v) € Z* such that by + g(v + Wu) € C since
qW < 00 B, the side length of C. We will prove that the set

4
! 1 / . !
W= {/30 = o > biws with b’ = bo+q(v+Wu(bo,v)), v € {07...7W—1}4}

i=1

satisfies the conclusion of the lemma.
First we suppose that b = bg (mod ¢). This implies that there exist
four integers mi, ma, ms, m4 such that b; = (bo): + gm,. We get

4 4 4
=1 _ 1 _ q
B = % ;bil/i =W Z221((b0)i + miq)vi = fo + W ig:l miv;.

Since W g, this implies that 8 € Ok . If we choose 8y = fo+ - Zle vivi+
with 0 < w1,...,v4 < W such that v; = m; (mod W) then we would have
B=2085+% St (mi — vi + W), and thus 8 = j (mod g).
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Now we prove the reciprocal assertion. We suppose that there exists
Bo € W such that B8 = B} (mod ¢). Then 8 = ) + ¢y for some v €
Ok. There exists gi1,92,93,94 € Z such that v = %Z?:l givi. For
each i = 1,2,3,4, we have % = (bO)i+q(”;",+Wui+gi). This implies that
b = by (mod q). a

For any ideal 0 of Ok, we define the function g, by

{a € [1, N(®)?] : 0|(a1v1 + azve + asvs)}
N(0)? ’

ov(d) := (9.3)

This function satisfies the following properties.

Lemma 9.4. 1. For all degree one prime ideals p with (N(p), W) =1,
we have pv(p) = 1.

2. We have s
Hx e 1, :p2|N(inui)H < p'
i=1
3. For any ideal ¢ such that N(e¢) is a power of p, we have

ov(e) 1

N(e) — p?

unless ¢ is a degree 1 prime ideal above p.
4. For any ideals a,b, ov(ab) = ov(a)ov(b) if (N(a), N(b)) = 1.
5. For k > 3, we have

3
e 0t ()}
i=1

Proof. The first four assertions are essentially given by [14] Lemma 7.7],
except that they work with a basis v1, 12, v3, v4 in place of 1, 8, 82, 6% which
has a negligible effect on the proof. Indeed, by (@) the Q-vector space
spanned by v1, v2,v3 is the same as the one spanned by w1, w2, ws, and the
change-of-basis matrix between the basis v1,v2, s, vs4 and w1, w2, ws, wa
has determinant W. Thus when (N(2), W) = 1 we have

_ |{a € [1, N(D)B] : D|(a1w1 + asws + a3w3)}|
N(0)? 7

ov(0)

and so it is sufficient to prove these four statements with the basis w in
place of v. The proof is then the same as in [I4].

We are left to establish assertion 5. Since N(v1) # 0, for any choice
of T2, T3, goy,zs (1) := N(z1v1 + 2212 + T313) is a non-zero polynomial of
degree 4 in x1. Thus, given 2, 3, if N(z1v1 +xav2 +23v3) = 0 (mod p*),
we see that ||z1 — all, < p~*/* for one of the 4 roots o of guy, 25 over Q.
Thus there are O(p**/*) choices of 21 € [1,p*] for each choice of x2, 3.

This gives the result. |
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Lett%K be the residue in s = 1 of (k¥ and we define S to be the Euler

produc
é;—];[(l—%)@—ﬁ) . (9.4)

Lemma 9.5. There exists a constant ¢ > 0 such that for any ideal J of
Ok, meN, R>2 we have

1(®)ov(2) R & ov(P)y 1 1o
2 N(@) logN(a)fv_Kml;[L)j (1_N(qs)) +0(2 exp(~ev/iog B)).

(2,9)=1
(N(0),m)=1

Proof. The proof is exactly the same as in [14] Lemma 8.5|. [I14, Lemma
8.5] states the result with N(J)°™ in place of 2**(”) but following the
proof we see that the error term can be taken as exp(—cv/log R) [ Iy ,(1—

W)fl, which is clearly sufficient for our slightly stronger bound. [
Lemma 9.6. For any 2 < R < x we have
2 pv(23) 8
0 1 .
D K0 > oy < (o)

N(@)<R N <z

Proof. By Rankin’s trick, we have

2 po(29) ov (B
> o) > Fag < 11 (12X )

N(@)<R N(O)<e N(R)<w k>1

By Lemma [0.4] if B is a degree 1 prime ideal above p then the term in
parentheses is 14 2/p + O(1/p?), and if B is of degree more than 1 above
p then this is 1 + O(1/p®). The result now follows from the Prime Ideal
Theorem. O

9.2 Multiplication in O,

Definition. For any vectors d,e € Z* \ {0}, we define d o e as be the
vector b € Q* such that

4 4 4
E bilji = E dil/i X E €e;lV;
i=1 =1 =1

For 1 <i < 4 we denote by (d ¢ e); the coordinate b;.

This operation is helpful to detect the elements of O, with a fourth
coordinate equal to zero. The following lemma turns the problem of de-
tecting this zero coordinate into a question about lattices.

Lemma 9.7. For any d € Z*\ {0} let Aq be the subset of Z* defined by
Aa={ecZ": (doe)s =0}

Then Aa is a lattice of rank 3 and det (Aa) =< ||d||/D,where D is the GCD
of the components of d.

4This definition of & is slightly different as the one given in |[14]. In the present paper S
doesn’t depend on some modulus ¢* or m.
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Proof. The argument is essentially a special case of [I4, Lemma 7.2] . We
will expose it in a more pedestrian way. For all 1 < 4,5 < 4 there exist
rational numbers \; jr, 1 < k <4 such that

4
Viv; = E )\ijkl/k-
k=1

For all d, e € Z*,

4

4
Z doe)y; = Z ( Z )\delej)vk
i=1

k=1 1,j=1

Identifying the fourth coordinate, we deduce for all d € Z* \ {0},

Ag = {e ez*: ;i:l (i:l)\ijzldi)ej = 0}.

The terms Z?zl Aijadi, for j = 1,2,3,4 correspond to the coeflicients
of the fourth row of the matrix in basis v of the multiplication by d =
divi + davs + dsvs + davs. Since d # 0, this matrix is invertible and at
least one of these coefficients is non zero. This shows that Aq has rank
3. By [1], the determinant of A4 is equal to the determinant of the dual
lattice that is for us the lattice spanned by the vector

2221 Aitad;

| > Aizads
()= | g (9.5)
S Aiaad;

Since the components of this vector have size O(maxi<;<4 |d;|), det (Aq) <
dll.

Lemma 9.8. For any m € N and X > 3, we have

3
Z T(inw)m <<X3(logX)Om(1).

max(|zy],|z2],lzs) <X =1

Proof. The proof is the same as that of [I4, Lemma 4.2] which concerns
the case v; = 6°~'. The only place where this change could have an
importance is for the bound of the sums with any 9 such that N(?9) <

Xl/n
>
max(|z1],|z2];|23]) <KX
2(iy @ive)

Since the v; are linear combinations of some 67, j = 0, 1,2, 3 for 6 such that
K = Q(6), the condition D|(Z _, Tiv;) can be split in the z; into arith-
metic progression (mod N()), and thus the argument of [14] combined
with Lemma apply also in our case. O
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Lemma 9.9. Let d € Z*\ {0} N [-D, D]* and Aq as in LemmalZ7A Let
z1(d) denote a shortest non-zero vector in Aa. Then we have ||z1(d)|| <
DY3 and

{d € [1,D]" : |z1(d)| < 2}| < D*T°M 2%,

Furthermore we have

1

m@p <2

A<D

Proof. The proof is exactly the same as the proof of [I14, Lemma 7.3
except that we have a slightly different definition for ¢, and so require
Lemmas 0.7 and [0.8] instead of |14, Lemma 4.2] and [14, Lemma 7.2]. O

Lemma 9.10. Let d be an ideal of Ox with (N(d),q) = 1. Let R C
[—X, X]? as in the Proposition [I11 below. Then we have

{a € ZPOR : D|(Zaiw)7 a=ap (mod q)}| = %

i=1

+O(N(2)*X?).

Proof. The proof is identical as the proof of [I4, Lemma 7.4] with v in
place of (1,...,0™ ). In fact, the arguments of [14] give a slightly stronger
error term of O(X 2oy (N(6)(¢gN(6))™2 + ov(N(6))). a

9.3 Sums of Type I

We now state a similar result to [14, Proposition 7.5]

Proposition 9.11. Let R C [-X, X]® be a region such that any line
parallel to the coordinate azes intersects R in O(1) intervals. For any
given g € Z2 and q < VX we define

3
F:{Zaiui:aGZBHR, a=ug (mod q)}

i=1

Let 'y = {k € T : 0|(k)}. Then we have

0 1 (R ° o o
§ : |FO|_QV( )VO ( ) < X2q1+ (1)D1/3+ (1)+Dq4+ (1). (96)
a*N ()
N(d)€[D,2D]
(N(0),9)=1

Proof. We follow the proof of [14], Proposition 7.5], but now we work with
a general order Oy in place of Z[A]. This involves minor modifications at
the beginning of the argument; the last steps require no modification. For
brevity we emphasise just the key points requiring modification and only
sketch the rest of th argument.

