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Abstract

Given a Radon probability measure 1 supported in R?, we are interested in those points x
around which the measure is concentrated infinitely many times on thin annuli centered at
x. Depending on the lower and upper dimension of j, the metric used in the space and the
thinness of the annuli, we obtain results and examples when such points are of p-measure 0 or
of p-measure 1. The measure concentration we study is related to “bad points” for the Poincaré
recurrence theorem and to the first return times to shrinking balls under iteration generated
by a weakly Markov dynamical system. The study of thin annuli and spherical averages is
also important in many dimension-related problems, including Kakeya-type problems and
Falconer’s distance set conjecture.
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1 Introduction and main results

In the following, y is a Radon probability measure supported in R¢ and dimy denotes the
Hausdorff dimension. We denote by B(x, r) the closed ball {y € R?: |Ix — y|l < r}, which
obviously depends on the norm || - || chosen on R¢. We consider norms which are equivalent
with the most common Euclidean one, ||.||>.

Definition 1.1 Forevery x € R?,0 < r < 1 and § > 1, define the annulus
A(x,r,$) :B(x,r)\B(x,r—r‘S). (1.1)
We say that
P, (x,r, 8, n) holds when ,u(A(x, r, 8)) >n- M(B(x, r)).
Finally, we set
E.(6,n) ={xe€ R? . P, (x,ry, 8, n) holds for a sequence (r,,),>1 — 0}.

Intuitively, around points belonging to E,, (8, n), the measure © concentrates a substantial
part of its local mass on a very thin annulus (since r® < r). The larger 8, the thinner the
annulus: E, (8',n) C E, (8, n) when 8’ > §. Our goal is to investigate the size of the sets
E. (5. ).

In this paper, we only consider diffuse measures, i.e. without any Dirac mass:
w(B(x,0)) = 0, for every x € R, In this case, M(E,(1,m) = 1 for every n € [0, 1].
The question we investigate hereafter concerns the size of £/, (8, n) for § > 1, and it appears
that the answer depends on the measure , the thinness § and the norm used to define the
annuli, in a subtle manner.

@ Springer



Measures, annuli and dimensions Page3of34 79

The sets E, (8, n) appear in various places. For instance, in [2], it is proved that if p
is the Sinai-Ruelle-Bowen measure associated with a non-uniformly hyperbolic dynamical
system (X, T, 1), then the elements of £, (8, n) are “bad points” for the Poincaré recurrence
theorem, in the sense that given r > 0, when x € E, (8, n), the iterates T x of x come back
inside B(x, r) not as often as expected.

More recently, Pawelec, Urbanski, and Zdunik [17] investigated the first return times to
shrinking balls under iteration generated by a weakly Markov dynamical systems, and had
to deal with what they call the Thin Annuli Property. This property has several versions in
[17], and is very similar to belonging to the complementary set of our sets E,, (3, n), except
that the exponent § in P, (x, r, §, ) depends on r, and may tend to infinity when r tends to
0. In weaker versions of the Thin Annuli Property there are also restrictions on the range of
radii. The conditions we impose to the elements of E,, (8, n) are stronger, that is, they imply
that the so-called Full Thin Annuli Property of [17] holds. In the same paper, the authors
prove (Theorem C) that every finite Borel measure 1 in a Euclidean space R, satisfies the
Thick Thin Annuli Property (this means that for arbitrary measures the range of radii for
which the Thin Annuli Property holds is more limited). Our theorems below state that in
many situations (for instance, for all measures p with large lower dimensions), Theorem C
can be improved.

Let us also mention that Theorem D of [17] shows that certain measures coming from
conformal geometrically irreducible Iterated Function Systems satisfy the Full Thin Annuli
Property. We will come back to this later in the introduction.

Similar questions appear also when studying orbit distribution of various groups acting
on R? (Theorem 3.2 of [18]). See also [8, 19] for other occurrences of such questions.
Connections with other works are also made later in the introduction.

We start by proving that, regardless of the norm in R, measures with large lower dimension
do not charge annuli at small scales if the exponent § defining the annuli is sufficiently large,
where “sufficiently large” depends on the lower and upper dimensions of i, whose definitions
are recalled now.

Definition 1.2 Let 1 be a Radon probability measure on R?.
The lower and upper dimensions of u are defined as

dim(u) = sup{a > 0: for p-a.ex,Iry > 0,V0 <r < ry, w(B(x,r)) <r%}
and
dim(p) = inf{8 > 0: for p-aex,Iry > 0,Y0 < r < re, w(B(x,r)) = rﬂ}.
Our first result is the following.
Theorem 1.3 Let w be a probability measure on R such that dim(u) > d — 1.
For every § > % and n € (0, 1], one has M(EM(S, r])) =0.

Hence, for mono-dimensional measures j satisfying dim(u) = dim(un) > d — 1,
[L(Eu (@, 17)) = 0 for every § > 1. Observe that Theorem 1.3 holds true regardless of
the underlying metric used to define A(x, r, §). Also, in dimension d = 1, Theorem 1.3 is

simpler and rewrites as follows: M(Eu 4, n)) = 0 forevery § > ggﬁ; and n € (0, 1],

Next theorem shows that Theorem 1.3 is optimal if the ||.||s metric is used.

Theorem 1.4 Suppose that the metric generated by the norm ||.||cc = max{|x;| : i =
1,...,d} is used to define the annuli A(x,r,d) in (1.1).

@ Springer
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Foreveryd —1 <d <d < d and every n € (0, 1), there exists a probability measure
on R? such that dim(u) = d, dim(p) = d and

E d-@d-1 =1 1.2
1% m myﬂ = 1. (1.2)

Remark 1.5 In Theorem 1.4 the case d = d is trivial since as noticed above, u(E w(,m) =1
is always true for any non-atomic measure.

Still in the ||.|| case, we further investigate what happens for measures of lower dimen-
sion less than d — 1. The quite surprising result is that for such measures 1, the worse scenario
may always happen, in the sense that it is possible that x charges only points around which
the mass is infinitely often concentrated on small annuli.

Theorem 1.6 Suppose that d > 2 and that the metric ||.||so is used. For everyd < d — 1,
d <d <d, everyn € (0,1) and every 8 > 1, there exists a probability measure . on R?
such that dim(u) = d, dim(n) = d and

w(Euns,m) = 1. (1.3)

Although we do not explicitly state it, an adaptation of their proofs show that Theorems 1.4
and 1.6 remain true when the frontiers of the annuli A(x, r, §) in the given metric are finite
unions of convex parts of hyperplanes, for instance in the case ||.|| = ||.||1 = Z?:l [xi].

While the proof of Theorem 1.3 deals with all measures satisfying its assumptions, the
proofs of Theorems 1.4 and 1.6 are constructive (they are both based on the same arguments):
we explicitly build measures such that (1.2) or (1.3) are true.

Coming back to Theorem 1.3, it is striking that when the Euclidean metric is used, the
uniform bound for § can be improved, in the sense that (E, (3, 7)) = 0 even for § smaller

than Z EZ }; Next theorem illustrates this fact whend = 2, even whend <d — 1 = 1.

Theoreﬂ‘l 1.7 Suppose that d = 2 and that the Euclidean metric ||.||2 is used.
Letd € 10.89,2] and d € [0.89, d]. Suppose that i1 is a Radon probability measure such
that dim u = d and dim u = d. Then (£, (30, n)) = 0 for any n € (0, 1).

In the above Theorem 1.7, taking d = 1.01 and d = 1.99, one sees that

—@d—-1 199-1
—d-1 " 101—-1

By Theorem 1.4, one might expect the existence of a probability measure p for which
M(E;(99,1n) = 1. Since E,(30,7) D E;(99,n) the result of Theorem 1.7 goes well
beyond the bound in (1.2) and shows that in the Euclidean metric, annuli are sufficiently
“independent/decorrelated” so that Theorem 1.3 can be sharpened significantly - observe
that Theorem 1.7 holds for all measures satisfying its assumptions.

The heuristic intuition explaining the difference between Theorems 1.6 and 1.7 is that
when an annulus with a cubic shape centered at a point x is translated by a very small
distance, a large part of the translated annulus is still contained in a cubic annulus centered at
x with comparable sidelength. But this does not hold true anymore for annuli with spherical
shape.

More generally, it is standard that dealing with the Euclidean norm is often more com-
plicated than with polyhedral norms in many dimensional problems (we come back to this
below).

=99.

d
d
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Our key tool to prove Theorem 1.7 is Lemma 5.1, which is an estimate of the size of
intersecting annuli. This type of estimates were considered by many authors see, for example
[1], [13] or especially Lemma 3.1 of [21]. The order we obtain in Lemma 5.1 is slightly better
than the ones available in the literature, and optimal as we remark in Sect. 5.

Also, it is striking that Theorem 1.7 deals also with lower and upper dimensions for p
that are less than 1 = d — 1, emphasizing the difference between the ||.||oc metric (and
Theorem 1.4) and the Euclidean metric.

The values 0.89 and 30 we obtain are not optimal, and obtaining exact bounds in Theo-
rem 1.7 for the Euclidean metric in dimension d seems to be a challenging and interesting
open problem.

Question 1 Suppose that the Euclidean metric is used in RY. For every) <d < d <d, find
the best 1 < 8 = 8(d, d) such that for every probability measure x supported inside [0, 11¢,
for every 8’ > 6, for every n € (0, 1), u(E, (8", n)) = 0.

Given our previous results, it is natural to conjecture the following:

Conjecture 1 Whend > d — 1, the optimal 8(d, d) is such that §(d, d) < Z:Ej:};.

Application to dynamical systems. Suppose that (T, X, i, 0) is a metric measure pre-
serving dynamical system, that is (X, ¢) is a metric space and 7 : X — X is a Borel
measurable map preserving a Borel probability measure p on X. Given a ball B(x, r) and
ye X,

T (y) ;== min{n > 1: T"(y) € B(x,r)},

is the first entry time of y to B(x, r). When y € B(x, r), itis called the first return time of y
to B(x,r).

