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A WASSERSTEIN-TYPE METRIC FOR GENERIC MIXTURE
MODELS, INCLUDING LOCATION-SCATTER AND GROUP
INVARIANT MEASURES

GENEVIEVE DUSSON*, VIRGINIE EHRLACHER!, AND NATHALIE NOUAIME?

Abstract. In this article, we study Wasserstein-type metrics and corresponding barycenters
for mixtures of a chosen subset of probability measures called atoms hereafter. In particular, this
works extends what was proposed by Delon and Desolneux [10] for mixtures of gaussian measures
to other mixtures. We first prove in a general setting that for a set of atoms equipped with a
metric that defines a geodesic space, the set of mixtures based on this set of atoms is also geodesic
space for the defined modified Wasserstein metric. We then focus on two particular cases of sets
of atoms: (i) the set of location-scatter atoms and (ii) the set of measures that are invariant with
respect to some symmetry group. Both cases are particularly relevant for various applications among
which electronic structure calculations. Along the way, we also prove some sparsity and symmetry
properties of optimal transport plans between measures that are invariant under some well-chosen
symmetries.
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1. Introduction. The original motivation of this work stems from electronic
structure calculations in quantum chemistry, which are widely used for the simulation
of molecular and material systems [6, 18]. Permutation-invariant probability measures
naturally arise in this context, as the square modulus of wavefunctions and their
marginals satisfy such invariance property, due to the indistinguishability of bosonic
and fermionic particles, e.g. electrons. In general, these objects are moreover parame-
trized by the positions of the nuclei in the molecular system, and efficient ways to
interpolate between such objects when the positions of the nuclei are changing would
be extremely beneficial to this field, where the computations at stake are numerically
very expensive, as they involve the resolution of high-dimensional and/or nonlinear
eigenvalue partial differential equations. Due to the localized nature of the considered
probability measures, optimal transport seems a natural way to interpolate between
them using Wasserstein barycenters developed by Carlier and Agueh [1], as shown
in [11] for a toy model with one-dimensional particles. However due to the high-
dimensionality of the considered measures for real systems (e.g. already 3-dimensional
for the electronic density, and 6-dimensional for the electronic pair density), this does
not seem feasible in practice using standard optimal transport algorithms, such as the
now widely used Sinkhorn algorithm [24], see [21] for a monograph on the numerical
aspects of optimal transport describing this algorithm.

Luckily, in [10], Delon and Desolneux proposed a Wasserstein-type distance and
interpolation scheme based on the decomposition of probability measures as mixtures
of gaussian distributions. The modified optimal transport problem expressed in this
context becomes independent of the underlying dimension of the distribution, or of
its discrete spatial representation, so that the problem becomes extremely cheap to
solve when the considered measures can be decomposed as convex combinations of
a few gaussian distributions. However, we encounter two limitations when trying
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to apply this strategy in the context of electronic structure calculations. First, for
some models, the wave-functions are not as regular as gaussians, and cusps are to
be found around the nuclei positions in the molecular system. Therefore, the wave-
function or its marginals would be better represented as a mixture of Slater-type
functions, i.e. based on exp(—al|z|), see [22, Figure 2] for an example on the H,
molecule which is composed of two protons and one electron. Unfortunately these
functions do not fit in the framework of [10]. Second, when considering fermions, the
wave-function is anti-symmetric, so that its modulus square as well as its marginals is
not only permutation symmetric, but also contains constraints coming from the anti-
symmetry property. For example, the modulus square of the wave-function is zero
when two variables are equal. This feature cannot be satisfied as such with convex
combinations of strictly positive measures. Note that generic distributions as well
as group symmetric mixtures appear in other contexts, such as portfolio theory in
finance [17], or in image analysis where the described objects are defined up to rigid
movements [20].

In this work, we therefore extend the theory presented in [10, 7] to generic mix-
ture models. This allows us to consider both mixtures based on different distribu-
tions such as any elliptical distribution, but also any distribution transported with
an affine map. These are the main cases where the Wasserstein barycenters between
two different individual measures composing the mixtures (later called atoms) can be
explicitely computed. We then provide various numerical results involving different
types of distributions, as well as group-invariant measures for permutation with or
without underlying antisymmetry, as well as rotation-invariant measures. Our main
contributions in this article are listed below:

1. We prove in a general setting that for a set of atoms equipped with a metric
that defines a geodesic space, the set of mixtures based on this set of atoms
is also geodesic space for the defined modified Wasserstein metric.

2. We provide numerical results for the modified Wasserstein barycenters in the
case of location-scatter atoms and group-invariant measures.

3. We prove some sparsity and symmetry properties of optimal transport plans
between measures that are invariant under some specific symmetries, namely
the permutation of the variables, as well as a permutation-invariance arising
from antisymmetry.

We leave the practical application of this theory to electronic structure calculations
to a further work [12].

The rest of the article is organised as follows. In Section 2, we provide a few
preliminaries on Wasserstein distances and barycenters that will be used in the sub-
sequent sections. In Section 3, we give general conditions on a set of atoms for a
modified Wasserstein distance defined on the associated set of mixtures to be com-
putable by means of a sparse discrete optimal transport problem in the spirit of [10],
and for the set of mixtures to be a geodesic space. We then focus our attention
to two particular cases of interest: the case of location-scatter atoms in Section 4,
and the case of symmetry group invariant measures in Section 5. Along the way, in
Section 5.1, we gather some properties satisfied by the exact optimal transport plan
relative to the Wasserstein metric, as well as Wasserstein barycenters.

2. Preliminaries on Wasserstein distances and barycenters. To start
with, we introduce in this section a few objects related to Wasserstein metric and
barycenters, that will be useful in the subsequent sections of this article, see for in-
stance [25, 23, 21] for references. Let Q2 C R? for d € N be a Borelian set. We denote
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by P(Q2) the set of probability measures on €.

2.1. Wasserstein space and distance. Let ¢: Q x Q — R™ be a metric on .
For p > 1, we denote by Py (Q2) the set of probability measures on 2 with finite pth
moments, i.e.

Py(82) == {u €P(Q), Jxo €, /Qc(x,xo)pdu(x) < —|—oo} .

The p*P-Wasserstein distance between p, v € Py () associated to c is defined as

(2.1) WE (o 1) = ( wf [y dv(w))l/p,

YEI(po,p1)

where TI(uo, 1) denotes the set of measures on 2 x Q with marginals pg and 1, also
called the set of transport plans between pg and py.

An important particular example is the case where the metric ¢ is the euclidean
distance on €2, i.e. when

(2.2) Vz,y € Q, c(x,y) = [z —y|.

In this case, we drop the superscript ¢ in the notation for the ease of readability.
Then a Wasserstein distance of particular interest is the 2-Wasserstein distance with
euclidean distance on 2 defined by

1/2
(2.3) Waluosn) i= _in (/ ||x—y||2dw<x7y>) .
QxQ

YEM (o, k1)

The space P2(Q2) endowed with the distance W5 is a metric space, usually called L?-
Wasserstein space (see [25] for more details). From [23, Theorem 1.17], there exists a
unique optimal transport plan solution of the minimization problem (2.3) denoted by
v in the sequel, provided that p is absolutely continuous. Also, the optimal transport
plan v has the following form

Y= (Idv T)#;“‘O?

where T : 2 — ) is an application called the optimal transport map and satisfying

T#po = p1. Here, we denote by T#pu the push-forward measure of a measure p on €

by a map T : Q — , that is the measure v on Q such that VA C Q, T#u(A) =

w(T~1(A)). Similar results are available for more generic cost functions ¢, in particular

when for all z,y € , ¢(x,y) = h(x — y) with h stricly convex and 2 compact [23].
The path (f1¢)se(0,1) given by

vt € [07 1]’ et = Pt#V = ((l_t)ld—i_tT)#IU/Oa V(J?,y) € 927 Pt(xay) = (l—t)$+ty,

then defines a constant speed geodesic in Po(§2) between po and pq. The path
(t4t)teqo,1] is called the McCahn interpolation between po and pp [19]. It can be
shown that for all t € [0, 1], pu: can be equivalently expressed as the unique solution
of the following minimization problem

(2.4) e = argmin (1 — )W3(p, po) + tW3(p, p11).
PEP2(Q)
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2.2. Wasserstein barycenters. We next recall the notion of barycenters in the
Wasserstein space which was introduced in [1] and can be seen as an extension of the
McCahn interpolation to a family of more than two measures. Let n € N* and let

L= {t = (t, - 1) € [0, 1]", zn:ti - 1}

i=1
be the probability simplex of dimension n — 1. For any family of probability measures
p = (pi)1<i<n € (P5())" and barycentric weights t = (t;)1<i<n € L, if one of the
measures p; has a density, there exists a unique minimizer to the problem

n
2.5 inf t;WE(p, ui)?,
(2.5) pepg(m; W (p, i)
which is the barycenter of the family of measures g with barycentric weights . The
solutions of the barycenter problem are moreover related to the solutions of the fol-

lowing multi-marginal optimal transport problem [16]

1 n
2.6 Wbty ..y un)?P i= inf - titic(xi, )P dy(xy,...,x,),
(2.6) plin tin) ’YEH(va---vltn)/" 2 Z sz ;) dy(a )

3,j=1

where II(u1, . .., p,) denotes the set of probability measures on Q™ having 1, ..., fin
as marginals. In particular, at least in the case of the euclidean distance (2.2) if § is
a convex set and if (2.6) has a unique solution ~*, there exists a unique solution p*
to (2.5) given by p* = B#~*, with B : Q" — Q defined by B(z1,...,2n) := Y iy tiz;
for all (x1,...,2,) € Q™ and the infima of (2.5) and (2.6) are equal.

