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WELL-POSEDNESS AND PROPAGATION OF CHAOS FOR
LEVY-DRIVEN MCKEAN-VLASOV SDES UNDER LIPSCHITZ
ASSUMPTIONS

THOMAS CAVALLAZZI

ABSTRACT. The first goal of this note is to prove the strong well-posedness of McKean-
Vlasov SDEs driven by Lévy processes on R? having a finite moment of order 8 € [1,2]
and under standard Lipschitz assumptions on the coefficients. Then, we prove a quantitative
propagation of chaos result at the level of paths for the associated interacting particle system,
with constant diffusion coefficient. Finally, we improve the rates of convergence obtained for
a particular mean-field system of interacting stable-driven Ornstein-Uhlenbeck processes.

1. INTRODUCTION AND RESULTS

Let us fix (Q, F, (Ft)e>0,P) a filtered probability space and N a Poisson random measure
on RY x R\ {0} with intensity dt ® v, where v is a Lévy measure, i.e.

v({0}) =0 and /RdM\zy?dy(z)<+oo,

where aAb denotes the minimum between to real numbers a and b. We denote by A (dt,dz) ==
N(dt,dz) — dt ® dv(z) the associated compensated Poisson random measure. We consider
Z = (Z4)i>0 a Lévy process on R? written, for all ¢ > 0, as

t t
th// z/\~/(ds,dz)+// 2N (ds, dz),
0 JB; 0 i

where By is the open ball of R? centered at 0 and of radius 1 and By is its complementary in R,

We assume that there exists 5 € [1,2] such that the Lévy measure v satisfies

/ |2|? dv(z) < +oc.
By

This is equivalent to assume that for any ¢ € Rt Z; has a finite moment of order 3 by [15,
Theorem 25.3]. Let us denote by Pg(Rd) the space of probability measures on R? having a
finite moment of order 3, which is endowed with the Wasserstein metric Wjg. We are interested
in the well-posedness of the following Lévy-driven McKean-Vlasov SDE

dX; = by( Xy, ) dt + 0¢(Xy—, ) dZy,  t € (0,77,
pe = [Xq], (1.1)
XO = f c LB(Q,fo;Rd),

where T is a fixed finite horizon of time, [X;] denotes the distribution of X; and b : [0,7] x
R? x Pg(RY) — R? and o : [0,7] x R? x Ps(RY) — My(R) are measurable maps, Mgy(R)
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2 THOMAS CAVALLAZZI

being the space of matrices of size d X d on R. The first motivation to study (1.1) lies into its
connexion with the following mean-field interacting particle system

(XN ) dt + o XN Y)Y dz), te[0,T], ie{l,...,N},

N
; XN (1.2)

dx;N

ZIH

i, N
XO —

J‘f‘r

where (Z%,¢%);>1 are i.i.d. with same distribution as (Z,&). The link between (1.1) and (1.2) is
that for any k£ > 1, the dynamics of k particles is expected to be described by k& independent
copies of(1.1) when the total number of particles N tends to infinity. This is the so-called
propagation of chaos phenomenon. It was originally studied by McKean [13] and then inves-
tigated by Sznitman [16] when Z is a Brownian motion. For a detailed review on the topic of
propagation of chaos, we refer the reader to [4, 5].

We are going to work under the following Lipschitz assumptions.

Assumption (H1). There exists a constant C' > 0 such that for all ¢ € [0,7T], z,y € R¢ and
p, v € Pg(R%), we have

(b, 1) = by, V)| + low(@, p) = o1y, v)| < Cllz =yl + Wps(p, v)), (1.3)
and
()| + |oe(, p)| < C(L+ |2| + Mp(p)),
where Mg(p) = (Jga |#]° dp(z ))%Al for u € Pg(RY).

1.1. Well-posedness of the McKean-Vlasov SDE (1.1).

Theorem 1. Under Assumption (H1), there exists a unique strong solution (X¢)¢cpo, 7] to (1.1)
for all initial datum & € L3(Q, Fy; R?). Moreover, the flow of marginal distributions (1e)eefo,m)
belongs to C°([0,T]; Ps(R%)) and we have

Esup | Xy|? < +o0. (1.4)
t<T

Remark 1. We can easily add a term of the form (Bt + XW;)i>0 to Z, where B € R,
Y € My(R) is a symmetric positive semidefinite matrix of size d x d and W is a standard
Brownian motion on R%. Using the Lévy-Ito decomposition given in [1, Theorem 2.4.16], we
can thus consider a general Lévy process Z having a finite moment of order g € [1,2].

