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CARLESON’S FORMULA FOR SOME WEIGHTED DIRICHLET
SPACES

B. BOUYA AND A. HARTMANN

Abstract. We extend Carleson’s formula to radially polynomially weighted Dirich-
let spaces.

Dedication: This paper is dedicated to the memory of Mohamed Zarrabi who sadly
past away in december 2021. He was a very esteemed colleague which we all miss in
Bordeaux. The results presented here had mainly been elaborated a very long time
ago when Brahim Bouya was a postdoc at the University Bordeaux 1. This paper is
also the occasion to bring back memories of Brahim who left this world prematurely
in 2020. Even though they did not work explicitely together on Dirichlet spaces —
one of Mohamed’s research directions — Brahim was one of Mohamed’s co-authors.
It appears natural to present this work in this special edition of the Moroccan Journal
of Pure and Applied Analysis.

1. Introduction and statement of the main results.

Let D be the standard Dirichlet space of analytic functions with square area in-
tegrable modulus of the derivative on the unit disk D of the complex plane C (see
precise definitions below). It is well known that D is contained in the Hardy space
H2 (see for instance [13]), and thus that every function f ∈ D has non-tangential
boundary values almost everywhere on T := ∂D which have square integrable mod-
ulus on T. Even more is true, those functions f admit actually non-tangential limits
quasi-everywhere on T, see [3, 9, 13].

While the norm of a function f ∈ D is a priori defined via the values of its
derivative on the unit disk D it is possible to express it by its values on T only.
Indeed, Douglas’ formula (see (1.4)) gives a characterization involving difference
quotients on the boundary [7]. We refer for instance to the survey paper [13] and
the textbook [9] for more information on Dirichlet spaces.

A special attention in this connection was attracted by outer functions in D since
they are completely determined by their moduli on the boundary. Indeed, a famous
result by Carleson [5] states that the norm of an outer function f in D can be
completely recovered from its moduli on the boundary (see (1.6)). Later, analogs
of Carleson’s formula were established in other classes of analytic functions, such as
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that given by Vinogradov and Shirokov [16] for the space of analytic functions with
derivative in the classical Hardy space Hp and also in [15, Theorem 3.1] for some
spaces of analytic functions smooth up to the boundary.

Another result that is worth being mentioned here is by Aleman [1] who char-
acterizes the norm of some Dirichlet type functions in terms of their moduli and
involving mean oscillation of the function’s modulus with respect to harmonic mea-
sure, see also [4, 8, 14] and the survey paper [2], but this characterization uses also
the values of the modulus of f inside the disk. The aim of this paper is to gener-
alize Carleson’s result to weighted Dirichlet spaces for which an analog of Douglas’
formula is actually known (see (1.5)). Without entering into the very definitions of
weighted Dirichlet spaces Dµ associated to a measure µ, we mention that when µ

is supported on T, Richter [11] introduced and studied these spaces as part of his
analysis of two-isometric operators. In [12] Richter and Sundberg give a Carleson
type formula for the spaces Dµ, when µ is supported on T.

In this paper, we are interested in the case of polynomial radial weights in the
disk. In this situation, our characterization recovers Carleson’s result in the limiting
situation when the weight becomes constant (with non optimal constants however).

In order to be more precise, we now introduce the weighted Dirichlet spaces we
are interested in. Let Dα be the space of analytic functions f on D with a finite
weighted Dirichlet integral

Dα(f) :=
1

π

∫
D
|f ′(z)|2(1− |z|)αdA(z), (1.1)

where A is the standard area Lebesgue measure and 0 ≤ α < 1 is a real number.
Equipped with the norm

‖f‖2
Dα := |f(0)|2 +Dα(f), (1.2)

the space Dα becomes a Hilbert space. The limit case D := D0 is the classical
Dirichlet space, and the case α = 1 corresponds to the classical Hardy space H2.
We denote by L2(T) the space of complex valued functions with square integrable
modulus on T. Note that we can define an equivalent norm in Dα by (‖f‖2

2 +

Dα(f))1/2, where ‖f‖2 is the standard norm in L2(T).
In all what follows we suppose that h ∈ L2(T) is a non negative function such

that ∫ π

−π
log h(t)dt > −∞, (1.3)

where we identify the circle and the real line R by h(t) := h(eit), t ∈ R. By well
known Hardy space theory (see for instance [10]) we can associate with h the outer
function Oh, defined by

Oh(z) := exp{u
h
(z) + iv

h
(z)}, z ∈ D,
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where

u
h
(z) :=

1

2π

∫ π

−π
Re
(eiϕ + z

eiϕ − z

)
log h(ϕ)dϕ, z ∈ D,

and v
h
is the harmonic conjugate of the harmonic function u

h
given by

v
h
(z) :=

1

2π

∫ π

−π
Im
(eiϕ + z

eiϕ − z

)
log h(ϕ)dϕ, z ∈ D.

The non tangential limits of |Oh| exist and coincide with h on T almost everywhere
with respect to Lebesgue measure. When studying the Plateau problem, Jesse
Douglas [7] obtained the following formula for f ∈ H2,

D(f) =
1

4π2

∫ π

−π

∫ π

−π

∣∣∣∣f(θ)− f(ϕ)

eiϕ − eiθ

∣∣∣∣2 dθdϕ, (1.4)

which expresses the Dirichlet integral in terms of values of f on the boundary T
only. The formula generalizes to weighted spaces Dα where equality is replaced by
equivalence (see for instance [6, 9]):

Dα(f) �
∫ π

−π

∫ π

−π

|f(θ)− f(ϕ)|2

|eiϕ − eiθ|2−α
dθdϕ. (1.5)

When f is outer, then it is uniquely determined by the modulus of its boundary
values, and one may ask whether it is then possible to express the Dirichlet integral
by these moduli only. In [5], Carleson proved the following formula

D(Oh) =
1

4π2

∫ π

−π

∫ π

−π

(
h2(ϕ)− h2(θ)

)
log h(ϕ)

h(θ)

|eiϕ − eiθ|2
dϕdθ, (1.6)

which thus allows to express the norm of outer functions in D by their moduli on
the boundary. Carleson actually proved a more general result taking into account
also the inner part, but then, obviously, the Dirichlet integral is no longer given by
the modulus of its boundary values only, and one has to consider the zeros of the
Blaschke factor and the singular measure. A main ingredient in the proof of (1.6)
is the classical Stokes formula which is in fact not adapted to the situation in Dα.

A natural guess for a candidate replacing (1.6) in the space Dα would be

Cα(h) :=

∫ π

−π

∫ π

−π

(
h2(ϕ)− h2(θ)

)
log h(ϕ)

h(θ)

|eiϕ − eiθ|2−α
dϕdθ.

However, as it turns out, there are functions f ∈ Dα, when 0 < α < 1, for which
Cα(|f |) is not finite, see Theorem 1.4 below.

Note that an elementary computation yields that for strictly positive numbers a
and b we have

0 ≤ (a2 − b2) log
a

b
�


(a− b)2, if 1

2
b ≤ a ≤ 2b,

a2 log a
b
, if a ≥ 2b,

b2 log b
a
, if a ≤ 1

2
b.

(1.7)



4 B. BOUYA, A. HARTMANN

So, in the characterization that we propose below, according to the three cases
appearing in (1.7), we will distinguish what happens on the different parts of the
circle when the quotient h(ϕ)/h(θ) is bigger than 2, less than 1/2 or between 1/2
and 2. In order to be more precise, we need to introduce some notation. Let Λ be
the set of measurable functions on T that are strictly positive a.e. with respect to
Lebesgue measure. For h and λ ∈ Λ, we set

Nα(h) :=

∫ π

−π

∫ π

−π

|h(ϕ)− h(θ)|2

|eiϕ − eiθ|2−α
dϕdθ, (1.8)

nα(h, λ) :=

∫ π

−π
h2(θ)

(∫
h(ϕ)≤ 1

2h(θ)

|eiϕ−eiθ |≥λ(θ)

log h(θ)
h(ϕ)

|eiϕ − eiθ|2
dϕ
)1−α

dθ (1.9)

and

ñα(h, λ) :=

∫ π

−π
h2(θ)

(∫
h(ϕ)≤ 1

2h(θ)

|eiϕ−eiθ |≤λ(θ)

log h(θ)
h(ϕ)

|eiϕ − eiθ|2−α
dϕ
)
dθ. (1.10)

Observe that by the triangular inequality, we have

Nα(h) . Dα(Oh). (1.11)

For two real valued functions k1 and k2 and a positive constant c we use the
notation k1

c� k2, to design c−1k2 ≤ k1 ≤ ck2. By k1�k2 and k1 . k2 we mean
respectively that there exists some non specified constant c such that k1

c� k2 and
k1 ≤ ck2.

We are now in a position to state our first main result.

Theorem 1.1. Let 0 ≤ α < 1 be a real number. Let h ∈ L2(T) be a non negative
function satisfying (1.3). Then

‖Oh‖2
Dα

cα� ‖h‖2
2 +Nα(h) + inf

λ∈Λ
{nα(h, λ) + ñα(h, λ)}, (1.12)

where cα � 1 when α→ 0.

Let us consider the special situation when α = 0. It is clear that formula (1.12)
does not depend on the choice λ ∈ Λ when α = 0. Hence, in this case, the theorem
gives an equivalent expression to Carleson’s formula (1.6).

An immediate consequence of this result is the following observation.

Corollary 1.2. A bounded outer function Oh which is also bounded away from zero
is in Dα if and only if

Nα(h) <∞.

We include the simple proof of this fact here.

Proof. We have
c−1 ≤ h ≤ c,

for some positive constant c > 1. Then, for almost all θ and ϕ,

c−2 ≤ h(θ)

h(ϕ)
≤ c2.
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One could replace the constant 1/2 appearing in the definitions (1.9) and (1.10) by
any other value in (0, 1), say c−2. In this case, the expressions nα(h, λ), ñα(h, λ) and
m(h, λ) are zero since we integrate over void domains. �

We shall now discuss an appropriate choice for the function λ in the above theo-
rem. In order to do this we associate with h and λ ∈ Λ the following functions

a
h,λ

(θ) :=
1

2π

∫
h(ϕ)≤ 1

2h(θ)

|eiϕ−eiθ |≥λ(θ)

log h(θ)
h(ϕ)

|eiϕ − eiθ|2
dϕ (1.13)

and

ã
h,λ

(θ) :=
1

2π

∫
h(ϕ)≤ 1

2h(θ)

|eiϕ−eiθ |≤λ(θ)

log
h(θ)

h(ϕ)
dϕ. (1.14)

The function λ×ah,λ has an interpretation as a Poisson integral at z(θ) = (1−λ(θ))eiθ

of the function log h(θ)
h(ϕ)

χ where χ is the characteristic function of {ϕ : h(ϕ) ≤
1
2
h(θ), |eiθ − eiϕ| ≥ λ}. For this one can observe that |eiϕ − eiθ| � |eiϕ − z(θ)|.

