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Abstract

A test-case for the assessment of Zonal Detached Eddy Simulation
(ZDES) mode 3 (which corresponds to a Wall-Modelled Large Eddy Sim-
ulation approach, WMLES) for turbulent boundary layers in pressure
gradient conditions is presented. The demanding test-case corresponds
to an experiment at high Reynolds number, reaching up to Reθ ≈
13000, probably too expensive for DNS (Direct Numerical Simulation)
or WRLES (Wall-Resolved Large Eddy Simulation), but still affordable
using ZDES mode 3 (WMLES). At the considered station, the bound-
ary layer is in out-of-equilibrium conditions. The presented results prove
the advantage of the scale-resolving approach, the ZDES mode 3, with
respect to the RANS approach, as evidenced by the better representation
observed for the mean velocity and Reynolds stress profiles, in particular
in the outer layer where non-canonical effects are more evident. Thanks
to the resolved turbulence, a more physically realistic flow is predicted
by ZDES mode 3 and more in depth analysis of turbulence is accessi-
ble. In particular, spectral analysis of turbulence is performed in this
study, and a scale-dependent convection velocity is also assessed for the
first time with a hybrid RANS/LES approach in out-of-equilibrium con-
ditions. Such analysis allow to identify some features of the turbulent
scales distribution within the boundary layer, which seem responsi-
ble for some uncommon features observed in the present mean flow.
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1 Introduction

The scientific community of turbulence research is devoting important efforts
to the study of pressure gradients effects on turbulent boundary layers and
separation. A better understanding of these would lead to a significant
improvement of performance in many industrial devices. Nowadays, numer-
ical simulations are essential in fluid mechanics research and broaden the
research possibilities by complementing experimental studies. However, when
considering turbulence numerical simulations there are still important practical
limitations.

A turbulent flow exhibits a wide range of turbulent scales and the separa-
tion between the smallest ones and the largest ones increases when so does the
Reynolds number [1, 2]. At typical Reynolds number of industrial applications,
the separation of scales is so important that directly solving all the flow struc-
tures (which corresponds to the Direct Numerical Simulation approach, DNS)
requires extremely fine meshes that, together with the huge number of time
steps for statistical convergence of the mean flow, results in non-affordable sim-
ulations despite the most advanced high performance computational resources.
In particular, in the test-case presented later in this work [3], a DNS would
require at the considered Reynolds number around Nxyz = 50 × 109 points
whereas the approach used in the present work needs about Nxyz = 46× 106.
The given values for DNS and WRLES are estimated according to classical
grid requirements for wall-bounded turbulent flows, as for instance in [2, 4, 5].
This example illustrates why avoiding solving some (or all) of the turbulent
scales is a widely used alternative.

Reynolds-Averaged Navier Stokes (RANS) equations allow to solve the
mean field and require a closure for the Reynolds stress term in the momentum
equation. This is known as RANS approach. Another approach extensively
used is the Large Eddy Simulation (LES) which aims at solving only the
energetic scales, and modelling the dissipative (small) scales by means of a
subgrid-scale model (SGS model). Nevertheless, in wall-bounded turbulent
flows, the relaxation in the mesh size is not very important between Wall-
Resolved LES (WRLES) and DNS [6], because of the dependence of the
energetic scales size with the wall distance. A bigger reduction of the computa-
tional effort may be obtained by modeling the near wall region of the boundary
layer using an approach called Wall-Modelled LES (WMLES) in contrast to
WRLES. Such approach allows to decrease the number of points in the inner
region of the boundary layer resulting in a significant lessening of the total
number of points [6, 7]. Indeed, according to [6], the number of points needed
for the simulation of turbulent boundary layers increases as Nxyz ∼ Re2.4θ for



Springer Nature 2021 LATEX template

ZDES of a high-Reynolds-number out-of-equilibrium boundary layer 3

a DNS, Nxyz ∼ Re2.17θ for a WRLES and Nxyz ∼ Re1.17θ for a WMLES, where
Reθ is the Reynolds number based on the momentum thickness θ. In other
words, higher Reynolds numbers at an affordable cost are achievable by means
of WMLES, compared to WRLES or DNS.

Among the different stategies of using WMLES (which are not discussed
in this work), the mode 3 of the Zonal Detached Eddy Simulation approach
(ZDES) [8] is used in this study, which is a hybrid RANS/LES approach and
has been validated for zero-pressure-gradient turbulent boundary layers at high
Reynolds numbers [6, 9, 10]. It is important to mention that ZDES mode 3
may also be employed as a WRLES approach, as done in the work of Deck et
al. [11].

Most studies related to pressure gradient boundary layers or turbulent
boundary layer separation are performed either experimentally or numerically
using DNS or WRLES [12–19]. However, due to the computational cost, numer-
ical studies are in general limited in terms of Reynolds number even for recent
works (see for instance [20–23]). The main contribution of the present work is
the numerical study and spectral analysis of turbulence of a high-Reynolds-
number turbulent boundary layer in pressure gradient conditions thanks to the
hybrid RANS/LES approach ZDES, and more specifically the ZDES mode 3
(WMLES approach). The Reynolds number in the present simulation is large
enough to illustrate in terms of computational effort the interest of the ZDES
mode 3, which is again proved in the results obtained.

