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@� u
@t

+ r � (� u u ) = r � � + ��� sn ; �U�8�V

�r�?�2�`�2� s �B�b �� �+�?���`���+�i�2�`�B�b�i�B�+ �7�m�M�+�i�B�Q�M �Q�M�H�v �/�2�}�M�2�/ ���i �i�?�2 �B�M�i�2�`�7���+�2�X�d�y

�A�M �i�?�2 ���#�b�2�M�+�2 �Q�7 �K���b�b �i�`���M�b�7�2�` �2�z�2�+�i�b�- �i�?�2 �+�Q�M�b�2�`�p���i�B�Q�M �Q�7 �i�Q�i���H �2�M�2�`�;�v �B�b �r�`�B�i�i�2�M ���b�-

@
@t

�
� i

�
ei +

1
2

u 2
i

��
+ r �

�
� i

�
ei +

1
2

u 2
i

�
u i

�
= r � (� i � u i ) � r � qi ; �U�e�V

�r�?�2�`�2e �B�b �i�?�2 �b�T�2�+�B�}�+ �B�M�i�2�`�M���H �2�M�2�`�;�v�- ���M�/q �B�b �i�?�2 �?�2���i �~�m�t �;�B�p�2�M �#�v �6�Q�m�`�B�2�`�ö�b �H���r�-

qi = � ki r Ti ; �U�d�V

�r�?�2�`�2k �B�b �i�?�2 �i�?�2�`�K���H �+�Q�M�/�m�+�i�B�p�B�i�v�- ���M�/T �B�b �i�?�2 �i�2�K�T�2�`���i�m�`�2 �}�2�H�/�X �h�?�2 �T�`�2�b�2�M�i �r�Q�`�F �i���F�2�b
�B�M�i�Q ���+�+�Q�m�M�i �?�2���i �/�B�z�m�b�B�Q�M�- �r�?�2�`�2���b �i�?�2 �T�`�2�p�B�Q�m�b �p�2�`�b�B�Q�M �Q�7 �i�?�2 ���H�H�@�J���+�? �b�Q�H�p�2�` �Q�M�H�v �+�Q�M�b�B�/�@
�2�`�2�/ ���/�B���#���i�B�+ �T�`�Q�+�2�b�b�2�b �(�R�)�X �h�?�2 ���H�H�@�J���+�? �b�Q�H�p�2�` �B�b �� �/�2�M�b�B�i�v �#���b�2�/ �b�Q�H�p�2�` �r�B�i�? �i�?�2 �/�2�M�b�B�i�v�-�d�8

�K�Q�K�2�M�i�m�K ���M�/ �i�Q�i���H �2�M�2�`�;�v ���b �B�i�b �T�`�B�K�B�i�B�p�2 �p���`�B���#�H�2�b�X �>�Q�r�2�p�2�`�- �B�M �Q�`�/�2�` �i�Q �+�Q�K�T�m�i�2 �~�m�t�2�b�-
�i�?�2 �b�Q�H�p�2�` �K���F�2�b �m�b�2 �Q�7 ���M �2�p�Q�H�m�i�B�Q�M �2�[�m���i�B�Q�M �7�Q�` �T�`�2�b�b�m�`�2�- �b�B�K�B�H���` �i�Q �i�?�2 �S�Q�B�b�b�Q�M �2�[�m���i�B�Q�M �B�M
�B�M�+�Q�K�T�`�2�b�b�B�#�H�2 �b�Q�H�p�2�`�b�- �r�?�2�M �T�`�Q�D�2�+�i�B�M�; �i�?�2 �p�2�H�Q�+�B�i�v �}�2�H�/ �i�Q �K���F�2 �B�i �/�B�p�2�`�;�2�M�+�2 �7�`�2�2 �(�j�k�)�X �h�Q
�Q�#�i���B�M �b�m�+�? ���M �2�[�m���i�B�Q�M �B�M �i�?�2 �+�m�`�`�2�M�i �7�Q�`�K�m�H���i�B�Q�M�- �r�2 �}�`�b�i �r�`�B�i�2 �i�?�2 �2�M�i�?���H�T�v �2�[�m���i�B�Q�M�-

� i cp;i
DT i

Dt
= � i Ti

Dpi

Dt
� r � qi ; �U�3�V

�r�?�2�`�2cp �B�b �i�?�2 �b�T�2�+�B�}�+ �?�2���i �+���T���+�B�i�v�-� �B�b �i�?�2 �i�?�2�`�K���H �/�B�H���i�B�Q�M �+�Q�2�{�+�B�2�M�i�- ���M�/D=Dt �B�b �i�?�2�3�y

�i�Q�i���H �/�2�`�B�p���i�B�p�2�X �q�2 �i�?�2�M �2�t�T�`�2�b�b �i�?�2 �/�2�M�b�B�i�v �/�B�z�2�`�2�M�i�B���H ���b �i�?�2 �b�m�K �Q�7 �#�Q�i�? �B�b�Q�i�?�2�`�K���H ���M�/
�B�b�Q�#���`�B�+ �T�`�Q�+�2�b�b�2�b�-

d� =
�

@�
@p

�

T

dp+
�

@�
@T

�

p

dT =


c2

dp� ��dT; �U�N�V

�m�b�B�M�; �i�?�2 �/�2�}�M�B�i�B�Q�M�b �Q�7 �i�?�2 �b�T�2�2�/ �Q�7 �b�Q�m�M�/c�- �i�?�2 �`���i�B�Q �Q�7 �b�T�2�+�B�}�+ �?�2���i�b
 �- ���M�/ �i�?�2 �i�?�2�`�K���H
�/�B�H���i�B�Q�M� �X �A�7 �r�2 �i�?�2�M �+�Q�K�#�B�M�2 �2�[�m���i�B�Q�M�b�R�-�3�- ���M�/�N�- �r�2 �Q�#�i���B�M ���M �2�[�m���i�B�Q�M �7�Q�` �T�`�2�b�b�m�`�2 �i�?���i
�`�2���/�b�3�8 �


 i

� i c2
i

�
� 2

i Ti

� i cp;i

�
Dpi

Dt
= �

� i

� i cp;i
r � qi � r � u i : �U�R�y�V

�q�2 �i�?�m�b �?���p�2 �� �i�r�Q�@�r���v �+�Q�m�T�H�2�/ �b�v�b�i�2�K �Q�7 �2�[�m���i�B�Q�M�b�3���M�/�R�y�- �7�Q�` �#�Q�i�? �i�?�2 �i�2�K�T�2�`���i�m�`�2 ���M�/
�i�?�2 �T�`�2�b�b�m�`�2 �}�2�H�/�b�X �h�?�B�b �B�b �i�Q �#�2 �+�Q�M�i�`���b�i�2�/ �r�B�i�? �i�?�2 �T�`�2�p�B�Q�m�b �p�2�`�b�B�Q�M �Q�7 �i�?�2 ���H�H�@�J���+�? �b�Q�H�p�2�` �(�R�)�-
�r�?�2�`�2 �Q�M�H�v �2�[�m���i�B�Q�M�R�y�B�b �b�Q�H�p�2�/ �r�?�B�H�2 �M�2�;�H�2�+�i�B�M�; �?�2���i �i�`���M�b�7�2�` �Uq = 0�V�X �h�Q �+�H�Q�b�2 �i�?�2 �b�v�b�i�2�K
�Q�7 �2�[�m���i�B�Q�M�b�- ���M �2�[�m���i�B�Q�M �Q�7 �b�i���i�2 �U�1�Q�a�V�- �`�2�H���i�B�M�; �i�?�2 �i�?�2�`�K�Q�/�v�M���K�B�+ �[�m���M�i�B�i�B�2�b �&p�-� �-T�'�- �B�b
�M�2�2�/�2�/�X �q�2 �2�K�T�H�Q�v �i�?�2 �L�Q�#�H�2�@���#�2�H �a�i�B�z�2�M�2�/�@�:���b �U�L���a�:�V �1�Q�a �r�?�B�+�? �b�?�Q�r�b �� �#�2�i�i�2�` ���;�`�2�2�K�2�M�i�N�y

�r�B�i�? �2�t�T�2�`�B�K�2�M�i�b �i�?���M �i�?�2 �a�i�B�z�2�M�2�/�@�:���b �U�a�:�V �1�Q�a�- �`�2�;���`�/�B�M�; �i�?�2 �`�2�H���i�B�Q�M �#�2�i�r�2�2�M �i�?�2 �H�B�[�m�B�/�ö�b

�j



� 1 1:19
� 1 (Pa) 7028� 105

b1 (m3=kg) 6:61� 10� 4

q1 (J=kg) � 1177788
cp;1 (J=kg=K) 4285
cv;1 (J=kg=K) 3610

�h���#�H�2 �R�,�L���a�: �1�Q�a �T���`���K�2�i�2�`�b ���M�/ �i�?�2�`�K�Q�/�v�M���K�B�+ �T�`�Q�T�2�`�i�B�2�b �7�Q�` �H�B�[�m�B�/ �r���i�2�` �B�M �i�?�2 �i�2�K�T�2�`���i�m�`�2 �`���M�;�2
[300 : 500]K �X

�b�T�2�+�B�}�+ �p�Q�H�m�K�2v1 ���M�/ �B�i�b �i�2�K�T�2�`���i�m�`�2 �(�j�j�)�- ���M�/ �i�?�m�b �� �#�2�i�i�2�` �`�2�H���i�B�Q�M �#�2�i�r�2�2�M� 1 ���M�/T1�X �h�?�2
�L���a�: �1�Q�a �`�2���/�b

� i ei =
pi + � i � i

� i � 1
(1 � � i bi ) + � i qi ; �U�R�R�V

�r�?�2�`�2� �- � �- b�- ���M�/q ���`�2 �}�i�i�B�M�; �T���`���K�2�i�2�`�b�- �/�B�z�2�`�2�M�i �7�Q�` �2���+�? �~�m�B�/�X �h�?�2 �p���H�m�2�b �Q�7 �i�?�2�b�2
�T���`���K�2�i�2�`�b�- ���M�/ �Q�i�?�2�` �i�?�2�`�K�Q�/�v�M���K�B�+ �T�`�Q�T�2�`�i�B�2�b�- ���`�2 �T�`�2�b�2�M�i�2�/ �B�M �i���#�H�2�R�7�Q�` �H�B�[�m�B�/ �r���i�2�`�X�N�8

�h�?�`�Q�m�;�?�Q�m�i �i�?�B�b �T���T�2�`�- �;���b�2�b ���`�2 �+�Q�M�b�B�/�2�`�2�/ �i�Q �#�2 �B�/�2���H�- �i�?�m�b �Q�#�2�v�B�M�; �i�?�2 �T�2�`�7�2�+�i �;���b �1�Q�a�X
�h�?�2 �H���i�i�2�` �B�b �`�2�i�`�B�2�p�2�/ �7�`�Q�K �i�?�2 �L���a�: �1�Q�a �#�v �b�2�i�i�B�M�;� 2 = 
 2�- ���M�/� 2 = b2 = q2 = 0�X �h�?�2
�2�t�T�`�2�b�b�B�Q�M �Q�7 �i�?�2 �i�?�2�`�K���H �/�B�H���i�B�Q�M �+�Q�2�{�+�B�2�M�i�- �/�2�`�B�p�2�/ �B�M �i�?�2 �7�`���K�2�r�Q�`�F �Q�7 �L���a�:�- �B�b �r�`�B�i�i�2�M ���b�-

� i =
1
vi

�
@vi
@Ti

�

p

= �
1
� i

�
@�i
@Ti

�

p

=
(� i � 1)cv;i

(� i � 1)cv;i Ti + bi (pi + � i )
: �U�R�k�V

�A�M �i�?�B�b �1�Q�a�- �i�?�2 �b�T�2�2�/ �Q�7 �b�Q�m�M�/c �B�b �2�t�T�`�2�b�b�2�/ ���b �7�Q�H�H�Q�r�b�-�R�y�y

c2
i =

� i (pi + � i )
� i (1 � � i bi )

: �U�R�j�V

�6�B�M���H�H�v�- �H�2�i �i�?�2 �B�M�i�2�`�7���+�2 �#�2 �`�2�T�`�2�b�2�M�i�2�/ �#�v �� �>�2���p�B�b�B�/�2 �7�m�M�+�i�B�Q�MH �2�[�m���H �i�Q �R �B�M �i�?�2 �`�2�7�2�`�2�M�+�2
�T�?���b�2�X �h�?�2 �T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �B�M�i�2�`�7���+�2 �B�b �i�?�2�M �i�`���+�F�2�/ �#�v �b�Q�H�p�B�M�; ���M ���/�p�2�+�i�B�Q�M �2�[�m���i�B�Q�M �7�Q�`H �-

@H
@t

+ u � r H = 0: �U�R�9�V

�j�X �L�m�K�2�`�B�+���H �b�+�?�2�K�2

�A�M �i�?�B�b �b�2�+�i�B�Q�M �r�2 �T�`�2�b�2�M�i ���M �Q�p�2�`�p�B�2�r �Q�7 �i�?�2 �M�m�K�2�`�B�+���H �K�2�i�?�Q�/�- �/�2�i���B�H�2�/ �B�M �(�R�)�- �r�B�i�? �i�?�2
���/�/�2�/ �b�i�2�T�b �`�2�;���`�/�B�M�; �i�?�2 �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �?�2���i �/�B�z�m�b�B�Q�M �2�z�2�+�i�b�- ���M�/ �� �/�2�b�+�`�B�T�i�B�Q�M �Q�7�R�y�8

�i�?�2 �2�K�T�H�Q�v�2�/ �K�m�H�i�B�;�`�B�/ �b�Q�H�p�2�`�X �h�?�B�b �b�Q�H�p�2�` �m�b�2�b �i�?�2 �p�Q�H�m�K�2 �7�`���+�i�B�Q�M �Q�7 �� �`�2�7�2�`�2�M�+�2 �T�?���b�2�- �i�?�2
�B�M�/�B�p�B�/�m���H �+�Q�K�T�Q�M�2�M�i �Q�7 �#�Q�i�? �/�2�M�b�B�i�v ���M�/ �i�Q�i���H �2�M�2�`�;�v�- ���b �r�2�H�H ���b �i�?�2 ���p�2�`���;�2�/ �K�Q�K�2�M�i�m�K ���b
�T�`�B�K�B�i�B�p�2 �p���`�B���#�H�2�b�X �h�?�2 �/�B�b�+�`�2�i�B�x���i�B�Q�M �B�M �i�B�K�2 �Q�7 �i�?�2 �K���b�b�- ���p�2�`���;�2�/ �K�Q�K�2�M�i�m�K�- �i�Q�i���H �2�M�2�`�;�v�-
���M�/ �p�Q�H�m�K�2 �7�`���+�i�B�Q�M �2�p�Q�H�m�i�B�Q�M �2�[�m���i�B�Q�M�b �;�B�p�2�b �� �b�v�b�i�2�K �Q�7 �2�[�m���i�B�Q�M�b �Q�7 �i�?�2 �7�Q�`�K�-

Y n+1 � Y n

� t
+ r � F (adv) = r � F (non � adv) + S; �U�R�8�V

�r�B�i�?

Y =

0

B
B
B
B
B
B
@

C1

C1� 1

C2� 2

� u
C1� 1eT;1

C2� 2eT;2

1

C
C
C
C
C
C
A

; F (adv) =

0

B
B
B
B
B
B
@

C1u
C1� 1u
C2� 2u
� u u

C1� 1eT;1u
C2� 2eT;2u

1

C
C
C
C
C
C
A

; F (non � adv) =

0

B
B
B
B
B
B
@

0
0
0
�

C1(� 1 � u � q1)
C2(� 2 � u � q2)

1

C
C
C
C
C
C
A

; S =

0

B
B
B
B
B
B
@

C1r � u
0
0

�� r C
0
0

1

C
C
C
C
C
C
A

;

�9



�r�?�2�`�2eT;i = ei + 1
2 ju j2 �B�b �i�?�2 �i�Q�i���H �2�M�2�`�;�v �T�2�` �m�M�B�i �K���b�b ���M�/ �i�?�2 �+�Q�H�Q�m�` �7�m�M�+�i�B�Q�MC1 �B�b �2�[�m���H �i�Q�R�R�y

�i�?�2 �p�Q�H�m�K�2 �7�`���+�i�B�Q�M �Q�7 �i�?�2 �`�2�7�2�`�2�M�+�2 �T�?���b�2 �B�M �� �+�Q�M�i�`�Q�H �p�Q�H�m�K�2 �`�2�T�`�2�b�2�M�i�2�/ �#�v �i�?�2 �;�`�B�/ �+�2�H�H�- ���M�/
C2 = 1 � C1�X �L�Q�i�2 �i�?���i �B�M �i�?�2 ���#�b�2�M�+�2 �Q�7 �K���b�b �i�`���M�b�7�2�`�- �i�?�2 �B�M�i�2�`�7���+�2 �B�b ���/�p�2�+�i�2�/ �r�B�i�? �i�?�2 �~�Q�r
���i �� �p�2�H�Q�+�B�i�vu s = u 1 � n = u 2 � n �X �A�i �B�b �i�?�2�`�2�7�Q�`�2 �+�Q�M�p�2�M�B�2�M�i �i�Q �r�Q�`�F �B�M �� �Q�M�2�@�~�m�B�/ �7�Q�`�K�m�H���i�B�Q�M�-
�b�B�K�B�H���`�H�v �i�Q �+�H���b�b�B�+���H �B�M�+�Q�K�T�`�2�b�b�B�#�H�2 �7�Q�`�K�m�H���i�B�Q�M�b�- �;�B�p�2�M �i�?�2 �+�Q�M�i�B�M�m�B�i�v �Q�7 �i�?�2 �p�2�H�Q�+�B�i�v �}�2�H�/ ���+�`�Q�b�b
�i�?�2 �B�M�i�2�`�7���+�2�X �h�?�2 ���p�2�`���;�2 �Q�7 �� �[�m���M�i�B�i�v� �B�b �/�2�}�M�2�/ ���b� = C� 1 + (1 � C)� 2�X �q�2 �r�Q�m�H�/ �i�?�2�M�R�R�8

�?���p�2 ���p�2�`���;�2�/ �T�`�Q�T�2�`�i�B�2�b�- �b�m�+�? ���b �/�2�M�b�B�i�v� ���M�/ �p�B�b�+�Q�b�B�i�v� �- ���M�/ ���M ���p�2�`���;�2�/ �K�Q�K�2�M�i�m�K �}�2�H�/
� u �- �Q�m�i �Q�7 �r�?�B�+�? �i�?�2 �~�Q�r �p�2�H�Q�+�B�i�vu �+���M �#�2 �/�2�`�B�p�2�/ ���M�/ �m�b�2�/ �7�Q�` �i�?�2 ���/�p�2�+�i�B�Q�M �Q�7 �i�?�2 �+�Q�H�Q�m�`
�7�m�M�+�i�B�Q�M ���M�/ �i�?�2 �+�Q�M�b�2�`�p�2�/ �[�m���M�i�B�i�B�2�b�X

���M �B�K�T�Q�`�i���M�i �T�`�Q�T�2�`�i�v �Q�7 �i�?�2 ���H�H�@�J���+�? �b�Q�H�p�2�` �B�b �i�?���i�- �b�B�K�B�H���` �i�Q �� �_�B�2�K���M�M �b�Q�H�p�2�`�- �B�i �B�b �#���b�2�/
�Q�M �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �Q�7 �~�m�t�2�b ���M�/ �i�?�2�`�2�7�Q�`�2 �2�t���+�i�H�v �+�Q�M�b�2�`�p�2�b �K���b�b�- �K�Q�K�2�M�i�m�K ���M�/ �2�M�2�`�;�v �B�M�R�k�y