We split the summation on the ideals ? according to their class in
Clk. Let C be a given class and consider the contribution of all the d € C.
Since the 0 in the summation in (@) are coprime with ¢, we can fix
a representative integral ideal ¢ € C such that (N(c),q) = 1 and with
N(c) = ¢°. The ideal 9¢~*(N(c)) is a principal ideal of O . By Lemma
we can find a generator of the form § = Z?:l d;v; where the d;
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are integers such that |d;| < Dl/"qo(l). Then §. := W+(c) Zle d;v; is a
generator of the principal fractional ideal 9¢~'. In [14] it is proved that
loo(86)] > DY4¢°D for all embeddings oo.

Let € Ty, so () = a’0 for some integral ideal a’. Since (o) = a’cdc™
and (a) and 9¢™! = (4.) are principal, a’c is principal too, so a’c = (3) for
some generator 3 € Ok. By Lemma [0.I] we can take 8 = % 2?21 bivi
where b = (by, ba, b3, bs) € Z* satisfies (b (mod W)) € Vy. Then (a) =
(8)(8:). Let d = (d1,da,ds,ds). We have W2N(c)36. = 3 i_, (d o b)xvy.

4 1 4

i,j=1

1

The coefficient of v; are integers if and only b1, b2, b3, ba satisfy some con-
gruences modulo W2N(c). We also need to impose that ¢|(3). This
is also equivalent to some congruences conditions modulo W2N(c) for
bi,b2,b3,bs. Let q1 = [q, W2N(c)] and V) € {0...,q1 — 1}* the set of r
classes satisfying all these conditions and furthermore such that

( do b)l

(d ©b)s =0 (mod ¢1) and WEN(O) = (uo): (mod gq) for 1 <3 < 3.

Thus, for ? € C, we are interested in

INEY > 1.

boeVy bezt
b=bg (mod q;1)
Scper

The rest of the proof follows [14]. Let Aq be the lattice introduced in

Lemma 071 We write b = b™ + q1b(2) where b is some vector of A g
such that b® = by (mod ¢1) (when such b® exists) and b® € A,,

=" 3 1

bo€eVy b@eAy
b=bg (mod q1)
ScB1+q18cB2ED

where 3" indicates that the b are as above but furthermore such that
there exists a vector b in the lattice Ay and 85 = % 2?21 bl(.j)ui for
j = 1,2. The argument now follows the proof of |14, Proposition 7.5]
precisely, except that we apply Lemmas [0.8] for the basis v in place

of |14, Lemmas 7.3 and 7.4]. a

9.4 Initial steps in the Type II sum

Ifa€ Ag...q (uo,m, p) then there exists d € N such that N(ai1v1 +azvs +
aszvs) = d[];_; ¢i- The conditions on g; imply that (m,q1 ---q¢) = 1 butin
general, it is not clear that (d, m) = 1. This may gives some complications
in the application of Proposition Let us write mo = (d,m*°) and
recall the notation X = H?:l[Xiv Xi(14+m)[ from @I). In almost cases,
mg is small. The contribution of the a € X, such that a = ug (mod m)
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and mo > Do with Dg = n;znfl with nx defined by ([@I1) below, is less
than

3
3 4« (mo)
Z Z L<m H X Z 2
. mom
mo|m> acX i=1 mq|m®
mo>Dg a=ug (mod m) mo>Do

N(Ele aiui)EO (mod mg)

77113 H?:l X; Z 4« (mo) 77% H?:l Xicﬂ(m)

L ———— < s
m2/ Dy v/ Mo m2\/ Dy

mg|m>
mqo>Dg
for some ¢ > 0 large enough. This contribution is sufficiently small.
We now suppose that mo < Dyg.
Let

M(mo) = {VO € [1,mmo]® : vo = uo (mod m),
3 5 »
N(Z(Vo)wz‘) = 0 (mod mo), (m, M) _ 1}.

i=1

Then for every a € A(ug, m) such that mo = (N(a1v1+azv2+asvs), m™),
there exists exactly one vo € M(myg) such that a = vg (mod mmy).
We deduce that

> 1= > > |A(vo,mmo)l. (9.8)

acX mg|m> voEM (mg)
a=ug (mod m) mo<Dg
(N(ZFoy agv),m>)<Do

Any a € A(vo, mmy) is such that the associated ideal (3°7_, a;1;) may

be factored as (30, aivi) = MoJ with N(Mo) = mo and (N(J), m) = 1.

This property will simplify some GCD considerations in the next sections.
Let

m' = mom (9.9)

denote this extended modulus.

9.5 Switching to ideals with norms in small boxes

We introduce the sets of principal ideals of Ok
_ 3
A:{(Zaiui) :an}. (9.10)
i=1

For any a € A there is exactly one (a1, a2,a3) € X such that a = (a1v1 +
azv2 + asvs). We justify this in a similar way as in |14 Proof of Lemma
5.2 assuming Proposition 5.1 pp. 13-14].

If a = Zle aiv; and B = Y., biv; with a,b € X are such that
(@) = (B) then fa™! is a unit of Ox. But |o(a)| < X for all embedding o
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and since o = N(«) Hﬂﬂda(a) we have |a1v1 + azvs + asvs| > nl/loX
by ([&4) and then

Borip B2 _qhom).
« «

If o # 8 then Ba~! can’t be a unit because the length between two units
is > 1 and we have a contradiction.
Next we consider the sets

3
A(vo,m’,p) = {(Zaim) € A:a=vy (mod m') and p|f(ai, a27a3)}
i=1

and for any ideal 0,
Ao (vo,m',p) = {a € A(vo,m',p) : d]a}.

Let N§ = min N(a). Let nx and 72 defined by

(a)E.Z

1 2
%= g X)A° 2 =" (9-11)
By the definition of X, N(aiv1 + asve + as) € [Ng, Ng(1 + O(m))]
for all (a1v1 + a2 + a3) € A. We can choose O(n;lm) reals Xy with
X§ € [N§, N3 (14 O(m1))] so that the sets

fT(XONO7 m’,p) {Zazuz GA(VO7 m',p) Zaﬂ/z X07X0—H72X0[}7
=1

form a partition of ./Z((V(), m’,p). Next we introduce the sets

3
AVU(X07V07 7p { Zaﬂ/z GA(XO7VO7 /7p) 20|(Zaﬂ/¢)}.
=1 =1

By (@), there exists e > 0 such that XZi=1 fitmin(fo..00) 5 yi+e
and by ([@T) the intervals [X %, ng] do not overlap. Thus for each a € A
such that N(a) = 0 (mod ¢ ---q¢) with X% < ¢; < X% is divisible by
exactly one prime ideal JB; with N () € [X%, X%] (for all 1 <i < £).

We are now ready to settle the connection between the set A, (vo, m’, p)
in Theorem [£.]] and the sets of ideals just defined above. For any primes
qi,...,q¢ with q; € [Xei,Xeé], we have

|Agya(vo,m',p)| =D > | Ag, o, (Xo,vo,m’ p)|. (9.12)
Xo N(Bi)=a;

Any ideal (ai1v1 + a2z + asvs) counted in ([@I2) may be factored as

4
(a11/1 + asv2 + a3V3) = MyJ Hm“ (9.13)
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where each 9; is a prime ideal with norm in [X%, ng] and J is an ideal

with

XGX % X1+ X~ Zi
mo ’ mo

N(3) €Zo:= [ ] = [, 2], (9.14)

say.

We choose now O(n; * log X) reals I € Ty such that Zo is covered by
the union of the intervals [I,1(1 + 72)[. Let Zo denote the set of these
reals I.

Since we have (N(X:Z3 1 alyl)/mo,m) =1 when a = v¢ (mod m'), we
have (m', N(3) [T;_, N(B:)) = N

For brev1ty we will write A(vo, m’, p) in place of A(Xo, vo, m’, p) when
the context will be clear.

To have a precise control of the size of the norms of some ideals, we
cover each interval [0;,0;] by O(ny?) distinct intervals of size O(n%) so

that,
¢

[110:, 67 = LiesR(D), (9.15)
i=1
where E is some subset of N* and each R(1) is of type R(l) = Hf:1[ti: t;)
with |t; — t;| < n% (except that in the intervals with t; = 6} we take the
whole segment [t;,6;]), (cf [I4] section 8 p.45]).
We write R(1) = [T R1(1) X R2(1) with R2(l) representing the first ¢’
coordinates and R1(1) the final £ — ¢’ coordinates.
For a polytope R C R® (for some s), we define

15 (a) = 1, a=p1---ps with N(p;) = X and (e1,...,es) € R,
R 0, otherwise.

Thus we need to study the quantity

TRO= Y Y Y lra), (9.16)

XT<p<X7 IETMyTa€A(vg,m/,p)

with Z := {J: N(3) € [I,1 4+ n2I[,(N(3),m) = 1}.