This manuscript is structured as follows. First, the turbulence modelling
techniques employed in the present work are introduced and in particular the
ZDES mode 3 is detailed, in section 2, followed by some comments regarding
the turbulent inflow conditions and numerical aspects as well. Then, section
3 presents the test-case devoted to the effects of pressure gradients, followed
by the results discussion, which is based on different levels of turbulent flow
analysis, mainly the instantaneous field, the mean field, a spectral analysis
of turbulence and the assessment of a scale-dependent convection velocity.
Finally, the last section of the manuscript is devoted to the conclusions of the
present work.

2 Turbulence modelling

2.1 RANS models

In order to study the capabilities of RANS modelling for predicting pressure
gradient turbulent boundary layer flows, several RANS models of different
levels of complexity are considered in the present study, mainly the Spalart-
Allmaras [24], the k − ω Menter SST [25] (which are eddy-viscosity models)
and the Reynolds Stress Model (RSM) SSG-LRR-ω [26–28]. Eddy-viscosity
models rely on a closure used to link the Reynolds stress tensor to the mean
flow variables. This closure is in many cases (but not always) given by the
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Boussinesq’s hypothesis which in an incompressible case reads [1, 29]:

−ρ〈u′iu′j〉 = 2µt〈Sij〉 −
2

3
ρkδij ,

〈Sij〉 =
1

2

(
∂〈ui〉
∂xj

+
∂〈uj〉
∂xi

) (1)

where 〈•〉 denotes Reynolds average, ρ is the fluid density, u′i is the ith compo-
nent of the fluctuating velocity, µt the eddy viscosity, k the turbulent kinetic
energy and δij the Kronecker delta (tensor). In the case of second order models,
the transport equation for the Reynolds stresses is considered [1]:

∂

∂t
〈u′iu′j〉+ 〈ul〉

∂

∂xl
〈u′iu′j〉 = Pij +Rij −

∂

∂xl
Tlij − εij . (2)

Due to the symmetry of the Reynolds stress tensor, the additional number of
equations to solve is one for each Reynolds stress component (which makes
6) and an additional one for a given turbulent variable, which may be the
turbulent kinetic energy dissipation rate ε or the specific dissipation rate ω [1].
In equation (2), Pij is the production tensor, Rij is the pressure-rate-of-strain
tensor, Tlij the Reynolds stress flux and εij the dissipation tensor. In this
case, the production tensor and the viscous diffusion tensor (included in Tlij)
are completely solved since both the mean flow and the Reynolds stress are
accessible. However, the remaining terms in equation (2) need to be modelled
[1, 29]. Details of the RSM model employed in this work may be found in
[26–28].

2.2 ZDES mode 3

The Zonal Detached Eddy Simulation (ZDES) is a hybrid RANS/LES
approach developed since the early 2000s that allows to treat a given problem
by means of three different operating modes depending on the flow config-
uration as described in [8]. Among the three modes, the mode 3 is used in
the present study since it corresponds to a WMLES approach that has been
employed in several studies [6, 9, 10, 30] and it may also be used for WRLES
as in [11]. A detailed description of the method is presented in the following.

The mode 3 of the ZDES uses the Spalart-Allmaras turbulence model [24].
In the inner part of the boundary layer, a RANS approach is performed whereas
in the outer part and outside the boundary layer a LES approach is used.
The same turbulence model is used both for RANS and as a SGS model for
LES because the Spalart-Allmaras model shows a behaviour similar to the
Smagorinski’s SGS model [31] when equilibrium conditions are considered.
Indeed, when the length scale of the model (which corresponds to the wall
distance dw) is replaced by CDES∆ (being CDES a constant and ∆ the LES
filter width), assuming an equilibrium between production and destruction of
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νt = µt/ρ leads to νt ∼ S∆2, where S corresponds to the local strain rate
[2, 8, 32].

The separation between the RANS region and the LES region is given by
an interface (in particular by its wall distance dintw ) which is explicitly provided
by the user. The characteristic length of the turbulence model d̃IIIZDES, once the
position of the interface defined, is given by:

d̃IIIZDES =

{
dw if dw < dintw

min(dw, CDES∆vol) if dw ≥ dintw
(3)

where CDES = 0.65 and ∆vol = V1/3 being V the cell volume. Other slight
modifications of the model are also made for a proper behavior and the reader
may find them in [8]. Besides, a recent improvement of the method has been
made by [33] which softens the binary transition from RANS to LES near the
RANS/LES interface leading to a better friction coefficient prediction thanks
to a continuous function fδ. This function, which ranges from 0 to 1 and
provides also continuous derivatives, is included in the new expression of d̃IIIZDES:

d̃IIIZDES = (1− fδ) · dw + fδ ·min (dw, CDES∆vol) (4)

and is written as follows:

fδ(α) =


0 si α ≤ −1
1

1 + exp

(
−6α

1− α2

) si − 1 < α < 1

1 si α ≥ 1

.

