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Limaçon-shaped microdisk lasers are promising on-chip light sources with low lasing threshold
and unidirectional output. We conduct an experimental study on the lasing dynamics of Limaçon-
shaped semiconductor microcavities. The edge emission exhibits intensity fluctuations over a wide
range of spatial and temporal scales. They result from multiple dynamic processes with different
origins and occurring on different spatio-temporal scales. The dominant process is an alternate
oscillation between two output beams with a period as short as a few nanoseconds.

Dielectric microdisk cavities are widely exploited for
modern optoelectronic devices due to their strong con-
finement of light by total internal reflection. Long pho-
ton lifetimes in circular disks lead to high quality (Q) fac-
tors and low lasing thresholds, but the isotropic emission
results in poor collection efficiency [1]. Directional out-
put and improved light extraction can be achieved with
deformed disks [1–3]. Among the microdisk geometries
that have been explored, the Limaçon cavity has the ad-
vantage of combining unidirectional emission and high-Q
factor [4]. There have been many experimental and theo-
retical studies of the far-field emission pattern [5–13] and
the mechanism for the formation of high-Q resonances in
the Limaçon-shaped microcavities in which the classical
ray dynamics is predominantly chaotic [14–16]. However,
most of these studies are focused on the static properties
of cavity resonances and steady-state lasing emission.

Despite the potential of the Limaçon-shaped microdisk
laser as a highly efficient on-chip light source, its tempo-
ral dynamics has not yet been studied. For edge-emitting
semiconductor lasers, the resonator geometry can have a
profound impact on the lasing dynamics [17, 18]. Care-
fully designed cavity shapes for semiconductor quantum-
well lasers can suppress the intrinsic spatio-temporal in-
stabilities [19–21] and control the nonlinear light-matter
interactions [22].

In this work, we experimentally investigate the spatio-
temporal dynamics of Limaçon-shaped microdisk lasers.
We observe highly multimode lasing under electrical
pumping of a GaAs quantum-well. The interactions of
many lasing modes and the gain material result in mul-
tiple dynamic processes such as anti-phase oscillations,
temporal instabilities, and spatio-temporal mode beat-
ing. These processes have distinct spatial and tempo-
ral scales and coexist in a single cavity. Among them,
the dominant process in the Limaçon laser is the anti-
correlated oscillation of two output beams, with oscilla-
tion periods as short as a few nanoseconds. For compar-

∗ hui.cao@yale.edu

ison, the lasing dynamics in an elliptic microcavity with
integrable ray dynamics is dominated by filament-like in-
stabilities.

The Limaçon boundary is given in polar coordinates by
r(θ) = R(1 + ε cos θ), where R is the radius and ε is the
deformation parameter. We choose ε = 0.42 to obtain
high-Q modes in a GaAs microdisk with unidirectional
output [4–6]. Figure 1(a) is the scanning electron micro-
scope (SEM) image of a Limaçon-shaped disk with R =
86 µm. It is fabricated with a commercial GaAs/AlGaAs
quantum-well wafer (Q-Photonics QEWLD-808) by pho-
tolithography and inductively coupled plasma etching
[21]. Top and bottom metal contacts are deposited for
electric current injection (See Supplement).

In spite of chaotic ray dynamics in the Limaçon cav-
ity, high-Q modes can be formed by scarring on unstable
periodic orbits and dynamic localization [4, 7, 14]. Fig-
ure 1(b) shows the spatial intensity distribution of a high-
Q mode, obtained by numerical simulation of a Limaçon
disk with R = 8.6 µm. Similar to the whispering gallery
(WG) modes in a circular cavity, the high-Q resonance
stays close to the Limaçon cavity boundary but has a
more complex structure due to the chaotic ray dynam-
ics. In phase space, the high-Q modes are concentrated
in the region confined by total internal reflection, leading
to long lifetimes. Eventually, light will reach the leaky
region with an incident angle on the boundary below the
critical angle. As light leaves the cavity via refraction,
the escape route is dictated by the unstable manifolds of
the chaotic saddle in phase space, producing two output
beams in a single direction, as shown in Fig. 1(b).