Let us compare our result with the existing literature. When g = 2, the well-posedness of
(1.1) was proved by Jourdain, Méléard and Woyczynski [12]|. In this work, the weak existence
is also proved when 8 = 0 through the relative nonlinear martingale problem. However,
uniqueness is not shown when 8 = 0. When g = 1, a result similar to Theorem 1 is proved by
Graham in [11, Theorem 2.2]. The main differences are the following. Firstly, in [11], there
is no integral with respect to the compensated Poisson random measure N in the definition
of Z. Secondly, in the case where the drift b is unbounded, it is supposed in [11] that X has
a finite moment of order 2, which is not the case in Theorem 1, and also that, keeping our
notations, there exists C' > 0 such that for all ¢ € [0,7], z € R? and u € P;(R?), we have

2
" / ol wz dv(z) < O+ [af?). (1.5)

/ ol 0z ()
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It suggests that o is bounded with respect to its measure variable, which is not the case in
Theorem 1. Moreover, (1.5) strongly suggests that

/ |z dv(z) < +oo.
BY

It is the case when o = Id for example. However, this condition on v is equivalent to the fact
that for any ¢t € R*, Z; has a finite moment of order 2, which is not supposed in Theorem
1 since § € [1,2]. In the non-degenerate case, i.e. when o is uniformly elliptic, we refer
to [8]. In this work, Frikha, Menozzi and Konakov prove the well-posedness of (1.1) under
Holder assumptions on the coefficients with respect to both space and measure variables.
Of course, this result can be applied to Lipschitz continuous coefficients but in Theorem 1,
we do not assume that the diffusion coefficient ¢ is uniformly elliptic. Moreover, another
assumption made in [8] is that for all (¢,z) € [0,7] x R?, the maps u € P(R?) ~ by(z, 1) and
1 € P(R?) +— o4(x, 1) have bounded linear derivatives, where P(R%) is the space of probability
measures on R?. Note that, at least when the coefficients depend linearly on the measure, this
assumption implies the boundedness of the coefficients with respect to the measure variable.
This is not the case here.

Remark 2. Notice that when 5 € (0,1), the uniqueness result of Theorem 1 is false without a
non-degeneracy assumption on the diffusion coefficient o. Let us give a simple counterexample
by setting, for t € [0,7], * € R? and u € Pg(RY)

@@M%:AﬁWWW% oi(z,p) =0, and €:= 0.

Assumption (H1) is clearly satisfied. Moreover, the solution to the corresponding McKean-
Vlasov SDE is deterministic since there is no noise and the initial distribution is deterministic.
We easily remark that the problem is equivalent to solve the ordinary differential equation

y(t) = ly@®)°, telo,T),
y(0) = 0.

It is well-known that there exists several solutions to this problem. However, under Assumption
(H1), there exists at least one strong solution to the McKean-Vlasov SDE (1.1). We refer to
Appendix A for a proof of this result.

1.2. Propagation of chaos for the interacting particle system (1.2). We now focus on
the propagation of chaos for the interacting particle system (1.2). Under Assumption (H1),
the SDE (1.2) admits a unique strong solution by [1, Theorem 6.2.9]. Propagation of chaos can
be understood in the weak sense, i.e. in distribution through the convergence of the empirical
measure 'Y, or in the strong sense, i.e. at the level of paths by coupling. Our aim is to prove
quantitative strong propagation of chaos. Let us introduce the i.i.d. copies of the limiting
McKean-Vlasov SDE (1.1), which are denoted by (X“°°);>1, where the initial data and the
noises are respectively (£%);>1 and (Z%);>1.

Theorem 2. Assume that Assumption (H1) holds true with W instead of Wjp in the Lipschitz
control (1.3) and with o = Id. Then, there exists a constant C' > 0, independent of d and N,
such that for all N > 1

1 4 . d
SupEsup|XZ’N—XZ’°°|§C N o if d=1,2 or d;3and6< =T (1.6)
i<N  t<T N7a, if d>3and 3> 35,
and )
_ N7l if d=1,2 or d>3and 8 < +%,
sup WA ) < 0N, Sdadi<aT )
te[0,7) N7a, if d>3and > ;5.
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Remark 3. The method used in the proof of Theorem 2 cannot be applied to prove quan-
titative strong propagation of chaos with a general non-constant diffusion coefficient o under
Assumption (H1). It remains, to the best of our knowledge, an open problem.