2.3. Case of gaussian distributions. To conclude this section, we recall some
well-known results about gaussians distributions for which many quantities introduced
above can be made explicit. Here, Q = R? and we denote by S; the set of symmetric
positive definite matrices of R¥™<. For any m € R? and ¥ € S, the (normalized)
Gaussian distribution g, 5 € P5(R?) is defined by

gm,x(dz) = Gy »(x) dx,
where
1
(2m)4/2+/det

For any mg,m; € R? and Xy, % € Sy, denoting by go := gme,x, and g1 = gm,, 5,
there holds

VreRY  Gx(z):= exp ((z —m)"'S7 !z —m)) .

1/2
Wg(go,gl) = ||m0 - m1||2 + Tr <EQ + 21 -2 (23/22123/2) > .

Finally, the Wasserstein barycenter between two and more generally n Gaussian mea-
sures is also a Gaussian measure. Precisely, for ¢ = (t;)1<i<n € L, the unique
minimizer of (2.5) is given by

(2.7) gt( d.%‘) = Gmt,Zt (.’L‘) de,
where my and X; satisfy
- - /2@ w1/2\ /2
(2.8) me =3 timi, Ti=> t (Et B3 ) .
i=1 i=1
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3. Wasserstein-type distance and barycenters for mixtures. In this sec-
tion, we follow the works [8, 10] which proposed a modified Wasserstein distance
for gaussian mixtures, and we generalize the theory to a larger setting. Namely, we
exhibit sufficient conditions on the densities constituting the mixtures and the defini-
tion of the modified Wasserstein distance on mixtures to define a metric and geodesic
space. We then prove a similar result as in [10], namely the equivalence between a
discrete optimisation problem and a continuous one in the case where the considered
mixtures are identifiable.

3.1. Distance and barycenters between generic mixtures. We start by
defining a set of particular densities, which we call atoms, and mixtures thereof.

DEFINITION 3.1 (A-mixture). Let A be a subset of P(S2), called dictionnary of
atoms hereafter. We denote by M(A) the set of finite miztures of atoms A, i.e. the set
of probability measures ji of P() such that there evists K € N*, a := (a',--- ,a¥) €
AE and X := (\Y,--- ) \K) € Lk such that

K
uw= Z ek,
k=1

Typical examples of dictionaries of atoms are
(i) the set of non-degenerate gaussian measures i.e.

Ag = {gm’g, meR: T e Sd};

(ii) the set of possibly degenerate gaussian measures i.e.
7d —
A, = {gm,z, meR: T e Sd};

where Sy is the set of symmetric positive (but not necessarily definite) matrices of
R¥*4 The set M(A?) (respectively M (ZZ)) is then the set of finite gaussian mix-
tures (respectively possibly degenerate gaussian mixtures) of dimension d. Note that
both Ag and Xz are geodesic spaces when endowed with the metric Ws.

In order to define a distance on the set of mixtures as well as establish many
properties on the space of mixtures which we study in the sequel, we introduce a map
0: Ax A— Ry, which will need to satisfy the following assumption.

ASSUMPTION 3.2. The application § : A x A — R defines a metric on A and
(A, 9) is a geodesic space.

DEFINITION 3.3 (Mixture distance). Let A C P(Q) be a dictionary of atoms, and
let § : Ax A — Ry be a metric on A. For all p > 1, we define the application
Imyp @ M(A) x M(A) — Ry as follows: for all py = Z Jao € M(A) and
M1 = Zk | Maf € M(A),

J K
(3.1) dmp(po, p1)P i= min Zijké (al,ab),

w:=(wjk)1<j<s1<k<i EMN(Ag,A1) =1 k=1
ith TI(Ag, Ay) == w = (wjg)1<; € RI*K
wi 0, M) = S w = (wjk)1<j<I1<k<K AR

K J
VI<G<J > win =N, v1§k§K,ijk)\’f}.
k=1 j=1
5



REMARK 3.4. It is easily seen that there exists at least one minimizer w* :=
(w;k)lﬁjﬁno,lﬁkﬁm to problem (3.1). However, let us point out here that uniqueness
is not guaranteed.

PROPOSITION 3.5. For all p > 1, if § : A x A — RT defines a metric, the
application O, defines a metric on the set of A-miztures M(A).

The proof of this result follows from [8, Theorem 1] that was derived for the
particular case of gaussian mixtures. We present it here for sake of completeness as
well as to precisely specify the assumptions that guarantee that the result is indeed
valid in this general framework.

Proof. First, da,p is clearly symmetric, daq,p(to, 1) > 0 and a4, (10, 1) = 0 if
and only if po = p1. Next we prove the triangle inequality. Let ug = Ejzl Na) €
M(A), p = Zk L Akak € M(A), and ps = Zl L Abah € M(A). We can assume
without loss of generality that )\f) >0forall1<j<J AF>0foralll<k<K and
)\12 >0 forall 1 <[< L. We want to show that

Imp (o, p2) < Oap (o, 1) + Saa,p(pin, o).

Let w® € R7*E be a solution to (3.1) for (ug,p1) and w'? € RE*L be a solution
o (3.1) for (p1, p2). Let us define for 1 < j < J 1 <[ <L,

K 01,,,12

Wi w
02 _ 7k *™kl
Wy = Z 2k
k=1 1
A simple calculation leads to show that w®? € II(Ag, A2). Then
J L 4 J L K w0l w}?
Onp(pio i)’ < DD wipd?(ag,ab) = Y > 0" (ah, ap)
j=11=1 j=11=1 k=1 1
J K L 01,12
Wik Wkl |k AN
< ZZZ \F (5(aé,al)+6(a1,az)) ,
j=1lk=11=1 1
using the triangular inequality for §. Using Minkowski inequality, we obtain
J,.L, K wl)? 1/p JLK w0l wi? Y
ik E 1
6M,P(MO7M2) < Z J)\k 6(@%7@1)11 + Z j)\k 5(@17@2)p
Gk, l=1 1 Gl k=1
1/p LK 1/p
= Z wIrd(ah, ab)? + Z wiid(ay, ag)”
Jok=1 Lk=1
= Opm,p(pos 1) + Sa,p(p1, pi2).
This concludes the proof. 0

PROPOSITION 3.6 (Geodesic space). Under Assumption 3.2, the space M(A)
equipped with the metric dp,p is a geodesic space.

Proof. To show that M (A) equipped with the metric 4, is a geodesic space, we
consider paths p := (pt)e(0,1) With p; € M(A) for all ¢ € [0,1] and define the length
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of the path relative to the dq, metric as

N

(3.2) Lens,, ,(p) = sup Z5M,p Pti_ys Pt;)-

NeN* (t )0<1<N€[0 1] +1Z 1
O=to<ti<..<tn=1

We want to show that given any two points po,u; € M(A), there exists a path
between them the length of which equals the distance 0, (tt0, ft1) between the points

o and .
First, for uo, 1 € M(A), for any path p := (pt).e0,1], we always have, using the
triangle inequality

o, p(po, p1) < Z 6M,p(pti—1,pti )
i=1
Therefore, Lens,, ,(p) > dpr,p(pto, #1). To show the equality, we need to exhibit one
path which connects o to 1 whose length is d 4, (20, f1). The proof here is adapted
from [8, section III, B and CJ.

Let us assume that g = ijl Nya) € M(A) and py = Zk L AFa¥ 6 M(A). W
define for any aé,a’f € A a constant speed geodesic (atk)te[(],l] with at € A for all
t € [0,1] such that for all 0 < s,¢ <1, 6(al®, ai%) = |t — s|6(a?, ak).

Let w* be a solution to (3.1) for po and up, we define pu; = Z] 1 Ek LW ka75 .
Then, for any 0 < s <t <1, choosing wjk,jixr = W}k, 5k € IM(w*, w*), we obtam

. 0
Ohap(tis ) <Y win oo (af’ al ™)
ik 'k’

< (t— )P whP(ah, df)
ik
< (t = 5)PoR (1o, 1),

from which we deduce that Lens,, ,((1¢)tec[0,1]) = dmp(tto, 1). We conclude that
M(A) equipped with duq,, is a geodesic space. d

In the case where (M(A),dr,p) is a geodesic space, we can now express barycen-
ters in terms of geodesics of atoms.

o o

COROLLARY 3.7. Let us assume that Assumption 3.2 holds. Let jo = 3_5_) Noap

and py = Zk L AFal be two elements of M(A). The barycenters between pio and i1
belong to M(A) and can be written as

J ni
vt e [0,1], ZZ wial”,
j=1k=1
where w* = (Wi )1<k<k,1<i<n, 18 a solution to (3.1) and (a{’k)te[o,l] are constant
speed geodesic between respectively al and al.
3.2. Particular case of Wasserstein metric. We focus here on the specific

case where A C Pg(2) for some p > 1 and metric ¢ : @ x @ — R*, and where the
atom metric 0 is defined by the Wasserstein metric Wy, i.e.