The entry and return times 7y ) (y) are studied in [17], for Weakly Markov systems
(T, X, nu, o) (we refer to [17] for precise definitions). From Theorems 1.3 and 1.7, it follows
that for certain measures the Full Thin Annuli Property from [17] is satisfied. This way, based
on Theorem B of [17] one can state the following theorem.

Theorem 1.8 Ler (T, X, i, 0) be a Weakly Markov system, with X C RY. If one of the
following two conditions is satisfied:

(i) dim(wn) > d — 1 and the metric used is any of the equivalent metrics used in R4,
(i) d = 2, the metric is the Euclidean and dim (i) > 0.89;

then the distributions of the normalized first entry time and first return time converge to the
exponential one law, that is

3 . ! o,
}E%fi%;’“([y € X tren () > w(B(x,r)) }> ¢ ‘ =0 (1.4)
and
: 1 . ! e 2
,L“%filg ,u(B(x,r))M({y € Ble.r) T () > ,u(B(x,r))]) e | =05

In [17], the conclusions are true for every Weakly Markov system (7', X, u, o), with the
restriction that the limits in (1.4) and (1.5) are taken only on a subsequence of radii (more
precisely, the limit is lim, .o, rcg,, where R, is a B-thick class of radii - for the exact details
see [17]). Our main improvement is to show that the limit holds true for every measure
provided that one of the two conditions is satisfied.
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It is interesting that in [17] it is also shown that the Full Thin Annuli Property holds
for (essentially all) Conformal Iterated Function Systems (/ F'Ss). Without getting into the
details of definitions which can be found in [17] we briefly recall this result. Suppose that
X C R9, E is a countable alphabet and S = {¢, : X — X}ccf is a conformal /FS. The
limit set of S is denoted by Js, the coding map (projecting from the symbolic space onto Js)
is denoted by . The authors study a sufficiently large class of Borel probability measures,
denoted by Mg defined on the symbol space EV. These measures satisfy two assumptions,
one is called Property (A), Weak Independence, the other one is a more technical Property
(B). Many Gibbs/equilibrium measures of Holder continuous summable potentials on the
symbol space EY belong to this class.

According to Theorem D of [17], if S is a conformal geometrically irreducible / F'S, then
for every u € Mg, the projection measure 4 o 7! has the Full Thin Annuli Property. In
fact, one has

1

o pon Y B, r+r)\ B, 1)
lim

-a.e. x € X.
r—0 pom = (B(x,r))

=0, pom™

Let us mention that the problems concerning intersecting annuli in Sect. 5 are reminiscent
to questions arising when studying for instance Falconer’s distance set conjecture (for which
recently many striking results were obtained [4, 5, 7, 9, 15]) and the (circular) Kakeya problem
[10, 11]. Distribution of measures on annuli plays an important role in these problems as
well, mainly through the study of cubic or spherical averages, and it is a standard issue
that the choice of the norm influences the results. In Sect. 6 we discuss this in more detail,
in particular, based on standard arguments [4, 15, 20] in Fourier and potential theory, the
following proposition is proved.

Proposition 1.9 Ler t > 1/2, and let ju be a finite t-regular measure on R?, i.e. a Radon
measure satisfying

cr' < w(B(x,r)) < Cyr', Vx e spt(u) and 0 < r < diam(spt p1). (1.6)

Assume that | has compact support.
Then, for § = 4, for everyn > 0

lim ju((x € R2: P, (x. r. 4, n) holds)}) = 0. (1.7)

Unfortunately, this convergence in measure, or similar arguments, do not help improving
our bounds (in fact, as far as we checked they do not even yield Theorems 1.3 to 1.7). But it
is quite interesting that similar issues arise in both problems.

The paper is organized as follows.

In Sect. 2, Theorem 1.3 is proved. The proof is natural and quite short, based on the Radon
measure version of Lebesgue’s density theorem, Corollary 2.1.

In Sect. 3, we explicitly build a measure p such that u(E, (8, n)) = 1, for any choice of
8 and 7. The construction is based on two subdivision schemes A and B that allow to spread
the mass of a cube on its boundaries in a controlled manner.

In Sect. 4, we show that the construction of Sect.3 can be adapted to prove Theorem 1.6.

In Sect. 5, the Euclidean case (and Theorem 1.7) is studied.

Finally, in Sect.6 we prove Proposition 1.9 and explain why such arguments, though
interesting, are for the moment not strong enough to reach Theorems 1.3 to 1.7.
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2 Proof of Theorem 1.3

Before starting the proof we recall with slight change of notation part (1) of 2.14 Corollary
from [14].

Corollary 2.1 Suppose that u is a Radon measure on R" and E C R" is @ measurable. Then
the limit
uw(ENB(x,r))
im————
™0 u(B(x,r))

exists and equals 1 for p-almost all x € E and equals 0 for p-almost all x € R™ \ E.

Proof of Theorem 1.3 Fix 8 > (d — (d — 1))/(d — (d — 1)) and & > 0 so small that
d—e+Wd—-1)8>d+e+(d—1). 2.1

Observe that there exists a constant C; > 0, depending on d and the chosen norm only,
such that for any ball B(x, r), the associated annulus A(x, r, §) can be covered by at most
Cyr@=DU=8) smaller balls B of radius r°.

Also, choose 0 < n < 1, and consider E,, (8, n).

Proceeding towards a contradiction, suppose that u(E, (8, n)) > 0.

Consider for every r, ¢ > 0 the set

Doy ={x eRI:V0 <5 <r, s < u(B(x,s) < s} 2.2)

By definition, for every ¢ > 0, the set E,(8,n) N Upzl Dq,1/p has full -measure in
E,. (8, n). This holds especially for ¢ fixed in (2.1).
We put E = E; (8, n) N Dy 1/, with a choice of a sufficiently large p such that u(E) >

m(E,(8,m)/2 > 0.
Finally, we choose 0 < ¥ < 1/p so small that for every 0 <r < y,

7]28_4 _
r(i—ﬁ—(d—l))é < rd+s—(d—1)' (2.3)
2C4

For every x € E, there exists r, > 0, such that

e < /20 r < w(B(xr)) < rS and Pu(x, ry. 8, ) holds. (2.4)

X

By using Corollary 2.1 we can also assume that for p-almost all x € E, we have chosen
ry so small that

u(E N B(x,ry)) > (1 —=n/10)u(B(x, ry))
and hence
w(B(x,ry) \ E) < (n/10)u(B(x, ry)). (2.5)

Let us write B, = B(x,r,) and Ay = A(x, ry, §) for every x € E. Such a ball satisfies
by (2.4)

8 < (B <" 2.6)
together with P, (x, ry, 8, n).
Since w(E) > 0, it is possible to select an x € E for which (2.5) holds.

@ Springer
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Since P, (X, rx, 8, n) is satisfied, we have
n - pu(Bx) < u(Ax). 2.7

In addition, by definition of Cy, Ay is covered by at most Cy(rx) @~ DU=9 many balls
B of radius r,‘z. For each of these balls B, either u(E N B) = 0, or u(E N B) > 0 and in
this case E N B C B(y, 2r,f) for some y € E. Observe that by § > 1 and (2.4), we have
2r,‘z <2rx <y <1/p.By(2.2)

1W(E N B) < w(B(y,2rd)) < 2rHd=.

Hence, summing over the (at most Cy4 (rx)(d_l)(l_‘s)) balls that cover Ay, we get by (2.3) and
(2.6) that

H(Ax N E) = Calr0 P00 @iyt~ < 2l < DBy,

=o'
Since by (2.5) and (2.7)

H(Ax N E) > u(Ax) — u(Bx \ E) > 0.9 - n - n(Bx)
we obtain a contradiction with the previous equation. O

Remark 2.2 Looking closely at the above proof, the unique geometric property used in it is
the existence of the constant Cy4 such that any annulus A(x, r, §) can be covered by at most
Cyqr@=1U=9) palls B of radius r®, the other arguments being of metric nature. Hence it is
likely that the result can be extended to more general metric spaces satisfying such properties.

3 Proof of Theorem 1.4
In this section we construct a Cantor-like measure o which satisfies the assumptions of
Theorem 1.4. The main idea is that the construction steps leading to w are similar to the

ones of a standard Cantor set and measure, except that for some exceptional steps where we
impose that some annuli carry the essential weight of the mass.

3.1 Preliminaries

FiXO<1)<1,d—1<g<3<d,andput

d—(d-1
8= d--1 > 1, 3.1
d—d-1)
where the equality is equivalent to
d—-1D(1—=8)+68d=d. (3.2)

We call D,, n = 0, 1, ... the family of half-open dyadic cubes of side length 27", that
is cubes Q = ﬂ;l:][ki 27 (ki + D27, ki € Z,i =1, ...,d. Observe that Q contains
exactly one of its vertices, namely the one with coordinates (ky - 27", ..., ks -27"). We call
this vertex the smallest vertex of Q and denote it by Vyin,o. The sum of the coordinates of
Vmin, @ 15 denoted by s(Vmin, 0), that is

S(Vmin,@) = k1 - 27"+ -+ kg - 27" (3.3)
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Definition 3.1 For every cube Q € D,,, for every n > m denote by 9,0 C D, the set of
n-boundary cubes of Q, that is those Q' € D,, which are included in Q, but at least one of
their neighbors is not included in Q. We denote by d, (Q) the number of D,, cubes in 3, Q.

Out of the 2d faces of Q, we call 9, 1 Q the face consisting of those cubes Q' € 3, Q for
which the first coordinate of its smallest vertex is k1 - 27": 9,1 Q will be called the smallest
face of Q. We also put 9,,,,1 0 = {Q}.

We denote by d,,,1(Q) the number of D,, cubes in 9, 1 Q. It is clear that
dy,1(Q) = 217D, (3.4

In the rest of this section, we construct a sequence of mass distributions (i), >1 which
converges to a measure y that will satisfy the assumptions of Theorem 1.4.

We put 10([0, 1)?) = 1, and for Q # [0, 1)¢, Q € Dy, we impose that 110(Q) = 0.

