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Previous comparisons of experimental data with non-
linear numerical simulations of density stratified
Taylor-Couette flows revealed non-linear interactions
of strato-rotational instability (SRI) modes that lead
to periodic changes in the SRI spirals and their axial
propagation. These pattern changes are associated to
low-frequency velocity modulations that are related
to the dynamics of two competing spiral wave
modes propagating in opposite directions. In the
present paper, a parameter study of the strato-
rotational instability (SRI) is performed using Direct
Numerical Simulations to evaluate the influence of
the Reynolds numbers, the stratification, and of
the container geometry on these SRI low-frequency
modulations and spiral pattern changes. The results of
this parameter study show that the modulations can
be considered as a secondary instability that are not
observed for all SRI unstable regimes. The findings are
of interest when the Taylor-Couette model is related to
star formation processes in accretion disks.

© The Authors. Published by the Royal Society under the terms of the

Creative Commons Attribution License http://creativecommons.org/licenses/

by/4.0/, which permits unrestricted use, provided the original author and

source are credited.

http://crossmark.crossref.org/dialog/?doi=10.1098/rsta.&domain=pdf&date_stamp=
mailto:gabriel.meletti@univ-lyon1.fr


2

royalsocietypublishing.org/journal/rsta
P

hil.
Trans.

R
.S

oc.
A

0000000
..........................................................................

1. Introduction
In geophysical and astrophysical flows, stratified vortices that are relevant in the transport of
heat and momentum from small to large scales can be observed in stably stratified systems,
such as the atmosphere or oceans. In the astrophysical context, accretion disks (from which solar
systems are formed) can be seen as stratified vortices. Accretion disks are astrophysical disk-like
objects composed of gas and dust that rotate around a central object, like a star. In such systems,
understanding the mechanisms that can result in an outward transport of angular momentum
is a central problem [19]. For a planet or star to be formed in a disk, angular momentum has
to be carried away from its center to allow matter aggregation by gravity; otherwise, the disk’s
rotation speed would be far too large, avoiding this matter aggregation (and the consequent star
formation) to happen. In these gas systems, turbulence is the most likely mechanism to achieve
such a large angular momentum transport. However, it was shown that the flow profiles of
accretion disks are stable with respect to purely shear instabilities, which arises the question
of how turbulence can be generated. Among other candidates, the strato-rotational instability
(SRI) has attracted attention in recent years as a possible mechanism to generate turbulence in
accretion disks [13, 32]. The SRI is a purely hydrodynamic instability that manifests itself as non-
axisymmetric spirals and can be modeled by a classical Taylor-Couette system with stable density
stratification [6, 25, 53].

The gas-dust region of accretion disks can be approximated as a simple differentially rotating
shear flow – a Taylor-Couette (TC) flow – with near-Keplerian velocity profiles [13]. A classic TC
system consists of two concentric cylinders rotating with angular velocities Ωin and Ωout , and has
a mean azimuthal velocity profile uφ given by

uφ (r) = Ωinr(µ − η
2) +

r2
inΩin(1 − µ)

r(1 − η2)
, (1.1)

where µ = Ωout/Ωin is the rotation ratio between inner and outer cylinders, and η = rin/rout is the
ratio between inner and outer cylinder radius (r). Equation (1.1) is the analytical solution of the
hydrodynamic equations in cylindrical coordinates (φ , r, z) for incompressible Newtonian fluids
in infinite long cylinders. When the first term of the right-hand side of (1.1) is zero, the velocity
is a potential field, therefore curl-free. This defines the Rayleigh limit, µ = η2, which separates
stable from unstable flows in non-stratified TC flows. When µ < η2, the flow is unstable, and
Taylor vortices can be observed. If µ > η2, velocity profiles remain stable. In accretion disks, the
Keplerian azimuthal angular velocity profile Ω(r) ∝ r−3/2 [13] leads to µ = η3/2, and hence to
a stable flow with respect to the classical TC instability. However, a density stratification could
cause a change in the marginal instability transition when compared to classical non-stratified TC
systems, making the flow unstable in regions where – without stratification – it would be stable
[48]. This characteristic makes the SRI a relevant phenomenon in planetary and astrophysical
applications since, as concluded by Dubrulle et al. [13], in astrophysical disks axial stratification
due to temperature differences is the rule rather than the exception.

In nature and in laboratory experiments, density stratification can exist due to salinity [6, 25,
40, 53], or to a temperature gradient [48, 49]. Experiments performed by Withjack and Chen [53]
found that, unlike the axisymmetric rolls in classic TC flows, the SRI presents non-axisymmetric
spirals, confirmed by later experiments performed e.g. by Boubnov et al. [6]. The fact that the SRI
manifests itself as non-axissymetric spirals is also relevant for its application to accretion disks
theory, given that recent astronomical observations captured spirals in the center of accretion
disks at an early stage of a star formation [37], making the study of the SRI spiral signatures and
dynamics a relevant topic in this context.

Caton et al. [7] showed by linear stability analysis and experimental observations that the first
SRI transition happens via a supercritical Hopf bifurcation that destabilizes purely azimuthal
flows. Rüdiger et al. [48] obtained marginal stability curves using linear stability analysis for
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(a) (b)

Figure 1. (a) SRI marginal linear stability curves redrawn from Rüdiger et al. [48] for 3 different values of Rn. Bigger

values of Rn (and N) lead to larger instability regions. The black dashed vertical line in the left represents the Rayleigh

limit µ = η2, which separates stable and unstable non-stratified TC cases (any to the left of this line in the diagram

would be TC unstable, as indicated in the image). The green dashed vertical line in the right represents the Keplerian line

µ = η3/2. SRI unstable (circles) and stable (crosses) cases for η = 0.517, Rn ≈ 250, µ = 0.35 with different Reynolds

numbers were investigated numerically and experimentally in Meletti et al. [34]. The circles filled with red color refer to

cases for which strong low-frequency amplitude modulations were observed. (b) uφ and ur SRI time series of a numerical

simulation presented in Meletti et al. [34], and their respective amplitude envelopes highlighting low frequency amplitude

variations within the time interval 0 < t < 8hours. The results are for Re = 400, µ = 0.35 and ∂T ∂ z ≈ 5.71K/m at

mid-gap position (r ≈ rin + d/2) and mid height position (z ≈ H/2). The smaller figure inserted on the top-right corner

shows a 30 minutes zoomed time-window of uφ , highlighting how the envelope amplitude variations change much slower

than the SRI mode m = 1 oscillations.

different values of Rn, the Reynolds number based on the buoyancy frequency

Rn = Nrin(rout − rin)/ν . (1.2)

where ν is the kinematic viscosity of the fluid, and N is the buoyancy frequency, also known as
Brunt-Väisälä frequency

N =

√
αg

∂T
∂ z

. (1.3)

Here, α is the coefficient of thermal expansion, g is the gravity constant, and ∂T/∂ z is the
environmental axial temperature gradient. Note that, higher temperature gradients lead to higher
values of N, and consequently, of Rn. Figure 1.(a) reproduces the marginal stability curves redrawn
from Rüdiger et al. [48] for different Rn values. Flows inside (outside) these curves are predicted
to be SRI unstable (stable). Note that the SRI unstable regions increase with Rn. It becomes clear
in the diagram that stratified flows with µ > η2 can be unstable (to the right of the Rayleigh
limit, shown by the black vertical dashed line). Most important, the Keplerian profile, relevant for
accretion disks, can be unstable for all chosen Rn values.