�i�?�2 ���#�b�2�M�+�2 �Q�7 �b�m�`�7���+�2 �i�2�M�b�B�Q�M �7�Q�`�+�2�b�X �A�M �T���`�i�B�+�m�H���`�- �i�?�2 ���/�p�2�+�i�B�Q�M �~�m�t�2�bF (adv) ���`�2 �Q�#�i���B�M�2�/ �#�v
�m�b�B�M�; �� �+�Q�M�b�B�b�i�2�M�i �b�+�?�2�K�2 �7�Q�` �i�?�2 ���/�p�2�+�i�B�Q�M �Q�7 �i�?�2 �+�Q�M�b�2�`�p�2�/ �[�m���M�i�B�i�B�2�b �U�/�2�M�b�B�i�v�- �K�Q�K�2�M�i�m�K�-
���M�/ �i�Q�i���H �2�M�2�`�;�v�V ���M�/ �i�?�2 �p�Q�H�m�K�2 �7�`���+�i�B�Q�MC�- ���b �/�2�b�+�`�B�#�2�/ �B�M �(�R�-�j�9�)�X �h�?�B�b ���p�Q�B�/�b ���M�v �M�m�K�2�`�B�+���H
�/�B�z�m�b�B�Q�M �Q�7 �i�?�2 �+�Q�M�b�2�`�p�2�/ �[�m���M�i�B�i�B�2�b �r�?�2�M �+�Q�K�T�m�i�B�M�; �i�?�2 ���/�p�2�+�i�B�Q�M �~�m�t�2�b�- �2�b�T�2�+�B���H�H�v �7�Q�` �?�B�;�?
�/�2�M�b�B�i�v �`���i�B�Q�b �(�j�9�)�X �A�M �Q�i�?�2�` �r�Q�`�/�b�- �i�?�2 �/�B�b�+�Q�M�i�B�M�m�B�i�v �B�M �i�?�2�b�2 �[�m���M�i�B�i�B�2�b �B�b ���/�p�2�+�i�2�/ �2�t���+�i�H�v ���i�R�k�8

�i�?�2 �b���K�2 �p�2�H�Q�+�B�i�v ���b �i�?���i �Q�7 �i�?�2 �K�Q�p�B�M�; �B�M�i�2�`�7���+�2�X �h�?�2 �2�K�T�H�Q�v�2�/ �o�Q�6 �K�2�i�?�Q�/ �B�b �;�2�Q�K�2�i�`�B�+�-
�B�M �r�?�B�+�? �i�?�2 �B�M�i�2�`�7���+�2 �?���b �� �b�?���`�T �`�2�T�`�2�b�2�M�i���i�B�Q�M �(�j�8�)�X �h�?�2 �M�m�K�2�`�B�+���H �b�+�?�2�K�2 �m�b�2�/ �7�Q�` �i�?�2
���/�p�2�+�i�B�Q�M�- �T�`�Q�T�Q�b�2�/ �#�v �q�2�v�K�Q�m�i�? �� �u�m�2 �U�k�y�R�y�V �(�j�e�)�- �+�Q�M�b�2�`�p�2�b �K���b�b �i�Q �K���+�?�B�M�2 ���+�+�m�`���+�v �B�M
�i�?�2 �B�M�+�Q�K�T�`�2�b�b�B�#�H�2 �H�B�K�B�i�X �A�i �B�b �T�`�2�+�2�/�2�/ �#�v �� �S�G�A�* �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �Q�7 �i�?�2 �b�?���`�T �B�M�i�2�`�7���+�2�- �r�?�2�`�2
�i�?�2 �M�Q�`�K���Hn �i�Q �2���+�? �B�M�i�2�`�7���+�B���H �b�2�;�K�2�M�i �B�b �+�Q�K�T�m�i�2�/ �m�b�B�M�; �i�?�2 �J�B�t�2�/ �u�Q�m�M�;�b�@�*�2�M�i�2�`�2�/ �U�J�u�*�V�R�j�y

�K�2�i�?�Q�/ �/�2�b�+�`�B�#�2�/ �B�M �(�j�d�)�X �h�?�2 ���/�p�2�+�i�B�Q�M �~�m�t�2�b ���`�2 �+�Q�K�T�m�i�2�/ �B�M �� �/�B�`�2�+�i�B�Q�M���H�H�v �b�T�H�B�i �K���M�M�2�` ���b
�/�2�i���B�H�2�/ �B�M �(�j�e�)�X �q�B�i�?�Q�m�i �H���+�F �Q�7 �;�2�M�2�`���H�B�i�v�- ���7�i�2�` �i�?�B�b �b�i�2�T �r�2 �+�Q�K�T�m�i�2 �i�?�2 ���/�p�2�+�i�2�/ �p���H�m�2�b �Q�7
�i�?�2 �T�`�B�K�B�i�B�p�2 �p���`�B���#�H�2�b�-

Y (adv) � Y n � � tr � F (adv) �U�R�e�V

���b �r�2�H�H ���b �i�?�2 �m�T�/���i�2�/ �p���H�m�2�b �Q�7 �i�?�2 �p�Q�H�m�K�2 �7�`���+�i�B�Q�M�X �� �T�`�2�/�B�+�i�2�/ �p���H�m�2 �Q�7 �i�?�2 �p�2�H�Q�+�B�i�v �}�2�H�/ ���i
�i�?�2 �2�M�/ �Q�7 �i�?�2 �i�B�K�2�@�b�i�2�T �Uu n+1

pred �V�- �r�?�B�+�? ���H�`�2���/�v ���+�+�Q�m�M�i�b �7�Q�` �p�B�b�+�Q�m�b ���M�/ �b�m�`�7���+�2 �i�2�M�b�B�Q�M �2�z�2�+�i�b�R�j�8

�B�b �Q�#�i���B�M�2�/ �#�v �B�K�T�H�B�+�B�i�H�v �b�Q�H�p�B�M�; �i�?�2 ���p�2�`���;�2�/ �K�Q�K�2�M�i�m�K �2�[�m���i�B�Q�M�-

� u n+1
pred � � u (adv)

� t
= �r pn + r �

�
�

�
r u pred + r u T

pred

�� n+1
+ �� r Cn+1 ; �U�R�d�V

�r�?�2�`�2 �i�?�2 �T�`�2�b�b�m�`�2 �;�`���/�B�2�M�i �B�b �2�p���H�m���i�2�/ ���i �i�?�2 �T�`�2�p�B�Q�m�b �i�B�K�2 �b�i�2�T�X
�h�?�2 �`�2�b�m�H�i�B�M�; �2�b�i�B�K���i�B�Q�M �Q�7 �i�?�2 �p�2�H�Q�+�B�i�v �}�2�H�/ �B�b �}�M���H�H�v �+�Q�`�`�2�+�i�2�/ �m�b�B�M�;

u n+1 = u � �
� t

� n+1 r pn+1 ; �U�R�3�V

�r�?�2�`�2u � �B�b �/�2�}�M�2�/ ���b

u � � u n+1
pred +

� t
� n+1 r pn : �U�R�N�V

�h�Q �+�Q�K�T�m�i�2 �i�?�2 �T�`�2�b�b�m�`�2 �;�`���/�B�2�M�i�- �r�2 �i���F�2 �i�?�2 �/�B�p�2�`�;�2�M�+�2 �Q�7 �2�[�m���i�B�Q�M�R�3�R�9�y

r � u n+1 = r � u � � r �
�

� t
� n+1 r pn+1

�
: �U�k�y�V

�6�Q�` �B�M�+�Q�K�T�`�2�b�b�B�#�H�2 �~�Q�r�br � u n+1 = 0 ���M�/ �2�[�m���i�B�Q�M�k�y�#�2�+�Q�K�2�b �� �S�Q�B�b�b�Q�M �2�[�m���i�B�Q�M �i�?���i �B�b
�b�m�{�+�B�2�M�i �i�Q �+�Q�K�T�m�i�2 �i�?�2 �T�`�2�b�b�m�`�2 �}�2�H�/pn+1 ���M�/ �i�?�2 �/�B�p�2�`�;�2�M�+�2�@�7�`�2�2 �p�2�H�Q�+�B�i�v �}�2�H�/u n+1 �7�`�Q�K
�2�[�m���i�B�Q�M�R�3�X �L���i�m�`���H�H�v�- �i�?�B�b �B�b �M�Q�i �i�?�2 �+���b�2 �B�M �� �+�Q�K�T�`�2�b�b�B�#�H�2 �7�`���K�2�r�Q�`�F�- �r�?�2�`�2r � u n+1 �B�b �M�Q�i
�M�2�+�2�b�b���`�B�H�v �x�2�`�Q�- �i�?�2�`�2�7�Q�`�2 �H�2���p�B�M�; �m�b �r�B�i�? �i�r�Q �m�M�F�M�Q�r�M�b�,u n+1 ���M�/pn+1 �- ���M�/ �r�B�i�? �i�?�2 �M�2�2�/ �Q�7
���M ���/�/�B�i�B�Q�M���H �2�[�m���i�B�Q�M �i�Q �+�H�Q�b�2 �i�?�2 �b�v�b�i�2�K�X �A�M �i�?�2 �T�`�2�p�B�Q�m�b �p�2�`�b�B�Q�M �Q�7 �i�?�2 ���H�H�@�J���+�? �b�Q�H�p�2�` �(�R�)�-�R�9�8

�2�[�m���i�B�Q�M�R�y�b�2�`�p�2�/ �i�?�B�b �T�m�`�T�Q�b�2�- �M�2�;�H�2�+�i�B�M�;�- �?�Q�r�2�p�2�`�- �?�2���i �/�B�z�m�b�B�Q�M�X �h�?�2 �M�Q�p�2�H�i�v �B�M �i�?�2 �T�`�2�b�2�M�i

�8



�r�Q�`�F �B�b �i�?�2 �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �i�?�2�`�K���H �2�z�2�+�i�b �#�v �b�Q�H�p�B�M�; �i�?�2 �i�r�Q�@�r���v �+�Q�m�T�H�2�/ �b�v�b�i�2�K �Q�7
�2�[�m���i�B�Q�M�b�3���M�/�R�y�-

�c p
Tn+1 � T (adv)

� t
= �T (adv) pn+1 � p(adv)

� t
+ r �

�
kr Tn+1

�
; �U�k�R�V

�



�c 2
�

� 2T (adv)

�c p

�
pn+1 � p(adv)

� t
=

�
�c p

r �
�
kr Tn+1

�
� r � u � + r �

�
� t
�

r pn+1

�
; �U�k�k�V

�r�?�2�`�2 �2�[�m���i�B�Q�M�k�k�B�b �Q�#�i���B�M�2�/ �#�v �+�Q�K�#�B�M�B�M�;�R�y���M�/�k�y�X�J�Q�`�2 �B�M�7�Q�`�K���i�B�Q�M �Q�M �i�?�2 �/�B�b�+�`�2�i�B�x���i�B�Q�M�R�8�y

�Q�7 �i�?�2 �+�Q�M�/�m�+�i�B�p�2 �i�2�`�K �B�b �T�`�2�b�2�M�i�2�/ �B�M���T�T�2�M�/�B�t ���X �L�Q�i�2 �i�?���iT (adv) ���M�/p(adv) ���`�2 �T�`�Q�p�B�b�B�Q�M���H
�p���H�m�2�b �Q�#�i���B�M�2�/ ���7�i�2�` �i�?�2 ���/�p�2�+�i�B�Q�M �b�i�2�T ���H�i�?�Q�m�;�? �M�Q�i ���/�p�2�+�i�2�/�T�2�` �b�2�X �h�?�2�b�2 �}�2�H�/�b ���`�2 �i�?�2�`�2�7�Q�`�2
�M�Q�i �+�H�Q�M�2�/ ���b �i�`���+�2�`�b ���M�/ ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2 �+�Q�H�Q�m�` �7�m�M�+�i�B�Q�MC�- ���b �B�b �i�?�2 �+���b�2 �7�Q�` �i�?�2 �+�Q�M�b�2�`�p�2�/
�[�m���M�i�B�i�B�2�b�X �_���i�?�2�`�-p(adv) �B�b �+�Q�K�T�m�i�2�/ �7�`�Q�K �i�?�2 ���/�p�2�+�i�2�/ �i�Q�i���H �2�M�2�`�;�v �p�B�� �i�?�2 �2�[�m���i�B�Q�M �Q�7 �b�i���i�2�-
�b�B�K�B�H���`�H�v �i�Q �r�?���i �?���b �#�2�2�M �/�Q�M�2 �B�M �(�k�8�) ���M�/ �(�j�3�)�-�R�8�8

p(adv) =
�e T

(adv) � 1
2� ju j2 � ��

� � 1 (1 � �b ) + �q

1 � �b
� � 1

; �U�k�j�V

�r�?�2�`�2�e T
(adv) �B�b �i�?�2 ���p�2�`���;�2�/ �i�Q�i���H �2�M�2�`�;�v ���7�i�2�` �i�?�2 ���/�p�2�+�i�B�Q�M �b�i�2�T �U�2�[�m���i�B�Q�M�R�e�V�X �h�?�2 �T�`�Q�p�B�@

�b�B�Q�M���H �i�2�K�T�2�`���i�m�`�2T (adv) �B�b �i�?�2�M �Q�#�i���B�M�2�/ �7�`�Q�Kp(adv) ���H�b�Q �#�v �K�2���M�b �Q�7 �i�?�2 �1�P�a�-

T (adv) =
(1 � �b )p(adv) + �(1 � �b )

� (cp � cv)
: �U�k�9�V

�1�[�m���i�B�Q�M�b�k�R���M�/�k�k���`�2 �i�?�2�M �`�2���`�`���M�;�2�/ �B�M �i�?�2 �7�Q�`�K �Q�7 �� �S�Q�B�b�b�Q�M�@�>�2�H�K�?�Q�H�i�x �b�v�b�i�2�K �Q�7 �K�m�i�m���H�H�v
�+�Q�m�T�H�2�/ �2�[�m���i�B�Q�M�b�-

r �
�
kr Tn+1

�
+ � 1Tn+1 + � 2pn+1 = � T ; �U�k�8�V

�R�e�y

r �
�

1
�

r pn+1

�
+ � 3pn+1 + � 4r �

�
kr Tn+1

�
= � p: �U�k�e�V

�r�?�2�`�2�-

� 1 = �
�c p

� t
; �U�k�d�V

� 2 =
�T (adv)

� t
; �U�k�3�V

� 3 = �
1

� t2

�



�c 2
�

� 2T (adv)

�c p

�
; �U�k�N�V

� 4 =
�

�c p
; �U�j�y�V

� T = � 1T (adv) + � 2p(adv) ; �U�j�R�V

� p = � 3p(adv) +
1

� t
r � u � : �U�j�k�V

�h�?�B�b �b�v�b�i�2�K �B�b �Q�7 �i�?�2 �7�Q�`�K�-
L (a) = b; �U�j�j�V

�r�?�2�`�2�-L (�) �B�b �� �H�B�M�2���` �Q�T�2�`���i�Q�`�- ���M�/a = [ Tn+1 pn+1 ]T ���M�/b = [ � T � p]T ���`�2 �#�Q�i�? �p�2�+�i�Q�`�b�X
�h�?�B�b �b�v�b�i�2�K �Q�7 �K�m�i�m���H�H�v �+�Q�m�T�H�2�/ �2�[�m���i�B�Q�M�b �+���M �i�?�2�`�2�7�Q�`�2 �#�2 �b�Q�H�p�2�/ �2�{�+�B�2�M�i�H�v �m�b�B�M�; �� �K�m�H�i�B�;�`�B�/

�e



�B�K�T�H�B�+�B�i �b�Q�H�p�2�`�- �/�2�b�+�`�B�#�2�/ �7�Q�` �i�?�2 �a�:�L �2�[�m���i�B�Q�M�b �#�v �S�Q�T�B�M�2�i �(�k�N�)�X �q�?�2�M �b�Q�H�p�B�M�; �i�B�K�2�@�/�2�T�2�M�/�2�M�i
�T�`�Q�#�H�2�K�b�- �� �;�Q�Q�/ �B�M�B�i�B���H �;�m�2�b�b~a = a � � a�- �B�b ���p���B�H���#�H�2�- �r�?�2�`�2� a �B�b ���M �m�M�F�M�Q�r�M �+�Q�`�`�2�+�i�B�Q�M�X�R�e�8

�h�?�2�`�2�7�Q�`�2�- �B�i �B�b �m�b�m���H�H�v �K�Q�`�2 �2�{�+�B�2�M�i �i�Q �b�Q�H�p�2 �7�Q�` �i�?�2 �2�[�m�B�p���H�2�M�i �T�`�Q�#�H�2�K�-

L (� a) = b � L (~a) = res ; �U�j�9�V

�r�?�2�`�2res �B�b �i�?�2 �`�2�b�B�/�m���H�X �P�r�B�M�; �i�Q �i�?�2 �H�B�M�2���`�B�i�v �Q�7 �i�?�2 �Q�T�2�`���i�Q�`L (�)�-� a �+���M �#�2 ���/�/�2�/ �i�Q �i�?�2
�B�M�B�i�B���H �;�m�2�b�b~a�- ���M�/ �i�?�2 �T�`�Q�+�2�b�b �B�b �i�?�2�M �`�2�T�2���i�2�/ �m�M�i�B�H �i�?�2 �`�2�b�B�/�m���H �7���H�H�b �#�2�H�Q�r �� �;�B�p�2�M �i�Q�H�2�`���M�+�2�X
�h�?�2 �T�`�Q�+�2�/�m�`�2 �+���M �#�2 �b�m�K�K���`�B�b�2�/ �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�i�2�T�b�,

�R�X�*�Q�K�T�m�i�2 �i�?�2 �`�2�b�B�/�m���Hres = b � L (~a)�X�R�d�y

�k�X�A�7kres k < � �-~a �B�b �;�Q�Q�/ �2�M�Q�m�;�?�- �b�i�Q�T�X
�j�X�1�H�b�2�- �b�Q�H�p�2L (� a) ' res �X
�9�X���/�/ � a �i�Q~a ���M�/ �;�Q �#���+�F �i�Q �b�i�2�T �R�X

�6�Q�` ���H�H �i�?�2 �+�Q�K�T�m�i���i�B�Q�M�b �`�2�T�Q�`�i�2�/ �B�M �i�?�B�b �K���M�m�b�+�`�B�T�i�- �i�?�2 �i�Q�H�2�`���M�+�2� �B�b �b�2�i �i�Q10� 6�X �h�?�2
�K�m�H�i�B�;�`�B�/ �b�Q�H�p�2�` �i�?�2�`�2�7�Q�`�2 �v�B�2�H�/�b �2�b�i�B�K���i�2�/ �p���H�m�2�b �Q�7Tn+1 ���M�/pn+1 �i�?���i �+���M �#�2 �`�2���/�B�H�v �m�b�2 �i�Q�R�d�8

�+�Q�K�T�m�i�2 �i�?�2 �~�m�t�2�b �`�2�[�m�B�`�2�/ �i�Q �m�T�/���i�2 �i�?�2 ���p�2�`���;�2�/ �K�Q�K�2�M�i�m�K ���M�/ �i�?�2 �i�Q�i���H �2�M�2�`�;�v�X �h�?�2
�p�2�H�Q�+�B�i�v �}�2�H�/u n+1 �- ���M�/ �#�v �2�t�i�2�M�b�B�Q�M �i�?�2 �K�Q�K�2�M�i�m�K�- �B�b �i�?�2�M �+�Q�K�T�m�i�2�/ �m�b�B�M�; �1�[�X�R�3�X

�h�Q �m�T�/���i�2 �i�?�2 �i�Q�i���H �2�M�2�`�;�v �Q�7 �2���+�? �+�Q�K�T�Q�M�2�M�i�- �r�2 ���+�+�Q�m�M�i �7�Q�` �i�?�2 �7���+�i �i�?���i �i�?�2 �`�2�b�m�H�i���M�i
�T�`�2�b�b�m�`�2 ���i �i�?�2 �+�2�H�H �+�2�M�i�`�2�b �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �Q�M�2�@�~�m�B�/ ���p�2�`���;�2�/ �}�2�H�/pn+1 = Cpn+1

1 + (1 �
C)pn+1

2 �- �Q�m�i �Q�7 �r�?�B�+�? �i�?�2 �T�`�2�b�b�m�`�2 �B�M �2���+�? �T�?���b�2 �B�b �/�2�`�B�p�2�/ �m�b�B�M�; �G���T�H���+�2�ö�b �H���r�-

pn+1
1 = pn+1 + (1 � C)�� n+1 ; �U�j�8�V

pn+1
2 = pn+1 � C�� n+1 : �U�j�e�V

�h�?�2�b�2 �T�`�2�b�b�m�`�2�b ���`�2 �i�?�2�M �m�b�2�/ �i�Q �m�T�/���i�2 �i�?�2 �i�Q�i���H �2�M�2�`�;�v �B�M �2���+�? �T�?���b�2 ���i �i�?�2 �2�M�/ �Q�7 �i�?�2 �i�B�K�2
�b�i�2�T�-

(Ci � i eT;i )n+1 = ( Ci � i eT;i )(adv)+� t
h
� Ci r � (pi u)n+1 + Ci r �

�
� i

�
r u + r u T

�
� u

� n+1
� Ci r � qn+1

i

i
:

�U�j�d�V
�P�M�+�2 ���H�H �T�`�B�K�B�i�B�p�2 �p���`�B���#�H�2�b ���`�2 �m�T�/���i�2�/�- �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �+�Q�K�T�m�i�2 �i�?�2 �}�M���H �p���H�m�2�b �Q�7 �i�?�2 �/�2�`�B�p�2�/�R�3�y

�p���`�B���#�H�2�b �b�m�+�? ���b �i�?�2 �T�`�2�b�b�m�`�2 ���M�/ �i�2�K�T�2�`���i�m�`�2 �}�2�H�/�b �p�B�� �i�?�2 �1�Q�a�- �r�?�B�+�? �r�B�H�H �i�?�2 �#�2 �+�Q�M�b�B�b�i�2�M�i
�r�B�i�? �i�?�2 �p���H�m�2�b �Q�7 �i�?�2 �+�Q�M�b�2�`�p���i�B�p�2 �p���`�B���#�H�2�b �Q�#�i���B�M�2�/ ���i �i�?�2 �2�M�/ �Q�7 �i�?�2 �i�B�K�2�@�b�i�2�T�X �h�?�2 �M�m�K�2�`�B�+���H
�b�+�?�2�K�2 �B�b �b�m�K�K���`�B�b�2�/ �B�M �i�?�2 �+�Q�K�K�2�M�i�2�/ ���H�;�Q�`�B�i�?�K�R�X

�9�X �h�2�b�i �+���b�2�b

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �T�`�Q�T�Q�b�2 �i�2�b�i �+���b�2�b �m�b�2�/ �i�Q �p���H�B�/���i�2 �i�?�2 �+�Q�`�`�2�+�i �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2�R�3�8

�i�?�2�`�K���H �2�z�2�+�i�b �B�M �+�Q�K�T�`�2�b�b�B�#�H�2 �b�Q�H�p�2�`�b �B�M �#�Q�i�? �H�B�M�2���` ���M�/ �b�i�`�Q�M�;�H�v �M�Q�M�@�H�B�M�2���` �`�2�;�B�K�2�b�X �h�?�2
�`�2�b�m�H�i�b ���`�2 �+�Q�K�T���`�2�/ �2�B�i�?�2�` �i�Q �+�H���b�b�B�+���H �M�m�K�2�`�B�+���H �K�2�i�?�Q�/�b ���M�/ �K�Q�/�2�H�b ���H�`�2���/�v ���p���B�H���#�H�2 �B�M �i�?�2
�H�B�i�2�`���i�m�`�2�- ���M�/ �i�Q ���M���H�v�i�B�+���H �b�Q�H�m�i�B�Q�M�b �r�?�2�M ���p���B�H���#�H�2�X

�9�X�R�X �1�T�b�i�2�B�M�@�S�H�2�b�b�2�i �H�B�F�2 �T� �̀Q�#�H�2�K �7�Q�` �i�2�K�T�2� �̀��i�m� �̀2

�h�?�2 �}�`�b�i �i�2�b�i �+���b�2 �B�b �B�M�b�T�B�`�2�/ �#�v �1�T�b�i�2�B�M ���M�/ �S�H�2�b�b�2�i �U�R�N�8�y�V �(�j�N�) �r�?�Q �+���K�2 �m�T �r�B�i�? ���M���H�v�i�B�+���H�R�N�y

�b�Q�H�m�i�B�Q�M�b �7�Q�` �i�?�2 �b�?�`�B�M�F���;�2 ���M�/ �;�`�Q�r�i�? �Q�7 �;���b �#�m�#�#�H�2�b �B�M �m�M�/�2�`�b���i�m�`���i�2�/ ���M�/ �b�m�T�2�`�b���i�m�`���i�2�/
�H�B�[�m�B�/�@�;���b �b�Q�H�m�i�B�Q�M�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 �+�?���M�;�2 �B�M �#�m�#�#�H�2 �`���/�B�m�b �B�b �/�`�B�p�2�M �#�v �i�?�2 �/�B�z�m�b�B�Q�M �Q�7 �;���b
���+�`�Q�b�b �i�?�2 �B�M�i�2�`�7���+�2�- �;�B�p�2�M ���M �B�M�B�i�B���H �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 �;���b �+�Q�M�+�2�M�i�`���i�B�Q�M ���i �i�?�2 �B�M�i�2�`�7���+�2 ���M�/
�B�M �i�?�2 �H�B�[�m�B�/ �#�m�H�F�X ���M ���M���H�v�i�B�+���H �b�Q�H�m�i�B�Q�M �B�b �`�2���+�?�2�/ �T�`�Q�p�B�/�2�/ �Q�M�2 �M�2�;�H�2�+�i�b �i�?�2 ���/�p�2�+�i�B�p�2 �i�2�`�K�b
�B�M �i�?�2 �/�B�z�m�b�B�Q�M �2�[�m���i�B�Q�M�X �h�?�B�b ���b�b�m�K�T�i�B�Q�M �B�b �T�?�v�b�B�+���H�H�v �D�m�b�i�B�}�2�/ �r�?�2�M �i�?�2 �/�B�z�m�b�B�p�2 �T�`�Q�+�2�b�b �B�b�R�N�8

�b�H�Q�r�- �r�?�B�+�? �B�b �i�v�T�B�+���H�H�v �i�?�2 �+���b�2 �7�Q�` �;���b �/�B�z�m�b�B�Q�M �B�M �H�B�[�m�B�/�b �7�Q�` �b�K���H�H �;���b �+�Q�M�+�2�M�i�`���i�B�Q�M�b�- �i�?�m�b
���p�Q�B�/�B�M�; �+�Q�M�p�2�+�i�B�p�2 �2�z�2�+�i�b �#�v �/�2�M�b�B�i�v �;�`���/�B�2�M�i�b �(�9�y�)�X

�d



���H�;�Q�`�B�i�?�K �R�,�a�m�K�K���`�v �Q�7 �i�?�2 ���H�;�Q�`�B�i�?�K �U�*�Q�K�K�2�M�i�b �B�M �`�2�/�V

�A�M�B�i�B���H�B�b���i�B�Q�M �Q�7C1� 1�-C2� 2�-p�-T �U�1�[�X�k�9�V�-� u �-C1� 1eT;1�-C2� 2eT;2�c�f� �*�R�4�*�- �*�k�4�R�@�*� �f
�r�?�B�H�2t < t end �/�Q

�a�2�i� t�c �f� �2�X�;�X �m�b�B�M�; ���M ���+�Q�m�b�i�B�+ �*�6�G� �f
�P�#�i���B�Mqi = Ci � i

� u
C1 � 1+ C2 � 2

�c
�*�H�Q�M�2� i �-qi ���M�/E i ���b �i�`���+�2�`�b �i�Q �#�2 ���/�p�2�+�i�2�/ �r�B�i�?C�c
�S�2�`�7�Q�`�K �/�B�`�2�+�i�B�Q�M���H�@�b�T�H�B�i ���/�p�2�+�i�B�Q�M �i�Q �2�p���H�m���i�2F (adv) �(�R�)�c
�*�Q�K�T�m�i�2� u (adv) = q1 + q2�c
�a�Q�H�p�2 �i�?�2 �K�B�t�i�m�`�2 �K�Q�K�2�M�i�m�K �2�[�m���i�B�Q�M �7�Q�`u n+1

pred �U�1�[�X�R�d�V�c
�.�2�}�M�2 �� �T�`�Q�p�B�b�B�Q�M���H �p�2�H�Q�+�B�i�v �}�2�H�/u � �U�1�[�X�R�N�V�c
�P�#�i���B�M �7���+�2 �p�2�H�Q�+�B�i�B�2�b�c�f� ���p�2�`���;�2 �Q�7 �+�2�M�i�`�2 �p�2�H�Q�+�B�i�B�2�b �Q�7 �M�2�B�;�?�#�Q�m�`�B�M�;
�+�2�H�H�b� �f

�P�#�i���B�M �T�`�Q�p�B�b�B�Q�M���H �T�`�2�b�b�m�`�2p(adv) �U�1�[�X�k�j�V�c �f� �1�P�a� �f
�P�#�i���B�M �T�`�Q�p�B�b�B�Q�M���H �i�2�K�T�2�`���i�m�`�2T (adv) �U�1�[�X�k�9�V�c �f� �1�P�a� �f
�1�p���H�m���i�2� �U�1�[�X�R�k�V�c
�1�p���H�m���i�2�c 2 �U�1�[�X�R�j�V�c
�1�p���H�m���i�2� �+�Q�2�{�+�B�2�M�i�b �U�1�[�b�X�k�d���j�R�V�c�f� �S�`�2�p�B�Q�m�b�H�v �+�Q�K�T�m�i�2�/ �7���+�2 �p�2�H�Q�+�B�i�B�2�b
���`�2 �m�b�2�/ �i�Q �2�p���H�m���i�2 �i�?�2 �/�B�p�2�`�;�2�M�+�2 �i�2�`�K �B�M �1�[�X�j�k � �f

�a�Q�H�p�2 �i�?�2 �S�Q�B�b�b�Q�M�@�>�2�H�K�?�Q�H�i�x �b�v�b�i�2�K �Q�7 �K�m�i�m���H�H�v �+�Q�m�T�H�2�/ �2�[�m���i�B�Q�M�b�k�8���k�e�7�Q�`pn+1

���M�/Tn+1 �c
�l�T�/���i�2 �7���+�2 �p�2�H�Q�+�B�i�B�2�b �U�1�[�X�k�y�V�c�f� �*�2�H�H �+�2�M�i�`�2 �p�2�H�Q�+�B�i�B�2�b�- �r�?�B�+�? ���`�2 �m�b�2�/
�i�Q �2�p���H�m���i�2 �i�?�2 �K�Q�K�2�M�i�m�K�- ���`�2 �+�Q�K�T�m�i�2�/ �7�`�Q�K �7���+�2 �p�2�H�Q�+�B�i�B�2�b �#�v �i�?�2
�b���K�2 ���p�2�`���;�B�M�; �K�2�i�?�Q�/� �f

�l�T�/���i�2C1� 1eT;1 �U�1�[�X�j�d�V �m�b�B�M�;pn+1
1 �U�1�[�X�j�8�V�c

�l�T�/���i�2C2� 2eT;2 �U�1�[�X�j�d�V �m�b�B�M�;pn+1
2 �U�1�[�X�j�e�V�c

�2�M�/

�3



�6�B�;�m�`�2 �R�,�U���V �� �;���b �#�m�#�#�H�2�- �B�M�B�i�B���H�H�v �?�Q�i�i�2�` �i�?���M �i�?�2 �b�m�`�`�Q�m�M�/�B�M�; �H�B�[�m�B�/� T = Tb � T1 = 350 K �- �b�?�`�B�M�F�b ���M�/
�`�2���+�?�2�b �� �M�2�r �`���/�B�m�b �r�?�B�H�2 ���T�T�`�Q���+�?�B�M�; �i�?�2 �i�?�2�`�K���H �2�[�m�B�H�B�#�`�B�m�K �r�B�i�? �i�?�2 �H�B�[�m�B�/�X �U�#�V �� �;���b �#�m�#�#�H�2�- �B�M�B�i�B���H�H�v �+�Q�Q�H�2�`
�i�?���M �i�?�2 �b�m�`�`�Q�m�M�/�B�M�; �H�B�[�m�B�/� T = Tb � T1 = � 175 K �- �2�t�T���M�/�b ���M�/ �`�2���+�?�2�b �� �M�2�r �`���/�B�m�b �r�?�B�H�2 ���T�T�`�Q���+�?�B�M�;
�i�?�2 �i�?�2�`�K���H �2�[�m�B�H�B�#�`�B�m�K �r�B�i�? �i�?�2 �H�B�[�m�B�/�X �h�?�2 �+�Q�H�Q�m�` �+�Q�/�2 �/�2�T�B�+�i�b �i�?�2 �i�2�K�T�2�`���i�m�`�2 �}�2�H�/�- ���M�/� = R2

0=� th;g �B�b �i�?�2
�/�B�z�m�b�B�p�2 �i�B�K�2 �b�+���H�2 �Q�7 �i�?�2 �;���b�X

�A�M �i�?�B�b �T���T�2�` �r�2 �i�2�b�i �i�?�2 �b�?�`�B�M�F���;�2 ���M�/ �;�`�Q�r�i�? �Q�7 �� �b�T�?�2�`�B�+���H �;���b �#�m�#�#�H�2 �B�M �� �H�B�[�m�B�/ �/�m�2
�i�Q �i�?�2 �/�B�z�m�b�B�Q�M �Q�7 �i�2�K�T�2�`���i�m�`�2 �#�2�i�r�2�2�M �i�?�2 �i�r�Q �T�?���b�2�b�X �6�`�Q�K �� �[�m�B�+�F �H�Q�Q�F ���i �i�?�2 �2�[�m���i�B�Q�M
�Q�7 �b�i���i�2 �7�Q�` ���M �B�/�2���H �;���b�- �Q�M�2 �+���M �M�Q�i�B�+�2 �i�?���i �i�?�2 �;���b �2�t�T���M�/�b �B�7 �?�2���i�2�/�- �r�B�i�? �B�i�b �T�`�2�b�b�m�`�2 �F�2�T�i�k�y�y

�i�?�2 �b���K�2�- ���M�/ �b�?�`�B�M�F�b �B�7 �+�Q�Q�H�2�/�X �1�p�2�M �#�2�7�Q�`�2 ���M�v �7�Q�`�K���H �b�i���i�2�K�2�M�i �Q�7 ���M �2�[�m���i�B�Q�M �Q�7 �b�i���i�2 �r���b
�T�m�i �7�Q�`�i�?�- �i�?�B�b �#�2�?���p�B�Q�m�` �?���/ �#�2�2�M �Q�#�b�2�`�p�2�/�X �*�?���`�H�2�b �T�2�`�7�Q�`�K�2�/ �i�?�2 �}�`�b�i �2�t�T�2�`�B�K�2�M�i�b �B�M �R�d�3�d�-
�+�`�2�/�B�i�2�/ �H���i�2�` �Q�M �#�v �:���v�@�G�m�b�b���+ �B�M �R�3�y�k �r�?�Q �T�m�#�H�B�b�?�2�/ �i�?�2 �H�B�M�2���` �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �p�Q�H�m�K�2
���M�/ �i�2�K�T�2�`���i�m�`�2 ���i �+�Q�M�b�i���M�i �T�`�2�b�b�m�`�2 �(�9�R�)�X �h�?�B�b �r���b �H���i�2�` �+���H�H�2�/ �*�?���`�H�2�b�ö�b �H���r�-

V1

T1
=

V2

T2
: �U�j�3�V

�q�2 �T�2�`�7�Q�`�K ���t�B�b�v�K�K�2�i�`�B�+ �b�B�K�m�H���i�B�Q�M�b �Q�7 ���M ���B�` �#�m�#�#�H�2 �B�M�b�B�/�2 �H�B�[�m�B�/ �r���i�2�`�- �b�m�#�D�2�+�i �i�Q ���M �B�M�B�@�k�y�8

�i�B���H �i�2�K�T�2�`���i�m�`�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 �;���b ���M�/ �i�?�2 �H�B�[�m�B�/�X �h�?�2 �T���`���K�2�i�2�`�b �Q�7 �i�?�B�b �T�`�Q�#�@
�H�2�K�- ���b �r�2�H�H ���b �i�?�2 �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �~�m�B�/�b ���`�2 �`�2�M�/�2�`�2�/ �/�B�K�2�M�b�B�Q�M�H�2�b�b �#�v �i�?�2 �H�B�[�m�B�/ �/�2�M�b�B�i�v
� l = 975:91 kg=m3�- �T�`�2�b�b�m�`�2p1 = 5 � 106 Pa�- �i�2�K�T�2�`���i�m�`�2T1 = 350 K ���M�/ �B�M�B�i�B���H �#�m�#�#�H�2
�`���/�B�m�bR0 = 10� 4 m�X �h�?�2 �/�Q�K���B�M �b�B�x�2 �B�b �b�2�i �i�QL = 8R0�X�h�?�2 �;�`�B�/ �b�T���+�B�M�; �B�b �m�M�B�7�Q�`�K ���M�/ �b�2�i
�i�Q �R�k�3 �+�2�H�H�b �T�2�` �B�M�B�i�B���H �#�m�#�#�H�2 �`���/�B�m�b �U� = R0=128�V�X �h�?�2 �#�Q�m�M�/���`�B�2�b �Q�7 �i�?�2 �/�Q�K���B�M�- �2�t�+�2�T�i �7�Q�`�k�R�y

�i�?�2 ���t�B�b �Q�7 �b�v�K�K�2�i�`�v�- �?���p�2 �Q�m�i�~�Q�r �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �r�?�2�`�2 �r�2 �B�K�T�Q�b�2 �� �.�B�`�B�+�?�H�2�i �+�Q�M�/�B�i�B�Q�M
�7�Q�` �T�`�2�b�b�m�`�2 �Up = p1 �V�- ���M�/ �� �x�2�`�Q �L�2�m�K���M�M �7�Q�` �#�Q�i�? �M�Q�`�K���H ���M�/ �i���M�;�2�M�i�B���H �p�2�H�Q�+�B�i�v �+�Q�K�T�Q�@
�M�2�M�i�b�X �� �F�2�v �T�Q�B�M�i �B�b �i�Q �b�2�i ���M�B�M�B�i�B���H�H�v�m�M�B�7�Q�`�K �T�`�2�b�b�m�`�2p1 ���+�`�Q�b�b �i�?�2 �r�?�Q�H�2 �/�Q�K���B�M�X �6�Q�` �i�?�2
�b���F�2 �Q�7 �b�B�K�T�H�B�+�B�i�v�- �r�2 �M�2�;�H�2�+�i �b�m�`�7���+�2 �i�2�M�b�B�Q�M �b�Q ���b �i�Q ���p�Q�B�/ �/�2���H�B�M�; �r�B�i�? �i�?�2 �G���T�H���+�2 �T�`�2�b�b�m�`�2
�D�m�K�T�- �r�?�B�+�? �B�M�/�m�+�2�b �T�`�2�b�b�m�`�2 �+�?���M�;�2�b �B�M�b�B�/�2 �i�?�2 �#�m�#�#�H�2 ���b �B�i �b�?�`�B�M�F�b �Q�` �2�t�T���M�/�b�X �h�?�B�b �r�B�H�H�k�R�8

���H�b�Q �b�B�K�T�H�B�7�v �i�?�2 �i�?�2�Q�`�v �i�Q �r�?�B�+�? �r�2 �r�B�H�H �+�Q�K�T���`�2 �Q�m�` �M�m�K�2�`�B�+���H �`�2�b�m�H�i�b�X �>�Q�r�2�p�2�`�- �p�B�b�+�Q�b�B�i�v �B�b
�i���F�2�M �B�M�i�Q ���+�+�Q�m�M�i �7�Q�` �B�i �/���K�T�b ���M�v �B�M�i�2�`�7���+�B���H �+�Q�`�`�m�;���i�B�Q�M �i�?���i �K�B�;�?�i ���`�B�b�2 �7�`�Q�K �i�?�2 ���#�b�2�M�+�2 �Q�7
�+���T�B�H�H���`�v �7�Q�`�+�2�b�X �6�B�;�m�`�2�R�� �T�`�2�b�2�M�i�b �� �b�2�[�m�2�M�+�2 �Q�7 �2�p�2�M�i�b �7�Q�` �� �+���b�2 �r�?�2�`�2 �i�?�2 �#�m�#�#�H�2 �B�b �B�M�B�i�B���H�H�v
�?�Q�i�i�2�` �i�?���M �i�?�2 �H�B�[�m�B�/�- �r�B�i�?� T = Tb � T1 = 350 K �X �h�?�2 �i�B�K�2 �B�b �b�?�Q�r�M �B�M �K�m�H�i�B�T�H�2�b �Q�7 �i�?�2
�/�B�z�m�b�B�p�2 �i�B�K�2 �b�+���H�2 �Q�7 �i�?�2 �;���b� = R2

0=� th;g �- �r�B�i�?� th;g = kg=� gcp;g �i�?�2 �i�?�2�`�K���H �/�B�z�m�b�B�p�B�i�v �Q�7�k�k�y