At the mth step, the mass distribution w,, will be defined by fixing the 1,,-weight of every
cube Q € D,,, and this u,,-mass will be uniformly distributed inside every such Q. Then
m+1 Will be a refinement of y,, in the sense that

for every Q € D, tim+1(Q) = m(Q). (3.5)

Due to Kolmogorov’s extension theorem (see for example [16], [20] or [12]) this ensures the
weak convergence of (u,,) to a measure p defined on [0, 1.

Setn* = /1 > n.

Fix a constant ¢; > 0 so large that

cqg =210 e s ! (3.6)
L—n>1-n*>c;', and 29T < ¢y (3.7)

Denote by D; the subset of D, containing those cubes Q € D,, for which the mea-
sure i, (Q) > 0. The sequence of measures (i,;)m>1 Will satisfy that for some C > 1,
foreverym > 1, forall Q € D;f,

c 27 < 1,,(Q) < C27™.

We are going to alternate between two subdivision schemes. The subdivision scheme of
type A is meant to distribute quite uniformly the mass of a cube into some of its subcubes,
while the subdivision scheme of type B will concentrate the mass of Q into a very thin “layer”
close to the boundary near the smallest face of Q and around its center.

3.2 Subdivision scheme of type A

Assuming that u,, is defined on D,,, this scheme A is applied to one individual cube Q € D,
to define a measure [+ on the subcubes Q" € Dy, included in Q. This subdivision scheme
A distinguishes three cases:

(A1) If 4, (Q) = 0, then for any Q" C Q with Q" € Dy, 41, we put wpu11(Q") = 0.

(A2) 1279 1,,(Q) > 2= +Dd then for any Q' € Q with Q' € Dy, 11, we set (i 1(Q') =
27 1 (Q). ~

(A3) If 2_dum(Q) < 2~m+Dd then we concentrate all the mass on the subcube (0=
Dp+1 included in Q whose smallest vertex is the same as that of Q. In other words,

Mm+1 (0" = um(Q) and Vmin,Q = Vmin, Q’-
For all the other cubes Q” C Q, Q" € D41, we put f+1(Q”) = 0.
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It is clear that with this process tp,+1(Q) = wm(Q), S0 (m+1 is indeed a refinement of
m on Q.

Remark that (A2) tends to spread the mass of Q uniformly on its subcubes (hence to make
the local dimension increase since d < d) while (A3) tends to concentrate the mass (hence
to make the local dimension decrease from generation m to generation m + 1).

Lemma 3.2 Assume that ., satisfies
7?27 < un(Q) < 27, (3.8)

with Q € Dy,, and apply subdivision scheme A to define 11 on the subcubes Q' C Q,

Q/ € Dm+1-
Then, for every Q' € Dy, 11 with Q' C Q, such that py,+1(Q") # 0, (3.8) holds with the
measure [Ly+1 and generation m + 1, i.e.

cg 727 < g1y (Q)) < g2, (3.9)
Proof Assume that we are in situation (A2). Hence, initially we had
2027000 < Q) < a7,
The construction ensures that for Q' C Q, Q' € Dy,41,
270 < 10 = 27 (Q) £ 270G < o

which implies (3.9) (the last inequality holds since d < d).
Assume that we are now in situation (A3), which implies that

6222—mg < m(0) < 2d2—(m+1)2 < pdp—(m+d
Thus py+1(Q") = i (Q) for one selected Q' C Q, Q' € Dy,41, and by (3.6)
2o mhd < 2mmd <L (Q)) < 2927 o (2p=(ntDd
O

We prove now that if we apply scheme A a sufficiently large number of times, then we
obtain cubes Q € D, which all satisfy

either 27" < 11,(0) < c42™™. or 11, (Q) = 0. (3.10)

Lemma 3.3 Assume that [, satisfies (3.8) with Q € D,,, and apply subdivision scheme A
to Q to define pipy1 on the subcubes Q' C Q, Q' € Dy+1, then apply subdivision scheme
Atoall Q' C Q, Q' € Dy, to define juy+2 on all subcubes Q" C Q, Q" € Dy, ete.

There exists an integer ¢ (Q) > m such that for every n > ¢(Q) and every cube Q' € D,
with Q' C Q, (3.10) holds for Q' and 1.

Proof We separate two cases depending on whether at step m we need to apply (A2) or (A3).
The second case can be reduced to the first. Indeed, taking into consideration (3.8), suppose
that we have

and we start with subdivision (A3). Then for Q" C Q, Q' € Dy,+1, either wy+1(Q") = 0,
or

cg? 27 < 1 1(Q) = i (Q) < 29270V < (Bpmmd,
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At the next step, we either have to apply division step (A3), or we can apply division step
(A2). Itis also clear that after finitely many steps we get to a situation when the first time step
(A2) must be applied. In that case, at level n > m, we have exactly one Q' C Q, Q' € D,
such that

24200 < (0" < 227 (3.11)

and for all other descendants Q” C Q, Q" € Dy, u,(Q") = 0. Then we can start an
argument which is the same as if we started with a subdivision (A2) from the very beginning.

Observe that d < d and (3.11) imply that 2—nd o pdp—(nthd <\ (0.

For ease of notation we suppose that at step m we can already start with a subdivision step
(A2), that is (3.11) holds with m instead of n.

Now we apply (A2) to Q and p,,, and iteratively to all subcubes of Q of generationn > m,
as long as 1, (Q") > 292=+0d for 9" € D,.

Observe that for a cube Q' € D, with Q" C Q, as long as

27 (@) 2 270V thatis 1, (Q') > 29270 VT 5 gdp=rtDd - pmnd,
the mass of every subcube Q" C Q' of next generation is such that ¢, 1 (Q”) = 279w (Q).
Hence
log pn+1(Q") _ —dlog2 +log pun(Q") _ log jta(Q")
log2—(+D —(m+ 1 log2 log2—"

This means that the local dimension increases from generation » to generation n + 1.
The construction ensures that all the subcubes of Q at a given generation n > m have the
same [L,-mass.

(3.12)

Further, by (3.12), the sequence % (for Q" C Q, Q' € D,) is strictly increasing.

Assuming that this process (A2) is iterated a number of times very large when compared
/ —dn —

to m, we would have “’]gofg‘;‘,%) ~ ]‘E;sz,,) = d 50 1, (Q') ~ 27 « 2427 (1+Dd gince

d<d.

Hence, after a finite number of iterations, we necessarily have u,(Q’) < c,ﬂ‘"a.
Call ¢(Q) > m the first integer such that for all Q' C Q, Q" € Dy (),

2—¢(Q)d < l/«qb(Q)(Q/) < Cd2—¢(Q)d_

Remark 3.4 In case we started with subdivision steps (A3) before getting to a subcube in
which we could apply (A2), then we define ¢ (Q) starting from this subcube. Recall that for
ease of notation at the beginning of this part of the argument, we supposed that we start with
subdivision steps (A2) at the mth step.

Recall that at generation ¢ (Q), all the cubes Q" C Q, Q' € Dy (), have the same g (0)-
mass. This also shows that (3.10) holds at generation ¢ (Q).
Assume that (3.10) holds at generation n > ¢(Q) for Q' € D,,, Q' C Q. Then

o if 279y, (Q) > 2=+ then we apply (A2) and for every Q" € D,41, Q" C O/,
27 < 41y 1(Q7) £ 270627 < g2,

o if 2791,(Q) < 2=@+Dd_ then we apply (A3) and for every Q" € D,yi, either
Un+1(Q") = 0 or

2—(n+1)3 < z—nE < pns1(Q") < 242—(n+1)2 < Cd2—(n+1>2.

In all cases, (3.10) holds at generation n + 1. Hence the result. O
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3.3 Subdivision scheme of type B
Let m € N. Consider some Q € D,,, and assume that,
27 < 11, () < ¢q2927 (3.13)

holds for w,, and Q at generation m.

The purpose of the second subdivision scheme is to concentrate the mass p,, (Q) on two
subparts of Q, first in a thin region close to the (inner part of the) boundary of Q (very close
to its smallest ¥ (m)-face), and second around its center. More precisely, we will assign n*
of the initial mass w,, (Q) to part of an annulus very thin close to the border of Q (on Fig. 1
this is the thin blue shaded rectangular region), and 1 — n* in a small cube located around the
center of Q (on Fig. 1, this is the small blue shaded central square). The remaining subcubes
of Q will receive zero p-mass.

3.3.1 Distributing (part of) the mass on the smallest face:

Choose the smallest integer 1 (m) such that
2—(m+1)5—1 < 2—1/[(}11) < 2—(m+1)5_ (314)
Since 6 > 1, we have ¥ (m) > m + 1.

