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30 1. Introduction
31 In this work, we take into consideration the following Nicholson’s blowflies model
32 with multiple harvesting terms and infinite delays, driven by Brownian motion in
33 a separable Hilbert space H:
d.I(t) dt+zaz t*T(t)) t)f, k(szt+s)dsdt
4 f(ta(t— 7)dW(t), tER, (1.1)
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Let RT = [0,4+00), R_ = (—00,0), and a = infier a(t). a,a;,3; € C(R,RT), 7; €
Bo(R,RT), 7 > 0, the delay kernel k; € C(R_,RT), f is a stochastic process and
W(t) is a two-sided standard Brownian motion with values in H. This equation
models the population of the Australian sheep blowfly: x(¢) represents the size of
the population at time ¢, a is the per capita delay death rate, a; is the maximum per
capita delay egg production, é represents the size at which the blowfly population
reproduces at its maximum rate and f is the process of harvesting population.

In [7], Chrif investigates the existence of the quadratic-mean pseudo almost

periodic solutions of the following equation:
dx(t) = Ax(t)dt + f(t,x(t — 7))dt + p(t, z(t — 7))dW(t), teR, (1.2)

where A is the infinitesimal generator of a Cy-semi-group (7'(t)):>0 exponentially
stable, f, ¢ are two stochastic processes. In [I1], the authors obtained sufficient
condition for the existence of pth mean u-pseudo almost periodic mild solutions to
the following class of nonlinear stochastic evolution equations driven by a fractional
Brownian motion in a separable Hilbert space H:

dz(t) = A(t)z(t)dt + f(t, z(t))dt + 0(t, z(t))dW(¢)
+p(t)dBH (t), teER, (1.3)

where (A(t))icr is a family of densely defined closed linear operators satisfy-
ing Acquistapace—Terreni conditions; f,0 are two stochastic processes and ¥ a
function deterministic. The notion of pseudo almost periodicity with measure
(see |2 [6 8, 10, MT4HIT]) is a generalization of the almost periodicity and pseudo-
almost periodicity introduced by Zhang [20]; it is also a generalization of weighted
pseudo almost periodicity firstly introduced by Diagana [9]. The concept of measure
almost periodicity is of great importance in probability for investigating stochastic
processes. Such a notion is also very interesting for applications arising in many
branches of mathematical biology, physics and statistics. Moreover, for Nicholson’s
Blowflies model, many results were proved, (see for example [3] [12] 13 19]). Moti-
vated by the above discussion, we introduce the concept of doubly measure pseudo
almost periodicity in the stochastic case, we give some fundamental properties and
we investigate the existence, uniqueness and stability of (u, v)-pseudo almost peri-
odic mild solutions in pth mean sense for Eq. (I.1]).

This paper is laid out as follows: In Sec. 2] we introduce the concept of doubly
measure pseudo almost periodicity. Some new developments on the completeness
and composition of measure pseudo almost periodic functions are exhibited in Sec.[3l
In Sec. [ we address the existence and uniqueness and exponential stability of
(1, v)-pseudo almost periodic mild solutions in pth mean sense for Eq. (ILI]). Finally,
in the closing section, we set forward an example to assess the effectiveness of the
results.
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Stochastic Nicholson’s blowflies model with delays

2. (p,v)-Pseudo-Almost Periodic Processes

We denote by B the Lebesgue o-field of R and by M the set of all positive measures
u on B satisfying u(R) = +oo and p([a,b]) < +oo for all a, b € R (a < b). We
introduce the following new space of (u, v)-ergodic functions:

Definition 2.1. Let u,v € M. A bonded continuous function f : R — H is said to
be (u,v)-ergodic in pth (p > 2)mean sense, if

1 T
li T S t)[|Pdu(t) = 0.
Jin s [P
We denote the space of such all functions by (R, H, u, v/).

We give the following hypothesis:
(Hy) Let p,v € M,

hmsupw = < 00.
r—too V([—r,7]

Proposition 2.1. Let u,v € M satisfy (Hy). Then (E(R,H, p,v), ||.]|loo) is a Banach

space, where || floo = supyer [ £ ()]

Proof. It is enough to prove that {(R, H, u, ) is closed in B (R, H). Let (f,,), be a
sequence in (R, H, i, v) such that lim, 4 || fn — f]leo = 0. Since || f||? is a convex
function, then for » > 0, we have

[ 1soPaut <2t [ 150 - s0rae + 2 [ @1rdao.

It implies

1 r »
e / R0

op—1 T » op—1
< o | IO = SO + s

It follows that

/ 7o),

lim sup /T |f(E)[[Pdpu(t)

r—-+o00 V([_T’T]) —

(=)

. 1M
< limsup 2P~1
r— oo v([—r 1))

sup || fn(t) — f()[|P.
teR

Moreover,

sup | fult) — FO)P < (sup 1fult) — f(t)ll) = I,
teR teR

2250065-3
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and from (H;), we obtain
1 T
limsupi/ FOPdut) < 2P| fr — fII2.
msup —— [ 7O du(t) < 027, )
Since limy, 4o || frn — flloo = 0, we deduce that
. 1 "
tin o [ A0 1Pdute) =0, :

r—too y([=r,7]) J_,

Definition 2.2 ([I1]). A stochastic process x:R — LP(§2, H) is said to be stochas-
tically bounded in pth mean sense, if there exists C' > 0 such that

Ele(t)|? <C, VteR,

and a stochastic process z: R — £P(€), H) is said to be stochastically continuous in
pth mean sense, if

}im E|lxz(t) —z(s)||P =0, VseR.

Denote by Be(R, £P (€2, H)) the collection of all the stochastically bounded con-
tinuous processes. We can verify that (Bo(R, LP(Q,H)), ||.||s) is a Banach space,
where

l2]loc = sup(Ellz(t)]?)"/7.
teR

Definition 2.3. Let u,v € M. A stochastic process x is said to be (u,v)-ergodic
in pth mean sense, if z € Bo(R, £P(Q, H)) and it satisfies

. 1 " » -
Jin e [ Bla(o)Pautt) o

Denote by &,(R, £P(Q,H), 11, v) the set of all such stochastic processes.

Proposition 2.2. Let p,v € M satisfy (Hq). Then (& (R, LP(2,H), i, v), ||.||oo) s
a Banach space.

To prove this proposition, we just have to use the same arguments as in the
proof of Proposition 2.l The following lemma gives some properties of ergodicity.