1/p
(3.3) Vag,a1 € A, 0(ap,a1) = ( inf /QXQ(c(x,y))pdv(a?,y)) .

v€(ag,a1)
7



Let us point out that Assumption 3.2 is indeed satisfied in this setting. We first inves-
tigate two-marginal problems, and then show that the theory can easily be extended
to multi-marginal problems.

3.2.1. Two-marginal problem. Let us show that the discrete problem (3.1)
is in fact equivalent to a continuous problem, similar to the one presented in [10].
To obtain this equivalence, we need to make two assumptions, which is the existence
of an optimal transport plan between any atoms, as well as the identifiability of the
mixtures of atoms.

AssuMPTION 3.8 (Existence of optimal transport plan). The set of atoms A and
the cost function ¢ are such that for any ag,ay € A, there exists at least one solution
to the optimal transport problem

(3.4) inf / c(x,y)Pdy(z,y).
v€Il(ao,a1) JOxQ

The set of minimizers of (3.4) is then denoted by T'%

ap,a1 "
This assumption is for instance satisfied for the cost function ¢(x,y) = ||z —y||, p = 2
and atoms that are absolutely continuous measures.

AssuMPTION 3.9 (Identifiability). The set of miztures M(A) is identifiable, that
15 given two mixtures [g = ijl Nah, = Zszl Neak where the atomic functions
(ag)jzl,mﬁl are pairwise distinct, and similarly for (a¥)r=1. . x, then po = p1 if and
only if J = K, and the indices in the sums can be reordered such that all \§ = \¥ and
af =a¥ forallk=1,..., K.

A classical example of identifiable mixtures is the set of gaussian mixtures M(Ag), see
e.g. [10, Appendix]. We then define the set of optimal transport plans of the atoms
as well as mixtures thereof.

DEFINITION 3.10 (Admissible set of atom transport plans). A set of transport
plans T'(A) C P(Q2 x Q) is said admissible for the set of atoms A if and only if

I'(A) = U Lag,ars
ao,lllE.A

where for all ap,a1 € A, I'q, q, s a convex set such that
onﬂh C Fao»m C H(”Oa 111)-

DEFINITION 3.11 (Mixtures of admissible atom transport plans). Let T'(A) be
an admissible set of atom transport plans. We define T'p(A) := M (T'(A)) as the set
of finite miztures of optimal transport plans of atoms I'(A), i.e. the set of probability
measures vy of P(2 x Q) such that there exists K € N*, v := (y!,--- ,v%) e T(A)K
and X := (AL, ) \K) € Ly such that

K
v = Z Aok
k=1

PROPOSITION 3.12. Let pug = Z;‘]:1 Nya) € M(A) and py = Ziil Neak €
M(A). Let us define ‘

inf /ch(a:,y)p dv(m,y)>1/p~

in
YEM (po,p1)NT A (A)
8
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Then, under Assumptions 3.8 and 3.9, problem (3.5) is equivalent to (3.1), i.e.
Imp(pos 1) = dap(po, ). Moreover, the sets of minimizers of (3.5) is equal to
the set of measures v which can be written as

J K
(3.6) =)0 Wik
J=1k=1

with w* = (W} )1<j<s1<k<rx a minimizer of (3.1), and v, € I' ol ak is an optimal
transport plan between aj) and ak.

Proof. This proof extends the arguments presented in [10, Proposition 4]. Let
Lo = Z}I:1 Agag7 = Z,If:l Mak be two mixtures in M(A), with af, (respectively

a¥) all distinct. First, let w* € R7*X be a solution to (3.1), and let for j = 1,...,.J
and k =1,... K, v; = *y:j ok 50 that v, € F ak 2 I'*; .. Then let us define
0271

(107(11

v = Z}']:1 Ele w; vk There holds v* € FM(A) NTI(po, Ml)- Moreover,

5M,p fos p1)P Zzw]k/ c(z,y)’dvjk(z,y) Z sz(sp ao,a’f)
xQ
=1 k=1

j=1 k=1
5 (/loalil) .

Second, let v € I'pq(A). Then, there exists I € N* such that v = EZ.IZI iyt with
vt € T'(A). Using that Py#y = o, we obtain

Z N Poy#y' = Z Naj.

Using the fact that for all 1 < i < I, Py#7' € A and using the identifiability
assumption 3.9, we obtain that for each i = 1,..., 1, there exists j € {1,...,J} such
that Py#y" = p. Similarly, for each i = 1,...,1, there exists k € {1,..., K} such
that Pi#~" = p¥. Hence for all 1 <i < I, 4% € I(u)), u¥) for some j € {1,...,J},k €

{I,...,J} Forall1<j<Jand 1<k <K,let I, := {1<i<I vieﬂ(ug,u’f)}

The collection of sets (I;x)i1<j<J1<k<rk then forms a partition of the set {1,...,I}
and for all 1 < j < Jand 1 <k < K, we denote by Ajy, := Z N\ Foralllgng
iEIjk

and 1 < k < K, we also denote by

Vik = { e ii jztjk i
7aé7a1 U Ajk =
Then, it necessarily holds that for all 1 < j < J, 1 < k < K, ik € Fa{;,a’f since
Fa%’a,f is a convex set and " € Fa%’a,f for all i € I;;. Furthermore, we have v =

J K _
> im1 2ok=1 Njk7p- Thus,

J
/ng c(x, y)Pdy(z,y) :Z

wa [ cleyPiTe)
1 OxQ

<.
I

e iMw

wjk5p(a6, alf) > 67\/{4}(“07 ,Ul),

M-

<
Il
—
ol
Il
—

©



where we have used (3.3). This inequality being valid for any v € T'r((A), we con-
clude that daqp(po, 1) > Iamp(po, p1). Equation (3.6) is then a straightforward
consequence of this proof. O

REMARK 3.13. In the case where A is the set of atomic gaussian measures .Ag,
the result of [10, Proposition 4] corresponds to Proposition 3.12 for a set of atomic
transport plans chosen as

ru) = | (Zjd A I (ao, al)) S

ap,a1 E.Ag
—2d )
Indeed for all ag,ay € AZ, the set Ty 0, == (Az NII(ag, a1)> 18 convex and such that

{720411} - Faoﬂh - H(a07 a1)~

3.2.2. Multi-marginal problems. The theory naturally extends to multi-mar-
ginal problems. For this, we need to assume the existence of multi-marginal optimal
transport plans. We then define the extensions of Definitions 3.10 and 3.11 to the
multi-marginal case.

AssuMPTION 3.14 (Existence of multi-marginal transport map).  The set of
atoms A and the metric ¢ are such that for all Q > 2, for any t := (tq)1<q<q € Lo
and for any ay,--- ,aqg € A, there exists at least one solution to the multi-marginal
optimal transport problem

1/p
(3.7) (522’A)p(a1,...,aQ) = ( inf )s(xl,...,xQ)d’y(xl,...,xQ)> ,

with
1 Q Q
s(x1,...,20) = 3 Z Z tatg (g, zq)P.

The set of minimizers of (3.7) is then denoted by ].“j;fw’a@.

DEFINITION 3.15. We say that T'g(A) C P(Q°) is an admissible set of atom
multi-marginal transport plans if

Io(A) = U Lay,.ag
ay,,aQ€A
where Loy, ag 18 any conver set such that

,t
U le,...7aQ C Fah...,aQ C H(al,ag, .. .,aQ).
tcLlq

DEFINITION 3.16. We define I'g m(A) as the set of finite miztures of admissible
atom multi-marginal optimal plans Tg(A), i.e. the set of probability measures of
P(Q9) such that there exists K € N*, v = (y},--- 4K) € To(A)X and X =
(AL, JAE) € L such that

K
v = Z Nerk
k=1

10



Now, let @ > 2 and for all 1 < ¢ < @, let K, € N*, Ay i= (\¢")1<k,<x, € LK,
and g = quq:l )\Sqaf;q € M(A). For all t := (ty)1<q<q@ € Lo, we define the
multi-marginal transport problem as
(3.8)

- 1/p
¢ ey = inf s(zy,...,zg0)dv(x1,..., T ,
@Ml 1) (wenml,m,#@)mFQ,M(A) (@1, 7Q)d(m Q))

with
1 Q Q
s(x1,...,2Q =3 Eﬁ Eﬁ gz, x;)P

Using a similar approach as in the previous section, we prove the following result.