9.6 Approximation weights

We recall that n, = 7710000[ . A key idea of [I4] is to approximate the

indicator 1z, by a weight 1, which will be more easy to control. For
S C R? we consider the function

dei ---des
/[61 4es)ES 1/2H_ o) (9.17)

—1e€lt

logt log(t+ 772 t)}
log X’ log X '

In this previous definition we have Zle e; € I if and only if XZf:l S
[t,t(1 + /m2]. This function is so that cs(N(a)) corresponds to the prob-
ability for an ideal of norm close to N(a) to have a prime factorisation
compatible with S (cf. [14], section 8]). We recall below some properties
of this function that we will frequently use later on.

where [; := [
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Lemma 9.12. o IfS =TI;_,[s:,si] is an hyperrectangle with min s; >
€0 >0 and £ > 1, then

)
cs(t+0) —ces(t) < 7

o IfS =TI;_,[s:,si] is an hyperrectangle with mins; > € > 0 then

1
Ccs (t) <<50 m .

Proof. The first part is a particular case of [14, Lemma 8.3 (iii)]. The
proof of the second point is a direct computation analogous to [14] :

7 e Sl
eze[sw Sl es €l — E? 1e Ss

7 =1

The integral over e; is O(y/7z(log X)) and the contribution of the other
integrals is O(1). |

Let g0o0 > 0 and R := X°°°. The approximate weights of 1, are
defined by
1R, (b) :=cr,y (N(6)) Y X, (9.18)
2[b

where

A = p(d)log 755, N(0) <R,
0, otherwise.

Remark. Our weights are somewhat simpler than the one introduced in
[14), because we don’t need to take care of the perturbations caused by
a possible exceptional character x*. (Ultimately we will only require es-
timates with moduli up to a fixzed power of log X, whereas in [T])] larger
moduli needed to be considered due to losses occurring in high dimensions.)

‘We now write
T(R) = Tsieve (R) + Tl (R)7

where

Tsicve (R) = Z Z Z 1z, (a)iRQ (b)v (9'19)

PE[P1,P2]  J€L onyyabe A(vg,m’,p
p=1 (mod Dy) 0 {vo )

T(R) = Y, > > 1R, (@)(1R,(b) — 1=, (b)),
pzzie([ritf%f) JET MmgIabeA(vg,m/,p)
(9.20)
and

P=X", Pp=XT.

For brevity again we will write Tsieve (R) and 77 (R) in place of Tiieve (R, Vo)
and T1(R,vo) when vq is clear from the context. We see that Theorem
[4T] follows immediately from the following two propositions.
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Proposition 9.13 (Estimate for Tsieve). If we have
el
€0 < Y _0; —1—127,
j=1
then
g(m') log(P2/P1)

Tsieve (R) = (2 + 0(77%/2)) IOg(l + 772)"’1()(0)'07{1 XRa2 (Xg/m‘[) m/3 (P(Df)

with

n_ ov(B)\ !
g(m)*wnm,)(l‘ﬁv@)) |

Proposition 9.14 (Bound for T1(R)). Let R = R1 x Rz and T1(R) be
as above. If we have

, L (A—=200— ... =20, 01+ +0py—1
T <m1n( s ),
100 100
then for any A > 0 we have
|A(Xo)|
Ti(R — .
1(R) <4 (log X )4

We remark that we are assumming the general setup in Propositions
and in particular, the constants 61,01, ..., 0,0, determining R
are assumed to satisfy (E.6])-(@I0).

We will establish Proposition [I.13]in Section [[Qland the harder Propo-
sition @I4lin Section[ITl The presence of the sum over primes p € [Py, P2]
introduces few additional complications to Tsieve and Proposition [3.13]
but quite significant additional technical details to 71 and Proposition
Assuming these propositions for now, we can establish Theorem [.1]
by putting all our manipulations together.

Proof of Theorem [{.1] assuming Propositions and[9.1 We recall from
O3] and ([@I0) that

~ 3 3 Xl
Agyoag(Wo,mp) = 35 3 |Aq1--.q£<vo,m',p>|+0(7mHl:l )

2 1/2
mg|m® voEM(mg) m? D

mo<Do
(9.21)
We concetrate on the A terms. We recall from (@12), (@I4) and (@.I6)
that

|A¢Z1“'¢M (v07ml7p)| = Z Z |A‘:I31""Be (X(),V(),m/,p”
Xo N(PBi)=a;
=2 > > > 1
Xo T =q;
otz N(PBi)=a; N(Sa)el
Mo3 [Ti—1 Pi€A(vo,m’ p)

S 3 > Z;lnl(a) > 1R, (b).

Xo z R1,R2 J b ,
WIZ=To [1¢_,16;,0}]=UR1 xRy NQ)EZ IMpabeA(vo,m’,p)

99



By assumption of Theorem 1] we have ' < (Zf;l 6; —1)/100, and
so choosing €go sufficiently small means that the hypothesis of Proposition
is satisfied. Thus, summing over p € [P, P2] and applying Proposi-
tions and (with a suitably large constant A) gives

Z |-’Zq1 (vo,m’,p)| = Z Z Z (Tsieue(R) +T1(R))

pE([P1,P2] Xo R=R1XR2

uI Zo [14_,[0;,0]=UR1 xRy
3
172\, log(P2/P1) g(m ) =1 Xi
= @+ 00" =5 55 T+ 0(7(10g o ) (9.22)
where

=3 % ) |A(Xo) er (X4 /m).

Xo R=R1XR2
Lzt L0 TT4-4105,0}]=UR1 xR

Here we used that there are at most O(n3?) subsets R, O(n; 'n1) reals Xo
and O(n; * log X) reals I to bound the contribution from 77 by Proposition
9. 14

We now concentrate on 73. Since the subsets R form a partition of

T = Hle[@w 07], we find

> er (Xd/ml) = er (X4 fml),
R=R1XR2
[161060:,05]=UR1XRx

so
Ts =Y |AXo)| Y er(Xg/mI).
Xo z
LI=1,
By Lemma applied to ¢ we have for all I € Ty

I(1+mn2) 4
er(Xd/mI) = / Tl gy 4 O

Expanding the definition ([@.I7) of ¢+ and swapping the order of summa-
tion and integration, we find

/I(1+n2) CT(Xé/mv) o
I

=~ v
Ie%,
e
o 1 Z dv H dei
B 77%/2 7 vy e
e;€10;,07) €70 VEILI(14n2)] =
1=ise c x4 x40+ ym)
m l_[e X€i'm l_[e X€i

// /XO(HW)/(MHZ X dv) f[ de;
B 1/2 X3/ (mITi_, X¢i) €i

e;€[0;,0/] =1
1<:i<e
_ log(1 +v/m2) 0;
- 172 H og (9_2)
T2 i=1
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We note that this is independent of X, so we find
log(1 4+ 0, ~ ~
- wf Hl (2 32 1o + 0 (1og X 3 1A(X0) )
v Xo Xo
_ (1+0(ym)) T 0i\| 7
= il:[llog (e—i)|A(X)|. (9.23)
Putting together (O21)), [@.22) and (@.23) we find
Z Z Agy-.q, (10, m, p)

pE[P1,P2] a1+
qlelxem X %)

o s (§) 00y Y Y 20

mo|m™> voeM(mg)

mo<Dg
+O(n§/2f[lxi) +O(%). (9.24)

Finally it remains to estimate the inner double sum. The summand is
independent of vo, so recalling that m’ = mom we are left to estimate

3 |(/\n/imm° I1 (Z ov(P ) (9.25)
77L0‘<Dog o) Plom) k=2
mo|m

2

By @.1),

|M(mo)| < mgm,
and thus for any given m the sum over mo converges. We may therefore
extend it to all mo > 1 cost of an admissible error term. Next we note
that the sets of the a € [1, X]® with a = up (mod m) can be partitioned
into sets of the a € [1, X]® such that a = v (mod mmy), with mo < X>
and vo € M(uo), and so

Z [M(mo)| — (14 O(D; Y1) Z |M(mo)]

3 3
m0<Dog (mmo) mo<X? (mmo)
mo|m mo|m>
_ (1+0(D
- X3 +0( Xz Z Z Z 1
mo< X2 voEM(mg) ac[1,x]3
mo|m® a=vg (mod mg)
_ (1o, h) Y
X5 1 0(X2)
aE[I,X]3
a=ug (mod mg)
1 4
= —5(1+0(Dy o).

Substituting this into ([24) and recalling Do = n3°n; " > (log X)?4,
12 < (log X) 724 and |A(X)| = 73 X1 X2 X3 + O(172X1 X2 X3) gives Theo-
rem [4.1] O
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10 Proposition [9.13: The term Ty;.,.(R).

In this part we obtain an analogue of [I4, Lemma 8.6] by expanding the
sieve terms and applying Proposition [9.11]
If @ and b are some ideals satisfying 1z, (a) = 1g,(b) = 1 then a

and b factor into prime ideals as a = Hf:e,ﬂ PBi, b = Hf:l PB; with
N(B:) € [ X%, X' (14 O(n%log X))] for 1 < i < £. In particular,

N(a) € [A*, A*(1 + O(nx log X))], N(b) € [B*, B*(1 + O(n3 log X))]
where
At = xTion b gt XDt
Lemma 10.1. Let B* > X'1*R and R = R1 X R2. Then we have
Tsieve(R) = M1(R) + E1(R)

where M1(R) is given by

Mi(R):== > > > 1z, (a) > X

pE[P1,P2] JET a N(0)<R
p=1 (mod Dy) N(d),m)=1

X0

X CR, (moT(aTJ))'jaw(vo(y)’ m', p)l,

and E1(R) satisfies

3
SN IER) <y 0 (log )M [ X

R Xo i=1

Proof. We substitute our definition [@I8) of 1, into our expression
OI9) for Tsicve, and write u = MoTab. This gives

Tsicve(R) = Z ZZ 1%, (a) Z Ao Z cry (N (u/aJMo)).

pe[Pr,P2] €T a N@<R  ued(vo.m’.p)
p=1 (mod Dy) MpTad|u

(10.1)

If u € A(vo,m’,p) then N(u) € [X4, X4(1+ n2)]. By Lemma @12 this
implies cr, (N (u/adMo)) = cr, (X5 /moN(ad)) + O(n2). Thus we write

Tsicve(R) = M1(R) + O(EL(R)), (10.2)

where M (R) is as given in the Lemma and

BR)=n Y. SN 1r@ Y ollMiw(ve.m',p)l.

pE[P1,P2] J€EL a N()<R
p=1 (mod Dy)

(10.3)

We concentrate on E1(R). For any (30, zv;) € A, the number of primes
p € [Py, P5] such that p|f(z1,z2,23) is finite. This allows us to remove
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the summation over p and replace |Ayqo(vo, m’,p)| with [Ases(vo, m’, 1)]
in E1(R) at the cost of a factor O(1).