We now compare our result with the existing literature. In [10], Graham proves qualitative
weak propagation of chaos, i.e. without rate of convergence, under Lipschitz assumptions for
an interacting particle system driven by a Poisson random measure and its compensated mea-
sure. It is supposed that the Poisson random measure is associated with a Poisson process
having a finite moment of order 1 and that the set of jumps is discrete. Jourdain, Méléard
and Woyczynski treat in [12] the case of a general Lévy noise having a finite moment of order
2. The authors exhibit rates of convergence for the strong propagation of chaos in L? under
standard Lipschitz assumptions on the drift and diffusion coefficients b and ¢ which are similar
to Assumption (H1). Still in the Lipschitz framework, we mention Neelima et al. [14], where
quantitative strong propagation of chaos is proved in L2, relaxing the assumptions of [12]. In
the one-dimensional case, Frikha and Li [9] study a McKean-Vlasov SDE driven by a com-
pensated Poisson random measure with positive jumps. They give a rate of convergence for
the strong propagation of chaos in L' under one-sided Lipschitz assumptions on the coefficients.

Let us now study a particular example for which we can improve the rates of convergence
obtained in Theorem 2. Assume that Z = (Z;);>0 is an a-stable process on R? with « € (1,2).
Let us fix also A, A’, B € M4(R) matrices of size d x d. We are interested in the interacting
particle system (1.2) and the limiting McKean-Vlasov SDE (1.1) with

£ e LQ, Fo;RY),  by(x,p) = Az +A'/dyd,u(y) and o¢(x,p) = 1d.
R

This corresponds to a system of interacting stable-driven Ornstein-Uhlenbeck processes. Keep-
ing the same notations as in Theorem 2, we have the following quantitative propagation of
chaos result.

Theorem 3. There exists a positive constant C independent of d and N such that for all
N>1

1 1
) . In(N)aN="1 if d=1.2 > d _d_
SupEsup]XZ’N—XZ’OOISC (n(1 ) , 1 d=1,2 or d;3an a < 7%,
i<N  t<T N4, if d23anda>m,
(1.8)
and
1 1
In(N))aNa=t, if d=1,2 or d>3anda< %,
sup EW: (@, ) < C _(1 ) . " =17 (1.9)
te[0,T] N™4, if d>3and a> 5.

2. PROOF OF THEOREM 1

Let us fix p = (ue)tefo,r) € CO([0,T]; Pg(RY)). By using [1, Theorem 6.2.9], we deduce that
the SDE

de = bt(Xfmut) dt_‘_at(XZinut) dZy, te [OvT]7

{ X} = ¢ e LP(Q, Fo; RY),

admits a unique strong solution X*. Moreover, note that the coefficients of this standard SDE

(t,x) € [0,T] x R = by(x, j1) and (¢, ) € [0,T] x R — oy(x, j1;) are at most of linear growth

with respect to the space variable z, uniformly with respect to ¢ € [0, T]. By using Proposition
2 in Fournier [6], we get that

(2.1)

Esup | X% < 4o0.
t<T
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The map
. { C([0, T); Ps(R)  — €°([0, T1]; Ps(RY))
¢ M (2.2)
o= (X ])te[O,T}
is thus well-defined. The goal is now to prove that ¢ has a unique fixed point thanks to
the Banach fixed point theorem. This is enough to prove the strong well-posedness of (1.1).
The space C°([0, T]; Ps(R?)) is endowed with the uniform metric associated with Ws. We fix
p,v € CY([0,T];Ps(RY)) and we aim at estimating Esup,, | X5 — X¥|?, for ¢t € [0,T]. We
employ the method used by Fournier in the proof of [6, Proposition 2|, which was used in the
context of McKean-Vlasov SDEs by Frikha and Li in [9] to prove the moment estimation (1.4).
The first step is to consider the SDE (2.1) without the big jumps term. Namely, we assume
that for &1, & € LP(Q, Fo; RY), and for all t € [0, T]

t t _
X'=¢ +/ bs(XH, ps) ds +/ / os(X!, ps)z N (ds, dz), (2.3)
0 0 JB
and . .
X! =& —1—/ bs(XY,vs)ds +/ / JS(X;’,,Vs)z/\N/(ds,dz). (2.4)
0 0 JB:

Note that by definition of ¢, & is equal to &, however in the next step of the proof, we need
to take different initial data for the SDE. Using the Lipschitz assumption on the coefficients,
Jensen and Burkholder-Davis-Gundy (BDG) inequalities, we obtain that for a constant C' =
Cr depending only on T and which can change from line to line, we have for all ¢ € [0,T]