To investigate the effect of ray dynamics on lasing dy-
namics, we fabricate elliptic microdisks with integrable
ray dynamics on the same wafer. Figure 1(c) shows an
elliptic disk with the major (minor) axis length b = 254
µm (a = b/2 = 127 µm). Its area is identical to that
of the Limaçon disk. The high-Q resonances in an ellip-
tic cavity are whispering-gallery modes formed by total
internal reflection [23–25]. Figure 1(d) shows the spatial
distribution of a high-Q resonance obtained by numerical
simulation of an elliptic disk with a = 12.7 µm and b =
25.4 µm. It is a WG mode with well-defined radial and

ar
X

iv
:2

21
1.

00
20

3v
1 

 [
ph

ys
ic

s.
op

tic
s]

  1
 N

ov
 2

02
2

mailto:hui.cao@yale.edu


2

50 μm

50 μm

0

10-2

O
ut

si
de

 fi
el

d 
am

pl
itu

de

0 1

(a) (b)

(c) (d)

0

10-5

O
ut

si
de

 fi
el

d 
am

pl
itu

de

Inside field amplitude

5 μm

5 μm

FIG. 1. Semiconductor microdisk lasers. (a,c) SEM images of
Limaçon-shaped (a) and elliptic (c) microdisks. The yellow
area represents the top metal contact for the current injection.
(b,d) Numerically calculated high-Q modes in both cavities.
They concentrate near the cavity boundaries, and total inter-
nal reflection leads to strong optical confinement. The mode
in the Limaçon cavity (b) has two major output beams in
the same direction. In the elliptic cavity (d), evanescent tun-
neling is strongest at the points with the smallest radius of
curvature, producing four output beams in two directions.

azimuthal quantum numbers. Light leaks via tunneling
at the curved boundary. The tunneling rate is highest at
the smallest radius of curvature. Thus, the emission is
strongest at the two vertices [Fig. 1(d)], leading to four
output beams in two opposite directions.

We achieve lasing of both Limaçon and elliptic mi-
crodisks at room temperature by electrical pumping. To
reduce heating, the electric current pulses are only 2 µs
long (See Supplement). The lasing threshold current is
80 mA for both Limaçon and elliptic cavities. Below we
present data taken at a pump current of 500 mA. Figure 2
(right panels) shows the time-integrated emission spec-
tra centered at wavelength 805 nm. For both Limaçon
and elliptic microdisk lasers, the emission spectra contain
many peaks, indicating highly multimode lasing. The left
panels of Fig. 2 are time-gated emission spectra measured
by an intensified CCD camera. Due to the heating effect,
the lasing spectra redshift, and some existing peaks dis-
appear while new ones appear. Spectral decorrelation
occurs on the time scale of 30-40 ns (See Supplement).
The lasing spectra contain multiple peaks at any mo-
ment, confirming simultaneous lasing of multiple modes
in both Limaçon and elliptic cavities.

Next, we study the spatio-temporal dynamics of laser
emission using a streak camera (See Supplement). Fig-

ure 3(a) shows the time-resolved near-field intensity pro-
file of a Limaçon-shaped microdisk laser. It features two
dominant output beams, as expected from the output of
high-Q modes [Fig. 1(b)]. Both beam intensities fluctu-
ate in time on multiple scales. The time traces (inset)
reveal rapid oscillations on top of a slow-varying back-
ground. Within the first 5 ns time window, the beams
at x > 0 is stronger than the other beam at x < 0, but
in the next 5 ns, the x < 0 beam becomes stronger than
the x > 0 beam.

To separate dynamic processes of different spatio-
temporal scales, we perform a singular value decompo-
sition (SVD) (equivalent to a Karhunen-Loeve decompo-
sition [26]) of the measured intensity fluctuations. From
the streak image I(x, t), we compute the intensity fluc-
tuation δI(x, t) = I(x, t) − 〈I(x, t)〉t after normalizing
〈I(x, t)〉x,t = 1. The SVD of δI(x, t) yields the decompo-
sition δI(x, t) =