The Reynolds number of the stratified Taylor-Couette flows, presented in the vertical axis of
figure 1.(a), is based on the inner cylinder rotation (Ωin), and it is defined as

Re = Ωinrin(rout − rin)/ν . (1.4)

The Froude number measures the relative importance of rotation and stratification, being defined
as

Fr =
Re
Rn

=
Ωin

N
. (1.5)
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The unstable regions in figure 1.(a) were confirmed by experiments [48, 49], while the upper
transition back to stable regimes was captured numerically and experimentally by Meletti et al.
[34]. Edlund and Ji [15, 16],

In Meletti et al. [34], experimental and numerical studies at moderate Reynolds numbers
revealed low-frequency amplitude modulations resulting from the interaction between SRI
spirals travelling in opposite axial directions. These modulations were observed both numerically
and experimentally for all velocity components (uφ , ur, and uz), and in the temperature field T .
This implies that also the Brunt-Väisälä frequency shows slow variations in time.

The frequency of the modulations, shown in figure 1.(b) and reproduced from Meletti et al.
[34], is classified as low-frequency because it is more than 30 times smaller than the SRI frequency
(see small image inserted top-right corner of figure 1.(b)). Lopez and Marques [29] also observed
numerically that these very low-frequency modulations set in at higher Re, although the main
features of the SRI flow remain those of rotating waves. It is also possible to see in figure 1.(b)
that the amplitude variations need approximately 100 minutes to achieve a permanent regime.
During the transient regime (t ≲ 100 minutes), amplitude variations also exist, but they are not
regular in time. It is important to highlight that this mentioned transient regime is related to the
amplitude modulations, and not to the SRI oscillations. The SRI oscillations show the mode m = 1
peak in the Fourier space [34], and they are already prominent approximately 10 minutes after
starting the rotation for all SRI unstable Re values investigated in Meletti et al. [34]. Furthermore,
under the assumption of weak Doppler shift, the SRI frequencies assume values between the
buoyancy frequency (N) and the inertial frequency ( f = 2Ωin), while the amplitude modulations
have frequencies much below these values, and outside the interval N − f . This means that the
amplitude modulations cannot be interpreted as low-frequency gravity wave modes.

The analysis of the SRI flow during the amplitude modulations in Meletti et al. [34] also
reveals three particular flow patterns that are correlated with the modulations. The patterns
represent different SRI spiral inclination and propagation in the axial direction, named downward
inclination and upward inclination. During the transition from the upward (downward) to
the downward (upward) pattern, both spirals are activated and superposed, leading to a
chessboard-type pattern. This transition region is characterized by small SRI amplitudes.

The SRI spirals observed have some similarities with those found in experiments performed
by Flór et al. [18] and in numerical simulations performed by Lopez and Marques [28], where two
spirals are moving upward and downward resulting in a standing pattern with low-frequency
modulations that come from differences in the axial drift speed of the two waves. It should be
noted that Flór et al. [18] and Lopez and Marques [28] use a short annulus with a very wide
gap for which top and bottom boundary effects and centrifugal buoyancy effects are important.
Moreover, in contrast to the investigations presented in Meletti et al. [34] and in the present paper,
Lopez and Marques [28] use a smaller Froude number Fr < 1 and a larger Reynolds number
Re > 6000. For longer cavities radiative instability as discussed by Riedinger et al. [45] is relevant
as well, as experimental observation of the spiral pattern changes in the axial-radial plane were
also revealed.

In view of the variety of experimental and numerical setups, it is important to study the
influence of parameter variations on the SRI oscillations and in particular on the occurrence
of low-frequency amplitude modulations. Therefore we will use a high performance parallel
numerical code to investigate how different parameters can change the behaviour of these
experimentally and numerically observed amplitude modulations and pattern changes in the
axially travelling spirals. All the cases here explored are for µ > η2, so that the regime is
centrifugally stable, but it is unstable with respect to the SRI.

The paper is organized as follows. In section 2, we will investigate how the Reynolds number,
geometrical parameters of the cavity (such as its height or gap size), and stronger or weaker
stratification in the axial direction can influence the SRI spiral behavior, its mean velocity profiles,
and lead to amplitude modulations or suppress it. The evaluation of axially periodic results, with
a complete elimination of Ekman effects, is also explored. Section 3 explores how the energy
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spectra for different SRI regimes can be affected by the presence of the amplitude modulations
and how the spectra will change under varying parameters, while section 4 brings an evaluation
of its influence on the the SRI turbulent momentum transport in space and time. We will also
briefly discuss how this could influence the aggregation of matter by gravity in the center of the
disks leading to proto-planetary star formation. Finally, in section 5, conclusions are presented.

2. Parameter study
In Meletti et al. [34], SRI amplitude modulations associated with spiral pattern changes were
observed numerically and experimentally for a Taylor-Couette system heated from the top, and
cooled from the bottom leading to a stable density stratification in the axial (z) direction. The
observations regarded experiments with Reynolds numbers Re = 400 and Re = 600, with µ = 0.35
and ∆T/∆z = 5.71Km−1, but several factors can change the behavior of the axial traveling spirals
that lead to the modulations, such as the Reynolds number, the aspect ratio of the cavity, and
the strength of the axial stratification. In this section, we will use numerical simulations to
investigate how the changes in these parameters can influence the SRI spiral dynamics, i.e. forcing
or suppressing amplitude modulations, considering regimes that are centrifugally stable, but
unstable with respect to the SRI. The evaluation of axially periodic results, with no influence
of Ekman effects, is also explored. Since these SRI phenomena develop at different time scales,
it needs to comprehend fine meshes to solve all the scales involved in the problem. Long time
integration is also required to investigate long time occurring low-frequency phenomena.

To overcome these difficulties, a direct numerical simulation (DNS) solver combining fourth-
order accuracy space discretization and high-performance computing (HPC) has been developed
by Abide et al. [2] to investigate the SRI dynamics. The code solves the Navier-stokes equations
using the Boussinesq approximation to account for the buoyancy forces. The physical model
solved by the code consists on a Taylor-Couette flow configuration filled with an incompressible
fluid endowed with a vertical temperature gradient, that leads to a stable density stratification in
the axial (z) direction. This configuration is the same used by Meletti et al. [34], Seelig et al. [49] to
study the SRI experimentally.