PROPOSITION 3.17. Under Assumption 3.14, problem (3.8) is equivalent to the

following discrete problem
(3.9)

K1,K3,...,Kq

p i ki k k
(6th/\/14’(#13 s a:U‘Q)) :wEH()l\Illf AQ) Z Wy ks, ((stQ”AﬁD(all s CL22, .. CLQQ))
ki,ka,....kg=1

V1<q<Q V1<ky <K, > Wiy b = AL

Ki,....Kg—1,Kq41,.-,Kq }
ki,..eskqg—1,kq+1,..,k@=1

Moreover, denoting by KC .= {1,..., K1} x{1,..., Ko} x...x{1,..., Kqg}, any solution
o0 (3.8) can be written as

(3.10) =) wing

kel

where (W )kex 5 a solution to (3.9) and v € F*;fl kg forallk = (K1, ... kq) € K.

......

As a consequence, any barycenter of (u1,--- , pg) with barycentric weights t can be
written as
* k
(3.11) barg(p1, ..., po) = Z wy. barg(al ... ,ag° ),
ke
where bart(alfl, ce akQ) is the barycenter of (a1 ,. ..,agQ) with barycentric weights

t. Finally, any solution (wy)kex to (3.9) contains at most K1+ Ko+...+ Ko—Q+1
nonzeros components.

Proof. The proof for the equivalence between the discrete and continuous opti-
mization problem is similar to the proof of Proposition 3.12. The structure of the
barycenter is a direct consequence of equation (3.10). The maximum number of
nonzeros components comes from the form of the discrete problem, which is a linear
program with K; + Ky 4 ...+ Kg — @ + 1 affine constraints, therefore there exists a
solution with at most nq +ns +...+ng — @+ 1 nonzero components, see [4, Theorem
2] or [15, Appendix A]. d
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In the end, as soon as Assumption 3.2 is satisfied for the atoms, we can define a
geodesic space on the mixtures of these atoms. Moreover, if the metric on the atoms
corresponds to a Wasserstein distance for which there is uniqueness of the transport
plans and that the mixtures of atoms are identifiable, then there is an equivalence
between the discrete problem (3.1) and the continuous one (3.5), which in particular
shows that the result is independent of the representation of the mixtures.

4. Mixtures of location-scatter atoms. The sufficient conditions presented
in Section 2 to define a geodesic space on mixtures are pretty simple. We only need
the set of atoms to be a geodesic space (Assumption 3.2). However, all calculations on
mixtures include distance calculations on the set of atoms, as well as multi-marginal
calculations for the computation of barycenters. Therefore, the efficiency of the mix-
ture calculations will highly depend on the cost of computing distances and barycen-
ters between atoms. In the best case scenario, these should be explicit. This is for
example the case of gaussian measures, which motivated the two contributions [10, 8].
The aim of this section is to highlight how the general framework introduced in the
previous section can be used in order to extend these practical considerations to more
general sets of atoms, including location-scatter atoms [3].

REMARK 4.1. In the work by Delon and Desolneux [10], it is mentioned that other
distributions than gaussians can be used, as long as they satisfy two conditions: the
identifiability property (Assumption 5.9), and a marginal consistency, i.e. that trans-
port plans are miztures of 2d-dimensional atoms. In fact, what we have shown in the
previous section is that we do not need the marginal consistency, as we use for trans-
port plans mixtures of transport plans between atoms. Interestingly, for gaussians, the
set of transport plans between atoms can be chosen as the set of (degenerate) gaussians
in dimension 2d.

In this section, we therefore start by stating results on location-scatter measures,
which correspond to families of probability measures generated from affine transfor-
mations. In some specific cases described more precisely below, transport maps and
Wasserstein barycenters are explicitely computable. We then turn to a few prac-
tical examples, including elliptical distributions and affine-generated measures. For
the sake of simplicity, we focus in this section on the 2-Wasserstein distance with
quadratic cost (i.e. when p =2 and c¢(x,y) = ||z — y||) and Q = R%.

4.1. General location-scatter measures. Location-scatter measures are gen-
erated from affine transformations of a given probability measure. We define the
corresponding set of atoms as follows.

DEFINITION 4.2 (Location-scatter atoms). We define the set of location-scatter
atoms generated from a € Py(R?) as

(4.1) A= {T#a, T:zeR*— Ax+b, A€ Sy, beR}.

We then formulate a generic result on location-scatter measures, which includes
an explicit expression for the Wasserstein distance. This result is a rewriting in our
context of [3, Theorem 2.3], itself based on [9, Theorem 2.1].

THEOREM 4.3. Let A be a set of location-scatter atoms generated from a € Po(R?)
in the sense of Definition /.2. Let us assume that the measure a has mean mq € R and
a covariance matriz L, € Sy. Let ag, a1 € A be such that there exist Ty, Ty : R* — R¢
with Ty(x) = Aoz + by, Ti(x) = A1z + by, Ag, A1 € Sy and by, by € R? such that
ag = To#a, a; = T1#a. Then, ag and a1 have respectively means m; and covariance

12



3 fori=0,1 defined by

m; = A;mg + by, Y= AiEaAiT.
Moreover the Wasserstein distance squared between ag and ay satisfies
(42)  Wi(ao,a1) 2 o — ma | + T (To + 31 - 2(55°Ta 5y )2

with equality if and only if the transport map

1/2
(4.3) Tz = Az + (mo —my), with A =5 (25/22123/2) w12,

is such that T#ag = ay.

Proof. Let us first show that ag (respectively a;) has mean mg and covariance g
(resp. my and X). Since ag = Tp#ta, the density of ag satisfies

ao(z) = | det Ag| " a(Ayt (z — by)).

The mean can be computed as
mo = / zag(z)dr = / x| det Ag| " ta(Ayt (z — bo))dz.
Rd Rd

Using the change of variable y = A" (z — by), we obtain

mo= [ (Ao + b)aly)dy = Aama + b
R

For the covariance, we compute

Eo:/R(:E—mo)(sc—mo)Tao(x)da::/R(x—mo)(x—mo)T|detA0|_1a(A61(m—b0))dx.

d d

Using the same change of variables, we obtain
So = /d Ao(y —ma)(y — ma)" A aly)dy = AoSaAf.
R

The proof for computing the mean and covariance of a is similar. Equations (4.2)
and (4.3) directly follow from [3, Theorem 2.3]. d

EXAMPLE 4.4. A nice example of location-scatter atoms is the case of a generative
atom a that is an absolutely continuous radially symmetric with finite second-order
moments probability measure on R, i.e. with an associated density p satisfying p(x) =
£(|z]) for some function & € LY(RY) [14]. This encompasses the case of elliptical
distributions defined by

Vo €RY, fun(a) h((@ —m)TS (@ —m)),

N Zh,Zﬂ”ﬂ
for m € R%, X € Sy, where the generative atom a can be taken as fo,1,, denoting by
1, the identity matriz of size d.

We can express a similar theorem for the multi-marginal optimal transport prob-
lem.
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THEOREM 4.5. Let A be a set of location-scatter atoms generated from a € Py(R?)
in the sense of Definition /.2. Let us assume that the measure a has a mean m, € R?

and a covariance matriz ¥, € Sq. Let ai,a9,...,ag9 € A be such that there exist
Ti,...,Tg : RT — R? with T,(z) = Agz +my, Ay € Sq and m, € R? such that for
g=1,...,Q, ag = T ;#a, and a, has mean my and covariance matriz 3.

The multi-marginal optimal transport problem with parameters t = (t1,...,tQ)

has for minimal cost

Q
0b,anar,. . ag) =Y tqW3(ag,ar),
qg=1

where az = Ty#a is the Wasserstein barycenter with Ty = Sx + m, where S is the
only positive definite matriz satisfying

Q Q
S = th(51/22q51/2)1/2, and m = thmq.
q=1

q=1

Proof. This theorem is a reformulation of [3, Corollary 4.5]. 0

With this result, we immediately obtain that the set of location-scatter atoms is
a geodesic space, using the geodesics defined by the barycenters, which guarantees
the applicability of the results of Section 2 for the location-scatter atoms.

4.2. Particular case of elliptical distributions. Among the distributions
satisfying Assumption 3.2, we insist here on the case of elliptical distributions, which
are widely used in practice. The first natural example is the case of gaussian distri-
butions, for which Wasserstein distance and barycenters can be explicitly computed.
This case was thoroughly presented in [10, 8], therefore we do not expand further on
this example. However from Theorem 4.3, any location-scatter distribution can be
considered provided that one knows its mean and covariance matrix.

We therefore make the explicit calculations of the means and covariance matrices
of elliptical distributions which write for a given h : R™ — RT

n5(a) = 7——h((e = m)TS (o~ m)),

with m € R4, Y € R¥*4) Z,, o1, being a normalization factor.

