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Abstract

We compare ground states for the nonlinear Schrédinger equation on metric graphs, defined
as global minimizers of the action functional constrained on the Nehari manifold, and least
action solutions, namely minimizers of the action among all solutions to the equation. In
principle, four alternative cases may take place: ground states do exist (thus coinciding with
least action solutions); ground states do not exist while least action solutions do; both ground
states and least action solutions do not exist and the levels of the two minimizing problems
coincide; both ground states and least action solutions do not exist and the levels of the
two minimizing problems are different. We show that in the context of metric graphs all
four alternatives do occur. This is accomplished by a careful analysis of doubly constrained
variational problems. As a by-product, we obtain new multiplicity results for positive solutions
on a wide class of noncompact metric graphs.

AMS Subject Classification: 35R02, 35Q55, 49J40, 58E30.
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1 Introduction

Nonlinear Schrodinger equations on metric graphs have attracted the interest of a large — and
increasing — number of researchers in the last few years. As the literature on the subject witnessed
a massive growth, we refrain from overviewing it here, redirecting e.g. to [1,3,9-16,21,26,29,32,33,
38-40] for some of the most recent developments and to the reviews [2,34] for more comprehensive
discussions. Within the whole theory, prominent efforts have been devoted to the analysis of
existence of positive standing wave solutions, with a particular focus on ground states.

The notion of ground state however, albeit often suggested unequivocally by the specific problem
under study, is by no means univocally defined. This aspect is of course not specific to Schrédinger
equations on metric graphs, but is a general feature appearing in the study of various types of
scalar field equations on a variety of domains, from open subsets of RY to Riemannian manifolds.

To describe it more concretely, we consider a metric graph G and the NLS equation

u” 4 [uP2u =M on G (1.1)

where A > 0 and p > 2. As usual, it is required that (1.1) be satisfied pointwise on every edge
of G, while additional matching conditions have to be imposed at the vertices of the structure. In



this paper, equation (1.1) is coupled with the so—called natural, or Kirchhoff, boundary conditions,
prescribing that on every vertex v of G the sum of the outgoing derivatives of u along every edge
incident at v is zero. Thus, defining a coordinate x. € (0, |e]) on every edge e of G (where |e| is
the length of edge €), the problem we are addressing reads

u” + |ulP~2u = Au  on every edge e of G

u is continuous at every vertex v of G (1.2)

d
Z “ (v)=0 at every vertex v of G,

where A > 0, p > 2, the symbol e > Vv means that the sum is extended to all edges emanating
from v and where jru (V) is the outward derivative of u at v. In this framework, the solutions
to (1.2) can be characterized variationally as the critical points of the standard action functional

Jy: HY(G) - R

1 A 1
Iaw) = S llu' 72 ) + 5 iz — ~llullfs g, (1.3)
2 2 1Mz (g)

where

HY(G) = {u : G — R | u is continuous and u,u’ € L2(g)}.

In the search for ground states, as Jy is not bounded from below, one may impose extra constraints
to recover boundedness and make a minimization procedure meaningful. For instance one could
restrict Jy to the unit sphere of L?(G) or to the Nehari manifold associated with Jy (this second
approach has the advantage that the nonlinearity need not be homogeneous). Both procedures
make Jy bounded from below on these sets and one then defines ground states as the functions that
achieve the infimum of Jy on the constraint. Specifically, for our problem, the Nehari manifold is
the set

NA(G) = {u € HY(G)\ {0} | J}(u)u = 0}
= {ue B G\ {0} | W12 + Alul}2g) = lulliq) } - (1.4)

As is well known, the Nehari manifold contains all nonzero critical points of Jy and is a natural
constraint, in the sense that constrained critical points are in fact true critical points of Jy. This
leads to a first definition of ground state. Defining

= inf J
ex(9) v o A(u),

it is customary to set the following

Definition 1.1. An action ground state for (1.2) is a function u € N, (G) such that
J,\(u) = C)\<g). (1.5)

Clearly any action ground state is a constant sign solution to (1.2), often referred to also as a
“solution of minimal action”, though we adopt here a different terminology (see Definition 1.2). In
applications, action ground states play a prominent role for various reasons, which fully justifies
the preceding definition. In practice, however, one is very often confronted with the following
inconvenience: there need not exist any function w in Ny (G) satisfying (1.5) (a frequent fact in
many noncompact settings). Thus, the existence of a ground state is not guaranteed in general.

To overcome this obstacle, sometimes one assumes a different definition of ground state. Let

S\(G) = {ue H'(G)\ {0} | u solves (1.2)}



be the set of nonzero solutions to (1.2) and set

ox(G) = inf Jy(u). 1.6

A (9) et A(u) (1.6)

Although it is common use to call ground states too the functions described in the following
definition, we prefer to label them with a different name, to avoid misunderstandings.

Definition 1.2. A least action solution for (1.2) is a function u € Sx(G) such that
J)\(u) ZO’,\(Q). (1.7)

The two points of view motivating the above definitions are clearly different. In the former
case one fixes the attention on the level ¢)(G), and tries to prove that it is attained, obtaining in
this way a solution that has minimal action among all functions in N(G). In the latter the aim
is to ascertain if, among solutions of (1.2), there is one of least action; in this case there might be
plenty of functions with lesser action (and none of them will solve problem (1.2) if ¢(G) is not
attained).

Although 8, (G) is a much smaller set than N (G) it is not at all clear, in general, that there exist
any functions in S)(G) that achieve o (G). Thus, even with the second definition, the existence of
“ground states” is not guaranteed a priori.

The aim of this paper is to analyze the relations among ¢)(G) and ox(G) and in particular to
investigate if all the theoretical cases can actually take place. To make this point clear we start by
observing that, trivially,

ex(9) < oa(9), (1.8)

without any further assumption. Furthermore, if ¢)(G) is attained by some function u € Ny(G),
then u € S)(G), the equality ¢x(G) = oA(G) holds, and 0,(G) is attained too. In view of these
preliminary considerations, the possibilities to consider are exactly the following four:

A1) ¢x(G) = ox(G), and they are attained;

A2) ¢\(G) = 0(G), and they are not attained,;

B1) cA(G) < 0(G), oA(G) is attained and ¢y (G) is not;
B2) ¢x(G) < 0A(G), and neither is attained.

To prove or disprove the actual occurrence of these situations then amounts, for each A1-B2, to
produce an example of a graph G where the behavior is exactly the one prescribed by the alternative
in question.

We wish to make very clear that the previous discussion is completely independent of the
domain on which the NLS equation is set. For instance, replacing G by an open subset € of R
(and the second derivative by the Laplacian, and so on, e.g. H'(G) by H(Q) or H}(Q),....), every
issue described so far can be stated in the new context without any modification except notation.
In particular, the four alternatives listed above remain and it would be extremely interesting to
understand if they really occur. While this can be easily achieved in some of the alternatives (A1,
for instance), some of them appear rather difficult to deal with when considering the NLS equation
on subsets of RY and are currently out of reach.

Our present contribution aims at shedding some light on this problem starting from the context
of metric graphs, where one can profitably use the advantage of the local one-dimensional nature
of the ambient space to obtain sharper results. Even in this setting, though, the constructions we
will provide are quite involved, very specific to the metric graph environment and do not seem to
be extendable to other frameworks.

Stated in a compact form, our main result is the following. In a nutshell, as far as action ground
states are concerned, “anything can happen” on metric graphs.



