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Piezoelectric energy harvesters (PEH) require an electronic circuit to rectify their AC voltage in order to supply wireless sensors. In the literature, it has been shown that such electronic circuit can be tuned and optimized in order to enhance the bandwidth and power of linear PEH. However, to date, few works have explored the electrical optimization of non-linear bistable PEH. The present work reports the optimization of the harvested power and bandwidth of bistable PEH by mean of a non-linear energy extraction circuit: the parallel synchronized switch harvesting on inductor (P-SSHI). A simple model of the bistable PEH connected to the P-SSHI circuit has been derived and the closed-form expression of the harvested power has been obtained. The experimental tests, conducted on a custom-made bistable PEH showed that the results are in good agreement with the model, proving its validity. Based on the model, it is shown that the P-SSHI circuit allows to increase the bandwidth (1.6 times) and the harvested power (up to 7.5 times) compared to the standard energy harvesting (SEH) circuit.

INTRODUCTION

Energy harvesting constitutes a promising approach to power low-consumption wireless sensors. Particularly, vibration energy harvesting is of interest in environments where other energy sources such as solar or thermic energies are not available. The first PEH that have been proposed in the literature were based on linear mechanical resonators [START_REF] Siang | Review of vibration-based energy harvesting technology: Mechanism and architectural approach[END_REF]. However, the harvested power with linear PEH drastically decreases if the vibration frequency does not match the resonant frequency of the system [START_REF] Morel | A unified N-SECE strategy for highly coupled piezoelectric energy scavengers[END_REF]. To overcome this limitation, non-linearities were added to the mechanical resonators, allowing the design of broadband non-linear PEH [START_REF] Pellegrini | Bistable vibration energy harvesters: A review[END_REF] [START_REF] Shahruz | Increasing the Efficiency of Energy Scavengers by Magnets[END_REF]. Concerning electrical interfaces for PEH, the first circuit that has been investigated is a rectifier followed by a DC/DC converter [START_REF] Ottman | Adaptive piezoelectric energy harvesting circuit for wireless remote power supply[END_REF]. Thereafter, non-linear circuits like synchronous electric charge extraction (SECE), serial switch harvesting on inductor (S-SSHI) or parallel switch harvesting on inductor (P-SSHI) have been proposed in the literature, in order to increase the harvested power. Thanks to a non-linear processing of the piezoelectric voltage, these techniques allow to increase the harvested power as well as the bandwidth of PEH. As illustrated in Fig. 1, all these circuits have been modeled and studied associated with linear PEH. However, to date, few articles focused on the mutual impact and modeling of non-linear circuits combined with non-linear PEH.

In [START_REF] Huguet | Bistable vibration energy harvester and SECE circuit: exploring their mutual influence[END_REF], Huguet et al. proposed a numerical and experimental analysis of the mutual influences of SECE circuit combined with bistable PEH. More recently, Wang et al. [START_REF] Wang | New insight into piezoelectric energy harvesting with mechanical and electrical nonlinearities[END_REF] proposed an analytical modelling and experimental validation of non-linear electrical interfaces applied to nonlinear monostable PEH. However, these works did not derive any closed-form expression of the power-frequency response of the PEH, in a simple and physically-insightful way.

In this paper, we propose an analytical model with experimental validation of the P-SSHI circuit impact on the bistable PEH dynamics. First, we develop the analytical model of the P-SSHI circuit associated to the bistable PEH. In a second section, the experimental setup is presented. Finally, the experimental results are presented and we show the extent to which the P-SSHI circuit improves the performance of the harvester compared to the SEH circuit. 