We then apply Proposition Q.11 to estimate |./Zjao§mo (vo,m’, 1)], recall-
ing that N(JadMy) < X*R/B* and m’ < (log X)°™M). This gives

RO IIE

JeZ a N()<R
(N(0),m’)=1
10.4
o) 2(X'R\15 | X'R (104
e 3 |)\o|(X ( 34) + 5 X).
N(0)<R
(N(2),m)=1

Crudely, if B* > X't°R, we see the second term in (I0.4)) contributes to

(10.4) A 4
< X3+o(1)();_}j n ();}j )1/3) < X3/, (10.5)

By an Euler product upper bound and Lemma [9.6] we see that the first
term contributes to (I0.4)

1, ’ v (a0J
< n2(log X)|A(Xo, vo,m)| Z %703))'
N(3),N(a),N(0)<X

< na(log X)°|A(Xo,vo, m')]. (10.6)
Thus, substituting (I05) and (I0.06) into (I04) we find for B* > X'T°R
E1(R) < na(log X)°|A(Xo, vo,m)| + X*7/%.
Summing this over all hyperrectangles R and all relevant Xo, we find
S5 B (R) < mallog X)° 3 57 LK, vo, )| + X
R Xo R Xo
< many” (log X)*|A(vo,m")| + X°7/°

3
<y *ni * (log X)" T X + X%, (10.7)

i=1
This gives the result. O

Thus we have to evaluate M;(R).

Lemma 10.2. Let B* > X't*RP}? and let M1(R) be as given by Lemma
[I0 4. Then we have

g(m’) log(P2/P1)
m'3  o(Df)

Proof. First we want to apply Proposition [ IT]to estimate |.Za03 (vo,m’,p)|.
To do this we split according to residue classes (mod p). For any
(y1,y2,y3) such that f(y1,y2,y3) = 0 (mod p) let @o(y) be a solution
of the two equations 19(y) = y (mod p) and to(y) = vo (mod m’). Thus

| Agos (vo,m’, p)| = > | A3 (10 (y), pm’, 1)

y1,¥2,y3 (mod p)
f(y1,y2,y3)=0 (mod p)

Mi(R) = (24+0(ny/?)) (log 1 + n2)| A(Xo)|er, xro (X0 /mI)
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We recall that p < P> and N(Jad) < XR/B. Therefore, by Proposition
we can replace | Aqoz(t10(y), pm’, 1)| with py (ad3)].A(Xo, x)|/p*m'> N (ad3)
in M;(R) at the cost of a term bounded by

> x (e () R )
1 1 :
p<P>  y1,y2,y3 (mod p) B B
f(y1,y2,93)=0 (mod p)

This is O(X3~¢/*) provided B* > X' RP}%.

Since the function gy is multiplicative, (a,93) = 1, and a is a product
of degree one prime ideals of large enough norm, by Lemma [9.4] we have
ov(a03) /N (ad3) = ov(07)/(N(0T)N(a)). Thus

M;(R) = Ma(R) + O(X>~</%), (10.8)
where
My(R) := |X(XO,X)|( 3 %) (Z Zl(j)zz(j)), (10.9)
pE[P1,P2] Jez

p=1 (mod Dy)
Z1(3) =Y 1g, (a) 2 (Xéé\(fzo)N(aj))), (10.10)

— _ov(@3)
Z5(3) = N(%;R AaN(bj)(m’)?’ (10.11)

(N(2),m")=1

1
np i= F|{y17y27'£/3 (mod p) : f(y1,¥2,y3) =0 (mod p)}|. (10.12)

First we simplify Z;(J). Since this is a sum of a smooth function over
products of ¢ prime ideals in a bounded region, this can be estimated
using the Prime Ideal Theorem. Following the arguments of [14], Section
8, proof of Lemma 8.6] we find that

Z1(3) = er, xr2 (X0 /moN(3)) + O(ng2).

We recall that Z = {J: (N(J),m) =1, N(J) € [I, I + n2I]}.
Thus, by Lemma [0.12] we have

Z1(3) = ery xry (X /mol) + O(n2). (10.13)

Now we consider Z2(J). By Lemma (@5l we find that

Z:(3) = % + 0(16* ™ exp(—cy/log R)), (10.14)

sm)= TT (1-%59)

Bl (m)

o pv(B)\ pv(BC)  pu(BH)
v =110~ Fay) mlg_ls(fvme) - N
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Putting together (I0I3)) and (I0.I4), we see that

S 2:0)2(2) = S DSers g (i mol) § ) 1 o),

m/3
Jez 7K Jez

(10.15)
Since h(J) is multiplicative, the sum can be calculated by a contour com-
putation

3) (4 m)T — 1) h(3)
Zhd 27rz/2 ; s %:N(Cf)sds

Jez —ico
= Resszo(ls((l + 22)5 i) 23: ]\}]L((g))s) + O(exp(—c+/log R)).
(10.16)

We see that the residue is given by

viclog(1+m2) [T (1+ h(B) + A +..) (1- %))

B (B
-1 e e+1
ot 1(1+ 0 45 (S - 25D 0 )
e I3 0 (0 565+ 553)
— log(lé+ 772). (10,17

Putting together (I0I5]) (I0I6) and (IOI7) we see that

Jer
(10.18)

Finally, we recall the definition (I0.12) of n,. Since f is the product of
two linear factors when p = 1 (mod Dy), we have n, = 24 O(1/p) for all
p € [P1, P2]. Thus

E Df . .
PE[P1,P2]
p=1 (mod Dy)

Putting together (I0.8), (I09), (I0I]) and (I0I9]) now gives the result.
O

We are now in a position to establish Proposition [9.13]

Proof of Proposition[d.13. We see that putting together Lemma [T0.]] and
[10.2] gives

Teieve = (24 O3 *))n2] A(Xo)|cr, xry (Xo /mI) ;3)%'
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provided B* > X'"t*RP}2. Recalling that R = X, P, = X", B* =
XZf,:l ti > XZf,:l % we see that this condition is satisfied provided

o

> 0> 1+ oo + 127

i=1

and e is taken sufficently small. This gives the result. O

11 Proposition 0.14: The term 7;(R)

In this section we use the dispersion method to bound 731 (R) and establish
Proposition @14l Let us recall the expression of T1(R)

LRy = Y, > > 1R, (0)(1R,(b) — 1w, (b))
pE[P1,P2]  JE€L gnyJabeA(vg,m’,p)
p=1 (mod Dy)
To simplify some notation we will write
G(b) := 1, (b) — 1r, (b). (11.1)

We first split the sum over b into ideal classes C € Clk. Let ¢ € C and
¢ = (N(c)/c). Since the ideals in the set A are principal, the ideals
MoJac and bc’ are principal. Therefore they are respectively of the form
(), (B) with MeTc|(a), '|(B) with Va = aivy + azve + asvs + aava,
VB = biv1 + bava + bsvs + bsva, where a1, az, as, b1, bz, b3, bs € Z and with
a, b lying in the fundamental domain D. We will write a = (a1, a2, as, a4),
b = (b1,b2,b3,bs). In order to handle the modulo m condition between
b and Ja we plit the sums according to some congruence classes on «, 8
modulo m’. Together this gives

Tl (R) = Z Z TC (Rv ao, b0)7
CeClg ag,bg (mod m’)
N(c)(agobg);=(vg); (mod m'), for i=1,2,3,4
(11.2)
with (ag)s = 0 since (aob)s =0 and ¢ € C is a well chosen representant,
and ¢’ as above

- a) ..
LRab)= Y Y Y Ie(ea(9)/o),
p€E[P1,P2] JEL a=agy (mod m') 0
p=1 (mod Dy) b=bg (mod m’)
Moe|(@),c'|(8)
(aB)/(N(c))€A(p)

with now A(p) = A(X,0,1,p).

We recall that our previous conditions imply that there exists A, B
such that N(a) € [4*,24%], N(b) € [B*,2B*].

We will use the notation of [I4] p. 80 and 71]:

Ry = {x ER*:ai € [Xi, Xo(1+m)]i=1,2,3, x4 =0,
3
N> wn) € X3, Xo (1+m)]}, (11.3)

=1

7?,b1,b2 = {a S R4 : ||aH S [A,2A],a<>b1 € RXm acobs € RXO}-
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Let F be a fundamental domain such that if 1z, (a) = 1 and aJ =
VIS aw; then if @ € F, a; < A and similarly, b; < B for all
1<i<4.