Using the Boussinesq approximation to account for the buoyancy forces, the governing
equations solved by the code read:

∇ · u = 0 in D,

∂tu + ( u · ∇) u =−∇p + ν∆ u + F in D,

∂tT + (u · ∇)T = κ∇2T in D,

(2.1)

where D is the computational domain, κ the fluid thermal conductivity, p is the pressure, T is
the temperature field, and u = (ur,uφ ,uz) is the velocity vector field in radial, azimuthal and axial
directions, respectively. The body force F is the buoyancy force driven by density variation:

F = α g
∂T
∂ z

∆z. (2.2)

In the simulations presented here, the velocity is prescribed at the cylinders’ walls. The upper
and bottom boundaries rotate with the same angular velocity of the outer wall. The vertical
temperature gradient results from the temperature difference ∆T imposed between the top and
bottom lids. Considering that there is no relevant heat losses through the lateral walls compared
to the thermal forcing at the top and bottom lids, we impose adiabatic boundary conditions at the
lateral walls. The simulations are initiated using randomly distributed small amplitude white
noise perturbations, to drive the development of the instabilities. Also, centrifugal buoyancy
[28, 29] was assumed to not play a significant role in the experiments, and it is not included
in the numerical model. The smallest space resolution considered in the simulations was of
32 × 64 × 200 grid points, respectively in the φ × r × z directions.

The time discretization is made using the methods proposed by Hugues and Randriamampianina
[23]. Higher-accuracy space discretization is presently achieved through the spectral Fourier
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Case Re µ H [mm] rin [mm] rout [mm] Rn Fr ∆T [K] ∆T
∆z [Km−1]

01)
400 0.35 700 75 145

182.7 2.2 2 2.85
02) 258.4 1.5 4 5.71
03) 365.4 1.1 8 11.43

Table 1. Parameters of simulations changing stratification

discretization in the azimuthal direction, and a fourth-order compact finite difference scheme
in the two other directions, as presented in Abide and Viazzo [3]. To benefit from the modern
High Performance Computing framework, the parallel strategies described in [1] have been
implemented, allowing a significant reduction of the total simulation times.

(a) The role of stratification
To investigate how the stratification can influence the SRI flow, different simulations were
compared changing the temperature differences between the top and bottom lids of the TC system
keeping Re = 400, and the geometrical parameters (H = 700mm, rin = 75mm, and rout = 145mm)
fixed. The different parameters investigated are presented in table 1.

The geometrical parameters of reference are chosen to be the same as those of the experimental
setup investigated in Meletti et al. [34], where the gap between inner and outer cylinders is filled
with a Newtonian M5 silicon oil. The physical properties of the M5 oil at 25◦C, which were also
considered in the simulations here presented, are shown in table 2.

Table 2. M5 silicone oil properties at 25oC

kinematic viscosity ν 5 × 10−6 m2 s−1

density ρ 923kgm−3

coefficient of thermal expansion α 1.04 × 10−3 K−1

thermal conductivity k 0.133WK−1 m−1

specific heat cp 1630Jkg−1 K−1

Prandtl number Pr ≈ 57

In figure 2, we can observe that variations in the axial temperature stratification lead to changes
in the axial wavenumber k. The wavenumbers were obtained considering non-dimensional wave
number at snapshots in the r-z plane, such as those presented in figure 2. Hence k = 2π/λ , where
λ = 2πλ ∗/H is the non-dimensional wavelength, H is the height of the cavity, and λ ∗ is the
dimensional wave length. In figure 2(b), for example, we see that λ ∗ = H/4, which implies k = 4.
For the cases 01, 02, and 03 in table 1 we find axial wavenumbers of k = 3,4 and k = 7, showing
that changes in the stratification leads to relevant changes in the spirals axial structure.

Figure 3.(a) shows how the azimuthal mean flow changes with stratification. We also see
different deviations from the non-stratified TC profile (black dashed line) for higher temperature
differences (smaller Fr). Note that the deviations form the TC profile are similar for ∆T/∆z =
5.71Km−1 and ∆T/∆z = 11.43Km−1 (respectively cases 02 and 03 in table 1), but slightly higher
for ∆T/∆z = 5.71Km−1 (case 02). The deviations from the base flow drop to approximately half
its values when the stratification drops to ∆T/∆z = 2.86Km−1 (cases 01 in table 1). The higher
deviations of the base flow when the stratification becomes stronger (smaller Fr, and larger Rn)
can be associated with larger momentum transfers from the inner to the outer region of the gap.
A further investigation of the momentum flux will be explored later in section 4, showing that
we have a larger momentum transfer driven by the instability when the modulations establish. In
figure 3.(b), we see how increasing stratification values has similar impacts in the β -viscosity, i.e.,
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(a) ur(∆T/∆z = 2.86Km−1) (b) ur(∆T/∆z = 5.71Km−1) (c) ur(∆T/∆z = 11.43Km−1)

Figure 2. Snapshots of ur in the radial-axial cross section, showing changes in the axial wavenumbers with the

temperature gradients. (a) ∆T/∆z = 2.85Km−1, leading to Froude number Fr ≈ 2.2; (b) ∆T/∆z = 5.71Km−1, with

Fr ≈ 1.5; and (c) ∆T/∆z = 11.43Km−1, with Fr ≈ 1.0. The Reynolds number of the simulations are Re = 400 and

rotation the ratios are µ = 0.35.

(a) (b)

Figure 3. Changes when different temperature gradients in the axial direction are imposed. (a) Mean azimuthal velocity

profiles (uφ ); (b) Changes in the beta viscosity νβ = β r2Ω . The figure inserted on the bottom right corner shows the

β -viscosity defined as νβ = β r3|dΩ/dr| .

we observe larger deviations in the β -viscosity when the modulations establish. The influence
of the stratification in the β -viscosity is here presented due to its interest in the momentum
transfer on Stratorotational instability in Taylor-Couette systems, as well as in accretion disks
applications [47]. Note that different definitions of the beta viscosity can be considered. In several
publications [24, 31, 43, 44], the beta viscosity is first introduced as νβ = β r2|dΩ/dr|, and then
the form ν = β r2Ω is presented considering applications to accretion disks and to flows with
Keplerian velocity profiles based on laboratory fluid experiment data, where β = 10−5, Ω = uφ/r,
and r is the radial position. In figure 3.(b), the β -viscosity is presented considering these two
definitions. In both cases, we observe higher deviations with respect to the stable TC profile when
the amplitude modulations establish (higher temperature gradients).