Consider 0y (),1 O the set of ¥ (m)-boundary cubes on the smallest face of Q. Recalling
(3.4), we have

dymy.1(Q) = 2@~ D m=m) (3.15)

For all Q/ € 3]/,(,,,).1 0, Q/ € D,/,(m), we put

1
Py (Q)) =n* - mum(@- (3.16)

Combining (3.2), (3.13), (3.14), (3.15) and (3.16), we see that for all Q" € dy m),1 0,

By (Q) = 2~ @D om =y

= o=@ DY mp—m@—@d=1)

— n*zf(dfl)llf('n)zfms(df(dfl))

> n*zf(dfl)lﬁ(m)zfllf(m)@*(dfl))

> ¢y lamvimd, (3.17)
where (3.6) has been used for the last lower bound. By (3.14), (m 4+ 1)§ + 1 > ¥ (m), hence

—(d—=Dy(m)—mé(d—(d—1))
< =Y (m)d+ (d — (d — 1))¥(m) —mdé(d — (d — 1))
<= —y¥md+d—(d—-D)(m+1)5+1) —mé(d—(d—1))
=—ymd+d—-d-1))E+1). (3.18)
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{ 92— (m)
27777,71
9=1'(m) fraction 1 — n* of the
— initial mass of the cube
@ _____
o ]
cQ CQ

fraction n* of the
initial mass of the cube

I
I
;
.
T
J
Tz I

Fig. 1 Subdivision scheme B for a cube Q € Dy,

Using (3.1), (3.7), (3.13), (3.14) and (3.18), one gets

Mwm)(Q/) < 77*27@171)(1//(m)fm)Cdzdzme
_ n*dedT(df1)¢(m)27m(37(d71))
< n*zdcdzf(d*l)lll(m)zfmS(d*(dfl))
< 2l 2V md (149 d~(d=1)
< i vimd, (3.19)
Finally, for all Q" € 9y (m),1 Q we have
227V <y (Q)) < 27 VL (3.20)

In particular, these cubes satisfy (3.8). B
Intuitively, starting with a cube Q such that u(Q) ~ |0|¢, we end up with many small
cubes Q' C 0, all located on the border of Q, and such that u(Q’) ~ |Q’|<.
3.3.2 Distributing part of the mass close to the center of Q:
Let ¥’ (m) > m be the unique integer satisfying

p-md—1 _ o=V'md - g—md (3.21)
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Then it is easy to see that when m becomes large, m < ¥'(m) < ¢ (m) (intuitively, ' (m) ~
md /d while ¥ (m) ~ mé and by (3.2), § > d/d). We assume that m is so large that

(1- 2*(1#'("1)*"1) _ 2*(1//("1)*"1))07*1 > (- 2*0//'("1)*"1)+1)d*1 > n*. (3.22)
We denote by ¢ the center of Q and by @ the (unique) dyadic cube of generation l/f/ (m)

that contains ¢g. Then, since we deal with dyadic cubes, ¢ is the smallest vertex of Q, that
isco = vy, 5. We put

1y (0) = (1 = 1) (Q). (3.23)
By using (3.6), (3.7), (3.13), (3.21) and (3.22), we obtain
By (D) = (1= )27 = (1 — )27V d > 29— (md (3.24)
and
fyr oy (0) < 2927 < 28 e 0¥ md < (2o=v'0md,
‘We deduce that é and v’ (m) satisfy Eq. (3.20), i.e.
7227V < (0) < 327V md, (3.25)

Hence one can apply subdivision scheme A to it, iteratively, for all integers n such that
¥/ (m) < n < ¥(m). At the end of the process, by Lemma 3.2, we get a collection of cubes
Q' € Dy (m) and a measure [y, such that they all satisfy either 1y on)(Q') = 0, or

e 227V < e (Q) < G2V imd, (3.26)

Definition 3.5 If Q' € Dy (m) is such that Q' C é C Q (where é is the cube of Dy
containing cg), then Q’ is called a B-central cube at scale v/ (m) associated to Q € D,,.

By construction,

n U 0'| = —-n1HuQ. (3.27)
Q'cQ: Q'isa B-central
cube at scale v (m)
Lemma 3.6 If, for some large integer m, Q" € Dy, ) is B-central, then for any x € Q’', there

exists ry such that PM,(M) (x, ry, 8, n) holds and

27m=l < < 27m=l 1125,

Remark 3.7 Atinequalities (3.28) and (3.29) in the next proof, we will use that ; (B (x, 27™))
= n(Q), which means essentially that 1y ) (and 1) charges only the cube Q and not its
neighbors at generation m. This will be a consequence of our construction in Sect. 3.4.

Remark 3.8 Lemma 3.6 is stated for the measure fty (), but it also holds for the measure
obtained at the end of the construction. This simply follows from (3.5).

Proof For simplicity, we write & for [ty ). As explained above, this abuse of notation is
justified by (3.5).

Let Q' be a B-central cube, and x € Q’. We shall prove that, for some r, > 0,
w(AQx, re, 8) =0 - n(B(x, ry)).
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Write x = (x1,...,x4) and Q = ]_[f-l:l[ki 227" (ki + 1) - 27™). See Fig. 1 where x is
marked with a dot in the B-central shaded blue cube, an arrow with dashed line is pointing at
x, the label x is written at the bottom end of this arrow, the distance r, is marked by a solid
left-right arrow, and the boundary of A(x, ry, §) is shown with dotted lines.

Setry :=x; —ki -27". Since [|x —¢plloo <27V ™ andeg = (ki + 527", ..., (kg +
%)2*’”), we see that

2,,,,,1 <7 Szflnfl_f_sz’(m).

By construction, B(x, ry) contains the largest part of dy ()1 Q. Indeed, if Q' is a cube
of 0y m),1Q containing one y € dy(m),1 Q With [|x — yllwc > 7y, then |leg — ylleo >

= Ylloo—lleo —=Xlloo = rx—lleg —xlloo = 27" —27¥'" Denote by € the projection
of ¢g onto the smallest face of O, see Fig. 1. Since the supremum norm is used, the cubes of
3y (m),1 O that may not intersect B (x, r) are thus located outside of B(Cp, 2—m—1_ 2"/’/(’”)).
Observe that the intersection of B(€p, o2—m—1_ 2"“’")) with the smallest face of Q is a
(d — 1)-dimensional cube of side length 27" — 21=¥0m) " and that its projection onto the
smallest face of Q is of (d — 1)-dimensional volume (2" — 21=¥'(m)yd—1,

Observe also that 78 > 278+ 5 2=¥(m) g6 4]] the above cubes Q' belonging simulta-
neously to B(x, ry) and 0y n),1 Q also are included in A(x, ry, 6). These cubes are forming
a single layer, and their projection onto the smallest face of Q is of (d — 1)-dimensional
volume 2~ (@=D¥(m),

Recalling that dy ,),1(Q) = 2@=DWm)=m) e obtain that A(x, ry, 8) contains more
than

(2—m _ 21—1/f/(m))d—1
2—(d=Dy(m)

> dymy 1 (Q)(1 — 27 W tm=my+yd—l
> ﬁ*dv/(m),l(Q)

many cubes from 9y n),1 @, where (3.22) is also used. Hence, recalling (3.16),

1
(A, 5, 8) > 0 dymy,1(Q) - 0" —————m (Q)

dym),1(Q)
= ") um(Q) = nu(Q). (3.28)
Finally, by Remark 3.7, our construction ensures that (B (x, ry)) < u(Q). Thus
u(Ax, 1y, 8)) = nu(B(x, ry)), (3.29)

i.e. Py(x,ry,8,n) holds.
Finally, the fact that 2-m=l < < 2=m=1.1 125 follows from 2" 1 <, <27 M1 4
2=V m) apd 2—¥ M+m tends to zero when m — +oo. O

3.3.3 Giving a zero-mass to the other cubes, and defining the measure Ly, on Q

For the remaining cubes at generation v (m), i.e. those Q' C Q, Q' € Dym), Q' ¢

Ay my.1(Q) and Q" ¢ Q. we put iy m)(Q') = 0. ~
The measure fiy(n)(Q") is now defined for all Q' C Q, Q' € Dy (m).
Observe that by (3.16), the properties of the subdivision scheme A and (3.23), we have

Y bty (@) = um(Q),

0'CcQ, Q'€Dym)
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i.e. we indeed distributed the mass of Q onto the cubes Q' C Q, Q" € Dy (m).
3.3.4 Defining inside Q the measure i, form < n < y(m)

Forgetting for a while the details of the construction, and just focusing on the result, starting
from Q € D,, with a given w,,-weight satisfying (3.10), we end up with a measure [y ()
well defined on all cubes Q" C Q, Q" € Dy (m).

Since we jumped from level m to v (m), we can easily define u, form < n < ¥ (m),
but only inside Q. Indeed, for such an integer n, the measure 1, is simply defined by using
Wy (m) as “reference” measure: for Q" € D,, Q' C O, we set

1n(Q) = > 1y (@) (3.30)
Q"CQ’, 0"€Dym)
It is easily checked that this definition is consistent with the definition of 1ty () that we gave
in (3.23) for instance.
Next lemma shows that all the “intermediary” measures w, so defined share the same
scaling properties as (4, and [y (n)-

Lemma 3.9 Assume that ., satisfies (3.13) for some Q € D, and apply the subdivision
scheme B to define [y 11, ..., Ly m) on the subcubes of Q of generationm + 1, ..., ¥ (m).
Then:

(i) for everyn € {m, ..., ¥ (m)}, for every Q' € D, such that Q' C Q and u,(Q’) # 0,
(3.8) holds for Q' with the measure i,,.

(i) for every cube Q' € Dy such that Q' C Q and pym)(Q') # 0, there exists n €
{m, ..., ¥(m)}and a (unique) cube Q,, € D, suchthat Q' C Q, C Q and (3.20) holds

Jor wy and Q.

Proof (i) The cases where n = m and n = v (m) follow from (3.13), (3.17), (3.19), and
(3.26).

Suppose m < n < Y (m). Two cases are separated depending on whether we deal with
the border or the B-central cubes.

Consider first Q” € 9,10, i.e. a cube located on the border of Q. Choose an arbitrary
Q' €3y, 10,0 C 0.By(3.20)and d — 1 < d, one obtains

wn (0" = 2(¢('n)*'1)(d*1)M11(Q/) < 2(1/f(m)*ﬂ)(d*1)cl212ﬂ//(m)d
< ZpWm-md o=wmd _ 2y-nd
For the estimate from below (3.6), (3.13), (3.15), (3.16) and (3.30) yield
1 (Q) = 2 =E=D o=y m)A=D) ) S pro@m=m)d=1)  y=md
< 77>i<2(m7n)3 . 27m3 _ 77*27”3 . 65227’13,

hence (3.8) holds for Q”. _ _
For the B-central cubes, suppose that m < n < ¥'(m) and Q” € D,,, Q" O Q, where Q
was defined after (3.22). Then

12 (Q") = gy (O) = () (0) = (1 = ")t (Q)
and by (3.25)

1 (Q") = pyrmy (0) < 327V md o 2p=nd (3.31)
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On the other hand by (3.7) and (3.13)

1n(Q") = (1 =) (@) > (1 =27 > (1= yH27 > ;227 (332)

hence (3.8) holds for Q”. N

Finally, when ¢'(m) < n < y/(m) and Q" € D, and Q" C Q, the fact that (3.8) holds
for Q" follows from the application of subdivision scheme A to the cube Q which satisfies
(3.8).