ANALYTICAL MODELLING

As presented in [START_REF] Huguet | Parametric analysis for optimized piezoelectric bistable vibration energy harvesters[END_REF], the governing set of differential equations modeling the dynamics of the bistable PEH can be written as follows:

{ 𝑥̈+ 𝜔 0 𝑄 𝑥̇+ 𝜔 0 2 2 ( 𝑥 2 𝑥 0 2 -1) 𝑥 + 2𝛼 𝑀𝐿 𝑥𝑣 𝑝 = 𝛾(𝑡) 𝐶 𝑝 𝑣 𝑝 ̇= 2 𝛼 𝐿 𝑥𝑥̇-𝑖 𝑝 (1) 
In (1), 𝑥 0 , 𝑥 and 𝛼 stand respectively for the equilibrium position of the inertial mass, the mass displacement and the piezoelectric force factor. Note, that the waveform of the displacement is experimentally shown to be close to a sine wave and is expressed as 𝑥(𝑡) = 𝑥 𝑚 cos(𝜔𝑡). Assuming that the vibration is sinusoidal, the acceleration amplitude 𝛾(𝑡) can be expressed as 𝛾(𝑡) = -𝛾 𝑚 sin(𝜔𝑡). 𝑣 𝑝 and 𝑖 𝑝 are respectively the piezoelectric voltage and current. 𝑀, 𝐿, 𝐶 𝑝 , 𝑄 and 𝜔 0 are physical parameters of the prototype. They represent the dynamic mass, the length of the beams, the piezoelectric capacitance, the mechanical quality factor and the natural resonant frequency of the harvester respectively, as summarized in Table 1. Note, that 𝑄 and 𝜔 0 correspond to the characteristics of the linear equivalent harvester, obtained for small oscillations of the mass around one of the two equilibrium positions [START_REF] Huguet | Parametric analysis for optimized piezoelectric bistable vibration energy harvesters[END_REF]. The simulation of the bistable model ( 1) may lead to two types of orbits known as intra-well and inter-well motions. In this article, we focused on the inter-well motion due to its interest for energy harvesting. , the switch is closed, which connects the inductor 𝐿 to the piezoelectric capacitance 𝐶 𝑝 . Because of this L-C loop, the piezoelectric voltage is quickly inversed. Thereafter, another semi-period of vibration starts, and the same process is repeated, as shown in Fig. 2.b. The waveform of the piezoelectric voltage on a semi-period is illustrated in Fig. 2.b and can be expressed as follows:

{ 𝑣 𝑝 (𝑡) = 𝛽 𝑚𝑖𝑛 𝑉 𝑑𝑐 + ∫ 2𝛼𝑥𝑥Ċ 𝑝 𝐿 𝑑𝑡 ∀𝑡 ∈ [0, 𝑡 0 ] 𝑡 0 𝑣 𝑝 (𝑡) = -𝑉 𝑑𝑐 ∀𝑡 ∈ [𝑡 0 , 𝑇 2 ] 
(2)

𝛽 𝑚𝑖𝑛 = 𝑣 𝑝 ( 𝑇 2 + ) 𝑣 𝑝 ( 𝑇 2 - )
corresponds to the minimum voltage inversion ratio, as illustrated in Fig. 2.b. Since the piezoelectric voltage is periodic, it can be expressed as a Fourier series. From (2), the expression of the fundamental of the piezoelectric voltage can be obtained:

{ 𝑣 𝑝 (𝑡) = 𝑎 1 cos(2𝜔𝑡) + 𝑏 1 sin(2𝜔𝑡) 𝑎 1 = 𝛼𝑥 𝑚 2 2𝐿𝐶 𝑝 1 1+ 𝜋 2𝑟Ω(1-𝛽 𝑚𝑖𝑛 ) 𝑏 1 = - 𝛼𝑥 𝑚 2 2𝐿𝐶 𝑝 2𝑟Ω( 2𝑟Ω(1-𝛽 𝑚𝑖𝑛 2 ) 2𝜋 +1) ((1+𝛽 𝑚𝑖𝑛 )2𝑟Ω+𝜋) 2 (3) 
Where 𝑎 1 and 𝑏 1 are the first-order Fourier coefficients. Note, that the Fourier coefficients are only expressed for the first order harmonic. Since the mechanical resonator exhibits a filtering behavior, the impact of higher order harmonics of the voltage on the bistable PEH dynamics can be neglected.