E <Slip\X§L - XY | 51;52)
s<t

t t
< C |:’§1 —52‘2 +/0 E(‘Xﬁ —X;/P ‘ 61,62) dS—l—/O Wg(,us,us) d8:| .
Gronwall’s lemma ensures that
t
E (sgp X0 — X2 | 51,£2> <Clei— &P +C [ Wi ds.
s<t 0

It follows from Jensen’s inequality that

v

E <s1gtawxz _ x| 51,52) < <E (sggrxy _ x| 51,§2>>

2

t
<l -+ ([ Wit as)

Taking the expectation yields for all t € [0, T]

s
t 2
E <sup\X§L — X;’W) <CEl¢ - &P +C </ Wg(us,ys)ds> . (2.5)
s<t 0
Let us now add the big jumps. We denote by (1},),>1 the sequence of jumping times of (Z;)>0
having a size greater than 1, and by (AZ,),>1 the associated sequence of jumps, which is
Vy(‘g%) and independent of
(Th)n>1. We can write the restriction of the Poisson random measure A on RT x Bf as

Z O(T,AZn)s
n>1

which is independent on the restriction of N"on Rt x B1\{0}. Let us denote by G the o-algebra
generated by (7),)n>1. Notice that on the time interval [0,77), X* and X" defined in (2.1) are

an i.i.d. sequence of random variables with common distribution
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respectively solutions to (2.3) and (2.4) with & = &». Thus, using (2.5) with the conditional
expectation with respect to G instead of the expectation, we deduce that

tATy g
E( sup rxy—X:mg) gc( Wﬁ(us,usws) . (2.0
0

s<tNAT}

Let us now deal with the first big jump of Z, which occurs at time 77. We have
Xf, - X, = X — Xy + (aTl (X)) = o7, (X uTl)) AZ,.
It follows from the Lipschitz assumption on o that
X7, - Xp 7 < C1X5 — X7 A +1AZ) + W3y vn)|AZyP.

Since AZ; is independent of G and E|AZ;|? < 400, we deduce by (2.6) that almost surely on
the set {77 < T'}

tATY

2
E <|Xé£1 - X%1|B ‘ g) 1T1St < C < 0 Wg(ﬂ&VS) d8> + Wg(/‘TwVTJ

We thus have by the preceding inequality and (2.6)

E (|Xfr, = Xivn || 9)

—E (I1X}, - X417 | 6) 1rat + B (|1XI = X717 | 6) 1rie

tATy P P
<C < Wg(,us, Vs) ds> + Wy (e, vry)
0

Following the same lines and using (2.5), we prove that for any n > 1

AT <s<tATpi1

E( sup XY~ X[ | g>

t/\Tn+1 9 2
<C |E (\X&Tn - Xij/\Tn’B ‘ g> + </t W3 (s, vs) ds> . (2.7)

Ny,

and

E < sup | XH— XY ! g) (2.8)

tAT <s<tAThi1

t/\Tn+1 2
<C |E <|X5\Tn - Xzzj/\Tn|B ‘ g) + </t - Wﬁz(ﬂsﬂ/s) d3> + WE(NTnH,VTnH) )
Ny
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where C' is independent of n. Reasoning by induction, we deduce that for a constant C' > 1
depending only on T, we have

E sup |X§‘—X;’|B |g
AT <s<tATpi1

1 n t/\Tk+1 9 g n B
<ot S ([ W ds) 4 S )
| k=0 ATk k=1

<ot =5 ([ Wi ds) T+ S0 WE i m)
=~ 0 B Hs,Vs) QS B Ty, s VT, )
k=1

by Jensen’s inequality and with the convention that Ty = 0. Thus, for a certain constant
K > C, one has for all j <n

8
. t/\Tn+1 2 n
E( sup | XH — XV)P | g) < KJt2 (/ Wg(us,us)d8> + E Wgﬁ(MTMVTk)
t/\Tj§8<t/\Tj+1 0 k=1

Summing the preceding inequality over j € {0,...,n}, we deduce that

E( sup !Xé‘—Xs”Wg)
0<s<tATp+1

KTL—|—3 tAT 41 5 g n 5
< | ([ W as) - W) 9
k=1

Let us denote by (NNV¢);>0 the Poisson process associated with the jumping times (7},),>1 which
has an intensity A = v(BY). One has

e sup Pt - xp)

0<s<t
= ZE <E < sup ‘Xg - X;/’B ‘ g> 1Nt=n>
n—=0 0<s<t

o
E (E <0qu Xt — X7 | g> 1t<T1> + ) E <E < sup | X¥ — X¥|7 | g> 1Tn9<m1>
Ss<t n=1