Lemma 1. Let p, v € M, satisfy (Hy), and let T be a bounded interval (eventually
I = ). Suppose that x € Beo(R, LP(Q,H)). Then the following assertions are
equivalent:

(i) UAS fp(R,ﬁp(Q,H),M,V);

() i, o o=y fns Elle(®)Pdu(t) = 0
(iii) for any e >0,

. A€\ B > &)

r—+o00 v{t € [-r,r]\I} 0-

2250065-4
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Proof. The proof is based on the same arguments as in the proof of [T1l, Theorem
2.22].
(i) & (i) We denote by A = v(I), B = [, E||z(t)||Pdu(t) and C = u(I). Since
the interval I is bounded and z € B (R, £P(§2, H)), then A, B and C are finite.
For r > 0 such that I C [—r,r] and v([—r,7]\I) > 0,
we have

_r
v([=r,r]\I)

= ([ Elelrau) - 5)

) L e B
=) - A <u<[r,r]> | Bl u([m]))'

Since v(R) = +00, we obtain that

/ E|l2(t)[7du(t)
[—rr ]\

. 1 " » _
Jin e [ Bla(o)laut) o

Thus, (i) and (ii) are equivalent.

(i) = (iii) Let A2 = {t € [—r,r]\[:E|z(®)||? > e} and B = {t €
(—r, 1\l ()] < ).

Assume that (ii) holds. Then, we have

! p ; ()P
ST o O 2 s | Rl
(A7)
RZETIv)

Therefore, for r large enough, we obtain (iii).
(iii) = (ii) Assume that (iii) holds and let € > 0, then from (H;), we have

-
v([=rr\I)

— [ BlaPaut) + [ ElaolPdu(e
Az Be

p(A7) L w(B;)

[ ElsPau
[=r,r]\I

< ||IHOOU([—T’T]\I) v([=r,r]\I)
A5 pl=rr\D
< ||$HOOV([ T,T]\I) +€y([—7“,7“]\[)

2250065-5
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(A7) p([=r,r]) = C
< |z||o + e
e oD o) - 4
c
_ p(A7) pll=r ) 1~ wem
L ;
v([—=r,r]\I) V([ r,r])lfm
1— ¢ _
< ae u([—AnT]).
1_ A _
v([=r,r])
Since, u(R) = v(R) = 400, then we get
1
1imsup7/ Elz(®)||Pdu(t) < 2ae, Ve > 0. 2.1
PP D) g O 2
Therefore, (ii) holds. m|

Definition 2.4. Let p, v € M. A function f:R x LP(Q,H) — LP(Q,H), (¢,2) —
f(t,x) is said to be (u,r)-ergodic in pth sense in ¢ € R uniformly with respect to
x e, if fe Ba(R x LP(2,H), LP(2,H)) and it satisfies

lm — / E||£(t, 2) [Pdut) = 0,

r—+oo v([—r,1]) J_,
where K C LP(Q,H) is a compact.
We denote by
& (R x £7(Q, ), £7(Q, H), 4, v)
={f(.,z) € &R, LP(Q,H), u,v) for any x € LP(Q,H)}
the set of all such functions.

Definition 2.5 ([4]). Let 2:R — £P(Q,H) be a continuous stochastic process. x
is said to be almost periodic process in pth mean sense if for each € > 0 there exists
1 > 0 such that for all & € R, there exists 7 € [a, « + 1] satisfying

supEllz(t + 7) — x(t)||” < e.
teR

We denote by AP(R, £P (2, H)) the space of all such stochastic processes. It is
easy to verify that (AP (R, £P(€, H)),||.||s) is a Banach space.

Definition 2.6 ([11I]). Let f:R x £P(Q,H) — £P(Q,H) be continuous. f is said
to be almost periodic in pth mean sense in ¢ € R uniformly in x € K, where
K C LP(Q,H) is a compact, if for each € > 0, there exists I(g, £) > 0 such that for
all a € R, there exists 7 € [o, a + (g, K)] satisfying

SupEHf(t+ 7',117) - f(tvx)”p <g,
teR
for each stochastic process x : R — K.

2250065-6
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We denote by AP(R x LP(Q,H), LP(Q,H)) = {f(,z) € AP(R,LP(Q,H))
for any = € £P(Q,H)} the space of such stochastic processes.

Definition 2.7. Let p,v € M. A continuous stochastic process z is said to be
(1, v)-pseudo almost periodic in pth mean sense, if it can be written as

r =21+ €2,
where z1 € AP(R, £LP(Q,H)) and z2 € &,(R, LP(Q, H), p, v).

Denote by PAP(R, £P (2, H), u, v) the set of all such stochastic processes.
We can verify that

PAP(R, £7(Q, H), j1,v) C Be (R, £P(, H)).

We introduce the following new space of doubly measure pseudo almost periodic
functions:

Definition 2.8. Let u,v € M. A continuous function f:R x LP(Q,H) — L£P(Q), H)
is said to be (i, v)-pseudo almost periodic in pth mean sense, if it can be written as

f=g9+h
where g € AP(R x £P(Q,H), £P(Q,H)) and h € §,(R x £P(Q,H), £P(Q, H), p, v).
Denote by PAP(R x £P(Q, H), £P(Q, H), i, v) the set of all such functions.

Definition 2.9 ([6]). Let u1, ue € M. If there exist positive constants «, 8 and
a bounded interval I (eventually I = &) such that

apr(A) < p2(A) < Bui(A)
for A € B satisfying AN I = @, then we say that p; and s are equivalent py ~ ps.

Proposition 2.3. Let py,pu2, vy and vo € M. If puy and vy are equivalent,
respectively, to e and v, then

é-p(Rvﬁp(QaH)aMla Vl) = gp(R7£p<QaH)7M2a V2)7 (22)
and

PAP(R, EP(Q, H), M1, Vl) = PAP(R, EP(Q, H), Mo, Vg). (23)

Proof. First, we will prove (ZZ). Since pu1 ~ pe2, v1 ~ vy and B is a Lebesgue
o-field, then there exist «, 3,7,0 > 0, such that

apy < pg < B,

and
v < vp < Oy

2250065-7
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It implies that
apft € [-r,r\LE| ()" > e}
0 n{t e [—-rr\I}
pe{t € [-r,v]\I : E[ f(t)[” > €}
vo{t € [=r,r]\I}

< Bt e [r N\ E[ @] > e}
7 vi{t € [=r,r]\I} '

IN

From Lemma [l we get
Ep(R, LP(Q,H), p, 1) = &(R, LP(Q,H), pi2, v2).
Using the definition of (u, v)-pseudo almost periodicity, we conclude that
PAP(R, £P(Q,H), pu1,v1) = PAP(R, LP(Q,H), pio, v2).
For p € M and o € R, we define the positive measure u, on (R, B) by
po(A) =pla+o:ac A), AcB.