LEMMA 4.6. For a given h : RT — R*, then the distribution defined on R? via

Ve €RL grs(e) = ——h((@ - m)TS" (@ —m),
’ L5 h
with
(4.4) Zmsih = I?(Zd//;) | det B|*/2 /R+ = h(r?)dr,
has mean m. Moreover if
Jos T R(r?)da

(4.5) =d,

Js T4 1R(r2)dr

then gm,s has covariance X.
14



Proof. First, let us check that g, s indeed defines a probability distribution.
Using a first change of variable y = %=1/ 2(x — m), a second change of variables

with spherical coordinates, and using that the surface of the d—sphere of radius r is

/2 .
2(7:1/2)7“‘1 I we obtain

2’/Td/2

z—m) TS Yz —m))dx = e 1/2 r¢h(r?)dr
[ e =m)T=" @ = m)de = Fs et 2 [ ar

from which we easily deduce using (4.4) that g,,, 5 is normalized to one. Second, the
mean of g, 5 satisfies

/Rd TGm,x(x)dr = / (z + m)gox(x)dz =m

Rd

where we have used a change of variable, and that gox(—z) = go.=(z) for all z € R%.
Third, the covariance matrix of g, » can be computed as

/ (x —m)(z —m) g n(z)de = / 22T go 1 (x)dx = 21/2/ nygOJ(y)dy[Elm]T.
Rd Rd Rd
Using a change of variable with spherical coordinates, we write

y =1 (cos(p1),sin(p1) cos(¢s2), ..., sin(e1) .. .sin(pi—1))

for ¢1,...,¢4-2 € (0,7) and p4—1 € (0,27), and the volume element is

L sin?=2(p)) .. .sin(pg_o)drdp; ... dpg_1.

It is then easy to see that the off-diagonal terms of fRd yyT go.1(y)dy are zero, as they

all contain at least one term writing foﬂ cos(p) sin”®(¢)dy for some integer k, which is
zero. As for the diagonal terms, using the Wallis integral formula for the sine terms

[ st oo = v E L))

and the beta function for the term containing a cosine function

T b, TEHDTE) VAT (E+Y)

we obtain that the angular part of the diagonal terms of [, yy” go,1(y)dy are all equal
to

Bag = /sind(gol) sindil(gpg) .. sindik+2(§0k—1) cos? () sindik*l(gok)

sin? % 2(ppy1) ... sin(@g_o)dps . .. dpg_1
d (il I (d=k=L d k=2 1 1
= H [\/;T (2i+2) VT (dkl H 2l+2)
i=d—k+2 I (5 + 1) 2T ( + 2 i=1 5 + 1)
d/2
T T(d2+1)
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We therefore obtain
/ (z —m)(x —m)T gy x(2)de = _Pa_ / r () dr ©
R4 ’ Zo,1,h Jr+
0(d/2)  Jar rdtLh(r?)dr
T 20(d/2+ 1) [ne r T R(P)dr
1 fqs 7T TR(r?)dr
- ngJr rd=1h(r2)dr

)y

Thus gp,,5; has a covariance ¥ if (4.5) is satisfied. |

The result of this lemma ensures that Theorem 4.3 can be applied for such distri-
butions. Note that gaussian distributions for which h(z) = exp(—z/2) indeed satisfy
equation (4.5).

4.3. Numerical tests. In this section, we provide a few practical examples for
three types of mixtures. Two are based on elliptical distributions, namely based on
Slater functions and on the Wigner semicircle distribution. The third one is based on
the gamma distribution, and illustrate that the framework developed in this article is
not limited to elliptical distributions.

4.3.1. Numerical setting. The numerical tests presented below have been im-
plemented with the Julia language [5] and the Wasserstein barycenters for the Ws
metric have been computed with the Python optimal transport library POT [13].
All Wasserstein barycenters for the W5 metric are computed using the log-sinkhorn
algorithm to avoid numerical errors, with a regularization parameter of 10™% and a
maximum number of iterations of 10000. The one-dimensional cases are computed on
a grid containing 200 points, and the two-dimensional cases on a grid with 50 points
per dimension. The code used for generating all the figures can be downloaded at
https://github.com/dussong/W2_mixtures.jl/.

In terms of computational cost, it is difficult to provide proper timings to compare
the cost of computing the W5 barycenters and the mixture baycenters based on the
mixture metric denoted by Ws s as it highly depends on the choice of the grid, the
smoothing parameter, and number of iterations for the Sinkhorn algorithm for the
Wy calculations. Note however that the cost of computing the mixture Wasserstein
barycenters does not depend on any spatial grid, as the size of the problem is only
related to the number of atoms in the considered mixtures. Therefore, with the
provided parameters, the order of magnitude for computing one mixture barycenter
is less than 1ms while the computation of the W5 barycenters is of the order of 10s for
the one-dimensional cases and about 8 minutes for the two-dimensional cases, hence
several order of magnitude more expensive than the mixture-based calculations.

4.3.2. Slater-type elliptical distributions. We consider here Slater-type el-
liptical distributions, that is we consider h(z) = exp(—ag|z|'/?) where ay is adapted
with respect to d in order to satisfy equation (4.5). Namely, (4.5) is satisfied if

2r?/2 T(d)
(d+ 1)472T(d/2)

ag=+Vd+1, and Zs= | det 32|12
The identifiability of the mixtures of such atoms can be proved with similar
arguments as in [10, Proposition 2|. Below we provide one-dimensional and two-
dimensional examples for Slater-type elliptical distributions.
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(a) t=0 ) t=0.25 (c) t=0.5 ) t=0.75

Fi1G. 4.1. Wasserstein barycenters between two miztures of Slater-type elliptical distributions
for the Wa metric (blue) and the Wa aq metric (red).

F1G. 4.2. Contour plots of Wa aq (top) and Wa (bottom) barycenters between two miztures of
Slater-type elliptic distributions.

One-dimensional case. Using the previous argument, we consider the function
h(z) = exp(—+/2|z|'/?). In Figure 4.1, we present the Wasserstein barycenters with
respect to the Wy and W a4 metrics between two mixtures of two atoms each. We
observe that the two barycenters look quite different. In particular the W barycenter
computed with a Sinkhorn algorithm is smoother than the W5 o barycenter, which
is a mixture of three Slater functions, hence inherits three cusps.

Two-dimensional case. In two dimensions, we consider h(z) = exp(—+/3|z|'/?),
for which we check that equation (4.5) is satisfied. In Figures 4.2 and 4.3, we present
the Wa a¢ and Wy barycenters for mixtures of two-dimensional Slater-type elliptical
distributions. As for the one-dimensional case, the W5 barycenter is smoother than
the Wy o barycenter.

4.3.3. Wigner-semicircle-type elliptical distributions. We now consider
elliptical distributions based on the Wigner-semicircle distribution, i.e. we consider

For ay = ﬁ, one easily checks that equation (4.5) is satisfied. Therefore, the
densities of the probability distributions take the form

1 1
Vo €RY  gnxn(r) = Zg\/l - m(a@ —m)TE~1(x —m),

with
d+1
7% (d+ 3)4/? Lo
2 (%5°)
17



A

(a) Wa aq-barycenter (b) Wa-barycenter

F1G. 4.3. Comparison between Wa and Wa sy barycenters fort = 0.5 and the miztures presented

on Figure /.2.

(a) t = ) t=0.25 (c) t=05 ) t=0.75 (e)t=1

Fi1G. 4.4. Wasserstein barycenters between two miztures of Wigner-semicircle elliptical distri-
butions for the Wa metric (blue) and the Wa aq metric (red).

The identifiability of the mixtures based on these Wigner-semicircle type elliptical
distribution distributions can be easily proved noting that the atoms can be iteratively
uniquely characterized by their support.

One-dimensional case. We take h(x) = { 0 1-az/4, i § i . In Figure 4.4, we
plot the W5 and Wy o barycenters between two mixtures of two atoms each. We
observe that the two types of barycenters behave quite differently, as the zones with
largest densities as pretty different.

7 . . { 1—xz/5, <5

wo-dimensional case. We take h(x) =
0, T >5
plot the W5 and W3 o barycenters between two mixtures of two atoms each for the

two-dimensional case. The observations are similar to the one-dimensional case.

. In Figure 4.5 we

4.3.4. Gamma-distribution-based atoms. Finally, we consider atoms based
on a Gamma distribution in R. Since Gamma distributions are not elliptical dis-
tributions, we choose one particular gamma distribution and generate atoms from
location-scatters of this particular distribution. For «, 8 > 0, the probability density
function of the gamma distribution with these parameters is

ﬁa
Ve >0, fap(r)=L—a*te P

I'(a)

and has mean «/3 and variance o/, so that we choose «, 3 such that a/8? = 1,
and we then define the atoms characterized by their mean m and covariance ¥ > 0

18



(b) t =0.25 (c) t=05 (d) t =0.75 (e)t=1

F1G. 4.5. Contour plots of Wa aq (top) and Wa (bottom) barycenters between two miztures of
Wigner semicircle elliptic distributions.

by
(E@—m+5), w=m-—3

1
_ ) Tstes
Y ER, gmx (@) { 0, r<m-—§.

As for the Slater-type case, it is easy to prove identifiability of the mixtures by
following the arguments presented in [10, Proposition 2].

(b) t =0.25 () t=05 (d) t =0.75 (e) t=1

Fic. 4.6. Wasserstein barycenters between two miztures of Gamma distributions for the Wy
metric (blue) and the Wa aq metric (Ted).