Theorem 1.3. For every p > 2, every A > 0 and every choice of an alternative among A1, A2,
B1, B2, there exists a metric graph G where that alternative takes place.

As the proof of Theorem 1.3 will be carried out case by case, let us briefly comment here on
A1-B2, postponing the technical issues to subsequent sections.

Case Al corresponds to problems where the infimum cy(G) is achieved. This is what one
normally tries to obtain in the existence results and it is the case for all compact graphs and for
some noncompact ones (see e.g. [6-8,22,23,25, 35,37, 38,41], works that deal with still a slightly
different notion of ground state, but whose techniques adapt easily to the present setting). The
theory in this framework is rather well developed, not only on metric graphs of course, and there
is not much to add.

In case A2 the graph is necessarily noncompact. There are plenty of examples where it is known
that ¢)(G) is not attained, and this is due to topological or metric obstructions on the graph that
have been widely described in the literature (see again e.g. [6-8,25]). Nonetheless, this leaves open
the question of the existence of a least action solution in the sense of Definition 1.2. As far as we
know, examples of this kind, where ¢)(G) coincides with o5(G) but the level is not achieved, have
never been described before. The construction of a graph with this property will be the object of
Section 4.2 (Theorem 4.1) and is one of the principal proofs of the paper.

Due to existing results, it is easy to produce an example where alternative B1 occurs. We will
briefly describe it anyway for completeness in Section 4.3, since it has never been considered under
this perspective.

Case B2 is the hardest one and will be treated in Section 4.4 (Theorem 4.2). It is well known
that, typically, the lack of a function attaining c)(G) is due to the presence of a “problem at
infinity” that attracts nonconvergent minimizing sequences. This is a standard phenomenon in
problems with lack of compactness and is essentially what takes places in cases A2 and B1. The
main novelty in B2, which is what makes this case rather delicate, is that the infimum over solutions
is not attained due to the presence of a second problem at infinity, at level o(G) > ¢x(G). By
this we do not mean a problem at infinity with loss of compactness at different levels, but rather
the presence of two distinct problems: the first, as we said, attracting nonconvergent minimizing
sequences for Jy and preventing at the same time the existence of solutions with action arbitrarily
close to such infimum level; the second attracting nonconvergent sequences of solutions of lower
and lower level. In fact, the gap between c¢)(G) and o5 (G) reflects the coexistence of this pair
of necessarily different problems at infinity. This seems to be a new phenomenon and it is what
makes quite involved the construction of a graph exhibiting it.

As a byproduct, we notice that in cases A2 and B2, the fact that 0,(G) is not attained im-
mediately implies the existence of infinitely many positive solutions for (1.2), with accumulating
levels, which we believe to be a remarkable fact.

From the technical point of view, the proofs of the aforementioned results exploit deeply the role
of both the topology and the metric of graphs to determine existence/non—existence of solutions
to specific variational problems. On the one hand, non—existence of ground states is obtained
via by-—now standard arguments in the theory of NLS on metric graphs. On the other hand, the
construction of noncompact sequences of solutions in 8y(G) with specific action level is achieved,
in both cases A2 and B2, through a careful analysis of doubly—constrained minimization problems
in the form

inf J 1.9
uENi?g)ﬂXe ’\(u) ( )

where
Xe={ueHYG) : |lullp=~(g) = llullp=(e)}

is the subset of H' functions attaining their L> norm on a given bounded edge e of G. A rather
general existence result of independent interest is derived for this kind of problems in Section 3.
Precisely, for a wide class of noncompact graphs, given A\ > 0 we show that the infimum in (1.9) is



attained whenever the length of e is larger than a threshold depending only on A and p (Theorem

3.2). Moreover, such a minimizer is a solution of problem (1.2) provided e is sufficiently long

(Theorem 3.3), the threshold depending this time also on in]fE le|, where E is the set of all edges
ec

of G. This approach was originally introduced for mass—constrained critical points of the energy
functional in [5], where it proved suitable to obtain multiplicity results. However, in that paper a
crucial assumption is that the (prescribed) mass be sufficiently large. By scaling properties, this is
equivalent to the assumption that the length of all bounded edges is large. Here, on the contrary, it
is sufficient that a single edge is long enough. A direct consequence of these results is the existence
of multiple positive solutions, each attaining its maximum on one of the edges longer than the
threshold (Theorem 3.5).

To conclude this introduction, let us point out that, as is well-known, to look at solutions of
(1.2) as critical points of the action functional (1.3) is not the unique variational characterization
at disposal. In particular, moving from the seminal papers [20,30], in the past decade a lot of
attention has been devoted, both on metric graphs and on domains in RY, to normalized solutions,
i.e. critical points of the energy functional E : H!(G) — R

1 1
E(u) = S| 72) — EHUHI[),p(g)
constrained to the space of functions with prescribed mass p

HY(G) = {u e H'(G) : |ullfzq) =1}

In this setting, the parameter A appearing in (1.2) is not known a priori and pops up as a Lagrange
multiplier associated to the mass constraint. It is evident that one can consider definitions of
energy ground states and least energy solutions analogous to those given above when dealing with
Jx. Precisely, letting

c,(G)= inf E(u)

u€HL(G)
and
0u(G) = inf E(u),
ueS,
where

§M(g) = {ue H}L(g) : u solves (1.2) for some A € R} ,

one has the following mutually exclusive four alternatives (the analogue of A1-B2)

K\l) ¢,(G) = 7,(G), and they are attained,;

11\2) ¢,(G) = 7,(G), and they are not attained,

B1) ,(G) < 5,(G), 5,(G) is attained and ¢,(G) is not;
)

B2) €.(9) < 5,.(G

As a matter of fact, the analysis we develop here for Jy can be naturally adapted to prove (with
the very same constructions) that also in the context of normalized critical points of E all cases

, and neither is attained.

Al-B2do actually occur. Note that, even though both the approaches have been widely exploited
in the literature, a detailed discussion of the relation between ground states (and more generally
local minima) of Jy and E was started only recently in [24, 31].

The paper is organized as follows. Section 2 recalls some preliminary results, whereas Section 3
deals with doubly—constrained variational problems for the action functional in a general setting,
proving the existence results in Theorems 3.2-3.3-3.5. Section 4 is devoted to the proof of Theorem
1.3.

Notation. In what follows, we will write e.g. ||u[|,, ..., in place of |[u zr(g), ..., Whenever possible.
When needed, the full notation will be used to indicate explicitly the domain of integration.



2 Preliminaries

In this paper we use a number of properties and results that have been established (mostly) in the
recent literature. For the ease of the reader we collect them in the present section, referring each
time to the original papers where proofs can be found.

We assume that the reader is familiar with the concept of metric graph. However, we make
precise that in this paper we consider metric graphs G = (V,E) satisfying the following definition.

Definition 2.1. We denote by G the class of metric graphs G = (V,E) such that
e G is connected and has an at most countable number of edges;
e G has at least one unbounded edge (i.e. a half-line);

e deg(V) < oo for every v € V, where deg(V) denotes the degree of the vertex v, i.e. the
number of edges emanating from it;

o Vv eV, deg(v) # 2;
e inf.cg|e| > 0, where |e| denotes the length of e.

There is no loss of generality in assuming that deg(Vv) # 2 since every vertex of degree two can
a priori be eliminated from any metric graph, by melting the two edges incident at v into a single
edge. Note that every G € G is noncompact. Further assumptions will be made when needed in
the course of the paper.