We give the following hypothesis:
(Hy) For all o € R, there exist & > 0 and a bounded interval I such that

to(A) < ap(A),

where A € B satisfies ANT = &. |

Lemma 2 ([6]). Let p € M. Then p satisfies (Hz) if and only if p is equivalent
to pe for all o € R.

Lemma 3 ([6]). It follows from hypothesis (Ha) that

V>0, limsup pllr = or +9))
r—-+o00 p([=r,7])

< +00.

Let f € Bao(R, £LP(Q,H)). For all a € R, we define f, by

falt) = f(t + ).

We say that the subset S of Bo (R, £P (€2, H)) is translation invariant, if V f € S, we
have f, € S.

Theorem 2.4. Let p,v € M satisfy (Hy). Then PAP(R, LP(Q),H), p,v) is trans-
lation invariant.

Proof. First, we need to prove that &, (R, £P (2, H), u, v) is translation invariant. In
other words, if f € &,(R, £P(Q,H), u,v), then f; € & (R, LP(Q,H), u,v), V7 €R.

2250065-8
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1 Let pr = p({t+7; t€ A}) VA e B.

1 r »
;@;75/'Mf@+TNdmw

T

vl—r+7,7r+ 7] 1 "
= . El f(t Pdu(t
v([-rr])  v[-r+T7,r+7] /_T £+ )" dpalt)
vl-r+T7,r+7] 1 /“”
= . E|f()||Pdu—-(t
o) e L B0
vl=r—lrl,r + 7] 1 /”T
< . E|l f(OPdu—-(t).
< L B0
2 Since p and v satisfy (Hz) and according to Lemma Bl we obtain that

1 " »
| Bl P

vi-r —|rl,r + 7] 1 /T”
< Cte. . E|lf(&)||Pdu(t).
< Cte B S ey L E 1Pt
3 We get,
tim_——— [ B+ )Pt = 0
im ———— T =0.
r=ree v([=rl) ), 8
4 Therefore, &,(R, £LP(Q2, H), p, v) is translation invariant. Since AP (R, £P(Q,H)) is
5 translation invariant, then PAP (R, £P(Q, H), i, v) is also translation invariant.
6 O
7 3. Completeness and Composition Theorem
8 Theorem 3.1. Let u,v € M. Assume that f € PAP(R, LP(Q,H), u,v) can be
9 written as f = g + h, where g € AP(R, LP(Q,H)) and h € &R, £P(Q,H), p,v). If
10 w and v satisfy (Ha), then
{9(t), t e R} C {f(t). te R} (3.1)
11 Proof. For the proof, we use the same arguments given in [6]. Assume that B
12 does not hold. Then, there exists ty € R such that
g(to) ¢ {f(t), t € R}.
13 Since u, v satisfy (Hz), and from Theorem [Z4] we deduce that AP(R, £7(Q, H))
14 and &, (R, £P(QQ,H), u,v) are translation invariant. We can suppose that ty = 0,
15 then there exists € > 0 such that

El[f(t) —g(0)|” = 2% Vi eR.

2250065-9
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Note,
E|lf(t) = g(O)|” < 2P 'E[ £(t) — g(O)|IP + 2P Ellg(t) — g(0)|"-
Forallt € C. = {t e R:E|g(t) — g(0)||P < e}, we obtain that

E[[p@)N” = E[f(£) — 9@
> 2'7PE[ f(t) — gO)II” — Ellg(t) — 9(0)]I”
> 2'7PE[ f(t) — g(0)IIP
> €.

For all i € {1,2,...,n} and for all ¢t € o; + C-, where a1, ..., a, € R such that

n

R = LJ(O[Z + Cg),
i=1
we have
E|h(t — a;)||? > e. (3.2)

Let 1 be the function defined by

Y(t) = Z]Ellh(t —ay)|[? (3:3)
B2) and B3] imply that
() >e VieR. (3.4)

Since &, (R, £P(Q, H), 1, v) is translation invariant, then we get

[t Bt — an)] € SR, L2 H), ww), Vie (L. n}
Therefore, ¢ € &,(R, £P(Q2, H), i, v), which is absurd by (B4). O
Theorem 3.2. Let u,v € M satisfy (Hz). Then the decomposition of (p,v)-pseudo

almost periodic function in the form f = g+ h, where g € AP(R, LP(Q,H)) and
h e &R, LP(Q,H), 1, v), is unique.

This theorem can be proved with the same steps developed in the proof of
[7 Theorem 2].

Theorem 3.3. Let u,v € M satisfy (Hy) and (Hz). Then (PAP(R, LP(2,H),

v, ||.lleo) is a Banach space.

Proof. We use the same arguments of the proof of [I0, Theorem 2.19], where we
take the Banach space X := LP(Q, H) equipped with the norm ||z z» = (E[jz|?)'/?.
O

2250065-10
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Theorem 3.4 ([5]). Let f:R x LP(Q,H) — LP(Q,H), (t,x) — f(t,z), be an
almost periodic process in t uniformly in x € K, where KK C LP(Q,H) is a compact.
Assume that f satisfies the Lipschitz condition: there exists L > 0 such that for any
x,y € LP(Q,H)

E|lf(t,2) = f(t,y)II” < LE[z —y|*.
Then t — f(t,z(t)) € APR, LP(Q,H) for any x € AP(R, LP(2,H)).

Theorem 3.5. Let p,v € M satisfy (H,). Assume that f € PAPR x
LP(Q,H), £P(Q,H), u, v). If [ satisfies the Lipschitz condition in the second variable,
that is, there exists L > 0 such that, for any x,y € LP(Q, H),

Ellf(t2) = ftylI" < LE[z —y|", VteR.
Then t — f(t,z(t)) € PAP(R, LP(,H), p,v) for any x € PAP(R, LP(Q,H), p, v).

Proof. Let f € PAP(R x LP(Q,H), LP(Q,H), u,v) and 2z € PAP(R, LP(Q, H),
My%hen, we can write f = g+ h, where ¢ € AP(R x LP(Q,H), £P(Q2,H)) and
h e €,(R x £P(Q,H), £P(Q, H), p, v). And
T =1 + 22,
with 21 € AP(R, £LP(Q,H), and z2 € &,(R, £LP(Q,H), 1, v). We decomposed [ as
Ft,2(6)) = gty 11(8) + [F (6 2(0)) — £t 22 ()] + [ 20 ()) — (b, 22(8))]
= (b1 (0) + [ (6 2(0) — (a1 (8)] + h(t, 21(1).
To prove this theorem, we need to verify

(i) g(.,z1(.)) € AP(R, LP(Q, H)).
(ll) f(,I()) - f(vxl()) € gp(Rvﬁp(QvH)vuv V)'
(iil) h(.,z1(.)) € &R, LP(Q,H), p, v).