Part (ii) follows from (3.20) and (3.25). ]

Observe that the construction ensures that, as claimed at the beginning of this section,

Z Py (@) =0 - um(Q).

0'€dy(m),1 0

3.4 Construction of the measure of Theorem 1.4

Recall that p is the Lebesgue measure on the cube [0, 114. By definition uq satisfies (3.8).

Step 1

We apply Subdivision Scheme A, m’ times to the cube [0, 1]d where m/1 > ¢ ([0, 119) is
such that Lemma 3.3 and (3.22) s1mu1taneously hold for m = m1 ‘We obtain a measure P
defined on cubes of Dy such that for every Q € Dy either M (Q) = 0 or the first half
of (3.10) holds true w1th Mo, -

Now, for each cube Q' € Dm/l , we select the cube Q of generation m = m + 1 located
at its smallest vertex and we set (,, (Q) = Mo (Q'), so that u,,, satisfies (3.13).

This last step ensures that the cubes at generation m; supporting (i,,, are isolated, and
Lemma 3.6 (together with Remark 3.7) applies.

Now we are able to iterate the construction:

Step 2k

We apply Subdivision scheme B to all cubes Q € D, _,. Call mox = ¥ (mox—1).

We obtain a measure [i,,,, defined on D,,,, such that the properties of Lemma 3.3 hold
for all dyadic cubes Q € D, mor—1 <n < myy.

Step 2k + 1

We apply Subdivision scheme A to all cubes of generation my,. By Lemma 3.3, for each
cube Q € Dy, , there exists an integer ¢ (Q) such that forn > ¢ (Q), forevery cube Q' € D,
(3.10) holds for Q’ and .

Setting m’2k+] = max{¢(Q) : Q € Dy, }, we are left with a measure ol such that
for all cubes Q' € Dy, ., (3.10) holds for Q' and Fomy -

Setting moky1 = m/2k+1 + 1, for each cube Q' € Dm§k+1’ we select the cube Q of

generation moy 1 located at its smallest vertex and we set [, (Q) = Mol (Q"), so that
Mmy, satisfies (3.13) and the cubes at generation mpg1 supporting p2x4 are isolated.
We are now ready to construct the set and the measure satisfying the conditions of Theo-
rem 1.4.
Call Q,(x) the unique dyadic cube Q € D, that contains x.

Proposition 3.10 The sequence (ju,),>1 converges to a measure [ which is supported by a
Cantor-like set C defined by
c= U o

n>1 QeDy:puy(Q)#0
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For every x € C, for every n,

7?27 < 1y (Qn(x)) < cj2 7, (3.33)
and there exist two strictly increasing sequences of integers (7,1 (X))n>1 and ( ln X))n>1
satisfying

2=ind < /Lfn(x)(Q) < Cdz—fn(«v)g (3.34)
and

;2270 < (0(0) < 227l (3.35)

Proof Inequalities (3.33), (3.34) and (3.35) follow immediately from (3.9) of Lemma 3.2,
Lemma 3.3 and Lemma 3.9. O

Recall the that the upper and lower local dimensions of the measure p are defined by
— 1 B N . . 1 B ,
d,(x) = lim supM and d,(x) = liminf M.
O logr AN log r

From the previous proposition, we easily deduce the following property.

Corollary 3.11 For every x € C, Qu(x) =d and E,L(x) = d. In particular, the measure Ji
satisfies

d = dim(p) < dim(n) =d.

Proposition 3.12 For p-almost every x, there exist infinitely many integers n such that Q2, (x)
is a B-central cube at Step my;,.

The construction ensures that ;-almost all points are regularly located in a B-central cube,
in the sense of Definition 3.5.

Proof Forn > 1, call

A= {x ce: Qm,, (x) is a B-central cube at generation mz,l}
n — . .

associated with a cube Q € Dy, ,

By construction, and recalling (3.27), we get u(A,) = 1 — n*.

Also, it is clear from the uniformity of the construction that the sequence (A;),>1 is
independent when seen as events with respect to the probability measure p: for every finite
set of integers (n1,n2,...,np),

WAy N Ay NN A ) = (1= n")P.

Applying the (second) Borel-Cantelli lemma (see for example [6, Section 7.3]), we obtain
that -almost every point belongs to an infinite number of sets .4,,. Hence the result. O

Remark 3.13 Observe that the same proof gives that p-almost every point belongs to an
infinite number of sets Af,.

Corollary 3.14 The measure  satisfies w(E, (8, 1)) = 1.

This follows from Proposition 3.12 and Lemma 3.6.
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4 Proof of Theorem 1.6

We deal with the case where dim i < d — 1. In this situation, as stated in Theorem 1.6, there
is no more restriction on §. However we can argue almost like in the proof of Theorem 1.4.

Fix an arbitrary § > 1.

As before, we are going to use various subdivision schemes to build a measure fulfilling
our properties.

The Subdivision scheme of type A in Sect. 3.2 is left unchanged.

The Subdivision scheme of type B in Sect. 3.3 requires some adjustments (in particular,
one cannot use (3.1) any more). The problem comes from the fact that when dim p is less
than d — 1, when trying to spread the mass of a given cube Q € D,, such that u,, (Q) ~ 2-md
to the smaller cubes Q’ located on its smallest face dy(m),1 Q, itis not possible to impose that
wm(Q) ~ 27" for all Q' € Ay (m),1Q, since

dymy.1(Q)27 VWL~ o= @=Dm=m)y =y (md 5, p=md

In other words, the mass of the initial cube Q is not large enough to give the sufficient weight
to each Q’. So we introduce a Subdivision scheme of type C to solve this issue.

We discuss the modifications needed to adapt Sect. 3.3 to this situation d < d — 1, and
give the main ideas to proceed—some proofs are omitted, since they are exactly similar to
those of Sect. 3.

4.1 Subdivision scheme of type C
As explained above, a new subdivision scheme is introduced, by essentially modifying a little
bit Subdivision scheme of type B.

Assume that Q € D,, satisfies (3.13). The integer v (m) is defined by (3.14), as in the
previous section. We know that (3.15) holds. As argued above, one can see that using (3.13)

l —
m (Q) < Cdzdz—md .2—(d—1)(\//(m)—m)
dyem,1(Q)" "
< ¢g2927md . p=dWm=m) _ ¢ pdp=v(md 4.1)

First, the way the mass is distributed on the border of Q (Sect. 3.3.2) is modified as follows.

4.1.1 Distributing (part of) the mass on the smallest face:

Two cases are separated.
e Cased <d —1<d: Weset
dymy1,4+(Q) = dymy1(Q) = 2@~ DWm=m)

and for any Q" € dy(m),1,+Q := dyom),1 Q, put
1
Py (Q) = 0" ————— i (Q). 4.2)
yom dymy1+(0) "
In this case we also define 9y (n),1,00 = @, and dyn),1,0(Q) = 0.
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Forallm <n < ¥(m)and Q' € 8,1.4+0Q = 3,10, usingd < d — 1 < d and (3.13),
one gets

1
(0 = n* s .9 d=D (W (m)=n)
un(Q) =n By (0 U (Q)

< n*z—(d—l)(l/f(m)—m) . Cdzdz—mg . 2(d—l)(1//(m)—n)

_ n*cdzdzm(dfl) .27m3 .9—(d=Dn < U*Cd2d .o—nd
<cimd, (4.3)
Similarly,
11 (Q') > 2~ @D =m)  o=md  d=1) m)=n)

— n*z—(d—l)(n—m)z—mg > n*Z_E(”_m)Z_mE > 77*2_"3
> 22, (4.4)

This means that (3.8) will remain true for these cubes.
To resume, the scheme is in this case the same as before.

e Cased < d < d — 1: An extra care is needed.

Recall Definition 3.1. Consider first the cubes Q" € 941,10

@) If 27Dy, (Q) = 27m+Dd then for any Q' € dny1.1Q, define p,11(Q) =
n*2= @D 1, (Q"). For Q' C Q, Q' € D1, but Q' ¢ 911,10, et i 11(Q") = 0.

(i) If p*2=@=D . 1, (Q) < 2=+Dd consider the only cube Q with “maximal” smallest
Vertex Vi, 5 among those cubes satisfying é €0, é € Opm+1,10. “Maximal” means
with largest possible coordinates—this makes sense since the borders of the cube are
parallel to the axes. If it is easier to understand this way, for such a vertex, the sum of its
coordinates s(vmin@) (defined in (3.3)) is maximal. Then put pt,,+1 (@) = 0" (Q).
For the other cubes Q' C Q, Q' € Dyy11, set up11(Q") = 0.

Next we iterate the process. Suppose that m + 1 < n < ¥ (m), and that u,_1(Q’) is
defined for all Q" € 9,11 0.

(C1) If up—1(Q") = 0 then for all subcubes Q" € D,, of Q’, put 1, (Q”) = 0.

(€2) I 27@=Dy, 1 (Q") = 27" then for any Q" C Q' with Q" € 8,10, we set
1a(Q") = 27Dy, (Q"). For Q" Cc Q. Q" € D, but Q" ¢ 0,10, we set
un(Q") = 0. _

(C3) If2=@=D .y, 1(Q") < 27" then, as above, we select the cube

0cQ, 0€d10 4.5)

with maximal s (v @) among those cubes satisfying (4.5). Next, we set 1, ( @) =

n—1(Q").
For the other cubes Q” C Q', Q" € D,, we impose i, (Q") = 0.

min,

The motivation for the choice of @ is that @ is located (if we look at our two-dimensional
Fig. 1) in the upper left “Northwest” direction from ¢g. We select @ in the “upper” corner
of Q" on the boundary of Q in order to get as many as possible of the charged cubes into
A(x, ry,8) in Lemma 3.6. Recall that on Fig. 1 the central cube Q with smallest vertex co
is also located “above” (in the direction “Northeast”) from this vertex and x is located in Q.
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We repeat the above steps forn =m + 1, ..., ¥ (m) and denote by 9, 1,+ O those cubes
in 9,1 Q for which 1, (Q’) > 0. The adjustment at step n = m + 1 implies that we distribute
amass of % - (1, (Q) on the dy (), 1,+Q cubes and in this case (4.2) holds as well.