Applying the same method as in [START_REF] Demouron | Resistive Load Influence on the Power and Bandwidth of Bistable Energy Harvesters[END_REF], the electricallyinduced damping can be expressed as follows:

𝐷 𝑒 𝑃𝑆𝑆𝐻𝐼 = 16𝛼 2 𝑟Ω ( 2𝑟Ω(1 -𝛽 𝑚𝑖𝑛 2 ) 2𝜋 + 1) 𝐶 𝑝 𝜔((1 + 𝛽 𝑚𝑖𝑛 )2𝑟Ω + 𝜋) 2 (4)
From this term yields the expression of the damping ratio 𝛽 𝑃𝑆𝑆𝐻𝐼 which corresponds to the ratio between the electrical and the mechanical damping:

𝛽 𝑃𝑆𝑆𝐻𝐼 = 𝑥 𝑚 2 𝑥 0 2 𝑘 𝑚 2 𝑄 Ω 2𝑟Ω ( 2𝑟Ω(1 -𝛽 𝑚𝑖𝑛 2 ) 2𝜋 + 1) ((1 + 𝛽 𝑚𝑖𝑛 )2𝑟Ω + 𝜋) 2 (5) 𝑤𝑖𝑡ℎ { 𝑟 = 𝑅 𝐶 𝑝 𝜔 0 Ω = 𝜔/𝜔 0
Where 𝑘 𝑚 2 stands for the electromechanical coupling coefficient. Note, that for another extraction circuit, the Fourier coefficients will be different and thus, the expression of the damping ratio β will change. The first equation of ( 1) is reformulated to show the damping ratio 𝛽 𝑃𝑆𝑆𝐻𝐼 :

𝑥̈+ 𝜔 0 𝑄 𝑥(1 + 𝛽 𝑃𝑆𝑆𝐻𝐼 ) + 𝜔 0 2 2 ( 𝑥 2 𝑥 0 2 -1) 𝑥 = 𝛾(𝑡) (6)
The harmonic balance method is applied to (6) as detailed in [START_REF] Demouron | Resistive Load Influence on the Power and Bandwidth of Bistable Energy Harvesters[END_REF] and [START_REF] Morel | Simple analytical models and analysis of bistable vibration energy harvesters[END_REF], and leads to the equation of the mass displacement amplitude 𝑥 𝑚 , the critical angular frequency 𝜔 𝑐1 and the extracted power 𝑃 𝑒𝑥𝑡 .

{ 𝑥 𝑚 = 2𝑥 0 √ 2 3 ( 𝜔 𝑐 2 𝜔 0 2 + 1 2 ) 𝜔 𝑐 = √ -𝜔 0 2 + √𝜔 0 4 + 6𝑄 2 𝛾 2 𝑥 0 2 (1 + 𝛽 𝑃𝑆𝑆𝐻𝐼 ) 2 4 𝑃 𝑒𝑥𝑡 = 2𝑀𝜔 0 𝛽 𝑃𝑆𝑆𝐻𝐼 𝜔 2 𝑥 0 2 3𝑄 (1 + 2𝜔 2 𝜔 0 2 ) (7) 
As proven in [START_REF] Shu | An improved analysis of the SSHI interface in piezoelectric energy harvesting[END_REF], a larger electrically-induced damping leads to a larger extracted power, but decreases the value of the critical angular frequency, thus limiting the harvesting bandwidth. The electrical efficiency representing the electrical losses during the voltage inversion process of the P-SSHI is expressed as follows:

𝜂 𝑒𝑙𝑒𝑐 = 2𝜋 2𝜋 + 2𝑟Ω(1 -𝛽 𝑚𝑖𝑛 2 ) (8)
Thus, the harvested power 𝑃 ℎ can be estimated with:

𝑃 ℎ = 𝜂 𝑒𝑙𝑒𝑐 𝑃 𝑒𝑥𝑡 (9)

EXPERIMENTAL VALIDATION Bistable piezoelectric energy harvester

Experimental tests were performed on a bistable PEH prototype illustrated in Fig. 3. The bistable PEH is made of an inertial mass and two parallel buckled beams made in steel. In order to convert the mechanical energy into electrical energy, an amplified piezoelectric actuator (APA) made of a stack of lead titano-zirconate has been fixed on the right of the beams. Bistability is induced by applying a buckling force on the beams. Note, that the parameters of the prototype have been experimentally identified on the intra-well motion under a sinusoidal excitation and are presented in Table 1.