In the study of the NLS equation on a metric graph in class G, a fundamental tool is provided
by the Gagliardo—Nirenberg inequalities (see [8])

2+1 1-1 a_
lulld < Kllullz ™ lu'lly ", K =271 (2.1)

that hold for every u € H'(G) and every q > 2, and their L version
lull%e < 2llull2]la]l2. (2.2)

A second fundamental tool that we will use very frequently in the next sections is provided by the
rearrangement techniques of H' functions on a generic graph G, for the details of which we refer
to Section 3 of [7]. For the reader’s convenience we recall here that, given a nonnegative function
u € HY(G), the decreasing rearrangement of u is the unique nonincreasing function u* € H(0,|G|)
equimeasurable with u. The equimeasurability property entails that

Hu*”Lq(O,lgD = ||ullLa(g), for every ¢ € [1,40o0]. (2.3)
Moreover, by the classical Pdlya—Szeg6 inequality, we have
1) z20,101) < I1v'llL2(g)- (2.4)

Similarly, the symmetric rearrangement u € H'(—|G|/2,|G|/2) of u is u(z) = u*(2|z|). By defini-
tion, @ is symmetric, nonincreasing on [0, —|G|/2) and equimeasurable with u. Furthermore, it is
well known (see e.g. [7]) that if #u~1(t) > 2 for almost every t € (0, ||u ), then

1@ L2 1g1/2,001/2) < l1W/[IL2(g) (2.5)

where equality implies that #u~1(t) = 2 for almost every t € (0, ||/ oo)-
The following result, that will be used in Section 4, is essentially a refinement of the Pélya—Szegd
inequality and its proof follows combining results of [27] and [28].



Proposition 2.2. Let G be any metric graph and let u be a nonnegative function in H'(G). Let
T C [0, +00[ of positive measure. Assume that, for some integer K > 1,

Hul(s) > K fora.e. seT.
Then the decreasing rearrangement u* of u satisfies

1wl La(us)y-1 (1)) = lull Laqu—1(1)), for every q € [1,+00]

and )
(W) | 2 (usy-1 (1)) < EHU/HLz(u—l(T)).
Next, if G is a metric graph in class G and A > 0, we define the action functional J, €
CYHY(G),R) as
1 A 1
In() = Sl I3 + S lullz — Z;Hulli

and the Nehari manifold associated to Jy,

NA(G) == {u e H'(G)\ {0} | J3(w)u = 0}
= {ue H'(G)\ {0} [ |5 + Allull3 = [[ullh} -

It is well known that there exists a natural projection of H'(G) \ {0} on N,. Defining 7, :

H'(G)\ {0} R by 1
w2 4+ M2\ P2
s = (LB Y 2.6
]|
we have u € Ny (G) if and only if 7y (u) = 1. We will also need the functional L : H!(G) \ {0} — R
defined by

P L
[

If w solves problem (1.2), then L(u) = A and, more generally, L(u) = X if and only if u € N, (G).
When u € N, (G), the functional Jy takes the simple form

(2.7)

Iaw) = sllullp = sl 3+ AMul3),  s=5 -~ (2.8)

so that Jy is positive on AMy(G). Actually more can be said, and we summarize it in the next
proposition.

Proposition 2.3. There exists a constant C' > 0 depending only on \ and p such that

inf >C > 0. 2.9
N (29)

Moreover, if (u,)n C Na(G) satisfies sup Jy(uy,) < 00, then (uy), is bounded in H*(G) and
inf ||upll2 >0, inf||u,|le > 0.

Proof. Since /|[u'||3 + Al|ul|3 is equivalent to the usual H'(G) norm, Sobolev inequalities imply
the existence of C = C(p, A) > 0 such that, for all u € N},

lully < (I3 + Mul$)'? = Cllullp’?,



whence ,
inf |ull, >Cz7 >0
UEN/\

which proves (2.9).
From (2.8), as sup Jy(u,) < 0o, we see that (u,), is bounded in H'(G), hence in L?(G) and
L*>(G). Observing tT}Llat
el < wn 552 lunll3,
we see that ||u,||2 and ||u, |/ are also uniformly bounded away from zero. O
When G = R, the non-trivial solutions to (1.2) are called solitons, they are unique up to trans-

lations and sign and they are the action ground states of Jy over Ny (R) (see e.g. [36, Proposition
3.12]). Denoting by ¢, the unique positive and even soliton, letting s1 := J;(¢1) and

p+2
:: Aa = - 2,]_
Sx = s1A, 20p— 2)’ (2.10)
for A > 0, there results
J = inf J = S). 2.11
A(2) et A(u) = sy (2.11)

When G = RT, for every A > 0 there is a unique positive action ground state, given by the
restriction of ¢y to Rt and

1
inf  Jy(u) =J ( ) = Zg,. 2.12
werla ) AW = I 9a, ) = 39 (2.12)

The level sy plays a fundamental role in many papers, including the present one.

Lemma 2.4. Let G be a metric graph. Assume that, for every £ > 0, G has an edge e; of length
at least £. Then there exists a sequence of functions (ug)een C Ni, equal to zero outside ey, and
such that

lim Jy(u¢) = sx.
{— 00
In particular
inf J < sy. 2.13
B () < sx (2.13)

Proof. Let ¢y be the soliton in Ny (R) and set dp = ¢(€/2) = o(1) as £ — oco. For every £ > 0,
identify the interval [—¢/2, ¢/2] with a subset of the edge e, and define v, € H'(G) as

ve(a) = {Wx) )" ifeee,

0 elsewhere on G.

Since |lve|largy = llvellarer) = l|éallar @) + o(1) as £ — oo, and likewise for all the L9 norms, we
see that my(ve) — 1 as £ — oo. Therefore, as my(ve)ve € Na(G),

In(ma(ve)ve) = JIx(ve) + 0o(1) = Jx(@a) + o(1) = sx + o(1)
as £ — 0o, and we conclude. O

In [7] the authors introduced a topological condition on G under which inequality (2.13) is
reversed. In our setting this condition, that we call assumption (H) as in [7], takes the following
form.

Definition 2.5. We say that a metric graph G € G satisfies assumption (H) if, for every point
xog € G, there exist two injective curves 1,72 : [0,4+00) — G parameterized by arclength, with
disjoint images except for an at most countable number of points, and such that v, (0) = 72(0) = .



If a graph G € G satisfies assumption (H), it is easy to see (and proved in [7]) that for every
nonnegative u € H(G)

#Hu~t(t) > 2 for almost every ¢ € (0, ||u]/c0)-

Therefore, letting & be the symmetric rearrangement of u, if u € Ny(G) we have my(2) < 1 by
(2.5). As 7T,\( Ju € Na(R), we conclude by (2.11) and (2.8) that

sx < a(ma(@)a) = wma(@)PI[Ull7, gy < sllullpsg) = Ia(w)

and since this holds for every v € N,(G), inequality (2.13) is in fact an equality.
As a consequence, with the same techniques as in [7], it is easy to prove the following result.

Theorem 2.6. If G € G satisfies assumption (H), then

inf J =
uE}\r/lA(g) )\(U) o

but it is never achieved, unless G is isometric to R or to one of the exceptional graphs depicted in
Ezample 2.4 of [7].

If more is known on the number of preimages of a function u € Ny (G), one can obtain sharper
estimates. The following result will be used in Section 4.