Similarly, ãh,λ/λ as a Poisson integral at z(θ) of the function log h(θ)
h(ϕ)

χ̃ where χ̃ is the
characteristic function of {ϕ : h(ϕ) ≤ 1

2
h(θ), |eiθ−eiϕ| ≤ λ}. Actually, λah,λ+ ãh,λ/λ

is equivalent to the Poisson integral of log h(θ)
h(ϕ)

χh(ϕ)≤h(θ)/2 at z(θ).
We set

µ
h
(θ) := sup

{
µ ∈ (0, 1] : sup

0<δ≤µ

{
δa

h,δ
(θ),

ã
h,δ

(θ)

δ

}
≤ 2

}
. (1.15)

This allows to state our second main result.

Theorem 1.3. Let 0 ≤ α < 1 be a real number. Let h ∈ L2(T) be a non negative
function satisfying (1.3) and such that Nα(h) < +∞. Then µ

h
∈ Λ and

‖Oh‖2
Dα

cα� ‖h‖2
2 +Nα(h) + nα(h) + ñα(h), (1.16)

where nα(h) := nα(h, µ
h
) and ñα(h) := ñα(h, µ

h
), and cα � 1 when α→ 0.

It would be interesting to know whether Dα(Oh)�Nα(h) + nα(h) + ñα(h). Note
that both sides vanish for constant functions.

We should make two more important observations here. First, though the condi-
tion of Theorem 1.3 might appear difficult to check at first glance, it confirms that
as in Carleson’s result for D, the membership of an outer function f in Dα depends
on its modulus on T only, which seems to be of interest in its own.

Second, as it turns out, there is a family of functions for which the quantities in
(1.16) can be estimated explicitely. As a result, for this family the quantities Nα,

Dα and Cα are shown to be not equivalent to each other. This will be discussed in
the last section where we consider the following class of functions hβ:

hβ(θ) :=


1

θ
α
2 logβ γ

θ

, θ ∈ (0, π],

hβ(π)

2
, θ ∈ (−π, 0),

(1.17)
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where γ = πe2β/α guaranteeing that hβ is decreasing on (0, π).
Then we have the following result.

Theorem 1.4. Let 0 < α < 1 and β > 0. Then
1. For Nα(hβ) < +∞ it is necessary and sufficient that β > 1

2
.

2. For Ohβ ∈ Dα it is necessary and sufficient that β > 1− 1
2
α.

3. For Cα(hβ) < +∞ it is necessary and sufficient that β > 1.

The paper is organized as follows. In the next section we present some auxiliary
results. Section 3 is devoted to presenting some properties related to the function
µ
h
defined in (1.15). The proof of our main result being quite technical (though the

main tools are rather elementary), we have split it into two sections: Section 4 is
devoted to the proof of the sufficiency while the necessity is shown in Section 5. In
the last part of the paper we will prove Theorem 1.4.

2. Auxiliary results.

Let f := eu+iv ∈ H2(D) be an outer function and let 0 ≤ α < 1 be a real number.
We define fr to be the function

fr(w) := f(rw), w ∈ D,

where 0 ≤ r < 1. Clearly fr is holomorphic and thus continuous in a neighborhood
of the closed unit disk. It is possible to check that (see e.g. [9])∫ 1

0

(1− r)αrmdr � 1

(m+ 1)1+α
, m ∈ N, (2.1)

independently of α. By Parseval’s identity and (2.1) we get

Dα(f) �
∑
n≥1

|f̂(n)|2(1 + n)1−α. (2.2)

In particular, when α = 0,

D(fr) �
∑
n≥1

r2n|f̂(n)|2(1 + n), 0 ≤ r < 1, (2.3)

which is actually an equality. In all what follows we suppose that 0 < α < 1. Using
(2.1) and (2.3)

α

∫ 1

0

D(fr)
(1− r)α−1

r
dr �

∑
n≥1

|f̂(n)|2(1 + n)1−α, (2.4)

which therefore yields

Dα(f) � α

∫ 1

0

D(fr)
(1− r)α−1

r
dr, (2.5)

independently of α and f.
This allows us to express Dα(f) in a way crucial for us. Indeed, the following

lemma reflects somehow the magic of the Cauchy-Riemann equations which allow
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to express the weighted Dirichlet integral through an integration of a function which
is not necessarily positive.

Lemma 2.1. Let f = eu+iv ∈ Dα. Set

dAα(z) := α(1− r)α−1drdθ, z := reiθ ∈ D.

Then
Dα(f) � 1

2π

∫
D
|f(z)|2∂v

∂θ
(z)dAα(z), (2.6)

independently of α and f.

Observe the absence of the factor r in the definition of dAα which is thus not the
usual weighted area Lebesgue measure.

Proof. We begin reformulating D(fr). Set f = eg with g = u + iv, then express-
ing first the derivative of g in polar coordinates and using then Cauchy Riemann
equations, we get at z = seiθ,

|f ′|2 = |f |2 × |g′|2 = |f |2 ×
∣∣∣∂u
∂s

+ i
∂v

∂s

∣∣∣2 = |f |2 ×
((∂u

∂s

)2

+
(∂v
∂s

)2
)

= |f |2 1

s

(∂u
∂s

∂v

∂θ
− ∂u

∂θ

∂v

∂s

)
On the other hand

∂

∂s

(
|f |2∂v

∂θ

)
− ∂

∂θ

(
|f |2∂v

∂s

)
= 2|f |2

(∂u
∂s

∂v

∂θ
− ∂u

∂θ

∂v

∂s

)
,

so that replacing f by fr, we get

2|f ′r(z)|2s = r
∂

∂s

(
|f |2(rz)

∂v

∂θ
(rz)

)
− r ∂

∂θ

(
|f |2(rz)

∂v

∂s
(rz)

)
.

Since f is outer, the function w 7−→ |f |2(rz)∂v
∂s

(rz) is continuous on D so that∫ 2π

0

∂

∂θ

(
|f |2(rz)

∂v

∂s
(rz)

)
dθ =

[(
|f |2(rseiθ)

∂v

∂s
(rseiθ)

)]2π−

0+
= 0,

and hence
D(fr) =

1

2π

∫ π

−π
|f |2(reiθ)

∂v

∂θ
(reiθ)rdθ. (2.7)

Setting
dAα(z) := α(1− r)α−1drdθ, z := reiθ ∈ D,

we deduce (2.6) from (2.5) and (2.7) �

As we have already mentioned in (1.11) we have Dα(Oh) & Nα(h) independently
of both α and h, so in order to prove our main results we can suppose from now on
that Nα(h) < +∞.

Let T
h
be the set of points eiθ ∈ T where Oh has radial boundary limit such that

0 < lim
r→1−

|Oh(re
iθ)| = h(eiθ) <∞. It is well known that T

h
coincides with T except

for a set of zero Lebesgue measure. We will also use the notations

T
h
(θ) := {ϕ ∈]− π, π] : h(ϕ)

2� h(θ)}, eiθ ∈ T
h
,
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T+
h

(θ) := {ϕ ∈]− π, π] : h(ϕ) ≥ 2h(θ)}, eiθ ∈ T
h
,

and

T−
h

(θ) := {ϕ ∈]− π, π] : h(ϕ) ≤ 1

2
h(θ)}, eiθ ∈ T

h
.

We finally recall the following classical equality

|eiϕ − z|2 = (1− r)2 + r|eiϕ − eiθ|2, z := reiθ ∈ D and eiϕ ∈ T, (2.8)

which yields the following estimate

|eiϕ − z| ≥ max{1− r, 1

3
|eiϕ − eiθ|}, z = reiθ ∈ D and eiϕ ∈ T. (2.9)

3. The function µ
h
.

Recall that λah,λ and ãh,λ/λ have interpretations as Poisson integrals of log h(θ)
h(ϕ)

over T−h (θ) and |eiθ−eiϕ| ≥ λ(θ) and |eiθ−eiϕ| ≤ λ(θ) respectively. The next lemma
considers the part of the Poisson integrals on T+

h (θ).

Lemma 3.1. Suppose Nα(h) <∞. Then the Lebesgue measure of

Th,δ := {eiθ ∈ T
h

: lim sup
r→1−

1

2π

∫
T+
h (θ)

1− r2

|eiϕ − reiθ|2
log

h(ϕ)

h(θ)
dϕ ≥ δ}

is zero for every δ > 0.

Proof. Let 0 < ε ≤ 1
2
be a real number. With each point eiθ ∈ Th,δ we associate

rε = rε,θ ∈ (0, 1) such that rε ≥ 1− ε and

1

2π

∫
T+
h (θ)

1− r2
ε

|eiϕ − rεeiθ|2
log

h(ϕ)

h(θ)
dϕ ≥ δ

2
. (3.1)

The dependence of rε on θ is not relevant in the argument below. Using (2.9)

(1− r)α

|eiϕ − reiθ|2
≤


9|eiϕ − eiθ|α
|eiϕ − eiθ|2

= 9
|eiϕ − eiθ|2−α

if |eiϕ − eiθ| ≥ 1− r
1

(1− r)2−α ≤ 1
|eiϕ − eiθ|2−α

if |eiϕ − eiθ| < 1− r
.

It follows

(1− r)α

|eiϕ − reiθ|2
≤ 9

|eiϕ − eiθ|2−α
. (3.2)
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Therefore, using (3.1) and (3.2),∫
eiθ∈Th,δ

h2(θ)

ε1−α dθ ≤
∫
eiθ∈Th,δ

h2(θ)

(1− rε)1−αdθ

≤ 2

πδ

∫
eiθ∈Th,δ

h2(θ)

∫
T+
h (θ)

(1− rε)α

|eiϕ − rεeiθ|2
log

h(ϕ)

h(θ)
dϕdθ

≤ 18

πδ

∫
eiθ∈Th,δ

∫
T+
h (θ)

h2(θ) log h(ϕ)
h(θ)

|eiϕ − eiθ|2−α
dϕdθ

≤ 18

πδ

∫ π

−π

∫ π

−π

|h(ϕ)− h(θ)|2

|eiϕ − eiθ|2−α
dϕdθ =

18Nα(h)

πδ
. (3.3)

Since h 6= 0 a.e. on T, and letting ε tend to 0, we deduce the desired result. �

We obtain the following lemma that provides some properties of µ
h
.

Lemma 3.2. Suppose Nα(h) <∞. Then µ
h
∈ Λ and

|Oh(re
iθ)| ≥ e−41h(θ), r ≥ 1− µ

h
(θ), (3.4)

for every point eiθ ∈ T
h
such that µ

h
(θ) > 0. If eiθ ∈ T

h
is a point such that

0 < µ
h
(θ) < 1, then

1

2π

∫
T−h (θ)

1− |zh(θ)|2

|eiϕ − zh(θ)|2
log

h(θ)

h(ϕ)
dϕ ≥ 1, (3.5)

where zh(θ) := (1− µ
h
(θ))eiθ ∈ D \ {0}.