Table 1: Prototype parameters.

Parallel Synchronized Switch Harvesting on Inductor

As illustrated in Fig. 3, a P-SSHI circuit has been manufactured. The circuit is made of two stages: the switching stage and the rectification stage. As shown in Fig. 2, the switching stage includes an inductor of 0.15 𝐻, two Schottky diodes and two mosfet transistors (a Nchannel and a P-channel). The transistors used in the switching stage are ZVN2110GTA for the N-channel and IRFL9110TRPBF for the P-channel. The rectification stage includes 4 Schottky diodes and a filtering capacitor. The Schottky diodes are BAT43 for both the switching and the rectification stages.

Experimental Testbench

To validate the analytical model, an experimental testbench has been set up, as shown in Fig. 3. This fully automated testbench includes a dSpace real time interface, an electromagnetic shaker, a differential laser vibrometer and a programable decade box. The sinusoidal excitation is controlled in closed-loop in order to maintain the vibration amplitude to a constant value. The frequency and the amplitude of the excitation signal as well as the output impedance of the P-SSHI circuit (𝑅 in Fig. 2) are controlled with Matlab scripts. The differential vibrometer performs the measurement of displacement and speed of the inertial mass. Voltage followers are used to isolate the APA and the P-SSHI circuit from the input impedance of the acquisition board. For each combination of acceleration, resistance and frequency, the waveforms of the displacement and speed of the mass as well as the piezoelectric voltage and P-SSHI rectified voltage are measured and stored. 

Experimental Protocol

The experimental characterization of the PEH connected to the P-SSHI circuit is performed on inter-well motion. The PEH is characterized under a sinusoidal acceleration of amplitude 𝛾 𝑚 = 13 𝑚. 𝑠 -2 . The frequency is swept from 30 𝐻𝑧 to 80 𝐻𝑧. These frequency sweeps are performed for 50 load resistances (between 500 Ω and 7 𝑘Ω). The piezoelectric output voltage, P-SSHI rectified voltage, displacement, speed and acceleration waveforms are recorded for each combination of resistance and vibration frequency.

RESULTS & DISCUSSION

Figure 4 illustrates the harvested power and the displacement as a function of the frequency for the bistable PEH connected to the P-SSHI circuit. In both cases, the results are presented for the theory (equations ( 7) and ( 8)) and the experiment for three load resistances (from 1 𝑘Ω to 3 𝑘Ω). Provided that the damping ratio 𝛽 𝑃𝑆𝑆𝐻𝐼 increases as the load resistance increases (5), the harvested power increases for frequencies lower than the critical frequency as shown in Fig. 4.a. However, the critical frequency decreases due to the large values of the damping ratio (68 𝐻𝑧 with 𝑅 = 1 𝑘Ω and 52 𝐻𝑧 with 𝑅 = 3 𝑘Ω). As illustrated in Fig. 4.b, the displacement for a given frequency is barely impacted by the value of the load resistance, which validates the expression of 𝑥 𝑚 in [START_REF] Shu | An improved analysis of the SSHI interface in piezoelectric energy harvesting[END_REF]. The predictions from the proposed model ( 7) and ( 9) are in good agreement with the experimental measurements, with less than 20% error on the power and displacement prediction. A slight mismatch can be observed for 𝑅 = 1 𝑘Ω, around 70 𝐻𝑧. This mismatch is attributed to mechanical non-linearities (under large displacements) that were not considered in our model (1). Figure 5 shows the theoretical harvested power envelope as a function of the frequency for both the P-SSHI and the SEH circuits. In both cases, the load resistance is finely tuned for each vibration frequency, in order to maximize the harvested power. The harvested power is computed for two acceleration amplitudes (𝛾 = 7 𝑚. 𝑠 -2 and 𝛾 = 9 𝑚. 𝑠 -2 ). From Fig. 5, it can be seen that the bandwidth of bistable PEH is larger with the P-SSHI circuit than with the SEH circuit. As illustrated in Fig. 5 