Here α is a parameter defined for each mesh cell j as :

α(j) =
dw(j)− dintw (x)

0.1dintw (x)
. (5)

The fδ function is also employed for the switch of the Spalart-Allmaras model
functions which in the LES region are set to fv1 = 1, fv2 = 0 and fw = 1
[8, 10].

2.3 Inflow boundary conditions and history effects

Numerical simulations in which turbulence is either partially or totally
resolved, as in the case of ZDES mode 3, require turbulent inflow conditions.
Among the several ways to introduce turbulence in a computational domain
(see [10]), the Synthetic Eddy Method (SEM) [34, 35] is considered in the
present study, after the modifications introduced by [30, 36] for its applica-
tion in ZDES mode 3 simulations, already employed in other studies such as
[3, 6, 9, 10, 37]. Briefly, the idea consists in injecting fluctuations of the velocity
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field to a mean flow that are intended to mimic turbulent fluctuations. This is
achieved by using a Cholesky decomposition of the Reynolds stress tensor, and
a velocity fluctuation obtained from criteria aiming at reproducing the length
and velocity scales of turbulent fluctuations dependent on the wall distance.
Despite the efforts to mimic turbulent fluctuations features, the fluctuations
introduced are not perfectly realistic and they require some amount of time
(and therefore convection in the computational domain) until they become
proper turbulent fluctuations of the problem studied.

The behavior of SEM for studies of zero-pressure-gradient turbulent bound-
ary layers is very satisfactory [10]. The rich literature on the effects of upstream
perturbations on turbulent boundary layers draws a complex picture when it
comes to adverse pressure gradient conditions. A recent study by the authors
aimed to identify whether disturbances of the boundary layer in such condi-
tions would eventually disappear or, conversely, increase [38]. The results show
that convergence to a reference state requires important distances of the order
of 104 and 102 times the initial boundary layer thickness for laminar and tur-
bulent boundary layers respectively. Besides, it was observed that for all of
the favorable pressure gradient cases and the moderate adverse pressure gra-
dient ones, convergence was always obtained. Therefore, this is a satisfactory
result that allows to use the unsteady boundary conditions in the same way
as for previous zero-pressure-gradient studies [10] since the possible defects of
the inflow condition will gradually vanish after a sufficiently long convection
distance.

2.4 Numerical methods

Different modelling approaches are presented in this work, for which the
suitable numerical methods are not the same. Differences exist in particular
between RANS simulations (either eddy-viscosity or Reynolds stress mod-
els) and ZDES simulations. Indeed the flow solved is intrinsically dissimilar
between both approaches and the numerical methods adapted for one are not
the same as those for the other.

In the case of RANS simulations, the finite volume method with Roe’s
scheme is considered for spatial discretization together with a MUSCL
approach (Monotonic Upstream Scheme for Conservation Laws) for flux recon-
struction at the cell faces. A pseudotemporal integration is done by virtue of
an implicit Euler’s scheme. Simulations with the Spalart-Allmaras model are
made using the in-house research solver FLU3M [39] developed at ONERA,
and those using the k−ω Menter SST model and the RSM model are made with
the ONERA industrial solver elsA [40]. In order to avoid uncertainty in the
results obtained coming from the fact of using different solvers, comparisons
between the solutions provided by the two solvers using the Spalart-Allmaras
model and the same numerical schemes have been made (not shown) giving a
perfect agreement.

Regarding the ZDES approach, simulations are performed with the solver
FLU3M. This solver has already been used in previous studies for high fidelity
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simulations [6, 8, 10, 11, 30]. The definition of the numerical methods employed
is slightly more complex. In fact, due to the zonal feature of the method, the
ZDES mode 3 is considered only for the boundary layer of interest, which is
the one developing over the bottom wall (in which experimental measurements
have been recorded in the test-case [41]). At the top wall a full unsteady RANS
approach (URANS) with the Spalart-Allmaras model is retained. Thus, mod-
elling effects are only impacting the boundary layer of interest when comparing
to full RANS simulations. Besides, this is the reason why in figure 2 turbulent
structures in the schlieren contour are solely observable in the bottom-wall
boundary layer. This illustrates the asset of ZDES to focus only on the region
of interest while resorting to RANS (mode 0 of ZDES) for the rest of the flow
at a reduced computational cost, contrary to typical full WMLES strategies.
In the (approximate) bottom half domain, where the ZDES mode 3 is applied,
the spatial scheme is the AUSM + (P) (proposed by [42] and modified as in
[43] for dissipation reduction purposes). In the upper domain, the AUSM +
(P) scheme is employed (without the modification of [43]), contrary to Roe’s
scheme used in full RANS simulations. The reason for this change is based on
numerical schemes compatibility between the ZDES mode 3 region and the
RANS region in that same simulation.