Proof. In order to check that µ
h
∈ Λ, we need to show that µ

h
is strictly positive

almost everywhere. Suppose µ
h
(θ) = 0 for a fixed point eiθ ∈ T

h
, i.e. there exists

a sequence of positive numbers {δn : n ∈ N} ⊂]0, 1] converging to 0 and satisfying,
for each n ∈ N, at least one of the following inequalities

ã
h,δn

(θ)

δn
=

1

2πδn

∫
T−
h

(θ)

|eiϕ−eiθ |≤δn

log
h(θ)

h(ϕ)
dϕ > 2, (3.6)

or

δnah,δn (θ) =
δn
2π

∫
T−
h

(θ)

|eiϕ−eiθ |≥δn

log h(θ)
h(ϕ)

|eiϕ − eiθ|2
dϕ > 2. (3.7)

Associated to eiθ and the numbers δn, we define in D the following points

zn := (1− δn)eiθ, n ∈ N.

Since eiθ ∈ T
h
and lim

n→∞
δn = 0, there exists a number N0 ∈ N such that

| log
|Oh(zn)|
h(θ)

| ≤ 1

4
, for all n ≥ N0.

Since δn = 1− |zn| and using (3.6) and (3.7)

1

2π

∫
T−h (θ)

1− |zn|2

|eiϕ − zn|2
log

h(θ)

h(ϕ)
dϕ > 1. (3.8)
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By decomposition

1

2π

∫
T+
h (θ)

1− |zn|2

|eiϕ − zn|2
log

h(ϕ)

h(θ)
dϕ

= log
|Oh(zn)|
h(θ)

− 1

2π

∫
Th(θ)

1− |zn|2

|eiϕ − zn|2
log

h(ϕ)

h(θ)
dϕ

+
1

2π

∫
T−h (θ)

1− |zn|2

|eiϕ − zn|2
log

h(θ)

h(ϕ)
dϕ (3.9)

(observe the inversion of the log-fraction in the last integral explaining the plus-sign
before this integral) and

1

2π

∫
Th(θ)

1− |zn|2

|eiϕ − zn|2
| log

h(ϕ)

h(θ)
|dϕ ≤ log 2, (3.10)

so that
1

2π

∫
T+
h (θ)

1− |zn|2

|eiϕ − zn|2
log

h(ϕ)

h(θ)
dϕ

≥ 1

2π

∫
T−h (θ)

1− |zn|2

|eiϕ − zn|2
log

h(θ)

h(ϕ)
dϕ− | log

|Oh(zn)|
h(θ)

|

− 1

2π

∫
Th(θ)

1− |zn|2

|eiϕ − zn|2
| log

h(ϕ)

h(θ)
|dϕ

≥ 3

4
− log 2, n ≥ N0.

So, eiθ ∈ Th,3/4−log 2, and, by Lemma 3.1, µ
h
> 0 a.e. on T, and thus µ

h
∈ Λ.

Now, we let z ∈ D be a point such that r ≥ 1− µ
h
(θ), then

1

2π

∫
h(ϕ)≤h(θ)

1− r2

|eiϕ − z|2
log

h(θ)

h(ϕ)
dϕ

=
1

2π

∫
1
2
h(θ)≤h(ϕ)≤h(θ)

+
1

2π

∫
T−
h

(θ)

|eiϕ−eiθ |≤1−r

+
1

2π

∫
T−
h

(θ)

|eiϕ−eiθ |≥1−r

≤ log 2 +
1

π

∫
T−
h

(θ)

|eiϕ−eiθ |≤1−r

log h(θ)
h(ϕ)

1− r
dϕ+

9

π
(1− r)

∫
T−
h

(θ)

|eiϕ−eiθ |≥1−r

log h(θ)
h(ϕ)

|eiϕ − eiθ|2
dϕ,

where we have used (3.2). By the very definition of µ
h
(θ), this yields

1

2π

∫
h(ϕ)≤h(θ)

1− r2

|eiϕ − z|2
log

h(θ)

h(ϕ)
dϕ ≤ log 2 + 4 + 36. (3.11)

Since obviously
1

2π

∫
h(θ)≤h(ϕ)

1− r2

|eiϕ − z|2
log

h(θ)

h(ϕ)
dϕ ≤ 0,

we obtain (3.4). We argue similarly as in the proof of (3.8) to show that if 0 <

µ
h
(θ) < 1 then there exists a sequence of positive numbers {εn : n ∈ N} ⊂]0, 1]
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converging to 0 such that

1

2π

∫
T−h (θ)

1− |wn|2

|eiϕ − wn|2
log

h(θ)

h(ϕ)
dϕ ≥ 1, (3.12)

where wn := (1 − (µ
h
(θ) + εn))eiθ ∈ D \ {0}. We apply Lebesgue’s dominated

convergence theorem in (3.12) to deduce (3.5). �

The following Lemma gives a lower estimate of Dα(Oh) involving µ
h
, and will be

used in Section 5 to get some necessary conditions for Oh ∈ Dα.

Lemma 3.3. We have ∫
µ
h

(θ)<1

h2(θ)µα−1
h (θ)dθ ≤ cDα(Oh),

where c > 0 is a constant independent of both α and h.

Adding the points where µ
h
(θ) = 1, we get∫

T
h2(θ)µα−1

h (θ)dθ ≤ c
(
Dα(Oh) + ‖h‖2

2

)
. (3.13)

Proof. According to Lemma 3.2, we have µ
h
∈ Λ. Let eiθ0 ∈ T

h
be a point such

that 0 < µ
h
(θ0) < 1. For the point zh(θ0) = (1−µ

h
(θ0))eiθ0 , we claim that two cases

may occur:
1

2π

∫
T+
h (θ0 )

1− |zh(θ0)|2

|eiϕ − zh(θ0)|2
log

h(ϕ)

h(θ0)
dϕ ≥ 1

4
(3.14)

or
|Oh(zh(θ0))|

h(θ0)
≤ elog 2− 3

4 . (3.15)

Indeed, if we suppose that (3.14) is false, then with (3.5)

log
|Oh(zh(θ0))|

h(θ0)
=

1

2π

∫
T−h (θ0 )

1− |zh(θ0)|2

|eiϕ − zh(θ0)|2
log

h(ϕ)

h(θ0)
dϕ

+
1

2π

∫
T+
h (θ0 )

1− |zh(θ0)|2

|eiϕ − zh(θ0)|2
log

h(ϕ)

h(θ0)
dϕ

+
1

2π

∫
Th(θ0 )

1− |zh(θ0)|2

|eiϕ − zh(θ0)|2
log

h(ϕ)

h(θ0)
dϕ

≤ −1 +
1

4
+ log 2,

which shows (3.15).
Now, on the one hand, if θ0 satisfies (3.14), then (with (3.2) in mind),

µα−1
h (θ0) = (1− |zh(θ0)|2)α−1 ≤ 4

π

∫
T+
h (θ0 )

(1− |zh(θ0)|)α

|eiϕ − zh(θ0)|2
log

h(ϕ)

h(θ0)
dϕ

.
∫
T+
h (θ0 )

log h(ϕ)
h(θ0 )

|eiϕ − eiθ0 |2−α
dϕ,
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which gives, using (1.7) and the triangular inequality,

h2(θ0)µ
α−1
h (θ0) .

∫ π

−π

|h(ϕ)− h(θ0)|2

|eiϕ − eiθ0 |2−α
dϕ ≤

∫ π

−π

|Oh(ϕ)−Oh(θ0)|2

|eiϕ − eiθ0 |2−α
dϕ, (3.16)

independently of θ0 , α and h.
On the other hand, for almost all points eiθ0 ∈ T

h
that satisfy (3.15), we have

h2(θ0) . |Oh(zh(θ0)) − Oh(θ0)|2(observe that elog 2−3/4 < 1), and thus, by Jensen’s
inequality,

h2(θ0) .
1

2π

∫ π

−π

1− |zh(θ0)|2

|eiϕ − zh(θ0)|2
|Oh(ϕ)−Oh(θ0)|2dϕ.

As a consequence

h2(θ0)µ
α−1
h (θ0) .

∫ π

−π

(1− |zh(θ0)|)α

|eiϕ − zh(θ0)|2
|Oh(ϕ)−Oh(θ0)|2dϕ

.
∫ π

−π

|Oh(ϕ)−Oh(θ0)|2

|eiϕ − eiθ0 |2−α
dϕ, (3.17)

independently of θ0 , α and h. The desired result follows from Douglas’ formula (1.5)
and the inequalities (3.16) and (3.17). �

4. The sufficiency.

In this section we prove the sufficient condition of Theorem 1.1, more precisely

Dα(Oh) . Nα(h) +
1

1− α
inf
λ∈Λ

(
nα(h, λ) + ñα(h, λ)

)
. (4.1)

Observe that for this upper estimate we do not need the term ‖Oh‖2
2.

Recall from Lemma 2.1 that in order to prove that Oh = eu+iv ∈ Dα it is sufficient
to estimate the integral

1

2π

∫
D
|Oh(z)|2∂vh

∂θ
(z)dAα(z), (4.2)

where dAα(z) = α(1− r)α−1drdθ.
Depending on h, we define the following set of rays

D
h

:= {z ∈ D : eiθ ∈ T
h
},

which we divide into the following two parts

K
h

:=
{
z = reiθ ∈ D

h
: sup
w∈D(z)

|Oh(w)| ≥ 2h(θ)
}
,

where D(z) := {w ∈ D : |w − z| ≤ 1
2
(1− r)} is a pseudohyperbolic disk with fixed

radius, and
L
h

:= D
h
\K

h
.

Observe that we do not need to consider integration on the remainder set D\(Kh∪Lh)
which is a union — over a set of Lebesgue measure zero on T — of rays and hence
of Lebesgue area measure zero.
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4.1. The integration on the region Kh. In the following Lemma we show that
the integral on Kh is controlled by Nα(h) only.

Lemma 4.1. We have∫
Kh

∣∣O2
h(z)

∂v

∂θ
(z)
∣∣dAα(z) ≤ cNα(h),

where c > 0 is a constant independent of both α and h.

Proof. We suppose that the area Lebesgue measure of Kh is different from zero
(otherwise there is nothing to prove). Clearly

sup
w∈D(z)

|Oh(w)| ≤ 2 sup
w∈D(z)

∣∣|Oh(w)| − h(θ)
∣∣, z ∈ K

h
. (4.3)

We set

H(z) :=
1

2π

∫ π

−π

1− r2

|eiϕ − z|2
∣∣h(ϕ)− h(θ)

∣∣dϕ, z = reiθ ∈ D
h
.

For a point z = reiθ ∈ K
h

sup
w∈D(z)

∣∣|Oh(w)| − h(θ)
∣∣ = sup

w∈D(z)

{|Oh(w)|} − h(θ)

≤ sup
w∈D(z)

{ 1

2π

∫ π

−π

1− |w|2

|eiϕ − w|2
h(ϕ)dϕ

}
− h(θ)

≤ sup
w∈D(z)

{ 1

2π

∫ π

−π

1− |w|2

|eiϕ − w|2
∣∣h(ϕ)− h(θ)

∣∣dϕ}
≤ 6

π

∫ π

−π

1− r2

|eiϕ − z|2
∣∣h(ϕ)− h(θ)

∣∣dϕ
= 12H(z). (4.4)

Hence, with (4.3) we get

sup
w∈D(z)

|Oh(w)| ≤ 24H(z), z ∈ K
h
. (4.5)

The classical Cauchy formula for holomorphic functions applied to the complex
derivative of Oh on ∂D(z) implies

|∂Oh

∂z
(z)| ≤ 2

sup
w∈D(z)

|Oh(w)|

1− r
, z ∈ D, (4.6)

so that ∣∣∂O2
h

∂z
(z)
∣∣ =

∣∣2Oh(z)
∂Oh

∂z
(z)
∣∣ ≤ 482H2(z)

1− r
, z ∈ K

h
.