0<s<t
E (E ( sup X4 - X7|7 | g) 1t<T1>
0<s<tATy

o0
+ ZE <E < sup  |XF - XV|° ‘ g) 1Tn§t<Tn+1>
n=1

IN

0<s<tATp 11
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Using (2.6) and (2.9), we obtain that for any ¢ € [0, 7]

E < sup | XF — XV|P
0<s<t

)
co( [ W)’
K"+3 (

)

_l’_

n=

<C</ Wﬁ Hsy Vs

n+3 t § n
* Z f{— K]P)(Nt - n) </0 Wg(,us,ys) dS) +E <Z Wg(MTMVTk) | Ny = n)

n=1 k=1

t/\TnJrl B
/ us, Vs) ds) + Z Wi (urys vny) | 1m,<t<Ti (2.10)
0

Let us recall that the conditional distribution of (T1,...,T),) given N; = n admits the following
density with respect to the Lebesgue measure

n!
(tl, oo ,tn) 6 [O,t]n ’-) t—nlt1<...<tn.

This yields

E <Z Wﬁﬁ(lu’Tk7VTk) | Nt :n) :/[ ] tn1t1< <thWB ,Uztk,l/tk)dtl d
k=1 04" k=1

1
/ o W3 (e, v, ) dty . dty,
[O»t]" k=1

1
T / Bﬁ Msyys

1 TL
_n B
= ;/0 W (s, vs) ds.

Injecting this equality in (2.10), we get

E ( sup |2 - X:rﬁ)
0<s<t

Kn+3
Z K Tl' ( /Wg ,usyys > /W ,usays
B
2

+C (/ W us,us)>

This proves the existence of a constant C' > 0 depending only on T such that for all ¢ € [0, T

8
t b t
E < sup ]Xg—XS”W) <C (/ Wﬁz(,us,us)ds> +/ Wg(us,us)ds . (2.11)
0<s<t 0 0
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Note that (2.11) is true if 8 € (0, 1) since we have only used that 0 < 8 < 2. Changing again
the constant C, Holder’s inequality yields for all ¢ € [0, T]

t 2
sup Wg@(u)s,qﬁ(u)s) <E < sup |X* — X;’W) <C </ Wﬁz(us,ys)ds> ) (2.12)
0<s<t 0<s<t 0
Raising the preceding inequality to the power % and reasoning by induction, we prove that for
any n > 1 and for any ¢ € [0, T]
2n
cetr
sup WE(0" (1), " (v)s) < —— sup W3(ps,vs),
0<s<t . 0<s<t

which yields

mn

sup WE(6™ (1), 6" (1)) < C () sup W (jus, ).
0<s<T n: 0<s<T

This proves that for n large enough, ¢" is a contraction on C°([0,T]; Ps(R%)). The function ¢
has thus a unique fixed point by the Banach fixed point theorem, which concludes the proof.

3. PROOF OF THEOREM 2 AND THEOREM 3

Proof of Theorem 2. To prove (1.6), we write for all ¢ € [0, 7]

. . t . .
XiN _ xieo = /O b (XN ) — by(X5%°, 1) ds.

Using the Lipschitz assumption on b, there exists C' > 0 such that for all ¢ € [0, T

sup Esup | X5V — X5
<N  r<t
t ) ) t
<C [ swBliY - xi=|ds + C [ EWAEY ) ds
0 i<N 0
t ) ) t
<C [ supB|XPN — X0®ds +C | EWi(il, id) + EWL (il ps) ds,
0 i<N 0
N

where fiy) := % 0 vk,
k=1 "°

« is the empirical measure associated with (X%°°);>1. Using that
1 N
—N ~N k,N k
Wl(:us ) Mg ) < N Z |‘Xvs7 - Xs7oo|
k=1
and Gronwall’s inequality, there exists C' > 0 such that for all N > 1

. . T
sup Esup | XN — X < C/ EW: (i, ps) ds. (3.1)
i<N <T 0

We conclude using [7, Theorem 1] since (X“*°);>; are i.i.d. and

sup sup E[X}°)® < 400
i>1 t€[0,T]

by Gronwall’s inequality. The inequality (1.7) follows from (1.6) and [7] because

sup EW (@, ue) < sup EWA(@y, ip) + sup EW: (i, i)
te[0,7 te[0,T te[0,7

< sup supE[X;Y — X7+ sup EWq (i, ).
te[0,T]i<N te[0,T]
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Proof of Theorem 3. Let us prove (1.8). As a first step, we remove the jumps of size larger
than the number of particles N from all the noises. We thus define, for ¢ > 1 and ¢ € [0, 7]

t ~ .
A ;:/ / 2z N'(ds,dz),
’ 0 JBy

where N is the Poisson random measure associated with Z i and N its compensated Poisson
random measure. We define, for all ¢ € {1,..., N}, X as the unique solution to

dX3 = AXNY dt + ABEXYS dt+ BdZy,, te€[0,7], i€{l,...,N},

e = XY, (3.2)
X}(,‘fg =&,

For any N > 1 fixed, the random variables (in\’,oo)ig ~ are i.i.d. We proceed similarly for the
particle system by defining (X]Z\’,N),S ~ as the unique solution to