3 Description of the problem studied

The experimental work of [41] (for the lowest free stream velocity) has been
chosen for numerical reproduction due to several aspects. On the one hand,
the Reynolds number of the problem is representative of applied aerodynam-
ics problems where hybrid RANS/LES approaches are suitable because the
numerical effort for a DNS or WRLES would be excessive. Indeed, reaching this
Reynolds number of Reθ ≈ 13000 (where θ is the boundary layer momentum
thickness) would require about 50×109 and 3×109 grid points respectively for
DNS and WRLES. In the case of ZDES mode 3 instead, the number of mesh
points is significantly reduced down to 46 × 106 (around a thousand and a
hundred times less points respectively). Given the computational cost of such
simulations, some decisions have been made to decrease the number of points
as much as possible. In particular, the side-walls boundary layers are not solved
(and periodicity is imposed in the spanwise boundaries) but their contraction
effect (which is non-negligible due to the thickness of the boundary layer with
respect to the span of the wind tunnel) is taken into account by means of a
modification of the top wall geometry as detailed in [3]. This gives a good
match of the simulated pressure coefficient with the experimental values [3].

A view of the computational domain for the ZDES simulation is presented
in figure 2 in which the flow goes from left to right and the mesh resolution
is taken as ∆x+ = 200, ∆z+ = 100 and ∆y+w = 1 (the symbol ‘+’refers to
viscous scales and the subscript ‘w’ refers to the wall). In the case of the
RANS simulations, the mesh spacings are the same and the only difference is
that the inlet of the domain is placed farther upstream. More precisely, for the
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Fig. 1 Position of the RANS/LES interface. RANS approach is applied in the red area and
LES in the blue area. The vertical axis is magnified for clarity purposes.

latter the inlet is placed at x/L = −2.01 whereas in the ZDES computation
it is placed at x/L = 6.6, where L is the real height of the wind tunnel. It is
reminded that for the ZDES simulation, unsteady boundary conditions (SEM)
are used which already give a boundary layer profile at the inlet and therefore
this allows to place the inlet farther downstream than in RANS computations
where the boundary layer develops from a uniform inlet boundary condition.
Besides, as stated in section 2.3 the SEM requires a boundary layer profile that
is obtained from a RANS solution, which is the reason why the computational
domain is longer in RANS simulations.

For the ZDES mode 3 simulation, the RANS/LES interface is placed at a
wall distance dintw = 0.1δ (see figure 1) where δ is the boundary layer thickness
defined as 〈u〉(y=δ) = 0.99Ue, being Ue the external streamwise velocity. Such
a positionning of the interface results in applying the RANS approach to the
inner layer of the boundary layer in the LES approach to the outer layer. Due
to the curvature and pressure gradients effects experienced by the boundary
layer, a method for the boundary layer edge detection relying on the local
mean spanwise vorticity profile is employed. This method is based on the
suggestion of [12] for the definition of the external velocity from the mean
vorticity, also employed for instance in [16]. In the present work, as in [3], the
complete spanwise vorticity is considered, and the external velocity is obtained
as the streamwise mean velocity at a position where the mean vorticity (in the
spanwise direction) is equal to a fraction of the wall mean vorticity given by a
threshold of about 2× 10−4.

4 Results

4.1 Instantaneous field

The instantaneous field obtained from the ZDES mode 3 simulation is pre-
sented at first. Figure 2 shows an isosurface of Q-criterion [44] together with a
numerical schlieren (norm of density gradient). As observed in this figure, an
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Fig. 2 Isosurface of the Q-criterion for Q = 0.14 (U0/δ0)2 together with numerical schlieren
contours, being U0 and δ0 the streamwise free stream velocity and the boundary layer
thickness at the inlet. Values of the Reynolds number based on the momentum thickness
are given at stations x/L = 10, 14 and 16.

Fig. 3 Location of the station x/L = 10.73, indicated by the red mark.

important part of turbulence in the boundary layer is resolved and the hair-
pin type structure is observable which is a typical structure found in turbulent
boundary layers [45]. As already mentioned in a previous section, the schlieren
contours do not show any turbulent fluctuation in the upper boundary layer
due to the zonal feature of the ZDES approach allowing to use a full RANS
strategy for this boundary layer. However, a smooth gradient is still observable
resulting from temperature increase as a consequence of friction losses.

4.2 Mean field

Profiles of the mean velocity and the Reynolds shear stress are presented in
figures 4 and 5 respectively for all the models considered (Spalart-Allmaras,
k−ω Menter SST, SSG-LRR-ω and ZDES mode 3) at x/L = 10.73 (see figure
3). This station is placed right upstream of the favorable-pressure-gradient flat
plate and it is chosen due to the unusual shape of the profiles compared to those
of zero-pressure-gradient turbulent boundary layers. Indeed, the experimental
data shows a velocity excess in the mean velocity profile at y = 0.15δ as
well as an external peak in the Reynolds shear stress profile. It is observed
that, among the models presented, the Spalart-Allmaras is the least accurate,
particularly in the near wall region for both the mean velocity and Reynolds
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shear stress profiles and is also not able to reproduce the external peak in
the latter. Better results, yet perfectible, are given by the k − ω Menter SST
model which also misses the external peak of the Reynolds shear stress, but
improves considerably the mean velocity profile prediction. The RSM model is
more accurate in the mean velocity profile and is able to predict the external
peak of the Reynolds shear stress as well, although the levels of this peak
are underestimated compared to the experimental measurements. Besides, the
outer peak is considerably narrower than in the experiment. The shape of the
Reynolds shear stress profile as well as its levels are better represented by
the ZDES mode 3 which is also able to properly reproduce the mean velocity
excess observed experimentally around y = 0.15δ, thus suggesting that the
non canonical features of the flow at this particular station are better taken
into account by the resolved turbulence.