To demonstrate (i), we use the similar arguments of Step (1) in the proof of [I1]
Theorem 5.7].
(ii) Let @, 21 € LP(Q,H). By using the Lipschitz condition, we obtain

ﬁ /, Ellf(t,2(t)) — f(t, 21 (t)][Pdu(t)

< ol [ Bl - aolPdut)

v([=rr]) )

IN

1 " »
ol | Elea@Pdut)

X
Since z9 € &,(R, LP(Q,H), 1, v), then lim, 4 m I, Ellza(t)||Pdpu(t) = 0.
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We deduce that

. 1 " » B
lmsup - — / Ef(t,2(t) — f(t, 1 (8)|Pdp(t) = 0.

r—+oo V —r
Therefore,
fGz() = () € (R, L2(Q,H), p, v).
(iii) Tt remains to demonstrate the ergodicity of h(.,z1(.)). First, we have
[n(t,2) = At " = [1f(E2) = gt x) = f(ty) + gt y)lI”

< 2H|f(t2) — fE )P+ 27 gt 2) — gt y)P-

By using the Lipschitz condition, we obtain that

E[|h(t,x) — h(t, y)|I” < 2P E|f(t,2) - f(t,y)|IP + 2" Ellg(t, ) — g(t, y)|”

< 20 IE|js — y".

Since K = {x1(t), t € R} isacompact. Then, for € > 0 there exists 1, ..., 2, € K,
such that
K c U™, (Bz;, 5= ), where B(zi, gmerp) = {z € K; |zi — 2|’ < 5= }-
It implies that K C U, {z € K,Vt € R,E||h(t,z) — h(t, ) ||’ < 5=}
Let t € R and « € K. Then, there exists igp € {1,...,m} such that

3

E”h(tvx) - h(tvxio)”p < op—1°

We get
E||h(t, z1 ()| < 27 E||A(t, z1(t)) — h(t, zio)|” + 2P~ Bl A(t, i) [P
<e+ 2771 E||h(t, @)
=1

Since Vi € {1,...,m} we have

1 T
lim 7/ E|[h(t, z:) [P dp(t) = 0.

r=too v([=r 7)) Sy

It follows that

. 1 " »
lim sup m/ E||A(t, z1(t))||Pdu(t) <e, Ve > 0.

r—+4oo V r —r

We deduce that
1 T
i ——— [ Bt (0) Pdutt) =0,

e o) )
Finally,
t— h(t,z1(t)) € &(R, L7(Q,H), p, v),

which ends the proof. O

2250065-12



Page Proof

April 22, 2022 15:32 WSPC S51793-5245 242-1JB 2250065

(€2 B SN CV] N =

10

11
12

13
14

15
16

17

18
19
20
21
22
23
24

25
26

Stochastic Nicholson’s blowflies model with delays

4. Existence of (u,v)-pseudo Almost Periodic Mild Solutions for
Nonlinear Stochastic Differential Equations With Delay

In this section, we state to prove the existence and exponential stability of (u,v)-
pseudo almost periodic solutions in pth mean sense of Eq. (II)). Together with
Eq. (1)), we consider

2'(t) = —a(t)z(t), teR. (4.1)

Denote by w(t

,s) = e~ Joadr for ¢ < ¢ The solutions of @) satisfying the initial
condition z(tg) =

xo are in the form x(t) = w(t, tg)xo.

Definition 4.1. A F;-progressively measurable stochastic process {z(t)}ier is
called a mild solution of Eq. (ICT]) if it satisfies the corresponding stochastic integral
equation

x(t) = w(t, to)xo + / w(t, s)hy(s)ds Jr/ w(t,s)f(s,xz(s —71))dW(s), (4.2)

to to

for all ¢ty € R such that t > to, where hgy(s) = > "  ai(s)z(s —
o (S))B_Bi(s) ffoo ki(r)m(s-&-r)drds'

Lemma 4 ([18]). Let S:[0,7] x Q@ — £(LP(2,H)) be a Fi-adapted measurable

stochastic process satisfying
T
/ E|S®)|%dt < o a.s,
0

where L(LP(,H)) designates the space of all continuous linear operators from
LP(,H) to itself. Then ¥V p > 1, there exists a constant C, > 0 such that

p T p/2
< C,E (/ ||S(s)|2ds> . T>o.
0

We introduce the following assumptions:

E sup
0<t<T

[ seaws

(41) a:R — Ry is almost periodic,
(A2) «a;,3;:R — Ry are (u,v)-pseudo almost periodic in pth-mean sense, for i =

1,2,...,n,
(A3) f:R x LP(Q,H) — £P(Q,H) is uniformly (u,v)-pseudo almost periodic pro-
cess,

(As) the delay kernel k;(t) € C(R™,Ry) and [°__ kq(t)dt = 1,
(As) there exists L > 0 such that

E|f(t,z) = f(t,y)lI” < LE|z —y||", VieR, =zyeL(QH),

3)

IS}
(NS}

(A4g) there exists a positive constant K such that | f|lcc < CLPKP( and

(Xr, @)’ < (2a)P.

2250065-13
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Theorem 4.1. If f € PAP(R, £P(Q,H), u,v), then

(i) t— fioo w(t,s)f(s)ds € PAP(R, LP(Q,H), p,v).
(i) ¢t [T w(t,s)f(s —7)dW(s) € PAP(R, LP(Q,H), j1, v).

Proof. (i) We know that f € PAP(R, £P(Q2,H), i, v), then it can be decomposed
as f = g+ ® where g € AP(R, £P(Q,H)), and ® € &,(R, £P(Q, H), p, v).

Denote by (Az)(t) = [ __w(t, s)g(s)ds and (Dz)(t) = [*__w(t, s)®(s)ds.

We need to verify that (Az)(t) € AP(R,LP(Q,H)) and (Tx)(t) €
gp(Rv Lp(Qv H)v Hs V)'

e Our first step consists of proving that (Az)(t) and (I'z)(t) are stochastically
continuous.

