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On the largest prime factor of quartic polynomial values: the cyclic and dihedral cases

Let P ∈ Z[X] be an irreducible polynomial with no fixed divisor. Are there infinitely many integers n such that P (n) is a prime number? Schinzel and Sierpiński [START_REF] Schinzel | Sur certaines hypothèses concernant les nombres premeirs[END_REF] have formulated a general and quantitative conjecture associated to this question.

When P (X) has degree one, Dirichlet's Theorem on prime numbers in arithmetic progressions, provides a positive answer but this problem is still open for polynomials of degree ≥ 2. A natural approach is to try to find polynomial values with a large prime factor.

Let P + (n) denote the largest prime factor of the integer n. Chebyshev proved that lim x→∞

1 x P + n≤x (n 2 + 1) = +∞.
The best general result was obtained by Tenenbaum [START_REF] Tenenbaum | Sur une question d'Erdős et Schinzel. II[END_REF] who proved that if

f (X) ∈ Z[X] is irreducible with degree ≥ 2 then for α ∈]0, 2 -log 4[, P + n≤x f (n) ≥ x exp((log x) α ), (x ≥ x 0 (α, f )).
When the degree of f is small it is possible to have better lower bound. In this talk we focus on quartic polynomials. Dartyge [START_REF] Dartyge | Le problème de Tchébychev pour le douzième polynôme cyclotomique[END_REF] has handled the case of the twelfth cyclotomic polynomial Φ 12 (X) = X 4 -X 2 + 1. Her result has been generalised by La Bretèche [START_REF] De La Bretèche | Plus grand facteur premier de valeurs de polynômes aux entiers[END_REF] to monic, even, irreducible quartic polynomials with Galois group isomorphic to Z/2Z × Z/2Z. In this talk we present the following Theorem:

Theorem 1 (C. Dartyge and J. Maynard). Let P ∈ Z[X] be monic, irreducible, quartic, with Galois group isomorphic to C 4 := Z/4Z or D 4 := Z/4Z ∝ Z/2Z. Then there exists c P > 0 such that for x > x 0 (P ), we have:

♯{x < n ≤ 2x : P + (P (n)) ≥ x 1+c P } ≫ x.
The first step of the proof is an adaptation of Heath-Brown's method [START_REF] Heath-Brown | The largest prime factor of x 3 + 2[END_REF] for detecting large prime factors of some polynomial values.

Let r 1 be a root of the polynomial P , N P the norm in the Q-extension Q(r 1 ). The arguments of Heath-Brown imply that if we can find δ 1 , δ 2 strictly positif such that for all x large enough ♯{n ∈ [x, 2x] :

P|(n-r1) N P (P)≤x N P (P) ≥ x 1+δ1 } ≥ δ 2 x,
then there exists c P = c P (P, δ 1 , δ 2 ) > 0 satisfying Theorem 1.

To achieve this we introduce a set of ideals J of the integer ring of Q(r 1 ) formed by principal ideals (α),

α = a 0 + a 1 r 1 + a 2 r 2 1 + a 3 r 3 1 , where (a 0 , a 1 , a 2 , a 3 ) ∈ Z 4
are required to satisfy several technical conditions, in particular, we impose that P + (N P (α)) ≤ x and X 1+α0/2 ≤ N P (α) ≤ X 1+α0 . We need thus to understand the congruence n -r 1 ∈ (α). We prove that this congruence can be reformulated as a congruence between some integers. A crucial step of the proof is then to obtain non trivial bound of exponential sums of type (a1,a2,a3)∈C A≤a≤A+B (B14,q)=1 exp 2iπhB 13 (a 0 , a 1 , a 2 , a 3 )B 14 (a 0 , a 1 , a 2 , a 3 ) q(a 1 , a 2 , a 3 ) ,

where B 13 (a 0 , a 1 , a 2 , a 3 ), B 14 (a 0 , a 1 , a 2 , a 3 ) and q(a 1 , a 2 , a 3 ) are some polynomials with integer coefficients. This sum is bounded with a q-analogue Van der Corput's result obtained by Heath-Brown [START_REF] Heath-Brown | The largest prime factor of x 3 + 2[END_REF] provided the modulus q(a 1 , a 2 , a 3 ) has only small prime factors.