In addition, figure 6 illustrates the profiles of urms and vrms for both ZDES
mode 3 and the DRSM model. Eddy-viscosity models are absent in this figure
since normal Reynolds stresses are not provided by the Spalart-Allmaras nor
the k−ω Menter SST models. These figures are given in linear representation
because the focus is made on the outer layer. Indeed, the inner part of the
ZDES mode 3 (shaded in grey in the figure) is treated in RANS and therefore
comparisons of these quantities for ZDES mode 3 in the inner region are not
pertinent because urms and vrms are not provided by the RANS approach con-
sidered in the method. The DRSM model gives a fairly accurate estimation of
the Reynolds normal stresses, although in the inner region there is an underes-
timation of urms and the contrary is observed for vrms. The underestimation
of urms is not surprising since the DRSM model considered lacks of near wall
treatment [28, 46]. In the outer layer it is observed a general trend to slightly
underestimate the levels of the normal stresses. Results from ZDES mode 3 in
the outer layer seem to be a bit closer to the levels of the experimental mea-
surements, and better agreement is also observed in the trend of the profiles. It
is pointed out that the lack of vrms levels for ZDES mode 3 in the LES region
near the RANS region is due to the attenuation of turbulent fluctuations pro-
voked by the proximity of the RANS region. This attenuation is first observed
in vrms, and closer to the wall for urms. Such an observation is consistent with
the profile of the resolved fraction of the Reynolds shear stress (figure 7).

Moreover, as already stated in the introduction, the resolved turbulence
in the ZDES mode 3 allows for a more in depth analysis of the turbulence
dynamics, which is the goal of the following section. The reader may find more
details of the mean field profiles at different stations of wind tunnel in [3] for
the same turbulence models.

4.3 Spectral assessment of Reynolds stresses

The satisfactory results from the ZDES mode 3 at the station presented in the
previous section together with the feature of resolving part of the turbulence
have encouraged to perform a spectral analysis of turbulence at that same
station. In the outer layer, most of the turbulence is resolved by ZDES mode
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Fig. 4 Profile of mean velocity at x/L = 10.73. The dashed line corresponds to the position
of the RANS/LES interface.

Fig. 5 Profile of the Reynolds shear stress in logarithmic scale (left) and in linear scale
(right) at x/L = 10.73. The dashed line corresponds to the position of the RANS/LES
interface and the shaded area represents the RANS region for the ZDES mode 3 simulation.

3. This is further evidenced in figure 7 which illustrates the resolved fraction
of the Reynolds shear stress. It is clear from this figure, that in most of the
LES region, the modelled contribution is negligible compared to the resolved
Reynolds shear stress.

The power spectral density (PSD) of the streamwise velocity fluctuation
and the premultiplied co-spectrum of the Reynolds shear stress as in equations
(6) and (7) respectively are given in figures 8 and 9 for 〈u′2〉 and in figure 10
for 〈u′v′〉.

〈u′2〉 =

∫ +∞

−∞
kxGuu(kx)d (ln(kx)) (6)

〈u′v′〉 =

∫ +∞

−∞
kxGuv(kx)d (ln(kx)) (7)

where Guv = 2Re(Suv), being Suv the cross-PSD and Re(•) the real part
of a given quantity (•). It is noted that spectral analysis is performed using
Welch’s method [47] and Taylor’s hypothesis of frozen turbulence for linking
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Fig. 6 Profiles of urms (left) and vrms (right) at x/L = 10.73. The shaded area represents
the RANS region for the ZDES mode 3 simulation.

Fig. 7 Resolved fraction of the Reynolds shear stress in the ZDES mode 3 simulation at
x/L = 10.73.

the frequency f (of a recorded time signal) with the streamwise wavelength
λx = Uc/f . As a convection velocity, Ucorr is employed, which is based on the
two-point two-time correlation coefficient of streamwise velocity signals (see
for instance [6, 48]). As stated in appendix A, Ucorr is a good estimation of the
local (wall distance dependent) convection velocity of turbulent structures.

The PSD of 〈u′2〉 is illustrated in figure 9 at a wall distance dw = 0.5δ. This
is the location in the boundary layer where the outer peak of the Reynolds
shear stress is observed (see figures 4 and 5). The PSD at this location confirms
that turbulence is properly resolved by ZDES mode 3, since typical behaviours
of the energy distribution appear to be reproduced, as suggested by the curves

where the energy is proportional to k−1x and to k
−5/3
x (see for instance [49]).