Let tg € R fixed. Assume that & = s — t + tg, and from Holder’s inequality,
we get

E[[(Az)(t) — (Az)(to) [P

—| [ wttouas— [ wtn oo

to p

_E H/; w(t, o+t — to)g(ar + £ — to)dar — / w(to, $)g(s)ds

— 00

p

< g H / t;[wa,s Tt to) — wlto, s)]g(s + £ — to)]ds

p

soog [ OO w(to,s)lg(s +t — to) — g(s)]ds

=1L +1

to _1
I <2P7'E [/ lw(t, s+t — to) — wlto, )| 7 |lw(t,s+t —to)

— 00

P
(o s)|llgls + 1 - to>||ds}

p—1
p

— 00

<R [(/ (lwt, s+t — o) w(to,snﬂf)v"lds)

S

— 0o

) </ "ttt t0) = uto,s)Flals-+1 - 1) g<s>||)pds) ]
¥ ( / "t t0) - w(t0,5)|d8>p1

— 00
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to
<[ttt to) = w0, ) L Ellg(s + £~ to) — g(s)|Pds

to p—1
< 92p—2 (/ eﬁ(tos)ds)

to
x / lew(t, s+t — to) — wito, s) [Ellg(s + ¢ — to)[Pds

2p—2 1 e o —a(to—s)
< 2% - X e 2R g(s +t — to)||Pds.
a e

1 Let {t,} be a real arbitrary sequence such that ¢, — ¢y as n — +oo. Since g €
2 Be(R, £P(Q,H)), we have, for n large enough, one has

e 20" IE g(s + b, — to) [P < e~ 20~ g|2,.

3 Furthermore,
to
/ em2lo=9| g||B ds < oco.
— 0o
4 In addition,
llw(tn,s +t, —to) — w(to,s)||* = 0, n— +oo.
5 Then, from Lebesgue’s Dominated Convergence Theorem, we get
to
lim lw(tn, s+ tn —to) — w(to, s)||||g(s +t —to)||Pds = 0.
n—-+oo — o
6 Hence,
to
tlil? |w(t, s+t —to) — w(to,s)||||lg(s+t —to)||Pds = 0.
7 For the second integral:

p

I, =2 'E H/_t:o w(to, s)[g(s +t—to) — g(s)]ds

<E| [ bolton )7 olto, )1 lats + 1~ ) — g(s) s

— 00

—1

<E (/t;<||w<to,s>|"f>ﬂds)pp

([ (lw(to, )17 llg(s + —to) — g(s)])"ds T
(/ )|

— 0o
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to p—1
(/ |e—a(to—5)||ds)

to
<[ e Blg(s 4t - to) - g(s) s

— 00

N. Belmabrouk,

IN

1 to
= gr—1 / e 2o E| g(s +t —to) — g(s)|"ds.

Using similar arguments, we obtain

1
to
lim [ e mIE|g(s + ¢ — t) — g(s)|[Pds = 0.
2 Hence
Jim Ef|(Az)(¢) — (Az)(to)|[” = 0.
3 By analogous steps, we verify that (I'z) is also stochastically continuous.
4 e We now prove the almost periodicity of Az. Note that the integral
t
/ w(t, s)g(s)ds
5 is absolutely convergent, and

1
a

H / ; w(t, $)g(s)ds

Since a and g are two almost periodic functions then Ve > 0,31 > 0,Va €

6
7 R, there existsd € [a, a + [] satisfying
e.aP £.a®
supE||g(t 4+ 6) — g(¢)||P < ——,and sup|a(t +0) — a(t)| <
teR 2p teR 2.{glloo
8 In other hand, assume that 0 = s — ¢ and using the same steps developed above,
9 we obtain

E[(Az)(t +8) — (Ax) ()|

t

t+5
/ w(t+6,s)g(s)ds — / w(t, s)g(s)ds

=E

— 00

—00
t p

-E ’/_; w(t+ 6,0+ 0)g(o + 8)do — / w(t, s)g(s)ds

— 00
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=K H/; [w(t+d,s+0) —w(t,s)|g(s + d)ds

p

+[ w(t,s)[g(s+9) — g(s)]ds

¢ P
< 2P1EH/ [w(t+3d,s+ ) —w(t,s)]g(s+I)ds

4o IR H/_; w(t,s)lg(s + ) — g(s)lds||

t P
< 27— 1||g|I2 (/ lw(t +8,s+6) —w(t,s)|ds)

— 00

42771 (/_too w(t, s)ds) "

t
< [l oBlg(s +8) - go)|ds.
1 There exists ¢ € [0,1] such that

E[[(Az)(t +6) — (Ax) ()]

t P
< 2p71||gH€o </ e ;Ig a(r)dr e fs' a(r)drds>

t P
4 op-l </ ef!a<r>drds> x / e S eI (s + 8) — g(s)|[Pds

t
< 217—1 ”gH}go |:/ e—(f: a(r+5)dr+c(f: a(r)dr—f; a(r+46)dr))

« ( / alr + 8)dr — / t a(r)dr) ds]p

t p—1 t
4 2p~1 (/ e_“(t_s)ds) X / e~ =9E| (s + 0) — g(s)||Pds.
2 Using the almost periodicity of a and g, we get
Ell(Az)(t + 6) — (Az)(D)]

! QU A (P s ’
oyl ([ e mtm e (- sas)
. 2ol

t p
4or—le </ e_a(t_s)ds)
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< 2P g||P, =P ——— 4 2P — =
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Page Proof

e It remains to verify that (I'z) € &,(R, £LP(Q, H), u, v). First, we have

1 r )
o [ Bl P

P

IN

From Holder’s inequality and Fubini’s theorem, we get

1 r »
e / Bl Ot

<oy [ ([ )
X <‘/_OO e

1 1

1

t —a(r)dr
I En@(s)wds) dpt)

IN

aP~t v([=r,7])

1

IN
2

1

IN

aP

Let v =t — 5. Then we obtain

s [ Bl

du(t)

ﬁf_r [E/_Oo ||w(t»3)‘1’(8)||dsrdu(t).

[ [ e pasdu)
- ' s)e~at=9) s)||Pds
o [ e S B () Pdsdu()

e | 11w B 0 Pdu(e)ds.

+o0 e—av .
= gpl—l/o m/ E||®(t — v)||Pdu(t)dv.

T

v([=rr]) J-
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Since @ € &,(R, £P(Q, H), 1, v) which is translation invariant, and from Lebesgue’s
dominated convergence theorem, we deduce that

in_——— [ B0 duco)

r—+oo v([—r,7])

1 +oo 1 r
< S T Bt — )P
- prl/o (6 rll,riloo v([=r,7]) /_TE” (t U)H dﬂ(t)) dv
=0.