. . N .
dX = AXY dt+ A% ];1 Xyt dt+BdZy,, tel[0,T], ie{l,....N},

N

—N ._ 1 3.3

'U’N,t =N Zl(sxg\}];r, ( )
. ‘7: ’

Xy =¢,

The first objective is to control the L'-error respectively between X]i\’,N and X*" and between
X7 and X% for all ¢ € {1,..., N}. We write for all t € [0, 7]

. . t . . t ~ .
XY= = [~ i ds+ 8 [ 2 Ads, ),
N

Using the fact that b is Lipschitz continuous on R? x P; (R%) and BDG'’s inequality, there exists
C > 0 independent on N > 1 and ¢ € [0, 7], which can change from line to line, such that for
all t € [0, T

t t N
. , . , 1 . .
supEsup [X3Y = X2V < € | [ supBIXRY - X0¥|ds+ [ o SBIXGY - X2V]ds
’ 0 ’ 0 - ’
J=1

<N r<t i<N
1
t ' 3
+supE (/ / |z|2/\/'l(ds,dz)>
i<N o JBg

Using the subadditivity of the square root, one has for all ¢ € [0,T]

sup Esup | X5 — X5V
i<N  r<t ’

t , ' t
/ sup E|X§V]\£ — X5V ds + / / |z| dv(z) ds]
0 i<N ’ 0 JBS,

! i,N i, N < dr
3 ,
/OsupIE|XN78—XS |ds—|—/N T‘TH_Q .

<C

<C

i<N

Gronwall’s inequality ensures that

sup E sup \X]ZVAZ — XN <N (3.4)
i<N ¢<T ’
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We similarly get that for some constant C' > 0 independent of N

sup Esup \X]Z\,Of X}>°| < CN'~e, (3.5)
<N t<T
The triangle inequality, (3.4) and (3.5) yield
sup Esup | XN — X/ < CN'~ O‘—i—supEsup]X’N XZ 7 - (3.6)
<N 1<T <N <T

The second term in the right hand-side of (3.6) is controlled as in the proof of Theorem 2.
We get that there exists C' > 0 such that for all N > 1

) T
sup Esup [ XY — Xi¥| < © / EW (7. 15) ds. (3.7)
<N  t<T 0

As the random variables (X A’, )i<n are i.i.d. when N is fixed, we are going to use |7, Theorem
1] to control EW; (,LNL]N\L < IN,s) uniformly with respect to s € [0,7]. We start by controlling the
moments of X]i\’,oo. Let us fix § € [1,a]. Gronwall’s inequality ensures that there exists C' > 0
such that for any t € [0, T

BIXATI < CoupElZy, P
If 8 < a and since Z admits a finite moment of order B, it is clear that

sup supE\X \B < sup supE]ZNS]B < 4o00. (3.8)
N2>1s<T N>1s<T

If 8 = a, BDG’s and Jensen’s inequalities yield

E|Zi,|* < CE </ /BN 122 AVi(ds, dz))a
<C ( //B1 z|2/\/"dsdz> +E</ /BN\B1 |2| /\/’stdz))

o

<c (t/B yz\2du(z)> +E</O /BN\31 ]z\zNi(ds,dz))z (3.9)

N
o dr
§C’[1—|—/1 r —THQ}
< C'n(N).
Ifd=1,d=2ord>3 and a < %, it follows from (3.9) and [7] that for all N > 1

(N‘E + Nab, if d=1,
sup EW (i ive) < C(n(N))a { (N“HIn(N + 1) + N3, if d=2,
el T] (N_E —I—N__l), if d23andoz7é d;il'
Since a < 2 and if d > 3, we have assumed that a < ddl and thus 2 3 > 1— 2, we deduce that
forall N >1
sup BWi (i . piv,s) < C(In(N))= N1, (3.10)

t€[0,T
In the case where d > 3 and o > d%‘ll. Let us introduce 3 € (d%‘ll, a> . By (3.8) with this
choice of 8 and [7], for all N > 1

sup Wi (i, pnv.e) < CN™1 (3.11)
t€[0,T)]



12 THOMAS CAVALLAZZI

This ends the proof of (1.8) thanks to (3.7) and (3.6) since =1 < o — 1 because in the case
Whered23anda>d;fl,thena—12é.