Jensen’s inequality implies

H2(z) ≤ 1

2π

∫ π

−π

1− r2

|eiϕ − z|2
∣∣h(ϕ)− h(θ)

∣∣2dϕ, z ∈ D
h
,
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which gives ∣∣∂O2
h

∂z
(z)
∣∣ ≤ 482

π

∫ π

−π

∣∣h(ϕ)− h(θ)
∣∣2

|eiϕ − z|2
dϕ, z ∈ K

h
.

Since Oh = eg = eu+iv, and g′(reiθ) = e−iθ

r

(
∂v
∂θ

(reiθ) − i∂u
∂θ

(reiθ)
)
, a computation

yields

|∂O
2
h

∂z
(z)| = |2Oh(z)

∂Oh

∂z
(z)| = 2|Oh(z)|2

r

√(∂v
∂θ

(z)
)2

+
(∂u
∂θ

(z)
)2

≥ 2

r
|Oh(z)|2|∂vh

∂θ
(z)|, z ∈ D, (4.7)

and hence ∣∣O2
h(z)

∂v
h

∂θ
(z)
∣∣ ≤ 482

2π

∫ π

−π

∣∣h(ϕ)− h(θ)
∣∣2

|eiϕ − z|2
rdϕ, z ∈ K

h
. (4.8)

With z = reiθ and using (2.9) we get

α

∫ 1

0

(1− r)α−1

|eiϕ − z|2
dr

= α

∫ 1− 1
2
|eiϕ−eiθ|

0

(1− r)α−1

|eiϕ − reiθ|2
dr + α

∫ 1

1− 1
2
|eiϕ−eiθ|

(1− r)α−1

|eiϕ − reiθ|2
dr

≤ α

∫ 1− 1
2
|eiϕ−eiθ|

0

(1− r)α−1

(1− r)2
dr +

9α

|eiϕ − eiθ|2

∫ 1

1− 1
2
|eiϕ−eiθ|

(1− r)α−1dr

.
1

|eiϕ − eiθ|2−α
, eiϕ ∈ T \ {eiθ}. (4.9)

Hence, inequalities (4.8) and (4.9) yield∫
Kh

∣∣O2
h(z)

∂v
h

∂θ
(z)
∣∣dAα(z) ≤ 482

2π

∫ π

−π

(∫
D

∣∣h(ϕ)− h(θ)

eiϕ − z
∣∣2dAα(z)

)
dϕ

≤ cNα(h), (4.10)

where c > 0 is a constant independent of both α and h. �

4.2. The integration on the region Lh. Recall that by definition

Lh = {z ∈ Dh : sup
w∈D(z)

|Oh(w)| < 2h(θ)}.

Fix λ ∈ Λ. Associated with h and λ we define the following function

ρh,λ(θ) := min{µ
h
(θ), 2a−1

h,λ
(θ)}, eiθ ∈ T

h
.

Since λ ∈ Λ, a simple estimate of the integral in (1.13) shows that a
h,λ

< +∞ a.e.
with respect to Lebesgue measure, and hence ρh,λ ∈ Λ.

In order to estimate our integral over the region Lh we need to divide it into the
following two parts

L1
h,λ := {z ∈ Lh : r ≤ 1− ρh,λ(θ)}
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and

L2
h,λ := {z ∈ Lh : r ≥ 1− ρh,λ(θ)}.

We observe here that since ρh,λ ∈ Λ the boundary of L1
h,λ meets T on a set of zero

Lebesgue measure while for L2
h,λ this happens on a set of full measure.

4.2.1. The integration on the region L1
h,λ. In this section we discuss the control

of the integral in (4.2) on L1
h,λ.

Lemma 4.2.∫
L1
h,λ

∣∣O2
h(z)

∂v
h

∂θ
(z)
∣∣dAα(z) ≤ cα

1− α
(ñα(h, λ) + nα(h, λ)),

where c > 0 is a constant independent of α, h and λ.

Proof. From (4.6), (4.7) and the very definition of Lh,

∣∣O2
h(z)

∂v
h

∂θ
(z)
∣∣ ≤ r

2

∣∣∣∣2Oh(z)
∂Oh

∂z
(z)

∣∣∣∣ ≤ 8r
h2(θ)

1− r
, z ∈ Lh.

It follows that

∫
L1
h,λ

∣∣O2
h(z)

∂v
h

∂θ
(z)
∣∣dAα(z) ≤ 8α

∫ π

−π
h2(θ)

( ∫ 1−ρh,λ(θ)

0

(1− r)α−2dr
)
dθ

=
8α

1− α

∫ π

−π
h2(θ)ρα−1

h,λ (θ)dθ − 8α

1− α

∫ π

−π
h2(θ)dθ

≤ 8α

1− α

∫
ρh,λ(θ)<1

h2(θ)ρα−1
h,λ (θ)dθ. (4.11)

We let eiθ0 ∈ T
h
be a point such that 0 < ρh,λ(θ0) < 1. We first suppose that

ρh,λ(θ0) = 2a−1
h,λ(θ0). Then

ρα−1
h,λ (θ0) = (ah,λ(θ0)/2)1−α ≤ a1−α

h,λ (θ0). (4.12)

Now we assume that ρh,λ(θ0) = µ
h
(θ0). Then by (3.5)

ρα−1
h,λ (θ0) = (1− |zh(θ0)|)α−1 ≤ 1

π

∫
T−h (θ0 )

(1− |zh(θ0)|)α

|eiϕ − zh(θ0)|2
log

h(θ0)

h(ϕ)
dϕ.
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Therefore (with (3.2) and (2.9) in mind)

ρα−1
h,λ (θ0) ≤

1

π

∫
T−
h

(θ0 )

|eiϕ−eiθ0 |≤λ(θ0 )

(1− |zh(θ0)|)α

|eiϕ − zh(θ0)|2
log

h(θ0)

h(ϕ)
dϕ

+
1

π

∫
T−
h

(θ0 )

|eiϕ−eiθ0 |≥λ(θ0 )

(1− |zh(θ0)|)α

|eiϕ − zh(θ0)|2
log

h(θ0)

h(ϕ)
dϕ

≤ 9

π

∫
T−
h

(θ0 )

|eiϕ−eiθ0 |≤λ(θ0 )

log
h(θ0 )

h(ϕ)

|eiϕ − eiθ0 |2−α
dϕ

+
9

π
(1− |zh(θ0)|)α

∫
T−
h

(θ0 )

|eiϕ−eiθ0 |≥λ(θ0 )

log
h(θ0 )

h(ϕ)

|eiϕ − eiθ0 |2
dϕ.

By our assumption ρh,λ(θ0) = µ
h
(θ0) ≤ 2a−1

h,λ(θ0), so that (1− |zh(θ0)|)α = µα
h
(θ0) ≤

2a−αh,λ(θ0). Therefore, by the very definition of ah,λ(θ),

9

π
(1− |zh(θ0)|)α

∫
T−
h

(θ0 )

|eiϕ−eiθ0 |≥λ(θ0 )

log
h(θ0 )

h(ϕ)

|eiϕ − eiθ0 |2
dϕ ≤ 36a1−α

h,λ (θ0).

Hence

ρα−1
h,λ (θ0) ≤

9

π

∫
T−
h

(θ0 )

|eiϕ−eiθ0 |≤λ(θ0 )

log
h(θ0 )

h(ϕ)

|eiϕ − eiθ0 |2−α
dϕ+ 36a1−α

h,λ (θ0). (4.13)

By combining (4.11), (4.12) and (4.13) we deduce∫
L1
h,λ

∣∣O2
h(z)

∂v
h

∂θ
(z)
∣∣dAα(z)

.
α

1− α

(∫ π

−π
h2(θ)

( ∫
T−
h

(θ)

|eiϕ−eiθ |≤λ(θ)

log h(θ)
h(ϕ)

|eiϕ − eiθ|2−α
dϕ
)
dθ +

∫ π

−π
h2(θ)a1−α

h,λ
(θ)dθ

)
� α

1− α
(ñα(h, λ) + nα(h, λ)), (4.14)

where c > 0 is a constant independent of α, h and λ. �

4.2.2. The integration on the region L2
h,λ. The estimates on this domain are

more complicated. It is actually not possible to use the triangular inequality directly,
and some symmetry properties of the derivative of the conjugate Poisson kernel need
to be exploited in the estimates of ∂vh

∂θ
. To be more precise, we need to recall that

v
h
is the conjugate function of u

h
:

v
h
(z) :=

1

2π

∫ π

−π
Im

(
eiϕ + z

eiϕ − z

)
log h(ϕ)dϕ, z ∈ D.
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Observe that the function

Q(eiϕ, z) :=
∂

∂θ
Im

(
eiϕ + z

eiϕ − z

)
, z = reiθ ∈ D,

depends only on |eiϕ − eiθ| and r. More precisely, we have

Q(eiϕ, z) = r
2(1− r)2 − |eiθ − eiϕ|2(1 + r2)

|eiϕ − z|4
, (4.15)

which yields the following estimate

|Q(eiϕ, z)| ≤ 2

|eiϕ − z|2
. (4.16)

Note also that
∫ π
−πQ(eiϕ, z)dϕ = 0, and hence

∂v
h

∂θ
(z) =

1

2π

∫ π

−π
Q(eiϕ, z) log

h(ϕ)

h(θ)
dϕ, z ∈ D

h
. (4.17)

In particular

∣∣∣∂vh
∂θ

(z)
∣∣∣ ≤ 1

π

∫ π

−π

| log h(ϕ)
h(θ)
|

|eiϕ − z|2
dt. (4.18)

Lemma 4.3. We have∣∣∣ ∫
L2
h,λ

|O2
h(z)|∂vh

∂θ
(z)dAα(z)

∣∣∣ ≤ cNα(h) +
c

1− α
(ñα(h, λ) + nα(h, λ)),

where c > 0 is a constant independent of α, h and λ.

Proof. By the triangular inequality we first get∣∣∣ ∫
L2
h,λ

|O2
h(z)|∂vh

∂θ
(z)dAα(z)

∣∣∣ (4.19)

≤
∫
L2
h,λ

∣∣|O2
h(z)| − h2(θ)

∣∣∣∣∂vh
∂θ

(z)
∣∣dAα(z) +

∣∣ ∫
L2
h,λ

h2(θ)
∂v

h

∂θ
(z)dAα(z)

∣∣.
Now, by construction we have |Oh(z)| ≤ 2h(θ), for every z ∈ Lh, and thus (consid-
ering the two cases |Oh(z)| ≥ 1

2
h(θ) and |Oh(z)| ≤ 1

2
h(θ))∣∣|O2

h(z)| − h2(θ)
∣∣

h2(θ)
.
∣∣ log

|Oh(z)|
h(θ)

∣∣, z ∈ Lh.