�i�?�2 �;���b�X �P�M�2 �+�H�2���`�H�v �b�2�2�b �i�?���i ���b �i�?�2 �?�2���i �/�B�z�m�b�2�b �B�M�i�Q �i�?�2 �H�B�[�m�B�/�- �i�?�2 �#�m�#�#�H�2 �b�?�`�B�M�F�b �m�M�i�B�H �B�i
�`�2���+�?�2�b �� �M�2�r �2�[�m�B�H�B�#�`�B�m�K �b�i���i�2�X �P�r�B�M�; �i�Q �i�?�2 �K�m�+�? �?�B�;�?�2�` �H�B�[�m�B�/ �i�?�2�`�K���H �+�Q�M�/�m�+�i�B�p�B�i�v�- �Q�M�2
�?���`�/�H�v �b�2�2�b ���M�v �B�M�+�`�2���b�2 �B�M �i�?�2 �H�B�[�m�B�/ �i�2�K�T�2�`���i�m�`�2�- �2�p�2�M ���i �i�?�2 �#�m�#�#�H�2 �r���H�H�X �>�2���i �B�b �`���T�B�/�H�v

�N



�6�B�;�m�`�2 �k�,�� �+�Q�K�T���`�B�b�Q�M �#�2�i�r�2�2�M �Q�m�` �+�Q�/�2�- �B�K�T�H�2�K�2�M�i�2�/ �B�M �"���b�B�H�B�b�F�- ���M�/ �i�?�2 �b�T�2�+�i�`���H �K�2�i�?�Q�/�ö�b �b�Q�H�m�i�B�Q�M �7�Q�` �i�?�2
�+���b�2�b �U���V� T = Tb � T1 = 350 K ���M�/ �U�#�V� T = Tb � T1 = � 175 K �X

�/�B�z�m�b�2�/ ���M�/ �i�?�2 ���b�b�m�K�T�i�B�Q�M �Q�7 �� �+�Q�M�b�i���M�i �i�2�K�T�2�`���i�m�`�2 ���i �i�?�2 �#�m�#�#�H�2 �B�M�i�2�`�7���+�2 �B�b �m�b�m���H�H�v ��
�/�2�+�2�M�i ���T�T�`�Q�t�B�K���i�B�Q�M �B�M �i�?�2�Q�`�2�i�B�+���H �K�Q�/�2�H�b�X �h�?�B�b �B�b �K���B�M�H�v �i�?�2 �+���b�2 �7�Q�` �M�Q�M�@�+�Q�M�/�2�M�b�B�#�H�2 �;���b�k�k�8

�#�m�#�#�H�2�b �B�M �b�m�{�+�B�2�M�i�H�v �+�Q�H�/ �H�B�[�m�B�/�b �(�9�k�)�X �6�B�;�m�`�2�R�# �b�?�Q�r�b �i�?�2 �+���b�2 �r�?�2�`�2 �i�?�2 �#�m�#�#�H�2 �B�b �B�M�B�i�B���H�H�v
�+�Q�Q�H�2�` �i�?���M �i�?�2 �H�B�[�m�B�/�- �r�B�i�?� T = Tb � T1 = � 175 K �X �>�2���i �i�?�m�b �/�B�z�m�b�2�b �B�M�i�Q �i�?�2 �#�m�#�#�H�2
�B�M�i�2�`�B�Q�` �r�?�B�+�? �F�2�2�T�b �2�t�T���M�/�B�M�; �m�M�i�B�H �i�?�2�`�K���H �2�[�m�B�H�B�#�`�B�m�K �r�B�i�? �i�?�2 �H�B�[�m�B�/ �B�b �2�b�i���#�H�B�b�?�2�/�X

�h�?�2 �2�[�m�B�H�B�#�`�B�m�K �`���/�B�B �7�Q�` �#�Q�i�? �+���b�2�b ���`�2 �;�B�p�2�M �#�v �2�[�m���i�B�Q�M�j�3�X �h�?�2 �i�2�K�T�Q�`���H �2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2
�#�m�#�#�H�2 �`���/�B�m�b �B�b �Q�7 �B�M�i�2�`�2�b�i ���b �r�2�H�H ���M�/ �b�?�Q�m�H�/ �#�2 �p���H�B�/���i�2�/�X ���b �T�`�2�p�B�Q�m�b�H�v �K�2�M�i�B�Q�M�2�/�- �1�T�b�i�2�B�M�k�j�y

���M�/ �S�H�2�b�b�2�i �U�R�N�8�y�V ���M���H�v�i�B�+���H�H�v �/�2�`�B�p�2�/R(t) �#�v �M�2�;�H�2�+�i�B�M�; �i�?�2 ���/�p�2�+�i�B�p�2 �i�2�`�K�b�c �?�Q�r�2�p�2�`�- �K���F�B�M�;
�i�?�2 �b���K�2 ���T�T�`�Q�t�B�K���i�B�Q�M �B�M �i�?�B�b �+���b�2 �T�`�Q�p�2�/ �i�Q �#�2 �� �b�B�K�T�H�B�b�i�B�+ �b�Q�H�m�i�B�Q�M�X �h�?�2 �`�2���b�Q�M �B�b �i�?���i �i�?�B�b
�T�`�Q�+�2�b�b �B�b �`�2�H���i�B�p�2�H�v �7���b�i�- �2�b�T�2�+�B���H�H�v ���i �2���`�H�v �i�B�K�2�b �r�?�2�`�2_R �B�b �Q�7 �H���`�;�2 �K���;�M�B�i�m�/�2�X �h�?�2�`�2�7�Q�`�2�-
�i�?�2 ���/�p�2�+�i�B�p�2 �i�2�`�K�b �+�Q�m�H�/ �M�Q�i �#�2 �b�B�K�T�H�v �M�2�;�H�2�+�i�2�/�X �h�Q �K���F�2 �b�m�`�2 �i�?���i �Q�m�` �+�Q�/�2 ���H�b�Q �+���T�i�m�`�2�b
�i�?�2 �+�Q�`�`�2�+�i �i�2�K�T�Q�`���H �2�p�Q�H�m�i�B�Q�M �Q�7R(t)�- �r�2 �`�2�+�m�` �i�Q �� �b�T�2�+�i�`���H �K�2�i�?�Q�/ �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �2�M�i�?���H�T�v�k�j�8

�2�[�m���i�B�Q�M �B�M�b�B�/�2 �i�?�2 �;���b�- �+�Q�m�T�H�2�/ �i�Q ���M �2�[�m���i�B�Q�M �7�Q�` �i�?�2 �#�m�#�#�H�2 �`���/�B�m�b �(�9�j���9�e�)�X �A�M �i�?�2 ���#�b�2�M�+�2 �Q�7
�p�B�b�+�Q�m�b �/�B�b�b�B�T���i�B�Q�M�- �i�?�2 �2�M�i�?���H�T�v �2�[�m���i�B�Q�M �B�M�b�B�/�2 �i�?�2 �#�m�#�#�H�2�- �r�B�i�? �i�2�K�T�2�`���i�m�`�2 ���b �i�?�2 �T�`�B�K�B�i�B�p�2
�p���`�B���#�H�2�- �B�b �r�`�B�i�i�2�M ���b �(�9�d�)
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�i�?�2 �2�[�m���i�B�Q�M �Q�7 �T�`�2�b�b�m�`�2�- ���b�b�m�K�2�/ �i�Q �#�2 �b�T���i�B���H�H�v �m�M�B�7�Q�`�K �B�M�b�B�/�2 �i�?�2 �#�m�#�#�H�2�- �r�?�B�+�? �B�b �i�v�T�B�+���H�H�v�k�9�y

�i�?�2 �+���b�2 �7�Q�` �H�Q�r �/�2�M�b�B�i�B�2�b �Q�7 �i�?�2 �;���b �(�9�3�)�X �A�M �Q�m�` �+���b�2�-_p = 0 �b�B�M�+�2 �i�?�2 �K�Q�i�B�Q�M �B�b �/�`�B�p�2�M �#�v ��
�i�2�K�T�2�`���i�m�`�2 �`���i�?�2�` �i�?���M �#�v �� �T�`�2�b�b�m�`�2 �;�`���/�B�2�M�i�X �1�[�m���i�B�Q�M�9�y�B�b �i�?�m�b �b�B�K�T�H�B�}�2�/ �i�Q �� �/�2�b�+�`�B�T�i�B�Q�M
�Q�7 �i�?�2 �i�2�K�T�Q�`���H �2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �#�m�#�#�H�2 �`���/�B�m�b ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �i�2�K�T�2�`���i�m�`�2 �;�`���/�B�2�M�i ���i �i�?�2
�B�M�i�2�`�7���+�2�X ���b �+���M �#�2 �b�2�2�M�- ���it = 0 �- _R ! 1 �X �h�?�2 ���b�b�m�K�T�i�B�Q�M �Q�7 �� �+�Q�M�b�i���M�i �i�2�K�T�2�`���i�m�`�2 ���i �i�?�2
�#�m�#�#�H�2 �B�M�i�2�`�7���+�2 �B�b �2�K�T�H�Q�v�2�/�- �2�M���#�H�B�M�; �m�b �i�Q �b�Q�H�p�2 �i�?�2 �+�Q�m�T�H�2�/ �b�v�b�i�2�K �Q�7 �2�[�m���i�B�Q�M�b�j�N���9�y�Q�M�H�v�-�k�9�8

�+�Q�K�T�H�2�i�2�H�v �/�B�b�`�2�;���`�/�B�M�; �r�?���i �?���T�T�2�M�b �B�M �i�?�2 �H�B�[�m�B�/�X �h�?�2 �/�2�i���B�H�b �Q�7 �i�?�2 �b�T�2�+�i�`���H �K�2�i�?�Q�/ �(�9�8�)
�m�b�2�/ �7�Q�` �i�?�2 �b�Q�H�m�i�B�Q�M �B�b �/�2�b�+�`�B�#�2�/ �B�M���T�T�2�M�/�B�t �"�X

�6�B�;�m�`�2�k�b�?�Q�r�b �� �T�`�2�i�i�v �;�Q�Q�/ ���;�`�2�2�K�2�M�i �#�2�i�r�2�2�M �Q�m�` �+�m�`�`�2�M�i �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �i�?�2�`�K���H
�2�z�2�+�i�b ���M�/ �i�?�2 �b�T�2�+�i�`���H �K�2�i�?�Q�/�ö�b �b�Q�H�m�i�B�Q�M�X �P�m�` �+�Q�/�2 �r�2�H�H �T�`�2�/�B�+�i�b �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �`���/�B�B ���b �r�2�H�H

�R�y



�6�B�;�m�`�2 �j�,�U���V �� �;�`�B�/ �+�Q�M�p�2�`�;�2�M�+�2 �b�i�m�/�v �7�Q�` �i�?�2 �+���b�i� T = Tb � T1 = 350 K �X �h�?�2 �B�M�b�2�i �B�b �� �x�Q�Q�K �Q�MR=R0 �7�Q�`
t ' � �X �h�?�2 �/�B�z�2�`�2�M�i �+�m�`�p�2�b ���`�2 �7�Q�` �/�B�z�2�`�2�M�i �M�m�K�#�2�`�b �Q�7 �+�2�H�H�b �T�2�` �B�M�B�i�B���H �#�m�#�#�H�2 �`���/�B�m�b�X �U�#�V �� �H�Q�;�@�H�Q�; �T�H�Q�i �Q�7 �i�?�2
L 2 �M�Q�`�K �Q�7 �i�?�2 �2�`�`�Q�` ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �K�2�b�? �b�B�x�2�X �h�?�2 �#�H���+�F �H�B�M�2�- �r�B�i�? �� �b�H�Q�T�2 �2�[�m���H �i�Q �k�- �/�2�T�B�+�i�b �� �M�m�K�2�`�B�+���H
�b�+�?�2�K�2 �i�?���i �B�b �2�t���+�i�H�v �b�2�+�Q�M�/ �Q�`�/�2�` �+�Q�M�p�2�`�;�2�M�i �B�M �b�T���+�2�X

���b �i�?�2 �i�2�K�T�Q�`���H �2�p�Q�H�m�i�B�Q�M �B�M �#�Q�i�? �+���b�2�b�X �h�?�2�`�2 �B�b �� �b�H�B�;�?�i �/�B�b�+�`�2�T���M�+�v �B�MR(t)�- �K�Q�b�i �T�`�Q�#���#�H�v�k�8�y

�/�m�2 �i�Q �i�?�2 �7���+�i �i�?���i �p�B�b�+�Q�b�B�i�v �B�b �i���F�2�M �B�M�i�Q ���+�+�Q�m�M�i �B�M �Q�m�` �+�Q�/�2�X �A�M �i�?�2 �b�T�2�+�i�`���H �K�2�i�?�Q�/�- ���M
�B�M�p�B�b�+�B�/ �H�B�[�m�B�/ �r���b ���b�b�m�K�2�/�X �o�B�b�+�Q�b�B�i�v �/���K�T�2�M�b �i�?�2 �K�Q�i�B�Q�M ���M�/ �i�?�B�b �B�b �r�?�v �r�2 �b�2�2 �� �p�2�`�v �b�K���H�H
�Q�z�b�2�i �#�2�i�r�2�2�M �i�?�2 �i�r�Q �b�Q�H�m�i�B�Q�M�b�- �r�B�i�? �Q�m�`�b �#�2�B�M�; �b�H�B�;�?�i�H�v �b�H�Q�r�2�`�X �q�2�`�2 �p�B�b�+�Q�b�B�i�v �i�Q �#�2 �B�M�+�H�m�/�2�/
�B�M �i�?�2 �b�T�2�+�i�`���H �b�Q�H�m�i�B�Q�M�- ���M ���/�/�B�i�B�Q�M���H �2�[�m���i�B�Q�M�- �Q�7 �i�?�2 �_���v�H�2�B�;�?�@�S�H�2�b�b�2�i �i�v�T�2�- �r�Q�m�H�/ �?���p�2 �#�2�2�M
�M�2�2�/�2�/ �7�Q�`R(t)�X �"�m�i �i�?�B�b ���T�T�`�Q�t�B�K���i�B�Q�M �B�b �T�2�`�7�2�+�i�H�v �b�m�{�+�B�2�M�i �7�Q�` �Q�m�` �+�m�`�`�2�M�i �T�m�`�T�Q�b�2�b�X�k�8�8

�6�B�;�m�`�2�j�� �b�?�Q�r�b �i�?���i ���b �i�?�2 �;�`�B�/ �B�b �`�2�}�M�2�/�-R(t) �+�Q�M�p�2�`�;�2�b�X �R�k�3 �+�2�H�H�b �T�2�` �B�M�B�i�B���H �#�m�#�#�H�2 �`���/�B�m�b
�b�2�2�K�b �i�Q �#�2 �� �b�m�{�+�B�2�M�i �`�2�b�Q�H�m�i�B�Q�M �7�Q�` �/�2�+�2�M�i �`�2�b�m�H�i�b�- �b�B�M�+�2 �Q�M�2 �#���`�2�H�v �/�B�b�+�2�`�M�b ���M�v �+�?���M�;�2�b �r�B�i�?
�`�2�b�T�2�+�i �i�Q �� �}�M�2�` �K�2�b�?�X �h�?�2 �`�2�b�m�H�i�b �B�M �}�;�m�`�2�k���`�2 �i�?�m�b �T�`�Q�/�m�+�2�/ �r�B�i�? �i�?�B�b �`�2�b�Q�H�m�i�B�Q�M�X �6�B�;�m�`�2
�j�# �b�?�Q�r�b �i�?�2L2 �M�Q�`�K �Q�7 �2�`�`�Q�` �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �;�`�B�/ �b�B�x�2�- �#�Q�i�? �B�M �� �H�Q�; �b�+���H�2�X ���H�i�?�Q�m�;�?
�Q�m�` �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �i�?�2�`�K���H �2�z�2�+�i�b �B�b �/�Q�M�2 �B�K�T�H�B�+�B�i�H�v�- �K�2���M�B�M�; �B�i �#�2�B�M�; �m�M�+�Q�M�/�B�i�B�Q�M���H�H�v�k�e�y

�b�i���#�H�2�- �� �+�Q�M�b�i���M�i �ó�/�B�z�m�b�B�p�2�ô �*�6�G �B�b �b�2�i �7�Q�` �i�?�2 �;�`�B�/ �+�Q�M�p�2�`�;�2�M�+�2 �b�i�m�/�v�-

C = � th;g
� t
� 2

=
1
2

: �U�9�R�V

�h�?�2L2 �M�Q�`�K �Q�7 �2�`�`�Q�` �B�b �i�?�2�M �+�Q�K�T�m�i�2�/ �7�`�Q�KR(t) ���b �7�Q�H�H�Q�r�b�-

k� k2 =

"
100X

i =0

(R� (i�= 100)� R� � (i�= 100))2
#1=2

; �U�9�k�V

�r�?�2�`�2� � = 1=256 �B�b �i�?�2 �K�Q�b�i �`�2�}�M�2�/ �K�2�b�? �b�B�x�2�X ���b �2�t�T�2�+�i�2�/�- �i�?�2 �b�K���H�H�2�` �i�?�2� �- �i�?�2 �b�K���H�H�2�`
�i�?�2 �2�`�`�Q�`�X �*�Q�K�T���`�2�/ �i�Q �i�?�2 �b�Q�H�B�/ �#�H���+�F �H�B�M�2 �B�M �}�;�m�`�2�j�#�- �Q�m�` �K�2�i�?�Q�/ �+�Q�M�p�2�`�;�2�b ���i �b�2�+�Q�M�/ �Q�`�/�2�`
�B�M �b�T���+�2�X�k�e�8

�9�X�k�X �6� �̀2�2 �H�B�M�2���` �Q�b�+�B�H�H���i�B�Q�M�b �Q�7 �� �;���b �#�m�#�#�H�2

�1�t�+�2�T�i �B�M �B�/�2���H�B�b�2�/ ���M���H�v�i�B�+���H �b�2�i�m�T�b�- �2�p�2�`�v �Q�b�+�B�H�H���i�B�M�; �#�m�#�#�H�2 �2�t�T�2�`�B�2�M�+�2�b �/���K�T�B�M�; �Q�7 �B�i�b
�K�Q�i�B�Q�M �p�B�� �b�2�p�2�`���H �K�2�+�?���M�B�b�K�b�, ���+�Q�m�b�i�B�+ �`���/�B���i�B�Q�M �B�M �i�?�2 �H�B�[�m�B�/�- �p�B�b�+�Q�m�b �/�B�b�b�B�T���i�B�Q�M ���i �i�?�2
�#�m�#�#�H�2 �r���H�H�- ���M�/ �i�?�2�`�K���H �2�z�2�+�i�b�X �h�?�2�b�2 �K�2�+�?���M�B�b�K�b ���H�i�2�` �i�?�2 �M���i�m�`���H �7�`�2�[�m�2�M�+�v �Q�7 �� �#�m�#�#�H�2
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�(�9�N�)�X �*�?���T�K���M ���M�/ �S�H�2�b�b�2�i �U�R�N�d�R�V �(�8�y�) �K���/�2 ���p���B�H���#�H�2 �� �i�?�2�Q�`�v �7�Q�` �i�?�2 �7�`�2�2 �Q�b�+�B�H�H���i�B�Q�M�b �Q�7 �� �;���b�k�d�y

�#�m�#�#�H�2 �B�M �i�?�2 �H�B�M�2���` �`�2�;�B�K�2�X �h�?�2�v �[�m���M�i�B�7�v �i�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M �Q�7 �2���+�? �Q�7 �i�?�2 ���#�Q�p�2 �K�2�+�?���M�B�b�K�b
�i�Q �i�?�2 �Q�p�2�`���H�H �/���K�T�B�M�; �Q�7 �i�?�2 �K�Q�i�B�Q�M�X �A�M ���/�/�B�i�B�Q�M �i�?�2�v �b�?�Q�r �i�?���i ���b �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �`���/�B�m�b �Q�7
�i�?�2 �#�m�#�#�H�2 �/�2�+�`�2���b�2�b�- �i�?�2 �Q�b�+�B�H�H���i�B�Q�M �i�`���M�b�B�i�B�Q�M�b �7�`�Q�K ���M ���/�B���#���i�B�+ �i�Q ���M �B�b�Q�i�?�2�`�K���H �`�2�;�B�K�2�- �B�M
�i�?�2 �7�`���K�2�r�Q�`�F �Q�7 �T�Q�H�v�i�`�Q�T�B�+ �T�`�Q�+�2�b�b�2�b�X �G���i�2�`�- �S�`�Q�b�T�2�`�2�i�i�B ���M�/ �+�Q�@�r�Q�`�F�2�`�b �b�i�m�/�B�2�/ �i�?�2 �i�?�2�`�K���H
�2�z�2�+�i�b �B�M �7�Q�`�+�2�/ �`���/�B���H �Q�b�+�B�H�H���i�B�Q�M�b �(�9�k�-�8�R�-�8�k�)�X �J�Q�`�2 �`�2�+�2�M�i�H�v�- �i�?�2 �i�?�2�Q�`�v �r���b �;�2�M�2�`���H�B�b�2�/�- �i���F�B�M�;�k�d�8