Thus, (T'z)(t) € & (R, LP(Q, H), i, v). Finally, (i) holds.
(ii) Since f € PAP(R, LP(Q,H), i, v), then it can be written as f = © + ¢
where © € AP(R, £P(Q,H)), and ¢ € §,(R, £LP(Q,H), p, v).
Let S1z(t) = fioo w(t,s)O(s—7)dW (t) and Sz (t) = fioo w(t, s)p(s—7)dW (t). We
must demonstrate that S1z € AP(R, £LP(Q,H)) and Sax € &,(R, LP(Q,H), p, v).
ee On the first time, we verify that (Syz)(t) is stochastically continuous, we
take an arbitrary number tg € R. Let a« = s — t + tp, then we obtain

E[[(Si12)(t) = (S1z)(to)[I

EH/ w(t, $)O(s — 7AW (s)

P

—/_ w(to, $)O(s — 7)dW (s)

to
:EH/ w(t, a4+t —t0)O(a +t — to — 7)dW (a 4 t — tg)

p

7/70 w(to, $)O(s — 7)dW (s)

Suppose that
W(Oé) = W(OZ +1— to) - W(t - to).

We note that W and W are two Wiener processes and have the same distribution.
Using Lemma Ml we obtain

E[[(S12)(t) = (S1) (o) |”

=E H/t:o w(t, o+t —t0)O(a +t — to — 7)dW (a)

P

7/_0 w(to, $)O(s — 7)dW (s)
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to —~
—E H/ w(t, o+t —t0)O(a+t — to — 7)dW (a)

p

7/0 w(to, s)O(s — 7)dW (s)

—00
p

<2/ 'E H/ [w(t, s+t — to) — wlte, s)]O(s + t — to — 7)]dW (s)

vy

+2r- 1R H/_; w(ty,s)[O(s +t —tg—7) — O(s — 7)]dW (s)

< 2P1CE U lw(t,s 4+t —to) —w(to,s)||*|O(s +t -ty — T)|2ds]

N

to

[w(to, s)[*1©(s + —to — ) — O(s — T)IIQdS}

+2P71C,E U
=L+ 1.

From Holder’s inequality, we get
to —
I, <2P7'C,E (/ lw(t, s+t —to) — w(to, s)||272|\w(t, s+t—tp)

— 00

— w(to, s)||% X |©(s+t—tg— T)||2d8)

to _ » P
<2 GE| ([ (hutts +1 - 10) ~ wlto, )27 205 )

— 00

2

X (/t (lw(t, s+t —to) — wito, s)[[*[O(s +t — to — T)||2)§ds)

to %2
<2770, ( / eQE(t"S)ds)
to
X / [|w(t, s+t —tg) —w(to, 5)||2EH@(5 +t—to—7)||Pds
p—2 t

1 2 0
< 22P73(, (2—) X / e 20to=)EO(s 4+t — tog — 7)||Pds.
a .

Let {t,} be a real arbitrary sequence such that ¢, — to as n — +oo. Since © €
Be (R, £P(Q,H)), we have, for n large enough one has
e 20RO (s + t, — to — 7)[[P < el |02,
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1 Furthermore,
to
/ e~ 2ato=5)|9||P_ds < oo.
— 00
2 In addition,
llw(tn, s+ t, —to) —w(to,s)||> =0, n— +oo.
3 Then, from Lebesgue’s Dominated Convergence Theorem, we get
to
lim llw(tn, s+t — to) — w(to, s)||*|©O(s +t — to — 7)||Pds = 0.
n—-4o0o PN
4 Hence,
to
tlir? llw(t,s 4+t —to) —w(to, s)||*|O(s +t —ty — 7)||Pds = 0.
5 Next, we have to evaluate I5.
1 fo 2.=2 4
B2 CGE( [ utte )l Jutto, o)
— 00

x[|O(s+t—tg—7) —O(s — 7')|2ds>

to s » e
<27 | ([ utto, o)1) #2as)

— 00

SIS
Nl

([t 166 4110 -7 - 00—l s

— 00

to prz
< 2p710p </ eQﬂ(t"s)ds)

to
></ e 200" IE|O(s +t — tg — 7) — O(s — 7)|[ds

— t()
< 2710, (20) " / e 200 |Q(s 4t — tg — 7) — O(s — 7)||Pds.

— 0o

6 By the similar arguments as above, we obtain

to
lim e 220=IE|Q(s 4+t — tg — 7) — O(s — 7)||Pds = 0.

t—to | o
7 Therefore,
lim Ef|(S12)(2) — (S1z)(to)[* = 0.
8 In this way, we have shown that (Syx)(t) is stochastically continuous. By an anal-
9 ogous argument, we verify that (Syz)(¢) is also continuous.

2250065-21



Page Proof

April 22, 2022 15:32 WSPC S51793-5245 242-1JB 2250065

N. Belmabrouk, M. Damak € M. Miraoui

1 ee We know that © € AP(R, £P(Q2,H)) and a € AP(R,R,). So, Ve > 0,31 >
2 0,Va € R,30 € [a, o + ] satisfying

supE||©O(t +9) —O@)||” <e and supla(t+9) —a(t)| <e.
teR teR

3 Let 0 = s — 6, and W (o) = W (o + 6) — W(6). From Lemma [l we obtain

El[(S12)(t + 6) = (Siz) (D)7

t P

t+5
/ w(t+0,5)0(s — 7)dW(s) — / w(t, $)O(s — 7)dW (s)

— 0o — 00

=E

:IEH/_toow(t+6,o+6)@(o+§—7)dW(o+6)

p

—/_ w(t, $)O(s — 7)dW (s)

_E H/; w(t + 5,0 +8)O(0 + 6 — 7)dIW (o)

p

—1 w(t, $)0(s — 7)dIi (s)

|

‘ 2
<2 1C,E U lo(t + 6.5+ 8) — w(t, s)[* (s + - T”'st}

vl

+2710E Ut Jw(t, s)]|2]|©(s + 6 — 1) — O(s — T)|2ds}

— 0o

p=2

2

t
<o-ig, (/ lw(t+ 6,5+ 6) — w(t, s)|2ds)

t
X / llw(t +6,s+0) —w(t,s)||*E|O(s + 6 — 7)||Pds

t 2
+2p710p (/ ||w(t,s)|2ds>

x/ llw(t,s)||*.E|O(s + 8 —7) — O(s — 7)||Pds

— 00

t 5
<210, 0|z ( | ute+ s +6)- w(t,s>|2ds)

— 00
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t P2
Lorlg, (/ |w(t,s)||2ds>

X / Hw(t,5)||2.IE||®(3+577') —O(s —71)|Pds.