We will concentrate on ideals b with not too many divisors. For this
we introduce a slight variant of g

1z, (b) — 1z, (b) if 7(b) <e;?,
gb = .
0 otherwise.

Following [14], section 11| except that we apply Lemma[3.8], we prove
that we can replace gp by g with a error term less O(e2X8 (log X)°™).
This modification will permit us to bound the terms gn, by O(s72).

Thus now we have to concentrate on sums

T.(R,a0,bo) = >y > 1f(ﬂ)1nl(%)9<6>/c-

pE[P1,P2] JEL a=ag (mod m’)
p=1 (mod Dy) b=bg (mod m’)
MoTe|(),¢’|(8)

3(aB)/(N(c))EA(p)
aObGRXO

(11.4)

11.1 Cosmetic reductions
For T' > 0, we denote by Cr the subset of R* defined by

Cr={aeR*: N(a) e [T*, T*(1 + n%)]}.
By Weber’s Theorem [19], we have
Cr| = AxT "z + O(T),

for some Ax depending only on K. It will make some later technicalities
simpler if we introduce the restriction p t+ N(b) to the terms in T;. By
Proposition and the divisor bound, we can do this at the cost of an
error term of size

< Y > S X < X (XPP 4+ XBYP P+ B PY).
PE[P1,P2]  bez*nCp  bucA(0,1,p)
N(6)=0 (mod p)

This is acceptably small provided

X3/47€
2

When p =1 (mod Dy), the function f (mod p) factors as the product of
two linear factors. Thus the condition p|f(acb) is equivalent to p|v,-(acb)
or p|w, - (a o b) for two non-zero vectors v, w, € Z*. There are O(p°)
choices of a,, by (mod p) such that (ay,obp) = vp-(apobyp) = wp - (apoby)
whenever p is sufficiently large in terms of f. Therefore, as above, provided
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(II3) holds, the contribution of the a, b such that p|v, - (a ¢ b) and
p|wp - (a©b) is bounded by

G Z Z Z Z 1< xX*ept,

PE[P1,P2] a, bpe{l,...p}* bezinCcp ueA(0,1,p)
(aob)4=0 (mod p) b=bp (mod p) blu
plvp-(aob) u=(apoby) (mod p)
plwp-(acb)

Putting this together, we see that it suffices for us to estimate for each
C € Clk and each ag, by (mod m’) the sums

Ty(R):= > > > > 1731(%)9(&)#-

pE(P1,P2] J€T  pezinep aczncy
p=1 (mod Dy) b=bg (mod m’) (aob)eRXx,
ptN(b) p|vp-(aob)
a=ag (mod m')
Jela
acA(p)

(11.6)

11.2 Dispersion method

We swap the order of summation, and apply Cauchy-Schwarz. The ideals
J and a/J are coprime since N(J) < X% for all 1 < i < £. In the
application of Cauchy-Schwarz we can group these ideals together. We
recall that the set Rx is defined in (£3]). This gives

et Y (Y Y )

aczncy pE[P1,P2] bez*nCp
a=ag (mod m') P=1 (mod Dy) aobeR x
plvp-(acb)
b=bg (mod m’)
ptN(b)
Thus we see that
TS < ny ATy (11.7)

where, with the notation (T3]

Ty = > > Goigb, ., L

p1,p2 €[P1,P2] by, boezZinCp aczZ*ncy
p1=p2=1 (mod D¢) b, =by=b; (mod m’) a€Rb; by
p1{N(b1), p2tN(b2) P1|vp, -(aob1)

p2|Vp, - (aoba)

Thus we wish to show that Ty = o(n% A?B°).

11.3 Collinear by, by

We separate the situation when b1 and by are collinear (in which case
we have A(bi,b2) = 0 where A(x,y) is the L? norm of the six 2 x 2
subdeterminants of the 2 x 4 matrix with columns x and y. Thus we have

Ty =Ts + Tk, (11.8)
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where T5 is those terms with A(b1,b2) = 0 and Ts is those terms with
/\(b1, bz) 75 0.
We first concentrate on T5.

Lemma 11.1.
Ts < A*B?(log X)°W.

Proof. Let ¢ be the shortest non-zero vector with integer components
which is collinear with by (this is b1 divided by the ged of its components).
Then we see that by = Ajc for some A € Z, and since bs is collinear with
b1, we also have that ba = Azc for some A2 € Z. Thus we see that

T > > > > oL

cez* A, 22<B/|lcll acztnC 4 P1,P2€[P1,P2]
llell<B (acc)y=0 P1|f(A1a0c)
p2|f(Aza0c)

We see that the inner sum is O(1) since P1 > B¢ and f(Maoc) < BOW,
We then split the size of ||c|| into dyadic ranges, giving

B2
Ts < (log X) sup — Z Z 1.
c<B C 4
cez? aez'ncy
llel<C (ace)4=0

We now let z = (a©c). By the divisor bound, given z there are O(7x (3))
choices of a,c. Thus we see that

2

B
T5 < (log X) sup

c? Z Tr (z1v1+ 2212+ 2313) K A3B3(logX)O(1).
C<B

21,22,23KLAC

O

Thus we are left to bound Tg.

11.4 Lattice counts

We now concentrate on the inner sum. Let Ay, b, and Ap, by,p,,p, denote
the lattices
Abl,b2 = {X S Z4 : (X<>b1)4 = (X0b2)4 = 0}7
Abybyprpe = {X € Aby by @ P1|Vpy - (X0 b1), p2|[vp, - (x0b2)}.

Thus the inner sum in 7§ is

> 1.

a€CANAL) by py,py
a€Rpy by

If by, b2 are not collinear, then Ay, b, is a lattice of rank 2, and so it has
a Minkowski-reduced basis {z1,z2}. Without loss of generality we may
assume that ||z1]| < ||z2]|. Thus we have that

1 - E 17
aECANAD, by p1.psRb b M A2€EZ
1,b2,p1,p2 1,b2 21+ As25€8 4N R, by
A1c1+A2c2=0 (mod p1)
A1c3+A2c4=0 (mod p2)
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for some constants ci, ce, 3, ca depending only on b1, b2, p1 and p2. The
condition A\1z14+A2z2 € CANRp, b, forces A1, A2 to lie in a region Ri,l’b2 -
R*. Since |[A1z1 + Xezz2| = |A1]||z1]| + |X2]||z2]| and Ca only contains
vectors of norm O(A), we see that lying in Ry, b, forces \1 < A/||z1||
and A2 < A/||z2]|, so Ry, 1, has volume O(A?/||z1||||z2|)).

By Davenport’s Theorem on counting lattice points ([14] Lemma 7.1]
for example), we have that

> | = Yol(Rp, ;) +O( A )

z
(A1 A2)ERL b, fo1,b2,p1.,p2 lz1]|
Aic1+A2c2=0 (mod [p1,p2])

where fb, by,p1.ps = [Aby,bs ¢ Aby by,py,pe) 1S the index of the lattices,
given explicitly in terms of c¢i, c2, ¢3, ca, p1, P2 by

1, ¢1 =c2 =0 (mod p1) and ¢3 = ¢4 =0 (mod p2),

P2, ¢1 = c2 =0 (mod p1) and c3, ca not both 0 (mod p2),
fo1,bo,p1,p0 = S P1, c3 = ¢4 =0 (mod p2) and c1, c2 not both 0 (mod p1),

p1, p1 = p2 and cics = cacs (mod p1) and c1, ¢z not all 0 (mod p1),

pip2,  otherwise.

We split Tt into the contribution from the main term vol (Ry,, by)/ b1 ,b2 1,02
and the error term O(A/||z1||). This gives

Te =Ts + O(T7)7 (].]..9)
where
A
T7 .= ,
7 Z Z llz1]]
p1,p2€[P1,Pa) by,by€Z*NCp
p1=p2=1 (mod Dy) p, =by=by (mod m’)
P1tN(b1), p2tN(b2)
A(b1,b2)#0
b, b, VOl (R, b,)
ne Y >

for.b2.p1,
p1,p2€[P1,P2] b1,b2eZinCs 1,b2,p1,p2

p1=p2=1 (mod D¢) b, =by=b, (mod m/)
p1tN(b1), p2tN(b2)
A(b1,b2)#0

We first show that the contribution 7% from the error term is small.
Lemma 11.2.
T: < AB"P;.

Proof. We note that z; € Z* with ||z1]]> < ||z1]| - |22 < det (A, by) <
B?. Thus ||z1|| < B. Thus we can rearrange the summation to give

<P Y ﬁ<<,4pz2 3 L( 3 1)2
z]1 €

Z
by,b€Z4NCp z4 2+ bezZ*nCp
llz1|<B (boz1)4=0
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The condition (b¢z;)s4 = 0 forces b to lie in a rank 3 lattice of determinant
||z1]]. Thus the inner sum is O(B?/||z1]|+ B?). Thus we obtain the bound

2 B6 B4 7 p2
<A} Y (o4 ) < AB'R.
L Mz llB o |zl
z1EL
llz1]|<B

This gives the result. O

Thus we are left to show that

Ts = o(nx A*B°).