Evaluating the impact of the stratification with respect to the SRI time series (figure 4), we
observe that the higher energy transferred from the base flow to the instability is related to the
activation of amplitude modulations. By reducing the stratification to half its value keeping all
the other parameters constant, the modulation vanish, although the primary SRI instability still
exists (see the SRI oscillations in the bottom right figure inside 4(a)). This shows that the SRI can
occur without the low frequency amplitude modulations. For the stronger temperature difference
∆T = 8K (case 03), the modulations are again observed (figure 4(b)). Note that stronger amplitude
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(a) (b)

Figure 4. Changes on uφ low frequency temporal behaviour when different temperature gradients in the axial direction are

imposed, where (a) uφ (∆T/∆z = 2.85Km−1); (b) uφ (∆T/∆z = 11.43Km−1). The time series are obtained near the

mid-gap and mid-height position (r ≈ rin + d/2 and z ≈ H/2), highlighting changes in the low-frequency modulations

with the temperature gradient. The smaller images inserted show smaller time intervals of each respective time series

(intervals where chosen arbitrarily, in regions where amplitudes do not vary much), highlighting the SRI oscillations. The

velocities are presented in the laboratory frame of reference.

modulations are achieved for an imposed temperature difference of ∆T = 4K and not for ∆T =

8K, added to the fact that uφ deviations from the TC profile are slightly larger for ∆T = 4K than
for ∆T = 8K when uφ − uTC < 0 (in the region between 85mm ≲ r ≲ 125mm on figure 3).

The influence of the stratification in the SRI axial structure moving towards smaller axial
wavenumbers k when the Froude number increases can be explained by the work of Rüdiger
et al. [48]. They found that the SRI axial length scale (λz), normalized by the gap size d, follows
the relation

λz

d
≃ π

4
Fr. (2.3)

Larger Fr are obtained when we reduce the stratification (and the values of N become smaller),
therefore, will make λz increase proportionally, corresponding to a dislocation towards smaller
axial wavenumbers, until no pattern changes occur, because λz reaches the same order of H. Note
that we are not considering Froude numbers that suppress the SRI first instability.

In Meletti et al. [34], we observed that the SRI manifests itself by oscillations associated
to a peak in the power spectrum with an azimuthal wavenumber m = 1, and weak harmonic
interactions occurring between SRI modes. The SRI mode is also observed for the cases here
investigated. With values of λz ∼O(H), only a suppression of the amplitude modulations are
observed, which are near the onset of the instability. Note that we do not observe modulations in
regimes that are stable with respect to he SRI, only the opposite, i.e., modulations can establish (or
be suppressed) on unstable SRI flows, since the modulations are associated to the SRI spiral axial
displacement. Therefore, when no SRI spirals are present in the flow, amplitude modulations do
not exist.

(b) Influence of the Reynolds numbers in the amplitude modulations
On the amplitude, when the Reynolds number is increased from Re = 400 to Re = 800 (case 06 to
case 08 in table 3), keeping ∆T/∆z and µ unaltered, the modulations disappear, even if the (higher
frequency) SRI oscillations are still present. The SRI time series of these simulations, presented in
figure 5(a), look similar to other non-modulating cases, such as the case with Re = 400 and weaker
stratification value of ∆T/∆z = 2.86Km−1 (case 01 in table 1, figure 2(b)). A chessboard structure
establishes in the flows with no modulation and do not change its behavior in time, as highlighted
in the space-time diagrams presented in figures 5(b),(c), due to the activation of both positive and
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Case Re µ H [mm] rin [mm] rout [mm] Rn Fr ∆T [K] ∆T
∆z [Km−1]

05) 300

0.35 700 75 145 258.4

1.2

4 5.71
06) 400 1.5
07) 600 2.3
08) 800 3.1
09) 900 3.5

Table 3. Parameters of simulations changing Re

(a) Time-series (b) Full space-time diagram (c) Zoomed space-time
diagram

Figure 5. uφ flow pattern in simulations with Reynolds numbers Re = 800 (case 08 in table 3) showing that no amplitude

modulations observed. (a) Time-series at a mid-gap and mid-height position. (b) Space-time diagram in the radial-axial

cross section during 4 hours of simulations (in physical time). (c) 2 minutes zoomed region highlighting the chessboard

patter that establishes and does not change during the full simulation.

negative wavenumbers at the same time, and not a oscillation between the positive and negative
modes as we see when we have the modulations (see Meletti et al. [34]). Note that, for Re = 1000,
the flow becomes stable with respect to the SRI [34]. In both stable cases mentioned (higher Re
or smaller N), we are near the transition between stable and unstable SRI regimes presented in
figure 1.(a). This suggests that the unstable modes related to the secondary instabilities can be
activated when we are more inside the instability diagram, far from the transition to stable flow
regimes. In other words, too high or too low Fr suppress the modulations. At intermediate Fr, the
amplitude modulations are activated.

It is relevant to mention that we observed differences with respect to simulations performed
by Lopez and Marques [29] for varying Re. These authors observed low frequency modulations
at higher Re, while we observe them for smaller Re cases. The modulations disappear when
Reynolds numbers are too close to the upper limits of the marginal instability curves presented in
figure 1.(a). Note that the previous investigations presented in figure 1.(a) showed how increasing
the Reynolds numbers leads to a stable regime with respect to the SRI. We here can highlight that
what we observe is the amplitude modulation disappearance, even for unstable SRI regimes.

The comparison with the work of Lopez and Marques [29] comes from the fact that they also
observed the transition to the modulated regime in SRI unstable regimes, but coming from lower
to higher Reynolds numbers, and not for increasing Re as we observed, indicating that near both
the upper or lower boundaries of the marginal instability curves, we have a regime where the SRI
instability is activated, but the modulated regime is suppressed. However, in contrast to us Lopez
and Marques [29] consider a stationary outer cylinder, with stationary top and bottom walls (only
inner cylinder rotation), and we investigate a flow with a Keplerian velocity profile, where the
outer cylinder also rotates. The top and bottom cavity lids in our simulations also rotate, with the
same angular velocity as the outer cylinder wall, which could have introduced different Ekman
effects. Furthermore, Lopez and Marques [29] also take into account centrifugal buoyancy effects
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Case Re µ H [mm] rin [mm] rout [mm] Rn Fr ∆T
∆z [Km−1]

10)

400 0.35

350

75 145 258.4
1.5

5.71
11) 700 5.71
12) 1400 5.71
13) 2800 5.71
14) periodic 5.71
15) periodic 365.4 1.0 11.43

Table 4. Parameters of simulations changing the cylinder height

that were not considered here because its values become too small in our configuration. Finally,
their aspect ratio was small (of H/d = 3) in comparison to the H/d = 10 values of our simulations.
Also important, Lopez and Marques [29] work in smaller Froude number regimes. In view of
these differences, a parameter investigation with respect to the geometry and the Ekman effects
needs to be addressed next.

(c) Cavity geometry changes
To understand how the cylinder geometry impacts the SRI and the spiral patterns observed, the
cylinder height H is modified from smaller values until an infinitely long cavity (axial periodic
boundary condition). We then look at the influence of the cavity gap size d in the SRI development
by increasing the distance between the cylinder walls. The parameters of the simulations chosen
to investigate the impact of changing the cylinder height are presented in table 4.