In Figure 4.6, we present the W5 and W a¢ barycenters between two mixtures
of two atoms each, where we have taken o = 3., 8 = 9. to define the atom having a
variance of one. We observe that the W> nq barycenter seems smoother and to have
a lower middle mass movement than the W5 barycenter.

5. Symmetry group invariant measures. In this section, we consider dic-
tionaries of atoms that are defined as sets of symmetric probability measures, i.e.
invariant with respect to some transformation, as stated in the following definition.
Here, Q is a convex open subset (or the closure of a convex open subset) of R%, p > 1
and ¢ :  x Q a given metric on €.

DEFINITION 5.1 (Invariant measure). Let S : Q — Q be a measurable function
from Q to itself. A measure p € P(Q) is said to be invariant with respect to S if
SH#u = p, that is if for every measurable subset A C Q, p (S_l(A)) = u(A).

Typical examples we have in mind are measures that are invariant with respect
to permutations of the variable ordering, as in the case of marginals of squares of the
wavefunction in electronic structure calculations. Another example is given by the
set of measures that are invariant with more generic isometries, such as rotations,
rigid-body motions, or combination thereof.

5.1. A few properties of optimal transport plans and Wasserstein bary-
centers. We start by proving a few results on the symmetries of the optimal transport
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plans as well as Wasserstein barycenters. First, we prove that the optimal transport
plan in a multi-marginal context is symmetric. Second, we show that the Wasserstein
barycenter between several symmetric measures is symmetric as well. Third, we prove
some sparsity properties on the support of the optimal transport plan in the case where
the symmetry is a reflection.

We first study the symmetry of the transport plan between symmetric measures.
Let fi1,...,un be probability measures in Pg(2) and C' : Q" — Ry U {+oo} be
a multi-dimensional cost function. We consider here the following multi-marginal
optimal transport problem: find v € II(uq, ..., t,) solution to

51 inf Cdr.
( ) YE (1,00 ) JOn !

We have the following proposition.

PROPOSITION 5.2. Let S : Q — Q be a Ct-diffeomorphism such that |detVS(z)| =
1 for all x € Q. We introduce

Qn — Qn
5.2 S :
(5:2) " { (w1, ) = (S(@1),e  S(an)).
In addition, let ui, ..., 1, be probability measures in P(Q) that are invariant under
S. Let us assume that C is invariant with respect to S,,, that is
(5.3)

C(Sp(z1,...,xn)) =C(S(x1),...,5(xn)) = C(z1,...,2,), Y(x1,...,2,) € Q"

and that there exists a unique solution v to (5.1). Then v is invariant with respect to
Shp.

Proof. Let v be the optimal transport plan solution to (5.1). Let 7 := S,,#~. Let
us prove that ¥ = . First, it is easy to see that for all 1 < i < n, P#y = S#u;.
Since p; is invariant under S for all 1 <4 <mn, it holds that 7 € II(u1, - , tin).
Moreover using a change of variables, we obtain from (5.3) that

/ C(ml,...,xn)diz/ C’(S(a:l),...,S(mn))d’y:/ C(x1,...,xn) dy.
Thus, 7 is also an optimal transport plan between p1, .. ., i, which implies that ¥ = ~,
hence the desired result. a0

We now prove that the 2-Wasserstein barycenter associated to the euclidean dis-
tance between symmetric measures is symmetric.

PROPOSITION 5.3. Let us assume that 2 is convex and that for all x,y € €,
clx,y) = |lz—yl. Let S: Q — Q be a measurable map such that for all x,y € Q,
c(S(x), S(y)) = c(x,y) and such that for allt = (t;)1<i<n € Ly, and all 1, ..., z, € Q,
S (Xiytiws) = Yoiq tiS(xi). Let pa,. .., pun be probability measures in Pg(S2) that

are invariant under S. Let t = (t1,...,t,) € Ly, and let us assume that there exists a
unique optimal transport plan solution to (5.1) with
(5.4) Clx1,. . ) = Z titje(z;, x;)P.
1<ij<n
Let v be the p-Wasserstein barycenter between the measures pi, ..., b, with weigths

t. Then v is also invariant under S.
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Proof. Tt suffices to show that for all real-valued measurable functions f : Q@ — R,
there holds

(5.5) f@)dv(z) = | f(S(x))dv(z).
Q Q

Let f be a measurable real-valued function defined on Q. From [2], there holds
v = T#~ with

n
T(z1,...,%,) = Ztﬂi, V(zy, - xn) € Q7
i=1

and ~y the unique solution to (5.1) associated to the cost function C' defined in (5.4).
Thus

(5.6) /Q f@yavta) = [ FT @) B ),

and

/Qf(S(x))du(:n) = [ 160w i),
Using the assumption on S and the fact that >~ , ¢; = 1, we obtain
S(T($17 cee ax’rL)) = T(S(wl)a e 75(.’17,”))7 V(:L‘h e 7'Tn) S Qn.

As a consequence, noting that the assumptions on S and Proposition 5.2 show that
is invariant under S,, where S, is the map defined by (5.2), and using the assumption
on the cost function (5.3),

, f(S(x))dv(z) = F(T(S(x1),...,S(xn))) dy(x1,. .., T0)

on

= o fT(Sn(z1, ... xn))) dy(ze, ... )

= - f(T (21, .. xn))dy(xy, ... xy).

Using (5.6) finishes the proof. d

Finally, we prove that when the considered symmetry is a reflection and the
domain can be split into two parts such that S(€) = Qs and S(Q2) = €4, the
optimal transport plan between symmetric measures is zero on many parts of the
domain ". Indeed, the only parts of the domain where the optimal transport plan is
nonzero are 2} and Q3.

PROPOSITION 5.4. Let puy, ..., in be probability measures in Py(Q) invariant un-
der a map S : Q — Q. We assume that S is a reflection (i.e. S is an isometry in
the sense that ¢(S(z),S(y)) = c(z,y) for all z,y € Q and such that S* = Id) and
that there exist Qq, Qo such that Q1 N Qe = 0, O UQ = Q, and that S(Q1) = Qo
S(Q2) = Q. We also assume that for all (z,y) € (21 X Q1) U (Qa x Qa),

c(z,y) < c(S(z),y).

Lett = (t1,...,tn) € Ly,. Let us assume that there exists a unique optimal transport
plan v € W(u, ..., ty) solution to (5.1) with C' defined in (5.4). Then, the support
of v 1s included in QF U Q3.
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Proof. For any © = (i1,142,...,i,) € {0,1}", denoting by © = (z1,...,z,) € Q",
we define the map

Q= ar
(5.7) Si:{ x o (S(z1), S (x2),. .., S (z)),

so that S7 ; ;= Id. We define a non-negative measure 5 on " as follows: for

any measurable Subset B C Q" we define

(5.8) FB)=> > (Si#ty) (BN (QFUQR)).

1€{0,1}n

By construction, the support of 7 is included in QF U Q3. Let us prove that ¥ is an
optimal Wasserstein transport plan between pq, ..., u,. To this aim, we first show
that 4 has for marginals pq, ..., ,, starting with the first marginal, the others being
dealt with similarly. Let f : Q2 — R be a measurable map and define by F': Q" — R
the function such that F(x) = f(z1) for all & € Q™. Using (5.8) we obtain

faydi@ = [ Fes@=5 ¥ [ Fedsd)e.

an an ic{0,1}n

Introducing functions S% in the arguments of the function F' which do not change
the values of F' for k from 2 to n, and then using a change of variables and writing
explicitly the sum on ¢;, we obtain

fdi@ =5 3 Awﬁm%wwamﬁw%WW#mm

o 2o 1}n

:2 /’ F(z) dy()
S0,ig,...,in (QTUQT)

< ,in=0

+% Z [S F(S(@1), 22, -, 70) dy ().

cyin=0 1,ig, QnUQn)

Using properties of S leads to

ﬂmmwwzl/‘ F(z) + F(S(1), 72, .., 20)] dy()
Qn (Q,UQ) x Q1

/fffl d,ul »Tl /f 581 d,ul(l’l)

Noting that f is symmetric under S, we obtain that the first marginal of 7 is p;. The
proof for the other marginals are similar. Hence ¥ € (1, ..., 4 ). Now, let us prove

that 4 is an optimal Wasserstein transport plan. Indeed, noting that
o(S(2),5(y)) = c(z,y) if (z,y) € (21 x Q) U (Q2 x Q)

and
e(S(),y) < elw,y) if (2,y) € (2 x Q) U (2 x O),
there holds
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‘/Q Z trtic xk,xl) d’7 Z /QUQ tktlc(xkaxl)pd(si#Py)(m)

1<k,i<n 1,6{0 1} 2 1<k,l<n

1
=5 2 / S tutie(S™ (we), 5 (@) dr(@)
iefo,1)n /S QTURE) 1 <k <p
1
< 3 Z / tptic(xg, )P dy(x)
iefo,1)n /S QTURE) 1 <<
= / Z tktlc CEk,ﬂCl) d’)/( )
Q" 1 <ki<n
Therefore, v being a Wasserstein optimal transport plan between p1, ..., tn, so is 7.