For the proof of (1.9), keeping the same notations as in the proof of Theorem 2, we have

sup EW: (7, i) < sup supE[X;™ — X7+ sup EW: (i), ).
+€[0,T] te[0,T] i<N t€]0,7]

The first term in the right hand-side of the preceding inequality is controlled by (1.8). For the
second one, we use the following decomposition

sup EWl(Nt s pg) < sup EWl(Mt 7:“'Nt)+ sSup EWl(:uNtv,uNt)"" sup EW1(unt, fie)
t€[0,T)] te[0,T te[0,T te[0,T

=01+ I+ Is.
Using (3.4) and (3.5), we get that
I+ I3 < CN'=@, (3.12)
For I, the inequalities (3.11) and (3.10) prove that for all N > 1
I2§C{( n(N)aNa—l, if d=1,2 or d>3anda< 74,
if d>3anda> ;%

Gathering (3.12) and (3.13) ends the proof of (1.9) as previously.

(3.13)

&.I>—'

APPENDIX A. EXISTENCE OF A SOLUTION TO (1.1) WHEN 3 € (0,1)

Let us fix 8 € (0,1). We have seen in Remark 2 that in this case, uniqueness for (1.1) fails
to be true under Assumption (H1). However, the existence of solutions to (1.1) is given in the
following proposition.

Proposition 1. We assume that Assumption (H1) is satisfied and that there exists 6 > 0
such that

/ |2]P70 du(2) < 0.
i

Then, there exists a strong solution (X;)e(o,7) to (1.1) for all § € LAT(Q, Fo; RY). Moreover,
we have

Esup | X; [P+ < +o0. (A1)

t<T
Proof. The strategy relies on a compactness argument. Let us denote by Dy := D([0, T]; R?)
the Skorokhod space, i.e. the space of cadlag R%valued functions defined on [0, 7]. We endow
D7 with the Skorokhod metric d, which makes it Polish (see |2, Section 34]). By definition of
d, we have for any f,g € D
d(f,9) < If = glls = sup |fe — ge|-
te[0,7

The previous inequality becomes an equality if g = 0. We also denote by Pg(Dr) the space of
probability measures 1 € P(Dr) such that

41,0 du(F) = [ FE duf) < +oc.
DT DT
It is endowed with the Wasserstein metric of order /3 defined, for any pu,v € Pg(Dr), by
Watw) = nt [ d(.g)dnfo),
DTXDT

mell(p,v)
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where II(u, v) denotes the set of probability measure on Dy x Dp having p and v as marginal
distributions. For any fixed ¢t € [0,7], we define the projection 7; : f € Dy — f; € R% It
is a measurable function so that if u belongs to P(D7), we can define y; € P(R?) as the
push-forward measure of 1 by ;. Notice that if p € Pg(Dr), the function ¢ € [0,T] — gy
belongs to D([0, T]; Ps(R)). Let us fix u € Pg(Dr). Reasoning as in the proof of Proposition
1, the standard SDE

dX} = by(X[', ) dt + o (X1 ) dZy, ¢ €[0,T),

admits a unique strong solution X* such that

(A.2)

Esup | X"|? < 4c0.
t<T

The following function is thus well-defined
PB(DT) — PB(DT)
: A3
8 et .

The goal is to prove that ¢ has at least one fixed point using Schauder’s fixed point theorem.
By the estimation (2.11) obtained in the proof of Theorem 1, we have

T 2
Ws(9(p), p(v)) < E( sup | XV —Xs”!5> <C (/0 Wg(us,vs)d8> : (A.4)

0<s<T

Let us show that this implies the continuity of ¢. Consider (1), € Pg(Dr) a sequence which
converges towards pu € Pg(Dr) with respect to Wg. For almost all ¢t € [0,77], the sequence
(uy)n converges in distribution to p (see [3, Section 13|). Let us fix such a t € [0,7]. We aim
at proving that the previous convergence holds true with respect to Wjs. By [17, Definition
6.8], it is enough to prove that

lim sup/ |z|Pdu? (z) = 0.
|lz[>R

R—+o00 n

But since

/ 2P du (z) = / FlPdin ()
|z|>R |fe| >R
< / d(f,0)Pdy(f),
d(f,0)>R

w
we conclude using that p™ AL p. Thus, for almost all ¢ € [0,T], (u}), converges to p; with
respect to Wg. Coming back to (A.4), and using the dominated convergence theorem justified
since

sup / 1£18, d™ () < +oo,

n>1
we conclude that ¢ is continuous. Following the same lines as to prove (2.11), we show that
for some constant C' = Ct >0