Such an observation advocates that the turbulence in the outer layer is properly
resolved regarding its physical dynamics. The extension of the regions showing
the mentioned behaviours seems nevertheless limited, which may be explained
by the Reynolds number not reaching sufficiently high values at the considered
station (Reθ ≈ 4000).
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Fig. 8 Premultiplied power spectral density (PSD) of streamwise velocity fluctuations
kxGuu/u2τ . The dashed line corresponds to the position of the RANS/LES interface.

Fig. 9 Power spectral density of the streamwise velocity fluctuation at x/L = 10.73 and a
wall distance dw = 0.5δ.

Moreover, in figures 8 and 10, it is interesting to notice a second region
of energetic content in the streamwise velocity which is significantly more
remarkable in the Reynolds shear stress and whose location corresponds to
that of the external peak of the Reynolds shear stress profile. This energy
is associated to structures of about 2δ to 3δ wavelength and therefore these
structures are likely responsible for these unusual features found in the mean
velocity and Reynolds shear stress profiles.
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Fig. 10 Premultiplied co-spectrum of the Reynolds shear stress kxGuv/u2τ . Black con-
tours represent kxGuu/u2τ . The dashed line corresponds to the position of the RANS/LES
interface.

Fig. 11 PSD of the turbulent kinetic energy production term pre-multiplied by the wall dis-
tance −dwkxGuv/u3τ (∂〈u〉/∂y) at x/L = 10.73. Black contours represent dwkxGuu/(u2τ δ).
The dashed line corresponds to the position of the RANS/LES interface.
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Fig. 12 PSD of the Reynolds shear stress production term pre-multiplied by the wall dis-
tance dwkxGvv/u3τ (∂〈u〉/∂y) at x/L = 10.73. Black contours represent −dwkxGuv/(u2τ δ).
The dashed line corresponds to the position of the RANS/LES interface.

Further spectral analysis is provided by figures 11 and 12, where the PSD
of the production terms of the turbulent kinetic energy and of the Reynolds
shear stress are presented. According to the boundary layer hypothesis, the
production term of the turbulent kinetic energy transport equation reads [1,
50]:

Pk = −〈u′v′〉∂〈u〉
∂y

(8)

which, considering equation (7), may be written as:

Pk = −
∫ +∞

−∞
kxGuv(kx)

∂〈u〉
∂y

d (ln(kx)) . (9)

The same reasoning leads to the following expression for the production term
in the Reynolds shear stress transport equation:

P−〈u′v′〉 =

∫ +∞

−∞
kxGvv(kx)

∂〈u〉
∂y

d (ln(kx)) . (10)

As observed in figures 11 and 12, there are again two clear energetic sites in
the spectral content of the production terms. The outer site in both figures is
located near the middle of the boundary layer, and is associated to turbulent
structures of streamwise wavelengths from λx ≈ δ up to λx ≈ 10δ, centred
around λx/δ ≈ 2 − 3. Regarding the site located around 0.1δ away from the
wall, slightly greater wavelengths are identified in the case of the turbulent
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kinetic energy production. Another difference between the PSD of both pro-
duction terms is observed in the intensity of both sites. The inner site is more
energetic than the outer site for Pk (figure 11), whereas the opposite happens
for P−〈u′v′〉 (figure 12). Besides, for the latter, the energetic site near 0.1δ does
not seem to correspond with energetic levels of the Reynolds shear stress. Fur-
ther analysis of the Reynolds shear stress budget (not shown) has allowed to
identify that there is an important local contribution of the mean-flow convec-
tion term, which compensates the production term up to 25%. Moreover, one
could guess that there is a non-negligible contribution of the pressure term,
since it is an important contributor in the Reynolds shear stress budget for
zero-pressure-gradient turbulent boundary layers [1].

4.4 Evidence of two separated turbulent sites

Fig. 13 Local frequency-dependent convection velocity normalised by the local mean veloc-
ity. Purple contours: loci of Uc(f) = 〈u〉. Black contours: kxGuu/u2τ . The dashed line
corresponds to the position of the RANS/LES interface.

The previous spectral analysis has allowed to identify that turbulent struc-
tures of wavelength λx between 2δ and 3δ strongly contribute to the dynamics
of the outer peak observed in the Reynolds shear stress profile. In order to try
to better comprehend the mechanisms underlying this peak, the convection
velocity of u′ dependent on the frequency, Uc(f), is plotted in figure 13, nor-
malized by the mean velocity 〈u〉. Uc(f) is computed according to the work
of [51], and it provides a convection velocity at each position of the bound-
ary layer for the different turbulent scales involved, since Taylor’s hypothesis
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allows to link the frequency of the signal f and the wavelength λx. A reminder
of the scale-dependent convection velocity is provided in appendix A.