(i) Shorter cavities

Figure 6 shows the result of numerical simulations with H = 350mm (case 10 in table 4), a cavity
half as long as the reference height (case 11 in table 4). The reference height is chosen to be of
700 mm, the same as the temperature stratified Taylor-Couette experimental setup presented in
Meletti et al. [34]. From the time series related to the chessboard pattern in fig. 6 (full time series
not shown) we see that, even if ∆T/∆z ≈ 5.71Km−1 and Fr ≈ 1.5 in case 10, after a transient phase
(t ≳ 100min), the first SRI instability is established, but the secondary instabilities do not develop.
These results are similar to what was observed when the stratification values were reduced to
∆T/∆z ≈ 2.86Km−1 (case 01, in table 1, figure (4(a))). This behavior was also observed when
the Reynolds number was increased to Re = 800 keeping other parameters constant (case 08
in table 3). In these cases, once the instability was established, the spiral pattern (observed
on figure 6) did not change anymore (for the considered simulation time). We think that this
suppression of the modulations is related to the fact that larger scales of the flow can not fit in a
cavity with length H = 350mm (this will be further described in section 3).

(ii) Larger cavity heights

Differently from the cavity with reduced length, when the cylinder’s height becomes larger than
Hre f = 700mm, the SRI amplitude modulations re-appear. Figure 7(a),(b) show uφ time series at
r ≈ rin + d/3 and z ≈ H/2 respectively to cylinders lengths 2 × Hre f (H = 1400mm). These pattern
changes are associated with (more irregular) amplitude modulations visible in figures 7(c). The
amplitude modulations in the time series become less regular as the associated spiral patters
also exhibit more complicated behavior than those previously observed for a H = 700mm cavity
(reference), with different spiral inclinations existing along the cavities’ axial direction. The same
conclusion can be obtained for even larger cavities, e.g., for heights four times larger than the
reference height (H = 2800mm).

To study the flow in "infinitely long cavities", axially periodic simulations were performed.
These are relevant for different reasons, including that many studies investigating the SRI
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Figure 6. uφ space-time diagram of a simulation with Re = 400, µ = 0.35, ∆T/∆z ≈ 5.71Km−1 and cylinder’s height

half of the experimental height H = 0.35m (case 10 in table 4) at r ≈ rin + d/3, showing the standing chessboard pattern

achieved when the secondary instability is not reached.

(a) (b)

(c) (d)

Figure 7. uφ numerical simulations for cavities with twice the height of the experimental setup (H = 1400mm) at a fixed

radius position r ≈ rin + d/3, with µ = 0.35 and ∆T/∆z ≈ 5.71Km−1. (a),(b) Space-time diagrams at different time

intervals (of 5 minutes) showing the occurrence of different spiral patters in time; (c) uφ time series at z ≈ H/2 of 8 hours

interval; (d) Transition from pattern presented in (a) to the pattern in (b).

analytically consider infinitely long cylinders [12, 13, 48]. Note that axially periodic boundary
conditions are not necessarily equivalent to infinitely long cavities, but they remove the boundary
layer influence on the SRI and the development of amplitude modulations, showing whether
Ekman effects could be responsible for the modulations to occur. Furthermore, periodic boundary
conditions can also eliminate the possibility of waves and spiral reflections at the top and bottom
boundaries leading to the upward and downward traveling spirals.
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(a) ∆T/∆z ≈ 5.71Km−1 (b) ∆T/∆z ≈ 11.43Km−1

Figure 8. uφ numerical simulations with Re = 400, µ = 0.35 and periodic solutions in the axial direction z (∆z → ∞).

Time series of 8 hours interval obtained at r ≈ rin + d/2 and z ≈ H/2 and (a) temperature gradient ∆T/∆z ≈
5.71Km−1 (case 14 in table 4); (b) Temperature gradient ∆T/∆z ≈ 11.43Km−1 (case 15 in table 4).

Figure 8 presents uφ time series obtained from axially periodic numerical simulations with
Re = 400, µ = 0.35, and different stratification values. Figure 8(a) with ∆T/∆z ≈ 5.71Km−1 (case 14
in table 4); and 8(b) with ∆T/∆z ≈ 11.43Km−1 (case 15 in table 4). The simulations show that
the flow is still unstable when the top and bottom boundaries are removed, and amplitude
modulations are still observed in the velocity time series. Pattern changes are once again related
to the amplitude modulations. These axially periodic results demonstrate that the secondary
instabilities associated with amplitude modulations do not depend on the top and bottom
boundaries to exist. They also show that modulations and pattern changes do not result from
Ekman pumping effects, since it also occurs without the presence of the lids. Furthermore, the
energy transferred from the mean flow to the instability is practically the same for axially bounded
or axially periodic periodic simulations (cases 14 and 15 in table 4).

Simulations performed with increasing gap size were also performed, i.e, increasing the
distance between inner and outer cylinder radius. Initially, these investigations intended to
contribute to the discussion about the importance of a rigid boundary for the SRI to exist, or
if critical layers could be activated and generate the instabilities without the need of a rigid
outer cylinder wall [12, 26, 39, 52]. The idea to verify if a rigid outer boundary is relevant for
the SRI development was simply to increase d = rout − rin, and to observe if this would lead to the
suppression of the instability.The results, instead, showed only that the changes imposed in rout

leads to a delay in the instability development. Therefore, with this simple approach we could
not test whether a wider gap will eventually suppress the SRI and SRI modulations or not.

3. Energy spectra
In section 2, we observe that larger deviations from the TC profile occur when the secondary
instability establishes, compared to cases where only the first instability occurs, showing that
more energy is transferred from the base flow. In this section, we will investigate how the kinetic
energy spectra are modified for the different regimes observed in section 2.

Three different energy spectra are then considered as function of the wavenumber K = m, l,k:
one for the azimuthal, another for the radial, and a third one for the axial direction, respectively
called Eφ , Er, and Ez, keeping fixed the other 2 space coordinates, as detailed in the appendix A.
The radial wavenumber is based on the cylinder gap, i.e., in the distance between the inner and
outer cylinders. The assumption of 3 different one-dimensional energy spectra is considered as
suggested by Billant and Chomaz [5], Lindborg [27].

Figure 9 shows Eφ , Er and Ez for simulations with µ = 0.35, ∆T/∆z ≈ 5.71Km−1. Figure 9(a)
corresponds to Re = 400 (case 06 in table 3) and figure 9(b) to Re = 800 (case 08 in table 3), with
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(a) Re=400 (b) Re=800

Figure 9. Energy spectra in the azimuthal (Eφ ), radial (Er) and axial (Ez) directions with different power laws fitting the

spectra presented in dashed lines. The spectra were obtained from simulations with µ = 0.35, ∆T/∆z ≈ 5.71Km−1,

and bounded cavity height H = 700mm. Figure (a) presents a Re = 400 simulation where amplitude modulations and

pattern changes are observed (case 02 in table 1); (b) shows a simulation with Re = 800, where no pattern changes or

amplitude modulations occur (case 08 in table 3).

power laws fitting the energy spectra in dashed lines. Note that in the case presented in figure 9(a)
the flow develops amplitude modulations, while the case presented in figure 9(b) is simply SRI
unstable, but the amplitude modulations do not occur.