11.5 Further lattice estimates

We recall that R{Dl’bQ is the region i, A2 € R? such that \1z1 + \ozo €
CBMRb, b, We see that this has volume vol (Ry, p,)/ det (Ab, b,), where
det (Ab,,b,) is the determinant of the lattice (that is, the 2-dimensional
area of parallelogram generated by z1, z2) and R{;l b, 18 the 2-dimensional
region formed by intersecting Cp with the zi,z2 plane

Ty = Z Z gby gb, Vol (Rgl ,bg)

fblybzym,m det (Ab17b2) .

P1,p2€[P1,P2] by, boezZ*nCp
p1=p2=1 (mod Df) b, =by=by (mod m’)
A(by1,b2)#0

p1tN(b1), p2tN(b2)
We first establish a few simple estimates.

Lemma 11.3.

1 (R AP2
3 Yol (Royby) vol(Rgl,b2)+O(—2).

p1,p2€[P1,Pa] fbl;bz,mypz H21H
p1=p2=1 (mod Df)

Proof. We have that

2 > 1= ) > 1

P1,p2€[P1,P2] acZ*nCy acz®nc,  p1,p2€[P1,P2]
p1=p2=1 (mod Df) aeRbl,bg aeRbl,bz p1=p2=1 (mod Df)
p1|vp, -aoby p1|vp, -acby
p2|Vpy aoba P2|Vp, -acby
< E 1
acz*ncy

/ _
(aERbl,bg =0

A
!
< vol (Rb, by) +O(HZ1”).

On the other hand, we know that

Z Z - Z (VOI(Rﬁl,m)_’_O(HZf‘iH))

Jo1.b
P1,p2€[P1,P2] aczZ*nCy P1,p2€[P1,P2] 1,52:P1,P2
p1=p2=1 (mod Dy) aERB, by p1=p2=1 (mod Dy)
p1|vp, -aocby
p2|Vpy acba

Putting these together gives the result. O
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Lemma 11.4. Let

32
Clrdier by = #{b1 €Z*NCs: A(bi,ba) ~ 2. by = e (mod d)}.

Then we have B B
eamn = (14 2) (01 B,
Proof. The condition A(bi,b2) ~ BQ/C forces by to lie in a cylinder C
with axis of length O(B) proportional to bz, and with radius O(B/C).
We then see that we can cover this cylinder with
B B \3
30+ )
<(1+7)(+ 7
different hypercubes B of side length d. Finally, there is at most one choice
of by in a hypercube B of side length d which satisfies b1 = ¢1 (mod d),
which gives the result. O

For any c1,c2 € Z‘L7 the notation ¢1 o c2 indicates that the two vectors
are proportional.

Lemma 11.5. If ¢1 & c2 (mod p) then

1 B° 17/3
) DI P
det (A 8
by, byeZinCy € ( bl;b2) D
A(b1,b3)7£0
primitive
bi=c; (mod p)
bs=cy (mod p)
Proof. We recall that Ap, b, is the lattice in Z* of x with (xob1)s = (x0
bz)s = 0. By |14, Lemma 10.1], this has determinant A(b1,b2)/Dyp, b,,
where A(b1, b2) is the L? norm of the six 2 x 2 subdeterminants of the
matrix with columns by, bz, and Dy, b, is the greatest common divisor of
these six subdeterminants. Note that this implies by « bz (mod Dy, b, ),
so since by, by are primitive we must have Dy, b, < B when A(b1, b2) #
0.
We consider separately those b1, bs with A(b1,b2) < B, those with
B < A(by,b2) < B*3, and those b1, by with

Do, by = d, A(b1,b2) ~ B*/C

for each 1 <d < B and 1 < C < B*3 with C running through powers of
2.

If A(b1,bz) < B then by lies within O(1) of the line proportional to
bz, and so there are O(B) choices of bi. Since det (Ab, b,) > 1, these
terms contribute a total (ignoring the congruence conditions (mod p) for
an upper bound)

< Y O(B)< B
[Ib2|<B
If A(b1, bs) € [B, B*?] then we separately consider those with A(by, bz) ~
B?/C for C € [B?®, B] running through powers of 2, and again drop the
congruence constraints. By Lemma [I1.4] there are
B\3 _ B*
B(1+3) <&
<B(l+5) <z
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choices of by given ba. If A(by,b2) ~ B%/C then det (Ap, b,) > B/C
(since Dp,b, < B). Thus these terms contribute

< Z Z %g_:<<317/3.

C=23€[B2/3,B] bycZ*nCp

Thus we are left to consider the terms with A(bi,bs) ~ B2/C for
some C' < B?/3. The condition Dy, b, = d forces by « bz (mod d), and
so b1 = Abz (mod d) for some A € {1,...,d}. Since c1  c2 (mod p),
we see p t d. Thus b1 = co(A\) (mod dp), where co(A) = Abz (mod d)
and co(A) = ¢ (mod p). By Lemma [IT4] the number of choices of b is
therefore

4

< Y #opaepm <d(1+20) (14 505) < B+ —os.

1\ Sta pd pCd

If Dy, b, = d and A(b1,b2) ~ B?/C then det (Ab, b,) > B>/(Cd). Thus
we find that the contribution from terms with A(b1,b2) > BY3 is

1 dc B*
Z det (Abl,b2) < Z Z ﬁ Z <B + C3d3p4)

b1, boeZ*NCp 1<d<B c=2i <« B2/3 bo€Z*NCp
A(b1,b2)>B bz=cy (mod p)

bi=c; (mod p)

ba=cy (mod p)

primitive
BG
< - 1 BY/3,
Thus we have a suitable bound in each case, giving the result. O

Lemma 11.6. Let ci, co € Z* be non-zero (mod p) with ¢1 < c2 (mod p).
Then we have

1 B° 17/3
E ——— < —+B .
det (A 7
by byeZinCp € ( b17b2) p
A(by,bg)7#0
primitive

bi=c; (mod p)
bs=cs (mod p)

Proof. This is similar to the proof of Lemma Since the estimates
in the proof of Lemma when A(b1,b2) < B*3 didn’t depend on
whether p| Dy, b, or not, an identical argument shows that the contribu-
tion of by, bs with A(b1,b2) < B*/3 contributes O(B”/S). Therefore we
just need to consider the contribution when A(bq,bs) > BY/3,

We split the summation according to A(b1,b2) ~ B?/C and Dy, b, =
d. Since ¢; x c2 (mod p), we have c; = Aocz (mod p) for some Ag. Since
bi = ¢1 (mod p) and bz = comod p we then see that p|d. The condition
Dy, b, = d forces by = Abz (mod d) for some A, with A = Ao (mod p).
Thus, by Lemma [IT.4] the number of choices of by, bz with A(b1, ba) ~
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B?/C and Dy, b, =d s

B\ d B B\3
<2 > #ommm < (14 7) 0 (14 ) (14 )
byez*nCp 1<A<d p=/p
by=cy (mod p) A=Xo (mod p)
8 5
< p—5C3d3 + B”.

When A(by, bs) ~ B?/C and Dy, b, = d we have det (Ap, b,) > B?/(Cd).
Thus the total contribution from terms with A(b1,b2) > BY3 is

cds Bt 5 B¢ 17/3
2. 2 ?(p503d3+3)<<p_7+3 :
dﬁ‘f C=2i <« B2/3

p

This gives the result. O

We are now able to make progress on our aim of bounding Ts.

Lemma 11.7. Let Ts be as given by (IL9). Then we have

Ts < m2A°B°® + 1y " A% sup (|T11| + |T12|)7

1,C2

where the supremum is over all hypercubers C1,C2 C Cg of side length no B
and

gb; gby
T := s 11.10
Z Z fblybz,lhp det (Ab17b2) ( )

PE[P1,P2]  byez*nCy,byeZ?nCy
p=1 (mod D¢) b, =by=bg (mod m')
A(by1,b2)#0
ptN(b1)N(b2)

Tip = > L 3 a9 Db by () 4y

p1p2 A(b1, b2
P1,P2€[P1,P2] by €2*NCy,byeZ*NCy (b1, b2)
p1=p2=1 (mod Dy) bi=by=bg (mod m')
A(b1,b2)#0
P1{N(b1), p2tN(b2)

Proof. We wish to replace Rgl’bQ with a quantity which doesn’t depend
on b1, b2 by splitting Cp into O(n;‘%ﬁ) smaller hypercubes of side length
n2B. We see that vol (Ry, ,) depends continuously on the components
of by and by, and that vol (Ry, p,) is always of size O(A”). Moreover,
if we restrict b1, ba to hypercubes of side length 7B then vol (R{n,bz)
varies by O(124%) as b1, bs vary within these hypercubes. Thus we see
that

gby gb, Vol (Riy, b,)
L= > > 7 det (Ao b0)
P1,P2€[P1,P2] by,baeZ%NCp P1.b2,p1,p2 b1b2
p1=p2=1 (mod Dy¢)p,=by=by (mod m’)
p1tN(b1), p2tN(b2)
A(b1,b3)7#0

< Ty +my 'A% sup [Thol, (11.12)

C1,C2
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where

"
Ty := 772574 E § : vol (Rbl,bg)
. O f bl
b1 ,ba.p1, det (Ap b
p1.02€[P1,Py] b1,by€Z4NCp vban v det (Aby o)
p1=p2=1 (mod D¢) b, =by=by (mod m’)

p1tN(b1), p2tN(b2)
A(b1,b3)7#0

Tvo = T10(C1,C2) := Z Z 9b19by

b1.b2.p1.p2 4et (Aby by )
P1.p2€[P1,P2]  byezincy,baezing, Forba.pr.pa det (Aby ba)
p1=p2=1 (mod Dy¢) b, =by=by (mod m’)
A(b1,b2)#0
p1{N(b1), p2tN(b2)

By the above lemmas, we have that
Ty < f;‘74772AQB67

which is acceptable if 2 < n?. Thus we are left to bound Tio. We
separate the terms when the two primes in the outer sum are the same.
Thus

Tho = Th1 + Tha, (11.13)

where 711 denotes the terms with p1 = p2 and Ti2 those terms with
p1 # p2.