Note also that since |Oh(z)| ≤ 2h(θ) we have

||Oh(z)|2 − h2(θ)| . h2(θ).
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Incorporating both estimates in the first integral in the right hand side of (4.19),
and using (4.18), we get∫

L2
h,λ

∣∣|O2
h(z)| − h2(θ)

∣∣∣∣∂vh
∂θ

(z)
∣∣dAα(z)

.
∫
L2
h,λ

h2(θ)
( ∫

T+
h (θ)∪T−h (θ)

∣∣ log h(ϕ)
h(θ)

∣∣
|eiϕ − z|2

dϕ
)
dAα(z)

+

∫
L2
h,λ

h2(θ)
∣∣ log

|Oh(z)|
h(θ)

∣∣( ∫
T
h

(θ)

∣∣ log h(ϕ)
h(θ)

∣∣
|eiϕ − z|2

dϕ
)
dAα(z). (4.20)

Consider the second integral in (4.19). Decomposing the integral in (4.17) into four
pieces: Th(θ), T+

h (θ), T−h (θ) and |eiθ− eiϕ| ≤ λ(θ), as well as T−h (θ) and |eiθ− eiϕ| ≥
λ(θ), without applying the triangular inequality on the piece Th(θ), we obtain first:∣∣∣ ∫

L2
h,λ

h2(θ)
∂v

h

∂θ
(z)dAα(z)

∣∣ . ∫
L2
h,λ

h2(θ)
( ∫

T+
h (θ)

∣∣ log h(ϕ)
h(θ)

∣∣
|eiϕ − z|2

dϕ
)
dAα(z)

+

∫
L2
h,λ

h2(θ)
( ∫

T−
h

(θ)

|eiθ−eiϕ|≤λ(θ)

∣∣ log h(ϕ)
h(θ)

∣∣
|eiϕ − z|2

dϕ
)
dAα(z)

+

∫
L2
h,λ

h2(θ)
( ∫

T−
h

(θ)

|eiθ−eiϕ|≥λ(θ)

∣∣ log h(ϕ)
h(θ)

∣∣
|eiϕ − z|2

dϕ
)
dAα(z)

+
∣∣∣ ∫

L2
h,λ

h2(θ)

∫
T
h

(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕdAα(z)

∣∣∣
= I1 + I2 + I3 + I4.

And hence, noting that I1, I2 and I3 also appear in the first integral in (4.20), from
(4.19) and (4.20), we thus get∣∣∣ ∫

L2
h,λ

|O2
h(z)|∂vh

∂θ
(z)dAα(z)

∣∣
. I1 + I2 + I3 + I4 +

∫
L2
h,λ

h2(θ)
∣∣ log

|Oh(z)|
h(θ)

∣∣( ∫
T
h

(θ)

∣∣ log h(ϕ)
h(θ)

∣∣
|eiϕ − z|2

dϕ
)
dAα(z)

The last integral on the right hand side will be denoted by I5.
It is clear that

log
h(ϕ)

h(θ)
≤ h(ϕ)− h(θ)

h(θ)
, ϕ ∈ T+

h
(θ). (4.21)

Then, by using (4.9),

I1 . α

∫
Th

∫
T+
h (θ)

∫ 1

0

|h(ϕ)− h(θ)|2

|eiϕ − z|2
(1− r)α−1drdϕdθ . Nα(h). (4.22)
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By the very definition of ñα(h, λ) and using again (4.9),

I2 . α

∫
Th
h2(θ)

∫
T−
h

(θ)

|eiϕ−eiθ |≤λ(θ)

log
h(θ)

h(ϕ)

∫ 1

0

(1− r)α−1

|eiϕ − z|2
drdϕdθ . ñα(h, λ). (4.23)

Thanks to |eiϕ − z| ≥ 1
3
|eiϕ − eiθ|, we get

I3 .
∫
L2
h,λ

h2(θ)
( ∫

T−
h

(θ)

|eiϕ−eiθ |≥λ(θ)

log h(θ)
h(ϕ)

|eiϕ − eiθ|2
dϕ
)
α(1− r)α−1drdθ

=

∫ π

−π
h2(θ)

( ∫
T−
h

(θ)

|eiϕ−eiθ |≥λ(θ)

log h(θ)
h(ϕ)

|eiϕ − eiθ|2
dϕ
)( ∫

1−ρh,λ(θ)≤r≤1

α(1− r)α−1dr
)
dθ.

Now, the integral over r corresponds to ραh,λ which is controlled by (2/ah,λ(θ))
α, and

thus by definition of ah,λ and nα(h, λ) we get

I3 . nα(h, λ). (4.24)

We now estimate the integral I4 exploiting some symmetry properties of Q that will
allow us to recover the quadratic difference |h(θ) − h(ϕ)|2 (see (4.28) below). To
this end, in the equation (4.15) we set t := ϕ− θ, so that

Q(eiϕ, z) = 2r
(1− r)2 − 2 sin2(t/2)(1 + r2)

((1− r)2 + 4r sin2(t/2))2
=: q(t, r). (4.25)

In particular we remark that q is even with respect to the first variable. We define

Γ
h
(t) :=

{
|θ| ≤ π : eiθ ∈ Th, ei(θ+t) ∈ T

h
(θ)
}
, t ∈ [−π, π].

We note that θ ∈ Γ
h
(−t) if and only if θ − t ∈ Γ

h
(t). By a change of variables

∫ 0

−π
q(t, r)

( ∫
Γ
h

(t)

h2(θ) log
h(θ + t)

h(θ)
dθ
)
dt

=

∫ π

0

q(t, r)
( ∫

Γ
h

(−t)
h2(θ) log

h(θ − t)
h(θ)

dθ
)
dt

=

∫ π

0

q(t, r)
( ∫

Γ
h

(t)

h2(θ + t) log
h(θ)

h(θ + t)
dθ
)
dt, 0 < r < 1. (4.26)
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Therefore (note that the change of variables (ϕ, θ) = (t+ θ, θ) is harmless),∫
D
h2(θ)

(∫
T
h

(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z)

= α

∫ 1

0

(∫ π

−π
h2(θ)

( ∫
|t|≤π

ei(θ+t)∈T
h
(θ)

q(t, r) log
h(θ + t)

h(θ)
dt
)
dθ
)

(1− r)α−1dr

= α

∫ 1

0

(∫ π

−π
q(t, r)

( ∫
Γ
h

(t)

h2(θ) log
h(θ + t)

h(θ)
dθ
)
dt
)

(1− r)α−1dr

= α

∫ 1

0

{∫ π

0

q(t, r)×

[∫
Γ
h

(t)

h2(θ) log
h(θ + t)

h(θ)
dθ

+

∫
Γ
h

(t)

h2(θ + t) log
h(θ)

h(θ + t)
dθ

]
dt

}
(1− r)α−1dr

= −α
∫ 1

0

(∫ π

0

q(t, r)
( ∫

Γ
h

(t)

Ph(θ, t)dθ
)
dt
)

(1− r)α−1dr, (4.27)

where we have used (4.26) and

Ph(θ, t) :=
(
h2(θ + t)− h2(θ)

)(
log h(θ + t)− log h(θ)

)
.

Since for θ ∈ Γh(t) we have ei(θ+t) ∈ T
h
(θ), i.e. h(θ + t)

2� h(θ), it is clear (see e.g.
(1.7)) that we get the desired quadratic difference

0 ≤ Ph(θ, t) ≤ 4
(
h(θ + t)− h(θ)

)2
, t ∈ [−π, π] and θ ∈ Γ

h
(t). (4.28)

Observe that the function we integrate over L2
h,λ is not positive, so that we cannot

just replace this domain by D. Still, writing L2
h,λ = D \ (Kh ∪ L1

h,λ), the triangular
inequality obviously yields

I4 ≤
∣∣∣ ∫

D
h2(θ)

(∫
T
h

(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z)

∣∣∣
+
∣∣∣ ∫

L1
h,λ

h2(θ)
(∫

T
h

(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z)

∣∣∣
+
∣∣∣ ∫

Kh
h2(θ)

(∫
T
h

(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z)

∣∣∣. (4.29)

We can now use the triangular inequality in the integral over D. From (4.16),

|q(t, r)| = |Q(eiϕ, reiθ)| ≤ 2/|eiϕ−z|2 = 2/|ei(t+θ)−reiθ|2, and by (4.9),
∫ 1

0

(1− r)α−1

|ei(t+θ) − eiθ|2
dr .

1/|ei(t+θ) − eiθ|2−α. Hence, from (4.27) et (4.28), we deduce that∣∣∣ ∫
D
h2(θ)

(∫
T
h

(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z)

∣∣∣ . Nα(h). (4.30)
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(Without our symmetry argument, the triangular inequality together with the es-
timates (4.16) and (4.9) would only have given the linear difference which is not
enough.)

Next, since on Th(θ), | log(h(ϕ)/h(θ))| ≤ log 2 and |Q(eiϕ, z)| . 1/|eiϕ−z|2, using
the standard integration of the Poisson kernel∫

T

1

|eiϕ − reiθ|2
dϕ =

2π

1− r2
, (4.31)

we get ∣∣∣ ∫
L1
h,λ

h2(θ)
(∫

T
h

(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z)

∣∣∣
.
∫
L1
h,λ

h2(θ)(1− r)−1dAα(z)

=
α

1− α

∫ π

−π
h2(θ)ρα−1

h,λ (θ)dθ − α

1− α

∫ π

−π
h2(θ)dθ,

≤ α

1− α

∫
ρh,λ(θ)<1

h2(θ)ρα−1
h,λ (θ)dθ.

Hence, as in the proof of Lemma 4.2, we obtain∣∣∣ ∫
L1
h,λ

h2(θ)
(∫

T
h

(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z)

∣∣∣
.

α

1− α
(ñα(h, λ) + nα(h, λ)). (4.32)

For the integral over Kh we start with the same argument as above (since in the
inner integral we indeed integrate over Th(θ)) to get∣∣∣ ∫

Kh
h2(θ)

(∫
T
h

(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z)

∣∣∣ . ∫
Kh
h2(θ)(1− r)−1dAα(z).

By the very definition of Kh and the inequalities (4.5) — implying in particular
h(θ) . supw∈D(reiθ) |Oh(w)| . H(z) — and (4.9),∫

Kh
h2(θ)(1− r)−1dAα(z) .

∫
Kh

H2(z)

1− r
dAα(z)

.
∫
Kh

∫ π

−π

∣∣h(ϕ)− h(θ)
∣∣2

|eiϕ − z|2
dϕdAα(z)

. Nα(h).