In figure 9 we observe different slopes in Ez for cases with and without amplitude modulations.
In figure 9(a), with Re = 400 and amplitude modulations, Ez has a decay rate proportional to
a power law k−3. A k−3 vertical spectrum (Ez) decay can occur on enstrophic cascades [8, 38],
which transfers energy from larger to smaller scales in quasi-geostrophic cascade, but may also
allow an inverse energy transfer, from smaller to the larger scales. Vertical spectra with k−3

decay rate have already been observed on vertical measurements of the atmosphere performed
by Cot [9], Dewan and Good [11] and by numerical simulations of strongly stratified fluids
by Lindborg [27]. For the case with higher Reynolds number and no amplitude modulation
(Re = 800) in figure 9(b), a k−5/3 power-law fits the Ez decay rate. We find very surprising that
a −5/3 decay law is observed, since the SRI clearly presents very different features from those
of homogeneous isotropic turbulence [14, 41]. This means that its motion excites many wave
modes that give rise to a forward energy cascade with a −5/3 decay rate, just as in classical
Kolmogorov turbulence [10, 46]. It must be highlighted that this −5/3 decay does not come
from an isotropic turbulent flow regime. According to Lindborg [27], the transition from regimes
dominated by strongly stratified environments to regimes dominated by rotation can transform
an inverse energy cascade into a purely forward energy cascade. That could explain why, when
we increase the Reynolds number (from fig. 10(a) to fig. 10(b)), therefore increasing rotation with
respect to stratification, we observe the transition from the k−3 decay to a k−5/3 cascade behavior.

The power spectra in the radial direction on figure 9 (Er), have slopes with a decay rate
proportional to l−2. This is the same slope observed by ocean measurements performed by Garrett
and Munk [20, 21], related to a random superposition of linear internal waves (i.e., that exist
between the inertial frequency f and the buoyancy frequency N) known as the Garrett and Munk
(GM) model, or related to a weakly nonlinear wave turbulence [4, 30]. Note that, although the
GM spectra decay rate of l−2 and a l−5/3 slope are similar, the l−5/3 slope fits very poorly the Er

spectra decay.
A power law m−11/3 fits well the slope measured in Eφ in figures 9(a),(b). This decay

has already been associated with different phenomena, such as the influence of potential
energy available in turbulent diffusion of quasi-geostrophic cascades [51], or with Kelvin waves
propagating along a vortex line [33]. Curiously, in an astrophysics context, m−11/3 power law
was measured over a broad length-scale domain in energy spectra of diffuse molecular clouds
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surrounding young stars [17], as well as proposed in a MHD context [35]. These astrophysical
observations were performed in the North Celestial Pole loop, which has a cylindrical gap
morphology, with a cylindrical radial velocity profile fitting its radial expansion [36]. Here, it is
important to be stressed that the mechanisms that lead to the power laws observed still remain to
be further explored using theoretical approaches. Only then, any possible relation between them
and astrophysical and geophysical measurements could be established.

The power laws that fit the energy decay in Eφ and Er do not change when we compare
figures 9(a) and (b), i.e., no changes in their decay rates are observed when the amplitude
modulations are established or suppressed. No relevant changes in Eφ and Er were observed
for changes in any of the different parameters investigated, i.e., from numerical simulations
with different Reynolds number, with different stratification values (different ∆T and Rn), or for
different cavity heights H (bottom images). We observed a small increase in the Eφ and Er total
energy with the Reynolds number, that dislocate the spectra in the y-axis without changing their
shapes, but no other relevant changes in the radial and azimuthal energy spectra were noticed
with changes in the stratification, height or Re, and the spectra decay rates of Eφ and Er remain
similar to those observed in figures 9(a),(b).

In the axial energy spectra Ez, presented in figures 9(a) and 9(b), besides the changes in
decay rates, we can observe the presence of a peak in the spectra with Re = 400, that is not
observed for simulations with Re = 800. In figure 10, we show axial energy spectra Ez changes
with stratification, Reynolds numbers, and with the cavity height. We can then evaluate which
signatures of the SRI and of the spiral propagation in z (and modulations) can be observed, i.e.,
to see which modes are activated in Ez when the spiral propagation occurs, and how the different
parameters investigated in section 2 can change the energy transfer from the base flow to the
unstable modes. In figure 10, the x-axis presents the axial wavenumber k. Smaller figures were
introduced on the top right corner of each image showing the inverse wavenumber (λ−1) in the x-
axis, and with the spectra arbitrarily dislocated in the y-axis for better visualization of the results.
The relation between λ and the wave numbers are given by

m =
2π

λφ

, l =
2π

λr
, k =

2π

λz
. (3.1)

On figure 10(a), the changes in Ez with the Reynolds number are evaluated, maintaining the
stratification constant (∂T/∂ z ≈ 5.71Km−1, and Rn ≈ 258.4). It is possible to observe that, for Re =
300, Re = 400, and Re = 600, where the amplitude modulations and pattern changes are observed,
a peak in Ez is also observed. This peak is associated with an injection of energy from the base
flow to the instability at a certain wavenumber. As the Froude number increases and rotation
becomes stronger compared to the stratification, the peak moves to smaller wavenumbers (and
to larger scales), until it disappears for Re = 800, where no modulation is observed. Reducing
the stratification leads to similar results, i.e., reducing ∆T and making Fr larger also leads to a
dislocation of the peaks in the direction of the larger scales (smaller wavenumbers).

In figure 10(c), we observe Ez changes with the cylinder’s height, and peaks in Ez are observed
when changes in the spiral patterns occur. For H = 350mm, i.e., half of the reference height, where
the SRI is observed with no amplitude modulations (see section i), the peak in Ez is not present.
Although the wavenumber increases with the cylinder’s height, the image on the top right corner
of figure 10(c) shows that changing H did not change the wavelength, and also that larger scales
are not able to develop in the smaller height cavity (of H = 350mm), leading to the suppression of
the spiral pattern changes in z. When "infinite heights" are simulated, i.e., axial periodic boundary
conditions on figure 10(d), weak non-linearities start to appear, with harmonics in the Ez spectra.
Note that, although no pattern changes are observed in the periodic simulations with ∆T/∆z ≈
5.71Km−1 in section (c), relatively strong amplitude modulations were present, and peaks in the
Ez spectrum are also observed in this case. Also note that the reference simulation with Re = 400,
µ = 0.35, ∆T = 4K, and H = 700mm, has a peak associated to the wavenumber k = 4, as well as the
unbounded axially periodic simulations (also with H = 700mm).
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(a) Changing Re (b) Changing ∆T

(c) Changing H (d) Changing ∆T and
top/bottom BC

Figure 10. Energy spectra in the axial direction (Ez). (a) Different Re, for fixed H = 700mm, ∆T = 4K. (b) Different

stratification (∆T ), with fixed Re = 400, and H = 700mm. (c) Different cylinder’s heights, with fixed Re = 400 and

∆T/∆z ≈ 5.71Km−1; (d) Comparison of axial periodic and non-periodic top and bottom boundary conditions; The

x-axis in all figures present the axial wavenumber k. The smaller figures inserted on the top right corner of each image

show the spectra arbitrarily dislocated in the y-axis for better visualization of the results, and have the inverse wavelength

(λ−1) in the x-axis, instead of the wavenumber k. All simulations were performed with µ = 0.35.