It remains to prove that there exists a positive proportion of (a 1 , a 2 , a 3 ) such that q(a 1 , a 2 , a 3 ) has a suitable factorisation.

La Bretèche and Mestre [START_REF] De La Bretèche | Plus grand facteur premier de valeurs de polynômes aux entiers[END_REF] have clarified the shape of the form q. Their result applied to quartic polynomials P implies that

q(a 1 , a 2 , a 3 ) = ± 1≤i<j≤4 a(r i ) -a(r j ) r i -r j ,
where r 1 , r 2 , r 3 , r 4 are the roots of P , and a(r) = a 0 + a 1 r + a 2 r 2 + a 3 r 3 . Let G denotes the Galois group of P . If G is the Klein group, G = Z/2Z×Z/2Z as in [START_REF] De La Bretèche | Plus grand facteur premier de valeurs de polynômes aux entiers[END_REF] and [START_REF] Dartyge | Le problème de Tchébychev pour le douzième polynôme cyclotomique[END_REF], then q(a 1 , a 2 , a 2 ) has a nice factorisation:

q(a 1 , a 2 , a 3 ) = q 1 (a 1 , a 2 , a 3 )q 2 (a 1 , a 2 , a 3 )q 3 (a 1 , a 2 , a 3 ),
where q 1 , q 2 , q 3 are three ternary quadratic forms. It is then possible by using lattice counting points arguments, to prove that q(a 1 , a 2 , a 3 ) don't have too large prime factors.

If G = C 4 or D 4 then we can order the roots of P such that r 1 r 2 + r 3 r 4 ∈ Q. In this case q(a 1 , a 2 , a 3 ) has the factorisation q(a 1 , a 2 , a 3 ) = q 1 (a 1 , a 2 , a 3 )q 2 (a 1 , a 2 , a 3 ), where now q 1 (a 1 , a 2 , a 3 ) is an irreducible form of degree 4 and q 2 (a 1 , a 2 , a 3 ) is a quadratic form.

The methods of [START_REF] De La Bretèche | Plus grand facteur premier de valeurs de polynômes aux entiers[END_REF], [START_REF] Dartyge | Le problème de Tchébychev pour le douzième polynôme cyclotomique[END_REF] doesn't work in this case. However in our case, the form q 1 is not arbitrary. We prove that q 1 (a 1 , a 2 , a 3 ) is an incomplete norm form:

q 1 (a 1 , a 2 , a 3 ) = N Q(r1+r3)/Q (a 1 + a 2 (r 1 + r 3 ) + a 3 (r 2 1 + r 1 r 3 + r 2 3 
)). Maynard [START_REF] Maynard | Primes represented by incomplete norm forms[END_REF] has obtained asymptotic formulae for the number of prime numbers represented by incomplete norm forms. Let f (X) ∈ Z[X] be monic, irreducible of degree n and θ be a root of f . Maynard's Theorem says that for n ≥ 4k we have:

♯ (a 1 , . . . , a n-k ) ∈ [1, X] n-k : N Q(θ)/Q n-k i=1 a i θ i-1 = (C(f ) + o(1)) X n-k n log X , with C(f ) = p 1 - ν(p) p n-k 1 - 1 p -1 ν(p) = ♯ 1 ≤ a 1 , . . . , a n-k ≤ p : N Q(θ)/Q n-k i=1
a i θ i-1 ≡ 0 mod p .

When k = 1, this Theorem can be used for polynomials of degree at least 4. An important part of the proof of Theorem 1 consists to generalise Maynard's ingredients for the type II sums in [START_REF] Maynard | Primes represented by incomplete norm forms[END_REF] in order to find a positive proportion of (a 1 , a 2 , a 3 ) such that q 1 (a 1 , a 2 , a 3 ) and q 2 (a 1 , a 2 , a 3 ) have a factorisation compatible to Heath-Brown's bound for very short exponential sums.