The desired result then follows from the uniqueness of the optimal transport plan. O

5.2. Mixture distance for group invariant measures: general case. We
now introduce dictionaries of symmetric atoms in order to define a mixture distance
on symmetric measures. Let G be a finite or compact group acting on P2(£2) through
a group action denoted by -. We denote by H the normalised Haar measure on G.
Note that for finite groups, this measure corresponds to Dirac masses on the elements
of the group with equal weight that is the inverse of the cardinal of the group.

Let A be a set of atoms such that for all a € A and all g € G, g-a € A. We
define Agym as the set of symmetric measures defined from A as follows:

(5.9) Ay = {/Gg -a H(dg), ac A} .

For any a € A, we denote by
S(a) = /Gg -a H(dg).

Note that, for any g € G and any a € A, S(g-a) = S(a). This leads us to introduce a
metric on Agym. In order to impose uniqueness up to the group action, we make the
following assumption.

ASSUMPTION 5.5. For any ai,as € A, there holds S(a1) = S(az) if and only if
there exists g € G such that a1 = g - as.
This assumption is well-adapted to atoms generating identifiable mixtures, but

not satisfied in general. Let us give a toy example, taking ) = ( é, 2) and the two-
element group (e, €). Let us consider the following group action: for all a € Pa(Q2),

(5.10) e-a=a, ¢€-a=(-1d)#a.

If the dictionary of atoms A is chosen so that (i) for all a € A, (—Id)#a € A and
(ii) the set mixtures M(A) is identifiable, it is easy to show that Assumption 5.5 is
satisfied. However, taking ao(dz) = 21_1/2,0)(x) dz and ai(dr) = He_, dx, there
holds % 500 + 3 ( Id)#ag = %al + %(—Id)#al, while it does not hold that a; = ag or
( Id)#ao
A metric on the set of symmetric measures Agym is defined as follows.
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PROPOSITION 5.6. Let d : A x A — RT be a metric such that for all ag,a; € A
and all g € G,

(511) d(g'a()’g'al) :d(a07a1)'
Then, the map d : Asym X Asym — RT defined by

(5.12) Vag,a1 € A, d(ag,a1) = irelgd(ao,g ~ay), where ag = S(ag), a; = S(a1),
9

is a metric on Agym.

REMARK 5.7. Note that the definition given in Proposition 5.6 is equivalent to

Yag,a, € Asym7 Ci(flo,@l) = . i;licd(go-ao,gl-al), where ag = S(a0)7 a; = S(a1),
0,91

due to (5.11).

Proof. First, d is clearly symmetric. Second, if d(@g,a;) = 0, there exists g € G
such that d(ag,g-a1) = 0 and so ag = g - a;. Therefore, S(ag) = S(g-a1) = S(a1),
i.e. ag = ay. Third, we prove the triangle inequality. Let ag,ai,as € A so that
g, 1,02 € Agym. It then holds that

CZ(&O,&Q) = glgg d(ao,g . ag) < glIelg[d(ao, al) + d(a1,g . ag)] < CZ(@(), @1) + Ci(@l, @2).

Hence d is a metric. O
PROPOSITION 5.8. Ay equipped with the metric d is a geodesic space.

Proof. The proof is similar to that of Proposition 3.6. We consider paths (P_t)te[o,l]
with py € Agym for all ¢t € [0, 1], we define the length of the path relative to the d metric
as in (3.2), and we show that given any two points ag, @1 € Asym, there exists a path

between them the length of which equals the distance d(ag,a;). We first show using
the triangle inequality that Leng(p) > d(ag,a;). The equality is shown by defining
g = argmin . d(ao, g - a1), where ao = S(ag),a0 € A and a; = S(a;),a;1 € A, and
taking (ut):efo,1) be a constant speed geodesic between ag and g - a;. Noting that for
all 0 <s,t <1,

d(pe, ps) = [t = s|d(ao, g - a1).

we define fi; = S(u¢) to obtain that for any 0 < s,¢ < 1,

d(fue, fis) = Inf d(pe, G- ps) < (e, pis) < [t = sld(ao, - ar) = [t = sd(ao, a1),
from which we deduce that Leng((ut)icpo,1]) = d(do,a1). We conclude that Agym
equipped with d is a geodesic space. 0

Having now proved that (Asym, d) is a geodesic space, we can now express barycen-
ters in terms of geodesics of atoms.

COROLLARY 5.9. Let ag = S(ag) and a1 = S(a1) be two elements of Asym. Let
g = argmin e d(ag, g - a1). The barycenters between ag and a1 belong to Asym and

can be written as
Vt S [07 ].], ELt = S(at),

where (at¢)ie(o,1) 95 a constant speed geodesic between ag and g - a.

Note that if Assumption 5.5 is satisfied, it is easy to show that the barycenter
between ag and a; does not depend on the choice of ag and a;.
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(a) two even densities (b) W2 optimal trans- (c) Wz aq optimal trans-
port plan port plan

Fic. 5.1. Comparison between Wa and Wy aq transport plans between two even densities

5.3. Wasserstein case. In this section, we focus on the particular case where d
is the Wasserstein distance defined in (2.1), and where the group action of G on Py (€2)
is inherited from a group action of G onto 2 as follows: for all g € G, g-a = a#1,
where T, : Q@ — Q is defined by Ty(z) = g - = for all x € Q. For all k£ € N*, we
define T; : QF — QF as the map such that T;(xl, ceyxy) = (g a1, 0,9 xp) for
all z1, -,z € Q. Using a slight abuse of notation, for all k& € N*, and for all
v € Pp(QF), we denote by g - v = ’y#Tg’“. Then there holds

(5.13) d(do, 1) = [ inf inf / oz, y)Pdy(z, y)] .

90,91€G v€II(go-ao,91-a1)

By analogy, one can define the following symmetrized optimal transport plan as
Wz/ g -7 H(dg).
geG

Note that this is not equivalent to the true Wasserstein transport plan. Indeed, the
transport plans are in general different, as shown in Figure 5.1 for two densities being
even hence symmetric with respect to the group action defined in (5.10). This can
be easily understood. For the true Wasserstein distance, the optimal transport plan
satisfies the monotone rearrangment property, while in the case of the symmetrized
distance, the atom is first transported to the closest one, and then the transport plan
is symmetrized. However, this allows for a simple generalization to the multi-marginal
problem.

DEFINITION 5.10 (Symmetric multi-marginal problem). Let Q € N*. Let t :=
(tg)1<q<q € Lg. Let ay,...,aqg € A and a1 = S(a1),...,aq = S(aq) for A a set of
atoms. We define the symmetric multi-marginal transport problem by
(5.14)

d(ay, ... aq) = (g

with

1/p
inf 5(1:1,...,:cQ)d'y(xl,...,xQ)> ,

1n
15,9QEG y€Ell(g1-a1,...,9Q Q)

Q Q
1
s(x1,...,20) = 3 Z Z tatgc(xg, zq)P.
g=lq'=1

Denoting by Féh_“’aQ the set of minimizers of (5.14), for all v € T
the associated symmetrized optimal transport plan as

g we define

Wz/ g -~ H(dg).
geG
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Finally, assuming that Wasserstein barycenters between atoms in A also belong to A,
the barycenters of (a1,--- ,aq) with barycentric weights t can be written as

(515) @t(dl, PN ,C_lQ) = S(bart(gl A1y ... 79@ . QQ))
where (g1, . ..,90) € G is such that

(G1,---9g) € arginf inf s(x1, .., xQ)dy(x1,. .., 20).
g1,--,90€G  VEIL(g1-a1,...,9¢ Q)
With this definition, we show that the multi-marginal problem is equivalent to
the symmetric barycentric problem.

PROPOSITION 5.11. The infimum in (5.14) matches the following barycentric mi-
nimaization problem

Q

(5.16) dh(a,...,aqQ)" = aeiﬂsfym thqd(a,aq)@
q:

Proof. Starting from the right handside of (5.16), and using the distance defini-
tion (5.12), we obtain

Q Q Q

inf S t,d(a,a,)” =inf S t,[inf d(a,g,-a)P = inf inf S ted(a, g, - ag)”.
aelﬂsqu; (d(a,a,) 52,4; ol int d(a. 9, - a,)] i 1 2 (a,9q - aq)

Then using the equivalence between the multi-marginal problem and the barycentric
problem on the set of atoms A, which is well-posed since the atoms are stable under
Wasserstein barycenter proves (5.16). |

5.4. Examples. We now provide a few examples in dimension d = 1, 2 for group
actions defined over permutation groups and the rotation group SO(2). We also
present an example closely related to quantum chemistry applications. For simplicity,
we consider the case @ = R? p = 2 and ¢(z,y) = ||z — y||. All the numerical
results presented below are performed with the same setting as in Section 4.3 for the
W barycenters. The Wy aq barycenters are computed following Definition (5.15).
In terms of computational cost, let us remark that the computational cost of the
mixture barycenter highly depends on the cost of computing the barycenter between
two atoms. This cost namely depends on the cardinal of the group if finite, or the
complexity of solving (5.12) for infinite groups. However, in the tests presented below,
the cardinal of the considered finite groups, which are the permutation groups, is only
two, therefore the computation of the mixture barycenters stays orders of magnitude
cheaper than the computation of the W5 barycenters.