Proposition 2.7. Let G € G and assume that u € Nx(G) is nonnegative and satisfies

#u" () > K for a.e. t e (iréfu,sup u)
g

for some integer K > 1. Then

INOE K%’\.
Proof. Since G € G we have |G| = +oco. By Proposition 2.2 applied to T' = (infg u,supg u) =
(0, supg u), the decreasing rearrangement u* of u satisfies u* € H*(R") and

* * 1
[l age) = llullzogg), — forevery g € [Li+oc],  [[(u™)llr2@e) < = llu'llez(9)
Setting ux (x) := u*(Kx), a standard change of variable shows that

—2 ||uKHL2(R+) + >‘HuK||L2 (RT) K| (u) ||L2 ®H T KHU*H%Z(]M)

ma(uK) =
||UKHLp(R+) f”u HLp(]R+)

101172y + Allull72

Hu”Lp(g)
and therefore, as my(ug)ugx € Ny(R), by (2.12)

Sx 1

2 < Dma(urur) = () ol ey < gelulg = %

9 JA(U).



3 A general existence result

In this section we prove a general existence result for positive solutions to (1.2) attaining their
maximum in the interior of a prescribed sufficiently long edge. Throughout this section, we work
with metric graphs in class G, most of the time requiring also that the graph satisfies assumption
(H). However, the arguments described in this section can be adapted with minor modifications to
cover even broader classes of graphs.

Let G € G satisfy assumption (H) and let e be one of its bounded edges. Set

Xe={ue H'(G) | |ullr=g) = lullr=(}
and consider the doubly—constrained minimization problem

= inf . 1
ex(g,¢) uENi?g)ﬂXE Ia(u) (3.1)

Remark 3.1. The set X, is closed in the weak topology of H(G). Indeed, if u, € X, and u,, — u
in H'(G), then by semicontinuity

HuHLoo(g) S hmnlnf ||’un||Loo(g) = hmnlnf ||un||Loo(e) = ||'LLHLoo(e) s
the last equality being justified by the uniform convergence of u,, to u on e.
The next two theorems state the main results of this section.

Theorem 3.2. There exists R > 0 depending only on A and p such that, if G € G satisfies
assumption (H) and has a bounded edge e of length R > R, then cx(G,e) is attained.

Theorem 3.3. Let G € G satisfy assumption (H) and have a bounded edge e of length R. Let
by < in]fE le|. Then there exists R depending only on £y, A and p such that if R > R and u is a
ec

minimizer for cx(G,e), then u € Sx(G) and u >0 or u <0 on G. Moreover,

[wllzoe ) > [lull oo (gre)-

Remark 3.4. Tt is interesting to observe the difference of dependence of the threshold in the two
previous results. In the first one, there is no dependence on the rest of the graph while in the
second one, there is a slight dependence on the infimum of the length of the other edges.

A straightforward consequence of the preceding theorems is the following multiplicity result.

Theorem 3.5. Under the assumptions of Theorem 3.3, there exists R>0 depending only on £y,
X and p such that for every bounded edge e of length larger than R, problem (1.2) has a positive
solution attaining its absolute maximum on e only. Hence, if G has n bounded edges of length
greater than R, then problem (1.2) has at least n distinct positive solutions.

For the proof of Theorems 3.2-3.3 we need the following lemmas.

Lemma 3.6. Let G € G satisfy assumption (H). If (uy), is a bounded sequence in H(G) such
that liminf ||u, |, > 0 end lim L(u,,) = 6 > 0, then

lim inf [[u, 2 > 22,
n— 00 K

where sg is defined in (2.10).
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Proof. Let 6,, := L(uy), so that u, € Ny, (G) and # = lim#@,,. Then, since (un)y is bounded in

L3(G), liminf ||u,|, > 0 and lim6,, = 6, we have

/012 0 2 /|12 2] 2 2
We(un)p—z _ llunllz + I|)|“n||2 _ [[un I3 + 7;3”“71”2 +(0—0,) ||unH72j
l[wn |l llwn llp llwn llp
HunH%
=14+(0—-0,) ,
l[unll7
whence
lim g (uy,) = 1.
n
By Theorem 2.6, we conclude that
sp= inf Jp(v) <liminf Jo(mp(un)un) = liminf kg (un ) |lunll) = liminf kllu, ||
vENY(G) n n n
and the result follows. O

The next result describes the behavior of minimizing sequences for problem (3.1).

Lemma 3.7. Let G € G and let e € G be a bounded edge. Let (uy), C Na(G) N X, be any
minimizing sequence for Jy in Nx\(G) N X.. Then (u,), admits a subsequence (not relabeled) such
that

1) u, = win HYG), u, = w in L}, (G) for every q € [1,400], inf [ju, ||, > 0;
2) lim fun = > 0;

3) ue X.\{0};

4) L) < X

5) if L(u) = A, then u is a minimizer for Jy on Nx(G) N X,;

6) if L(u) < X\, then m == ||[ul|3 < u and

lim L(un — 1) = A+ —— (A — L(w)). (3.2)
n '[_,L —
Proof. Since (uy,), is a minimizing sequence, up to subsequences, 1) and 2) can be deduced from
Proposition 2.3.

Notice that u # 0 since if this were not the case, by L
in L>(e),

oo

i, convergence, and hence convergence

-2 -2
lunl gy < 222 lunl3a@) = lunlZ2, lunl3a@) — O,

violating 7). Moreover, since X, is weakly closed (see Remark 3.1), u € X,, and &) is proved.
To prove 4) observe that by lower semicontinuity, since my(u)u € Ny(G) N X,, the estimate

kil |ulf < limninf/iHuan = limninf In(un) = ex(G,e) < In(ma(u)u) = wm(u)?||ullh (3.3)

yields 7y (u) > 1, which is equivalent to L(u) < .
Now if L(u) = A, then u € N(G) N X, and (3.3) shows that u is a minimizer, which is ).

11



Finally, suppose that L(u) < A and hence u,, — u Z 0 for all n large. Obviously, by semiconti-
nuity, m < u. To prove that the inequality is strict, first observe that by the Gagliardo—Nirenberg
inequality (2.1),

241 21
Ly -y = I =l = =W o =l K — w5, —
" i — ul3 = T —ll3 ™ i —ull3
p_1q p_1q
= Kl —ull§ "l ol < €, (3.4)

for every n, since (uy,), is bounded in H'(G). Now, by the Brezis—Lieb Lemma [17], as n — oo,

Lty — ) = ln = ully —llun = w'lI3 _ lunllp = lupll3 = llullp + 1413 + o(1)
" [ lunll = [[ull3 + o(1)
(A= L(u)||u]3 + o(1)

[unll3 = l[ull3 +o(1) -

_ Munll3 — L(w)||ull3 + o(1)
[unll3 = llull3 + o(1)

Since L(u) < A and u # 0, we see that u = lim, ||u,||3 > |[u||3 = m, since otherwise (3.4) is
violated. Letting n — oo in the preceding equality, we obtain (3.2) and the proof is complete. [

Remark 3.8. As a consequence of Lemma 2.4, for every € > 0 there exists R. > 0 such that, if G
is any metric graph containing a bounded edge e of length greater than R., then

ex(G,e) <syte.
We are now ready to prove the main results of this section.
Proof of Theorem 3.2. Fix € > 0 such that
Sate = S1(A+ )% < 251A% = 2s,, A=Ce>0 and (A+e)*<AX*+(A—-Ce (3.5)

with
C = 1653 /K% (3.6)