The influence of rotation, stratification, and height in the SRI axial structure, observed as a
peak in the energy spectra on figures 10 moving towards smaller axial wavenumbers k when
the Froude number increases, can be explained once again by the work of Rüdiger et al. [48].
Equation (2.3) showed that the length-scale of the SRI axial structure grows linearly with the
Reynolds number, and is inversely proportional to the buoyancy frequency. As mentioned in
section (a), a larger Fr will then make λz increase, corresponding to a dislocation towards smaller
axial wavenumbers, until no pattern changes occur in simulations with Re = 400 and half of the
reference cavity height (H = 350mm), or with Re = 800 and the same reference cavity height (H =

700mm) because λz reaches the same order as H. Once again, we note here that, differently from
what is proposed by Rüdiger et al. [48], a suppression of the SRI first instability was not observed
here when λz ∼O(H). What we observe is the suppression of the amplitude modulations.

4. Impacts of the modulations on the SRI momentum transport
In this section, we will investigate the SRI momentum transport in time. This is an important issue
regarding how the SRI could transport momentum outwards from the center of accretion disks,
leading to proto-planetary star formation.

The u′
φ

u′r spatial structure behaviour (not shown), such as increasing axial wavenumbers with
the stratification (similar to what was observed for the velocity spiral axial profiles in figure 2),
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(a) Re = 300 (b) Re = 400

(c) Re = 800 (d) Re = 900

Figure 11. u′
φ

u′r time series for increasing Reynolds number with a fixed temperature gradient ∆T/∆z = 5.71Km−1.

The velocities are obtained at position r = 90mm (near the inner cylinder) and z ≈ H/2 (mid-height). Note time of

the upper figures (a),(b) is of 0 ≤ t ≤ 420 minutes, and of the bottom images (c),(d) are of 0 ≤ t ≤ 220 minutes. The

small figures inserted show the SRI oscillations in a 5 minutes time window. Figure (d) has two inserted figures, when

the SRI occur at the transient phase (t < 90 minutes) and another inserted image after the flow becomes stable (for

t > 90 minutes).

shows that SRI related momentum should be carried by the SRI spirals. Since momentum transfer
within the flow is related to the spiral structure, it is relevant to show how the previously observed
amplitude modulations, associated with the spiral axial propagation, will affect the u′

φ
u′r temporal

behavior. Figure 11 shows u′
φ

u′r time series for numerical simulations with constant stratification
(∆T/∆z = 5.71Km−1) and different Reynolds numbers. The values of µ = 0.35 and H = 700mm
are kept constant in all results presented in this section, and the time series are obtained, either
on a fixed space position at mid-height cavity (z = H/2), or near the inner cylinder, since we are
interested in understanding how momentum could be affected close to the center in accretion
disks (associated here to the inner cylinder region). Note that the top figures 11(a),(b) present
results in the time interval 0 ≤ t ≤ 400 minutes, while the time interval on figures 11(c),(d) are
smaller, varying from 0 ≤ t ≤ 220 min. For Reynolds numbers Re = 300, Re = 400 (figures 11(a),(b)),
and Re = 600 (not shown) and fixed ∆T/∆z = 5.71Km−1 (and for larger N values), low frequency
amplitude modulations in u′

φ
u′r are observed, indicating that, for intermediate values of the

Froude number, momentum can indeed be transferred in bursts. The frequency of the amplitude
modulations increase with the Froude number, until it reaches a regime where no amplitude
modulation occurs, leading to a continuous momentum transfer, as seen in figure 11(d). Zoomed
intervals of 5 minutes in u′

φ
u′r time series are presented inside each image of figure 11, to highlight

the presence of the higher frequency SRI oscillations.
The modulations observed in the momentum transport may have an impact on accretion disk

theory taking into account that constant or intermittent regimes might lead to different conditions
of how matter collapses in the center of the disks. Note that signatures of an intermittent transport
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(a) ∆T/∆z ≈ 2.86Km−1 (b) ∆T/∆z ≈ 5.71Km−1

Figure 12. Time series of the azimuthal space mean
〈

u′
φ

u′r
〉

at a fixed radial position very close to the inner cylinder wall

(r ≈ 76.14mm while inner cylinder radius is at rin = 75mm) and mid-height axial position z ≈ H/2. The results are from

numerical simulation with different stratification values (∆T/∆z) and with the same Re = 400, µ = 0.35, d = 70mm and

H = 700mm (cases 01 and 02 in table 1).

was already measured in astrophysical contexts, such as in the measurements of molecular clouds
in the north Celestial pole loop performed by Falgarone et al. [17], where the turbulent energy
dissipation was reported to occur in bursts [36]. These systems guard some similarities with the
SRI geometry, such a cylindrical gap morphology, and energy spectra of dust clouds surrounding
young stars with decay rates of k−11/3 (the same decay rate of Eφ obtained in the numerical
simulations presented in section 3). It is important to highlight that the modulations impact how
momentum is transfer in time (in a continuous or in a burst regime), but the β -viscosity [24, 44]
presented in figure 13(a) shows that, on average, the SRI momentum transfer growths with the
Reynolds numbers, i.e., that, on average, the angular momentum transport for the cases here
evaluated depends linearly on the shear [22] .

Other time-dependent momentum transfer regimes are observed in the amplitude modulation
transient regions in figures 11, for t ≲ 100 minutes, before a more regular amplitude modulation
is established. In figure 11(d), when the Froude number reaches approximately 3.5, the transition
region has a relevant impact in the momentum transfer. For time ≳ 90 minutes, the flow is stable,
but in the interval 50 ≲ t ≲ 90 minutes, a burst of momentum transfer occurs. This phenomenon
might be important for accretion disks applications, as that could allow a proto-planetary star to
form at the early stage of the SRI development, even in cases where the regime achieves stability
for t → ∞. According to Shtemler et al. [50], shear flow mechanisms may give rise to transiently
growing perturbations in accretion disks, while the work of Rebusco et al. [42] shows that there
would be enough time for these small perturbations to grow significantly by a few orders of
magnitude and for secondary SRI instabilities to develop (such as the amplitude modulations)
before viscous or non-linear effects take over and suppress the instability. Yecko [54] examined
viscous three-dimensional linear disturbances associated with Keplerian accretion disk-like flows,
and predicted that non-modal disturbances can lead to large transient amplification factors,
that can make asymptotically stable flows transiently unstable. In figure 12(a),(b), the temporal

behavior of the spatial mean in the azimuthal direction,
〈

u′
φ

u′r
〉

, is presented. The average is
performed at a fixed radial position near the inner cylinder, and at an axial position far from the
end-gap boundaries. These results show how the net outward flux of momentum at a given radial
position (near the inner cylinder) will be constantly outwards, but also that it will occur in bursts
when the amplitude modulations are activated, and continuously when no pattern changes occur.