�B�M�i�Q ���+�+�Q�m�M�i �i�?�2 �2�z�2�+�i �Q�7 �K���b�b �i�`���M�b�7�2�` �Q�M �i�?�2 ���i�i�2�M�m���i�B�Q�M �Q�7 �i�?�2 �#�m�#�#�H�2 �K�Q�i�B�Q�M �(�8�j�-�8�9�)�X �A�M �i�?�2
�T�`�2�b�2�M�i �r�Q�`�F�- �r�2 �r�B�H�H �7�Q�+�m�b �Q�M �i�?�2 �i�?�2�`�K���H �+�Q�M�/�m�+�i�B�Q�M �+�Q�M�i�`�B�#�m�i�B�Q�M �i�Q �i�?�2 �/���K�T�B�M�; �Q�7 �7�`�2�2 �H�B�M�2���`
�Q�b�+�B�H�H���i�B�Q�M�b �Q�7 �� �;���b �#�m�#�#�H�2�- ���M�/ �+�?�2�+�F �i�?���i �Q�m�` �+�Q�/�2 �r�2�H�H �+���T�i�m�`�2�b �i�?�2 �T�`�2�/�B�+�i�2�/ �i�`���M�b�B�i�B�Q�M�X �6�Q�`
�i�?���i �2�M�/�- �#�Q�i�? �p�B�b�+�Q�b�B�i�v ���M�/ �b�m�`�7���+�2 �i�2�M�b�B�Q�M ���`�2 �M�2�;�H�2�+�i�2�/�X

�q�2 �#�`�B�2�~�v �/�2�b�+�`�B�#�2 �i�?�2 �i�?�2�Q�`�v �m�b�2�/ �7�Q�` �i�?�2 �+�Q�K�T���`�B�b�Q�M�X �6�Q�` �i�?�2 �/�2�i���B�H�b�- �i�?�2 �`�2���/�2�` �B�b �`�2�7�2�`�`�2�/�k�3�y

�i�Q �i�?�2 �`�2�H�2�p���M�i �T�m�#�H�B�+���i�B�Q�M �(�8�y�)�X �h�?�2 �i�2�K�T�Q�`���H �2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �#�m�#�#�H�2 �`���/�B�m�b �B�b �/�2�b�+�`�B�#�2�/ ���b

R(t) = R0 + � exp 
 t = R0 + � exp [(� + i! ) t]; �U�9�j�V

�r�?�2�`�2R0 �B�b �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �`���/�B�m�b�-� � R0 �B�b �i�?�2 ���K�T�H�B�i�m�/�2 �Q�7 �i�?�2 �T�2�`�i�m�`�#���i�B�Q�M�-� �� �/���K�T�B�M�;
�7���+�i�Q�` ���M�/! �i�?�2 ���M�;�m�H���` �7�`�2�[�m�2�M�+�v �Q�7 �i�?�2 �Q�b�+�B�H�H���i�B�Q�M�X

�"�v �H�B�M�2���`�B�b�B�M�; �i�?�2 �2�[�m���i�B�Q�M�b�- �B�X�2�X �+�Q�M�b�2�`�p���i�B�Q�M �Q�7 �K���b�b�- �K�Q�K�2�M�i�m�K ���M�/ �2�M�2�`�;�v�- ���b �r�2�H�H ���b �i�?�2
�2�[�m���i�B�Q�M �Q�7 �b�i���i�2�- ���M�/ �#�v ���T�T�H�v�B�M�; �i�?�2 �H�B�M�2���`�B�b�2�/ �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b�- �*�?���T�K���M ���M�/ �S�H�2�b�b�2�i�k�3�8

�U�R�N�d�R�V �(�8�y�) �r�2�`�2 ���#�H�2 �i�Q �}�M�/ ���M �2�[�m���i�B�Q�M �7�Q�`
 �r�?�B�+�?�- �B�M �i�?�2 ���#�b�2�M�+�2 �Q�7 �+���T�B�H�H���`�v ���M�/ �p�B�b�+�Q�m�b
�2�z�2�+�i�b�- �`�2���/�b
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�1�[�m���i�B�Q�M�9�9�+���M �i�?�2�M �#�2 �b�Q�H�p�2�/ �B�M �i�?�2 �+�Q�K�T�H�2�t �T�H���M�2 �#�v ���M�v �`�Q�Q�i �}�M�/�B�M�; ���H�;�Q�`�B�i�?�K�X �P�M�+�2
�k�N�y

�B�b �+�Q�K�T�m�i�2�/�- �i�?�2 �H�Q�;���`�B�i�?�K�B�+ �/�2�+�`�2�K�2�M�i� �- ���M �B�M�/�B�+���i�Q�` �Q�7 �i�?�2 �K�Q�i�B�Q�M�ö�b ���i�i�2�M�m���i�B�Q�M�- �+���M �#�2
�`�2���/�B�H�v �Q�#�i���B�M�2�/ ���b
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�r�?�2�`�2f �B�b �i�?�2 �7�`�2�[�m�2�M�+�v �Q�7 �i�?�2 �Q�b�+�B�H�H���i�B�Q�M�X �J�B�M�M���2�`�i �U�R�N�j�j�V �(�9�N�) �/�2�`�B�p�2�/ �i�?�2 �M���i�m�`���H �7�`�2�[�m�2�M�+�v
�Q�7 �� �#�m�#�#�H�2 �B�M ���M ���/�B���#���i�B�+ �`�2�;�B�K�2�X �A�M �b�m�+�? �+���b�2�b�- �i�?�2 �T�Q�H�v�i�`�Q�T�B�+ �+�Q�2�{�+�B�2�M�i �B�b �2�[�m���H �i�Q �i�?�2 �`���i�B�Q
�Q�7 �b�T�2�+�B�}�+ �?�2���i�b �B�M �i�?�2 �;���b
 p = 
 �- ���M�/ �i�?�2 �M���i�m�`���H �7�`�2�[�m�2�M�+�v�- ���;���B�M �B�M �i�?�2 ���#�b�2�M�+�2 �Q�7 �p�B�b�+�Q�m�b�-�k�N�8

�+���T�B�H�H���`�v ���M�/ ���+�Q�m�b�i�B�+ �2�z�2�+�i�b�- �`�2���/�b
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�r�?�2�`�2p0 �B�b �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�`�2�b�b�m�`�2�X �a�B�M�+�2 �?�2���i �i�`���M�b�7�2�` �#�2�i�r�2�2�M �i�?�2 �T�?���b�2�b �B�b �i���F�2�M �B�M�i�Q ���+�@
�+�Q�m�M�i�- �2�[�m���i�B�Q�M�9�3�M�Q �H�Q�M�;�2�` �?�Q�H�/�b�X �A�M�b�i�2���/�- ���M �ó�2�z�2�+�i�B�p�2�ô �T�Q�H�v�i�`�Q�T�B�+ �+�Q�2�{�+�B�2�M�i
 p �B�b �+�Q�K�T�m�i�2�/
���b �� �+�Q�`�`�2�+�i�B�Q�M �i�Q �J�B�M�M���2�`�i�ö�b �7�`�2�[�m�2�M�+�v�- �B�M �Q�`�/�2�` �i�Q �B�M�+�H�m�/�2 �i�?�2�`�K���H �2�z�2�+�i�b�-
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�6�B�;�m�`�2 �9�,�U���V �G�Q�;���`�B�i�?�K�B�+ �/�2�+�`�2�K�2�M�i ���i �i�?�2 �2�M�/ �Q�7 �Q�M�2 �+�v�+�H�2 �Q�7 �7�`�2�2 �#�m�#�#�H�2 �Q�b�+�B�H�H���i�B�Q�M �7�Q�` �/�B�z�2�`�2�M�i �p���H�m�2�b �Q�7 �i�?�2
�2�[�m�B�H�B�#�`�B�m�K �`���/�B�m�b�X �U�#�V �1�z�2�+�i�B�p�2 �T�Q�H�v�i�`�Q�T�B�+ �+�Q�2�{�+�B�2�M�i
 p �+�Q�K�T�m�i�2�/ �m�b�B�M�; �2�[�m���i�B�Q�M�9�N�7�Q�` �/�B�z�2�`�2�M�i �p���H�m�2�b �Q�7 �i�?�2
�2�[�m�B�H�B�#�`�B�m�K �`���/�B�m�b�X

�6�B�;�m�`�2 �8�,�U���V �L�Q�`�K���H�B�b�2�/ �`���/�B�m�b ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�B�K�2 �7�Q�` �U���VR0 = 10 � 2 m ���M�/ �U�#�VR0 = 10 � 5 m�X �h�B�K�2�b ���`�2
�M�Q�`�K���H�B�b�2�/ �r�B�i�? �i�?�2 �`�2�b�T�2�+�i�B�p�2 �Q�b�+�B�H�H���i�B�Q�M �T�2�`�B�Q�/ �7�Q�` �2���+�? �+���b�2T = 1=f = 2 �=! �X �h�?�2 �b�Q�H�B�/ �H�B�M�2�b ���`�2 �Q�#�i���B�M�2�/
�m�b�B�M�; �2�[�m���i�B�Q�M�9�j�X
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�q�2 �T�2�`�7�Q�`�K �b�T�?�2�`�B�+���H�H�v �b�v�K�K�2�i�`�B�+ �b�B�K�m�H���i�B�Q�M�b �Q�7 ���M ���B�` �#�m�#�#�H�2 �B�M �H�B�[�m�B�/ �r���i�2�` ���iT1 =�j�y�y

350 K ���M�/p1 = 1 atm�X �h�?�2 �2�[�m�B�H�B�#�`�B�m�K �/�2�M�b�B�i�v �Q�7 ���B�` �B�b �+�Q�K�T�m�i�2�/ �m�b�B�M�; �i�?�2 �B�/�2���H �;���b
�2�[�m���i�B�Q�M �Q�7 �b�i���i�2� 0 = p0=[T0 (cp;g � cv;g)]�- �r�?�2�`�2p0 = p1 �B�M �i�?�2 ���#�b�2�M�+�2 �Q�7 �b�m�`�7���+�2 �i�2�M�b�B�Q�M ���M�/
T0 = T1 �X �h�?�2 �#�m�#�#�H�2 �B�b �b�H�B�;�?�i�H�v �T�m�i �Q�m�i �Q�7 �2�[�m�B�H�B�#�`�B�m�K �r�B�i�? �i�?�2 �B�M�B�i�B���H �`���/�B�m�bRi = 1:001R0�X
�a�B�M�+�2 �K���b�b �B�b �+�Q�M�b�2�`�p�2�/�- �i�?�2 �B�M�B�i�B���H �/�2�M�b�B�i�v �B�b �;�B�p�2�M �#�v� i = � 0 (R0=Ri )

3�X �h�?�2 �B�M�B�i�B���H �T�`�2�b�b�m�`�2 �B�b
�+�Q�K�T�m�i�2�/ ���b�b�m�K�B�M�; �� �T�Q�H�v�i�`�Q�T�B�+ �T�`�Q�+�2�b�b�- �r�B�i�? �B�i�b �+�Q�2�{�+�B�2�M�i �;�B�p�2�M �#�v �2�[�m���i�B�Q�M�9�N�-�j�y�8
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�h�?�2 �B�M�B�i�B���H �i�2�K�T�2�`���i�m�`�2Ti �B�b �i�?�2�M �+�Q�K�T�m�i�2�/ �m�b�B�M�; �i�?�2 �2�[�m���i�B�Q�M �Q�7 �b�i���i�2�X �h�?�2 �i�?�2�`�K�Q�/�v�M���K�B�+
�T�`�Q�T�2�`�i�B�2�b �Q�7 �#�Q�i�? �~�m�B�/�b ���`�2 �+�Q�M�b�i���M�i�b �i���F�2�M ���i �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�`�2�b�b�m�`�2 ���M�/ �i�2�K�T�2�`���i�m�`�2�X
�h�?�2 �`�2�b�Q�H�m�i�B�Q�M �B�b�m�M�B�7�Q�`�K ���M�/�b�2�i �i�Q �k�y�9�3 �+�2�H�H�b �T�2�` �2�[�m�B�H�B�#�`�B�m�K �#�m�#�#�H�2 �`���/�B�m�b �U� = R0=211�V�X
�w�2�`�Q �L�2�m�K���M�M �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b ���`�2 �B�K�T�Q�b�2�/ �7�Q�` �#�Q�i�? �i�?�2 �T�`�2�b�b�m�`�2 ���M�/ �i�?�2 �`���/�B���H �p�2�H�Q�+�B�i�v
�+�Q�K�T�Q�M�2�M�i �B�M �i�?�B�b �b�T�?�2�`�B�+���H�H�v �b�v�K�K�2�i�`�B�+ �b�B�K�m�H���i�B�Q�M�X �h�?�2 �/�Q�K���B�M �b�B�x�2 �B�b �b�2�i �i�QL = 256R0�-�j�R�y

�H���`�;�2 �2�M�Q�m�;�? �7�Q�` �� �#�m�#�#�H�2 �i�Q �+�Q�K�T�H�2�i�2 ���M �Q�b�+�B�H�H���i�B�Q�M �+�v�+�H�2 �#�2�7�Q�`�2 �#�2�B�M�; ���z�2�+�i�2�/ �#�v �b�T�m�`�B�Q�m�b
�T�`�2�b�b�m�`�2 �`�2�~�2�+�i�B�Q�M�b ���i �i�?�2 �#�Q�m�M�/���`�v �7�`�Q�K �T�`�2�p�B�Q�m�b ���+�Q�m�b�i�B�+ �2�K�B�b�b�B�Q�M�b�-2L > 2�c l=! �X �h�?�2�`�2�7�Q�`�2�-
�� �.�B�`�B�+�?�H�2�i �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M �7�Q�` �T�`�2�b�b�m�`�2p = p1 �+�Q�m�H�/ �?���p�2 �#�2�2�M �m�b�2�/ ���H�b�Q �B�M�b�i�2���/ �Q�7 �i�?�2
�p���M�B�b�?�B�M�; �L�2�m�K���M�M �r�B�i�? �p�B�`�i�m���H�H�v �M�Q �+�?���M�;�2 �B�M �i�?�2 �`�2�b�m�H�i�b�- �b�B�M�+�2 �i�?�2 �/�Q�K���B�M �H�2�M�;�i�? �B�b �K�m�+�?
�#�B�;�;�2�` �i�?���M �i�?�2 �`�2�H�2�p���M�i �b�+���H�2�b �Q�7 �i�?�B�b �T�`�Q�#�H�2�K�X�6�Q�` �� �+�Q�`�`�2�+�i �T�`�2�/�B�+�i�B�Q�M �Q�7 �i�?�2 ���+�Q�m�b�i�B�+ �2�K�B�b�b�B�Q�M�b�-�j�R�8

�i�?�2 �T�`�2�b�b�m�`�2 �r���p�2�b �b�?�Q�m�H�/ �#�2 ���+�+�m�`���i�2�H�v �`�2�b�Q�H�p�2�/�X �h�?�2�`�2�7�Q�`�2�- ���M ���+�Q�m�b�i�B�+ �*�6�G �+�Q�M�/�B�i�B�Q�M �B�b
�2�K�T�H�Q�v�2�/�- �#���b�2�/ �Q�M �i�?�2 �b�T�2�2�/ �Q�7 �b�Q�m�M�/ �B�M �i�?�2 �H�B�[�m�B�/�-
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�a�B�K�m�H���i�B�Q�M�b �r�2�`�2 �+���`�`�B�2�/ �Q�m�i �7�Q�`R0 2 f 5� 10� 6; 10� 5; 10� 4; 10� 3; 10� 2g m�X �6�B�;�m�`�2�9�� �b�?�Q�r�b
�i�?�2 �i�?�2�Q�`�2�i�B�+���H �H�Q�;���`�B�i�?�K�B�+ �/�2�+�`�2�K�2�M�i �U�2�[�m���i�B�Q�M�9�d�V�X �"���b�B�H�B�b�F �ö�b �`�2�b�m�H�i�b �+�Q�K�T�m�i�2�/ ���i �i�?�2 �2�M�/
�Q�7 �Q�M�2 �7�`�2�2 �Q�b�+�B�H�H���i�B�Q�M �+�v�+�H�2 ���`�2 �B�M �;�Q�Q�/ ���;�`�2�2�K�2�M�i �r�B�i�? �i�?�2 �i�?�2�Q�`�v�X �h�?�B�b �K�2���M�b �i�?���i �i�?�2 �+�Q�/�2�j�k�y

�+�Q�`�`�2�+�i�H�v �+���T�i�m�`�2�b �i�?�2 �i�?�2�`�K���H �/���K�T�B�M�;�X �6�B�;�m�`�2�9�# �b�?�Q�r�b �� �T�2�`�7�2�+�i ���;�`�2�2�K�2�M�i �#�2�i�r�2�2�M �i�?�2
�i�?�2�Q�`�2�i�B�+���H�H�v ���M�/ �M�m�K�2�`�B�+���H�H�v �+�Q�K�T�m�i�2�/ �2�z�2�+�i�B�p�2 �T�Q�H�v�i�`�Q�T�B�+ �+�Q�2�{�+�B�2�M�i�b�X �h�?�2 �+�Q�/�2 �+�Q�`�`�2�+�i�H�v
�+���T�i�m�`�2�b �i�?�2 �i�`���M�b�B�i�B�Q�M �7�`�Q�K ���M ���/�B���#���i�B�+ �i�Q ���M �B�b�Q�i�?�2�`�K���H �Q�b�+�B�H�H���i�B�Q�M ���b �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �`���/�B�m�b
�/�2�+�`�2���b�2�b�X ���B�` ���b �� �/�B���i�Q�K�B�+ �;���b �?���b
 = 1:4�- �b�Q �i�?�2 �2�z�2�+�i�B�p�2
 p �/�2�+�`�2���b�2�b �7�`�Q�K �R�X�9 �i�Q �R�X

�6�B�;�m�`�2�8�� �b�?�Q�r�b �i�?�2 �i�2�K�T�Q�`���H �2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �`���/�B�m�b �7�Q�` �i�?�2 �+���b�2R0 = 10� 2 m�- �+�Q�K�T���`�2�/�j�k�8

�r�B�i�? �2�[�m���i�B�Q�M�9�j�X �h�?�B�b �B�b ���M ���/�B���#���i�B�+ �`�2�;�B�K�2 ���b �+���M �#�2 �b�2�2�M �7�`�Q�K �}�;�m�`�2�9�#�X �h�?�2 �/���K�T�B�M�;
�K�2�`�2�H�v �+�Q�M�b�B�b�i�b �Q�7 ���+�Q�m�b�i�B�+ �`���/�B���i�B�Q�M�X �o�2�`�v �;�Q�Q�/ ���;�`�2�2�K�2�M�i �B�b ���+�?�B�2�p�2�/ �r�B�i�? �i�?�2 ���M���H�v�i�B�+���H
�b�Q�H�m�i�B�Q�M�- �#�Q�i�? �B�M �i�2�`�K�b �Q�7 �i�?�2 ���i�i�2�M�m���i�B�Q�M ���M�/ �i�?�2 �Q�b�+�B�H�H���i�B�Q�M �7�`�2�[�m�2�M�+�v�X �h�?�2 �}�;�m�`�2 ���H�b�Q �b�?�Q�r�b
�?�Q�r �i�?�2 �H�Q�;���`�B�i�?�K�B�+ �/�2�+�`�2�K�2�M�i� �B�b �2�t�i�`���+�i�2�/ �7�`�Q�K �i�?�2 �M�m�K�2�`�B�+���H �b�B�K�m�H���i�B�Q�M�b�X �6�B�;�m�`�2�8�# �b�?�Q�r�b
�i�?�2 �+�Q�K�T���`�B�b�Q�M �7�Q�` �i�?�2 �+���b�2R0 = 10� 5 m�X �h�?�B�b �B�b �� �M�2���`�H�v �B�b�Q�i�?�2�`�K���H �+���b�2�- ���M�/ �Q�M�2 �+���M �b�2�2�j�j�y