Observe that C' depends only on p and, hence, that € depends only on p and A but not on g.
Let R be so large that for every R > R,

ex(G,e) < Sage,

which is possible by Remark 3.8. Again, we observe that R depends only on p and A but not on G.
Let (up)n C Na(G) N X, be a minimizing sequence for Jy such that

In(tn) < Sxte

for every n. Applying Lemma 3.7, (u, ), has (up to subsequences) a weak limit u € X, \ {0} such
that L(u) < X and, in case equality holds, u is the required minimizer.
We now show that L(u) < A cannot happen, and this will end the proof. If L(u) < A, by (3.2),

m

lim L(u, —u) = A+ (A=L(u)) > A >0,

w—m
with 0 < m = ||Jul|3 < lim,, ||u,||3 = p. We note that

lim inf |u, — ull, > 0, (3.7)

as otherwise, up to a subsequence, (uy,,), converges to u in LP(G), and by lower semicontinuity we

would have e
ull? — l|u
NS 12

U P _ u/ 2
g 18 = 3

=\
lull3 n [[unll3 ’

12



a contradiction.
As G € G satisfies assumption (H), (3.7), (3.2) and Lemma 3.6 give

lim inf [|uy, — ulf > % <)\ + /klmu - L(u)>> . (3.8)
Notice that
lim ([, 2+ Alunll2) = © lim J(un) < 22 < 251z (3.9)
n K n K KR
and hence
= i 3 < Tim 5 (o 3+ M 13) < 2250 (3.10)
Furthermore, as
Munl3 < lupll3 + Munll3 = lunll < flunls? unll3, (3.11)
we see that )
[ullLoe(g) = llullze(e) = lm [|un|| Lo (¢) = Hm [[up || L (g) = A7=2 (3.12)

and therefore, by the Gagliardo-Nirenberg inequality (2.2) and (3.9), recalling that m = ||u||3, we
have

4 8
A2 < lully < dmle )2 < dmliminf ul |2 < —sype < —L A2 (3.13)
n K
Thus, recalling from (2.10) the value of «, we see from (3.10) and (3.13) that
1 2
B B yzani-it _ (3.14)
m= K

with C' given by (3.6).
In conclusion, by the Brezis—Lieb Lemma and (3.8),

1A +2)" = 3(6,6) = lmn Jaun) = lin s =t (o =l + )

m «
> 51 ()\Jr ,u—m(/\L(u))) + [[ul[D. (3.15)
Neglecting the last term, we obtain
m
> A—L
e2 (- L),
or, rearranging terms and using (3.14),
L(u)Z/\—MT_nms>/\—Ce>O,

Using this, we see from Lemma 3.6 that
wllullh > s1L(u)™ > s1(X — Ce)?.

Hence, by (3.15),
A+)* > A+ (A= Ce)”

which contradicts (3.5). O
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Remark 3.9. Before proving Theorem 3.3 we recall that, letting
D= {u € H'(R) ‘ u > 0, u is even, u is nonincreasing on [0, +oo)},

for every £ > 0 there exists § > 0 such that, for every u € Nx(R) N D with Jy(u) < sy + d, there
results

||u — (b)\HHl <e.

This can be readily seen by standard compactness arguments and the uniqueness of the minimizer
of Jy in My(R) ND (see e.g [19]).

Proof of Theorem 3.3. By Remark 3.9, there exists 6 > 0 such that for every u € Ny(R) ND with
Jxa(u) < sy + d there results

1
lu—dxllar < SN\ L2(—e0/2.00/2)- (3.16)

Let 0 < € < § satisfy

b2 1/2

% 1_ SA P\ sy +¢
5 Syt e K

and, accordingly to Remark 3.8, let R > 0 be such that

1
< gH%Hm(—éo/uom) (3.17)

ex(G,e) <sy+e (3.18)

for every edge e with length R > R. Observe that R depends only on A, p and 4.

Let ur € Na(G) N X, be a function satisfying Jy(ugr) = cA(G,e). To show that ur € Sx(9), it
is enough to prove that

lurllLoe(e) > [[urllLo=(g\e)- (3.19)

Indeed, (3.19) implies that ur belongs to the relative interior of N\ (G)N X, and therefore it is not
only a global minimizer of Jy in the double constraint space, but also a local minimizer in N, (G),
and, as such, solves (1.2). Since |ug| € Nx(G) N X, and Jy(ur) = Jr(|ur]|), we will assume that
ur > 0on G.

We proceed by contradiction and assume that

lurllLe(e) = lurllL=(g\e)-
Let Mg := ||ur| zo(e), denote by B the set of all bounded edges of G and set

0 = i 0<dér < Mp). 3.20
R = max rgcneu}?uR(x) (0 <dr < Mg) (3.20)
The definition of g as a maximum is correct even if B contains infinitely many edges. Indeed,
as |lurll2 is finite and the length of the edges is bounded from below by ¢y, there is only a finite
number of edges h where miny ug > t, for every ¢ > 0.

Since G satisfies assumption (H), by Step 1 of the proof of Lemma 4.2 of [5],

#up'(t) >3 for almost every t € [5g, Mg]. (3.21)

Notice that the set
AR = {Qf eg | UR(.’I?) € [(SR,MR]}

contains at least one bounded edge of B (the one where the minimum of ug is exactly dg) and

therefore we have
|AR| = .
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Let now g be the symmetric rearrangement of ug. By Proposition 2.2 applied to T = [0r, MRg]
and (3.21), defining £z = |Ag|/2, we have

N . 4
||U§zH%2(—eR,eR) = 4||(UR)/H%2(0,212R) < §||UIRH%2(AR)' (3.22)
Next, denoting! by Br = {z € G | ug(z) € [0,05)}, since by assumption (H)
#up'(t) > 2  for almost every t € (0,4r),

we obtain
1@l L2 @\(~r,er)) < 1WRlL2(BR)-

From these relations it follows

N 4 5
||U33||%2(R) < §HUIR||2L2(AR) + ||U/R||2L2(BR) = HUIRH%?(Q) - §||U/R||2L2(AR)

so that
R P L 10 O 1 U7 MU
ferlZ, ) 5 TurlZo g,
Since 7 (ugr)ur € Na(R), by (2.11) we obtain
sx < Ia(ma(ur)ur) = kma(ur)’||urll)y = kma(ur)? lurlly = m(Wr)" Jx(ur)- (3.24)
Using (3.24) and recalling that Jy(ugr) = e (G, e), (3.18) and (3.23) imply that
sx < In(ma(ur)ug) < sx +e. (3.25)

Since, by definition 7y (ugr)ur belongs to D, with D defined in Remark 3.9, (3.25), (3.16) and the
fact that € < 4 imply that

PN 1
163 = ma(@r)urll @) < FIOML2(—to/2.00/2):
which itself implies

64122 s 2,002 o
165 et /2t0 2 < 222 e ()W 2t 2002 (3.26)

In order to obtain a contradiction, we now prove that

5L (0 /2,00 /2)

l7x(Ur)UR | L2 (=0 /2,00 /2) < 3 (3.27)
By (3.24), we have
SX\ ~
< P,
J)\(UR) — 7T)\(UR)
Using the previous inequality, (3.18) and (3.23), we deduce that
S\ 1/p -
< <1 3.28
(s;;i—g) _TD‘(UR)— ( )

Lf §r = 0, the set Bg is empty, Ar = G, and the proof is simpler, working with Ar only.
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Using (3.23), (3.28) and Jug|}, g, = &< < 2t we obtain

P

/2 B sy ) 7 )9 » 9(, sy \7 ) sate
||uR|L2<AR)<<1 (52) >5|UR||LP(Q)<5<1 (52 ) *E say)

By (3.17), (3.22), (3.28), (3.29) and the fact that 2¢r > ¢, for every n, we obtain

p—2
S 4 sy ) * \sxte
1o (@Rl 2~k /2.0 2) < [5 (1 N (sA +5> ) K

which concludes the proof of (3.19).