In figure 13, we can see that the net flux of
〈

u′
φ

u′r
〉

is positive considering all the cavity height (in
the axial direction), and that it increases for cases where the modulations are established. This
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(a) (b) (c)

Figure 13. Axial structure (in the z direction) of the momentum transfer at a fixed mid-gap radial position. (a) β -viscosity

growth (with the Reynolds number) averaged in time and along the axial (z) direction, considering the definitions νβ =

β r2Ω and νβ = β r3|dΩ/dr| (in the image inserted in the bottom right corner); (b)
〈

u′
φ

u′r
〉

z
time series averaged

along the axial (z) direction for the case with Re = 400, µ = 0.35, ∆T/∆z ≈ 5.71Km−1, and H = 700mm (case 01 in

table 1). (c)
〈

u′
φ

u′r
〉

z
averaged in time comprehending a non-modulated case, one modulated, and one case with axial

periodic boundary condition (respectively cases 01, 02 and 14). The dashed vertical lines show the axial space average

(along z) of the curves presented.

behavior was observed for any different radial position near the inner cylinder, to all simulations
evaluated where the SRI was established (with or without the amplitude modulations).

5. Conclusions
The main results of the parameter study can be summarized as follows:

(i) The SRI does not necessarily lead to amplitude modulations. Low frequency modulations
can be activated at values that are inside the SRI linear stability diagram, and they can
be suppressed when we reach regions closer to stable regimes. Analysing the changes
in both the Reynolds numbers and the buoyancy frequency, we then conclude that the
modulations are established at intermediate Froude numbers, i.e., it is suppressed if Fr
becomes either too high or too low.

(ii) The amplitude modulations were shown too disappear when the length of the cavity
(cavity height H) was reduced to half of its initial value, and reappeared with more
irregular behaviour when the cavity is enlarged with respect to its original reference
length.

(iii) Simulations with periodic boundary conditions at the bottom and top lids also led to
the development of the secondary instability, showing that the presence of lids is not a
necessary condition for the modulations and the pattern transitions to occur.

(iv) With respect to the energy spectra, the power laws that fit the energy decay in Eφ and
Er do not change with the SRI regime, i.e., no relevant changes in their decay rates are
observed with or without the establishment of the amplitude modulations. The power
spectra in the radial direction (Er) have a decay rate proportional to l−2, that could be
related to a random superposition of linear internal waves (the Garrett and Munk (GM)
model).

(v) For the axial energy spectra Ez, changes in the spectral slope were observed when the
secondary instability establishes. When the modulations are present, the decay rate of
Ez inertial range is proportional to a power law k−3. When only the first SRI instability
is achieved and no amplitude modulations occur, a power law with a decay rate −5/3
is observed. For Ez, besides the changes in their decay rates, the presence of a peak can
be observed when the secondary instability occurs. As the Froude number increases and
rotation becomes stronger compared to the stratification, the peak dislocates to smaller
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wavenumbers (larger scales), until it disappears when no modulation is observed. For
periodic boundary conditions, weak non-linearities are observed in the kinetic energy
spectra, with harmonics in Ez.

(vi) The spacial structure of the momentum transport u′
φ

u′r for different stratification values
(∆T , or Rn) shows that the momentum transport in the SRI is carried by the spirals.
The amplitude modulations associated with the spiral axial propagation also affects
u′

φ
u′r temporal behavior. Low-frequency amplitude modulations in u′

φ
u′r were observed

showing that, for intermediate Froude numbers, the SRI net momentum transfer can
indeed show intermittency and can happen in the form of bursts.

Although only a first step, the parameter study presented is relevant to better classify the
occurrence of low-frequency oscillations in a flow with shear, rotation and stratification, i.e. a
flow rather typical in the geophysical context. The complex spatio-temporal behavior of stratified
Taylor-Couette flow might also help interpret data from astrophysical disks that recently revealed
unexpectedly rich dynamical behavior.
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(a) Eφ (b) Ez

Figure 14. Space spectra obtained from each velocity component (C2
ξ
(uφ ), C2

ξ
(ur), and C2

ξ
(uz)) highlighting each

individual contribution to the energy spectrum in (a) azimuth and (b) axial directions. C2
ξ

denotes the multiplication of

each Cξ by its complex conjugate C∗
ξ

. The full thick black lines correspond to the spectra obtained considering the 3

different velocity components, calculated using A 1. The spectra are obtained from simulations corresponding to case 08

in table 3, with µ = 0.35 and ∆T/∆z ≈ 5.71Km−1, bounded cavity height H = 700mm, and Re = 800, where no

pattern changes or amplitude modulations occur.

A. Energy spectra computation
The energy spectra are considered for different spatial directions. To obtain each spectrum, the
Fourier transform of the velocity components is computed in each space direction (equivalent to
the spectra of the velocity fluctuations u′

φ
, u′r, and u′z). The assumption of one-dimensional energy

spectra is considered as suggested by Billant and Chomaz [5], Lindborg [27]. The energy spectra
are then computed as

Eφ =
1
2

ρ

(
Cφ (uφ )C∗

φ (uφ ) +Cφ (ur)C∗
φ (ur) +Cφ (uz)C∗

φ (uz)
)

dφdφ ,

Er =
1
2

ρ
(
Cr(uφ )C∗

r (uφ ) +Cr(ur)C∗
r (ur) +Cr(uz)C∗

r (uz)
)

drdr,

Ez =
1
2

ρ
(
Cz(uφ )C∗

z (uφ ) +Cz(ur)C∗
z (ur) +Cz(uz)C∗

z (uz)
)

dzdz,

(A 1)

where Cφ (uξ ), Cr(uξ ) and Cz(uξ ) are the fast Fourier transform of uξ = uφ , ur, and uz, with the
sub-index indicating respectively the space directions ξ = φ , r, and z, and C∗

ξ
is the complex

conjugate. In equation (A 1), dφ , dr, and dz are the space resolution of the numerical simulation
grid respectively in the azimuth, radial and axial directions. Three different energy spectra are
then obtained as function of the wavenumber K = m, l,k: one for the azimuthal, another for the
radial, and a third one for the axial direction, respectively called Eφ , Er, and Ez, keeping fixed the
other 2 space coordinates. The contribution of each individual velocity fluctuation to the spectra
in the azimuthal (Eφ ) and axial (Ez) directions are shown in figures 14(a),(b).

The spectra in the azimuth direction (Eφ ) were computed at fixed radial and axial position
r ≈ rin + d/2 and z ≈ H/2. In the radial direction, Er was computed for fixed φ = 0 and z ≈ H/2,
and in the axial direction, φ = 0 and r ≈ rin + d/2 are fix. The power density spectra presented
in this section are computed for each time step, and then temporally averaged, i.e., the results
are the time-mean spectrum of each spectrum obtained. Additionally, the transition period of the
amplitude modulation was not taken into account.
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