∑
α sαuα(x)vα(t), where sα is the sin-

gular value, and uα(x) and vα(t) denote spatial and tem-
poral singular vectors, respectively. The singular value
represents the contribution of the corresponding singular
vector to the intensity fluctuation. The lower the index
α, the larger the singular value sα, and the more domi-
nant the singular vector uα(x)vα(t). Each singular vector
has its own characteristic scales in space and time. The
spatial scale is given by the correlation length lα, which
is defined as the full-width-at-half-maximum (FWHM)
of the spatial correlation function for uα(x) [21]. Corre-
spondingly, the temporal scale is the correlation time τα
given by the FWHM of the temporal correlation function
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FIG. 2. Highly multimode lasing in Limaçon and elliptic mi-
crodisks. Left panels: time-resolved emission spectra reveal
multimode lasing in both Limaçon (a) and elliptic (b) cavities
at any time during 2 µs long pulses. The spectrum redshifts
and lasing peaks change over time due to heating. Right pan-
els: time-integrated spectra exhibiting many lasing peaks.
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FIG. 3. Spatio-temporal dynamics of lasing in a Limaçon-
shaped microcavity. (a) Spatio-temporal distribution of near-
field emission intensity measured by a streak camera with
a temporal resolution of about 30 ps. Solid lines represent
the intensity traces of the two output beams. (b) Correla-
tion length vs. correlation time of individual singular vectors
constituting the emission pattern in (a). The magnitude of
their singular values sα is indicated by color. (c) Four spatio-
temporal singular vectors with distinct spatio-temporal scales
marked by i-iv in (b). i: anti-correlated oscillations of two
output beams (α = 1). ii: spatial filaments and irregular pul-
sations (α = 2). iii: spatio-temporal beating of lasing modes
(α = 45). iv: photo-detection noise (α = 300).

for vα(t).

The SVD effectively separates a variety of spatial and
temporal scales of the laser intensity fluctuations. As
shown in Fig. 3(b), the singular vectors feature a wide
range of correlation times τα and lengths lα. The most
dominant singular vector is denoted as (i). It has τi
= 3.1 ns and li = 17 µm, which are much larger than
the spatial and temporal scales of other singular vec-
tors. The corresponding singular vector ui(x)vi(t) ex-
hibits anti-correlated intensity oscillations of two output
beams.

The next dominant singular vector (ii) displays more
rapid fluctuations in space and time. It has τii = 0.13 ns
and lii = 2.8 µm. The two major output beams break
into finer streaks of a few microns, resembling filaments
in an edge-emitting semiconductor laser [21]. The sub-
nanosecond fluctuation time is very similar to that of
irregular pulsations induced by filamentation in a GaAs
quantum-well lasesr [19, 27, 28]. Such spatio-temporal

dynamics is therefore attributed to lasing instabilities
caused by nonlinear light-matter interaction.

The majority of singular vectors have even shorter
spatial and temporal scales. Since their singular values
are small, individual contributions to intensity fluctua-
tions are weak. We show two examples, (iii) and (iv) in
Fig. 3(c). The spatial profile of the singular vector (iii)
resembles the emission pattern of the Limaçon with two
output beams, thus it originates from lasing emission. Its
τiii and liii are 33 ps and 0.72 µm, close to the temporal
and spatial resolution of our photo-detection system. Ac-
cording to our previous studies [20], the spatio-temporal
profile of (iii) results from the interference of multiple las-
ing modes in space and time. Lastly, the singular vector
(iv) spreads uniformly over the entire spatio-temporal
domain of detection and has the correlation scales of
a single camera pixel. Hence, it corresponds to photo-
detection noise [21].

Figure 3 illustrates the SVD is a powerful tool for
analyzing spatio-temporal processes of different origins.
However, the singular vectors in Fig. 3(b) are extracted
from a single 10 ns long streak image. A lot more sam-
pling is needed for a statistical analysis of the overall
lasing dynamics. To this end, we perform the SVD of
many streak images taken with multiple devices. Within
a 2 µs long pump pulse, 161 consecutive 10 ns long streak
images are taken from 0.3 to 1.9 µs. The measurements
are repeated with five cavities of the same geometry fab-
ricated on the same wafer. We perform the SVD of
161 × 5 = 805 streak images in total and combine the
results.

Figure 4(a) shows correlation times τα and correlation
lengths lα of all singular vectors of five Limaçon-shaped
microdisk lasers. The color denotes the magnitude of sin-
gular value sα. The singular vectors can be classified into
four categories, as represented by (i) - (iv) in Fig. 3(c).
The singular vectors with the largest sα have τα of a few
nanoseconds and lα from a few to tens of micrometers.
Their spatio-temporal profiles resemble the singular vec-
tor (i) in Fig. 3. In addition, a small number of singular
vectors with sub-nanosecond τα have large singular val-
ues, and their profiles are similar to the singular vector
(ii) in Fig. 3.