B
T 2
Esup | X')P <C |1+ </ Mg(,us) ds> . (A.5)
t<T 0

Let us define, for R > 0,

Bu={nePaon). [ ) < 7).
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This is a closed and convex subset of Pg(Dr), which is stable by ¢ for R large enough owing to
(A.5) and since 8 € (0,1). In the following, we fix R > 0 such that ¢(Bg) C Bgr. It remains to
prove that ¢(Bg) is relatively compact in Pg(Dr) to conclude that ¢ admits a fixed point by
Schauder’s theorem. Let us fix (u™), a sequence of Bg. In a first step, we prove with Aldou’s

criterion (see |2, Theorem 34.8]) that ([(X} n)te[o;rﬂ)n is tight, and thus relatively compact in
P(Dr). For t € [0,T] and A > 0, we have

n 1 n
P(X}" | > A) < GEIX])
R

=B
This yields for all ¢ € [0, 7]
lim sup P(|X/'| > A) =0. (A.6)
A—+o0o p

Let (7,,)n be a sequence of stopping times and (d,,),, a sequence of real numbers converging to
0. We assume that 7,, < T and 0 < 7, + §,, < T for any n > 1. It remains to prove that for
any fixed ¢ > 0

PXL 5, ~ XE 12 2 0
For A > 0 which will be chosen latter, we set
T% = inf {t <T,|X| > A} .

Markov’s inequality yields

n n 1 n
B(XE,, ~ XI| > ) S BT} < T) 4 SBIXS,, — X0 Pipgsr). (AT)
Notice first that
P(T% < T) < P(sup | X} |? > AP)
t<T
R
< 1 (A.8)
Then, by the triangle inequality, we have
Tn+0n

bo(XL", ) ds

B
1T"2T>

os( X“,,,us 2N (ds, dz)

E(IXE 5 — X2 1ry>r) <E (
Tn+0n
B1

iE (
Tn+5n n
/ / oy (XH" i)z N (ds, d2)
Tn i

=hL+L+1I;

B
1T;{2T>

B
lrp>r

We now estimate Iy, I and I3. Using the linear growth assumption on b, we have for a constant
C > 0 independent of n

(Tn+6n) A n
L<E / C(L+ X" | + Ms(u™)) ds

W AT

< C16,1°(1 + A® + RP).
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Thanks to BDG’s and Jensen’s inequalities, we obtain that

(Tn +67L)ATX n — B
L<E / / oo (X" i)z N (ds, dz)
T AT? B
B
(T7L+6n)/\T£L n 2
<cel|f [ o P N s )
TR AT B
B
3 (Tn40n)ATY 2
<C1+ A%+ RS E/ / 121? dv(z) ds
T AT B
< C(1+ AP + R%)|5,)5.
Since 3 < 1, the subadditivity of the map | - |? yields
(Tn+0) AT . A
L<E / / oo (XM i) N (ds, dz)
T AT? B¢
(Tn+5n)/\TX "
<e(f [ X )Pl N s dz)
T AT B¢
(Tn+5n)/\TX
< C(1+ AP + R IE/ / 128 du(2) ds
AT B¢

< CO(1+ AP 4+ RP)|5,].

Using (A.7), (A.8), and the upper-bounds obtained previously for I, Iy and I3, we deduce
that

B
Since R is fixed, we can choose A large enough and then let n tend to +00 to obtain that
(XZ 5, — X%, )n converges in probability to 0. Thus, ([(X{" )iefo,r)])n is relatively compact
in P(Dr). The relative compactness in Pg(Dr) follows from the fact that

n n R C
P(XE 5, = XE 2 6) < 75+ 51+ A7+ RO(18] + 16" + 16a]9).

sup Esup | X/|P+0 < +o0.
}LEER t<T

Indeed, this is a consequence of [6, Proposition 2|, since for all t € [0,T], u € Bg and = € R?

bt (0, pe)| + [oe(, )| < C(1+ |z + R),
and

/ |2]770 du(2) < +o0.
By

We have proved that ¢(Bg) is relatively compact in Pg(Dr). Thus, Schauder’s fixed point
theorem yields the existence of a solution to (1.1). The moment estimation (A.1) directly
follows from [6, Proposition 2. O
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