1/2 .
< IO\ L2(—0 /2,00 /2)
= 3

The proof that ur > 0 in G follows by a strong maximum principle as in [7, Proposition 3.3]
knowing that ur > 0 on G. O

4 Proof of Theorem 1.3

This section is devoted to the proof of the main result of the paper. In fact, alternatives A1 and Bl
are straightforward, whereas A2 will follow as a direct application of the results proved in Section
3. Conversely, case B2 is the most involved and will occupy the largest part of this section.

For the sake of completeness, each case A1-B2 is presented here independently from the others.

4.1 Case Al: ¢\, = 0),, attained

As already pointed out in the Introduction, this is the easiest case and there is essentially nothing
to say. It is the case where ¢y (G) is attained by an action ground state, which is of course also a
least action solution. Straightforward examples for this are compact graphs, where ground states
exist for every value of A and p (see for example [22]), but many graphs realizing alternative A1l
can be identified also in the noncompact setting, as e.g. those presented in [8, Section 3].

4.2 Case A2: ¢, = 0), not attained

The proof of this alternative is one of the main results of the paper and it relies heavily on Theorems
3.2-3.3 above. To exhibit a graph where A2 occurs we will use the following construction.

On a real line we insert, for each integer k£ > 1, a node Vi, at the point of coordinate k. At each
Vi we attach a self-loop Ly of length k, by identifying v with the only vertex of L. We obtain
in this way the graph depicted in Figure 1.

Theorem 4.1. Let G be the graph in Figure 1. For every \ > 0,
cx(G) = oa(G) = s
and neither cx(G) nor ox(G) is attained.

Proof. On the one hand, G € G satisfies assumption (H) by construction, so that cx(G) = sy
and ¢, (G) is not attained by Theorem 2.6. On the other hand, Theorems 3.2-3.3 ensure that, for
sufficiently large k, there exists u, € Sx(G) such that Jy(ur) = (G, Li). Hence, by Remark 3.8,

O’)\(g) S lim inf JA(uk) S SN,

k—oco

in turn implying o5(G) = ¢x(G) and concluding the proof. O
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Ly

oo
Vi Vo V3 vy Vs Ve

Figure 1: The graph G of Theorem 4.1

4.3 Case B1: ¢)\(G) < 0.(G), 0A(G) attained

As anticipated in the Introduction, in view of the existing literature it is easy to produce graphs
realizing alternative B1. Indeed, it is for instance enough to let G be a star graph, i.e. a graph
made of a finite number N > 3 of half-lines, glued together at their common origin. Star graphs
have been widely investigated, as they provide the simplest example of noncompact graphs with
half-lines. On the one hand, since star graphs satisfy assumption (H), it is immediate to see that
cx(G) = sy and it is not attained by Theorem 2.6. On the other hand, one can exploit the simple
structure of these graphs to characterize explicitly the set of all solutions Sx(G) (see e.g. [4])

e if N is odd, (1.2) only admits two nonzero solutions +u, the positive one given by a copy of
the restriction of ¢, to RT on each half-line of the graph.

e if N is even, the set of non-zero solutions of (1.2) is given by
{:l:uLa ‘ I - {17 aN}a#I: N/2,CL S R+},

where
() oa(x+a) if z € H;, for some i€ I,
) =
ha or(x —a) otherwise,

with #H; being the i—th half-line of the graph.

Hence, we easily deduce that o)(G) = gsA > sy and it is attained for instance by a function
u € Sx(G) whose restriction to each half-line of the graph coincides with the restriction of the
soliton ¢y to RT.

4.4 Case B2: ¢,(G) < 0.(G), neither attained

The discussion of alternative B2 requires a deeper analysis with respect to the other cases. To prove
that this alternative actually occurs, we will consider the one—parameter family of noncompact
graphs constructed as follows.

Let N € N be fixed. Keeping in mind Figure 2, we consider a straight line on which we insert,
for every k € Z, a vertex vV at the point of coordinate k. At each v we attach a copy of the graph
R, called Ry, by identifying v; with the vertex of Ry. Next, denoting by L the self-loop of length
N in Figure 2(b), we attach at each vi except vo a copy of the graph £, called Ly, by identifying
Vi, with the only vertex of L. Finally, we attach at vy the graph B with N edges of length 1 in
Figure 2(c), by identifying one of its two vertices with vo. We call Gy the resulting graph, shown
in Figure 3.
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(a) (b) (©)

Figure 2: The building blocks of the graph Gy. Two half-lines emanating from a vertex (a); a
self-loop of length N (b); N edges of length 1 connecting two vetices (c).

L_3 L_o L_4 L1 Lo £3

o0 oo o0 oo o0 oo o0 oo o0 oo o0 oo o0 o0

Figure 3: The graph Gy.

A second graph we will use below, that plays the role of “limit graph” with respect to Gy, is
depicted in Figure 4. It is exactly equal to Gy except that the subgraph B is replaced by a loop
Ly identical to all other loops. Note that this graph is Z—periodic. We call it Gy, and we label all
its vertices, edges and subgraphs with the same letters as for those of Gy, superposed by a tilde.

I L_3 I L_o I Ly I Lo I Ly Lo L3

V_3 V_o V_1 Vo Vi Vo V3
R,3 R72 R71 Ro Rl RQ R3
o0 oo o0 oo o0 oo o0 oo o0 oo o0 oo o0 o0

Figure 4: The graph Q~N.

Note that the graph Gy is made of edges of length 1 (the horizontal edges and the N edges of
B), of self-loops of length N and of half-lines. Notice also, as it will be important in the sequel,

that the total length of B equals the length of the loop L.
Exploiting the dependence of G on the parameter N we have the following result, which proves

the actual occurrence of case B2.

Theorem 4.2. For every N € N, let Gy be the graph in Figure 3. There exists N € N such that

18



for every N > N,
sy = ca(Gn) < oa(9n)

and neither cx(Gn) nor ox(Gn) is attained.

Preliminary to the proof of Theorem 4.2, we introduce some notation. Since A is fixed we omit
to write it in quantities that depend on it, except for the levels sy, cx(Gn) and o(Gn) (and the
same for quantities relative to G. ~). Next, in order to have lighter notation, we omit to write the
dependence from N in various quantities, such as the loops L, and we keep it only in the names
of the graphs. It is understood anyway that N is a parameter that we will tune in various proofs.

In what follows, we split the set of solutions to problem (1.2), as

S(Gn) = S1(Gn) US2(Gn) U S3(GN),
where

S1(Gn) = {u e S(Gn) | ull=(gy) = llullL(r,), for some k € Z}
S2(Gn) == {u € S(GN) | [JullLe=(gn) = ull L (e), for some edge e € Gy of length 1},
S3(Gn) == {u € S(Gn) | |[ullL=(gn) = ull Lo (cy), for some self-loop Ly, € Gn of length N} .