T clearly is equal to the expression given in the lemma, but (recalling
that det (Ab,,by) = A(b1,b2)/Dy, b,) We need to show that fo, by,py.ps =
p1ip2 in Ti2 to obtain the desired expression. We first note that since p1 1
N(by) the multiplication-by-b; matrix My, is invertible (mod p1). This
means that for every x (mod p1) there is a unique a (mod p1) such that x =
aob; (mod p1) , and so vy, -(acby) = 0 (mod p1) is therefore a non-trivial
constraint on the components of a (mod p;). Similarly since p2 f N(b2),
we see p2|vp, - (a ¢ bz) is a non-trivial constraints on the components of
a (mod p2). From this it follows that we have that fo, by,p;,ps = P1P2,
and so T2 is given by the expression in the lemma. O

First we concentrate on 7T11.

11.6 The case p; = po

In this section we wish to bound the sum 7311 from ([[TI0). We first see
by Lemma [IT.6] the contribution of terms with by « b2 (mod p) to Ti; is

< Z Z B_6 L B3 « B_6 L pSple
7 P 2 :
pE[P1,P2] cioxey (mod p)
Thus we have .
Tin =70 + O( 2+ PEB),
Py
where T, counts those terms in 771 with by ¢ ba (mod p), or equivalently
with p )[ Dbl,bg .
When bi ¢ by (mod p), we see that the constraints (a ¢ bi)s =
0 (mod p) and (a¢bz)s =0 (mod p) are two linearly independent linear
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constraints on a (mod p). In particular, the index fb, by.pp = [Aby,by :
Ab, by ,p,p] simplifies to give

1 _#{a(modp): (aobi)s=(aobz)a=v-(aobi)=v-(aobz) =0 (mod p)}
Jo1b2,p.p B p?

We separate the above count according to the rank of the multiplication-
by-a matrix M, (mod p). Thus

4
1 15
=" = 8i(b1,ba), (11.14)
Jb1,02,pp i—o p?

where §i(b1,b2) counts those a (mod p) such that M, has rank i and
satisfies (aob1)s = (aobz)a=v-(aob;) =v-(aob2) =0 (mod p).
First we consider Sj.

Lemma 11.8.

1 ~
Z —254(01702) < p6.

c1,c2 (mod p)

Proof. In this case M, has rank 4, and so is invertible (mod p). Given
any choice of ¢1 (mod p) with p ¥ N(c1), we see that ao ey = Mc,a
where the multiplication-by-c1 matrix M, has determinant N(c1), and
so is invertible (mod p). Therefore, given any choice of x (mod p),
there is a unique choice of a (mod p) with p  N(a) such that acc1 =
x (mod p). Similarly, since we only consider a with M, is invertible, given
any choice of y (mod p) there is then a unique choice of c2 (mod p) such
that ao c2 =y (mod p). Since there are O(p*) choices of x,y (mod p)
with x4 =ys =0 and v-x = v-y = 0 (mod p), there are therefore O(p*)
choices of a,c2 (mod p) such that pt N(a) and (a¢c1)s = (aoca)s =
v-(aoci) =v-(aocz) =0 (mod p). Thus we have that

1 ~
Z —Sa(e1, e2) K »°,

c1,c2 (mod p)
as required. O

Now we consider S2 and Ss.

Lemma 11.9.

Z %(52(01,C2)+§3(01,02)) < p°.

c1,c2 (mod p)

Proof. Since My is not invertible (mod p) and has determinant N(a),
we see that p|N(a) and so p|N(a¢c1) = N(a)N(c1). Since f(z1,x2,x3)
is an irreducible polynomial which splits into two linear factors over a
quadratic extension, and N(z1v1 + wav2 + x3v3) is a quartic irreducible
polynomial which has no linear factors over any quadratic extension, these
polynomials have no common polynomial factors over a mutual split-
ting field, and so define an algebraic variety of codimension 2. Thus (by
Hilbert’s Theorem 90 and the Lang-Weil bound) there are O(p) choices
of (z1, 2, z3) (mod p) such that f(x1,22,23) = N(z1v1 + 2212 + T313) =
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0 (mod p). Thus there are O(p?) choices of x,y with p|N(x), N(y) and
z4a=ys=v-x=v-y =0 (mod p). Given c; with p{ N(c1) and x and
y as above, here is a unique a (mod p) such that a¢ci = x (mod p), and
there are O(p?) choices of ¢z such that aoco =y (mod p) provided M,
has rank 2 or 3. Putting this together gives the result. O

Lemma 11.10.
So(ci,c2) < 1.

Proof. The only a such that M, has rank 0 is the vector 0 (mod p). O

Finally, we need to consider the situation where My has rank 1, which
is slightly more complicated.

Lemma 11.11. 1
Z —S1(e1,e2) K P°.

c1,c2 (mod p)

Proof. If M, has rank 1, then there are p? choices of b (mod p) such that
Mab = 0 (mod p). On the other hand, let a = (a1v1 + azve + asvs + aava)
and b = (biv1 + bava + bavg + bava). If Mab = 0 (mod p), then the ideal
ab is a multiple of (p), and so b is a multiple of (p)/gcd(a, (p)). Therefore
for there to be p* choices of b (mod p), a must be a multiple of (p)/p for
some degree one prime ideal p above p. Since there are O(1) degree one
prime ideals p above p and there are O(p) different multiples of (p)/p we
see that there are O(p) possible vectors a such that M, has rank 1.

Since the rank is unchanged by replacing a with Aa for any non-zero
scalar A, we see all such a are scalar multiples of one of O(1) choices of
vector a(®).

Call such a vector a'® ‘normal’ if the constraints (a(o) OC2)a = V-
(a® oc2) = 0 (mod p) are non-trivial on co (mod p), and call a'® ‘excep-
tional’ if the constraints are trivial on c2 (mod p). We see that if a® is
normal, then there are O(p®) choices of c2 (mod p) and so O(p*) choices
of (ca,a) (mod p) with a a multiple of a(®,

( )We now prove that when p is large enough, there are no exceptional
al®,

If (a'® o c)s = 0 (mod p) Ve, then this equation holds in particular
for all ¢ in {(1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0,1)}. Writing al® =
(a§°)7 a;0)7 ag0)7 aflo)) and viv; = 3 r_, Aijklk, We get

4
> Aijaal” =0 (mod p)  j=1,2,3,4.
i=1

This implies that p|det (Aija)1<i,j<a which is not possible for p large
enough if this determinant is non zero.

But this determinant can’t be zero, otherwise, there would be w1, p2, 13, pa
such that

A114 A124 A134 A144
A214 A224 A234 A244

=0

BV +h A324 ths A334 + A344 ’
Ad14 Ad24 A434 Ad44
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and then the matrix of the multiplication by piv1 + pave + psvs + pava
wouldn’t be invertible. Thus ¢, = 0 for all p € [P, Pa].
Thus, we have that

1~ 1 1
FSl (C17C2) = - Z 1(a(0)<>c1)4zv-(a(0)<>c1)50 (mod p) + 0(17)

a(® normal  (a(®ocy)y=v-(al®ocy)=0 (mod p)

However, we have

—_

Yo o Y NaOeemva®oer)=0 (mod ) <P

c1,c2 (mod p) p a(® normal  (a(®ocs)s4=v-(al®0cs)=0 (mod p)

This gives the result. |

We’re now in a position to simply our sum.
Lemma 11.12. Let

Jb; gb
T = L .
" Z Z fb1 ,b2,p,p det (Abl ,bz)

pE[P1,P2]  biez*nCi,baez*nCy

p=1 (mod Dy) by =bs=bg (mod m)
A(b1,b)#0

ptN(b1)N(b2) Dy, b,

Then we have .
, B

T{, < = + P} B'"/?,
Py

Proof. Firstly, by splitting b1, bs into residue classes (mod p), we have
that

Jb, 9b
T — 1702 .
" Z Z Z fbl,bg,p,p det (Abhbz)

PE[P1,Ps] c1,c2 (mod p) by €Z*NC; ,byeZ*NCy
p=1 (mod Dy

C1XC2 b1 =bs=bgy (mod m)
N(e1)N(e2)7#0 (mod p) A(b1,b2)#0
bi=c; (mod p)
ba=cy (mod p)

Using our expression (ILI4]), we see that this is given by

4
> T Sj(e1,c2) > b, gb,
— p? det (Ab17b2)
pE[P1,P2] c1,c2 (mod p) Jj=0 by €Z*NCy by €Z*NCy
p=1 (mod Dy) cikcy bi;=bs=bg (mod m)
N(c1)N(c2)#0 (mod p) A(b1,bo)#0

bi=c; (mod p)
ba=cs (mod p)

Using Lemma [TT.TT] we get

3 T(c1,c2) |96, gb, |
-0 ¥ O )]

PE[P1,P2] c1,c2 (mod p) by €Z*NCy,byeZ*NCy
p=1 (mod Dy) cigkep (mod p) bi;=bs=bg (mod m)
N(c1)N(c2)#0 (mod p) A(b1,ba)#0

bi=c; (mod p)
bs=cs (mod p)

(11.15)

where

T(c1,c2) := 50(01,02) + Ei(c1,c2) + 52(01702) + §3(Cl702) + 54(01702)-
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By Lemma [I1.5] we have that

B6
Y i<
b1€Z4NC1,ba ezt NCs b1,b2 p
bi1=bo=bg (mod m)
A(b1,b2)#0
bi=c; (mod p)
bs=cy (mod p)

Lemmas [IT.10} IT.17] IT.9] I1.8] show that

T
> 7(612’02) <t
P

cy,c2 (mod p)
Thus we see that the term 77, ([I.15) is
6 ( B° 17/3 B° 17/3 p7
< > P(H+BT) <+ B7PPL
p Py
PE[P1,P2]
p=1 (mod Dy)

This ends the proof of Lemma [IT.121 O

Putting everything in this section together, we are left to show that

Tio K 77336.