�i�?���i �i�?�2 �K�Q�i�B�Q�M �B�b �/���K�T�2�/ �7�m�`�i�?�2�`�X �h�?�2�`�K���H �+�Q�M�/�m�+�i�B�Q�M �M�Q�r �?���b ���M �B�K�T�Q�`�i���M�i �+�Q�M�i�`�B�#�m�i�B�Q�M ���b
�+�Q�K�T���`�2�/ �i�Q �}�;�m�`�2�8���X �h�?�2 ���;�`�2�2�K�2�M�i �B�b ���H�b�Q �;�Q�Q�/�X

�9�X�j�X �a�B�M�;�H�2 �#�m�#�#�H�2 �b�Q�M�Q�H�m�K�B�M�2�b�+�2�M�+�2 �U�a�"�a�G�V

�a�B�M�;�H�2 �#�m�#�#�H�2 �b�Q�M�Q�H�m�K�B�M�2�b�+�2�M�+�2 �B�b �i�?�2 �T�2�`�B�Q�/�B�+ �H�B�;�?�i �2�K�B�b�b�B�Q�M �7�`�Q�K ���M ���+�Q�m�b�i�B�+���H�H�v �b�i�`�Q�M�;�H�v
�/�`�B�p�2�M �;���b �#�m�#�#�H�2 ���i �� �b�T�2�+�B�}�+ �b�2�i �Q�7 �T���`���K�2�i�2�`�b�- �B�X�2�X �7�Q�`�+�B�M�; ���K�T�H�B�i�m�/�2�- �7�`�2�[�m�2�M�+�v�- �+�Q�M�+�2�M�i�`���i�B�Q�M�j�j�8

�Q�7 �/�B�b�b�Q�H�p�2�/ �;���b �2�i�+ �(�8�8�)�X �h�?�2 �#�m�#�#�H�2 �b�i�`�Q�M�;�H�v ���M�/ �`���T�B�/�H�v �+�Q�H�H���T�b�2�b �b�Q �i�?���i �i�?�2 �B�M�i�2�`�M���H �2�M�2�`�;�v
�B�b �?�B�;�?�H�v �7�Q�+�m�b�2�/ �B�M �� �p�2�`�v �b�K���H�H �p�Q�H�m�K�2�- �H�2���/�B�M�; �i�Q �b�i�`�Q�M�; �?�2���i�B�M�; �Q�7 �i�?�2 �;���b�- �T���`�i�B���H �B�Q�M�B�b���i�B�Q�M�-
���M�/ �� �`�2�+�Q�K�#�B�M���i�B�Q�M �Q�7 �B�Q�M�b ���M�/ �2�H�2�+�i�`�Q�M�b �U�i�?�2�`�K���H �#�`�2�K�b�b�i�`���?�H�m�M�; �(�8�e�)�V�X �h�?�B�b �T�`�Q�+�2�b�b �Q�7 �H�B�;�?�i
�2�K�B�b�b�B�Q�M �B�b �b�m�`�T�`�B�b�B�M�;�H�v �b�i���#�H�2 ���M�/ �T�2�`�B�Q�/�B�+�- ���M�/ ���H�b�Q �p�B�b�B�#�H�2 �i�Q �i�?�2 �M���F�2�/ �2�v�2 �B�M �i�?�2 �/���`�F �(�8�8�)�X
�A�i �B�b �� �+�?���H�H�2�M�;�B�M�; �T�`�Q�#�H�2�K �7�`�Q�K �i�?�2 �M�m�K�2�`�B�+���H �T�Q�B�M�i �Q�7 �p�B�2�r �7�Q�` �B�i �B�b �b�i�`�Q�M�;�H�v �M�Q�M�@�H�B�M�2���`�- ���M�/�j�9�y

���M �B�M�i�2�`�T�H���v �#�2�i�r�2�2�M �K���M�v �T�?�v�b�B�+���H ���b�T�2�+�i�b�- �B�X�2�X �?�2���i ���M�/ �K���b�b �i�`���M�b�7�2�`�- ���+�Q�m�b�i�B�+ �`���/�B���i�B�Q�M
�2�i�+�X �a�B�M�+�2 �Q�m�` �M�m�K�2�`�B�+���H �K�2�i�?�Q�/ �/�Q�2�b �M�Q�i ���H�H�Q�r �K���b�b �i�`���M�b�7�2�` ���i �i�?�2 �K�Q�K�2�M�i�- �i�?�B�b ���b�T�2�+�i

�R�9



�6�B�;�m�`�2 �e�,�� �b�B�M�;�H�2 �#�m�#�#�H�2 �Q�7 �B�M�B�i�B���H �`���/�B�m�bR0 = 4 :5 �m ���i p1 = 1 atm �B�b �b�m�#�D�2�+�i �i�Q �� �T�`�2�b�b�m�`�2 �b�B�;�M���H �Q�7
���K�T�H�B�i�m�/�2Pa = 1 :2 atm ���i r = 0 ���M�/ �Q�7 �7�`�2�[�m�2�M�+�vf = 26:5 kHz �X �h�?�2 �}�;�m�`�2 �b�?�Q�r�b �i�?�2 �#�m�#�#�H�2 �`���/�B�m�b �r�B�i�?
�`�2�b�T�2�+�i �i�Q �i�B�K�2�- �7�Q�` �/�B�z�2�`�2�M�i �M�m�K�2�`�B�+���H �K�2�i�?�Q�/�b�X

�r�B�H�H �#�2 �M�2�;�H�2�+�i�2�/�- �/�2�b�T�B�i�2 �#�2�B�M�; �B�K�T�Q�`�i���M�i �2�t�T�2�`�B�K�2�M�i���H�H�v ���M�/ �?���p�B�M�; �� �/�B�`�2�+�i �2�z�2�+�i �Q�M �i�?�2
�i�2�K�T�2�`���i�m�`�2�b �;�2�M�2�`���i�2�/ �B�M�b�B�/�2 �i�?�2 �#�m�#�#�H�2�X �q�2 �r�B�H�H ���b�b�m�K�2 �i�?���i �i�?�2 �#�m�#�#�H�2 �2�t�B�b�i�b ���i �i�?�2 �+�2�M�i�`�2
�Q�7 �� �b�T�?�2�`�B�+���H �~���b�F �Q�7 �`���/�B�m�bR1 = 0:01 m�- �b�m�`�`�Q�m�M�/�2�/ �#�v �H�B�[�m�B�/ �r���i�2�` ���i ���i�K�Q�b�T�?�2�`�B�+ �T�`�2�b�b�m�`�2�X�j�9�8

���7�i�2�` �?���p�B�M�; �p�2�`�B�}�2�/ �i�?���i �Q�m�` �+�Q�/�2 �B�b �+���T���#�H�2 �Q�7 �T�`�Q�/�m�+�B�M�; �� �b�i���M�/�B�M�; �r���p�2 �B�M �T�m�`�2 �H�B�[�m�B�/ �(�8�d�)
�U���T�T�2�M�/�B�t �*�V�- �r�2 �T�2�`�7�Q�`�K�2�/ �i�?�2 �b�B�K�m�H���i�B�Q�M �Q�7 �� �b�B�M�;�H�2 �b�Q�M�Q�H�m�K�B�M�2�b�+�2�M�i �#�m�#�#�H�2 �B�M �H�B�[�m�B�/ �r���i�2�`�X
�h�?�2 �i�2�b�i �+���b�2 �B�b �B�M�b�T�B�`�2�/ �#�v �"�`�2�M�M�2�`�- �>�B�H�;�2�M�7�2�H�/�i �� �G�Q�?�b�2 �U�k�y�y�k�V �(�8�8�) ���M�/ �B�b �i�?���i �Q�7 ���M ���`�;�Q�M
�#�m�#�#�H�2 �r�B�i�? ���M �B�M�B�i�B���H �`���/�B�m�b �Q�7R0 = 4:5 �m �- �B�M �� �b�T�?�2�`�B�+���H �~���b�F �Q�7 �`���/�B�m�bR1 = 0:01 m�- �/�`�B�p�2�M�j�8�y

�r�B�i�? �� �T�`�2�b�b�m�`�2 �b�B�;�M���H �Q�7 ���K�T�H�B�i�m�/�2Pa = 1:2 atm ���M�/ �Q�7 �7�`�2�[�m�2�M�+�vf = 26:5 kHz�X �a�T�?�2�`�B�+���H
�b�v�K�K�2�i�`�v �B�b ���b�b�m�K�2�/�- ���M�/ �i�?�2 �b�B�K�m�H���i�B�Q�M �B�b �T�2�`�7�Q�`�K�2�/ �B�M �i�?�2r �@�+�Q�Q�`�/�B�M���i�2 �Q�M�H�v�X �h�Q ���+�?�B�2�p�2
�� �b�i���M�/�B�M�; �r���p�2 �Q�7 ���K�T�H�B�i�m�/�2Pa = 1:2 atm ���i r = 0�- �i�?�2 ���K�T�H�B�i�m�/�2� p1 �Q�7 �i�?�2 �b�B�M�m�b�Q�B�/���H
�/�`�B�p�B�M�; �B�b �+�Q�K�T�m�i�2�/ �m�b�B�M�; �2�[�m���i�B�Q�M�*�X�d�- ���M�/ �T�H�m�;�;�2�/ �B�M �i�?�2 �.�B�`�B�+�?�H�2�i �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�*�X�9�X
�� �x�2�`�Q �L�2�m�K���M�M �7�Q�` �i�?�2 �`���/�B���H �p�2�H�Q�+�B�i�v �B�b �2�K�T�H�Q�v�2�/�X �h�?�2 �;�`�B�/ �b�T���+�B�M�; �B�b �m�M�B�7�Q�`�K ���M�/ �b�2�i �i�Q�j�8�8

���T�T�`�Q�t�B�K���i�2�H�v �R�k�3 �+�2�H�H�b �T�2�` �B�M�B�i�B���H �#�m�#�#�H�2 �`���/�B�m�b �U� ' R0=128�V�X ���`�;�Q�M �B�b �� �K�Q�M�Q���i�Q�K�B�+ �M�Q�#�H�2
�;���b�- �b�Q �B�i�b �`���i�B�Q �Q�7 �b�T�2�+�B�}�+ �?�2���i�b �B�b
 = 5=3�X �"�Q�i�? �p�B�b�+�Q�m�b ���M�/ �+���T�B�H�H���`�v �2�z�2�+�i�b ���`�2 �i���F�2�M �B�M�i�Q
���+�+�Q�m�M�i �B�M �i�?�B�b �b�B�K�m�H���i�B�Q�M�X �6�B�;�m�`�2�e �b�?�Q�r�b �i�?�2 �#�m�#�#�H�2 �`���/�B�m�b ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�B�K�2 �7�Q�` �Q�M�2
�Q�b�+�B�H�H���i�B�Q�M �+�v�+�H�2�X �P�m�` �`�2�b�m�H�i�b ���`�2 �+�Q�K�T���`�2�/ �i�Q �i�?�Q�b�2 �Q�7 �"�`�2�M�M�2�`�- �>�B�H�;�2�M�7�2�H�/�i �� �G�Q�?�b�2 �U�k�y�y�k�V
�(�8�8�) ���M�/ �w�?�Q�m �� �S�`�Q�b�T�2�`�2�i�i�B �U�k�y�k�y�V �(�8�3�) �7�Q�` �i�?�2 �b���K�2 �+���b�2�X �h�?�2 �7�Q�`�K�2�` ���m�i�?�Q�`�b �2�K�T�H�Q�v�2�/ ���j�e�y

�_���v�H�2�B�;�? �i�v�T�2 �2�[�m���i�B�Q�M �i�Q �Q�#�i���B�M �i�?�2�B�` �`�2�b�m�H�i �U�#�H�m�2 �/�Q�i�b �B�M �}�;�m�`�2�e�V�- �r�?�B�H�2 �i�?�2 �H���i�i�2�` ���m�i�?�Q�`�b
�T�2�`�7�Q�`�K�2�/ �.�L�a �Q�7 �i�?�2 �#�m�#�#�H�2 �B�M�i�2�`�B�Q�`�- �B�M�+�H�m�/�B�M�; ���M �2�[�m���i�B�Q�M �7�Q�` �i�2�K�T�2�`���i�m�`�2�- �+�Q�m�T�H�2�/ �r�B�i�? ��
�E�2�H�H�2�`�@�J�B�F�b�B�b �2�[�m���i�B�Q�M �7�Q�` �� �/�2�b�+�`�B�T�i�B�Q�M �Q�7 �i�?�2 �#�m�#�#�H�2 �`���/�B�m�b �U�`�2�/ �/�Q�i�b �B�M �}�;�m�`�2�e�V�X �h�?�2 �#�m�#�#�H�2
�}�`�b�i �2�t�T���M�/�b �B�b�Q�i�?�2�`�K���H�H�v�- �i�?�2�M �p�B�Q�H�2�M�i�H�v �+�Q�H�H���T�b�2�b�X �G�B�;�?�i �B�b �2�K�B�i�i�2�/ ���i �i�?�2 �2�M�/ �Q�7 �i�?�B�b �`���T�B�/
���/�B���#���i�B�+ �+�Q�H�H���T�b�2�X ���7�i�2�`�#�Q�m�M�+�2�b ���H�b�Q �Q�+�+�m�` �m�M�i�B�H �� �M�2�r �Q�b�+�B�H�H���i�B�Q�M �+�v�+�H�2 �#�2�;�B�M�b�X �h�?�2 �`�2�b�m�H�i�b�j�e�8

�b�?�Q�r �`�2���b�Q�M���#�H�2 ���;�`�2�2�K�2�M�i�- �T���`�i�B�+�m�H���`�H�v �#�2�i�r�2�2�M �i�?�2 �+�m�`�`�2�M�i ���M�/ �w�?�Q�m �� �S�`�Q�b�T�2�`�2�i�i�B�ö�b �U�k�y�k�y�V
�(�8�3�) �#�2�+���m�b�2 �#�Q�i�? �i���F�2 �B�M�i�Q ���+�+�Q�m�M�i �i�?�2�`�K���H �/�B�b�b�B�T���i�B�Q�M�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �`�2�b�m�H�i�b �Q�7 �#�Q�i�? �b�?�Q�r
�7�m�`�i�?�2�` �/���K�T�B�M�; �U�2�b�T�2�+�B���H�H�v �7�Q�` �i�?�2 ���7�i�2�`�#�Q�m�M�+�2�b�V �i�?���M �"�`�2�M�M�2�`�- �>�B�H�;�2�M�7�2�H�/�i �� �G�Q�?�b�2�ö�b �U�k�y�y�k�V
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�6�B�;�m�`�2 �d�,�U���V �S�`�2�b�b�m�`�2 �}�2�H�/p(r; t ) �B�M�b�B�/�2 �i�?�2 �b�T�?�2�`�B�+���H �~���b�F �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�B�K�2�X �U�#�V �w�Q�Q�K �B�M �Q�M �i�?�2 �`���/�B���H
�`���M�;�2[0 � 50] �m �- �Q�+�+�m�T�B�2�/ �#�v �i�?�2 �Q�b�+�B�H�H���i�B�M�; �#�m�#�#�H�2�- �i�?�2 �`���/�B�m�b �Q�7 �r�?�B�+�? �B�b �/�2�M�Q�i�2�/ �#�v �i�?�2 �`�2�/ �H�B�M�2�X

�(�8�8�) �r�?�Q �i�`�2���i�2�/ �i�?�2 �i�?�2�`�K���H �/���K�T�B�M�; �Q�M�H�v ���T�T�`�Q�t�B�K���i�2�H�v�X �h�?�2 �+�m�`�`�2�M�i �K�2�i�?�Q�/ �B�b �� �7�m�H�H �.�L�a�-
�#�Q�i�? �B�M�b�B�/�2 ���M�/ �Q�m�i�b�B�/�2 �i�?�2 �#�m�#�#�H�2�X �h�?�B�b �B�b �r�?�v �r�2 ���H�b�Q �b�2�2 �7�m�`�i�?�2�` �/���K�T�B�M�; �B�M �i�?�2 �T�`�2�b�2�M�i�j�d�y

�`�2�b�m�H�i�b �i�?���M �B�M �w�?�Q�m �� �S�`�Q�b�T�2�`�2�i�i�B�ö�b �U�k�y�k�y�V �(�8�3�)�X �h�?�2 �K�Q�/�2�H �i�?�2�v �m�b�2 �+�Q�M�b�B�/�2�`�b �i�?�2 �H�B�[�m�B�/ �i�Q
�#�2 �Q�M�H�v �r�2���F�H�v �+�Q�K�T�`�2�b�b�B�#�H�2�- �b�Q �i�?�2 ���K�Q�m�M�i �Q�7 �i�?�2 �#�m�#�#�H�2�ö�b �B�M�i�2�`�M���H �2�M�2�`�;�v �H�Q�b�i �i�Q ���+�Q�m�b�i�B�+
�`���/�B���i�B�Q�M �B�b �m�M�/�2�`�2�b�i�B�K���i�2�/ �(�9�3�)�X

�6�B�;�m�`�2�d�� �b�?�Q�r�b �i�?�2 �T�`�2�b�b�m�`�2 �}�2�H�/p(r; t ) �B�M�b�B�/�2 �i�?�2 �b�T�?�2�`�B�+���H �~���b�F �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�B�K�2�X
�P�M �i�?�2 �H���`�;�2 �b�+���H�2�- �Q�M�2 �+�H�2���`�H�v �`�2�+�Q�;�M�B�x�2�b �i�?�2 �b�B�M�m�b�Q�B�/���H �/�`�B�p�B�M�; �B�M �i�?�2 �+�Q�H�Q�m�` �+�?���M�;�2 �7�`�Q�K�j�d�8

�/���`�F �i�Q �H�B�;�?�i�X ���i �/�B�z�2�`�2�M�i �i�B�K�2�b�- �Q�M�2 �b�2�2�b �i�?�2 �T�`�Q�T���;���i�B�Q�M �Q�7 �?�B�;�? �T�`�2�b�b�m�`�2 �r���p�2�b ���b �r�?�B�i�2
�b�i�`���B�;�?�i �H�B�M�2�b�- �i�?�2 �b�H�Q�T�2 �Q�7 �r�?�B�+�? �B�b �i�?�2 �b�T�2�2�/ �Q�7 �b�Q�m�M�/ �B�M �i�?�2 �H�B�[�m�B�/�- ���b �B�M�/�B�+���i�2�/ �B�M �i�?�2 �}�;�m�`�2�X
�� �/�B�b���/�p���M�i���;�2 �Q�7 �i�?�2 �T�`�2�b�2�M�i �+�Q�/�2 �B�M �b�B�K�m�H���i�B�M�; ���+�Q�m�b�i�B�+���H�H�v �/�`�B�p�2�M �#�m�#�#�H�2�b �B�b �i�?�2 �`�2�~�2�+�i�B�Q�M
�Q�7 �2�K�B�i�i�2�/ �T�`�2�b�b�m�`�2�f�b�?�Q�+�F �r���p�2�b ���i �i�?�2 �#�Q�m�M�/���`�v �r�?�B�+�? �b�T�m�`�B�Q�m�b�H�v �+�Q�M�i���K�B�M���i�2 �i�?�2 �T�?�v�b�B�+���H
�T�`�Q�+�2�b�b�X �h�?�B�b �B�b �r�?�v �Q�M�H�v �Q�M�2 �Q�b�+�B�H�H���i�B�Q�M �+�v�+�H�2 �B�b �b�B�K�m�H���i�2�/�- �r�B�i�? �� �M�m�K�2�`�B�+���H �/�Q�K���B�M �H���`�;�2�`�j�3�y

�i�?���M �k�y�y�y �i�B�K�2�b �i�?�2 �B�M�B�i�B���H �`���/�B�m�b �Q�7 �i�?�2 �#�m�#�#�H�2�X �q�B�i�? �� �+���`�2�7�m�H �B�M�b�T�2�+�i�B�Q�M�- �Q�M�2 �b�2�2�b �i�?���i
���`�Q�m�M�/t = 25 �s �- �i�?�2 �}�`�b�i �2�K�B�i�i�2�/ �b�?�Q�+�F �r���p�2 �B�b �`�2�~�2�+�i�2�/ ���ir = R1 �- ���M�/ �B�b �+���`�`�B�2�/ �#���+�F
���b �� �`���`�2�7���+�i�B�Q�M �r���p�2�X �>�Q�r�2�p�2�`�- �b�B�M�+�2 �i�?�2 �M�m�K�2�`�B�+���H �/�Q�K���B�M �B�b �H���`�;�2 �2�M�Q�m�;�?�- �i�?�2 �T�?�v�b�B�+���H
�T�`�Q�+�2�b�b �`�2�K���B�M�b �B�M�i���+�i�- �r�?�B�+�? �r�Q�m�H�/ �M�Q�i �#�2 �i�?�2 �+���b�2 �?���/ �i�?�2 �b�B�K�m�H���i�B�Q�M �#�2�2�M �+�Q�M�i�B�M�m�2�/ �7�Q�` ���M
���/�/�B�i�B�Q�M���H �Q�b�+�B�H�H���i�B�Q�M �+�v�+�H�2�X �6�B�;�m�`�2�d�# �B�b �� �x�Q�Q�K �B�M �Q�M �i�?�2 �`�2�;�B�Q�M �Q�7 �B�M�i�2�`�2�b�i�- �Q�+�+�m�T�B�2�/ �#�v �i�?�2�j�3�8