By (3.13) initially verified by Q and the first step of our induction, for n = m and
n =m + 1, one has

p* 27 < Q) < eg2d 27, (4.6)

Suppose that Q" € 9,1+ Q satisfies (4.6). Consider Q" € d,11.1.+Q such that Q" C Q'.
If Step (C2) was used to define w,+1(Q”), then on the one hand, wu,(Q") >
2@=1)p=(+Dd and hence

Hag1(Q") = 27D, @.7)
On the other hand, since d < d — 1, one sees that
Hn1(Q") = 274D, Q') < g2t 277D < a8
If (C3) was used, then for the only @ € Op+1,1,+ @ satisfying @ C Q’, one has
pnt1(0) = 11 (Q') < 267D . 27D < ¢ pd =t d, 4.9)

On the other hand, from (4.6) it also follows that

n*z—(n-H)d < n*z—”d < un(Q) = Mn+l(§)‘ (4.10)

Thus, by induction, (4.6) holds true. Hence (3.8) holds for any Q' € 9,14+ Q for any n =
m+4+1,...,¥(m).

4.1.2 Distributing part of the mass close to the center of Q:

Step 3.3.2 of Scheme B is also modified for Scheme C.

If d = d, then put ¥’ (m) = m + 10 and assume that (3.6) holds.

If d > d, then we can define v/’ (m) as in (3.21).

It is not necessarily true any more that m < ¥’(m) < ¥ (m). Indeed, recall that intuitively,
W/ (m) ~ md/d and ¥ (m) ~ m8, but now 8 > 1 can be such that 1 < 8§ < d/d.

Hence let us introduce W (m) = max{y'(m), ¥ (m)}.

As before, call é the cube of Dy () containing the center ¢g of Q.

Definition 4.1 If Q" € Dy is such that Q" C @ C QO (where é is the cube of Dy ()
containing cg), Q' is called a C-central cube at scale W (i) associated to O € D,,.

If W(m) = ¥ (m) > ¥'(m), then we proceed analogously to Sect.3.3.2, i.e. we put as in
(3.23) 1y (0) = (1 = 1*) 1, (Q), and apply subdivision scheme A to Q and its subcubes
until generation v (m).

If ¥(m) = ¥'(m) and '(m) > ¥(m) then we also set as in (3.23) /Llﬁ’(m)(;é) =
(1 = ™) m (Q), i.e. we concentrate all the mass that was not spread on 9,, 1 Q onto Q. But
in this situation in Sect. 4.1.1 the measures pu, are completely defined inside Q only for
m < n < ¥ (m). Hence, we apply Subdivision scheme A to the cubes Q' € dy(m),1,+Q to
distribute 1ty on)(Q’) onto some subcubes of Q' and to define y, on Q' for Y (m) < n <
Y(m) = ¢'(m).

By an immediate application of Lemma 3.2, since iy (n)(Q’) satisfied (3.8), the same
inequality (3.8) (with m replaced by n) remains true for all n € (¥ (m), V(m)] for any
Q// c Q/, Q// c D;:—

@ Springer



79 Page22of34 Z.Buczolich, S. Seuret

In particular, the following analog of Lemma 3.6 holds.

Lemma 4.2 If, for some large integer m, Q' € Dy is C-central, then for any x € Q’,
there exists ry such that Py (X5 T, 8, 1) holds and

27—l < <271 1125,

Proof We discuss only the changes in the argument of the original proof of Lemma 3.6 when
Y(m) < W(m) = y'(m).

In this new situation, A(x, ry, §) contains more than

(1 - 2_(wl(m)_m)+1)d_ld\y(m),1(Q) > 0*dwm),1(Q)

many cubes from 9y ),1 Q. Now even if we had to use Step (C3), our choice of the cube
with maximum 5 (Vinin, Q) after (4.5) implies that

(1 =27 =Ny ) 1 1(0) > 0 dugm,1,+(Q)
holds in this case as well. This finally yields

WA, e, 8) > 0" - 0" (Q) > - um (Q).

4.1.3 Giving a zero-mass to the other cubes, and defining the measure Ly, on Q

The measure (L) is extended inside Q as fLyy) in Sect. 3.3.3.

4.1.4 Defining inside Q the measure u, form < n < W¥(m)

The measures ., are also defined as in Sect. 3.3.4.

Lemma 4.3 Assume that (v, satisfies (3.13) for some Q € Dy, and apply the subdivision
scheme C to define (1, . .., Lwm) on the subcubes of Q of generationm + 1, ..., WV (m).
Then:

(i) foreveryn € {m, ...,V (m)}, for every Q' € D, such that Q' C Q and p,(Q") # 0,
(3.8) holds for Q' with the measure .

(ii) for every cube Q' € Dyp) such that Q" C Q and pym)(Q') # 0, there exists n €
{m, ..., W(m)}and a(unique) cube Q,, € D, suchthat Q' C Q, C Q and (3.20) holds
for w, and Q.

Proof The proof is similar to that of Lemma 3.9, up to some minor modifications that are
left to the reader. O

4.2 Construction of the measure of Theorem 1.4.

The measure p is built exactly as in Sect. 3.4.
Proposition 3.12 can be proved in this case as well.

Proposition 4.4 For p-almost every x, there exist infinitely many integers n such that Q2,(x)
is a C-central cube at Step my;,.
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b 21 = (0,91) 21 = (0,91)

b 20 = (0,42) ;.

p 22 = (0, yg)

16 - 27{3.577,

Fig.2 Positions of intersecting annuli

The conclusions and the arguments are similar to those developed in Sect.3.4, we only
sketch the proof to get Theorem 1.4

As a consequence of Proposition 4.4, -a.e. x belongs to a C-central cube infinitely often,
and (3.25) holds infinitely often. For such an x, there exists an increasing sequence of integers
G R (x))n>1 such that the following version of (3.35) holds

2L < (6(Q) < G2 LM (4.11)

By Lemma 3.2 and the construction, there exists another increasing sequence of integers
(J,,(x))n=1 satisfying (3.34).

Then part (i) of Lemma 4.3 yields the dimension estimate (3.33), which concludes the
proof.

5 Lemma 5.1 and the proof of Theorem 1.7
5.1 Intersection of thin Euclidean annuli

The idea of the proof of Theorem 1.7 is based on the observation that if balls (in the 2-
dimensional case, disks) of comparable radii ~ 27" are centered not too close (in the next
lemma, the distance between their centres is at least 2_5"), then the annuli corresponding to
these balls are intersecting each other in a set of small diameter, see Fig. 2. This follows from
the strictly convex shape of the corresponding balls. It is illustrated by Lemma 5.1 below,
which prevents that measures with different upper and lower dimensions charge thin annuli.

Lemma 5.1 There exists an integer Niorr Such that if n > Ncopr then for every 2—n=1 <
ri,r2 < 27" and

27" < ||z — 22l < 27"/30, (5.1)

A(z1,r1,30)NA(z2, 12, 30) consists of at most two connected sets, each of them is of diameter,
D* less than 24 - 271351,

corr,n

This type of estimations appear at several places. For example from Lemma 3.1 of Wolff’s
survey [21] one gets an estimate of D}, , of the form Cy2~12" with a constant Cy not
depending on n. The order of this estimate is slightly smaller than ours.
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We point out that the order 273" is optimal. Indeed, taking
R = A(0,27"),27",30) N A((0,27" —27),27" — 27" 30),

then one can verify that the diameter of R can be estimated from below by C - 271357 with
a constant not depending on n. For this, considering a triangle with sides a = 27" — 27",
b=2"andc =2""—273% itis easily seen that half of the diameter of R is larger than
the altitude m, of the triangle perpendicular to the side . Using Heron’s formula the area
of the triangle is A = /s(s —a)(s — b)(s —c¢) with s = (a + b + ¢)/2 and mj, = 2A/b.
Plugging in the above constants, one obtains the announced estimate.

Since the notation of Lemma 3.1 of [21] is different from ours, we detail a bit the way
one can obtain an estimate for D}, , by using that lemma. Let dw = |z1 — z2| + |r1 — 72
and Aw = ||z1 — z2| — |r1 — r2|]. We can suppose that r{ > rp, and the assumptions of
Lemma 5.1 imply that r, > r1 /2. The argument of Lemma 3.1 of [21] gives an estimate

—30
D* < C/ " "
W —30n —30n
7"+ AW 4 dw)

corr,n —

with Cy, independent of n.

The assumptions of Lemma 5.1 imply that 0 < Ay and 275" < dy, and these inequalities
cannot be improved. Hence the above estimate implies
—30n ,.15n 2. —12.5 —12.5
Djorr,n = C*er nrl ”rl o = Cer " =< CW2 ",

A similar order estimate can be obtained from Marstrand’s paper [13]. In [1] a similar type
of question is studied but it is less straightforward which order one can obtain for D7, .

We now turn to the main result and prove Theorem 1.7. Finally, Lemma 5.1 is proved in
Sect.5.3.

5.2 Proof of Theorem 1.7

Without limiting generality we can suppose that the Borel probability measure u is supported
on [0, 17%.

Proceeding towards a contradiction, suppose that 1 (E, (30, )) > 0.

For ease of notation, let E = E, (30, n). Since E is fixed in the rest of the proof, i (E)
will be regarded as a positive constant.

Since dimp = d € [0.89,2] and dim u = d € [0.89, d], for pu-a.e. x € E there exist
px > 0 such that

forany O < r < py, rEJrO'01 < u(Bx,r)) < rg-001 < 7088, 5.2)

For those xs for which p,, as defined above, does not exist, we set p, = 0.

We can also suppose that for each x we select p, as half of the supremum of those ps for
which (5.2) holds with p instead of p,. This way it is not too difficult to see that the mapping
p:x €[0,11% — pe € RT is Borel s-measurable.

The first step consists of finding a ball containing points of E with a very precisely
controlled behavior, see Lemma 5.3 below. To prove it, let us start with a simple technical
lemma.