11.7 The case p; # po

In this section we bound the sum 712 given by (ITII).
Lemma 11.13. We have

BG
Tiz < |Soep| + 5+ P{BY/3,
1

where, Ssep 1S given by
S . § : § : gb19bs Dby by
sep - — .
P < /\(bl,bz)
b1 €Z4NC1 bo€Z4NCo

Proof. We wish to reintroduce terms with p1 { N(b1) and p2 { N(b2) so
that the inner sum is independent of p1,p2. There are O(p) choices of
c1 (mod p1) such that pi|N(c1). Thus, by Lemma [IT.5] we see that the
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terms with p1|N(b1) contribute a total

§ : 1 § : |gblgb2|Db1»b2
1p2 A(b1, bo
prpeelp,py] PP b1 €Z4NCy,breZiNCy (b, b2)
p1=p2=1 (mod Dy) b1 =bs=bgy (mod m)
A(b1,b2)#0
p1|N(b1)

1 |95, 9051 Db, b,
< - 15b19b2 [77b1,ba
> o X > N
P1,p2€[P1,P2] c1,c2 (mod p1) by €Z*NCy,by€Z*NCy
P1=p2=1 (mod Dy) p1|N(c1) A(b1,bo)#0

bj=c; (mod p1)
bz=cy (mod p2))

1 ./B° 17/3
< E i\ —x + B
P1,p2€[P1,P2] P1pz P1
p1=p2=1 (mod Dy)
B6
< P

1

+ P BY7/3,

Similarly, we see that terms p2|N(bz2) contribute a total O(B®/P; +
P]BY"/3). Thus we find that

1 b1 Gbs Dby b
Ty = ( )( 19b2 by, 2)
Z P1p2 Z A(b1, b2)
P1,p2€[P1,P2] by €Z*NCy,byeZ*NCy
p1=p2=1 (mod Dy) bi=bs=bg (mod m)

A(b1,b2)#0

B° 7 p17/3
+0(—=—+PB .
P
Noting that the sum over p1,p2 is O(1), this gives the result. O

Thus it remains to bound Ssep.

11.8 Reduction to small residue classes and small
boxes

We first show that the contribution to Ssep from terms with Dy, b, >
(log B)® or A(b1,b2) < B?/(log B)¥ is negligible.

Lemma 11.14.
6

|gb1gb2|
Z <K .
det (A log B)X
by €Z40Cy . by eZAnCy et (Aby ,b,) (log B)
A(by,b2)>0

max(B2//\(b1,b2),Db11b2)>(log B)X

Proof. This is similar to the proof of Lemma [IT.5l Indeed, the argument
in the proof of Lemma [[T.5] shows that the contribution from terms with
A(b1,bs) < B3 is O(B'"/?), and the contribution from terms with
A(b1,bs) ~ B%/C (for C =27 < B*3) and Dy, b, = d is

<<%C2<B+c€;3)'
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Thus we see that the total contribution is
dcC B* B¢
B3 —(B ) . O
< + Z Z B2 + O3d3 <K (log B)K
C=2i«B d<B

max(d,C)>(log B)K

Thus we just need to consider Dy, b, < (logz)® and A(b1,bs) >
B?/(logz)¥.
Lemma 11.15. Imagine that for every cube C C [1, B]*, every and any
c (mod d) and every K > 0 we have
4

B
gb KK 7050
%; (log B)'0K
b=c (mod d)
Then for every choice of K > 0 we have that
6
(log B)K
Proof. Since A(bi,b2) is continuous in bi, b2 we see that if a pair of
cubes C},Ch of side length B/(log z)?* contains a point with A(b1,b2) >

B?/(logz)®, then in fact for all b} € C{ and by € Cj we have A(b}, by) =
A(b1,b2)(1 4 O(log z) ™). Thus we may replace A(b1,bs) with

Ssep <LK

A(CL,Co) = sup  A(x,y)
xeCy,yeC)

at the cost of an error term of size B%/(log z)®. Thus we have

B¢ (log 2)°%
Ssep < Tog2)% + 5 Z d sup Z gby gby-
d<(log =) K €1:C2 by €z*nc}, byez*nc)

Dy by=d

Now we wish to simplify the condition Dy, b, = d to a congruence con-
dition, which will finally allow us to separate the variables bi,b2. By
Moebius inversion we have

1Db1,b2:d = Z M(e)

e|Dp; by /d

30K
= Z H(e)lblub2 (mod de) T O((log :17) 1Db1,b22(10g9¢)30K)'

e<(log x)30K

By Lemma[IT4] the contribution of the second term to Ssep is O(B*/(log x)%).
Thus we see that

BS 50K ’
Ssep €K —— + (log z)” sup [Ssepl (11.16)
p (log :C)A ¢l el P
de< (log B)3TK
where
S;ep < Z gb1> < Z gbz) .
b,A1,A2 (mod de) by ez*ncy, by ez4ncy,
bi=X1b (mod de) bs=X2b (mod de)
bi=bg (mod m) ba=bg (mod m)
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By assumption of the lemma, we have that

4

B
Y. 9o <K G
(log )
by €z*ncy,
bi=X1b (mod de)
bi=bg (mod m)

Substituting this in then gives the final bound. O

Thus we see that it is sufficient to obtain a suitable bound for g, on
average over hypercubes in residue classes.

11.9 Localised bound and Proof of Proposition
9.14

To finish our proof we need to show that we have a suitable estimate for
gb = 1z (b) — 1z (b) over b restricted to small boxes and arithmetic pro-
gressions. We don’t require estimates arithmetic progressions to moduli
larger than (log X)O(l)7 and there are no issues caused by a possible Siegel
Z€ro.

Proposition 11.16. For every K > 0 and every polytope R under con-
sideration, we have

€Z™N
b=c (mod d)

Proof. This is the equivalent of |14, Proposition 9.7], and the proof works
in exactly the same manner for our situation. Therefore we only highlight
a couple of main details.

First we estimate the contribution from 1 (b). Since b is in a small
cube, no two elements can generate the same ideal, and so we can write
the sum as a sum of principal ideals. We can use Hecke Grossencharacters
to detect the congruence conditions and the restriction of b to the cube
C. The Prime Number Theorem for Grossencharacters then allows one to
suitably estimate the resulting sums over 1z (b), giving an explicit main
term and an error term which is Ox (B*/(log B)'°%). This is essentially
the same argument as [I4, Lemmas 9.1-9.4].

The contribution from 1z (b) can be estimated by swapping the order
of summation in the sieve sum and using the fact that b € Z N C are
equidistributed in suitable aritmetic progressions as in [I4] Lemmas 9.5
and 9.6]. This gives a main term and a error term O (B*/(log B)'°X).

The main term contributions from 1% (b) and 1g(b) are the same
apart from opposite signs and so cancel, giving the result. O

Finally, we are able to complete our proof of Proposition [0.14]

Proof of Proposition[9.14] Putting together the equations (I1.2), (I1.4)
and the argument of Section[[T.I] we find that provided B < X?’/‘Fe/PQS/2
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(from ([IIA)) we have
T(R)= Y > T3(R) + O(X*T°/Py),

CeCikg ag,bg (mod m')
N(c)(agobg);=(vq); (mod m’)

where T3 is given by ([LG6]).
Putting together (IT7)), (IT8), (IT.9) and Lemmas ITIIT2 OIT.7]
0112 IT.13l 1.5 and Proposition [[1.16] then gives

2 —5 44 3 n3 7 p2 2 pl7/3 p7 A236
T3(R) <<K7720A (AB +AB P2 +AB P2+W)

Since |A(Xo)| < A®B?, this gives the result provided
A< B¥F, BP; < A'™F, Pyt < B'7F,.

(Here we used that the second inequality implies (ILE).) After taking
€ suitably small, we see that the first condition is implied by the first
inequality of (£I0]), whereas the final two inequalities are implied by the

assumption 7" < min(4 — 207 — -+ — 26},,61 + -+ + 0 — 1)/100. This
gives Proposition [9.14] O

This completes the proof of Proposition [@.14], and hence Theorem [Z.1]
and Theorem [L.1]
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