Thus ∣∣∣ ∫
Kh
h2(θ)

(∫
T
h

(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z)

∣∣∣ . Nα(h). (4.33)

By combining (4.29), (4.30), (4.32) and (4.33)

I4 . Nα(h) +
α

1− α
(ñα(h, λ) + nα(h, λ)).
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It remains to estimate I5. Using first the very definition of the outer function
Oh (so that log |Oh| is just the Poisson extension of log h at z = reiθ) and then
rearranging terms,

I5 ≤
∫
L2
h,λ

h2(θ)

(
1

2π

∫ π

−π

1− r2

|eiϕ − z|2
∣∣ log

h(ϕ)

h(θ)

∣∣dϕ)×
×

(∫
T
h

(θ)

∣∣ log h(ϕ)
h(θ)

∣∣
|eiϕ − z|2

dϕ

)
dAα(z)

= 2π

∫
L2
h,λ

h2(θ)

(
1

2π

∫
T
h

(θ)

∣∣ log h(ϕ)
h(θ)

∣∣
|eiϕ − z|2

dϕ

)2

(1− r2)dAα(z) (4.34)

+

∫
L2
h,λ

h2(θ)

(∫
T+
h (θ)∪T−h (θ)

∣∣ log h(ϕ)
h(θ)

∣∣
|eiϕ − z|2

dϕ

)
×

×
( 1

2π

∫
T
h

(θ)

1− r2

|eiϕ − z|2
∣∣ log

h(ϕ)

h(θ)

∣∣dϕ)dAα(z).

Consider the first integral. Recall that on Th(θ) we have

| log
h(θ)

h(ϕ)
| �

∣∣∣h(θ)− h(ϕ)

h(θ)

∣∣∣,
so that by Jensen’s inequality,

h(θ)2

(
1

2π

∫
T
h

(θ)

∣∣ log h(ϕ)
h(θ)

∣∣
|eiϕ − z|2

dϕ

)2

�

(
1

2π

∫
T
h

(θ)

1− r2

|eiϕ − z|2
|h(θ)− h(ϕ)|dϕ

)2

× 1

(1− r2)2

≤ 1

2π

∫
T
h

(θ)

1− r2

|eiϕ − z|2
|h(θ)− h(ϕ)|2dϕ× 1

(1− r2)2
.

Hence using again (4.9)

2π

∫
L2
h,λ

h2(θ)

(
1

2π

∫
T
h

(θ)

∣∣ log h(ϕ)
h(θ)

∣∣
|eiϕ − z|2

dϕ

)2

(1− r2)dAα(z)

.
∫
L2
h,λ

∫
T
h

(θ)

∣∣h(ϕ)− h(θ)
∣∣2

|eiϕ − z|2
dAα(z)dϕ . Nα(h).

Consider the second term in (4.34). Since on Th(θ), the expression log h(ϕ)
h(θ)

is
bounded, the last factor is bounded by a constant, so that this term is controlled by
log 2× (I1 + I2 + I3). �

As a conclusion, the desired estimate (4.1) follows from Lemmas 4.1, 4.2 and 4.3.
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5. The necessity

In this section we show that if Oh ∈ Dα, then

‖Oh‖Dα & Nα(h) + nα(h) + (1− α)2ñα(h). (5.1)

Note that ‖Oh‖Dα � ‖h‖2
2 +Dα(Oh) and that we have already observed (see (1.11))

that
Dα(Oh) & Nα(h).

We start with the following Lemma.

Lemma 5.1. We have
‖Oh‖2

Dα & nα(h),

independently of both α and h.

Proof. From Lemma 3.2, we know that µ
h
∈ Λ. Then, setting ah = ah,µ

h
, by

definition of µ
h
(see (1.15)),

µ
h
(θ)a

h
(θ) ≤ 2, a.e. on T. (5.2)

Thus, by Lemma 3.3,

Dα(Oh) &
∫
µ
h

(θ)<1

h2(θ)µα−1
h (θ)dθ &

∫
µ
h

(θ)<1

h2(θ)a1−α
h

(θ)dθ. (5.3)

Note that when µ
h
(θ) = 1, again by (5.2) ah(θ) ≤ 2, and so

‖h‖2
2 &

∫
µ
h

(θ)=1

h2(θ)a1−α
h

(θ)dθ. (5.4)

The proof is completed by adding the inequalities (5.3) and (5.4) together. �

The most difficult part of the proof of the necessity is the control of ñα(h). We
set

Mh := {z ∈ D
h

: r ≥ 1− µ
h
(θ)}.

As it turns out it is integration on Mh which will yield the desired control.

We start with the following simple auxiliary lemma which is certainly well known,
but for which we produce a proof here for the convenience of the reader thereby
exhibiting the right control of the constants.

Lemma 5.2. We fix two real numbers 0 < µ ≤ 1 and 0 < u ≤ 2. Then

1

1− α

∫ 1

1−µ

ru2 − (1− r)2

((1− r)2 + ru2)2
(1− r)α−1rdr ≥ cuα−2, if 0 < u ≤ µ,

where c > 0 is a constant independent of α.

Notice that while the function we integrate is not necessarily positive on the
integration domain, the integral itself will be positive.
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Proof. We have∫ 1

1−µ

ru2 − (1− r)2

((1− r)2 + ru2)2
(1− r)α−1rdr

= − ∂

∂u

(∫ 1

1−µ

u

(1− r)2 + ru2
(1− r)α−1rdr

)
= − ∂

∂u

(
uα−1

∫ µ/u

0

sα−1

1− us+ s2
(1− us)ds

)
, where 1− r = su,

= (1− α)uα−2

∫ µ/u

0

sα−1

1− us+ s2
(1− us)ds+

µα(1− µ)

u2(1− µ) + µ2

+uα−1

∫ µ/u

0

s2+α

(1− us+ s2)2
ds

≥ (1− α)uα−2

∫ µ/u

0

sα−1

1− us+ s2
(1− us)ds

≥ 1− α
4

uα−2

∫ 1/4

0

sα−1ds, if u ≤ µ, (5.5)

from where we deduce the assertion of Lemma 5.2. �

Recall from (2.6) that Dα(f) � 1
2π

∫
D |f(z)|2 ∂v

∂θ
(z)dAα(z), and from (4.17) that

∂v
h

∂θ
(z) = 1

2π

∫ π
−πQ(eiϕ, z) log h(ϕ)

h(θ)
dϕ. The next two lemmas allow to obtain the con-

trol of ñα(h).

Lemma 5.3. We have∫
Mh

h2(θ)
( ∫

T−
h

(θ)

|eiϕ−eiθ |≤µ
h
(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z) ≥ c(1− α)ñα(h),

where c > 0 is a constant independent of both α and h.

Proof. We have∫
Mh

h2(θ)
( ∫

T−
h

(θ)

|eiϕ−eiθ |≤µ
h
(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z) (5.6)

=

∫ π

−π
h2(θ)

(∫
T−
h

(θ)

|eiϕ−eiθ |≤µ
h
(θ)

log
h(θ)

h(ϕ)

(
− α

∫ 1

1−µ
h

(θ)

Q(eiϕ, z)(1− r)α−1dr
)
dϕ
)
dθ.

Let eiθ ∈ T
h
be a point such that µ

h
(θ) =: µ > 0. For a fixed number 0 < t =

ϕ− θ ≤ π we set u := 2 sin(t/2). With (4.25) in mind,

−α
∫ 1

1−µ
q(t, r)(1− r)α−1dr

= α

∫ 1

1−µ
2

2 sin2(t/2)(1 + r2)− (1− r)2

((1− r)2 + 4r sin2(t/2))2
(1− r)α−1rdr

≥ 2α

∫ 1

1−µ

ru2 − (1− r)2

((1− r)2 + ru2)2
(1− r)α−1rdr,
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where in the last inequality we have used 1 + r2 ≥ 2r and the fact that the denom-
inator is positive (again, the function we integrate is not necessarily positive on the
whole integration interval).

Now, an easy computation gives |u| = |2 sin(t/2)| = |eiϕ − eiθ| which is supposed
to be bounded by µ in (5.6), so that by Lemma 5.2, we get

−α
∫ 1

1−µ
q(t, r)(1− r)α−1dr & (1− α)uα−2 =

1− α
|eiϕ − eiθ|2−α

. (5.7)

The estimate in Lemma 5.3 follows from (5.6), (5.7) and the very definition of
ñα(h). �

The next lemma connects the previous estimate with Dα(Oh).

Lemma 5.4. We have

Dα(Oh) + ‖Oh‖2
2 &

∫
Mh

h2(θ)
( ∫

T−
h

(θ)

|eiϕ−eiθ |≤µ
h
(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z),

independently of both α and h.

Proof. Recall that
∂vh
∂θ

=

∫ π

−π
Q(eiϕ, z) log

h(ϕ)

h(θ)
dϕ,

and hence ∫
Mh

h2(θ)
( ∫

T−
h

(θ)

|eiϕ−eiθ |≤µ
h
(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z)

=

∫
Mh

h2(θ)
∂v

h

∂θ
(z)dAα(z)

−
∫
Mh

h2(θ)
( ∫

T−
h

(θ)

|eiϕ−eiθ |≥µ
h
(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z)

−
∫
Mh

h2(θ)
( ∫

T+
h (θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z)

−
∫
Mh

h2(θ)
( ∫

T
h

(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z). (5.8)

We will now estimate the 4 integrals appearing above.
The proof of the first estimate∣∣∣∣∫

Mh

h2(θ)
∂v

h

∂θ
(z)dAα(z)

∣∣∣∣ . 1

1− α
Dα(Oh) (5.9)

is lengthier, and we prefer to postpone it to the end of this section (see Lemma 5.5).
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Next, from (4.16) we get∣∣∣ ∫
Mh

h2(θ)
( ∫

T−
h

(θ)

|eiϕ−eiθ |≥µ
h
(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z)

∣∣∣
.

∫
Mh

h2(θ)
( ∫

T−
h

(θ)

|eiϕ−eiθ |≥µ
h
(θ)

log h(θ)
h(ϕ)

|eiϕ − eiθ|2
dϕ
)
dAα(z)

=

∫ π

−π
h2(θ)a

h
(θ)
( ∫ 1

1−µ
h

(θ)

α(1− r)α−1dr
)
dθ.

Obviously
∫ 1

1−µ
h

(θ)
α(1 − r)α−1dr = µ

h
(θ)α, and by definition ah(θ) ≤ 2/µ

h
(θ).

Hence, with Lemma 3.3, and in particular (3.13),∣∣∣ ∫
Mh

h2(θ)
( ∫

T−
h

(θ)

|eiϕ−eiθ |≥µ
h
(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z)

∣∣∣
.
∫ π

−π
h2(θ)µα−1

h
(θ)dθ . ‖h‖2

2 +Dα(Oh). (5.10)

Consider the integral on T+
h (θ). Again using (4.16) and (4.9)

α

∫ 1

1−µ
Q(eiϕ, z)(1− r)α−1dr .

1

|eiϕ − eiθ|2−α
.