For comparison, we repeat the spatio-temporal mea-
surement and SVD analysis with five elliptic microdisk
lasers [Fig. 1(c)]. In contrast to the case of Limaçon-
shaped microlasers, the strongest singular vectors belong
to category (ii) with τα of sub-nanoseconds and lα of a
few micrometers as shown in Fig. 4(b). They result from
filament-like spatio-temporal instabilities, which domi-
nate the lasing dynamics in elliptic cavities. Comparison
to Limaçon-shaped lasers reveals an order-of-magnitude
difference in the most-significant spatial and temporal
scales of emission intensity fluctuations, illustrating the
profound impact of cavity geometry on lasing dynamics.

To further characterize the dominant dynamic process
in Limaçon-shaped microdisk lasers, we investigate the
correlation of intensity oscillations between the two out-
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FIG. 4. Statistical analysis of spatio-temporal scales of lasing
intensity fluctuations. (a, b) Spatial and temporal correlation
widths of all singular vectors for emission intensity fluctua-
tions of five Limaçon-shaped (a) and elliptic (b) microdisk
lasers. The vectors with large singular values (in red color)
concentrate at a few nanoseconds for Limaçon cavities, and
around 0.1 ns for elliptic cavities. (c, d) Correlation Aα of
temporal fluctuations of emission intensities between x > 0
and x < 0 of individual singular vectors. In Limaçon-shaped
microcavity lasers, the most dominant dynamics feature anti-
correlated intensity fluctuations around a few nanoseconds,
which are absent in elliptic lasers.

put beams. For individual spatio-temporal singular vec-
tors uα(x) vα(t), temporal variations at different loca-
tions are either in phase or out of phase, leading to pos-
itive or negative correlations. We introduce the correla-
tion for the α-th singular vector as

Aα =
〈[uα(x)− 〈uα(x)〉][uα(−x)− 〈uα(−x)〉]〉√
〈[uα(x)− 〈uα(x)〉]2〉〈[uα(−x)− 〈uα(−x)〉]2〉

,

(1)
where 〈· · · 〉 denotes the spatial average over x > 0 only.
Figure 4(c) shows Aα for singular vectors of Limaçon mi-
crodisk lasers. The most significant singular vectors with
τα >∼ 1 ns mostly have negative correlations Aα < 0, man-
ifesting anti-phase oscillations between the two output
beams from Limaçon cavities. In the elliptic microdisk
lasers, however, the singular vectors of similar τα do not
exhibit any bias towards negative correlations, indicat-
ing the absence of alternate oscillations between output
beams.

We attribute the anti-correlated oscillations of the
Limaçon lasers to temporal beating of nearly degenerate
modes. These modes interact nonlinearly through the
gain medium, leading to their phase locking [17, 18, 29,
30]. When two lasing modes with slightly different fre-
quencies and different mirror symmetry are phase-locked,
their temporal beating causes anti-phased intensity oscil-
lations of the output beams. The oscillation period is on

the order of a few nanoseconds, which is much shorter
than that of >∼ 100 ns in quasi-stadium cavities [17, 18].
To check whether anti-phase oscillations also occur with
a longer period in Limaçon cavities, we increase the time
window of a streak image from 10 ns to 50 ns. The SVD
analysis reveals alternate oscillations with period ≥ 10 ns
(See Supplement). On even longer time scales, thermal
effects become dominant, turning on or off lasing modes
(Fig. 2).

Compared to Limaçon microdisk lasers, sub-
nanosecond intensity fluctuations due to filament-like
instabilities are more pronounced in elliptic cavities.
One possible explanation is that WG modes in an elliptic
cavity have a well-defined direction of propagation along
the boundary. A small transverse wavevector (perpen-
dicular to the local propagation direction) corresponds
to a large transverse wavelength. Intensity variation on
such length scales can induce lensing and self-focusing
via carrier-induced index changes, which lead to filamen-
tation and instability [19]. In contrast, the chaotic ray
dynamics in the Limaçon cavity broadens the angular
range of local propagation directions in a lasing mode,
creating a more disordered intensity distribution. The
decrease of transverse wavelength weakens the lensing
effect, thus reducing filament-like lasing instabilities.