As observed in figure 13, the convection velocity close to the wall is in
overall significantly greater than the local mean velocity, which is in accor-
dance with the results of [51]. Besides, Renard & Deck [51] found that near
the three energetic sites in the PSD of 〈u′2〉 (for a WRLES simulation), the
convection velocity was quite close to the local mean velocity. This can be
seen as an analogy with the critical layer stability concept, which represents
the loci where the phase velocity of a linear perturbation mode is equal to the
mean velocity [52]. Such a result is also observed in figure 13 for both the inner
(dw ≈ 0.05δ) and outer (dw ≈ 0.5δ) sites of Guu obtained with ZDES mode 3.
Therefore, the outer site observed in figures 8, 10, 11, 12 and 13, and responsi-
ble for the outer peak in the Reynolds shear stress, is a separated energetic site
from the inner one, the latter being very close to the outer peak observed in
zero-pressure-gradient turbulent boundary layers near the geometric centre of
the logarithmic region (see [6]). Indeed, energy associated to high wavelengths
closer to the wall in figure 8 may be seen as a footprint of structures located
higher in the boundary layer, closer to the iso-line Uc(f) = 〈u〉 as also stated
by [53]. Moreover, both sites have significantly different convection velocities,
the one of the outer site being about 1.5 times greater than that of the inner
site. It must be pointed out that the autonomy of both sites does not exclude
the existence of an interaction between them, akin to what is observed for
canonical zero-pressure-gradient turbulent boundary layers [54–56]. The iden-
tification of the outer site as independent from the inner site is a step towards
better understanding the origin of this outer peak which is particular of this
flow configuration since it is not observed in zero-pressure-gradient turbulent
boundary layers [6, 11, 53–55].

The validity of Taylor’s hypothesis may be assessed through the correlation
coefficient as given by [51], which coincides with the dual case in [57], and it is
denoted by γcu (see appendix A for details). This coefficient is plotted in figure
14 together with the PSD of the streamwise velocity fluctuation of figure 8.
There is a decrease of the validity of Taylor’s hypothesis with the increase of the
structure wavelength, a result that has also been observed by [51] and complies
with the analytical work of [58]. Indeed, for a given convection velocity, the
time needed to traverse a distance corresponding to the streamwise wavelength
of a coherent turbulent structure increases with the size of the mentioned
structure. As a consequence, the convection time scale becomes less negligible
against the time scale of evolution of large turbulent structures and hence, the
validity of Taylor’s hypothesis is reduced.

5 Conclusion

A turbulent boundary layer out of equilibrium at high Reynolds number has
been assessed by means of ZDES mode 3. This approach allows to simulate
this flow thanks to its important computational effort reduction compared to
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Fig. 14 Correlation coefficient γcu. Purple contours: loci of Uc(f) = 〈u〉. Black contours:
kxGuu/u2τ . The dashed line corresponds to the position of the RANS/LES interface.

WRLES and DNS, for which the resources required would probably not be
affordable. Focus is made on a particular station for which the boundary layer
is clearly out of equilibrium. These results point out the relevance of ZDES
mode 3 compared to the RANS approach. Despite a greater numerical cost,
resolving part of the turbulence allows to capture more physics of the flow
therefore having a more reliable prediction of it. Mainly, the mean velocity
excess and the Reynolds stresses profiles (which show an outer peak for 〈u′v′〉)
are most satisfactorily predicted by ZDES mode 3 in terms of profile levels but
specially in the terms of the profile trends. Indeed, eddy-viscosity models are
not able to predict the outer peak of the Reynolds shear stress and the RSM
models gives an outer peak of less intensity and narrower than the experimental
measurements. More accurate results are obtained from the ZDES mode 3
simulation thanks to the resolved turbulence in the outer layer which allows
to better take into account the non-canonical effects of the flow.

A spectral analysis of turbulence is achievable in the ZDES mode 3 com-
putation which gives the possibility for more in depth turbulence studies. In
particular in this case, thanks to turbulence spectral analysis, the unusual fea-
tures observed in the profiles of mean velocity and Reynolds shear stress have
been related to large turbulent structures associated to an energetic peak cen-
tred around wavelengths from 2 to 3 times the local boundary layer thickness.
The spectral analysis of turbulence has been assessed in terms of the stream-
wise velocity fluctuation, the Reynolds shear stress as well as both the TKE
and Reynolds shear stress production terms. The analysis of these two last
terms has evidenced the contribution of very large turbulent structures of wave-
lengths reaching up to 10 times the local boundary layer thickness. It has also



Springer Nature 2021 LATEX template

ZDES of a high-Reynolds-number out-of-equilibrium boundary layer 19

led to consider the importance of other terms in the transport equations such as
the advection term for the Reynolds shear stress. Furthermore, the assessment
of the scale-dependent local convection velocity has permitted to identify that
the structures linked to the outer peak compose a separated energy site in the
outer part of the boundary layer, and they are convected significantly faster
than structures belonging to the inner site. The validity of Taylor’s hypoth-
esis of frozen turbulence has also been discussed at this point thanks to the
evaluation of the scale-dependent convection velocity and the correlation coef-
ficient γcu. It has also been discussed the reduction of the validity of Taylor’s
hypothesis for structures of large wavelengths, compared to shorter coherent
structures for which the correlation coefficient remains close to one.