Since on T+
h (θ) we have h2(θ) log h(ϕ)

h(θ)
≤ h(θ)h(ϕ) . (h(ϕ)− h(θ))2, we get∫

Mh

h2(θ)
( ∫

T+
h (θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z) . Nα(h) . Dα(Oh). (5.11)

For the last integral, we have∫
Mh

h2(θ)
( ∫

T
h

(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z)

=

∫
D
h2(θ)

( ∫
T
h

(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z)

−
∫
D\Mh

h2(θ)
( ∫

T
h

(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z).

As in (4.30)∣∣∣ ∫
D
h2(θ)

( ∫
T
h

(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z)

∣∣∣ . Nα(h).

Since on Th(θ), | log(h(ϕ)/h(θ))| ≤ log 2, and with (4.16) and (4.31) in mind,∣∣∣ ∫
T
h

(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
∣∣∣ . 1

1− r
.
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Then, by using Lemma 3.3,∣∣∣ ∫
D\Mh

h2(θ)
( ∫

T
h

(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z)

∣∣∣
.
∣∣∣ ∫

D\Mh

h2(θ)(1− r)−1dAα(z)
∣∣∣ = α

∫ π

−π
h2(θ)

∫
r≤1−µ

h
(θ)

1

(1− r)2−αdrdθ

.
α

1− α

∫
µ
h

(θ)<1

h2(θ)µα−1
h

(θ)dθ

.
α

1− α
Dα(Oh).

Therefore∣∣∣ ∫
Mh

h2(θ)
( ∫

T
h

(θ)

Q(eiϕ, z) log
h(ϕ)

h(θ)
dϕ
)
dAα(z)

∣∣∣ . 1

1− α
Dα(Oh). (5.12)

Taking (5.9) for granted (see Lemma 5.5 below), the desired result follows from this
estimate as well as from the estimates (5.8), (5.10), (5.11) and (5.12). �

To finish the proof of the necessary condition of Theorem 1.1, i.e. (5.1), it suffices
to combine Lemmas 5.1, 5.3 and 5.4.

We finish this section with the proof of (5.9):

Lemma 5.5. We have

Dα(Oh) &
∣∣∣ ∫

Mh

h2(θ)
∂v

h

∂θ
(z)dAα(z)

∣∣∣,
independently of both α and h.

Proof. Using (3.4) and Lemma 4.1,∫
Mh∩Kh

h2(θ)
∣∣∂vh
∂θ

(z)
∣∣dAα(z) ≤ e82

∫
Mh∩Kh

∣∣O2
h(z)

∂v
h

∂θ
(z)
∣∣dAα(z)

. Nα(h) . Dα(Oh). (5.13)

With (5.2) in mind, we observe that Mh \ Kh = L2
h, where L2

h := L2
h,µ

h
. Since

h(θ)2 = |O2
h(θ)| ≤ |O2

h(θ)−O2
h(z)|+ |Oh(z)2|, we have∣∣∣ ∫

L2
h

h2(θ)
∂v

h

∂θ
(z)dAα(z)

∣∣∣
≤

∫
L2
h

∣∣O2
h(z)−O2

h(θ)
∣∣∣∣∂vh
∂θ

(z)
∣∣dAα(z) +

∣∣∣ ∫
L2
h

|O2
h(z)|∂vh

∂θ
(z)dAα(z)

∣∣∣
=: I1 + I2. (5.14)

The following two facts are well known.

xy ≤ 1

2
(x2 + y2), x, y > 0, (5.15)

(x+ y)2 ≤ 2(x2 + y2), x, y > 0. (5.16)
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In particular, using first that |Oh(z)| ≤ 2h(θ) for z ∈ L2
h, and then (5.15) (setting

y = |Oh(z)−Oh(θ)|/
√

1− r), yields

I1 ≤ 3

∫
L2
h

h(θ)
∣∣Oh(z)−Oh(θ)

∣∣∣∣∂vh
∂θ

(z)
∣∣dAα(z)

≤ 3

2

∫
L2
h

∣∣Oh(z)−Oh(θ)
∣∣2

1− r
dAα(z) +

3

2

∫
L2
h

h2(θ)
∣∣∂vh
∂θ

(z)
∣∣2(1− r)dAα(z).

Now, by (4.18),

∣∣∂vh
∂θ

(z)
∣∣ ≤ 1

π

∫ π

−π

∣∣ log h(ϕ)
h(θ)

∣∣
|eiϕ − z|2

dϕ

≤
∣∣∣ 1
π

∫
h(ϕ)≤h(θ)

log h(ϕ)
h(θ)

|eiϕ − z|2
dϕ
∣∣∣+

1

π

∫
h(ϕ)≥h(θ)

log h(ϕ)
h(θ)

|eiϕ − z|2
dϕ

≤ 2

∣∣ log |Oh(z)|
h(θ)

∣∣
1− r

+
2

π

∫
h(ϕ)≥h(θ)

log h(ϕ)
h(θ)

|eiϕ − z|2
dϕ, z ∈ D

h
. (5.17)

Applying this and (5.16) to the sum on the right hand side in (5.17) yields

I1 .
∫
L2
h

∣∣Oh(z)−Oh(θ)
∣∣2

1− r
dAα(z) +

∫
L2
h

h2(θ)

∣∣ log |Oh(z)|
h(θ)

∣∣2
1− r

dAα(z)

+

∫
L2
h

h2(θ)
( ∫

h(ϕ)≥h(θ)

∣∣ log h(ϕ)
h(θ)

∣∣
|eiϕ − z|2

dϕ
)2|(1− r)dAα(z). (5.18)

In the above, the second integral is controlled by the first one since for almost all
points z ∈ L2

h, we have from (3.4),∣∣ log
|Oh(z)|
h(θ)

∣∣ ≤ e41

∣∣Oh(z)−Oh(θ)
∣∣

h(θ)
. (5.19)

Now since ∣∣ log
h(ϕ)

h(θ)

∣∣ ≤ ∣∣h(ϕ)− h(θ)
∣∣

h(θ)
, h(ϕ) ≥ h(θ),

Jensen’s inequality gives( 1

2π

∫
h(ϕ)≥h(θ)

∣∣ log h(ϕ)
h(θ)

∣∣
|eiϕ − z|2

dϕ
)2

=
( 1

2π(1− r2)

∫
h(ϕ)≥h(θ)

1− r2

|eiϕ − z|2
∣∣ log

h(ϕ)

h(θ)

∣∣dϕ)2

≤ 1

2πh2(θ)(1− r2)

∫
h(ϕ)≥h(θ)

∣∣h(ϕ)− h(θ)
∣∣2

|eiϕ − z|2
dϕ, z ∈ D

h
,

which allows to control also the third integral in (5.18):

I1 .
∫
D

∣∣Oh(z)−Oh(θ)
∣∣2

1− r
dAα(z) +

∫
D

( ∫ π

−π

∣∣h(ϕ)− h(θ)
∣∣2

|eiϕ − z|2
dϕ
)
dAα(z).
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Again by Jensen’s inequality,

|Oh(z)−Oh(θ)|2 ≤
1

2π

∫ π

−π

1− r2

|eiϕ − z|2
|Oh(ϕ)−Oh(θ)|2dϕ,

for almost all points z ∈ D with respect to area Lebesgue measure. This together
with (4.9) on the second term and then another application of (4.9) on the first term
as well as Douglas’ formula (1.5), yield

I1 .
∫
D

∫ π

−π

∣∣Oh(ϕ)−Oh(θ)
∣∣2

|eiϕ − z|2
dϕdAα(z) +

∫ π

−π

∫ π

−π

∣∣h(ϕ)− h(θ)
∣∣2

|eiϕ − eiθ|2−α
dϕdθ

. Dα(Oh). (5.20)

Now we turn to the integral I2. Again, we cannot use the triangular inequality
directly in L2

h since we need to take care of the sign of ∂vh/∂θ. To this end, we use
L2
h = D

h
\
{
Kh ∪ L1

h

}
, where L1

h := L1
h,µ

h
. Then

I2 ≤
∣∣∣ ∫

D
|O2

h(z)|∂vh
∂θ

(z)dAα(z)
∣∣∣+

∫
Kh

∣∣O2
h(z)

∂v
h

∂θ
(z)
∣∣dAα(z)

+

∫
L1
h

∣∣O2
h(z)

∂v
h

∂θ
(z)
∣∣dAα(z), (5.21)

and so, by (2.6) and Lemma 4.1,

I2 . Dα(Oh) +Nα(h) +

∫
L1
h

∣∣O2
h(z)

∂v
h

∂θ
(z)
∣∣dAα(z). (5.22)

Since for z ∈ Lh we have |Oh(z)| ≤ 2h(θ), inequalities (4.7) and (4.6) give |O2
h
∂vh
∂θ
| .

|∂O
2
h

∂z
| = 2|Oh

∂Oh
∂z
| ≤ 2× 2h(θ)× 2h(θ)

1− r , and so∫
L1
h

∣∣O2
h(z)

∂v
h

∂θ
(z)
∣∣dAα(z) ≤ 8α

∫ π

−π
h2(θ)

(∫
r≤1−µ

h
(θ)

1

(1− r)2−αdr
)
dθ

≤ 8α

1− α

∫
µ
h

(θ)<1

h2(θ)µα−1
h

(θ)dθ. (5.23)

Combining inequalities (5.22) and (5.23), and applying Lemma 3.3,

I2 .
1

1− α
Dα(Oh). (5.24)

Hence, the desired result follows from the estimates (5.13), (5.14), (5.20) and (5.24).
�

6. The example

Recall that for 0 < α < 1 and β > 0, we have defined the function

hβ(θ) :=


1

θ
α
2 logβ γ

θ

, θ ∈ (0, π],

c0 := hβ(π), θ ∈ (−π, 0),
(6.1)
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where the value of γ (= πe2β/α) guarantees that hβ is well defined, decreasing on
(0, π].

We want to show the following result.

Proposition. Let 0 < α < 1 and β > 0. Then
(i) For Nα(hβ) < +∞ it is necessary and sufficient that β > 1

2
.

(ii) For Ohβ ∈ Dα it is necessary and sufficient that β > 1− 1
2
α.

(iii) For Cα(hβ) < +∞ it is necessary and sufficient that β > 1.

In order to not overload notation in our following discussions, we will set h = hβ.
Note that since α < 1, we can check easily that h ∈ L2(T) and satisfies the condition
(1.3), and hence Oh ∈ H2.

For the convenience of the reader all estimates in the proof below will be done on
[−π, π] rather than on T.

Proof. Assertion (i)
We have

Nα(h) �
∫ π

−π

∫ π

−π

|h(ϕ)− h(θ)|2

|eiϕ − eiθ|2−α
dϕdθ

= 2

∫ π

0

∫ 0

−π

(
1

θ
α
2 logβ γ

θ

− c0

)2

|eiϕ − eiθ|2−α
dϕ

 dθ

+2

∫ π

0

∫
0<θ<ϕ≤π

(
1

θ
α
2 logβ γ

θ

− 1

ϕ
α
2 logβ γ

ϕ

)2

|eiϕ − eiθ|2−α
dϕ

 dθ
=: I1 + I2. (6.2)

Since |eiϕ − eiθ| = 2| sin ϕ−θ
2
|, then

|eiϕ − eiθ| �
{
|ϕ− θ|, if θ ∈ (0, π/2) and ϕ ∈ (−π, 0),

|ϕ− θ + 2π|, if θ ∈ (π/2, π) and ϕ ∈ (−π, 0).
(6.3)

We estimate the inner integral in the first term I1:∫ 0

−π

(
1

θ
α
2 logβ γ

θ

− c0

)2

|eiϕ − eiθ|2−α
dϕ '

( 1

θ
α
2 logβ γ

θ

− c0

)2 1

θ1−α , θ ∈ (0, π/2).