We define analogously the sets S; (éN), 82(§N), Sg(éN) so that we also have
S(Gn) = S1(Gn) U S2(Gn) U Ss(Gn) - (4.1)

Remark 4.3. By construction, both Gy and Gn satisfy assumption (H), so we have immediately
that for every N € N,

cx(Gn) = ex(Gn) = sa
and neither infimum is attained as a consequence of Theorem 2.6.

Remark 4.4. Observe that, if G € G satisfies assumption (H) and w is a sign-changing solution,
then u™ € N, (G) and v~ € N,(G) and, by Theorem 2.6,

J =L+ h(uw)>2 inf J = 925,.
Au) = Ia(u") + a(u) > e o A(u) = 25y

The proof of Theorem 4.2 will rely on the next series of lemmas. As Jy(u) = Jx(|u|), we will
assume without loss of generality in the rest of this section that all the functions u € Ny (Gy) that
we will consider will be non-negative.

Lemma 4.5. Let e € Gy, N > 2, be any bounded edge. Identify Gy \ B with Gn \ Lo and let
ec QN be

s {e ife¢ B
Ly ifeeb.
Then for every u € Nx(Gn) N Xe, there exists v € Nx(Gn) N Xz such that
JA(@) < Jy(uw). (4.2)
Moreover, if for t in a set of positive measure,

#{x e Blu(z) =t} >3, (4.3)

then the inequality (4.2) is strict.
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Proof. Since B contains a loop,

#{rxeBlu(x)=t} >2 foreveryte (ménu,mgxu).

Letting %i(x) be the symmetric rearrangement of the restriction of u to B, we have i € H'(—N/2, N/2)
and

Ul a(—ny2,n72) = llullLasy Vg € [1,+00], 18| 2= ny2,ny2) < ||| L2(s)- (4.4)

Furthermore, as u(p) = u(vo) for some p in [-N/2, N/2], we can view u as a function on Lo (after
identifying Lo with (—=N/2, N/2) and p with Vj). We can then define v € H'(Gy) as

o(@) u(z) ifzegGn\Ly =Gy \B
o u(x) ifo/:'o.

Continuity is guaranteed since u(p) = wu(Vo). By construction, ||v’||L2(§N) < |[w'||L2(gy) and
101l oGy = llull La(gy) for every g € [1 + oc], leading to mx(v) < 1.

Moreover, by construction, if u attains its L® norm on some edge e € Gy \ B, then v attains
its L>™ norm on the corresponding edge of Gy \ Lo; if, instead, u attains its L norm on some
edge of B, then v attains it on L£y. This shows that ¥ := m\(v)v € N\(Gn) N Xz and

Ia(0) = Ia(ma(v)v) = kma(0)P[ollf < sllullf = Jx(w).

Finally, in case (4.3) holds, the inequality in (4.4) is strict by Proposition 2.2, resulting in the strict
inequality in (4.2). O

The next lemma shows that the action of solutions attaining their maximum on a half-line
cannot be too close to sy.

Lemma 4.6. There ezists 51 > 0 such that for every N € N,

inf  Jy(u) > sy + and inf  Jy(u) > sx+61.
u€S1(GnN) u€S1(GnN)

Proof. We prove the statement explicitly for Gy only, as the argument works exactly in the same
way for Gy.

Let u € 81(Gn). If u is sign-changing then, by Remark 4.4, we know that Jy(u) > 2sx. Thus
we consider the case where u does not change sign. We can suppose that u > 0 and by strong
maximum principle, we have that © > 0 on G.

Call H1 C Ry, for some k € Z, the half-line where u attains its L° norm and Hs the other
half-line emanating from V. Suppose that u attains its maximum at Vi. Then

#u"(t) >3 Vit € (0, ||u)lco), (4.5)

since every value t € (0, ||u|) is attained at least once in H1, in Hz and in Gy \ Ry.
Then Proposition 2.7 applied with K = 3 yields

Bw) > Ss (4.6)

Suppose now that u attains its maximum in the interior of H;. Since u solves (1.2), its restrictions
to H; and Hsy coincide with suitable parts of the soliton ¢,. In particular, since u attains its
maximum in the interior of H1, we see that u(x) = ¢(x — a), for some a > 0, on H;. Therefore,
by continuity at vy, on Ha either u(x) = ¢x(x — a) as well, or u(z) = ¢x(z + a).

In the first case we have a copy of ¢ (x—a) on each of the two half-lines, and the maximum of u
is attained on both half-lines. But then (4.5) again holds for u, since every value in (u(Vg), ||u/lo)
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is attained twice on each half-line, and every value in (0, u(vy)) is attained once on each half-line
and at least once in Gy \ Ry. Thus we conclude, exactly as above, that (4.6) holds.

In the second case the restriction of u to Ry is the whole soliton ¢y, which is smooth, and in
particular the derivatives of ¢, at Vi, being opposed, do not contribute to the Kirchhoff condition.
Therefore u solves problem (1.2) on Gy \ Ry and, as such, u € Ny(Gn \ Ri). Then, by (2.9),

||“Hip(gN\7zk) >C,

with C depending only on A and p. In conclusion,
In(w) = 5 (Il + 1l ngiiry) = 5 (1030w + C) = sx + 5C,

and the lemma is proved choosing §; = min {%s,\, nC}. O

Now we prove that an estimate similar to that of the previous lemma holds also for solutions
attaining their maximum on an edge of length 1.

Lemma 4.7. There exists 02 > 0 such that for every N > 2,

inf  Jx(u) > sy + 02 and inf  Jx(u) > sx+02. (4.7)
uES>(Gn) u€S2(Gn)

Proof. We will prove the existence of do > 0 such that for every N > 2,

inf  Jx(u) > sy + 09
u€eN2(GnN)

where
No(Gn) = {u € NGn) | [[ull e gyy = lull = (e, for some edge e € G of length 1} .

Then the result will follow via Lemma 4.5 and (1.8).
Let u € Na(Gy) and assume that u attains its maximum on a given edge e (of length 1).
We first construct a new graph and we rearrange u on it. Let € be an edge of length 1 and attach
a pair of half-lines H1, Ho to one of its vertices and another pair Hs, H4 to the other one. We obtain
in this way an H-shaped graph denoted by G. We now claim that there exists v € N\ (G) N Xz such
that
In(v) < Jx(u). (4.8)

To see this, let Vi, Vi1 be the vertices of e and let 5\%,@“1 be the connected components of

Gn \ e containing v and Vi1 respectively. Note that both G, and g~vk+1 satisfy assumption (H)
and hence

#{z € Gy, | u(z) =
#{x € §Vk+1 | u(x) =

for almost every t € (0, ||u||Loo(§ )),
Vi

for almost every t € (0, ||u||Loo(§ )).
Vik+1

Let uy and uy be the symmetric rearrangements on R of the restrictions of u to QNV,C, ’g}k 1 respec-
tively, so that u1,us € H'(R) and

lullzoey = Il oz, ) Nuzllza = Nz, for every g € [1,00],

lelleey < 1l o,y Il < e,
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Furthermore, there exist z1, 72 € R such that u;(21) = u(Vy) and ug(w2) = u(Vy41). Define then
ue HY(G) as
u(x) ifree
u(z) = qui(z+x1) ifxeH UHs
ug(x +x2) iz € HaUHy,
where with a slight abuse of notation we identified € € G with e € 5 ~. By construction, u attains
its L norm on e, |[ul| g, = ||u||Lq(§N) for every ¢ and ||| ;2 gy < Hu'HLQ@N), so that 7y (w) < 1.