To summarize, we demonstrate the coexistence of mul-
tiple dynamic processes with distinct spatio-temporal
scales in semiconductor microdisk lasers. The dominant
process in a Limaçon-shape cavity is alternate oscilla-
tions between two output beams. In an elliptic cavity,
filament-like instabilities dominate the lasing dynamics.
Theoretical studies are needed to understand better how
microcavity geometry and ray dynamics influence the las-
ing dynamics and how different dynamical processes af-
fect each other. An in-depth understanding will pave the
way for using the microcavity shape to control the lasing
dynamics.
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SUPPLEMENTARY MATERIAL

Device fabrication and testing

The microdisk lasers are fabricated on a commer-
cial GaAs/AlGaAs quantum-well wafer (Q-Photonics
QEWLD-808) by photolithography and inductively cou-
pled plasma etching. The etch depth is about 3.5 µm
[19]. Top and bottom metal contacts are deposited for
electric current injection. The top contact boundary is
receded 6 µm from the disk edge to avoid it hanging down
and blocking emission from the sidewall [21].

The semiconductor lasers are mounted on a copper
mount. A tungsten needle (Quater Research H-20242)
is placed on the top metal contact for electric current in-
jection. The current is provided by a laser diode driver
(DEI Scientific PCX-7401). To reduce heating, the elec-
tric current is injected with a pulse length of 2 µs at a
repetition rate of less than 1 Hz.

The emission from the edge of a semiconductor disk
laser is collected by an objective lens (20×, NA 0.4) and
directed to an imaging spectrometer (Acton SP300i) with
an intensified CCD camera (ICCD, Andor iStar DH312T-
18U-73). To measure the time-resolved emission spectra,
we time-gate the ICCD camera mounted on the output
port of a spectrometer.

Using a streak camera (Hamamatsu C5680) with a fast
single sweep unit (M5676), we measure the time-resolved
near-field intensity profiles. For Limaçon-shaped cavi-
ties, two output beams are collected from one side of the
disk. Edge emission from an elliptic cavity is strongest
at the two vertices, leading to four output beams in two
opposite directions. We measure two output beams from
the elliptic microlasers by collecting the emission from
one side of the disk.

Numerical simulation

We use COMSOL Multiphysics [31] to calculate reso-
nant modes in semiconductor microdisks. While the cav-
ity shape is identical to the fabricated one, the cavity size
is 10 times smaller to limit the computational load. The
effective refractive index of the disk is 3.37. The polariza-
tion is transverse-electric (TE) with electric field parallel
to the cavity plane, identical to that of edge-emission
from a GaAs quantum-well laser. The mode shown in
Fig. 1(b) of the main text has a Q-factor of 2.55×105

and a wavelength of 798.71 nm. The whispering-gallery
mode in Fig. 1(d) has a Q-factor of 3.76×1011 and a
wavelength of 801.42 nm.

Thermal effect

Figures 2(a) and (b) in the main text show the time-
gated emission spectra taken with 50 ns long windows
during the whole of 2 µs long pump pulse for Limaçon
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FIG. S1. Temporal evolution of lasing spectrum due to heat-
ing. (a, c) Time-resolved spectrum of Limaçon-shaped (a)
and elliptic (c) microdisk lasers. The cavity dimensions are
shown in Fig. 1, and the pump current is 500 mA. The tem-
poral resolution determined by the gate time of the ICCD is
10 ns. (b, d) Spectral correlation function computed from the
spectra in (a, c). The width of the correlation function gives
the correlation time of 31 ns for Limaçon (b) and 39 ns for
elliptic (d) microcavity lasers.

and elliptic cavities. They reveal the temporal evolution
of the emission spectrum due to laser heating. To in-
vestigate how rapidly the spectrum changes, we perform
time-gated measurements with improve temporal resolu-
tion of 10 ns. The time-resolved lasing spectra at 500 mA
(6.3 times the lasing threshold) are shown in Fig. S1 for
a Limaçon cavity (a) and an elliptic cavity (c). Over the
interval of 400 ns, different lasing modes turn on and off
as the emission spectrum shifts to a longer wavelength
due to temperature increase.