— 00

Using similar steps as above and the almost periodicity of a and ©, we deduce there
2 exists ¢ € [0,1] such that

E[[(Az)(t +6) — (Ax) ()]

t
< 2pilcpl|®”€OE l/ 672(1’; a(r+8)dr+c(f! a(r)dr— [T a(r+8)dr))

— 00

([ oo [ a@dr)zdS]

t n2

2
+2r71C, (/ ezﬂ(ts)ds)

t
x [ et mles 5 1) - (s - n)lpds

P
2

1 1 1

< 2P710, |88, = ——.e” + 2P7C,

> P” Hoo2% (Q)p e’ + p(2g)§€

vz, (O05 1

S 22 Cp ( Qp + _—g g
3 Consequently, (S1x)(t) is almost periodic.
4 ee In order to complete the proof we still have to show the (u, v)-ergodicity of
5 (S2z)(t). By Lemmaldl we get

1 " »
mlrE||52$(f)|\ dp(t)

du(t)

<oy [ B[ Tutes)ets - nlias] )

T

6 From Holder’s inequality and Fubini’s theorem, we infer that

1 " P
— / E||(S22)(1)|[Pdpu(t)

—Tr

-2

<G | (/w ||w<t,s>|2ds)p7
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x / lw(t, )| Ellp(s — 7)|Pdsdp(t)

<G [ ([e)”

([ mets — s )ty

L s e~ 2a(t—s) s —7)||Pds
==/ /. Ellp(s — 7)l1Pdsdu)

1
)
<G, )1p2 -V([ilr a ‘/_T ‘/R1]*oo,t](S)e_QQ(t—s)EHSp(S — T)HPCZSCZ,M(t)
1
)

1 " —2a(t—s
S L B o) Bl — (s
1 Let v =t — 5. Then we obtain

o [ Bl

1 +o00o 672&1} T »
< CPW/O m/ E|lp(t —v—7)||Pdu(t)dv.

T

2 Add to that, we have

672@; /T
Rt - v - T)Ipdu(t)‘ < =20 ]l
o )

3 Since, ¢ € & (R,H, 1, v) which is translation invariant, and from the Lebesgue
4 dominated convergence theorem, we deduce that

tn ——— " EJ|(S22) ()P dia(t)

e W=rl)

1 e —2av
<Cp——= e ¢
(2a) = Jo

1 T
X lim 7/ E|lo(t — v, z(t — v — 7)||Pdu(t)dv

r=oe v(or]) ),

5 which completes the proof. O
6 Lemma 5. If f,g € PAP(R, LP(Q),H), u,v), then fx g € PAP(R, £P(Q,H), u,v).
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Stochastic Nicholson’s blowflies model with delays

Proof. By definition of (i, v)-almost periodic functions, f = f1 + f2, g = g1 + 92
where f1, fo € AP(R, £P(Q,H)) and fa, g2 € §,(R, LP(Q, H), i, v). Evidently,

fg=fig1 + fi92 + fo91 + f292.

In order to demonstrate the almost periodicity of f; g1, we need only to invest similar
arguments to those in [8, Lemma 2] with the function ¢ — E|| f(¢)||?. Moreover, by
the (u, v)-ergodicity of functions fy and go

m — / E|l frga(t) + faga(6) + Faga())|Pdu(t)

()
3=l 7 )
o vl B 0]
+ oI 2017 + 2l Ellg2(0)|71de)

=0 asr— +oo. O
Lemma 6. If (Hz), (A4) hold and z(.) € PAP(R, £P(Q,H), u, v), then

t—>/ 2(t + s)ds € PAP(R, L7 (9, H), ju, v).

Proof. Since x € PAP(R, £LP(Q2, H), 1, V), then there exist 21 € AP(R, £P(Q, H))
and x5 € 5p(R LP(Q,H), 1, v) such that z = @1 + z2. Let ¢(t) = [°_ k(s)z1(t +

s)ds + f (8)x1(t + 8)ds = 11 (t) + ¥2(t). We can prove the almost periodicity
of Y along the direction of the proof of [I, Lemma 4.3] where we take the Banach
space LP(2,H) equipped with the norm || zr(om). Next, we have to show the
(1, v)-ergodicity of ¢9. From Holder’s inequality and Fubini’s theorem, we get

ﬁ / :Ell(wz)(f)lpdu(f)
< ﬁ/ [E/muc( Ja <t+s>||dsrdu<t>.
< [ (o)

. ( / OOO B Ella(t + s>||pds) au(t)

p
< e [ OBl s
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< ! ! ' 1 k(s)E||x(t Pdsdu(t
_F~m e ]—oo,O](S) (8)El[z(t + s)||Pdsdpu(t)
)
< — 1i_o.01(8)k(S)E||z(t + s)||Pdu(t)ds
o L e k@B + 8 Pdute)

g/ ﬂ/ El|2(t + s)|Pdu(t)ds.

—o0 y([—’r, T]) —r

Moreover, we have

GO R T o)llz?
s [ Bllate 4 (0] < ko)l

Since = € &,(R, £P(Q, H), 1, ) which is translation invariant, and from Lebesgue’s
dominated convergence theorem, we deduce that

I " EJ|(2) ()P dia(t)

r—+oo v([—r,1])

<[ m (k) 1 [ Blate+ )Pt ) s
=0.

Thus, ¥2(t) € & (R, LP(Q,H), p, v). |

Theorem 4.2. Let p,v € M satisfy (Hy) and (Hg). If the conditions (A1)—(As)
are met then

(1) There exists a unique (u,v)-pseudo almost periodic solution x(t) of Nichol-
son’s blowflies model with infinite delays ([Il) in the region T* = {x €
PAPR, £P(Q,H), u,v),Ellz(t)||P < KP, t € R}.

(2) The solution x(t) in the region T* is exponentially stable.

Proof. We define the nonlinear operator F' in T

Fz(t) = / w(t, $)hy(s)ds —|—/ w(t, s)f(s —7)dW(s)

— 00 — 00

= le(t) + F2$(t),

where h,(s) = S, ai(s)z(s — mi(s))e P Joc Fa(rya(strydr g

1=
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1 Step 1. We will show that F' is self-mapping from T to T™.
P

E||Fz(t)||” < 2p1EH/O: w(t, $)hy(s)ds

p

#2718 | [t sl - )i

< 2271R; 4 Ry).

2 From Holder’s inequality, we get

m p

t
/ w(t, s) Z a;(s)x(s — Ti(s))efﬁi(s) J2 o ka(ra(s+rydr g o

o0 i=1
p
ds]

.