Hence, setting v = my(u)u, we obtain v € N (G) N Xz fulfilling (4.8). Thus

In(u) > inf In(v) = C)\(g,é)

vEN (E) NXe

and it suffices to show that c(G,€) > s,.

Now if ¢) (G, €) is attained this is trivial by Theorem 2.6, since G € G satisfies assumption (H).
If ¢\(G,e) is not attained and (wy), C Na(G) N Xz is a minimizing sequence, then Lemma 3.7
applies yielding a weak limit w € Xz \ {0}, with m := ||w||3 < lim,, ||w,||3 =: p, L(w) < X and

m
i —w)=A+ —(\— >\
1171511 L(w, —w) =\ (A= L(w)) > A

In conclusion, as usual by the Brezis-Lieb Lemma and Lemma 3.6

ea(G,e) = ligbn In(wy) = liTILn Kllwn b = mliTILn (lwn — wll? + Jw]) > s1A% + &lJw|[h = sx + &|lwl]?

and the proof is complete also when ¢y (G, €) is not attained as w # 0. O
In the next lemma, we study the properties of the graph g N-

Lemma 4.8. For every € > 0 there exists N. := N.(e,\,p) € N such that, for every N > N,

inf JA(U) < s\ +e¢
u€S3(GnN)

and it is attained.
Proof. By Remark 3.8, for every € > 0 there exists V. € N such that for every N > N,
CA(gN,Z()) < Ss)t+e.

By taking N, even larger, if necessary, Theorem 3.2 guarantees that c)\(g N Zo) is attained by some
u and, by Theorem 3.3, u € S3(Gn). If v is any other element of S5(Gn ), by the periodicity of Gy
there exists v € Nx(Gn) N X7, (a translation of v) such that Jy(v) = Jx(v). Therefore

In(v) = Jr(v) > C,\(Q~N,£~0) = Ja(u),

which shows that  inf  Jy(u) = ex(Gn, Lo) is attained (by w). O
u€S3(Gn)

Corollary 4.9. Let e < %min{él,ég}, where 81, d2 are given by Lemmas 4.6—4.7, and N, be the
corresponding number given by Lemma 4.8. For every N > Ng,

O’,\(JN) = iIlf~ J)\(u) < s\ te.
u€S3(GnN)

and o (Gy) is attained.
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Proof. By Lemmas 4.6-4.7, for every N > 2

inf  Ja(u) > sx +e, inf  Jy(u) > sx +e,
u€S1(GnN) u€S2(GnN)

while by Lemma 4.8

inf_ J,\(u) < s\ +e.
u€S3(GnN)

Therefore, in view of (4.1),

ox(Gn) = E;n(fg )JA(u)
u 3(UYN

and it is attained, again by Lemma 4.8. O
To proceed, we prove a further preliminary result, similar in spirit to Lemma 4.5, that estab-

lishes a strict inequality when passing from S3(Gn) to S3(Gn).

Lemma 4.10. For every N large enough and for every u € S3(Gn) such that Jy(u) < 2sy, there

exists v € S3(Gn) such that Jx(v) < Jx(u).

Proof. Let u € S5(Gn) such that Jy(u) < 2s). By Remark 4.4, u does not change sign. We
suppose that 4 > 0 and by strong maximum principle, we have that « > 0 on G.
If w attains its maximum in a loop Ly, by Lemma 4.5 there exists v € N\ (Gny) N Xz, such that

Jr(V) < Jx(u), where Lh corresponds to Ly after the identification of Gy \ B with Gn \ Lo.
If w is constant on m edges of B, then it necessarily equals )\Plj, and

25\ > Ja(u) > =

shows that m is bounded by a constant depending only on A\ and p. Since N can be assumed as
large as we wish, there are at least N —m > 6 edges of B on which w is not constant. Any pair
of these edges in B forms a loop on which u is not constant. Since there are at least 3 such loops,
necessarily

#{reB|lulz)=t}>3

for t in a set of positive measure, so that by Lemma 4.5, the element 7 € Ny (Gn) N X 7, found
above satisfies the strict inequality Jy(v) < Jx(u). Finally, invoking again Theorems 3.2 and 3.3,

provided N is sufficiently large, there exists v € S3(Gn) such that Jy(v) = infweNA(éN)mXE Iy (w)
k

and hence
J)\(U) < J,\(ﬂ) < J)\(u),

and the proof is complete. O
Lemma 4.11. There exists N € N such that, for every N > N, we have U,\(GVN) > Sy,
ox(Gn) = oA(Gn) (4.9)
and oA (GN) is not attained.
Proof. Let € and N, be as in Corollary 4.9, so that there exists w € 83(§N) satisfying
Jy(w) = 0A(Gn) < s + .

Note that (Gy) = Jx(w) > sx by Remark 4.3. We assume, in accordance with Theorem 3.3,
that w > 0, and that w attains its maximum in the loop Lo, which is possible, as usual, by the
periodicity of Gn. For every § > 0, define ws € H'(Gy) as

ws(x) = (w(z) —8)"
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and notice that ws — w strongly in Hl(éN) as 0 — 0. The support of wg is, by construction, a
bounded subgraph Gs of G N, that can also be considered as a subgraph of Gy: it suffices to embed
it, for every 4, into Gy in such a way that it does not contain vy. Thus, after extending ws to 0 in
Gn \ Gs, we can view it as a function in H'(Gy) attaining its maximum on some loop Lx;. Note
also that, by strong convergence,

|+ Al

/112 2
2 _ was”%z(gN) ‘*‘)\Hwt?“%z(g]v) _ ”wﬁHL?(éN L2(Gn)

ﬂ')\(w(;)p =
sl g Teosll?, 6

as & — 0.
By Theorems 3.2-3.3, for every § > 0 there exists vs € S(Gn) such that

J = inf J .
A(vs) ueNk(ég)mxﬁké A(u)

Therefore, as 6 — 0,
oA (Gn) < Ia(vs) < Ja(ma(ws)ws) = Ja(w) = ox(Gn),

showing that N
ox(Gn) < oa(Gn), (4.10)

and hence, by Lemmas 4.6-4.7,

ox(Gn) = inf  Jy(u) < sy +e.

A(Gn) et ) < sx

Without loss of generality, let us assume that ¢ < sy. Next, for every u € S3(Gn) with Jy(u) <
sx + e, let v € S3(Gn) be the function provided by Lemma 4.10. Then

ox(Gn) < Ja(v) < Jx(u)

and taking the infimum over u we obtain o (Gx) < oA(Gn) which, coupled with (4.10), establishes
(4.9).

Finally, to prove that ox(Gx) is not attained, assume instead that there exists v € S3(Gn) such
that J(u) = 05(Gn). By Lemma 4.10 again, let v € S3(Gn) satisty Jy(v) < Jx(w). Then

ox(Gn) < Ja(v) < Ja(u) = oa(Gn),

contradicting (4.9). O
Proof of Theorem 4.2. It is enough to take N as in Lemma 4.11, the result is then a straightforward
consequence of Remark 4.3 and Lemma 4.11. O
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