Now taking the outer integral in I1, the convergence of which does not depend on
the behavior on (π/2, π), we get

I1 <∞ ⇔
∫ π/2

0

( 1

θ
α
2 logβ γ

θ

− c0

)2 1

θ1−αdθ <∞,

and since on (0, π/2) we have
1

θ
α
2 logβ γ

θ

− c0 �
1

θ
α
2 logβ γ

θ

,
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this yields

I1 <∞ ⇔
∫ π/2

0

1

θα log2β γ
θ

1

θ1−αdθ =

∫ π/2

0

1

θ log2β γ
θ

<∞.

Hence
I1 <∞ ⇔ 2β > 1,

which yields the necessity in (i) of the proposition.

Let us discuss the second integral I2. Since h(θ)− h(ϕ)
θ − ϕ = h′(ξ) for some θ ≤

ξ ≤ ϕ, we will be interested in the derivative of h:

|h′(θ)| � 1

θ1+ 1
2
α logβ γ

θ

, θ ∈]0, π[. (6.4)

As above

|eiϕ − eiθ| � |ϕ− θ|, θ, ϕ ∈ (0, π). (6.5)

So

I2 = 2

∫ π

0

∫
θ≤ϕ≤2θ
ϕ≤π

+2

∫ π

0

∫
2θ≤ϕ≤π

. 2

∫ π

0

((
sup

θ≤ϕ≤2θ
ϕ≤π

|h′(ϕ)|
)2
∫
θ≤ϕ≤2θ
ϕ≤π

(ϕ− θ)αdϕ
)
dθ

+2

∫ π

0

1

θα log2β γ
θ

(∫
2θ≤ϕ≤π

1

(ϕ− θ)2−αdϕ
)
dθ

.
∫ π

0

1

θ log2β γ
θ

dθ, (6.6)

which converges when 2β > 1. As a result we deduce the sufficient part in (i) of the
proposition.

Assertion (ii)
Now we set

λ(θ) :=
|θ|
4
, |θ| ≤ π.

It is clear that λ ∈ Λ and

|θ| � |ϕ|, |θ| ≤ π and |eiϕ − eiθ| ≤ λ(θ). (6.7)

From (6.7) and the explicit form of h, we deduce that

h(ϕ)�h(θ), 0 < θ, ϕ ≤ π and |eiϕ − eiθ| ≤ λ(θ). (6.8)

Hence∣∣ log
h(θ)

h(ϕ)

∣∣ � |h(θ)− h(ϕ)|
h(θ)

, 0 < θ, ϕ ≤ π and |eiϕ − eiθ| ≤ λ(θ). (6.9)
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It is also obvious that when −π < θ < 0, then for no ϕ we can have h(ϕ) ≤ 1
2
h(θ),

so that in the integration for ñα we only need to integrate for θ ∈ (0, π).
Thus

ñα(h, λ) =

∫ π

0

h2(θ)

∫
h(ϕ)≤ 1

2h(θ)

|eiϕ−eiθ |≤λ(θ)

log h(θ)
h(ϕ)

|eiϕ − eiθ|2−α
dϕdθ

.
∫ π

−π

∫
|eiϕ−eiθ|≤λ(θ)

∣∣h(θ)− h(ϕ)
∣∣2

|eiϕ − eiθ|2−α
dϕdθ

. Nα(h), (6.10)

which, by assertion (i), converges when β > 1/2, and so also when β > 1− α/2.
It remains to estimate nα(h, λ). For the same reason as above, when computing

nα we only need to integrate over (0, π):

nα(h, λ) =

∫ π

0

h2(θ)
(∫

h(ϕ)≤ 1
2h(θ)

|eiϕ−eiθ |≥λ(θ)

log h(θ)
h(ϕ)

|eiϕ − eiθ|2
dϕ
)1−α

dθ

.
∫ π

0

h2(θ)
(∫
|eiϕ−eiθ|≥λ(θ)

log h(θ)
c0

|eiϕ − eiθ|2
dϕ
)1−α

dθ.

.
∫ π

0

h2(θ)
( log h(θ)

c0

θ

)1−α
dθ.

We have

log
h(θ)

c0

� α

2
log

γ

θ
, θ ∈ (0, π). (6.11)

Hence

h2(θ)
( log h(θ)

c0

θ

)1−α
� 1

θ log2β−1+α γ
θ

, θ ∈ (0, π).

We get ∫ π

0

h2(θ)
( log h(θ)

c0

θ

)1−α
dθ �

∫ π

0

1

θ log2β−1+α 2π
θ

dθ,

which converges when 2β−1+α > 1 or β > 1−α
2
. This achieves the sufficiency in (ii).

Let us turn to the necessity of this condition. We fix a point θ ∈]0, π[. Observe
that

θa
h,θ

(θ) =
θ

2π

∫
h(ϕ)≤ 1

2h(θ)

|eiϕ−eiθ |≥θ

log h(θ)
h(ϕ)

|eiϕ − eiθ|2
dϕ

≥ θ

2π

∫
ϕ∈(−π,0)
|eiϕ−eiθ |≥θ

log h(θ)
c0

|eiϕ − eiθ|2
dϕ

& log h(θ) −→∞, as θ → 0. (6.12)
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In particular, there is a number 0 < δ ≤ π/4, such that

θa
h,θ

(θ) > 2, 0 < θ < δ. (6.13)

It follows

µ
h
(θ) ≤ θ, 0 < θ < δ.

Thus, for 0 < θ < δ,

a
h
(θ) =

1

2π

∫
h(ϕ)≤ 1

2h(θ)

|eiϕ−eiθ |≥µ
h
(θ)

log h(θ)
h(ϕ)

|eiϕ − eiθ|2
dϕ

≥ 1

2π

∫
ϕ∈(−π,0)
|eiϕ−eiθ |≥θ

log h(θ)
c0

|eiϕ − eiθ|2
dϕ

&
log h(θ)

θ
, (6.14)

which gives

nα(h) =

∫
µ
h

(θ)<1

h2(θ)a1−α
h

(θ)dθ ≥
∫ δ

0

h2(θ)a1−α
h

(θ)dθ

&
∫ δ

0

1

θα log2β γ
θ

(
log γ

θ

θ

)1−α

dθ

�
∫ δ

0

1

θ log2β+α−1 γ
θ

dθ. (6.15)

Hence, the condition β > 1 − 1
2
α is necessary for nα(h) < +∞, which finishes the

proof of the second assertion.

Assertion (iii)
Clearly, there is a constant k > 1 such that h(θ) > kh(ϕ) = c0 when ϕ ∈ [−π, 0[

and θ ∈ [0, π/2[. This yields

h2(θ)− h2(ϕ) � h2(θ), ϕ ∈ [−π, 0[ and θ ∈ [0, π/2[. (6.16)

Using (6.3) and (6.11),

Cα(h) &
∫ π/2

0

(∫ 0

−π

(
h2(θ)− h2(ϕ)

)
log h(θ)

h(ϕ)

|ϕ− θ|2−α
dϕ
)
dθ &

∫ π/2

0

h2(θ) log h(θ)
c0

θ1−α dθ

�
∫ π/2

0

1

θ log2β−1 γ
θ

dθ.

Hence the condition β > 1 is necessary for Cα(h) < +∞.
We now show the sufficiency of this condition. Since the function h is constant

on (−π, 0), there is nothing to prove when ϕ, θ ∈ (−π, 0). We now consider the case
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when θ ∈ (0, π) and ϕ ∈ (−π, 0). We have in view of (6.16) and (6.3)

I :=

∫ π

0

(∫ 0

−π

(
h2(θ)− h2(ϕ)

)
log h(θ)

h(ϕ)

|eiϕ − eiθ|2−α
dϕ
)
dθ

�
∫ π/2

0

(∫ 0

−π

h2(θ) log h(θ)
c0

|ϕ− θ|2−α
dϕ
)
dθ +

∫ π

π/2

(∫ 0

−π

h2(θ) log h(θ)
c0

|eiϕ − eiθ|2−α
dϕ
)
dθ

.
∫ π/2

0

1

θ log2β−1 γ
θ

dθ +

∫ π

π/2

h2(θ) log
h(θ)

c0

∫ 0

−π

1

|ϕ− θ + 2π|2−α
dϕdθ.

The second term is of no harm since h2(θ) log
h(θ)
c0

is bounded on [π/2, π]. Hence I
converges if and only if

∫ π/2
0

1
θ log2β−1 γ

θ

dθ converges, which happens when β > 1. It
remains to check the case when ϕ, θ ∈ (0, π). By (6.5),∫ π

0

∫ π

0

(
h2(θ)− h2(ϕ)

)
log h(θ)

h(ϕ)

|eiϕ − eiθ|2−α
dϕdθ

= 2

∫ π

0

(∫
0<ϕ<π

(
h2(θ)− h2(ϕ)

)
log h(θ)

h(ϕ)

|eiϕ − eiθ|2−α
dϕ
)
dθ

�
∫ π

0

(∫
0<ϕ<π

(
h2(θ)− h2(ϕ)

)
log h(θ)

h(ϕ)

|ϕ− θ|2−α
dϕ
)
dθ.

Clearly ∫ π

0

(∫
0<ϕ<π

|ϕ−θ|≥ 1
2 θ

(
h2(θ)− h2(ϕ)

)
log h(θ)

h(ϕ)

|ϕ− θ|2−α
dϕ
)
dθ

≤
∫ π

0

(∫
|ϕ−θ|≥ 1

2
θ

h2(θ) log h(θ)
c0

|ϕ− θ|2−α
dϕ
)
dθ .

∫ π

0

1

θ log2β−1 2π
θ

dθ, (6.17)

which as in the previous estimate is bounded when β > 1. Finally we consider the
integral for |ϕ − θ| ≤ 1

2
θ. We observe first that in this case, as already discussed

earlier, h(θ) � h(ϕ) and ∣∣∣∣log
h(θ)

h(ϕ)

∣∣∣∣ . |h(θ)− h(ϕ)|
h(θ)

.

Hence ∫ π

0

(∫
0<ϕ<π

h(ϕ)≤h(θ) and |ϕ−θ|≤ 1
2 θ

(
h2(θ)− h2(ϕ)

)
log h(θ)

h(ϕ)

|ϕ− θ|2−α
dϕ
)
dθ

.
∫ π

0

(∫ π

0

∣∣h(θ)− h(ϕ)
∣∣2

|ϕ− θ|2−α
dϕ
)
dθ . Nα(h),

which converges when 2β > 1 and in particular when β > 1. �
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