[t ot )1

— 00

R <E

<E

w(t, s) a;(s)x(s — 71(s))

<E

AN
L— |
P
3
™
|
2
-
|
N
<Y
@
—_
3
L
I
8
o
|
2
i~
|
N
&=

IN

1 (&

il v P

" (Z ozl> KP.

= \i=1

3 Similarly, using Lemma [ and Holder’s inequality, we have
P

fo= 5| [t ssals = mpaw )

<z f e, )Pl (s, (s — T>>|2ds]p/2

— 00

p—2

t 2 t
<c, [/ e@““] [ el s~ I

p—2

1 21
— — p

1\ %
<6 (5) Il

4 By (Ag), one has

IN

P

m p 5
1 1Y>
E|Fx(t)|” <207 — (Z a) KP +2071C, <%> 1fII% < KP.
- =1
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Now, we will prove that Fiz(t) = fi w(t,s) > ai(s)z(s — 7i(s))
e P Lo kima(stndrge ¢ PAP(R, £P(Q,H), 1, v).

According to Theorem 24 z(. — 7) € PAP(R, £7(Q, H), u,v) V7 € R. Using

Lemma [0 and the fact that (z +— e~%) is Lipschitzian, then by Theorem B.4], we
have

t'_)zaz t—TZ )) t)ft ki(s)z(t+s)ds

x belongs to PAP(R, £P(Q, H), u, v).
Va,y € T* we have
Ell(Fz)(t) — (Fy)@)[”

IEH/ w(t, s) ds+/t w( (s — 7))dW (s)

[ s /;w S, u(s )W (s

—]EH/ w(t, $)[ha () — hy (s)]ds

p

p

n / wit, $)[f (s, 2(s — 7)) — F(s,y(s — )W (s)

P

<[ ; w(t, $)([ha(s) — hy(s))ds

P

forIE H / ; w(t, $)[f(s,2(s 7)) — Fls,y(s — )W (s)

=2~ (F' + F?).

x|/ ; w(t, e (s) — hy(s))ds

(/. |w<t,s>||ds)p_1

></ [w(t, s)I|-E[|[hz(s) = hy(s)][[Pds

— 00

aP—

[ e B () - )P
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Moreover, ¥V u,v € [0, +o0c[ we have |e* — e”| < |u — v|, so we have

E[[[ha(s) = hy ()7

D au(s)fals —mils))e O e Bl

i=1

=E

p

—y(s — 7i(s))e ) [ 2o Ri()y(sr)dr)

m

Z i (8)[(z(s — 75(s)) — y(s — 1(s)))e P SO o ki(r)x(s+r)dr

=1

=E

P
+ y(S - Ti(S))(B_Bi(S) ffm ki(r)x(s+r)dr B_Bi(s) ffm ki(r)y(s-&-r)dr)]

<
i=1

m p
> aillzr = ylloo(1 + Kﬁi)] :

Then

)

p

= yll%-

F1 < Qip [Zdi(l+KBi)

i=1

Second, using Lemma [ Holder theorem and (Asj), we get

P

B | [ wltl7Gsals =7 Fals = )l

<G (/m (. 5)(£ 5,5 = 7)) = £ (5, (s — T>>]|l2d5) E

p—2

<C, (/t 622(t5)ds> N
t
« / =22 f(s,2(s — 7)) — f(s,y(s — 7)) |"ds

<G,

1
- ) — ot — )P
) Litel]gEHx(t )=yt —7)|".

Consequently,

p—1 m ~ p p;2
E||(Fx)(t) - (Fy)(®)]” < hp ( ozl-<1+m>> + G,

[l = yll%-

Then, F is a contracting operator in 7. Consequently, by the fixed point theorem,
there exists a unique (p, v)-almost periodic solution x(t) of Eq. (1)) in T*. Let y(t)
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1 be a solution of Eq. ([T with an initial condition y(t9) = yo, we prove that all
2 solutions converge exponentially to the (u, v)-pseudo almost periodic solution x(t).

Eljz(t) —y(®)["

< 3p—1e—pg(t—to)E”$0 _ yoHp 431

apb~1

. /t e~ =E||[hy (5) — hy (s)]|[Pds
1

(20)"2"
< [ e IE f(s,n(s - 7)) = Flsyls — ) Pds

to

+37710,.

< 3p—1e—pg(t—to)E”$0 _ yoHp

m p
1 -1
p—1 P L
+3 Qp_l.lg a; <1+Kﬂla>]

i=1

% / e IR [z(s — 75(s)) — y(s — 7i(s))]||Pds

to

1 t
+IC L / 722 =)E g (s — 7) — y(s — 7)|Pds.

(22 2 to

3 Put E|jv(t)||P = E||z(t) — y(t)||PeP2. According to the Gronwall-Bellman lemma,
4 we obtain

Efl(t) —y(@®)”

_ -1
< 3P|y — gol[Pel DT ORI S KB S Lleto)

5 The unique (p,v)-pseudo almost periodic solution of (1) z(¢) is exponentially
6 stable. O
7 5. Example
8 Consider the following stochastic Nicholson’s blowflies model with a harvesting
9 term:
dz(t) = | —(94 cos® t)x(t) + (sint + sin 27v/2t + e~ 1)z (t — sin V/3t)
« 67(1+\sin \/§t\+ef‘”)ffoo 2¢2( sz (t49) g g
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|
b A1 4 ]iju
. .:'I .r{h! ) l'!,hl.ﬁ.J g '.r.rr'I .
A G
1 | | AT ."‘-.5
) i

B 1 r'q
j |

o

T T T T
000 0.25 050 075 100 125 150 175 200

Fig. 1. Double measure pseudo almost periodic solution of stochastic Nicholson’s blowflies

model (EI)).

in27t +sinv2t 1
. (W . 5e—t|> o(t — sin VIT!)

_ sin v/ —Itly o 3(s— sz (t+s)
« e (14 sin V11t|+e NS2 . 3e ds‘| dt

cos? t)|sin
- ((23+ 300S)I t] +e—t|) 2(t — e)dw(t). (5.1)

1 Suppose that p is a positive measure, where its Randon-Nikodym derivative is

{exp(t) if t <0,

5.2
1 if t >0, (5:2)

p(t) =

2 and v is the Lebesgue measure. Then from [6] p and v satisfy (Hy) and (Hs).

3 From Theorem 2] we deduce that Eq. (&) has a unique (y,v)-pseudo almost

4 periodic solution in 7™, where T/S:
Change
Figure 1: to
Fig. 1. in the
caption.

T* = {z € PAP(R, LP(Q, H), u,v),E||lz(t)||P < €3, t € R}.
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