Lemma 5.2 Suppose EcCcR¥isa p-measurable set, and let p : RZ > R, x — py bea
w-measurable function such that u({x € E : py > 0}) = w(E).
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Then for any 0 < y < 1, for p-a.e. x € E, there exists Ry > 0 such that for any
0<r <Ry,

p(ix’ € B,V NE:pe = Ri)) >y - (B, r)). (5.3)

Proof Consider E,, = {x € E : Py > %}, for n > 1. Then ,LL(E\U,,ENE”) = 0 by
assumption.
Fix now n € N. By Corollary 2.1

E,NB E
M — 1 for u-a.e. x € E,.
w(B(x,r))

Forthose x € E, ,» for which the above limit holds true, it is thus enough to choose 0 < R, < %

such that
E, N B(x,
M("—(xr)) > y holds forany 0 < r < R,.
w(B(x,r))
O

Using Lemma 5.2 withy =1 — % applied to E, for pu-a.e. x € E there exists an Ry > 0
such that for any 0 < r < Ry,

W' € BN E: po = R > (1- g)u(m, ). (5.4)

Consider a large natural number Nop > 10, whose precise value will be chosen later.
By using the definition of £ = E, (30, ), for u-a.e. x € E one can select 0 < r, <
min{2~™, R, /10, p,/10} such that

u(A(x, rx,30)) = - n(B(x, ry)). (5.5

Recalling that all r,s are less than 270, and that -a.e. ry is strictly positive, there exists
at least one integer ngp > Ny such that

1
pllr € E:27070 <70 <2770 = —— u(E). (5.6)
10ng

Consider now the covering of {x € E : 270l < < 270Y by the balls {B(x, ry) :
xeE, 271 < ry < 2770}, By the measure theoretical version of Besicovitch’s covering
theorem (see [3], Theorem 20.1 for instance), there exists a constant C» > 0, depending
only on the dimension 2, such that one can extract a finite family of disjoint balls of radius
4 .27 denoted by B={B; :i =1, .., M}, such that, calling E=EN Up,eBBi, one has
w(B;j) > 0 for every i, and

~ C ~ ~
(w(Epy) > nfju(E), where E,, = (x € E : 277071 <, <270}, (5.7)
0

Lemma 5.3 There exists a constant C > 0 depending only on the dimension and a ball

B* = B(x*,27"0/100) such that

M(B(x*, 2710/100) N E,m) > Z0-20,(E). (5.8)

Selo
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Proof Since E C [0, 112, the balls of B are disjoint and are of radius less than 2-10 their
cardinality M is less than 2210 and there exists one ball B; such that

1 C
WB; 0 Eng) = sy i(Eng) = 2 Tz (E) (5.9)

Write B; = B(x;, ry;). Sincery, /100 < 270 /100 < 270~ I < rx ,there ex1stsaconstant
C3 > 0 which depends only on the dimension such that for some x* € B; N E, the ball with
center x* and radius 270 /100 supports a proportion C3 > 0 of the ;-mass of the initial ball,
ie.

P(B(x*,27"0/100)) > u(B(x*,27"0/100) N Epg) = C3u(B; N Eyy).  (5.10)

The last statement simply follows from the fact that B; can be covered by finitely many
balls of radius 270 /100, this finite number of balls being bounded above independently of

x; and ry;.
This and (5.9) imply the result. O

Further, as a second step, we seek for a lower estimate of the number M;‘,‘O of disjoint balls
B(y;, 275m0)y, j=1,..., M,’;O such that y; € B(x*, 2’”0/100) N Eno The rest of the proof
consists of showing that annuli centered at y;, j =1, .. "0’ will charge B(x*, 4 -27"0)
with too much measure, yielding a contradiction. Lemma 5 1 will play a key role here.

Lemma 5.4 When Ny is sufficiently large, for every ng > Ny, call M;{O the maximal number
of disjoint balls B(y;,27510), j = 1,..., Mgy, suchthaty; € B(x*,27"0/100) N Eno. Then
M;lk > 22.]110.

0 =

Proof First, observe that, when y; € B(x*,27"0/100) N E,,O, by (5.2)

/’L(B(yja 2—5;10)) < 2—0‘88-5n0 — 2—4.4n0. (5.11)

Next, there exist two positive constants C3 and C4 depending only on the dimension such
that B(x*, 27"0/100)N Eno is covered by C3 families F7,..., F¢, containing pairwise disjoint
balls of the form B(y;, 2_5"0). At least one of these families, say Fi, satisfies that

1 ~
Y wBO}2T) = u(BEE,2770/100) 0 Eyy).
B(y;,277"0)eF 3

By (5.8), Ypy, 2 9m0yem M(B(j,27) = 25 22" 2104, (E). Then, from (5.11) one
deduces that

=i 22, (5.12)

C
M > ——=2720(E
" oo n(E)
when N is chosen sufficiently large. O

Next, as a third step, we study the annuli A(y;, ry,, 30) associated with the points y;,
i=1,..., M,fo. Observe that these points y; satisfy the assumptions of Lemma 5.1 and in
particular Eq. (5.1) with n = ng, as soon as Ng > Neopr.

Lemma 5.5 Forevery x € B(x*,270/100) N E,m, set

Alx, rye, 30) = [x’ € A, e, 30)NE : py > 1orx}. (5.13)
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Then, for some constant C > 0 that depends only on the dimension one has

~ C
w(A e 30) = = S (E) 27, (5.14)
2—-1n ng

Proof Since ry < R, /10, from (5.4) and (5.5) we infer that for -a.e. x € E, one has

/L(X(x, Tx, 30)) =pn({x’ € A(x,ry,30) N E : py > 10r,})) > E,LL(B(X, rx)).

The last inequality holds for every ry such that (5.4) holds true.

Recalling that for X € Eno, 2-m—1 < ;< 27" one deduces that for any x €
B(x*, 270 /100) ﬂEnO, B(x*,27"0/100) C B(x, ry/4).

Hence, by (5.8),

W(B(x, 7 /4) = w(B(x*, 2770 /100) N Epy) > %M(E) L2720, (5.15)
0

It is also clear that B(x, r/4) N Z(x, 7y, 30) = ¢ for such xs. So, the fact that
HA 7 30) = Jp(Be ) = 3 (A 7 30) + p(B(x. e /4)

implies by using (5.15) that

> n n C g
P(A(x, 7y, 30)) > ———pu(B(x, 1y /4) = s—— - S u(E) - 277,
2—n 2—-n nj

and the result follows. ]

We are now ready to combine the previous arguments to prove Theorem 1.7.

As in Lemma 5.4, select points (y;), j = 1, ..., M, , such that the balls B(y;, 270y
B(x*, 4 -27"0) are pairwise disjoint and y; € B(x 2- ”0/100) N E,,O

By construction, the annuli A(y;, ry,, 30) and the sets A(y, Py 30) satisfy the assump-
tions of Lemmas 5.1 and 5.5. Also, for any x" € A(y,, Ty, 30) N A(yj, ry;s 30), one has
py > 10 - 277071 Hence, for any r < 10 - 27701 by (5.2) one necessarily also has
(B, r)) < r088,

Then, as stated by Lemma 5.1, the diameter of each of the (at most) two connected parts
of A(y;, ry;,30) N A(yj, Ty;s 30) is smaller than 271370 < 24 .27135m0_ Thege connected
parts are included in an annulus A(y;, ry,, 30), so it is a very thin region (the width of the
annulus is less than 273070)_ Hence, the intersection of E with the union of the two connected
parts can be covered by at most M** balls of the form B(zg, 2_30"0), where

20 € A(yi 1y, 30) N A(yj. ry;. 30), (5.16)
2713n0 17
Kk *k ot n
M < O g =C 2170, (5.17)

and C** is a positive constant depending only on the dimension.
Also, by (5.13) and (5.16), one sees that g;, > 2-m0~1 .10 > 27300 for all z,s. Hence,
(5.2) yields

1(B(zg, 2730m)) < 27300088 _ 5=26.4no, (5.18)
This together with (5.17) imply that
U«(X()’i’ ryis 300N X()’j, rys 30)) < M**. 0=264ng _ c#xolng  —26.4n9
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= 7m0, (5.19)
In addition, (5.14) gives
Y Y n \2 C? —4ng
w(AGi.ry,. 30)) - w(Ay).ry,.30)) = <ﬁ) pHAE) 2T (5.20)
0

Hence by (5.19) for large nyg,
(A(yi 1y, 30) N A(yj. 1y, 30) < 2730 (A(y;, 1y, 30)) - w(A(y). 1y, 30)). (5.21)

Finally, all sets Z(yi, ry;, 30) are included in B(x*,4 - 27"0), and their cardinality by
Lemma 5.4 is greater than 2210 S0, one has

22.1710
I(B(x*,4-27")) = Y u(A(yi. ry, 30))
i=1
22.1;10
= > WA,y 30) N Ay, 7y, 30))
ij=l:ij
22A1no 221110
> > w(AGi, 1y, 30) | 1= Y 270 u(Aly), 1y, 30))
i=1 j=1
22.]}10
= ) w(AQis 1y, 30)(1 = 2210 2753,
i=1
where at the last step we simply used that ;L(X(x o Txjs 30)) < 1. Then, (5.14) yields that
when ng > Nj is sufficiently large,

22.ln0

W(B(x*,4:27)) = 3 u(A(yi, ry,, 30)(1 — 2210 . 2733m0)

i=1

1 22.1;10
> 5 ) wAG, 7y, 30)
i=1
C
= 220 S (B,
e

which is greater than 1 as soon as Ny (hence n¢) is chosen sufficiently large. This contradicts
the fact that ;2(R?) = 1, and completes the proof.