�Q�b�+�B�H�H���i�B�M�; �#�m�#�#�H�2�X �h�?�2 �#�m�#�#�H�2 �`���/�B�m�b �B�b �/�2�T�B�+�i�2�/ �#�v �i�?�2 �`�2�/ �H�B�M�2�- ���M�/ �Q�M�2 �+�H�2���`�H�v �b�2�2�b �i�?���i �i�?�2
�T�`�2�b�b�m�`�2�f�b�?�Q�+�F �r���p�2�b �i�?���i �r�2 �D�m�b�i �/�B�b�+�m�b�b�2�/ ���`�2 �2�K�B�i�i�2�/ ���i �i�?�2 �K�Q�K�2�M�i �Q�7 �i�?�2 �K���B�M �+�Q�H�H���T�b�2�- ���b
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�i�B�K�2 �/�m�2 �i�Q �p�B�b�+�Q�m�b�- ���+�Q�m�b�i�B�+ ���M�/ �i�?�2�`�K���H �/���K�T�B�M�;�X
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�B�M�B�i�B���H�H�v �H�Q�r�2�` �T�`�2�b�b�m�`�2p0 �B�M�b�B�/�2 �i�?�2 �#�m�#�#�H�2�- �i�?�2 �H���i�i�2�` �+�Q�H�H���T�b�2�b ���M�/ �T�2�`�7�Q�`�K�b �K���M�v �Q�b�+�B�H�H���i�B�Q�M
�+�v�+�H�2�b �#�2�7�Q�`�2 �`�2���+�?�B�M�; ���M �2�[�m�B�H�B�#�`�B�m�K �b�i���i�2�- �T�`�Q�p�B�/�2�/ �/���K�T�B�M�; �K�2�+�?���M�B�b�K�b �2�t�B�b�i �Q�7 �+�Q�m�`�b�2�X �P�i�?�@
�2�`�r�B�b�2�- �i�?�2 �#�m�#�#�H�2 �F�2�2�T�b �Q�b�+�B�H�H���i�B�M�; �B�M�/�2�}�M�B�i�2�H�v�X �A�M �i�?�2 �+�m�`�`�2�M�i �7�`���K�2�r�Q�`�F�- �i�?�2 ���B�K �B�b �i�Q �+�?�2�+�F
�i�?�2 �2�z�2�+�i �Q�7 �?�2���i �i�`���M�b�7�2�` �Q�M �i�?�2 �+�Q�H�H���T�b�2�- ���b �+�Q�K�T���`�2�/ �i�Q �� �T�m�`�2�H�v ���/�B���#���i�B�+ �+���b�2�X�h�?�2�`�2�7�Q�`�2�-�9�y�8
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�i�?�2 ���/�B���#���i�B�+ ���M�/ �B�b�Q�i�?�2�`�K���H �#�m�#�#�H�2 �`�2�b�T�Q�M�b�2 �Q�7 �� �#�m�#�#�H�2 �B�M ���M �B�M�p�B�b�+�B�/ �B�M�+�Q�K�T�`�2�b�b�B�#�H�2 �H�B�[�m�B�/�9�R�y

�B�M �i�?�2 ���#�b�2�M�+�2 �Q�7 �b�m�`�7���+�2 �i�2�M�b�B�Q�M�X �6�Q�` �i�?�B�b �2�M�/�- �r�2 �r�`�B�i�2 �i�?�2 �+�Q�M�b�2�`�p���i�B�Q�M �Q�7 �i�?�2 �K�2�+�?���M�B�+���H
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�
pl (u l � n )dS; �U�8�j�V

�r�?�2�`�2Ek =
�

1
2 � lu 2
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�i�?���i �Q�7 �i�?�2 �#�m�#�#�H�2pb�- ���M�/ �i�?�2 �7���` ���r���v �#�Q�m�M�/���`�v �r�?�2�`�2 �i�?�2 �T�`�2�b�b�m�`�2 �B�b ���b�b�m�K�2�/ �i�Q �#�2 �+�Q�M�b�i���M�i
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�r�?�2�`�2 �r�2 �?���p�2 �B�K�T�Q�b�2�/ �i�?���i �i�?�2 �B�M�B�i�B���H �F�B�M�2�i�B�+ �2�M�2�`�;�v �B�M �i�?�2 �H�B�[�m�B�/ �B�b �x�2�`�Q�X �q�2 �?���p�2 ���H�b�Q �m�b�2�/ �i�?�2
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p1 (Vmin � V0) � p0V0 ln
�

Vmin

V0

�
= 0: �U�8�d�V
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�b�B�K�m�H���i�B�Q�M�X
�6�B�;�m�`�2�N�� �b�?�Q�r�b �i�?�2 �M�Q�`�K���H�B�b�2�/ �K���t�B�K�m�K �T�`�2�b�b�m�`�2 �`�2���+�?�2�/ �B�M�b�B�/�2 �i�?�2 �#�m�#�#�H�2 ���i �i�?�2 �2�M�/

�Q�7 �i�?�2 �}�`�b�i �+�Q�H�H���T�b�2 �T�?���b�2�- ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �K���t�B�K�m�K �J���+�? �M�m�K�#�2�`Mamax = Umax =cl �-
�r�?�2�`�2pad

max = p0 (V0=Vmin )
 �B�b �i�?�2 �K���t�B�K�m�K �T�`�2�b�b�m�`�2 �+�Q�K�T�m�i�2�/ ���7�i�2�` �Q�#�i���B�M�B�M�;Vmin �m�b�B�M�;
�i�?�2 ���/�B���#���i�B�+ �i�?�2�Q�`�v �2�[�X�8�e�- ���M�/Umax =

�
pad

max =� l
� 1=2

�;�B�p�2�M �#�v �i�?�2 �B�M�+�Q�K�T�`�2�b�b�B�#�H�2 �i�?�2�Q�`�v�X ���b�9�9�y

�i�?�2 �B�M�B�i�B���H �T�`�2�b�b�m�`�2 �`���i�B�Qp1 =p0 �B�M�+�`�2���b�2�b�- �i�?�2 �+�Q�H�H���T�b�2 �Q�7 �i�?�2 �#�m�#�#�H�2 �#�2�+�Q�K�2�b �K�Q�`�2 �p�B�Q�H�2�M�i ���M�/
�+�Q�K�T�`�2�b�b�B�#�B�H�B�i�v �2�z�2�+�i�b �r�B�H�H �#�2�+�Q�K�2 �K�m�+�? �K�Q�`�2 �B�K�T�Q�`�i���M�i�X �h�?�2�`�2�7�Q�`�2�- �� �K�Q�`�2 �/�2�b�+�`�B�T�i�B�p�2 �/�B�K�2�M�@
�b�B�Q�M�H�2�b�b �M�m�K�#�2�` �B�b �i�?�2 ���7�Q�`�2�K�2�M�i�B�Q�M�2�/ �K���t�B�K�m�K �J���+�? �M�m�K�#�2�`�X �h�?�2 �`�2�b�m�H�i �Q�7 �i�?�2 ���/�B���#���i�B�+
�b�B�K�m�H���i�B�Q�M�b�- �r�?�2�`�2 �i�?�2 �i�?�2�`�K���H �+�Q�M�/�m�+�i�B�p�B�i�B�2�b �Q�7 �#�Q�i�? �~�m�B�/�b ���`�2 �b�2�i �i�Q �x�2�`�Q�- ���`�2 �B�M ���;�`�2�2�K�2�M�i
�r�B�i�? �i�?�2 ���/�B���#���i�B�+ �i�?�2�Q�`�v �7�Q�` �b�K���H�HMamax �X ���b �i�?�2 �H���i�i�2�` �M�m�K�#�2�` �B�M�+�`�2���b�2�b�- �i�?�2 �K���t�B�K�m�K�9�9�8

�T�`�2�b�b�m�`�2 ���+�?�B�2�p�2�/ �B�M �i�?�2 �b�B�K�m�H���i�B�Q�M�b �#�2�+�Q�K�2�b �H�2�b�b �i�?���M �i�?���i �T�`�2�/�B�+�i�2�/ �#�v �i�?�2 �B�M�+�Q�K�T�`�2�b�b�B�#�H�2
���/�B���#���i�B�+ �i�?�2�Q�`�v �2�[�X�8�e�X �� �K�Q�`�2 �B�K�T�Q�`�i���M�i �7�`���+�i�B�Q�M �Q�7 �i�?�2 �#�m�#�#�H�2�ö�b �B�M�i�2�`�M���H �2�M�2�`�;�v �B�b �i�?�2�M
�`���/�B���i�2�/ �p�B�� �T�`�2�b�b�m�`�2�f�b�?�Q�+�F �r���p�2�b �i�Q �i�?�2 �b�m�`�`�Q�m�M�/�B�M�; �H�B�[�m�B�/�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �#�m�#�#�H�2 ���+�?�B�2�p�2�b
�H�2�b�b �+�Q�K�T�`�2�b�b�B�Q�M�- ���M�/ �`�2���+�?�2�b �K�B�M�B�K�m�K �p�Q�H�m�K�2�b �i�?���i ���`�2 �H���`�;�2�` �i�?���M �i�?�Q�b�2 �T�`�2�/�B�+�i�2�/ �#�v �i�?�2
�i�?�2�Q�`�v�- ���b �+���M �#�2 �b�2�2�M �B�M �}�;�m�`�2�N�#�X �q�?�2�M �?�2���i �/�B�z�m�b�B�Q�M �#�2�i�r�2�2�M �i�?�2 �T�?���b�2�b �B�b �i���F�2�M �B�M�i�Q�9�8�y

���+�+�Q�m�M�i�- �i�?�2 �#�m�#�#�H�2 �B�b �+�Q�K�T�`�2�b�b�2�/ �7�m�`�i�?�2�`�X ���b �2�t�T�2�+�i�2�/�- �i�?�2 �`�2�b�m�H�i�b �Q�7 �i�?�2 �i�?�2�`�K���H ���H�H�@�J���+�?
�+�Q�/�2 �B�M �}�;�m�`�2�b�N���@�# �H�B�2 �B�M �i�?�2 �2�M�p�2�H�Q�T�2 �/�2�H�B�K�B�i�2�/ �#�v �#�Q�i�? �i�?�2�Q�`�B�2�b�- �m�M�i�B�H �+�Q�K�T�`�2�b�b�B�#�B�H�B�i�v �2�z�2�+�i�b
�#�2�+�Q�K�2 �T�`�Q�K�B�M�2�M�i�X ���i �K�m�+�? �H���`�;�2�` �T�`�2�b�b�m�`�2 �`���i�B�Q�b�- �i�?�2 �_���v�H�2�B�;�? �+�Q�H�H���T�b�2�b �#�2�+�Q�K�2 �K�m�+�? �K�Q�`�2
�p�B�Q�H�2�M�i�- �r�B�i�? �� �K�m�+�? �?�B�;�?�2�` �+�Q�H�H���T�b�2 �p�2�H�Q�+�B�i�v(p1 =� l )1=2�X �h�?�2�`�2�7�Q�`�2 �i�?�2 �S�2�+�H�2�i �M�m�K�#�2�`�- �/�2�}�M�2�/
���bPe = R0(p1 =� l )1=2=� th;g �r�?�2�`�2� th;g �B�b �i�?�2 �i�?�2�`�K���H �/�B�z�m�b�B�p�B�i�v �Q�7 �i�?�2 �;���b�- �#�2�+�Q�K�2�b �K�m�+�?�9�8�8

�H���`�;�2�`�X �h�?�B�b �K�2���M�b �i�?���i �i�?�2�`�K���H �/�B�z�m�b�B�Q�M �?���T�T�2�M�b ���i �� �K�m�+�? �H�Q�M�;�2�` �i�B�K�2 ���b �+�Q�K�T���`�2�/ �i�Q ���/�@
�p�2�+�i�B�Q�M�X �h�?�2�`�2�7�Q�`�2�- �i�?�2�`�K���H ���H�H�@�J���+�? �b�?�Q�m�H�/ �+�Q�M�p�2�`�;�2 �i�Q�r���`�/�b �B�i�b ���/�B���#���i�B�+ �+�Q�m�M�i�2�`�T���`�i�- �r�?�B�+�?
�b�2�2�K�b �i�Q �#�2 �i�?�2 �i�`�2�M�/ �B�M �Q�m�` �b�B�K�m�H���i�B�Q�M�b ���b �r�2�H�H �U�b�Q�H�B�/ �#�H���+�F �H�B�M�2�b �B�M �}�;�m�`�2�N���V�X �A�i �K�m�b�i �#�2 �b�i���i�2�/
�i�?���i ���H�i�?�Q�m�;�? �i�?�2 �T�2���F �T�`�2�b�b�m�`�2�b �`�2���+�?�2�/ �/�m�`�B�M�; ���M �B�b�Q�i�?�2�`�K���H �+�Q�K�T�`�2�b�b�B�Q�M ���`�2 �?�B�;�?�2�` �i�?���M
�i�?�Q�b�2 �Q�7 ���M ���/�B���#���i�B�+ �Q�M�2 �U�}�;�m�`�2�N���V�- �i�?�2 �B�M�i�2�`�M���H �2�M�2�`�;�ve = pV=(
 � 1) �B�b �b�K���H�H�2�` �b�B�M�+�2 �i�?�2�9�e�y

�#�m�#�#�H�2 �p�Q�H�m�K�2 �`�2���+�?�2�/ ���i �i�?�2 �2�M�/ �Q�7 �i�?�2 �+�Q�K�T�`�2�b�b�B�Q�M �B�b �b�K���H�H�2�` �B�M �i�?�2 �B�b�Q�i�?�2�`�K���H �+���b�2 �U�}�;�m�`�2
�N�#�V�X �A�M�/�2�2�/�- �Q�M�2 �r�Q�m�H�/ �2�t�T�2�+�i �i�?�2 �B�M�i�2�`�M���H �2�M�2�`�;�v �i�Q �#�2 �b�K���H�H�2�` �B�M �i�?�2 �B�b�Q�i�?�2�`�K���H �H�B�K�B�i �b�B�M�+�2
�?�2���i �B�b �2�p���+�m���i�2�/ �7�`�Q�K �i�?�2 �#�m�#�#�H�2�X

�8�X�k�X �"�m�#�#�H�2 �+�Q�H�H���T�b�2 �M�2���` �� �`�B�;�B�/ �#�Q�m�M�/���`�v
�a�i�m�/�B�2�b �Q�7 �� �+�Q�H�H���T�b�B�M�; �#�m�#�#�H�2 �M�2���` �� �`�B�;�B�/ �#�Q�m�M�/���`�v ���#�Q�m�M�/�b �B�M �i�?�2 �H�B�i�2�`���i�m�`�2 �(�R�-�k�j�-�e�k�-�e�j�)�X�9�e�8

�A�M �i�?�2 �T�`�2�b�2�M�i �r�Q�`�F�- �r�2 ���H�b�Q �i���+�F�H�2 �B�i�- �r�B�i�? �� �b�T�2�+�B���H �7�Q�+�m�b �Q�M �i�?�2 �i�2�K�T�2�`���i�m�`�2 �}�2�H�/ ���M�/ �i�?�2 �?�2���i
�~�m�t ���+�`�Q�b�b �i�?�2 �#�m�#�#�H�2�X ���t�B�b�v�K�K�2�i�`�B�+ �b�B�K�m�H���i�B�Q�M�b �Q�7 �� �+�Q�H�H���T�b�B�M�; ���B�` �#�m�#�#�H�2 �B�M �i�?�2 �p�B�+�B�M�B�i�v �Q�7 ��
�`�B�;�B�/ �#�Q�m�M�/���`�v ���`�2 �T�2�`�7�Q�`�K�2�/�X �h�?�2 �b�m�`�`�Q�m�M�/�B�M�; �H�B�[�m�B�/ �B�b ���b�b�m�K�2�/ �i�Q �#�2 �r���i�2�` ���ip1 = 1 atm
���M�/T1 = 293:15 K �- �r�B�i�? �� �/�2�M�b�B�i�v� l = 998:21 kg=m3�X �h�?�2 �#�m�#�#�H�2�ö�b �`���/�B�m�b �B�b �B�M�B�i�B���H�H�v �b�2�i �i�Q
R0 = 10� 4 m�- ���M�/ �B�i�b �T�`�2�b�b�m�`�2 �i�Qpb;0 = p1 =20�X �h�?�2 �T���`���K�2�i�2�`�b ���M�/ �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �T�`�Q�#�H�2�K�9�d�y

���`�2 �i�?�2�M �`�2�M�/�2�`�2�/ �/�B�K�2�M�b�B�Q�M�H�2�b�b �#�vR0�-� l �-� p0 = p1 � pb;0 ���M�/T1 �X �h�B�K�2�b �r�B�H�H �i�?�2�`�2�7�Q�`�2 �#�2
�`�2�T�`�2�b�2�M�i�2�/ ���b �K�m�H�i�B�T�H�2�b �Q�7 �i�?�2 �_���v�H�2�B�;�? �+�Q�H�H���T�b�2 �i�B�K�2tR = 0:915R0 (� l=� p0)1=2 �(�e�R�)�X �q���i�2�`
�B�b �b�m�T�T�Q�b�2�/ �i�Q �#�2 �B�M�p�B�b�+�B�/�- �r�B�i�? �� �?�v�T�Q�i�?�2�i�B�+���H �b�m�`�7���+�2 �i�2�M�b�B�Q�M �/�2�}�M�2�/ �#�v �� �q�2�#�2�` �M�m�K�#�2�` �Q�7
We = � p0R0=� = 1000�X �h�?�2 �#�m�#�#�H�2 �B�b �B�M�B�i�B���H�H�v �b�m�T�T�Q�b�2�/ �i�Q �#�2 �B�M �i�?�2�`�K���H �2�[�m�B�H�B�#�`�B�m�K �r�B�i�?
�i�?�2 �b�m�`�`�Q�m�M�/�B�M�;�bTb;0 = T1 �- ���M�/ �r�B�i�? �� �/�2�M�b�B�i�v �Q�7� g = � l=1000�X �h�?�2 �/�Q�K���B�M �b�B�x�2 �B�b �b�2�i �i�Q �e�9�9�d�8

�i�B�K�2�b �i�?�2 �B�M�B�i�B���H �`���/�B�m�b �Q�7 �i�?�2 �#�m�#�#�H�2�- ���M�/ �i�?�2 �2�K�T�H�Q�v�2�/ �`�2�b�Q�H�m�i�B�Q�M �B�b� = R0=256�- �;�`���/�m���H�H�v
�+�Q���`�b�2�M�2�/ �7���` �7�`�Q�K �i�?�2 �#�m�#�#�H�2�U���T�T�2�M�/�B�t �� �Q�7 �(�8�)�V�X�h�?�2 �#�Q�i�i�Q�K �#�Q�m�M�/���`�v �?���b �i�?�2 �+�Q�M�/�B�i�B�Q�M�b
�Q�7 �� �`�B�;�B�/ �r���H�H�- �B�X�2�Xu = 0�- ���M�/ �� �x�2�`�Q �T�`�2�b�b�m�`�2 �;�`���/�B�2�M�i �B�M �i�?�2 �M�Q�`�K���H �/�B�`�2�+�i�B�Q�M �U@p=@z= 0�V�X
�h�?�2 �i�Q�T ���M�/ �`�B�;�?�i �#�Q�m�M�/���`�B�2�b �?���p�2 �Q�m�i�~�Q�r �+�Q�M�/�B�i�B�Q�M�b �r�?�2�`�2 �r�2 �B�K�T�Q�b�2 �i�?�2 �T�`�2�b�b�m�`�2 ���bp = p1 �-
�x�2�`�Q �M�Q�`�K���H �p�2�H�Q�+�B�i�v �;�`���/�B�2�M�i�b ���M�/ �p���M�B�b�?�B�M�; �b�?�2���` �b�i�`�2�b�b�2�b �U�i�Q�T�,@vr =@z= 0�- @vz=@z= 0�-�9�3�y