To characterize the time scale of lasing spectrum
change due to heating, we calculate the spectral corre-
lation function [19] defined by,

C(τ) = 〈δI(λ, t)δI(λ, t+ τ)〉λ,t , (S1)

where δI(λ, t) = [I(λ, t)− 〈I(λ, t)〉t]/σI(λ), and σI(λ) =√
〈[δI(λ, t)]2〉t . Figures S1(b) and (d) show C(τ) for

Limaçon-shaped and elliptic microdisk lasers. The sharp
drop around τ = 0 results from photo-detection noise.
It is followed by a gradual decay with τ . To determine
the correlation time, we extrapolate the slow decay to τ
= 0 (denoted by a dotted line) and compute the half-
width at half-maximum (HWHM) with respect to the
extrapolated value at τ = 0. The spectral correlation
time is 31 ns for the Limaçon-shaped microdisk laser
[Fig. S1(b)], and 39 ns for the elliptic microdisk laser
[Fig. S1(d)]. Please note that these time scales are con-
siderably longer than the intrinsic time scales of the laser
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FIG. S2. Spatio-temporal scales of intensity fluctuations in 50 ns long streak images of (a-c) Limaçon-shaped microcavity lasers
and (d-f) elliptic microcavity lasers. (a, d) Spatial and temporal correlation widths of all singular vectors. (b, e) Correlation Aα

of temporal fluctuations of intensities of the two output beams vs. correlation time of individual singular vectors. (c, f) Aα vs.
correlation length of individual singular vectors. The color represents the magnitude of the corresponding singular value. For
Limaçon cavities, singular vectors with large singular values (in red color) concentrate around 10 ns and feature anti-correlated
intensity fluctuations Aα < 0, which are absent in elliptic cavities.

dynamics which are on the (sub-) nanosecond scale.

Lasing dynamics

In Fig. 4(a), the correlation times of the singular vec-
tors for lasing intensity fluctuations in Limaçon-shaped
cavities have an upper bound of 5 ns, set by the finite
time range (10 ns) of the streak images. We performed
additional measurements with a longer time range of 50
ns at the detriment of the temporal resolution which in-
creases from 0.03 ns to 0.15 ns. We perform the singular
value decomposition (SVD) analysis [21] of streak images
with a 50 ns range.

Figure S2 shows spatial and temporal scales of singu-
lar vectors in Limaçon-shaped [Figs. S2(a-c)] and ellip-
tic [Figs. S2(d-f)] microcavity lasers. They are obtained
from 68 streak images taken with two cavities of the same
shape. For every singular vector, we compute the cor-
relation time and the correlation length as well as the
intensity correlation Aα between the two output beams
[See Eq. (1)].

The strongest singular vectors for Limaçon-shaped
cavities have a correlation time of around 10 ns

[Fig. S2(a)]. They are clustered in two groups: one with
a correlation length longer than 10 µm, and the other
with only a few µm. Figures S2(b, c) reveal that the first
group exhibits a negative correlation of intensity fluctu-
ations between the two output beams, corresponding to
anti-phase oscillations. The second group has weaker cor-
relations (smaller |Aα|) and an almost even distribution
of Aα over positive and negative values. We attribute
these singular vectors to the thermally-induced fluctua-
tions (See Section ).

For elliptic microcavity lasers [Figs. S2(d-f)], the dom-
inant singular vectors are evenly distributed over positive
(Aα > 0) and negative (Aα < 0) correlations. They may
originate from lasing mode switching due to heating (Sec-
tion ). Compared to Fig. 4(b), the singular vectors with
sub-nanosecond correlation times are less strong because
of the reduced temporal resolution of the streak images
used here.
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[23] J. U. Nöckel, A. D. Stone, G. Chen, H. L. Grossman, and
R. K. Chang, Opt. Lett. 21, 1609 (1996).

[24] S.-K. Kim, S.-H. Kim, G.-H. Kim, H.-G. Park, D.-J. Shin,
and Y.-H. Lee, Appl. Phys. Lett. 84, 861 (2004).

[25] H. G. Schwefel, N. B. Rex, H. E. Tureci, R. K. Chang,
A. D. Stone, T. Ben-Messaoud, and J. Zyss, J. Opt. Soc.
Am. B 21, 923 (2004).

[26] O. Hess, Chaos, Solitons & Fractals 4, 1597 (1994).
[27] I. Fischer, O. Hess, W. Elsäßer, and E. Göbel, Europhys.
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