Such in depth analysis of turbulence dynamics illustrates the potential of
approaches such as ZDES mode 3 to finely describe turbulent flows in non-
canonical conditions at high Reynolds numbers at an affordable computational
cost. Moreover, such analysis contribute to the understanding of turbulence
dynamics in out-of-equilibrium conditions and to highlight the universality of
features observed in canonical conditions.
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Appendix A Reminder about the
scale-dependent convection
velocity [51]

This appendix presents a reminder of the definition and evaluation of the con-
vection velocity Uc(f) of turbulent structures dependent on their streamwise
length scale and, hence, on their frequency f , following the study of [51]. This
convection velocity is studied in their work for a non-homogeneous mean flow
in the streamwise direction, x, which is the case for instance in flat plate bound-
ary layer flows. Their study is based on that of [57] made for channel flows,
for which, on the contrary, the mean flow is homogeneous in the streamwise
direction. The idea is to find a convection velocity C such that the residual of
the advection equation is minimised :

1

C
∂u′

∂t
+
∂u′

∂x
= 0. (A1)

Thus, the global convection velocity, which takes into account the whole range
of scales (or frequencies), Cu, corresponds to that giving the minimum of the
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quantity D(C), defined as:

D(C) =

E

[(
1

C
∂u′

∂t
+
∂u′

∂x

)2
]

E

[(
∂u′

∂x

)2
] (A2)

where E [•] denotes the mathematical expectation operator. Since the
denominator of D(C) does not depend on C, minimising either D(C) or

E

[(
1

C
∂u′

∂t
+
∂u′

∂x

)2
]

gives the same condition, which is:

∂D(Cu)

∂C
= 0⇒ Cu = −

E

[(
∂u′

∂t

)2
]

E

[
∂u′

∂t

∂u′

∂x

] . (A3)

Moreover, for Cu it is possible to rewrite (A2) such that:

1− γ2cu = D(Cu), γcu ≥ 0, ⇒ γcu =

|E
[
∂u′

∂t

∂u′

∂x

]
|√√√√E

[(
∂u′

∂t

)2
]
E

[(
∂u′

∂x

)2
] (A4)

where γcu is a correlation coefficient ranging from 0 to 1 and corresponds to
a validity indicator of Taylor’s hypothesis of frozen turbulence (γcu = 1 in the
case of perfect convection).

By considering the estimation of the PSD through Welch’s method [47], as
previously stated, together with some properties of the correlation functions
[51, 59], one may write Cu as a function of the two-sided cross-PSD:

Cu =

−
∫ +∞

−∞
S∂tu∂tu; f (f)df∫ +∞

−∞
S∂tu∂xu; f (f)df

=

−
∫ +∞

−∞
(2πf)2Suu; f (f)df∫ +∞

−∞
−2iπfSu∂xu; f (f)df

(A5)

where S∂tu∂tu; f (f) represents the two-sided PSD of the temporal derivative of
u′ and i2 = −1. It is possible to show that Suu; f (f) is a real function [59] and
also that, for statistically stationary signals, Suu; f (f) is a symmetric function
and therefore Suu; f (−f) = Suu; f (f). It may also be written Su∂xu; f (−f) =
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S∗u∂xu; f (f) and thus:

Cu = −

∫ +∞

0

(2πf)2Suu; f (f)df∫ +∞

0

2πf Im(Su∂xu; f (f))df

(A6)

where Im(•) corresponds to the imaginary part. The expression for γcu may
be then expressed as:

γcu =

|
∫ +∞

0

2πf Im(Su∂xu; f (f))df |√∫ +∞

0

(2πf)2Suu; f (f)df

√∫ +∞

0

S∂xu∂xu; f (f)df

. (A7)

The final expressions for the convection velocity and the correlation coeffi-
cient as a function of the frequency (scale) Uc(f) and γcu(f) are obtained
from equations (A6) and (A7) respectively by integrating in an infinitely small
interval around a given frequency f0 [51]:

Uc(f) = − 2πfSuu; f (f)

Im(Su∂xu; f (f))
, γcu(f) =

|Im(Su∂xu; f (f))|√
Suu; f (f)

√
S∂xu∂xu; f (f)

. (A8)

In all the expressions here shown, the dependency on the wall distance has
been omitted for clarity purposes. It is however important to remind that these
expressions are given at a specified wall distance, so that for a given frequency
there is a dependency of both Uc(f) and γcu(f) on the wall distance.

In [51], the convection velocity Uc(f) and the correlation coefficient γcu(f)
are presented for a zero-pressure-gradient turbulent boundary layer at Reθ =
13000. The convection velocity is compared to the velocity based on the two-
point two-time correlation Ucorr, which is the one used in the present paper
for the spectral analysis of turbulence. Quite close values between Uc(f) and
Ucorr are obtained by [51] thus suggesting that Ucorr is a good alternative
for the convection velocity, since its computation is easier than that of Uc(f).
Indeed, Ucorr may be seen as a weighted harmonic average of Uc(f) [51], and
is coincident with Cu (A6).
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