�`�B�;�?�i�,@vz=@r= 0�-@vr =@r= 0�V�X�h�?�`�2�2 �+���b�2�b ���`�2 �b�B�K�m�H���i�2�/�- �r�?�2�`�2 �i�?�2 �/�B�z�2�`�2�M�+�2 �Q�M�H�v �H�B�2�b �B�M
�i�?�2 �B�M�B�i�B���H �/�B�b�i���M�+�2H �#�2�i�r�2�2�M �i�?�2 �#�m�#�#�H�2 �+�2�M�i�`�2 ���M�/ �i�?�2 �`�B�;�B�/ �r���H�H �Uz = 0�V�X �G�2�i� = H=R0 �#�2
�i�?�2 �b�i���M�/�@�Q�z �`���i�B�Q�- �B�i �b�T���M�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�2�i� 2 f 2; 3; 4g�X ���H�H �Q�i�?�2�` �T���`���K�2�i�2�`�b ���`�2 �F�2�T�i �i�?�2
�b���K�2�X
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�6�B�;�m�`�2 �R�y�,�a�M���T�b�?�Q�i�b �Q�7 �� �+�Q�H�H���T�b�B�M�; �#�m�#�#�H�2 �M�2���` �� �`�B�;�B�/ �#�Q�m�M�/���`�v �7�Q�` �U���@�+�V� = 2 �- �U�/�@�7�V� = 3 �- �U�;�@�B�V� = 4 �X �h�?�2
�H�2�7�i �?���M�/ �T���M�2�H �Q�7 �2���+�? �b�M���T�b�?�Q�i �b�?�Q�r�b �i�?�2 �i�2�K�T�2�`���i�m�`�2 �}�2�H�/�r�B�i�? �i�?�2 �p�2�H�Q�+�B�i�v �p�2�+�i�Q�`�b �B�M �i�?�2 �H�B�[�m�B�/�X �A�i �K�m�b�i �#�2
�b�i���i�2�/ �i�?���i �i�?�2 �b�+���H�2 �Q�7 �i�?�2 �p�2�+�i�Q�`�b �B�b �M�Q�i �+�Q�K�K�Q�M ���K�Q�M�;�b�i ���H�H �i�?�2 �b�M���T�b�?�Q�i�b �B�M �Q�`�/�2�` �i�Q �b�?�Q�r �i�?�2 �K�Q�i�B�Q�M �B�M
�2���+�? �+���b�2�X �h�?�2 �`�B�;�?�i �?���M�/ �T���M�2�H�b�?�Q�r�b �i�?�2 �T�`�2�b�b�m�`�2 �}�2�H�/�X �h�?�2 �`�2�b�T�2�+�i�B�p�2 �B�M�b�i���M�i�b �B�M �i�B�K�2 ���`�2 �B�M�/�B�+���i�2�/ �Q�M �i�Q�T
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�b�i�m�/�v �r�Q�m�H�/ �i�?�2�M �#�2 �M�2�2�/�2�/ �i�Q �b�2�i�i�H�2 �i�?�2 �+�?�Q�B�+�2�- �r�?�B�+�? �B�b �#�2�v�Q�M�/ �i�?�2 �b�+�Q�T�2 �Q�7 �Q�m�` �+�m�`�`�2�M�i �r�Q�`�F�X

�8�d�y

���T�T�2�M�/�B�t �"�X �a�T�2�+�i�`���H �K�2�i�?�Q�/

�q�B�i�? �i�?�2 ���b�b�m�K�T�i�B�Q�M�b �r�2 �K���/�2 �B�M �b�2�+�i�B�Q�M�9�X�R�- �2�[�m���i�B�Q�M�b�j�N���9�y���`�2 �`�2�/�m�+�2�/ �i�Q �i�?�2 �7�Q�H�H�Q�r�B�M�;�-
���b�b�m�K�B�M�; �b�T�?�2�`�B�+���H �b�v�K�K�2�i�`�v�-
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�6�B�;�m�`�2 ���X�R�j�,�h�?�B�b �}�;�m�`�2 �/�2�T�B�+�i�b �i�?�2 �b���K�2 �i�2�b�i �+���b�2 ���b �i�?�2 �Q�M�2 �B�M �}�;�m�`�2�k���X �h�?�2 �#�H�m�2 �+�m�`�p�2 �B�b �i�?�2 �a�T�2�+�i�`���H
�K�2�i�?�Q�/ �b�Q�H�m�i�B�Q�M�- �i�?�2 �Q�`���M�;�2 �K���`�F�2�`�b �`�2�T�`�2�b�2�M�i �i�?�2 �M�m�K�2�`�B�+���H �b�Q�H�m�i�B�Q�M �2�K�T�H�Q�v�B�M�; ���M ���`�B�i�?�K�2�i�B�+ �K�2���M �7�Q�` �i�?�2
�i�?�2�`�K���H �+�Q�M�/�m�+�i�B�p�B�i�vk�- ���M�/ �i�?�2 �v�2�H�H�Q�r �K���`�F�2�`�b �`�2�T�`�2�b�2�M�i �i�?�2 �M�m�K�2�`�B�+���H �b�Q�H�m�i�B�Q�M �2�K�T�H�Q�v�B�M�; �� �?���`�K�Q�M�B�+ �K�2���M
�7�Q�`k�X �h�?�2 �B�M�b�2�i �B�b �� �x�Q�Q�K�2�/ �p�B�2�r �Q�p�2�` �i�?�2 �`�2�;�B�Q�M �/�2�H�B�K�B�i�2�/ �#�v �i�?�2 �#�H���+�F �/���b�?�2�/ �#�Q�t�X

�A�i �B�b �M�m�K�2�`�B�+���H�H�v �+�Q�M�p�2�M�B�2�M�i �i�Q �i�`�2���i �i�?�2 �T�`�Q�#�H�2�K ���b �i�?���i �Q�7 �� �}�t�2�/ �#�Q�m�M�/���`�v�- �b�Q �r�2 �m�b�2 �i�?�2�8�d�8

�7�Q�H�H�Q�r�B�M�; �+�Q�Q�`�/�B�M���i�2 �K���T�T�B�M�;�-
y =

r
R(t)

: �U�"�X�j�V

�h�?�2 �2�[�m���i�B�Q�M�b ���`�2 �i�?�2�M �i�`���M�b�7�Q�`�K�2�/ �i�Q�-
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: �U�"�X�8�V

�q�2 �M�Q�r ���i�i�2�K�T�i �i�Q �b�Q�H�p�2 �i�?�2 ���/�p�2�+�i�B�Q�M�@�/�B�z�m�b�B�Q�M �T�`�Q�#�H�2�K�- �i���F�B�M�; �B�M�i�Q ���+�+�Q�m�M�i �i�?�2 �+�?���M�;�2 �Q�7
�#�Q�m�M�/���`�v �p�B�� �� �b�T�2�+�i�`���H �K�2�i�?�Q�/�X �h�Q �i�?���i �2�M�/�- �r�2 �2�t�T���M�/ �i�?�2 �i�2�K�T�2�`���i�m�`�2 �B�M�i�Q �*�?�2�#�v�b�?�2�p�8�3�y

�T�Q�H�v�M�Q�K�B���H�b�-

T(t; y) =
NX

n=0

an (t)T2n (y); �U�"�X�e�V

�r�?�2�`�2T2n ���`�2 �i�?�2 �*�?�2�#�v�b�?�2�p �T�Q�H�v�M�Q�K�B���H�b�X �L�Q�i�B�+�2 �i�?���i �Q�M�H�v �2�p�2�M �T�Q�H�v�M�Q�K�B���H�b ���`�2 �m�b�2�/ �b�Q ���b �i�Q
�2�M�7�Q�`�+�2 �i�?�2 �b�v�K�K�2�i�`�v �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M ���iy = 0�X �q�2 �b�m�#�b�i�B�i�m�i�2 �2�t�T���M�b�B�Q�M�"�X�e�B�M�i�Q �2�[�m���i�B�Q�M
�"�X�9���M�/ �i�?�2 �`�2�b�m�H�i �B�b �2�p���H�m���i�2�/ ���i �i�?�2 �:���m�b�b�@�G�Q�#���i�i�Q �+�Q�H�H�Q�+���i�B�Q�M �T�Q�B�M�i�byn �-

yn = cos
� n�

2N

�
; n = 1; 2:::; N: �U�"�X�d�V

�h�?�B�b �v�B�2�H�/�bN �+�Q�m�T�H�2�/ �P�.�1�b �Q�7 �i�?�2 �i�v�T�2_an = f (an )�- �7�Q�` �i�?�2N + 1 �+�Q�2�{�+�B�2�M�i�b�X �h�?�2 �H���b�i�8�3�8

�2�[�m���i�B�Q�M �B�b �+�Q�M�b�i�`�m�+�i�2�/ �7�`�Q�K �i�?�2 �+�Q�M�b�i���M�i �i�2�K�T�2�`���i�m�`�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M ���iy = 1�- �r�?�B�+�? �r�2

�k�8



�6�B�;�m�`�2 �*�X�R�9�,�h�?�2 ���K�T�H�B�i�m�/�2 �Q�7 �i�?�2 �b�i���M�/�B�M�; �T�`�2�b�b�m�`�2 �r���p�2� pl; 0 ���i r = 0 �- �M�Q�`�K���H�B�b�2�/ �#�v �i�?�2 ���K�T�H�B�i�m�/�2 �Q�7 �i�?�2
�/�`�B�p�B�M�; �b�B�;�M���H� p1 �- ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �/�B�K�2�M�b�B�Q�M�H�2�b�b �T���`���K�2�i�2�`2fR 1 =cl �X �h�?�2 �b�Q�H�B�/ �H�B�M�2 �B�b �+�Q�K�T�m�i�2�/ �m�b�B�M�;
�2�[�m���i�B�Q�M�*�X�d�X

�/�2�`�B�p�2 �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�B�K�2�-
NX

n=0

_anT2n (1) = 0 : �U�"�X�3�V

�q�B�i�? �i�?�2 ���/�/�2�/ �P�.�1 �7�Q�` �i�?�2 �#�m�#�#�H�2 �`���/�B�m�b�- �2�[�m���i�B�Q�M�"�X�8�- �r�2 �?���p�2 �� �b�v�b�i�2�K �Q�7 �L�Y�k �+�Q�m�T�H�2�/
�}�`�b�i �Q�`�/�2�` �P�.�1�b�- �r�?�B�+�? �B�b �H�B�M�2���`�B�b�2�/ ���M�/ �i�?�2�M �B�K�T�H�B�+�B�i�H�v �B�M�i�2�;�`���i�2�/ �B�M �i�B�K�2�X

���T�T�2�M�/�B�t �*�X �a�i���M�/�B�M�; �r���p�2 �B�M �T�m�`�2 �H�B�[�m�B�/�8�N�y

�h�?�2 �B�M�p�B�b�+�B�/ �1�m�H�2�` �2�[�m���i�B�Q�M�b�- �B�M �� �b�T�?�2�`�B�+���H�H�v �b�v�K�K�2�i�`�B�+ �7�`���K�2�r�Q�`�F�- ���`�2 �r�`�B�i�i�2�M ���b

1
� lc2

l

@pl
@t

= �
1
r 2

(ul r 2)
@r

; �U�*�X�R�V

� l
@ul
@t

= �
@pl
@r

: �U�*�X�k�V

�h�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b ���`�2

ul (r = 0; t) = 0 ; �U�*�X�j�V

pl (r = R1 ; t) = pl;1 + � p1 sin (!t ) ; �U�*�X�9�V

�r�?�2�`�2p1 �B�b �i�?�2 ���i�K�Q�b�T�?�2�`�B�+ �T�`�2�b�b�m�`�2�-� p1 �i�?�2 �/�`�B�p�B�M�; ���K�T�H�B�i�m�/�2 ���M�/! �i�?�2 �7�`�2�[�m�2�M�+�v �Q�7 �i�?�2
���+�Q�m�b�i�B�+ �b�B�;�M���H�X �h�?�2 �b�i���M�/�B�M�; �r���p�2 �b�Q�H�m�i�B�Q�M �B�b �(�8�d�-�e�8�)�-

ul (r; t ) =
� p1

� lcl

1
sin (kR1 )

R1

r

�
cos (kr ) �

sin (kr )
kr

�
� cos (!t ) ; �U�*�X�8�V

pl (r; t ) = pl;1 + � p1
1

sin (kR1 )
R1

r
sin (kr ) � sin (!t ) ; �U�*�X�e�V

�k�e



�r�?�2�`�2k = !=c l �B�b �i�?�2 �r���p�2�M�m�K�#�2�`�X �h�?�2 ���K�T�H�B�i�m�/�2 �Q�7 �i�?�2 �b�i���M�/�B�M�; �T�`�2�b�b�m�`�2 �r���p�2 ���i �i�?�2 �+�2�M�i�`�2
�Q�7 �i�?�2 �~���b�F �i�?�m�b �B�b

pl (r = 0) � pl;1

� p1
=

Pa

� p1
=

kR1

sin (kR1 )
: �U�*�X�d�V

�q�2 �i�2�b�i �i�?�2 �+���T���#�B�H�B�i�v �Q�7 �Q�m�` �+�Q�/�2 �i�Q �T�`�Q�/�m�+�2 �i�?�2 �+�Q�`�`�2�+�i ���K�T�H�B�i�m�/�2 �Q�7 �� �b�i���M�/�B�M�; �T�`�2�b�b�m�`�2 �r���p�2�8�N�8

���i r = 0 �X �h�?�2 �7�`�2�[�m�2�M�+�v �Q�7 �i�?�2 �/�`�B�p�B�M�; �b�B�;�M���H �B�b �b�2�i �i�Qf = 10000 Hz�- ���M�/ �B�i�b ���K�T�H�B�i�m�/�2 �i�Q
� p1 = 1 atm�X �1�[�m���i�B�Q�M�*�X�9�B�b �b�2�i ���b �� �.�B�`�B�+�?�H�2�i �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M ���ir = R1 �X �a�B�K�m�H���i�B�Q�M�b
���`�2 �T�2�`�7�Q�`�K�2�/ �7�Q�` �K�m�H�i�B�T�H�2 �p���H�m�2�b �Q�7R1 �X �6�B�;�m�`�2�*�X�R�9�b�?�Q�r�b �� �T�2�`�7�2�+�i ���;�`�2�2�K�2�M�i �#�2�i�r�2�2�M
�2�[�m���i�B�Q�M�*�X�d���M�/ �Q�m�` �+�Q�/�2�X �h�?�2 �i�?�2�Q�`�v �T�`�2�/�B�+�i�b �`�2�b�Q�M���M�+�2 �7�Q�`2fR 1 =cl = 1 �r�?�B�+�? �B�b ���H�b�Q
�Q�#�b�2�`�p�2�/ �B�M �Q�m�` �b�B�K�m�H���i�B�Q�M�b�X�e�y�y

�_�2�7�2�`�2�M�+�2�b

�(�R�)�.�X �6�m�b�i�2�`�- �a�X �S�Q�T�B�M�2�i�- ���M ���H�H�@�K���+�? �K�2�i�?�Q�/ �7�Q�` �i�?�2 �b�B�K�m�H���i�B�Q�M �Q�7 �#�m�#�#�H�2 �/�v�M���K�B�+�b �T�`�Q�#�H�2�K�b
�B�M �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �b�m�`�7���+�2 �i�2�M�b�B�Q�M�- �C�X �*�Q�K�T�m�i�X �S�?�v�b�X �j�d�9 �U�k�y�R�3�V �d�8�k���d�e�3�X

�(�k�)�S�X �a�2�`�`���- ���X �S�B�[�m�û�- �G���b�2�`�@�B�M�/�m�+�2�/ �7�Q�`�r���`�/ �i�`���M�b�7�2�`�, �6�m�M�/���K�2�M�i���H�b ���M�/ ���T�T�H�B�+���i�B�Q�M�b�- ���/�p�X
�J���i�2�`�X �h�2�+�?�M�Q�H�X �9 �U�R�V �U�k�y�R�N�V �R�3�y�y�y�N�N�X�e�y�8

�(�j�)�J�X �C���H�����H�- �J�X �E�X �a�+�?�����`�b�#�2�`�;�- �*�X�@�q�X �o�B�b�b�2�`�- �.�X �G�Q�?�b�2�- �G���b�2�`�@�B�M�/�m�+�2�/ �7�Q�`�r���`�/ �i�`���M�b�7�2�` �Q�7
�p�B�b�+�Q�T�H���b�i�B�+ �~�m�B�/�b�- �C�X �6�H�m�B�/ �J�2�+�?�X �3�3�y �U�k�y�R�N�V �9�N�d���8�R�j�X

�(�9�)�J�X �C���H�����H�- �a�X �G�B�- �J�X �E�X �a�+�?�����`�b�#�2�`�;�- �u�X �Z�B�M�- �.�X �G�Q�?�b�2�- �.�2�b�i�`�m�+�i�B�p�2 �K�2�+�?���M�B�b�K�b �B�M �H���b�2�`
�B�M�/�m�+�2�/ �7�Q�`�r���`�/ �i�`���M�b�7�2�`�- ���T�T�H�X �S�?�v�b�X �G�2�i�i�X �R�R�9 �U�k�R�V �U�k�y�R�N�V �k�R�j�d�y�j�X

�(�8�)�u�X �a�����/�2�- �J�X �C���H�����H�- ���X �S�`�Q�b�T�2�`�2�i�i�B�- �.�X �G�Q�?�b�2�- �*�`�Q�r�M �7�Q�`�K���i�B�Q�M �7�`�Q�K �� �+���p�B�i���i�B�M�; �#�m�#�#�H�2�e�R�y

�+�H�Q�b�2 �i�Q �� �7�`�2�2 �b�m�`�7���+�2�- �C�X �6�H�m�B�/ �J�2�+�?�X �N�k�e �U�k�y�k�R�V ���8�X

�(�e�)�E�X �J���2�/���- �h�X �*�Q�H�Q�M�B�m�b�- �q�X �E�`�2�B�/�2�`�- ���X �J���t�r�2�H�H�- �J�X �"���B�H�2�v�- �J�Q�/�2�H�B�M�; ���M�/ �2�t�T�2�`�B�K�2�M�i���H
���M���H�v�b�B�b �Q�7 ���+�Q�m�b�i�B�+ �+���p�B�i���i�B�Q�M �#�m�#�#�H�2 �+�H�Q�m�/�b �7�Q�` �#�m�`�b�i�@�r���p�2 �H�B�i�?�Q�i�`�B�T�b�v�- �C�X ���+�Q�m�b�i�X �a�Q�+�X
���K�X �R�9�y �U�9�V �U�k�y�R�e�V �j�j�y�d���j�j�y�d�X

�(�d�)�G�X �P�v���`�i�2 �:�€�H�p�2�x�- �J�X �"�`�B�¦ �S�û�`�2�x�- �.�X �6�2�`�M�€�M�/�2�x �_�B�p���b�- �>�B�;�? �b�T�2�2�/ �B�K���;�B�M�; �Q�7 �b�Q�H�B�/ �M�2�2�/�H�2�e�R�8

���M�/ �H�B�[�m�B�/ �K�B�+�`�Q�@�D�2�i �B�M�D�2�+�i�B�Q�M�b�- �C�X ���T�T�H�X �S�?�v�b�X �R�k�8 �U�R�9�V �U�k�y�R�N�V �R�9�9�8�y�9�X

�(�3�)�C�X �a�+�?�Q�T�T�B�M�F�- �.�X �6�2�`�M�€�M�/�2�x �_�B�p���b�- �C�2�i �B�M�D�2�+�i�Q�`�b�, �S�2�`�b�T�2�+�i�B�p�2�b �7�Q�` �b�K���H�H �p�Q�H�m�K�2 �/�2�H�B�p�2�`�v
�r�B�i�? �H���b�2�`�b�- ���/�p�X �.�`�m�; �.�2�H�B�p�X �_�2�p�X �R�3�k �U�k�y�k�k�V �R�R�9�R�y�N�X

�(�N�)�E�X �a�X �a�m�b�H�B�+�F�- �a�Q�M�Q�+�?�2�K�B�b�i�`�v�- �a�+�B�2�M�+�2 �k�9�d �U�9�N�9�N�V �U�R�N�N�y�V �R�9�j�N���R�9�9�8�X
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