5.4.1. Parity group. We first consider the case d = 1, Q = R? and where G is
defined as the two-element group (e, é) with the group action defined in (5.10). We
compute the Wy and Wy o barycenters for the symmetric measure of a mixture of two
Slater functions with respect to this group action and present them in Figure 5.2. We
observe that the barycenters correspond to the symmetrized version of the barycenters
presented on Figure 4.1 which is naturally expected.

5.4.2. Permutation group. We then consider the permutation group &,, on
the set {1,...,n}. We define a group action - on elements of Py(£2) by

Va € Po(Q), Yo €6,, o-a=a#T,,
26



AT EEVESYEFVEITN

(a) t=0 ) t=0.25 (c) t=05 ) t=0.75

Fi1G. 5.2. Wasserstein barycenters between two miztures of symmetric Slater distributions for
the Wo metric (blue) and the Wa aq metric (red)

00

(a) t=0 (b) t =0.25 (c) t=0.5

F1G. 5.3. Contour plots of Wa a (top) and Wa (bottom) barycenters between two miztures of
symmetric gaussian distributions.

where

{ 0—Q
T, :
(xla"',xn) = (xo(l)a"',xo(n))7

which corresponds to a permutation of the variables. It is easy to check that this
indeed defines a group action. For a given set of atomic measures A, the corresponding
set of symmetric atomic measures Agyy, is then given as the set of elements @ defined

for all a € A by
— Z o-a.

' oeG,

l

The computation of the symmetric barycenters can be then easily done, provided that
the underlying set of atoms allows for an efficient - or even explicit - computation of
distances d. Choosing for the atoms A any set of location-scatter atoms, the compu-
tation of the symmetric Wasserstein distance d only requires the computation of n!
explicit Wasserstein distances, which stays cheap for moderate values of n. In Fig-
ure 5.3 we plot the W5 barycenters between symmetric mixtures of gaussian measures
for the group action defined above and compare it to the symmetric barycenter based
on gaussian mixtures. We observe that the mixture barycenter is smoother than the
W5 barycenter, and obtained at a fraction of the cost.

5.4.3. Application in quantum chemistry. One application of the symmetry
group invariant mixtures presented in the previous section is to compute Wasserstein-
type distances and interpolants (i.e. barycenters) of many-body densities in electronic
structure theory. As mentioned in the introduction, this was the first motivation of
the present work.

In quantum chemistry, the state of a system of N electrons is fully characterized by
its electronic wavefunction, which is a function ¢ € L?(R%; C) with d the dimension of
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the underlying physical space (typically d = 1,2, 3). This wavefunction is normalized

in the sense that
/ > =1.
RAN

Note that we omit here the spin variables for simplicity of the presentation. Since
electrons are fermions, the function 1 is antisymmetric with respect to permutations
of the ordering of the variables. More precisely, for all 0 € G that is a permutation
of the set {1,---, N} and all (x1,...,2x5) € (RY)¥, there holds

V(To1ys - To(ny) = €(0)(z1,...,2N),

where €(o) denotes the signature of the permutation o. In electronic structure calcu-
lations, such a wavefunction is often approximated as a finite linear combination of so-
called Slater determinants, which are defined as follows. For any set ® = {¢1,...,¢n}
of N functions of L?(R%;C), the associated Slater determinant Sg is defined as the
function in L?(R%;C) such that for almost all (z1,...,zx) € (R},

b1(x1)  Pi(za) ... bi(zN)
S¢(w1’m’xN):Zi¢d6t </>2(:x1) ¢2(.372) ¢2({EN)

on (1) on(22) ... on(2N)

where Zg > 0 is the normalisation constant such that [o.v [Se|* = 1.

Since the wavefunction is defined on a high-dimensional space when the number
of electrons in the system is large, it is more convenient to handle the (normalized)
one-body density which is defined as follows:

Vz; € RY, p1(z1) ::/ |w(x17x2,...,xN)|2dx2... dry.

(@2,..., 2N )E(RHN -1
More generally, for all 1 <n < N, the n-body density associated to the wavefunction

1) is defined as follows:
(5.17)

Va = (z1,2,...2,) € R, pp(x) = [p(x)? depyy ... dey.

/(90n+1,...7wN)e(Rd)N_n

For all 1 < n < N, p, can then be seen as the density associated to a probability
measure on R,

Due to the linear approximation with Slater determinants based on gaussian func-
tions often used in quantum chemistry codes to approximate the wave-function, as
well as the symmetry constraints on the n-body densities, it seems natural to approx-
imate n-body densities by mixtures of squared Slater determinants with Gaussian
functions. More precisely, for all m; € R* and £; € S; for i = 1,...,n, denoting by
m = (mq,...,my) and by 3 := (Xq,...,3,), one can define

1 2
a;gnl,)z(dxl, ooy dxy) = Yo s |50 5 (@1, 2)|” day ... day,
m,
where @, v := {Gpm, 5y,---,Gm, 5, } and where Y,,, »» > 0 is the normalization

constant such that a;gnj?z is a probability measure on R,
Denoting by

Ash = {aps, meR)", T e (Sa)"},
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F1G. 5.4. Contour plots of Wa s (top) and Wa (bottom) barycenters between two miztures of
squared Slater determinants based on gaussian functions.

electronic n-body densities of the form (5.17) can be approximated as elements of
M (Ang). We would therefore define a Wasserstein-type distance and Wasserstein-
type barycenters on this set of mixtures. To this aim, we exploit the following remark.
Consider AZ% p the set of gaussian measures on R™® with block-diagonal covariance
matrices, i.e.

'Ag,dBD = {gm,diag(2)7 m e (Rd)n7 Y€ (Sd)n} )

where diag(3X) is the nd x nd block-diagonal matrix with diagonal blocks given by
¥1,...,2,. It can be easily checked that AZ% p embedded with the Wasserstein
distance is a geodesic space.

Denoting by Ag"iym the set of symmetrized gaussian measures obtained from the
dictionnary AZ% p via the permutation symmetry group introduced in Section 5.4.2,
it can easily be checked that M (A%) is isomorphic to M (Agiym). More precisely,
the following application Z is an isomorphism:

I:{ MA) o ML)

K SD _
D k1 ThQpk sk > k=1 Tk9m* diag(Sk)»

where for all 1 < k < K, we denote by m* € (R))", &% € (S;)", by (Tk)1<k<k an ele-
ment of Lk, and by g,k giag(sr) the symmetrized gaussian obtained from gy, giag(sr)-
It is then natural to define a Wasserstein-type distance dgp on M (A%%) as follows:

Val,ag S M ( ng) s dSD(al,CLQ) = E(I(al),I(ag)),

where d is the symmetry-invariant Wasserstein distance defined in (5.13). Wasserstein-
like barycenters are then also naturally defined using the isomorphism Z.

To illustrate this case, we plot on Figure 5.4 the barycenters between two mix-
tures of squares of Slater determinants for the Wy and W ¢ distances. First we
observe that both types of barycenters satisfy that they are zero on the diagonal,
as is constrained by the form of the densities for the W o distance, and naturally
expected from Proposition 5.3 for the 2-Wasserstein barycenters. Second, we observe
that the mixture Wasserstein barycenters are smoother than the Ws-barycenters.

The application of the Wasserstein-type distance and Wasserstein-type barycen-
ters presented here to accelerate computations in quantum chemistry will be the object
of the future work [12].
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F1G. 5.5. Contour plots of Wa aq (top) and Wa (bottom) barycenters between two miztures of
SO(2)-symmetric measures based on Slater-type distributions

5.4.4. Rotation group SO(2). Finally, we consider the case where Q = R? and
the two-dimensional rotation group SO(2), for which we can, as for the permutation
group, define a natural group action - via

Yae A, VQ € 50(2), (Q-a)=a#Ty,

with T : R? 3 x — @x. Note that such a group action can similarly be defined for
SO(n). From definition (5.9) the symmetric atoms a of Agym, write

d:/Q~aH(dQ).

We now provide a numerical example, taking 4 as the set of two-dimensional slater-
type distributions. The main difficulty and difference with the previous examples
is that the group is not finite. Therefore, problem (5.12) which has to be solved
to compute the distance between elements in Agym, as well as barycenters is now
a continuous optimization problem. In this two-dimensional case, there is in fact
only one parameter to optimize which is the angle of the rotation, and we chose to
perform this optimization numerically. This increases the computational cost of the
distance and barycenters, however the computational cost stays way below the cost of
computing the W, Wasserstein barycenters. In Figure 5.5 we provide an example of
barycenters between two mixtures of symmetric distributions, themselves based on one
slater function each. We observe that the W5 Wasserstein barycenter computed with
the Sinkhorn algorithm is way less regular than the modified Wasserstein barycenter.
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