CONCLUSION

In this paper, the association of a bistable PEH with a non-linear energy extraction circuit (P-SSHI) has been studied. It was shown, both theoretically and experimentally, that the P-SSHI circuit induces a loaddependent damping on the bistable PEH. Such damping can be electrically-tuned in order to enlarge the bandwidth and the harvested power of the PEH. Thereafter, based on the proposed model, P-SSHI and SEH circuits have been compared. This comparison shows that P-SSHI circuits allow to induce stronger electrically-induced damping value than SEH circuits, thus increasing the harvested power for low frequency vibrations. The obtained bandwidth with the P-SSHI circuit is shown to be 1.6 times larger than with the SEH circuit.
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 1 Figure 1: State-of-the-art[START_REF] Morel | Resistive and reactive loads' influences on highly coupled piezoelectric generators for wideband vibrations energy harvesting[END_REF][START_REF] Shu | An improved analysis of the SSHI interface in piezoelectric energy harvesting[END_REF][START_REF] Demouron | Resistive Load Influence on the Power and Bandwidth of Bistable Energy Harvesters[END_REF] and aim of the present paper: studying the impact of non-linear circuitry on nonlinear PEH.

Figure 2 : 2 ]

 22 Figure 2: (a) P-SSHI circuit and (b) temporal waveform of the piezoelectric voltage. The bistable PEH is connected to the P-SSHI circuit presented in Fig. 2.a. During the interval [0, 𝑇 2 ], the switch, made of the two transistors, is open. The piezoelectric voltage 𝑣 𝑝 increases until it reaches the rectified voltage 𝑉 𝑑𝑐 . When the piezoelectric voltage becomes equal to 𝑉 𝑑𝑐 , the diode bridge starts conducting, and the electrical energy is extracted from the piezoelectric element. When 𝑡 = 𝑇 2

Figure 3 :

 3 Figure 3: Experimental testbench to test the performances of the bistable PEH prototype connected to the P-SSHI circuit.

Figure 4 :Figure 5 :

 45 Figure 4: (a) harvested power and (b) displacement for the P-SSHI circuit in theory (solid) and experiment (dash) for R = 1 kΩ (blue), R = 2 kΩ (orange) and R = 3 kΩ (green)

  .a, the PEH connected to the SEH circuit exhibits a bandwidth of 40.98 𝐻𝑧 under an acceleration amplitude 𝛾 𝑚 = 7 𝑚. 𝑠 -2 and a bandwidth of 46.36 𝐻𝑧 for 𝛾 𝑚 = 9 𝑚. 𝑠 -2 . Fig.5.b illustrates the power envelope of the bistable PEH connected to the P-SSHI circuit. Under an acceleration amplitude 𝛾 𝑚 = 7 𝑚. 𝑠 -2 , the PEH exhibits a bandwidth of 66.19 𝐻𝑧. This bandwidth reaches 73.87 𝐻𝑧 when the acceleration amplitude is increased to 𝛾 𝑚 = 9 𝑚. 𝑠 -2 . Indeed, the P-SSHI interface allows to reach higher electrically induced damping (𝛽 𝑚𝑎𝑥 = 4.54) than the SEH (𝛽 𝑚𝑎𝑥 = 1.06) thus increasing the harvested power under low vibration frequencies and lowering the critical frequency 𝜔 𝑐 . Note that the values of 𝛽 𝑚𝑎𝑥 are given for 𝑓 = 48 𝐻𝑧 and 𝑅 = 3 𝑘Ω.

Note that 𝜔 𝑐 corresponds to the angular frequency where the inter-well motion of bistable PEH stops existing, as discussed in[START_REF] Morel | Simple analytical models and analysis of bistable vibration energy harvesters[END_REF].
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