Remark 5.6 1t would be natural to check if a version of Theorem 1.7 holds in which the
constant 0.89 can be pushed down to a value closer to zero, maybe at the price that § = 30
is replaced by a larger number. We point out that the estimates (5.17) and (5.19) show that
in our arguments the order of estimate of D7,,, , in Lemma 5.1 is crucial. In (5.19) in the
end of the inequality, we need a (sufficiently large) negative power of 2. If 0.89 is replaced
by 0.56 = 17/30, using (5.17) and (5.18) one can see that in the crucial estimate (5.19),
the power of 2 will become non-negative. Since the order of the estimate in Lemma 5.1 is
best possible, then one cannot improve significantly (5.17) and hence the other estimates
depending on it (by tighter estimates the exponent 30 — 13 = 17 in (5.17) can be replaced
by 30 — 13.5+¢& =16.5+¢).
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5.3 Proof of Lemma 5.1

Without limiting generality we can suppose r; > r» and can choose a coordinate system in
which z; = (0, y1), z20 = (0, y») and y; = ry. See Fig.2 for an illustration (the figures are
of course distorted, since 273%" is much smaller than 2", so on a correct figure one of them
cannot be shown, due to pixel size limitations).

In the proof, when constants are said to depend on the dimension 2 only, they do not
depend on other parameters—similar constants exist in higher dimensions as well.

With this notation, (5.1) means that

27 < |y = y2l <277/30. (5.22)
Of course the last inequality holds for sufficiently large ns.

If A(z1, r1,30) N A(z2, r2, 30) is included

in the strip [—8 - 27137 8. 27139 x R, (5.23)
then its diameter is less than 24 . 27137,

Assume now that A(zy, r1, 30) N A(z2, 2, 30) is not included in the strip [—8 - 2-13.5n g,
2—13.5)1] x R.

We consider one of the two connected parts of A(zy, r1, 30) N A(zz, r2, 30), the one
located in the right half-plane. We denote its closure by Cg. See Figs. 2 and 3. The other part
is symmetric and a similar estimate is valid for it.

Assume that r; is fixed and r € [rp — r230, r2]. Denote by M'(r) = (), y' () the
intersection of the circles of radii r; — rl30 and r, centered respectively at z; and zo. We
put A = M'(r2) = (xa, ya), and B = M'(r, — r3°) = (xp, yp). Observe that the points
M), r e[ — rgo, r2] are located on the arc with endpoints A and B. On Fig.2 the
point A is the point of the closed region Cg with the largest abscissa. Then x4 = x!(r) >
8. 271357 However, as the left half of Fig.3 illustrates, for | = r, it may happen that not
A=M'(r) = (x4, v4) is the point of Cg with the largest abscissa. On the left half of Fig.3
this point is C. In the sequel we suppose that x4 = x'(r3) > 8-2713"_ The other cases can
be treated analogously, the main point is that, on the boundary of Cg, there is at least one
point with abscissa larger than 8 - 2713-%,

The abscissa x ! () satisfies the implicit equation

Fi(r, x' () =y — y1 +V/r2 — (x1(r)? — \/(rl — N2 — (x'r)2 =0.

Observe that by our assumption, the intersection point lies in the first quadrant x'(r) > 0.
By implicit differentiation and after simplification,

WF (r,x'(r) =2 — (1)
NF (r, x1(r) 1) (v — )

@) =—

From the last equation, one deduces by (5.22), r € [r, — r%’o, nl, 27"l <r,m <2

that

e = @2 g

2",
1 —») T2 T

1Y (x| <
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1

Fig.3 Special position of annuli and calculating the diameter of their intersection

By integration, |(x' ()2 — (x' (r2))?| < 2-23"|r —rp| < 23+12730n < 2=27n+1 ‘and hence
2—27n+1

1 1
) =) =

Finally using that x'(r) = x4 > 8- 27133 the previous equation gives that for any
relrn— r230, 2]

|x1(r) _ X1(72)| S 2—27”-‘1—1213.57!—3 — 2—13.5"—2’ SO |XA _ XB| < 2—13.5}1—2 (524)

and xp > 8- 2713.5n _ 2713.5}172 =775 - 2713.5n71.

Assume now that r; is fixed and r € [r] — r130, r1]. Denote by Mz(r) = (xz(r), yz(r))
the intersection of the circles of radii » and r, — rgo, centered respectively at z; and z;. We
put D = M2(r) = (xp, yp). Observe that the points M (r), r € [r1 — r130, r1] are located
on the arc with endpoints B and D.

Using the implicit equation

Fa(r,22() 1= y2 = 1+ (2 = 132 = (22 = Vi — (2()% =0,

the same considerations show that for any r € [r| — r130, r1] when n > N, 1s sufficiently
large

|x2(r) _ x2(r2)| < 2727}14»12135'1/775 — 27135!’[4»1/7.75’
s0 |xg — xp| < 27133+l 7 75, (5.25)

and xp > 7.75 .27 1350 _ =135+l 7 75 5 7 p—13.5m,

One can also consider the curve M3(r) = (x3(r), y3(r)) connecting the points D and C
on the boundary of Cr and the curve M ) = (x* (), y4(r)) connecting the points C and
A on the boundary of Cgr. Estimates analogous to Egs. (5.24) and (5.25) are valid for these
curves as well with constants 7.75 and 7.5 decreased to 7 and 6. Since Cg is compact, we
can choose points P = (xp, yp) and Q = (x¢, yp) on the boundary of Cg such that the
distance between P and Q equals the diameter of Cg. Since these points can be connected
by no more than three of the above mentioned arc segments we deduce that

lxp — xg| < 27135, (5.26)
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The analogous estimate
lyp — yol <2713 (5.27)

is also true. In fact in this case the calculations are even simpler, and most of the details are
left to the reader. We mention here only that, for example, for the function y'(r) one has a
much simpler implicit equation

Fi(r, ' () i=rf =2 = ') — y)? + O () — y2)* =0 (5.28)

and by implicit differentiation

oY@ =

. (5.29)
yi—yn
From this and (5.23) one concludes that the diameter of C is less than 24 - 2137,

This concludes the proof, since the symmetric part (i.e. when x4 < 0) is treated similarly.

6 Methods related to Falconer’s distance set problem

The study of thin annuli and spherical averages is an important issue in many dimension-
related problems, including Kakeya-type problems and Falconer’s distance set conjecture.
Recall that the distance set D(E) of the set E C R? is defined by

D(E) :=={llx = yll2: x,y € E}.

Falconer’s distance set problem is about finding bounds of Hausdorff measure and dimension
of D(E) in terms of those of E. Examples of Falconer show that if s < d/2 then there are
sets E C R? such that dimy E = s and D(E) is of zero (one-dimensional) Lebesgue
measure. It is conjectured that E has positive Lebesgue measure as soon as dimy E > d/2.
In one of the most recent results in the plane (d = 2) [7], it is proved that if E is compact
and dimy E > 5/4 then D(E) has positive Lebesgue measure. For further details about
Falconer’s distance set problem we also refer to [4] and Chapters 4, 15 and 16 of [15].

Using standard arguments from [4, 15], which is a different approach from the one devel-
oped earlier in this paper, we can prove Proposition 1.9.

Proof Lett > 1/2,0 < 5 < 1 and let i be a finite #-regular measure on R? with compact
support satisfying (1.6). Since we work in R? the local dimension of 1 cannot exceed 2, so
2>t>1/2.

Since u is t-regular, for every s < ¢, the s-energy of u defined by

Lo = [[ =yl duendn)
(R?)?
is finite. Recall also that
1o = [ e Pz, 6.1
and for every compactly supported function x on R?, one has
J[ . xt = yauwano = [ 1z@-1aerde 62)
(RZ)Z R2

where 1 and x are the Fourier transform of & and .
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Let

5= % <t+ %) and 8 :=4=2(t — 1/2)/(s — 1/2) > (t — 1/2)/(s — 1/2). (6.3)

Our estimations on ¢ imply 1/2 < s < 5/4.
Set x (x) = Lj,_,s (Ix]). By Lemma 2.1 of [4],

@) < Cr'21E7 2 min(?, |&]7H). (6.4)

Following Falconer’s argument (Theorem 2.2 of [4]) (see also [15, Lemma 12.13]), one
gets by (6.1), (6.2) and (6.4) that, keeping in mind that 1/2 < s <5/4 < 3/2

/f WA, r. 8)dp(x) = f 2 ENAE) P
(R2)2 R2

o (e P

+ &7/ A(S)|2d5>

<cr'? (r'S / |§ 71 EHOTIRNE P ) P
l§1<r=3

o G O

< Cr12H6=1D (1,

for some constant C > 0 that depends on ¢ and might change from line to line. Consequently,
by Chebyshev’s inequality, and the lower bound in (1.6), we have

wlx s w(Ax,r,8) = n- u(Bx,r)}) < u({x : w(A@x,r,8) =n-cr'})
< CLr1/2+5(s—1/2)1s(M)/(nr’) (6.5)
= C Lo, 66)

where at the last equality we used (6.3) and C), is a suitable constant not depending on r.
Hence the right-hand side tends to zero as r \{ 0. This shows (1.7) with an additional decay
rate faster than '~1/2, and thus completes the proof. O

However the above convergence in measure of Proposition 1.9 is not fast enough to hope
to recover Theorems 1.3 to 1.7, at least for the moment.

Let us justify this claim. Consider a measure p supported on [0, 1]? (to ease the argument)
such that the assumptions of Proposition 1.9 hold. We would like to apply (1.7) to deduce
some estimate for the measure of E,, (8, ).

For this, consider equi-distributed points (rkm)u,—o . o3 in the interval [rro =
2—k=1 Tk = 27K]. The distance between two consecutive Tk.m and rg 41 18 2—4k—1 1f
x is such that P, (x, r, 4, n) holds true for r € [27%=1, 27%] then P, (x, ¢ m. 4, 1/2) holds
for some m. So, the set of points {x : P,(x,r,4,n) holds true for some r € [27%=1 2=k}
has p-measure less than
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23k 23k
3 wlx : Pu(x. rin 4.0/2) holds true) < Y €y 127k
k=0 k=0

< C2k(7/2—t)

by (6.6). Unfortunately, keeping in mind that t < 2 we have ), 2k(772=0) = 400 and the
Borel-Cantelli lemma cannot be applied (by far!) to prove Theorem 1.3 or Theorem 1.7.

Trying to optimize the choice of s or § (instead of 4) does not help either, using similar
arguments.
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